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Chiral gravity and cosmological birefringence both provide physical mechanisms to produce parity-

violating TB and EB correlations in the cosmic microwave background (CMB) temperature/polarization.

Here, we study how well these two mechanisms can be distinguished if nonzero TB=EB correlations are

found. To do so, we evaluate the correlation matrix, including new TB-EB covariances. We find that the

effects of these two mechanisms on the CMB are highly orthogonal, and can thus be distinguished fairly

well in the case of a high-signal-to-noise detection of TB=EB correlations. Appendix B evaluates the

relative sensitivities of the BB, TB, and EB signals for detecting a chiral gravitational-wave background.
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I. INTRODUCTION

Both inflation [1] and late-time cosmic acceleration [2]
require new physics beyond general relativity and the
standard model (SM) of particle physics. Since the SM
violates parity (P) within the weak sector and is presum-
ably only a low-energy limit of a grand unified theory, it is
natural to inquire whether there are manifestations of P
violation in the new physics responsible for cosmic infla-
tion and/or late-time acceleration.

For example, a coupling of the quintessence field to the
pseudoscalar of electromagnetism would manifest itself as
cosmological birefringence (CB) [3], a rotation of the
linear polarization of electromagnetic waves as they propa-
gate through the Universe. Parity violation has been intro-
duced in inflation through modifications of gravity that
produce a difference in the amplitude of right (R) and
left (L) circularly polarized gravitational waves (GWs) in
the inflationary GW background. These include the addi-
tion of Chern-Simons terms to the Einstein-Hilbert action
[4]; chiral gravity, wherein there is a different Newton’s
constant for R and L gravitational waves [5]; and gravity at
a Lifshitz point [6]. We refer collectively to these infla-
tionary mechanisms as chiral gravity.

Since the CMB polarization can be decomposed into
two modes of opposite parity—E modes, or the gradient
part, and B modes, or the curl part [7,8]—a cross-
correlation between the E and B modes would, if detected,
be a sign of parity violation [4]; and similarly for a corre-
lation between the temperature (T) and the B mode. Chiral
GWs induce TB=EB correlations at the CMB last scatter-
ing surface (LSS) [4,5], while CB induces P violation by
rotating the primordial polarization afterwards [4,9].

An early analysis of CMB data suggested a possible CB
with rotation angle �6� [10], but current constraints are
less than a few degrees [11,12]. Reference [13] showed that
WMAP does not have enough sensitivity to test chiral
gravity and discussed prospects for detection of chiral
GWs with Planck and CMBPol.

In this paper, we quantify how well the effects of CB and
chiral gravity can be distinguished, in case of a positive

detection of EB=TB correlations. We find that the effects
of these two mechanisms are orthogonal to a very high
degree, and we show that the earlier tentative detections of
CB, if true, could not have been attributed to chiral gravity.
We perform these forecasts for WMAP [14], SPIDER [15],
Planck [16], CMBPol (EPIC) [17], and a cosmic-variance-
limited experiment.
The plan of this paper is as follows: In Sec. II, we

forecast the sensitivity of CMB experiments to gravita-
tional chirality and in Sec. III to CB. Section IV calculates
how well the two effects can be distinguished, and in
Sec. V we make concluding remarks. In Appendix A, we
derive the elements of the power-spectra covariance ma-
trix, and in Appendix B, we evaluate the relative sensitiv-
ities of the BB, TB, and EB signals to a chiral
gravitational-wave background, finding that the best sensi-
tivity comes from the BB signal, in disagreement with an
earlier claim [5].

II. CONSTRAINING GRAVITATIONAL
CHIRALITY

A. Effects of gravitational chirality on the CMB
polarization

If linearized gravity prefers one handedness (i.e., if it is
chiral), then the power spectra of the L and R GWs may
have different amplitudes and thus induce nonvanishing
TB and EB correlations at the LSS [4–6]. Measurements of
these correlations can provide an estimate of the chiral
asymmetry with a variance due to the finite precision of
the instrument and cosmic variance (CV).
We first want to quantify the chirality by introducing an

appropriate chirality parameter and show how the CMB
polarization map depends on this parameter. To have B
modes at the LSS, we need primordial GWs, or in other
words, a nonzero tensor-to-scalar ratio,

r � At=As; At ¼ r

1þ r
; (1)

where At and As are, respectively, the fractional contribu-
tions of tensor and scalar modes to the TT quadrupole.
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Each one of the six CMB temperature/polarization power
spectra—TT, EE, BB, TE, TB, and EB—have a tensor
component proportional to At, while TT, EE, and TE
additionally have a scalar component proportional to As.
The tensor-to-scalar ratio r is currently constrained to be
� 0:22 at a 95% confidence level [12].

The TB and EB power spectra are proportional to the
difference of the L- and R-mode contributions to the GW
(tensor) power spectra, Pt;LðkÞ and Pt;RðkÞ. These
P-violating power spectra are [13]

CXX0
l ¼ ð4�Þ2

Z
k2dk½Pt;LðkÞ � Pt;RðkÞ��X

l ðkÞ�X0
l ðkÞ;

(2)

while the tensor component of a P-conserving correlation
is

CXX0
l ¼ ð4�Þ2

Z
k2dk½Pt;LðkÞ þ Pt;RðkÞ��X

l ðkÞ�X0
l ðkÞ;

(3)

where Pt;LðkÞ and Pt;RðkÞ are the L- and R-mode power
spectra, �X

l ðkÞ is the radiation transfer function for X, and
X, X0 ¼ fT; E; Bg. Following Ref. [13], we define a chi-
rality parameter �� as

Pt;LðkÞ � 1
2ð1þ��ÞPtðkÞ; Pt;RðkÞ � 1

2ð1� ��ÞPtðkÞ;
(4)

where

PtðkÞ � Pt;LðkÞ þ Pt;RðkÞ: (5)

Maximal P violation occurs when there are GWs of only
one handedness; �� ¼ 1 corresponds to fully left-handed,
and �� ¼ �1 to fully right-handed GWs. To illustrate, we
show BB, TB, and EB power spectra for r ¼ 0:22 and
�� ¼ 0:2 in Fig. 1.

To calculate the uncertainty with which �� can be
estimated with different experiments we use a Fisher-
matrix analysis [18], employing the null hypothesis,
CEB
l ¼ CTB

l ¼ 0. This ensures that the TB and EB power

spectra do not have cross correlations with the other four
power spectra. The reciprocal value of the variance �2

�� is

then given by [7]

��2
�� ¼ X

l

X
A;A0

@CA
l

@��

@CA0
l

@��
½�l

�1�AA0 ; (6)

where A, A0 ¼ fTB; EBg, and �l is the TB-EB part of the
power-spectrum covariance matrix.1 This covariance ma-
trix is derived in Appendix A. The partial derivatives in
Eq. (6) can be evaluated by noting from Eqs. (2) and (4)
that

ð@CTB=EB
l =@��Þ ¼ CTB=EB

l ð�� ¼ 1Þ: (7)

We obtain the TB=EB power spectra by modifying
CMBFAST [19] and using a �CDM model consistent with

WMAP-5 [12] parameters.

B. Numerical results: Forecasts for errors to ��

We now forecast the sensitivities to chiral GWs of the
following five experiments: (i) WMAP-5, (ii) SPIDER’s
150 GHz channel, (iii) Planck’s 143 GHz channel,
(iv) CMBPol’s (EPIC-2m) 150 GHz channel, and (v) a
CV-limited experiment. The corresponding instrumental
parameters are given in Table I. Note that the noise-
equivalent temperature NET is related to the temperature/
polarization pixel-noise variances, �T=P, as �2

T=Npix ¼
ðNETÞ2=tobs, where �P ¼ ffiffiffi

2
p

�T . We take f0sky ¼ 1:0 (the

fraction of the sky surveyed), and fsky ¼ 0:7 (the fraction

of the sky used in the analysis), for all experiments, except
for SPIDER, where f0sky ¼ fsky ¼ 0:5.

FIG. 1 (color online). B-mode power spectra for r ¼ 0:22 and
�� ¼ 0:2.

TABLE I. Instrumental parameters from Refs. [15,20–22] for
the five experiments considered in this paper. The parameters are
the beamwidth �FWHM, noise-equivalent temperature NET, and
observation time tobs.

Instrument �FWHM (arcmin) NET (�K
ffiffi
s

p
) tobs (yr)

WMAP-5 21 650 5

SPIDER 60 3.1 0.016

Planck 7.1 62 1.2

CMBPol 5 2.8 4

CV-limited 5 0 1.2

1Under the null hypothesis �� ¼ 0, the 2� 2 TB-EB part of
the inverted 6� 6 covariance matrix is the same as the inverse of
the 2� 2 TB-EB matrix.
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Figure 2 shows the 1� error of the estimate of �� as a
function of tensor-to-scalar ratio r. The error increases
with decreasing r, which implies the existence of a critical
value of r below which a 1�-level detection becomes
impossible even for maximal P violation (when ��� �
1). This value is far above the current upper limit for
WMAP-5 (compare to Ref. [13]), and so WMAP-5 can
give no constraints on chiral gravity. Prospects are more
optimistic for the next-generation CMB data releases. The
critical r is about 0.064 for SPIDER, 0.082 for Planck,
0.0079 for CMBPol, and 0.0023 for the CV-limited experi-
ment. If r is just below the current detection limit of 0.22
[12], �� will be detectable at the 1� level if it is greater
than 0.46, 0.51, 0.18, and 0.11 for these four instruments,
respectively. If we consider the 3� confidence level, the
corresponding minimum detectable values are larger by a
factor of �3.

To conclude this section, we show how different multi-
poles l contribute to the sum of Eq. (6), separating the
contribution from TB and EB, in Fig. 3. In this plot, only
the TB=EB summands of Eq. (6) are plotted against l, for
r ¼ 0:22, for SPIDER, Planck, and CMBPol. The off-
diagonal terms that contain the covariance between TB
and EB are negligible. The major contribution to ��2

�� for

all five experiments comes from the TB power spectrum,
from low multipoles, l� 7. Thus, large angular scales in

TB (at l � 10) contain most of the information about
gravitational chirality.

III. CONSTRAINING COSMOLOGICAL
BIREFRINGENCE

Cosmological birefringence rotates the linear polariza-
tion at each point on the sky by an angle ��, and this
rotation induces TB=EB power spectra

CTB;rot
l ¼ 2��CTE

l ; CEB;rot
l ¼ 2��CEE

l : (8)

One should note here that the additional CEB;rot
l due to

rotation of a primordial B mode into an E mode is negli-
gible, even if r takes on its maximal value. Likewise, the
additional CEB

l due to late-time rotation of a lensing-

induced B mode is also negligible (second order in small
parameters). Since weak lensing (WL) does not induce
TB=EB correlations when averaged over the whole sky,

FIG. 2 (color online). 1� error on the gravitational chirality
parameter ��, for four different CMB experiments, for the
fiducial value of �� ¼ 0. The horizontal dotted line is at ��� ¼
1 and represents maximal P violation. In the region above this
line, the chirality is nondetectable. The WMAP-5 curve lies
entirely above the nondetection line.

from TB

from EB

FIG. 3 (color online). Diagonal (TB, TB and EB, EB) sum-
mands of Eq. (6), for r ¼ 0:22, are plotted against the multipole l
to show that the constraint to �� comes primarily from the TB
power spectrum at l� 7.
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this means that it does not contribute to the signal for CB,
nor for the chiral GW.2

The error ��� to which �� can be measured is given by

��2
�� ¼ X

l

X
A;A0

@CA
l

@��

@CA0
l

@��
½�l

�1�AA0 : (9)

Using the same instrumental parameters as in Sec. II B,
and for r ¼ 0:22, we obtain the following 1� errors for the
CB rotation angle: from WMAP-5, 3.2�; from SPIDER,
0.9�; from Planck, 15:90; from CMBPol, 10:700; and from a
CV-limited experiment, 1:9 �arc s, in good agreement
with previous forecasts [4,23–25].

In Fig. 4, we plot, separately, the contributions from only
TB and only EB correlation to the sum in Eq. (9), as a
function of multipole moment l, for the cases of SPIDER,
Planck, and CMBPol, for r ¼ 0:22. The off-diagonal terms
that contain the covariance between TB and EB are small.
The dominant contribution to the constraint on �� comes

from the TB correlation for WMAP-5, and from EB for the
higher-precision instruments. Different multipoles give the
leading summands in ��2

�� for different instruments, but

unlike the case of GW chirality, small angular scales (l *
100) always dominate the sum.

IV. SEPARATING GRAVITATIONAL CHIRALITY
FROM COSMOLOGICAL BIREFRINGENCE

In this section, we ask how well the effects of chiral
gravity and CB can be distinguished, assuming that a
TB=EB correlation has been detected.

A. First-order effects on the EB and TB correlations

To first order in �� and ��, the TB=EB power spectra

are a sum of a partCA;chi
l due to chiral GWs and a partCA;rot

l

due to CB. The combined EB and TB power spectra can be
written

CTB;obs
l ¼ ��CTB;t

l ð�� ¼ 1Þ þ 2��CTE
l ;

CEB;obs
l ¼ ��CEB;t

l ð�� ¼ 1Þ þ 2��CEE
l ;

(10)

where the superscript t indicates the tensor-induced part of
the power spectrum, while the absence of it denotes the full
power spectrum, including the scalar part.

FIG. 4 (color online). Diagonal (TB, TB and EB, EB) sum-
mands of Eq. (9), for r ¼ 0:22, are plotted against the multipole l
to show that the constraints to �� from future CMB experiments
will come primarily from l’s of�100, 500, or 700 (depending on
the instrument).

FIG. 5 (color online). We show TB and EB power spectra from
chiral GWs for �� ¼ 0:2 and r ¼ 0:22 (dashed red curves) and
from cosmological birefringence for �� ¼ 50 (solid blue
curves).

2WL does, however, contribute to the noise; numerically, this
contribution turns out to be very small (see Sec. V).
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Figure 5, which shows CA;chi
l and CA;rot

l , demonstrates

that the contributions from these two mechanisms are
qualitatively different. Our goal now is to quantify how
well they can be distinguished, given the finite precision of
the temperature/polarization maps.

The Fisher matrix for �� and �� has the following
entries (see [7]):

F ij ¼
X
l

X
A;A0

@CA
l

@ai

@CA0
l

@aj
½��1

l �AA0 ; (11)

where i, j ¼ f1; 2g; ai and aj are the elements of ~a ¼
ð��;��Þ; A, A0 ¼ fTB; EBg; and F is the inverse of the
covariance matrix between �� and ��. The derivatives in
Eq. (11) can be calculated using Eq. (10), and ½��1�AA0 is
the inverse of the TB-EB covariance matrix given by
Eq. (A5) of Appendix A. Once again, we employ the null
hypothesis3 �� ¼ �� ¼ 0.

B. Numerical results: Constraints on the ��-��
parameter space

Figure 6 shows 1� error ellipses in the ��-�� parame-
ter space, for the null hypothesis �� ¼ �� ¼ 0, with
WMAP-5, SPIDER, Planck, CMBPol, and a CV-limited
experiment, for a range of tensor-to-scalar ratios. In addi-
tion, each plot shows a 1�-error ellipse for a different set of
fiducial values: �� ¼ 0:2 and �� ¼ 500. The ellipses for
this model are merely shifted in the ��-�� space, but are
otherwise not significantly different from the null-
hypothesis ellipses. From Fig. 6, we see that once we
take into account the covariance between �� and ��,
the results differ very slightly from the two cases where
we had only one of the P-violating mechanisms acting on
the CMB. This is clear from the fact that the ellipses show
very little tilt in ��-�� space. We conclude that if non-
vanishing TB=EB correlations are detected with high sta-
tistical significance, we will be able to distinguish CB from
gravitational chirality to a high degree.

This result can also be explained from Figs. 3 and 4,
which show that the �� constraint comes primarily from
TB at low l’s, while the �� constraint comes primarily
from EB at high l’s.

V. SUMMARYAND CONCLUSIONS

In this paper, we first revisit the sensitivity of current and
future CMB experiments to gravitational chirality and to

cosmological birefringence, separately. We show that the
WMAP-5 polarization data are not precise enough to pro-
vide any information about gravitational chirality, even for
the case where the tensor-to-scalar ratio is just below the
current upper constraint of 0.22. Planck and SPIDER may
be able to make a marginal detection, but only if r and ��
are both close to their maximal allowed values. CMBPol
may probe gravitational chirality over a larger range of the
r-�� parameter space. As an illustration, the smallest
amount of GW chirality detectable at the 3� level with a
cosmic-variance-limited experiment, if r is just below 0.22,
corresponds to about 65% of the GW background being of
one handedness, and 35% of another. In an analogous
analysis, we show that Planck has a 1� sensitivity to a

FIG. 6 (color online). Constraints on the allowed ��-��
parameter space are shown for the case of null detection with
different instruments. The solid-line ellipses on each plot are for
the fiducial value of zero for both parameters, and for the
following values of tensor-to-scalar ratios (going from the nar-
rowest to the widest ellipse in the �� direction): 0.22, 0.1, and
0.06. The dot-dashed ellipse in each plot is for r ¼ 0:22, for a
model with �� ¼ 0:2 and �� ¼ 500. In both models, the tilt of
the ellipses is almost negligible, which means that the two
P-violating mechanisms are separable to high accuracy, pro-
vided there is detection with high statistical significance. Thus,
the constraints on both parameters are almost the same as those
calculated in the previous sections.

3Even in the case where we work around nonzero fiducial
values, the effect of the off-diagonal terms is negligible and the
covariance matrix can be treated as a block-diagonal matrix to
good precision. In addition, the cross terms between TB=EB and
the other four power spectra in Eq. (11) vanish, to the first order
in small parameters, so we really only need to consider TB and
EB.

TESTING PARITY-VIOLATING MECHANISMS WITH . . . PHYSICAL REVIEW D 81, 123529 (2010)

123529-5



CB rotation angle of about 160, while a CV-limited experi-
ment could reach about 2 �arc s.

In the second part of this paper we show that there is no
strong degeneracy between �� and �� parameters. In
other words, the effects of chiral gravity and CB can be
easily distinguished, provided that the TB=EB correlations
are clearly detected. However, the same results can be
interpreted as to infer that a marginal (e.g., 3�) detection
of �� could be due, alternatively, to gravitational chirality
at some level. For example, if CMBPol were to measure
�� ’ 1500 and find r ¼ 0:1, that TB=EB detection could
alternatively be attributed, with similar statistical signifi-
cance, to gravitational chirality with �� ¼ 0:6. If, how-
ever, the earlier suggestion of a TB=EB signal
corresponding to a rotation angle of 6� had held up, it
could not have been attributed to chiral GWs, as the
implied value of �� would have been in the unphysical
regime �� 	 1.

If a parity-violating signal is detected in the CMB and
attributed to CB, it may be possible to test it further with
observations of cosmological radio sources [26]. Off-
diagonal correlations in the CMB may also provide addi-
tional information on CB, if the CB rotation angle is
position dependent [23–25], as suggested in Ref. [27]. A
parity-violating signal from chiral GWs might be distin-
guished from that due to CB through direct detection of the
gravitational-wave background at shorter wavelengths
[28]. Finally, it may be that any signals of chiral gravity
in the CMB may be corroborated, within the context of
specific alternative-gravity theories, by a variety of other
observations and measurements [29].

Finally, let us emphasize that we do not expect weak
lensing by the large-scale structure4 to be a significant
contaminant in detecting a signal from chiral gravity and/
or cosmological birefringence, with Planck or CMBPol. In
the case of chiral GW, most of the information is carried by
the large-scale inhomogeneities, where WL has no power.
On the other hand, for CB, the corresponding WL correc-
tion to the variance turns out to be numerically small: it is
less than 10% for CMBPol and negligible for all other
instruments we considered (except for a CV-limited ex-
periment where we analyzed unlensed maps only); for
more details, see Appendix A.
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APPENDIX A: POWER-SPECTRA COVARIANCE
MATRIX

Suppose we have obtained multipole coefficients dX
0

lm,

for X ¼ fT; E; Bg from a full-sky CMB map. Their vari-
ance is given by [7]

hðdXlmÞ
dX0
l0m0 i ¼ ðjWb

l j2CXX0
l þ w�1

XX0 Þ�ll0�mm0 ; (A1)

where CXX0
l is the power spectrum of the signal, Wb

l ’
expð�l2�2

b=2Þ is the window function to take into account

the effects of beam smearing, and �b � �FWHM=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 lnð2Þp

with �FWHM the beam width. The w�1
XX are the contributions

to the measured power spectra due to instrumental noise;
they are given by

w�1
TT � 4��2

T

Npix

; and w�1
EE ¼ w�1

BB � 4��2
P

Npix

: (A2)

Here, �T and �P are the pixel noise in temperature and
polarization, respectively, and Npix ¼ 4���2

FWHM is the

number of pixels. We assume that the signal is not corre-
lated to the noise, and that the noise in the polarization is
not correlated to the noise in the temperature; i.e. w�1

ET ¼
w�1

BT ¼ w�1
EB ¼ 0.

The estimators for the power spectrum are then

Ĉ XX0
l ¼ jWb

l j�2

� Xl
m¼�l

ðdXlmÞ
dX0
lm

ð2lþ 1Þ � w�1
XX0

�
; (A3)

and the power-spectrum covariance matrix is then given by

�X1X2;X3X4

l � hðĈX1X2

l � CX1X2

l ÞðĈX3X4

l � CX3X4

l Þi
¼ hĈX1X2

l Ĉ
X3X4

l i � CX1X2

l C
X3X4

l

¼ jWb
l j�4

�X
m;m0

hðdX1

lmÞ
dX2

lmðdX3

lm0 Þ
dX4

lm0 i
ð2lþ 1Þ2

� hðdX1

lmÞ
dX2

l0m0 ihðdX3

lmÞ
dX4

l0m0 i
�

¼ jWb
l j�4

ð2lþ 1Þ ðhðd
X1

lmÞ
dX3

l0m0 ihðdX2

lmÞ
dX4

l0m0 i

þ hðdX1

lmÞ
dX4

l0m0 ihðdX2

lmÞ
dX3

l0m0 iÞ: (A4)

Using Eqs. (A1) and (A4) we get

�X1X2;X3X4

l ¼ 1

ð2lþ 1Þ ð
~CX1X3

l
~CX2X4

l þ ~CX1X4

l
~CX2X3

l Þ; (A5)

where

~CXX0
l � CXX0

l þ w�1
XX0 jWb

l j�2: (A6)

For XX0 ¼ BB, both the primordial contribution and the
contribution from the B modes induced by the WL5 are

4WL is another source of B modes in CMB polarization maps,
but it does not induce TB=EB correlations. Also, the WL-
induced B modes are of different nature than those sourced by
the cosmological birefringence and chiral gravity; for details, see
Appendix B of Ref. [25].

5The lensing surface is assumed to be located after the LSS,
and before most of the rotation by CB can take place.
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taken into account on the right-hand side of the above
equation, for the case of CB. This is done for all the
experiments, with the exception of a CV-limited experi-
ment, where we investigate the limiting case of fully un-
lensend maps. For the case of chiral GW, there is no need to
include WL, since the constraints to �� come from large
scales (below l of 10 or so), where WL has no power. To
illustrate how different terms of Eq. (A5) contribute to the
overall sum, we show the primordial and lensing-induced
BB power spectra for a range of r’s, and the noise power
spectrum for CMBPol (normalized accordingly), in Fig. 7.
The lensed maps are obtained from the CMBFAST code, for
the same set of cosmological parameters we use through-
out this paper.

To account for partial-sky coverage, we add a factor f�1
sky

(the inverse of the fraction of the sky used in the analysis)
to the right-hand side of Eq. (A5). We also multiply the
factors w�1

XX in Eq. (A6) by a factor ðf0skyÞ�1 (the inverse of

the fraction of the sky surveyed).

APPENDIX B: CONSTRAINTS ON TENSOR-TO-
SCALAR RATIO

Here we examine a claim of Ref. [5] that if the GW
background is chiral, it may be more easily detected
through the TB signal than the BB signal, the reason being
that it may be easier to detect a weak signal (B) by cross
correlation with a strong one (T) than against itself.

Under the null hypothesis (no GWs), the error with
which the tensor-to-scalar ratio can be measured, from
just one power spectrum A (where A is BB, TB, or EB) is

��2
r ¼ X

l

�
@CA

l

@At

�
2ð�l;AAÞ�1: (B1)

Given that the power spectra are simply proportional to At,
ð@CA

l =@AtÞ / CA
l . The relevant covariance-matrix entries

are

�BB
l ¼ 2

2lþ 1
ð ~CBB

l Þ2 ¼ 2

2lþ 1
w�1

BBðWb
l Þ�2; (B2)

�TB
l ¼ 1

2lþ 1
½ð ~CTB

l Þ2 þ ~CTT
l

~CBB
l �

¼ 1

2lþ 1
w�1

BBðWb
l Þ�2½CTT;s

l þ w�1
TT ðWb

l Þ�2�; (B3)

(and similarly for EB, with T ! E) where we have em-
ployed the null hypothesis in the second equality in each of
these equations.
Given that w�1

TT � CTT
l already from current data for the

low l at which the GW signal arises, we can set w�1
TT ¼ 0.

Moreover, CTB
l � �ðCBB

l CTB
l Þ1=2, with �� 0:1. As a re-

sult, while the summand for ��2
r from BB is

�ðCBB
l Þ2=w�2

BB, that from TB is �CBB
l =w�1

BB. Thus, in the

limit of sufficiently high signal-to-noise, w�1
BB ! 0, the BB

signal provides a better probe (smaller �r). In other words,
the value of the cross correlation with T is ultimately
limited by cosmic variance (as is also the cross correlation
with E), while the BB sensitivity improves without limit as
the instrumental noise is reduced. (The importance of TB is

also weakened slightly given that CTB
l < ½CTT

l CBB
l �1=2.) It

is true that in the opposite limit, where w�1
BB is large, TB is

more sensitive to GWs (with �� ¼ 1) than TT. However,
this limit is only of academic interest, as it encompasses
the regime of r that is already ruled out by temperature
measurements.
To make these arguments more quantitatively precise,

we have evaluated�r for BB, TB, and EB (for�� ¼ 1) for
WMAP-5, SPIDER, Planck, and CMBPol; the results are
shown in Table II. We see that the sensitivity to GWs with
future experiments will come primarily from BB, with only

FIG. 7 (color online). BB power spectra from primordial GWs
(dashed lines), and from WL of the primordial E modes (solid
lines), for r ¼ 0:22 (red, bottom solid and top dashed lines), r ¼
0:1 (blue, middle lines), and r ¼ 0:06 (green, top solid and
bottom dashed lines). The dotted black line is the appropriately
normalized noise power spectrum for CMBPol. Note that the
noise dominates above l� 100.

TABLE II. The error �r on the tensor-to-scalar ratio for a
chiral GW background with �� ¼ 1 from BB, TB, and EB
for several CMB experiments.

Instrument From BB From TB From EB

WMAP-5 0.68 0.37 3.03

SPIDER 0.011 0.051 0.20

Planck 0.026 0.071 0.30

CMBPol 1:57� 10�5 0.0018 0.0062
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marginal improvement from TB. While the TB sensitivity
of WMAP-5 is better than that from BB, the smallest r
detectable with either is already larger than the upper limit
from TT.

The bottom line: While TB may improve the sensitivity
to a chiral-GW background, it does so only marginally,
with most of the sensitivity due primarily to BB (see also
Ref. [13]).
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