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ABSTRACT 

Numerical techniques for the solution of unsteady free 
surface flows a re  briefly reviewed and consideration 
i s  given to the feasibility of methods involving pararn- 
etric planes where the position and shape of the free 
surface a re  known in advance. A method for inviscid 
flows which uses the Lagrangian description of the 
motion is developed. This exploits the flexibility in 
the choice of Lagrangian reference coordinates and is 
readily adapted to include terms due to inhomogeneity 
of the fluid. Numerical results a re  compared in two 
cases of irrotational flow of a homogeneous fluid for  
which Lagrangian linearized solutions can be con- 
structed. Some examples of wave run-up on a beach 
and a shelf a r e  then computed. 

I. INTRODUCTION 

There a r e  many instances of unsteady flows in which analytic 
solutions, even approximate ones, a r e  not available. This is par- 
ticularly true of f ree surface flows when, for example, non-linear 
waves o r  even slightly complicated boundaries a r e  involved. Though 
analytical methods a r e  progressing, especially through the use of 
variational principles (Whitham [1965]) and, in some cases ,  the 
non-linear shallow water wave equations yield important results 
(Carr ier  and Greenspan [ 19581) there  is sti l l  a need for numerical. 
methods. Indeed, numerical "experiments " can be used to comple- 
ment actual experiments. 

Until very recently numerical solutions in two dimensions 
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invariably seemed to employ the Eulerian description of the motion 
though the Lagrangian concept has been used for some t ime in the 
much s impler  one-dimensional case (e.g. , Heitner [ 19691 , Brode 
[ 19691 ) and to make smal l  t ime  expansions (Pohle [ 19521 ) . Perhaps  
the best  known of these Eulerian methods i s  the Marker-and-Cell 
technique (MAC) begun by F r o m m  and Harlow [ 19631 and fur ther  
refined by Welch, -- et al. [ 19661 , Hirt  [ 19681 , Amsden and Harlow 
[ 19701 , Chan, Street  and Strelkoff [ 19691 and others.  The mos t  
difficult problem a r i s e s  in attempting to  reconcile the initially un- 
known shape and position of a f ree  surface with a finite difference 
scheme ahd the necessity of determining derivatives a t  that surface.  
In the same way, few solutions exist with curved o r  i r regu la r  solid 
boundaries. In steady flows, mapping techniques have been e m -  
ployed to t r ans form the f r e e  surface to a known position (e. g. , 
Brennen [ 19691 ). It would therefore seem useful t o  examine the use 
of parametr ic  planes for  unsteady flows. The Lagrangian description 
in i ts  most general  f o r m  (Lamb [ 19321) involves such a plane and by 
suitable choice of the reference coordinates,  the f ree  surface  can 
be reduced to  a known and fixed straight l ine.  However a discussion 
of other pa ramet r i c  planes and mapping techniques is included in 
Section 3 .  

The major  pa r t  of this paper i s  devoted to the development 
of a numerical  method f o r  the solution of the Lagrangian equations 
of motion in which full use i s  made of the flexibility allowed in the 
choice of reference coordinates. F o r  the moment,  we have res t r i c ted  
ourselves to cases  of inviscid flow. Very recently,  Hir t ,  Cook and 
Butler [ 19701 published details of a method which employs a 
Lagrangian tagging space but i s  otherwise s imi la r  to the MAC tech- 
nique. This i s  fur ther  discussed in Section 4B. 

11. LACRANGIAN EQUATIONS O F  MOTION 

The general  inviscid dynamical equations of motion in 
Lagrangian form a r e  (Lamb [ 19321 ): 

where X,Y.Z a r e  the Ca :esian coordinates of a fluid par t ic le  a t  . . r t  
t ime t ,  F, G ,  H a r e  the components of extraneous fo rce  acting upon 
it, P is the p r e s s u r e ,  p the density and a ,  b ,  c a r e  any th ree  
quantities which s e r v e  to  identify the part icle and which vary con- 
tinuously f r o m  one part icle to the next. F o r  ease  of reference 
(X, Y ,  2) a r e  t e rmed  Eulerian coordinates, ( a ,  b ,c)  Lagrangian co- 
ordinates. Suffices a ,  b ,  c ,  t denote differentiation. 
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If X,, Yo, Z, is  the position of a particle at some reference 
t ime  t o  (when the density i s  p,) then the equation of continuity i s  
simply 

Frequently it is  convenient to define a ,  b ,  c a s  identical to X,, Yo, ZO, 
thus reducing the R.H. S. of (2)  to p,; however it will be seen in the 
following sections that flexibility in the definition of a ,  b ,  c I s  of 
considerable value when designing numerical methods of solution. 

If the extraneous forces ,  F,  G,  H, have apotent ia l  S2 and 
P ,  if not uniform, is  a function only of P then, eliminating S2 + +/p 
f rom (1): 

where,  fo r  convenience, the velocities Xt, Y,, Z a r e  denoted by 
U, V, W. The quantities r,, re, r3 are  related to the Eulerian 
vorticity components , 5 ,  , 5 2, G 3  by 

(Thus, of course ,  vorticity changes with t ime  a r e  due solely t o  
changes in the coefficients of the L.H. S. of (4) which, in turn,  
represents stretching and twisting of the vortex l ine,)  Given the 
vorticity distribution c(X, Y, Z) at  some initial t ime ,  to, r ( a ,  b ,  c) 
(which is independent of time) may be obtained through Eqs. (4) and 
used in the final f o rm  of the dynamical equations of motion, namely 
Eqs. (3) integrated with respect to t ime.  
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For  incompressible, planar flow the equations reduce to 

Continuity: XaYb- YaXb = F(a,b) (5) 

(or differentiated w. r .  t .  t): 

Motion: UbXa - UaXb + VbYQ - VaYb = - r (a ,b) .  (7) 

By introducing the vectors Z = X + iY and W = U - iV, ( 6 )  and (7) 
conveniently combine to: 

Other types of flow have also been investigated. F o r  example, 
in the case ~f a heterogeneous, o r  non-dispersive stratified liquid in 
which p is a function of (a ,b) ,  Eq. (8) becomes: 

The integral t e rm therefore manufactures vorticity. The methods 
developed for a homogeneous fluid in Sections 4A to D a r e  modified 
in Section 4E to include such effects. 

111. OTHER PARAMETRIC PLANES 

It may be of interest to digress at  this point to consider other 
parametric planes (a ,b) ,  which a r e  not necessarily Lagrangian. 
That is to say the restrictions X+(a,b,t) = U, Y+(a,b,t) = V a r e  
abandoned s 6  that U, V a r e  no lohger either ~ u l L r i a n  or  Lagrangian 
velocities. Provided J = 8(~ ,Y) /B(a ,b )  # 0, o r  m, the equation for 
incompressible and irrotational planar flow remains 

To incorporate one of the advantages of the Lagrangian system, it 
is required that the free surface be fixed and known, say on a line 
of constant b. Then the kinematic and dynamic free surface conditions 
a r e  respectively 



Lagrangian SoZut ions  o f  Unsteady Free S u r f a c e  FZows 

Now a useful choice concerning the (a ,b)  plane would be to 
require the mapping from (X, Y) to be conformal. Then, of course,  
(10) simply reduces to the Cauchy-Riemann conditions U, = - Vb, 
Ub= V, so  that W = U - iV i s  an analytic function of c = a + ib o r  
of Z. 

In this way, John [ 19531 has constructed some special, exact 
analytic solutions. The kinematic condition, (I I), has the particular 
solution W(a,t) = Zt(a,tl on.the free surface, which implies W(c,t) = .= by analytic continuation, If, in addition, 

where K is real on the free surface, then the dynamic condition 
thereon is also satisfied. John discusses several examples for  various 
choices of the function K. 

The potential of such methods may not have been fully realized 
either analytically or  numerically. In the latter case ,  however, the 
conformality of the (X,Y) to (a,b) mapping i s  not necessarily a 
great advantage, whereas a fixed and known free surface position 
most certainly is. 

The digression ends here and the following sections develop 
a Lagrangian numerical method from the equations of Section 2. 

IV, A NUMERICAL METHOD EMPLOYING LAGRANGIAN 
COORDINATES 

A method for  the numerical solution of incompressible, 
planar flows i s  now described. It attempts to take full advantage of 
the flexibility in the choice of Lagrangian coordinates. 

A. Time Variant Par t  

The method uses an implicit scheme with central differencing 
over t ime, t .  Thus zP(a,b) is determined at a ser ies  of stations 
in t ime, distinguished by the intfger , p. Knowledge of velocity values, 
zVtfl ,  at a midway station p + enables zP+'(a ,  b) t o  be found from 
Z through the numerical approximation 

3 zp+' = zP t TZ!+" (e r ror  order  7 Zltt)  (14) 
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where 7 is  the t ime interval. Acceleration values,  z!, , needed in 
the f r e e  surface condition (Section 46) a r e  approximated by 
(z!"~ - ~ : " ~ ) / r  ( e r ro r  o rder  r4Z ++t t ) .  Thus the main part  of the 
solution involves finding P;''~ knowing zP, z : - '~  and their  previous 
values . 

The f i r s t  t ime step (from p = 0 to p = 1) requires a little 
special qttention. Clearly zo(a ,  b) is chosen to fi t  the required 
initial conditions. But further information is required on a f ree  
surface which will enable the accelerations in that condition to be 
found (see  Section 4C).  

B. Spatial Solution 

A method of the present type is  res t r ic ted to a finite body of 
fluid, S. However, S, could be part  of a l a rge r  o r  infinite mass  of 
fluid if an "outer" approximate solution of sufficient accuracy was 
available to provide the necessary matching boundary conditions a t  
the interface. The region, S,  need not be fixed in t ime. It would 
indeed be desirable,  for  example, to "follow" a bore. 

In a great  number of cases  of widely different physical ge- 
ometry including all the examples of Section 6 ,  it i s  convenient to 
choose S to be rectangular in the (a ,b )  plane. This rectangle 
(ABCD, Fig.  i )  i s  then divided into a se t  of elemental rectangles. 
The motion of each of these cells of fluid is  to be followed by deter-  
mining the Z values at  all the nodes. 

Ib NODE NUMBERING IN FREE 
SURFACE CONDITION : 

Fig. i . The Rectangular Lagrangian Space, S , Showing the 
Numbering Conventions Used 
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