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It is shown that the osmotic pressure of a colloidal dispersion can be interpreted as the 
isotropic part of the macroscopic particle stress in the suspension. The particle stress is in turn 
expressible in terms of hydrodynamic interactions among the suspended particles. Thus, 
there is a completely mechanical definition of the osmotic pressure, just as there is for the 
pressure in a molecular fluid. For an equilibrium suspension of colloidal particles 
subjected to thermal Brownian forces, this mechanical definition is shown to be exactly equal 
to the usual “thermodynamic” one. The derivation given here places the equilibrium 
and nonequilibrium properties of macroparticle fluids on the same mechanical foundation 
that underlies the statistical mechanics of simple liquids. Furthermore, through this 
development the relationship between hydrodynamics and kinetic-theory-like descriptions of 
colloids is explained. 

1. INTRODUCTION 

Since the work of Einstein on Brownian motion it is 
well known that colloidal particles dispersed in a fluid of 
smaller molecules behave as a thermodynamic system. The 
structure and properties of this “macroparticle system” are 
completely determined by the forces of interaction among 
the macroparticles; the solvent or fluid only enters in the 
form of a thermal bath providing kT of energy for each 
degree of freedom of the macroparticles-the well-known 
fluctuation-dissipation theorem.‘” This model underlies 
virtually all treatments of colloids, polymers, microemul- 
sions, micells, etc., in short almost all “complex fluids.” 
The correctness and accuracy of this description has been 
well verified experimentally, particularly in the recent ex- 
periments of Vrij and co-workers,4P5 who have measured 
the structure factor for spherical colloidal particles ranging 
in size from 20 to 200 nm. Indeed, the idealized hard- 
sphere fluid can be realized more accurately and probed 
more easily with colloids than with its atomic realization 
argon. 

The equation of state for a colloidal system is ex- 
pressed in terms of the osmotic pressure II. The osmotic 
pressure is defined as the negative derivative of the Helm- 
holtz free energy with respect to volume at constant tem- 
perature. Making use of standard statistical mechanical re- 
lations between free energy, partition function, and 
interparticle potential V, the osmotic pressure becomes3*6 

2rr 
l-f=nkT-7 n2 

s 
O” ?g(rjgdr, 

0 

where n is the number density of colloidal particles, and 
g(r) is the pair-distribution function. We have also as- 
sumed that the inter-particle potential is pairwise additive, 
although this restriction is not essential. It is important to 
note that the potential here is the potential between the 
macroparticles; the solvent does not enter. In the idealized 
case of hard spheres, the interparticle potential is zero ex- 
cept if particles were to overlap where the potential is in- 

finite. This gives a 6 function at contact and the osmotic 
pressure becomes 

where #=4vna3/3 is the volume fraction of particles of 
radii a. Only the contact value of the pair-distribution 
function, g( Y= 2)) determines the pressure. 

The power and beauty of this thermodynamic devel- 
opment is that the equilibrium properties of colloidal dis- 
persions, or any macroparticle system, can be determined 
without reference to the solvent. Indeed, Eqs. ( 1) and (2) 
are identical to those for the pressure of a molecular liquid. 
However, in a molecular fluid there is also a purely me- 
chanical definition of pressure that follows directly from 
the equations of motion and makes no appeal to any ther- 
modynamic arguments. Correspondingly for colloids, there 
should be an analogous definition of the osmotic pressure 
derivable from the mechanical equations of motion of the 
macroparticles. It is the purpose of this paper to provide 
such a mechanical definition and derivation. We shall see 
that the equations of motion of the macroparticles involve 
hydrodynamic interactions and thus the mechanical defini- 
tion of the osmotic pressure is hydrodynamical in origin. 
We shall show explicitly, however, that the same “thermo- 
dynamic” formula, Eq. ( l), results. 

This derivation of the osmotic pressure from hydrody- 
namics also connects properly to studies of nonequilib- 
rium, or transport, properties of colloids. Traditionally, 
equilibrium properties of colloidal dispersions are ex- 
plained and derived by appealing to the thermodynamic 
arguments that led to Eq. ( 1). When transport properties, 
such a diffusion, rheology, etc., are studied, however, one 
needs to bring in a description of the dynamics of particle 
motion and thus hydrodynamics appear. One is left then 
with an uncomfortable merger of two descriptions-a ther- 
modynamic one for the equilibrium free energy where the 
solvent does not appear, and a hydrodynamic one for the 
particle motion where the solvent is treated as a continuum 
fluid. These two descriptions are then simply added to- 
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gether. All studies of complex fluids proceed on this basis. 
In the derivation presented here, the mechanical equations 
of motion are taken as fundamental and both the thermo- 
dynamic and transport properties follow by statistical av- 
eraging, just as in a molecular fluid. Furthermore, through 
this derivation we shall be able to explain why some recent 
kinetic theory studies of colloids, in which the hydrody- 
namics are ignored, may give reasonable, qualitative, re- 
sUlts.7,8 

lation between the Brownian forces at time 0 and at time t 
results from the fluctuation-dissipation theorem for the 
N-body system. 

In the next section we present the mechanical equa- 
tions of motion for the macroparticles, which are the well- 
known Langevin equations, and the definition of the mac- 
roscopic stress. This will first be done for hard spheres, 
where it will be seen that the evolution equations and the 
macroscopic properties are expressed entirely in terms of 
hydrodynamic interactions. From these we shall derive Eq. 
(2) for the osmotic pressure. In the following section we 
generalize the results to include any type of interparticle 
force and obtain Eq. (1) for the osmotic pressure. Finally, 
in Sec. III we shall generalize to nonequilibrium situations 
and show the correspondence between kinetic theory treat- 
ments of colloidal dispersions and hydrodynamics. 

Equations (3)-(5) provide a complete description of 
the motion of the macroparticles. The key assumptions 
that have been made are that the solvent can be modeled as 
a continuum fluid, that the hydrodynamic forces are given 
by their low-Reynolds-number values, and that the sto- 
chastic Brownian forces have zero mean and are correlated 
instantaneously in time. The motion of the macroparticles 
occurs on a time scale r-m/6qa, which is long com- 
pared to that of the solvent provided the particle size is 
large compared to that of a solvent molecule. The ampli- 
tude of the correlation in the Brownian forces is chosen so 
that the mean kinetic energy imparted to the macroparti- 
cles is kT, i.e., 

f(U~m*U)=f KTI, (6) 

which can be shown by straightforward integration of Eq. 
(3). 

II. THE MECHANICAL EQUATIONS OF MOTION 

A. Hard spheres 

The macroparticles are modeled as rigid spheres im- 
mersed in an incompressible continuum solvent of viscosity 
7 and density p. The equations of motion for the particles 
are the coupled N-body Langevin equation:g9’0 

du 
m*x=FH+FB, (3) 

which simply states: mass X acceleration equals the sum of 
the forces. In Eq. (3) m is a generalized mass/moment of 
inertia matrix of dimension 6Nx6N, U is the particle 
translational/rotational velocity vector of dimension 6N, 
and the 6N force/torque vectors F represent: ( 1) the hy- 
drodynamic forces FH exerted on the particles due to their 
motion relative to the fluid, and (2) the stochastic forces 
FB that give rise to Brownian motion. 

The only connection made to the thermal bath pro- 
vided by the solvent, and therefore to the thermal temper- 
ature kT, is through the correlation of the Brownian 
forces. We could equally well place any constant in front of 
RFU in Eq. (5) and the resulting dynamics would be un- 
changed. The macroparticles are only aware of the true 
thermal temperature kT through this scale factor. This 
means that we can take Eqs. (3)-(5) to be the primitive, 
fundamental, equations of motion and thus de&e the mac- 
roparticle mechanical system as that system which evolves 
according to these equations. The thermodynamics or sta- 
tistical mechanics of this “new” macroparticle system will 
now follow from these equations and be completely speci- 
fied by them. No reference to free energy, etc., need be 
made; indeed, they are derivable from Eqs. (3)-(5). 

The particle motion occurs at low Reynolds number 
( pUa/v < 1) so that the hydrodynamic drag force will be 
linear in the velocities: 

FH= -R,,*U, (4) 

where RFU is the hydrodynamic resistance tensor that 
characterizes the hydrodynamic interactions among the 
particles. RFu(x) is a purely geometric quantity that de- 
pends on the configuration x of the particles only.g9’1*12 For 
a single isolated sphere RFU=6rqaI, with I the isotropic 
tensor, which is the well-known Stokes drag law. 

The stochastic or Brownian force FB arises from the 
thermal fluctuations in the solvent and is characterized by 

(FB) =0 and (FB(0)FB(t)) =2kTR&i(t). (5) 

In Eq. (5) the angle brackets denote an ensemble average, 
k is Boltzmann’s constant, T is the absolute temperature, 
and 8(t) is the delta function. The amplitude of the corre- 

One may object that this argument is somewhat circu- 
lar in that fluctuating Brownian forces characterized by 
Eq. (5) will reproduce conventional thermodynamics and 
thus lead naturally to Eq. (2) for the osmotic pressure. 
While this is indeed true and served as the original moti- 
vation for the Langevin equation with Eq. (5) for the ran- 
dom forces, if we place ourselves in the position of someone 
who does not know this connection, but rather only knows 
the mechanical evolution equations ( 3 >-( 5 ) , then our task 
is to deduce the statistical properties from the equations of 
motion. From this perspective it is not at all obvious that 
Eqs. (3 )-( 5 ), and the macroscopic stress (7) below, will 
lead to Eq. (2) for the osmotic pressure. In fact, even if we 
know conventional statistical mechanics and therefore 
wish to use this apparatus to infer the macroscopic prop- 
erties of a dynamical system, the forces in Eq. (3) are not 
derivable from a potential, there is no Hamiltonian, and 
conventional statistical mechanics is, therefore, of little 
use. Nevertheless, a well-defined statistical mechanics ex- 
ists and Eq. (2) does follow from Eqs. (3)-(5) as we now 
show. It is in this sense that our analysis provides a new 
mechanical perspective on macroparticle dispersions and a 
derivation of their thermodynamics. 
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To determine the average or macroscopic properties of 
a colloidal dispersion, and in particular the osmotic pres- 
sure, we need an expression for the particles’ contribution 
to the macroscopic stress (X). The macroscopic particle 
stress in a hard-sphere dispersion evolving under the action 
of Brownian forces only is given byg~‘o~‘3 
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B =+ I:Rsv* RF;. (13) 

We have now arrived at a description of the macropar- 
title system where the equations of motion and the osmotic 
pressure (and any other dynamical property) are com- 
pletely defined (with the scale factor kT) in terms of hy- 
drodynamic interactions. Well defined methods exist for 
computing these hydrodynamic resistance functions that 
are accurate from infinite dilution to close packing,g-l’ but 
for our purposes here, we shall not need to know very 
much about these functions. The reader should note that in 
previous work the stresslets were defined to be symmetric 
and traceless, but in the convention adopted here the trace 
of SH is not zero; i.e., 

(Xc>= -n(U*m*U) +n(Ss). (7) 

The first term on the right-hand-side of Eq. (7) is the usual 
“kinetic” contribution to the stress, called a Reynolds 
stress in continuum mechanics. From Eq. (6) this term is 
simply - nkTI. 

The second term SB is the particle stresslet due to the 
fluctuating Brownian forces. The stresslet is the symmetric 
first moment of the hydrodynamic force distribution inte- 
grated over the particle surface, and is a measure of the 
resistance of the particles to deformation. [The antisym- 
metric first moment is the torque and has already been 
included in Eq. (3). We have assumed that there is no net 
external torque acting on the particles so that the particle 
stress is symmetric. If external torques do act, there is an 
antisymmetric contribution to the stress proportional to 
the average torque (cf. Sec. III).] We can determine the 
Brownian stresslet by writing a Langevin equation for the 
symmetric first moment as we did for the forces/torques in 
Eq. (3). Since the particles are rigid and do not deform, 
the Langevin equation for the stresslets becomes 

P=I:Rsu, (14) 

is not zero. P, the hydrodynamic resistance function relat- 
ing the particle pressure to the velocities, has recently been 
determined. l4 

o=sH+sB, (8) 

which simply says that the fluctuating Brownian stresslets 
are equal and opposite to the hydrodynamic stresslets, SH. 
Again, from low-Reynolds number hydrodynamics the hy- 
drodynamic stresslet is linearly related to the particle ve- 
locities through another hydrodynamic resistance function: 

SH= -Rsr,*U, (9) 

where the subscript notation should now be obvious. Using 
Eqs. (8) and (9) with the Langevin equation (3) for the 
velocities, integrating over the fast time scale of the fluc- 
tuating Brownian forces, and taking into account the vari- 
ation of Rsv and RFu with configuration, gives for the 
Brownian stresslet:” 

The determination of the osmotic pressure involves the 
computation of the equilibrium average of V. B. This can 
be carried out explicitly, numerically, through the hydro- 
dynamic functions, but considerably greater insight can be 
gained by performing the average analytically. To do this 
we make use of the evolution equation for the N-particle 
distribution function, Pfl Corresponding to the N-body 
Langevin equation (3) is the N-body Smoluchowski equa- 
tion for the configuration-space distribution function:3’g 

(15) 

with the probability flux jN given by 

jN=-DmvP,?+ (16) 

The N-particle diffusivity D is related to the hydrodynamic 
resistance function through the Stokes-Einstein relation 

D = kTR,-:. 

SB= -kTV* (Rsr,.R,-:), (10) 

where the configuration-space divergence is with respect to 
the last index of R$. Thus, the macroscopic stress be- 
comes 

(I;)=--&YX-&T(V* (Rsr,.R,-:)). (11) 

In the absence of any external forcing, such as a shear- 
ing motion for example, the macroscopic stress is isotropic 
and the mechanical definition of the osmotic pressure is 
simply the trace of Z: 

I:(8) = -3rI, 

On time scales long compared to the Brownian relaxation 
time, r = m/6n-qa, the motion of the particles described by 
the Langevin equation (3) is entirely equivalent to that 
described by the evolution of the probability density from 
the Smoluchowski equation. 

At equilibrium the flux jN=o and therefore 

VPN=O at all points in the volume. (17) 

Returning to Eq. ( 12) for the osmotic pressure, we can 
write in the limit of large N 

(V-B)=; i V,*B, 
a-1 

(18) 

Now, 
or 

II=nkT+nkT(V*B), 

where 

(12) and with Eq. ( 17) and using the divergence theorem, Eq. 
( 18) becomes 
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WW=;$j E, f- I I ,  l B,PN dsN 

= n2* (B2)2P2(r.21rl)dS2, (19) 

where (B2)2 is the conditionally averaged value of B with 
two particles fixed, n2 is the normal along the line connect- 
ing the centers of particles 1 and 2, and S, is the surface 
area of contact between particles 1 and 2. Noting that 
Pz(r,lrl)=ng(r), r=r,-r,, dS2=(2a)24r, and the fact 
that the equilibrium structure is isotropic, Eq. (19) be- 
comes 

where 

(21) 

Comparing Eqs. (21) to (2), we see that the two expres- 
sions for the osmotic pressure for hard spheres will agree if 
(n2 l B2)2 = 1. This we shall now show to be the case. 

From low-Reynolds-number hydrodynamics, or more 
generally from lubrication theory,r4*” the hydrodynamic 
stresslet at contact, -Rscl. U, as the separation between 
the particle surfaces approaches zero, is directly propor- 
tional to the hydrodynamic force, @= -RFu* U. This 
comes from the singular form of the resistance tensors at 
contact. Both RFu and R,, are singular as l/g as C-0, 
where c=r- 2, corresponding to the large localized pres- 
sure required to pump out the viscous fluid separating the 
particles as their surfaces approach one another. Since R,, 
gives the first moment of the force distribution, and all the 
singular force is localized at the point of contact, 

R,, -+ adRFu as 1 r2-r1 1 -f 2, (22) 

where d=(r2-rl)/Ir2-rlI is the unit vector along the 
line of centers of any two particles. Thus, at contact r=2, 

P=I:Rsu=ad.RFU, 

and 

1 a 
B=FP*R$=Sd. 

(n2*B2)2=i (n2*B2(r=2))2=l, (23) 

and Eq. (20) is identical to Eq. (2). 
We have thus derived the osmotic pressure for colloi- 

dal hard spheres from a purely mechanical perspective in 
which all quantities were defined in terms of hydrodynam- 
ics. No appeal to thermodynamics has been made, apart 
from accepting kT as the amplitude for the fluctuating 
Brownian forces. Furthermore, although we have consid- 
ered hard spheres, there was no need to introduce the hard- 
sphere interparticle potential. The hydrodynamics alone 
are sufficient to determine the particle dynamics and to 

guarantee that particles never overlap. This is so because of 
the strong lubrication forces referred to above. Indeed, if 
we had included the hard-sphere inter-particle potential this 
would give rise to a nonzero force on the particles only 
when two particles touch. However, since the relative ve- 
locity of the particles resulting from this force would be 
zero because their relative mobility is zero on contact [i.e., 
R&*VV=O for VV- -&(r--211; a hard-sphere poten- 
tial plays no dynamical role with hydrodynamic interac- 
tions. Evidently, the no-slip hydrodynamic boundary con- 
dition on the surfaces of the particles ensures that they 
behave as hard spheres. Also, it should be noted that the 
fact that the particles were presumed spherical and mono- 
disperse is not important; (V l B) is still given by Eq. ( 19) 
and the geometric generalization of Eq. (22) still holds. 

B. Interparticle forces 

The generalization of the preceding derivation to in- 
clude interparticle forces (or external ones for that matter) 
is very straightforward. We shall assume that the forces are 
derivable from a potential V, This potential need not be 
pairwise-additive. It is, however, a potential that gives rise 
to colloidal-scale forces, for example, charged electrostatic, 
etc. Thus, on each colloidal particle a force 

F’= -VV,(x) (24) 

acts, where on particle 1 the gradient would be with respect 
to the coordinates of particle 1. Interparticle torques could 
also be included in Eq. (24). With these forces the Lange- 
vin equation (3) becomes simply 

du 
m*x=FH+FB+FP, (25) 

and the particle stress (7) now reads as 

(X) = -n(U*m*U> +n(Ss) +n(SP), (26) 

with 

(S’)=-((xI+Rsv*R&*Fp). (27) 

The contribution to the macroscopic stress from the inter- 
particle forces has the familiar (xF’> term, just as in a 
molecular liquid. The other term proportional to Rs, 
arises from the hydrodynamic stresses generated in the 
fluid caused by the motion of the particles under the action 
of the inter-particle forces.g,‘0*‘3 The motions are superim- 
posable because we are at low Reynolds numbers. Also, the 
kinetic stress contribution (U l m l U) always remains kTI; 
variations from this value are due to particle inertia which 
are neglected at low Reynolds numbers. 

The osmotic pressure now reads 

II=nkT+nkT(V*B)+nkT 
( 

(x+B) .g . 
> 

(28) 

To obtain Eq. ( 1) from (28) we proceed as before with 
the Smoluchowski equation ( 15 ) , where all that changes is 
the constitutive law for the flux jN: 

FP 
jN=D* z-V ln PN PM 1 
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The definition of equilibrium is that the flux j,=O, which 
means that the quantity in square brackets must be zero as 
D is positive definite. At equilibrium we recover the famil- 
iar Boltzmann distribution 

p,=& eXp( - VdkT). (30) 

As before we have for (VW B): 

WB,=& agl j- [ V, l (B,PN) - B, l V,PN] drN. 

(31) 

Although VP,fO as for hard spheres, we can write the 
interparticle force contribution to the stress as a probabil- 
ity integral also, 

FP 
(x+B) l a > 

=-- NNI a% J 
1 1 cr p J? ~J-$+B+-$ PNdl’i,r. 1 (32) 

Combining Eqs. (3 1) and (32), we have 

FP 
‘kT > 

11 N 

= s[ 

E =-- 
NN a=1 

V,* (&PN) +x,*~$N drN 1 
+& jl j- B,* [$,hPN]PNdQ. (33) 

The second integral on the right-hand-side of Eq. (33) is 
identically zero at equilibrium because the quantity in 
square brackets is zero. The B part of the first integral on 
the right-hand side is just what we had for hard spheres, 
and thus Eq. (33) gives for the osmotic pressure 

L=1+4$g(21+ s (x2-2) P2(r21q)dr2 nkT 2 =1+4$&s)- ( s x2.V2(Vp/kT))2P2(r21rl)dr2. 
(35) 

Equation (35) is identical to Eq. ( 1) when we note that in 
the thermodynamic argument that led to Eq. ( 1) the in- 
terparticle potential there, V, must also include the hard- 
sphere part because no hydrodynamics were present. That 
is, 

v= v,,+ VP7 
with VVHS=-n&r-2a). [The presence of the hard- 
sphere osmotic pressure is of no consequence when strong 
repulsive inter-particle forces are present because g(r=2) 
will be zero, and all the osmotic pressure comes from the 
interparticle potential in Eq. (35) .] 
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Ill. GENERALIZATION TO NONEQUILIBRIUM 
FORCING 

We shall now generalize the above analysis to nonequi- 
librium situations, particularly the presence of an external 
flow. If the external forcing is in the form of an external 
body force, for example, gravity where the particles would 
settle, then the analysis and equations in the preceding 
section remain unchanged. New features only arise due to 
the presence of an external flow. The Langevin equation 
(3) is the same as with interparticle forces: 

du 
rn-x=FH+FB+FP, (36) 

except that the hydrodynamic forces now include a contri- 
bution from the linear shearing flow: 

FH= -RFU* (U-(U)) +RFE:(E). (37) 

In Eq. (37) the external shearing motion is characterized 
by the bulk rate of strain tensor (E) and the imposed flow 
(U) =(G) *x, where (G) = (VU), and (E) = (1/2)[(VU) 
+ (VU) +] is the symmetric part of (G). The antisymmetric 
part corresponds to rotation and is included in the defini- 
tion of the bulk angular velocity (a). The new hydrody- 
namic resistance tensor RFE gives the force/torque on the 
particles due to the shearing motion. The Brownian forces 
are unchanged from their equilibrium form (5). From the 
perspective of the solvent this is an assumption that the 
fluctuation-dissipation theorem remains unchanged when 
the fluid is out of equilibrium. From the perspective of the 
macroparticles, it is simply the definition of their mechan- 
ics. 

Corresponding to this hydrodynamic shear force, the 
particle stress now becomes 

(~>=-nkTI+n[(SH)+(SB)+(SP)l, (38) 

where SH is the hydrodynamic stresslet due to the shearing 
motion. The stresslets are 

(SH) = -(Rsr,*R;$RFE-Rs&:(E), (394 

(SB) = -kT(V. (Rsu.R,-:)), (39b) 

(S’) = -( (xI+Rst,*R,-:) OF’). (39c) 

To get the complete macroscopic stress of the mixture of 
macroparticles and fluid, we would also need to add to Eq. 
(38) the contribution of the solvent or fluid, (X,), which 
is just a constant hydrostatic pressure and the Newtonian 
viscosity: 

(X,) = - (pf)I+‘MW. (40) 

To complete the description, the Smoluchowski equation 
(15) is as before with the flux jN: 

j,=(u)P,+R,-:* [RFE:(E) +Fp-kTV ln PN]PM (41) 

By straightforwardly working with PN as before, Eq. 
(38) for the particle stress may be written as 
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(Z} = -nkTI-nkTa 
I 

n2n2P2(r21rl)dS2-n(xFP) 

-n(Rsv*R,-:-RFE-R&:(E) 

experiment for hard-sphere colloidal dispersions from infi- 
nite dilution up to volume fractions of 60%.” 

-n(RsU*R& [F’-km ln PN]). (42) 

Equation (42) is the exact form for the particle stress both 
in and out of equilibrium. In equilibrium, (E) =0, Fp 
=kTV In PN, and Eq. (42) reduces to the osmotic pres- 
sure derived above. Note that in Eq. (42) the angle brack- 
ets denoting the average must be carried out by weighting 
with the N-particle probability density PM This is so be- 
cause V In PN is only defined in the context of the Smolu- 
chowski equation. This is in distinction to the averages 
implied in Eqs. (38)-(39c), where, at the Langevin level, 
all quantities are defined at each instant for all configura- 
tions. In Stokesian dynamics simulations,r6 averages over 
particles and over time are used to compute the macro- 
scopic properties; the probability density PN then follows 
by averaging, just as in a molecular fluid. 

While the high-frequency dynamic viscosity is one in- 
dication of the importance of the hydrodynamic contribu- 
tion to the stress, at large shear rates the entire stress is 
dominated by hydrodynamics. That is, when the magni- 
tude of the shearing forces become large compared to the 
Brownian forces (or inter-particle forces), as characterized 
by the P&let number Pe=6qa3j/kT, both the micro- 
structure and the stress are determined by hydrodynamics 
alone. Indeed, Eqs. (36)-( 39a) are applicable for particles 
well in excess of 1 pm in size where Brownian forces be- 
come insignificant. Stokesian dynamics simulations have 
accurately predicted the rheological (and other) response 
over a range in particle size from 10 nm to 1 cm. This 
accuracy over 6 orders of magnitude in particle size dem- 
onstrates the accuracy of Stokesian dynamics, the robust- 
ness of the basic formulation, and the correctness of the 
underlying physics. 

Equation (42) for the particle stress is very interesting 
in that there are five contributions to the bulk stress. The 
first term, -nkTI, is the usual kinetic one and needs no 
further comment. In the second term, part of the direct 
Brownian contribution to the stress, Ss, has been trans- 
ferred to knowledge of g(r) at contact, as was the case in 
equilibrium. Note that no hydrodynamic functions appear 
here and that this integral does not involve any conditional 
averages. All that is needed is knowledge of how the con- 
tact value of g(r) evolves as the shear rate changes. This 
term is identical to what one would get from a hard-sphere 
potential in a molecular liquid. 

The final term in Eq. (42) gives the contribution to the 
particle stress due to the hydrodynamical stresses gener- 
ated in the fluid resulting from the motion caused by the 
interparticle (F’) and Brownian (V In PN) forces. Again, 
these contributions are completely hydrodynamical in ori- 
gin, are due to the fmite size of the particles (proportional 
to a3), and have no counterpart in molecular liquids. This 
last term can be expressed completely in terms of the per- 
turbation of the structure from equilibrium by writing 

pN=p$?( 1 +fN)* 

The last term in Eq. (42) then becomes 

In the third term part of the inter-particle force contri- 
bution, Sp, has been cast into the familiar (xFp) stress of 
the same form as in molecular liquids. Note that (xFp) 
need not be symmetric, and, in general, will not be if the 
inter-particle forces are not central. In molecular fluids 
most interparticle forces are central, but for macroscale 
particles noncentral forces can easily arise as in the case of 
electrorheological fluids. ” Also, if there are external 
torques acting on the particles, the antisymmetric stress 

nkT(RsU* RF& VfN)eq, 

where the average is taken over the equilibrium distribu- 
tion p3N”. Equation (42) may also prove to be a useful 
reformulation for analytic work. 

-nE* (L’), 

must be added to Eq. (38) or (42), where (L’) is the 
average external torque acting on the particles and E is the 
unit alternating tensor. ‘* 

The fourth term is the hydrodynamic contribution to 
the stress, SH in Eq. (39a). This term is purely hydrody- 
namic in origin and has no counterpart in a molecular 
fluid. It depends fundamentally on the finite size of the 
particles in that the resistance tensors R,, and RsE are 
proportional to a3; for point particles these functions are 
zero. For a single isolated sphere, RsU=O and IRsEl 
= (20/3)rqa3, which, when combined with Eq. (40) for 
the solvent, gives the well-known Einstein viscosity Geff 
= $1 + ( 5/2) 41. The high-frequency dynamic viscosity of 
a colloidal dispersion is precisely this term with the average 
taken over the equilibrium structure. Stokesian dynamics 
calculations of this term are in excellent agreement with 

We are now in a position to understand why kinetic- 
theory-like treatments of colloidal dispersions, which com- 
pletely ignore hydrodynamics,7*8 may give reasonable qual- 
itative results. Without hydrodynamics only the first three 
terms on the right-hand side of Eq. (42) are present and 
the form of the stress tensor is identical to that of a mo- 
lecular liquid. In particular, for hard spheres only the in- 
tegral Jnng(r)dS is needed. Hence, theories or computer 
simulations2G24 based on molecular models will predict 
contributions to the stress of these same forms. While it 
would be highly surprising if these “molecular” theories 
gave quantitative predictions, they may well give reason- 
able qualitative dependences. At small departures from 
equilibrium, a simple scaling analysis shows that M g(r) is 
proportional to (E), proportional to g,,,( 2) and inversely 
proportional to Da, the short-time self-diffusivity.25 Thus, 
the Brownian stress contribution Jnng(r)d,S will scale 
correctly with 4 and Pe. It should also be expected to scale 
properly to higher than first order in departures from equi- 
librium.26 

In a similar way, nonequilibrium molecular dynamics 
simulations or Brownian dynamics simulations (Brownian 
dynamics corresponds to neglecting all hydrodynamic in- 
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teractions in the above formulation of particle dynamics; 
specifically, setting RsU=RFE=RsE=O and RFU 
= 6m]aI), will also produce results for the first three terms 
of Eq. (42) and may be expected, therefore, to reproduce 
qualitative behavior at small P&let numbers. It should be 
noted that not only are there additional contributions to 
the stress from the hydrodynamics, but the equations of 
motion for the particles also involve hydrodynamics and 
therefore the structure of the suspension may well be dif- 
ferent if hydrodynamics are ignored. For quantitative re- 
sults, clearly the hydrodynamics are important and they 
are essential as Pe+ CO for the motion is completely dom- 
inated by hydrodynamics in this limit. It would also be 
interesting to see how the kinetic-theory-like descriptions 
fare for the high-frequency dynamic viscosity for hard 
spheres, which is predicted here to be purely hydrody- 
namic in origin. 

IV. CONCLUSIONS 

We have shown in this paper that the osmotic pressure 
of a colloidal dispersion can be derived from a consider- 
ation of the mechanical equations of motion of the macro- 
particles. The mechanical equations are completely speci- 
fied, in the case of hard spheres, in terms of hydrodynamic 
interactions, as is the expression for the bulk or macro- 
scopic stress. This mechanical, hydrodynamical, definition 
of the osmotic pressure was shown to be identical to the 
normal thermodynamic one. This analysis places studies of 
supremolecular fluids on the same mechanical foundation 
that underlies the statistical mechanics of simple liquids. 
No separate appeal to thermodynamic arguments is needed 
as had been the case in the past. Rather, the statistical 
mechanics of the macroparticle fluid can be derived from 
the fundamental equations of motion. 

With this new perspective we have been able to relate 
by Eq. (42) the hydrodynamic determination of the mac- 
roscopic stress, through Eqs. (36)-( 39~) and implemented 
by Stokesian dynamics, for example, to what one has in a 
molecular fluid. While it has often been suspected that 
there should be a close analogy between molecular and 
macroparticle fluids, exactly what this connection is has 
been lacking up to now. Equation (42) shows quite clearly 
the connection, both its strengths and weaknesses. It also 
explains why kinetic-theory studies or nonequilibrium mo- 
lecular dynamics or Brownian dynamics simulations may 
give qualitatively correct dependences for rheological re- 
sponse. Equation (42) may also prove to be a fruitful start- 
ing point for developing a proper theoretical description of 
colloidal dispersions. In particular, in our Stokesian dy- 
namics simulations of colloidal hard spheres, we have 

noted that the purely hydrodynamic contribution to the 
stress [SH= - (RsU. R&.RFE-R&:(E) in Eq. (38)] 
varies little from its value at equilibrium (which is the 
high-frequency dynamic viscosity) up to P&let numbers in 
excess of 10. Thus, one could accept this viscosity as 
known and use it and the equilibrium structure as the start- 
ing point to develop a perturbation theory for sheared col- 
loids similar to the successful perturbation theories of 
hard-sphere liquids. Indeed, I have carried out such a per- 
turbation analysis and have obtained very good predictions 
over all volume fractions for both the magnitude and fre- 
quency dependence of the stress for Brownian hard-sphere 
suspensions.25’26 
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