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A study is presented of the radiation of acoustic modes from the end of a duct immersed 
in a uniformly moving medium. It is shown that the uniform flow has roughly the same 
effect as an increase in frequency at constant mode number: the number of lobes of the 
radiation pattern increases, and the radiation maximum is slightly displaced towards the 
duct axis. When the mode is near cut-off the forward radiation for an inlet is enhanced. 
The acoustic radiation characteristics of ducts with soft or absorbing walls and hard, 
perfectly-reflecting walls are then compared. It is shown, and this is of technological 
interest, that the side radiation from the end of an acoustically soft duct is greatly reduced 
for lower-order modes. 

1. INTRODUCTION 

The present-day trend is to design and use high-bypass turbofan engines as power plants for 
subsonic aircraft. The dominant noise source in these engines is associated with the turbo
machinery. The fan, in particular, which is the largest element, displaces the greatest amount 
of air and is most exposed to ground observation, is a strong noise generator. The noise 
produced consists of three types: discrete tones generated by rotor blade passage and im
pingement of wakes on the stator vanes, multiple pure tones at lower frequencies associated 
with rotating shock patterns, and broadband noise. The fan noise is essentially coherent and 
composed of discrete tones; even the "broadband noise" has been identified by Mather et al. 
[1] as a series of close discrete tones propagating as plane waves, produced by the rotation at 
shaft frequency of pressure field non-uniformities existing in each blade channel. 

The pure tones produced at the blade passage frequency and its harmonics are prominent 
in present-day engines, with pressure levels reaching 160 dB in the inlet and exhaust ducts and 
frequencies situated in the range (2000 to 7000 Hz) of greatest sensitivity for the human ear 
[2]. Tyler and Sofrin [3] described elegantly the generation, propagation, and radiation of 
these pure tones and showed in particular how the rotor and stator interact to excite propa
gating duct modes. 

An important aspect of the transmission of sound generated by a turbofan is the radiation 
from the duct end sections into the surrounding space. The angular distribution of acoustic 
energy directly influences the sound pressure level at various positions with respect to the 
aircraft and is of particular importance on the ground and on the sideline. The distribution 
of radiated energy depends on the duct geometry, the acoustic characteristics of the propagat
ing mode, the internal and external flow conditions (mean velocities and sound speeds), and 
on the surface quality near the duct edges. 
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In connection with aircraft engine noise the radiation problem has received relatively little 
recent discussion in the literature, in contrast with the large amount of work devoted to the 
propagation characteristics of the duct modes. The possibility of changing the radiation 
pattern by modifying the aperture field (i.e., by modifying the energy-carrying modes) has 
received little attention. The attenuation properties of acoustical lining have been extensively 
studied, but its effect on the external radiation also seems to have been overlooked. In usual 
practice, the distribution pattern of energy is computed by replacing the duct by an infinite 
wall with an aperture, neglecting the flow presence, and applying the Fraunhofer approxima
tion of optics (see, for example, reference [3]). 

The purpose of this paper is to describe a study of the acoustic radiation from a duct 
immersed in a uniform flow and then to discuss some features of the acoustic radiation from 
a duct lined with sound-absorbing material. The limiting case when the walls are ideally soft 
is considered for simplicity, and provides an upper bound to the effects one can expect to 
obtain by installation of absorbing material on the duct walls. It is shown that the side 
radiation from a lined duct can be greatly reduced, which is a result of technological interest. 

Analysis of the uniform flow situation is appropriate here because it approximates the 
flow condition at the engi~e inlet. At the fan exhaust, the flow becomes nearly uniform when 
the aircraft and exhaust gases have the same velocity (this is the case a few miles after take-off 
or before landing under reduced power operation). 

When the engine is tested on the ground, or during the initial moments of take-off, a large 
velocity difference exists between the exhaust gases and the atmosphere, and sound waves 
radiated by the engine are deflected sideways. This situation has been recently investigated 
by Mani [4]. Mani considered a rectangular duct containing a uniform flow discharging in a 
stationary atmosphere. Using the Wiener-Hopf technique and an approximate solution he 
obtained the far field pressure distribution. If, in addition, the outer atmosphere is colder 
than the jet core, Candel [5] has shown that the deflection of the transmitted waves is en
hanced. For a hot core like the primary exhaust jet, the maximum radiation occurs at large 
angles, 60 to 70 degrees from the jet axis. In these situations, refraction effects are of great 
importance. 

In the present work velocity and temperature discontinuities are not considered. The duct 
radiates into a uniform subsonic flow. The solution may be obtained by applying a simple 
transformation to the known solution of an associated radiation problem in a stationary 
medium. The method is quite similar to that used in reference [6] to study the diffraction of 
plane waves by a half plane immersed in a uniform flow. It is appropriate to start by formulat
ing the radiation problem in a stationary medium. 

2. ANALYSIS OF THE PROBLEM 

2.1. RADIATION PROBLEM IN A STATIONARY MEDIUM 

Consider a semi-infinite cylindrical duct parallel to the x-axis, its end section at x = 0, 
normal to the x-axis. Suppose for the moment that the duct has hard (or perfectly reflecting) 
walls. 

Because the medium is stationary, the pressure perturbation and velocity potential may 
be used interchangeably to describe the boundary value problem. The problems will be stated 
in terms of a general potential cpo. 

All the waves are of the form cpoexp(~iwt) where cpo satisfies the following boundary value 
problem: 

(1) 
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(2) 

on the cylinder surface, where k = w/c. 
The boundary condition (2) expresses that the displacement vanishes at the hard wall. To 

express a radiation problem for a particular mode propagating in the duct, the complete 
field ¢~ is decomposed into an incoming wave ¢? traveling along the duct in the positive 
x-direction and a field ¢o induced by the incoming wave when it radiates from the duct: 

¢~ = ¢~ + ¢o. 

The complete field ¢~ must satisfy one of the edge conditions 

¢~[x, R+(e), e] - ¢~[x, R_(e), e] _ Xl/2 

as x -+ 0_ on the duct surface, or 

0¢2 -1/2 --x oy 
as x -+ 0+ on the duct continuation. 

(3) 

(4) 

(5) 

Condition (4) represents the behavior of the pressure jump for an incompressible flow near 
a trailing edge, while condition (5) applies to the velocity potential near a leading edge. For 
the stationary medium under consideration, the pressure and velocity potentials are pro
portional, and both conditions (4) and (5) lead to the same solution. 

In addition to equations (1) and (2), and the edge conditions (4) and (5), the function ¢o 
must satisfy Sommerfeld's radiation condition at infinity: 

limr - - ik¢c = 0. 
(
0¢2 0) 

r-->oo Or 
(6) 

(Here r is the radial coordinate of a spherical polar coordinate system (r, e, ¢ ).) 
Suppose that one duct mode has been excited far upstream in the duct and propagates in 

the positive x-direction towards the duct end. This mode constitutes the incoming wave with 
a potential of the form 

(7) 

This potential satisfies equations (1) and (2); thus,f(y,z) is an eigenfunction of the problem 

fyy + Izz + p2 f = 0, (8) 

on the duct surface, where p is defined by 

of 
-=0 on 

p2 = k2 - k2,;. 

(9) 

(10) 

Non-trivial solutions of the problem specified by equations (8) and (9) occur only for the 
eigenvalues Pmn of p. Of interest here is the case in which the incoming wave is a propagating 
mode: that is, a mode with a real wave number kx . From equation (10), 

(11) 

so that kx will be real if p2 < k 2. The factor [1 - (p/k)2]1/2 appears very often and is therefore 
given a specific symbol, 

(12) 
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The preceding formulation applies to any cylindrical geometry. However, the radiation 
problem has been solved exactly for a few cases only. To discuss the effects of free stream and 
wall absorption a reliable computation scheme is needed for the radiation patterns in a 
stationary medium. It is convenient to consider a duct formed by two parallel, semi-infinite 
plates (Figure l(a)); an exact solution for the radiation from the duct may be obtained by the 
Wiener-Hopftechnique and is elegantly described by Noble [7, see pp. 105-110]. This solution 
is easily arranged in computable form (details may be found in references [8] or [4]). 

To study the radiation from a jet engine, it would be more appropriate to consider the 
radiation from an annular duct. However, the exact solution for this geometry is complicated; 
moreover, an approximate relationship exists between the annular duct and the two plate duct 
modes, and consequently between the corresponding radiation patterns (Appendix I). 

r 

x 

(0) 

Figure 1. Sketches showing geometry of (a) a two plate duct and (b) a cylindrical duct aperture. 

Radiation patterns are most generally computed by an approximate method described in 
reference [8]. The procedure employed replaces the duct by a plane screen with an aperture 
(Figure l(b)) and the Fraunhofer approximation is applied. This leads to a simple relation 
between the far field radiation and the Fourier transform of the field in the aperture. This 
method may therefore be applied to any cylindrical geometry for which the Wiener-Hopf 
solution is intractable, and provides a useful tool for analytical study of the influence on the 
radiation pattern of a change in the aperture field. 

For the two plate duct of Figure l(a), an incoming wave of amplitude A has the form 

(13) 

where 

/IN = Nn/2kb. (14) 

The pressure far field outside the duct has the form 

Pc ~ Aho(e; kb, N)(b/r )1/2. (15) 

(Here r is the radial coordinate of a cylindrical coordinate system (r, e).) The pressure angular 
distribution h(e; kb,N) is dimensionless, of order one, and depends only on the reduced 
frequency kb = wblc, the mode number N, and the Mach number Mwhen a uniform flow is 
present. 

Also 

D(e; kb, N) = 2010glO ho(e; kb, N) (16) 

is the value of ho in decibels. The sound pressure level in the far field may be deduced from 
equation (15) and definition (16) : 

SPL = SPL(duct) + D(e; kb,N) + 1010glO(b/r). (17) 
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By using both exact and approximate techniques, D(8;kb,N) has been calculated for several 
values of kb and N. A few typical patterns are shown on Figures 2(a)-(c), M = O. The two 
techniques yield very similar patterns, both in amplitude and angular distribution. Large 
differences occur near cut-off (when Nn/2kb approaches one), in particular in the neighbor
hood of the normal to the duct axis. This is to be expected because the duct is replaced in the 
approximate method by an infinite screen that lies in this plane (Figure l(b». 

The difference between exact and approximate pressure fields may reach 7 dB, but remains 
in general small, and the approximate method may be used with confidence for other 
cylindrical geometries (except near cut-off and in the neighborhood of the normal direction). 

2.2. RADIATION PROBLEM FOR A CYLINDRICAL DUCT IMMERSED IN A SUBSONIC UNIFORM FLOW 

It was noted in reference [6] that an essential difference exists between positive (exhaust) 
and negative (inlet) flow directions. In the first case, the duct has a trailing edge, the Kutta
Joukowski condition applies, the pressure jump satisfies the edge condition (4), and the 
pressure is continuous across the duct continuation. In the second case, the duct wall has 
a leading edge, the velocity potential satisfies condition (5) and is continuous in the upstream 
region. 

One can proceed as in reference [6] by describing the general problem by using a function <P 
which represents the pressure perturbation p when M> 0 and the velocity potential <P 
when M <0. 

All the waves are now solutions of the convective wave equation 

and satisfy the condition of vanishing displacement at the hard wall: 

o<p 
-=0. on 

(18) 

(19) 

The complete field <Pc satisfies one of the edge conditions (4) or (5) and Sommerfeld's radiation 
condition (6) at infinity. The incoming wave <Pi has the form (7) whereJ(y,z) is an eigenfunc
tion of the boundary value problem specified by equations (8) and (9), but in the present 
situation <Pi satisfies the convective wave equation (18) and the expression for kx is modified: 

k = 1 - - (l - M2) - -- . k [ (11)2 ]1/2 kM 
x (1 - M2) k 1 _ M2 

It is convenient to make the following definitions [6]: 

(20) 

(21) 

(22) 

(23) 

The function ljJ is the solution of the boundary value problem specified by equations (1), (2), 
(4) (or (5», and (6), where x is replaced by Xl and k by k 1• 

The incoming wave potential has the form 

(24) 

where 

(25) 
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The radiation problem for t/J is completely identical to an associated radiation problem in a 
stationary medium and hence one can write 

t/J = ¢O(xl, Y; kl' J1); 

then, from equation (23), the complete field is 

¢c(x,Y; k, J1, M) = e-ik•Mx
• ¢~(XI'Y; k1> J1). 

(26) 

(27) 

Thus, the complete field corresponding to an incoming wave (k,J1) in the uniform flow case 
may be obtained from the complete field for an associated radiation problem in a stationary 
medium for an incoming wave (k l ,J1) and a stretched x coordinate, Xl. 

When 1 > M> 0, then, from the definition of ¢ and relation (27), 

(28) 

When -1 < M ~ 0, ¢ represents the velocity potential <fJ and the pressure perturbation 
may be found through the relation 

_ ( . _ O<fJc) Pc = -p -IW<fJc + ua; . (29) 

Using equations (27) and (29), and dividing by the amplitude of the incoming pressure wave, 
yields the complete pressure field associated with a duct pressure mode of amplitude unity: 

Pc = ¢~ + - - e-lk.Mxl. 1 [ (iM) a¢~] . 
1 - Mll1 kl oXI 

(30) 

This expression is not convenient because both ¢~ and O¢~/OXI appear. To proceed, an actual 
expression for ¢~ has to be inserted in equation (30). Generally, ¢~ appears in integral form 
(for instance, for the two plate duct, ¢~ is given by Noble [7, see equations (3.34) and (3.37)]). 
Applying equation (30) to this form and using the saddle point method yields 

I-McosO I 
P - ,J..O(x Y· k )e-ik Mx c 1 M 'l'c 1> , I, J1 1., 

- 171 
(31) 

where (r1>OI) are the polar coordinates corresponding to the Cartesian coordinates (X1>Y) 
and related to (r,O) by 

(32) 

(33) 

For the negative flow direction, the pressure field contains an additional multiplying factor 

This factor is of order one, being larger than one when 01 < arccos17l: i.e., when 

o < arc cos [(1 - M2)l/217'/(1 - M217DI/2]. 

(34) 

(35) 

Factor (34) becomes important near cut-off when 111 is near zero. The forward radiation is 
then enhanced by ° to 5 dB. 

From expressions (28) and (31), the relations between the angular distribution ho(O; k,J1) 
for a stationary medium and h(O; k,J1,M) for a moving medium can be deduced. When 
1 >M>O, 

(36) 
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When -1 .;; M < 0, 

1 - Mcos01 ( 1 _ M2 )1/4 
h(O; k, /1, M) = 1 _ M'h 1 _ M2 sin2 0 hO(OI; kj, /1). (37) 

For radiation in three dimensions, the exponent 1/4 of equations (36) and (37) should be 
replaced by 1/2. 

3. RESULTS 

Before proceeding to the discussion, it is worth giving some of the characteristics of the 
discrete tone noise generated by a typical turbofan. The noise of a JT3D-3B Pratt and 
Whitney engine is described in some detail by Marsh et al. [2]. The sound pressure level in 
the JT3D reaches 150 to 160 dB (620 to 2000 N/m2) in the inlet and exhaust ducts. The funda
mental frequencies lie between 1800 and 3700 Hz. A complete noise spectrum may be found 
in reference [2] (see Figure 16). 

The inlet duct radius is approximately Yo ~ 0·62 m and so kyo ~ 35. Little information is 
available concerning the type of mode which carries the acoustic energy; however, the radial 
mode number remains generally low. According to Appendix I, the parameter kb should be 
selected below 35 and the mode number N below 5 or 6. 

A number of radiation patterns have been computed; some typical examples are shown 
in Figures 2(a)-( c). The effect of the uniform flow has been included both for an inlet M < 0 
and exhaust situation .M> O. 

When the reduced frequency kb is increased, the radiation patterns show a larger number of 
lobes, a greater peak pressure, and more energy is radiated near the duct axis. 

At constant frequency, an increase in the mode number N results in a greater side radiation. 
The angle of maximum radiation rotates away from the jet axis. By using ray acoustics it can 
be shown that for a stationary medium the direction of maximum radiation has a polar angle 
approximately given by 

(38) 

When the duct radiates in a uniformly moving medium, relation (38) may be transformed 
according to equation (32) and yields 

(39) 

The right-hand side of expression (39) depends very weakly on the Mach number and the 
position of the maximum of radiation remains very near to its position in a stationary 
medium. This appears clearly on Figures 2(a)-(c). 

This result is in sharp contrast with the situation where the duct discharges a hot jet of 
Mach number Min a cold atmosphere. In that case, the angle of maximum radiation deduced 
from ray acoustics is given by 

(40) 

where C1 and C2 are the sound speeds in the jet and the atmosphere. For the radiation from 
a primary exhaust duct this angle is about 70° (see reference [5]). 

The preceding discussion shows that for a given frequency and amplitude it is desirable to 
have lower-order modes radiating from an engine duct. For a low value of Nn/2kb (more 
generally, /1mn/k), the maximum of radiation is near the duct axis and the side radiation is 
reduced, a uniform flow slightly accentuating these features. 

In the next section it will be shown that acoustical lining inserted in the engine duct most 
effectively cuts side radiation for low values of Nn/2kb. This shows the importance of knowing 
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what type of mode transports the acoustic energy and singles out the lower order modes as 
more desirable. 

The presence of a uniform flow has roughly the same effect as an increase in frequency at 
constant mode Dumber. Most visible is the increase in the number of lobes; this number is 
determined as the largest integer contained in kl bin. The radiation is slightly more efficient 
and the amplitude is mostly affected near the duct axis. 

(a) 

( b) (c) 

Figure 2. Radiation patterns D(O; kb, N, M) for a hard wall duct at selected Mach numbers (M). Left 
figures: the exact Wiener Hopf solution. Right figures: the approximate Fraunhofer solution. (a) kb ~ 4, 
N~ 1; (b)kb~ 8, N~ 1; (c)kb ~ 16, N~ 1. 

To se~ this more clearly, it is easy to obtain a full analytical expression for the angular 
distribution h(8; k, /1, M) by using the results of reference [8]. Consider, for example, N even 
and different from zero and M positive; then 

h(8; k, /1, M) = Qg(8), (41) 

where Q is an amplitude, 

Q = (2n)-1/2(kl b)l/2111 [(1 - M2)/(l - M2 sin2 8)]1/4, (42) 

and g(8) is a normalized angular function, 

(2lk l b) sin 81 sin (k 1 b sin 8l ) 

g( 8) = (/k )2 . 2 8 ' /1N 1 - sm 1 
(43) 



ACOUSTIC RADIATION FROM A DUCT 

such that for the approximate value of 8max , 

g(8max) = l. 

If Q is compared to Qo (corresponding to M = 0), 

Q _ '11 (1 M Z • Z8)-1/4 --- - sIn , 
Qo 11 

9 

(44) 

and thus Q shows a weak dependence on M and is mostly affected for () near 90°. In the 
expression for g(8) the polar angle 81 replaces 8 and the reduced frequency increases from kb 
to k1 b, which explains the increase in the number ofIobes of the radiation patterns. 

4. SEMI-INFINITE DUCT WITH ABSORBING WALLS 

While noise attenuation properties of acoustic lining set on the duct walls have been studied 
extensively, its effect on the radiation pattern has been overlooked. 

The presence of acoustical lining on a duct wall is usually described by an impedance 
relation between the pressure and normal velocity fluctuations on the lining surface. If 
ZA = RA + iXA is the acoustic impedance of the lining, its specific acoustic impedance is 
the value of ZA normalized by the characteristic impedance of air: 

,= ZA/PC = (RA/pc) + i(XA/PC); 

the specific admittance is defined as the inverse of , : 

[3 = If(. 

The condition on the wall becomes, when the medium is stationary, 

ap 
an = ik[3p. 

(45) 

(46) 

(47) 

An acoustically hard (or perfectly reflecting) wall has a vanishing admittance. An ideally soft 
wall has an infinite admittance; realizable linings have finite, simultaneously resistive and 
reactive, admittances. 

Because of condition (47), the duct modes are exponentially attenuated along the duct, 
their radial distribution fey, z) is modified, and the associated radiated field changes. 

Another more physical description is as follows. The absorbing walls focus the acoustic 
energy towards the center of the duct, while near the walls the energy is absorbed and the 
pressure fluctuation reduced. The amplitude of the pressure field in the aperture decreases 
towards the edges. This is equivalent to a reduction of the aperture area and would result in 
a broader main lobe in the radiation pattern and thus a lower directionality. However, the 
radial decrease in pressure amplitude also produces a large reduction in the side lobe 
amplitudes. Such phenomena are well known in the theory of aperture antennas (see, for 
instance, the discussion by Collin [10, p. 76]). 

The effects described above may be shown simply by considering the radiation from a duct 
with perfectly soft walls ([3 = 00, the pressure fluctuation vanishes on the duct wall). Consider 
this situation for a duct of Figure 1 (a). The pressure amplitude in the far field is given in 
reference [8], for incoming duct modes of the form 

PI = eikxx sin IlN(Y - b), 
where lIN = Nn/2kb. 

The eigenvalues lIN and the wavenumbers in the x-direction are unchanged from their 
respective values in the hard-walled case, but the eigenfunctions satisfy the new boundary 
condition and vanish on the plates. 
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The effect of a uniform flow may be included without effort by applying the transformation 
of section 2. This is possible because the new condition at the wall, 1>c = 0, and the new 
condition near the edge, 1> [x, R(B), B] ---+ C1 as x ---+ 0+ on the duct continuation, do not 
essentially affect the argument given in section 2. 

(0 ) 

(b) (c) 

Figure 3. Radiation patterns D(e; kb, N, M) for N ~ 2 modes in a hard wall duct (left side figures) and a 
soft wall duct (right side figures), for selected Mach numbers (M) and duct width parameters (kb). (a) kb ~ 8; 
(b) kb ~ 12; (c) kb ~ 16. M < 0: inlet radiation; M < 0: exhaust radiation. 

A few radiation patterns for N = 2 modes propagating in the "soft wall" duct are shown 
on the right sides of Figures 3(a)-(c). On the left sides, the radiation patterns for a hard wall 
duct are given for comparison. The side radiation from the soft duct is very weak (generally 
20 dB between the main lobe and the first side lobe); the main lobe as predicted is slightly 
wider. 

The ideally soft duct has an infinite admittance which is not modified by the uniform flow 
in the duct. Consequently, the uniform flow only slightly changes the radiation patterns; the 
number of side lobes increases, but their amplitude is very small and the patterns appear 
almost unchanged. 

The ratio between the far field pressures corresponding to soft and hard ducts is derived in 
reference [8] and reproduced here; it is 

(48) 
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and is represented graphically on Figure 4 for N = 1 and N = 2. The reduction in side radiation 
appears clearly when (Nn/2kb) is sufficiently small. 

It is interesting at this point to make a small digression and compare the diffracted fields 
for a plane wave (k, e) incident, respectively, on a hard and on a soft edge. The incident wave 
has a potential of the form 

¢I = exp (-ikx cos e - iky sin e). (49) 

Here only the asymptotic expressions for the diffracted fields valid for kr ~ 1 and e far from 
±(n - e) need be given. 

1·0 

0·8 (a) 

0·6 

0'4 

0'2 

0 
I-

1·0 

0·8 

0·6 

004 

0'2 

0 30 60 90 120 150 180 

Polar angle & 

Figure 4. The ratio, 'l', of the soft duct far field pressure to the hard duct far field pressure, as a function of 
polar angle 0, for mode numbers (a) N = 1 and (b) N = 2. 

The soft edge produces (see reference [11], p. 314) 

2cos (e/2) cos (e/2) .. 
¢gs ~ (2n/kr)-1/2 e,kr+' lt /4, 

case + case 
(50) 

while the hard edge yields ([11], p. 322) 

2 sin (e/2) sin (e/2) ¢o ~ (2nkr )-1/2 eikr+ilt/4. 
dh cos e + cos e (51) 

Then 

(52) 

The diffracted field corresponding to the soft edge is more prominent in the forward direction; 
if the incidence angle is superior to n/2 the diffracted field is reduced by a factor cot (e/2). 
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A mode (k, N) in a duct may be represented as a combination of plane waves with an 
incidence angle given by 

a = n/2 + arc cos (Nn/2kb). (53) 

Suppose Nn/2kb ~ 1. Then 

cot (a/2) :::: (l/2)(Nn/2kb) (54) 

and 11 :::: 1. Expressions (48) and (52) are then identical. These simple computations show how 
the acoustical characteristics of the region in the neighborhood of the edge (a few wave
lengths) significantly modify the diffracted field. 

Until now, only ideally soft walls «( = 0) have been considered. A qualitative picture has 
been obtained of the influence of duct lining on the radiation pattern. It was seen that acoustical 
lining in an engine nacelle may significantly weaken the side radiation from the duct. As the 
engines of a commercial aircraft remain nearly horizontal during takeoff, landing, and 
fly-by operations, the side radiation is important. It is difficult at this point to predict the 
change in ground noise for a real aircraft. A decrease in loudness would occur only if the 
radiation pattern for the basic duct without lining does not present a prominent lobe near 
the duct axis. In any event, a reduction in the duration of maximum loudness can be expected. 

Finally, it is worth considering the extension of the method of section 2 to study the radia
tion from a duct with a real lining (finite impedance) in a uniformly moving medium. For a 
stationary medium the impedance condition (47) applied at the lining surface. When the 
medium above the lining flows uniformly, the condition at the absorbing wall changes. At the 
present time there is some uncertainty concerning the correct condition to apply. 

If continuity of displacement at the absorbing material boundary is assumed, as proposed 
by Ingard [12], this implies that the specific impedance of the material represents the ratio of 
the pressure to the time derivative of the displacement ~t' 

p/~t = pc/f3. (55) 

The momentum equation in the n direction gives 

p (~+ ii ~)2 ~ = _ op, 
at ax an (56) 

and together with definition (7) for the incoming modes, yields the new boundary condition: 

op 
- = ik(l - Mkx /k)2 f3p. 
an (57) 

If, on the other hand, it is supposed that the material impedance represents the ratio of 
pressure to normal velocity fluctuations, then, in place of equation (57), 

op 
- = ik(l - Mkx /k)f3p (58) an 

is obtained. In both equations (57) and (58), kx has the form (20), but because it enters in the 
boundary condition it is therefore determined by an iterative process; consequently the 
eigenvalues I1mn of the problem for/will be the solutions of a transcendental equation and will 
depend on the Mach number of the uniform flow. Therefore, in addition to the transformation, 
equations (21)-(23), the admittance f3 for M = 0 must be replaced by a new admittance f31 to 
take the effect of the uniform flow on the absorbing material into account. 
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APPENDIX I 

SIMULATION OF ANNULAR DUCT MODES 

The following results are given by Mani [4]; a brief "proof" is added here. 
Consider an annular duct of radius ro, hub to tip ratio (1, and annular spacing 2b with 

b = ro(l - (1)/(1 + (1). (AI) 

An acoustic mode propagating in this duct is characterized by the reduced frequency kro, 
and by the radial and tangential mode numbers nand m. The radial mode number is equal 
to the number of radial pressure nodes, and the tangential mode number is the same as the 
number of lobes of the pressure pattern. 

The wavelength in the tangential direction is Ao = 2nrolm and the tangential wave number 
is ko = mlro. The wavenumber in the x-direction, k x , is given by 

ki+ k~ = P, (A2) 

and thus 

(kxb)=kro -(1 1-.!!!... 1 [ ( )2]1/2 
1 + (1 kro 

(A3) 

The left-hand side represents the reduced frequency of a mode in a duct formed by two parallel 
semi-infinite plates set at a distance 2b which simulates approximately the annular duct 
mode. In addition, the mode number N should be taken equal to the radial mode number n 
to obtain the same number of radial pressure nodes in the two-plate duct. 


