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Abstract: We present experimental results on the transverse modulation 
instability of an elliptical beam propagating in a bulk nonlinear Kerr 
medium, and the formation and self-organization of spatial solitons. We 
have observed the emergence of order, self organization and a transition to 
an unstable state. Order emerges through the formation of spatial solitons in 
a periodic array. If the initial period of the array is unstable the solitons will 
tend to self-organize into a larger (more stable) period. Finally the system 
transitions to a disordered state where most of the solitons disappear and the 
beam profile becomes unstable to small changes in the input energy. 
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1. Introduction 

Nonlinear interactions between light and matter can lead to the formation of spatial patterns 
and self-trapped optical beams [1-2]. Modulation instability is responsible for the spontaneous 
formation of optical patterns, which have been observed in nonlinear media under coherent 
illumination [3-5], and in non-instantaneous nonlinear media under spatially incoherent 
illumination [6]. The breakup of asymmetrical beams into multiple filaments has been 
observed using elliptical beams in bulk media [7-10] and 1-D beams in optical waveguides 
[11-13]. It has also been shown that a coherent 1-D beam propagating in a bulk medium will 
break up due to transverse modulation instabilities, while a spatially incoherent beam can 
become stable [14]. Under certain conditions, self-trapped optical beams (spatial solitons) can 
be generated through the interplay between diffraction and nonlinear effects [15-17]. Self-
trapped light filaments have been observed in materials with quadratic [18] and cubic [19] 
(Kerr) optical nonlinearities. Spatial solitons can interact through collisions [20-22], which 
opens the possibility of using them to perform computations [23]. Optical filaments can also 
act as waveguides, and it was recently shown that in liquid crystals they can be steered using 
an applied voltage [24]. Applications involving the use of spatial solitons will most likely 
require large numbers of them; however, the effects of the interactions between large numbers 
of filaments remain largely unexplored.  
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Here we report the observation of the formation and self-organization of spatial solitons 
into a periodic array and the later breakdown of the periodicity. The array initially forms 
through transverse modulation instability of a highly elliptical input beam, with a period that 
depends on the intensity of the illuminating beam. If the filaments are formed too closely they 
rearrange themselves into an array with a larger more stable period. This result has 
implications for the density with which solitons can be packed both for information 
processing and communication applications. 

A light pulse propagating in a nonlinear Kerr medium will come to a focus if its power is 
above a critical value. If the pulse power is much higher than the critical power then the 
optical beam will break up into multiple filaments [25-27]. Each filament will contain 
approximately the critical power, defined as [28]: 

20

22

8

)61.0(

nn
Pcr

λπ= .     (1) 

where λ  is the laser wavelength in vacuum, n0 is the linear refractive index of the material 
and n2 is the material constant which gives the strength of the Kerr nonlinearity in units of 
inverse light intensity. We have used carbon disulfide as the nonlinear material (n0 = 1.6, n2 = 
3x10-15cm2/W [29]), which has a critical power of 190 kW for our laser wavelength of 800 
nm.  

2. Experimental setup and method 

The experimental setup is shown in Fig. 1. A Ti:Sapphire laser amplifier system generates 
150-femtosecond pulses with a maximum energy of 2 mJ at a wavelength of 800 nm, with a 
repetition rate of 10 Hz. The beam profile is approximately Gaussian with a diameter of 5 
mm. The standard deviation in laser pulse energy from shot to shot is 3%. Each pulse from the 
laser is split into pump and probe pulses. The pump pulse propagates through a 10 mm glass 
cell filled with carbon disulfide (CS2). The beam profile of the pump at the exit of the glass 
cell is imaged onto a CCD camera (CCD 1) with a magnification factor of 5. A circular 
aperture (1 mm diameter) is placed at the centre of the pump beam to generate a smaller more 
uniform beam. A cylindrical lens (focal length = 100 mm) then focuses the beam into a line 
with the focal plane 3 mm inside the medium. The width of the focused beam at the input of 
the cell is approximately 0.1 mm. The line focus generates a single column of filaments. We 
studied the filamentation process using Femtosecond Time-resolved Optical Polarigraphy 
(FTOP) [30]. This technique uses the transient birefringence induced in the material through 
the Kerr effect to capture the beam profile. The probe pulse is spatially uniform (the beam is 
expanded to 20 mm and only the central region is used) and propagates in a direction 
perpendicular to the pump. The presence of the pump induces a transient birefringence 
proportional to the intensity of the pulse. The trajectory of the pump pulse can be captured 
with high temporal resolution by monitoring the probe pulse through cross polarizers. In our 
experimental setup (Fig. 1), the pump is polarized in the vertical direction and the probe is 
polarized at 45 degrees with respect to the pump’s polarization. After the probe traverses the 
nonlinear medium it goes through an analyzer (polarizer at -45 degrees) and is imaged on a 
second CCD camera (CCD 2) with a magnification factor of 6. Light from the probe reaches 
the detector only if the probe temporally and spatially overlaps with the pump inside the 
nonlinear material. A delay line is used to synchronize the arrival of pump and probe pulses. 
The probe beam is larger than the size of the CCD detector, so that the pump pulse can be 
observed at different positions inside the medium simply by adjusting the delay line.  
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Fig. 1. FTOP Setup. The pump pulse is focused in the material with a cylindrical lens to 
generate a single column of filaments. The beam profile at the output is imaged on CCD 1. The 
probe pulse goes through a variable delay line, a polarizer and analyzer and is imaged on CCD. 

 

3. Experimental results and discussion 

3.1. Beam profile as a function of pulse energy 

Figure 2 shows the beam profile of the pump beam at the output of the CS2 cell (CCD 1 in 
Fig. 1) as a function of pump pulse power.  In the absence of nonlinearity the incident 
cylindrical beam would diverge to a width of about 200 µm as it propagates to the output 
surface.  For a pulse power equal to 12 times the critical power (P = 12Pcr, Fig. 2(a)), self 
focusing and diffraction nearly balance each other and the output beam width is 
approximately the same as for the input. For higher pulse power the beam self focuses into an 
increasingly thinner line (Fig. 2(b) and 2(c)) with a minimum width equal to 16 μm for P = 
80Pcr. It is clearly evident in Fig. 2(c) that modulation instability has generated self focusing 
in the orthogonal direction as well. For P > 100Pcr, the beam breaks up into individual 
filaments (Fig. 2(d-e)). The filaments are seeded by small variations in the input beam and are 
stable in location and size to small variations in the input energy. In other words, the pattern 
of filaments is repeatable from shot to shot as long as the illuminating beam profile is kept 
constant. The diameter of the filaments is approximately 12 μm and does not change when the 
energy is increased, while the number of filaments increases with power. When P > 250Pcr, 
the output beam profile becomes unrepeatable and the filaments start to fuse into a continuous 
line (Fig 2(f-h)). We will explain the origin of this instability later on. Part of the energy is 
scattered out of the central maximum into side lobes. The mechanism responsible for the 
formation of the side lobes is the emission of conical waves [31,32] during the formation of 
the filaments. The diameter of the filaments initially decreases until it reaches a stable 
condition, at this point some of the energy is released through conical emission while the rest 
of the energy is trapped in the filament [33].  
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Fig. 2. Beam profile of the pump pulse at the output of the CS2 cell. The power increases form 
left to right: a) P = 12Pcr, b) 40Pcr, c) 80Pcr, d) 170Pcr, e) 250Pcr, f) 390Pcr, g) 530Pcr, h) 
1200Pcr.  

 
Figures 3 and 4 contain video clips that show how the shot-to-shot fluctuations in the pulse 

energy affect the beam profile at the output of the cell. For each video, ten images were 
captured with the same experimental conditions and compiled into a movie clip, the only 
variable being the fluctuations in the laser pulse energy. For a pulse with a power of 170 Pcr 
the output beam profile is stable (Fig. 3). There are only small changes in the position of the 
filaments while the overall pattern of filaments remains constant. Filaments that appear close 
to each other seem to be the most sensitive to the energy fluctuations. If the power is 
increased to 390 Pcr the beam profile at the output becomes unrepeatable (Fig. 4). The 
position of the filaments varies greatly from shot to shot and the central line bends differently 
for each shot. 

 

 
Fig. 3. Video clip of changes in the 
beam profile as a result of 
fluctuations in the pulse energy for 
P = 170 Pcr (78.5 KB). The image 
area is 0.36 mm (h) x 0.89 mm (v). 

Fig. 4. Video clip of changes in the 
beam profile as a result of 
fluctuations in the pulse energy for 
P = 390 Pcr (113 KB). The image 
area is 0.36 mm (h) x 0.89 mm (v). 

 

3.2. Evolution of the beam profile inside the medium 

Figure 5 shows a video clip of the filamentation process for a pulse with P = 390 Pcr. The 
pulse propagation inside the material is captured from 2 mm to 4 mm from the cell entrance 

(a) (g) (f) (e) (d) (c) (b) (h) 

200μm 
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using the FTOP setup. The width of the image of the pulse on the CCD camera (CCD 2 in Fig. 
1) depends on the pulse duration and the time response of the material. CS2 has both a very 
fast (femtosecond) electronic time response and a slower (picosecond) molecular response. In 
our experiments, the time response at the leading edge of the signal is essentially 
instantaneous and the resolution is determined by the pulse duration (150 femtoseconds). On 
the trailing edge of the signal a slower decay time of approximately 1.5 picoseconds is 
observed after the pulse has traversed the region. The observed signal is consistent with 
previous time-resolved measurements of the optical Kerr effect in CS2 [34]. The video clip in 
Fig. 5 shows the propagation of a pulse with a spatial profile that is initially uniform. The 
movie is compiled from multiple pump-probe experiments by varying the delay of the probe 
pulse. As the pulse propagates the intensity modulation increases until the beam breaks up 
into filaments. The light is trapped in the filaments which continue to propagate with a 
constant diameter for several millimeters. 

 

 
Fig. 5. Video clip of pulse propagation inside CS2 from 2 mm to 4 mm from the cell entrance 
for a pulse power of 390 Pcr. An initially uniform beam breaks up into stable filaments (258 
KB). The image size is 2.4 mm (h) x 1.6 mm (v). 

 
Figure 6 shows the trajectory of the beam obtained in the FTOP setup for pulses with P = 

390Pcr (a) and 1200Pcr (c), from a distance of 0.5 cm to 5 cm from the cell entrance. The 
trajectory is obtained by numerically combining multiple pump-probe images of the pulse at 
different positions as it traverses the material. The 1-D Fourier transforms of the beam profile 
are calculated and displayed in Figure 6(b) and 6(d) for each position along the propagation 
direction. The peaks in the Fourier transform correspond to the periodicity in the positions of 
the filaments. The central peak (DC component) in the Fourier transform is blocked to 
improve the contrast in the image. Periodic changes in the amplitude of the peaks along the 
propagation direction are artefacts due to the sampling of the beam profile in the experiments. 

The pulse with lower power (Fig. 6(a)) breaks up into filaments at a distance of 2.9 mm 
into the material, while the pulse with higher power (Fig. 6(c)) breaks up at 1.5 mm from the 
cell entrance. The Fourier transform in Fig. 6(b) clearly shows how a periodicity emerges 
during the filamentation process. The filaments are created in a regular array and propagate 
undisturbed for several millimetres. The spacing between the filaments is 40 µm. If the pulse 
energy is higher (Fig. 6(d)) the array of filaments initially forms with a higher spatial 
frequency. The period increases from 22 µm to 33 µm as the filaments propagate. After about 
5 mm the sharp peaks visible in the Fourier transform start to fan out. The gradual loss of the 
periodicity after 5 mm corresponds to a decline in the number of filaments. We attribute the 
change in the period of the solitons primarily to the interactions between nearby filaments.  
These interactions cause filament fusion and conical emission, redirecting some of the energy 
away from the main line of solitons. The filaments then continuously rearrange themselves in 
a sparser grid.  The interactions depend on the relative phase of the filaments. Filaments of the 
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same phase will attract while out of phase neighboring filaments will repel. The phase of 
individual filaments is determined by the initial condition (the illuminating beam) but also by 
the accumulated phase along the propagation path with linear and nonlinear contributions. 
Slight intensity or angle changes can lead to a large accumulated phase differences. We 
believe that this effect is responsible for the onset of the unrepeatable state that we observe. It 
should be noted that since the filaments are generated through the growth of wavefront 
perturbations they may propagate in different directions, which could also contribute to their 
re-arrangement. This would allow filaments that are initially far apart to come within a 
smaller separation where they can interact. However, we believe this effect to be secondary, 
since from Fig. 6(a) we see that most of the filaments are initially parallel. 

 

  
Fig. 6. Pulse trajectories and 1-D Fourier transforms. (a,c): The trajectory of the pulse is 
reconstructed by digitally adding up the FTOP frames for different positions of the pulse. Each 
separate image corresponds to frames taken for a fixed position of CCD camera. The camera 
was moved laterally to capture the beam profile further along inside the cell. The pulse power 
is 390Pcr in (a) and 1200Pcr in (c). (b,d) Show the 1-D Fourier transforms of the filamentation 
patterns in (a) and (c), respectively. The central component is blocked to visualize higher 
frequencies.  

 
Figure 7 shows a close up of filament interactions from 3.5 mm to 4.2 mm inside the 

material for P = 1200Pcr. Regions (a) and (c) show stable filaments which propagate through 
undisturbed. Region (b) of Fig. 7 shows two filaments merging. This interaction is similar to 
the attraction force experienced by solitons in close proximity. The filaments start out 
separated by 20 μm, and only one filament is seen to survive after the interaction. Region (d) 
shows a filament that starts out with a small diameter and starts to diverge. The filament size 
continues to increase until it overlaps with a neighbor, after which a single filament continues 
to propagate (not shown in the picture). In region (e) a new filament is formed well inside the 
material. It is not clear weather the new filament is generated by the background light or if it 

(a) 

(b) 

(c) 

(d) 

0.5 1 2 3 4 5 (mm) 
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splits from an existing filament. As the pulse continues to propagate the number of filaments 
continues to decrease, until the output at 10 mm where we see almost a continuous line at the 
center with only a few distinguishable filaments (Fig. 2(h)).  

 

 

Fig. 7. Interactions between filaments from 3.5 mm to 4.2 mm from the cell entrance for an 
input pulse power of 1200Pcr. Some filaments propagate undisturbed (a-c). We have observed 
fusion of two filaments (b), divergence of a filament (d) and the generation of a new filament 
(e). 

 

4. Numerical simulation 

A numerical simulation was used to reproduce the experimental results. The propagation 
model is a time-averaged nonlinear Schrodinger equation which includes the effects of 
diffraction, third and fifth-order optical nonlinearities and two-photon absorption. A complete 
simulation of the spatial and temporal profile of the nonlinear pulse propagation requires very 
fine sampling in three spatial dimensions and time, which is very computationally expensive. 
Our model assumes that the temporal profile of the pulse is constant, which allows us to 
calculate the beam evolution with very good spatial resolution. We have numerically 
estimated [33] the effects of dispersion and the fast optical nonlinearities in CS2. The pulse 
duration increases from 150 femtoseconds to 190 femtoseconds over a propagation distance of 
4 mm. We also experimentally estimate the pulse width after propagation through the 
nonlinear medium by calculating the rise time of the index modulation measured in the 
experiment of Fig. 5. Notice that the index modulation in Fig. 5 is nonsymmetric indicating a 
fast rise corresponding roughly to the pulse width itself followed by a long decay due to the 
long time constants of the Kerr medium. We have observed experimentally that after a 
propagation of 5 mm, the rise time of the Kerr signal increases by approximately 25 % (the 
longer decay time-constant remains unchanged), in qualitative agreement with our previous 
estimate of pulse broadening. Another possible source for temporal broadening or even pulse 
splitting is the delayed (nuclear and molecular) Kerr response of CS2 [34,35], which was 
shown to play a significant role in the stabilization of filaments for 30-picosecond pulses [13]. 
Such pulse broadening did not occur in our experiments since it would be accompanied by an 
increase in the rise time of the index modulation, which we did not observe.  For higher pulse 
energies, the role of pulse broadening very likely becomes critical as evidenced by the 
disagreement between the time-averaged simulations and the pulsed experiments (Fig. 6 
versus Fig. 8). The time-averaged simulations capture most of the interesting soliton 
behaviors which were observed at lower pulse energies.  

It has been shown that a negative fifth-order nonlinearity can act to stabilize the 
propagation of the filaments [36,37]. In many cases the formation of plasma in the material 
creates a negative index change which stabilizes the propagation; however, in our case the 
intensity of the filaments is well below the threshold for plasma generation [33]. A negative 
fifth-order nonlinearity was included in the model to account for the stability of the filaments 

100μm 
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observed experimentally. The negative index change generated through the fifth order 
nonlinearity balances the positive Kerr index change. The light propagation is calculated 
assuming a scalar envelope for the electric field, which is slowly varying along the 
propagation direction z. The evolution of the scalar envelope is given by the equation: 
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A(x,y,z,T)  is the complex envelope of the electric field,  
λ
π2=k , λ = 800nm, n0 = 1.6, n2 

= 3x10-15cm2/W [29], n4 = -2x10-27cm4/W2, β = 4.5x10-13 cm/W [38].  
The first term on the right hand side accounts for diffraction, the second is Kerr self 

focusing (third order nonlinearity), the third term accounts for the fifth order nonlinearity and 
the last term accounts for two-photon absorption. The equation is solved numerically using 
the Split-step Fourier method. The two-photon absorption term affects the propagation only 
for the highest intensity levels, and does not significantly change the qualitative behaviour 
observed in the simulations. It should be noted that numerical values for the nonlinear 
constants in CS2 reported in the literature are not always homogeneous for a given pulse 
duration and intensity. While values for n2 are in general in good agreement, a value of β = 
5x10-11 cm/W (with some dependence on the light intensity) has been reported [39], which is 
two orders of magnitude higher than the value in ref. [38]. Our calculations show that for such 
a high coefficient for two-photon absorption the filaments would decay very rapidly within a 
few hundred micrometers of propagation, which clearly contradicts the experimental results; 
therefore the lower value was used in the simulation. Since we could not find experimentally 
measured values of n4, in the simulation we have assigned it the value that gave the best match 
with the experimental results. 

The input beam for the simulation is generated using the image of the beam in Fig. 2(a). 
The square root of the measured intensity profile is used as the amplitude of the input light 
field and a phase profile is added to simulate the phase of the focused beam at the entrance of 
the cell. The simulated field is a good approximation to the experimental input beam and has a 
similar noise profile. The beam profile (as viewed from the side) was calculated for a 
propagation distance of 10 mm. Fig. 8 shows the 1-D Fourier transforms of the beam profile 
for four different power levels, 250Pcr, 390Pcr, 530Pcr, and 1200Pcr. In Fig. 8(a) we can 
clearly see that after a propagation distance of 6 mm the filaments form a periodic array (with 
a period of 30 µm), which remains constant for several millimetres and starts to break down 
only towards the end of the cell. Fig. 8(b) shows a periodic arrangement which starts with a 
slightly smaller period before settling to a period of 30 µm. For the input power in Fig. 8(c) 
the filaments initially form with a period of 16 µm after a propagation distance of 3 mm. As 
the light propagates to a distance of 6 mm the period increases to 25 µm, and after this point 
the period seems to continue to increase but peaks in the Fourier transform start to fan out as 
the array of filament loses its periodicity. For the highest energy level (Fig. 8(d)) multiple 
peaks appear in the Fourier transform, with a trend towards smaller spatial frequencies with 
increasing propagation distance. At this level no clear periodicity is observed in the 
simulations.  

The behavior observed in the simulations is qualitatively similar to that of the 
experimental results. In both cases order (periodicity) emerges, evolves and eventually 
dissipates. In the simulations the filaments form with a smaller period and the filamentation 
distance is longer. The simulation does not capture the unstable behaviour observed 
experimentally, i.e., small changes in the input energy (for the highest energy levels) do not 
result in drastically different beam profiles. We attribute these differences to the lack of 
knowledge of the exact initial conditions (beam intensity and phase) and to approximations 
made in the numerical model. The main limitations of the numerical model are the lack of 
temporal information and a loss mechanism. For the highest energy levels, the nonlinear 
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effects on the temporal envelope of the pulse might become important, along with other 
effects such as stimulated Raman scattering and supercontinuum generation. It is unclear what 
the main loss mechanism will be. A full-scale simulation including three spatial dimensions 
and time might be necessary to resolve these issues.    

 

 

Fig. 8. 1-D Fourier transforms for numerically calculated beam propagation. The beam 
propagation is numerically calculated for four different power levels a) P = 250 Pcr, b) 390 Pcr, 
c) 530 Pcr, d) 1200 Pcr. A 1-D Fourier transform on the side view of the beam profile is 
calculated for each along the propagation direction. The total distance is 10 mm. The central 
peak (DC component) in the Fourier transform is blocked to improve the contrast in the image. 

5. Summary 

In summary, we have observed the emergence of order, self organization and a transition to an 
unstable state in an optical nonlinear medium. Order emerges through the formation of spatial 
solitons in a periodic array. If the initial period of the array is unstable the solitons will tend to 
self-organize into a larger (more stable) period. These results provide new insight into the 
behavior of solitons in nonlinear systems and will impact potential applications using arrays 
of solitons for computation or communications. 
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