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We describe a set of periodic lattices in �1+1�-dimensional Minkowski space, where each lattice has
an associated symmetry group consisting of inhomogeneous Lorentz transformations that map the
lattice onto itself. Our results show how ideas of crystal structure in Euclidean space generalize to
Minkowski space and provide an example that illustrates basic concepts of spacetime symmetry.
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I. INTRODUCTION

In Euclidean space one can describe various crystal struc-
tures in which repeated units are arranged in a periodic
lattice.1,2 Such a crystal structure has an associated space
group consisting of rigid, distance-preserving motions that
map the crystal lattice onto itself. In this paper, we consider
the analogous problem for Minkowski space. We describe a
set of periodic lattices in �1+1�-dimensional spacetime,
where each lattice has an associated group consisting of in-
homogeneous Lorentz transformations that map the lattice
onto itself. This group of transformations forms a discrete
subgroup of the inhomogeneous Lorentz group.4–7 Our re-
sults show how basic ideas of crystal structure in Euclidean
space generalize to Minkowski space. The problem of find-
ing periodic lattices in �1+1�-dimensional Minkowski space
was first considered in Ref. 3, but this work is couched in the
formal language of mathematical crystallography and is
likely to be inaccessible to many readers.

We can compare our periodic lattices in �1+1� dimensions
with two previous schemes for discretizing spacetime in �3
+1� dimensions. Ordinarily, spacetime is taken to be a con-
tinuum, in which the spacetime coordinates x�= �t ,x ,y ,z� are
real numbers. In one scheme, due to Schild,8 continuum
spacetime is replaced with a cubic lattice in which the coor-
dinates x� are integer multiples of a fixed lattice constant L.
In another scheme, due to Coish, the real number system is
replaced with a finite field, and the coordinates x� are taken
to be elements of that field.9,10 For both these schemes, one
first specifies a spacetime lattice and then determines its
symmetry properties.

In this paper, we approach the problem in the reverse di-
rection: we require that our spacetime lattices be invariant
under a discrete subgroup of the Lorentz group and then
determine the lattices that meet this requirement. The paper
should be accessible to undergraduates who have had some
exposure to special relativity, and could be used to supple-
ment a classroom discussion of spacetime symmetry. The
paper could also be used to supplement an undergraduate
class in condensed matter physics because it shows how
ideas of crystal structure can be applied in a novel context.

In Sec. II we briefly review the inhomogeneous Lorentz
group for �1+1�-dimensional Minkowski space. In Sec. III
we describe the problem of finding a spacetime lattice that is
invariant under a discrete subgroup of the inhomogeneous
Lorentz group. In Sec. IV we give a general solution to this
problem. In Secs. V and VI we describe several example
lattices. In Sec. VII we show how our results can be gener-

alized to higher dimensions.
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II. THE INHOMOGENEOUS LORENTZ GROUP

Let us consider Minkowski space in �1+1� dimensions.
We will label events in Minkowski space using coordinates
x�= �t ,x�, where x0= t is the time at which the event occurs
and x1=x is its spatial location. Given a pair of events x1

� and
x2

�, we define the spacetime interval �s2 between the two
events by

�s2 = ����x1
� − x2

���x1
� − x2

�� , �1�

where

��� = �1 0

0 − 1
� �2�

is the Minkowski metric tensor.
Let us now consider two types of coordinate transforma-

tions from the original coordinates x� to new coordinates x̄�.
One type of transformation corresponds to a boost by a ve-
locity �. We will denote this type of transformation by B���:

x̄� = B���x� = ��
����x�, �3�

where

��
���� = � � ��

�� �
� �4�

is the Lorentz transformation matrix and ���1−�2�−1/2. A
second type of transformation corresponds to a translation
through a fixed displacement d�. We will denote this type of
transformation by T�d��:

x̄� = T�d��x� = x� + d�. �5�

By using Eqs. �1�, �3�, and �5�, it is straightforward to show
that both types of transformations leave the spacetime inter-
val �s2 invariant:

�s2 = ����x̄1
� − x̄2

���x̄1
� − x̄2

�� . �6�

Let us now consider a general coordinate transformation
that consists of an arbitrary sequence of boosts and transla-
tions. One can show that such a transformation is equivalent
to a single boost B��� followed by a single translation T�d��,
for some values of the parameters � and d�. We will denote
this general type of transformation by G�d� ,��:

x̄� = G�d�,��x� = T�d��B���x� = ��
����x� + d�. �7�

Because boosts and translations both leave the spacetime in-
terval �s2 invariant, so does a general coordinate transforma-

�
tion G�d ,��. It is straightforward to check that the set of all
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such general coordinate transformations forms a group,
where the group product is taken to be the composition of
transformations. This group is known as the inhomogeneous
Lorentz group.11

III. SPACETIME LATTICES

In analogy with crystal structure in ordinary Euclidean
space, we would like to find a periodic lattice in Minkowski
space that is invariant under a discrete subgroup H of the
inhomogeneous Lorentz group. That is, for any event x� in
the lattice and any transformation G�d� ,�� in the group H,
the event G�d� ,��x� should also belong to the lattice. We
will assume that the lattice consists of events of the form

Rm,n
� = me1

� + ne2
�, �8�

where m and n are integers, and e1
� and e2

� are basis
vectors.12

Let us now consider the symmetry properties of the lattice.
The lattice is invariant under translation by an arbitrary lat-
tice vector Rm,n

� . We will denote such a translation by Tm,n:

Tm,nx� � T�Rm,n
� �x� = x� + Rm,n

� . �9�

We would also like the lattice to be invariant under boosts of
certain specific velocities. Suppose the lattice is invariant
under a boost of velocity ��0. We will denote such a boost
by B1:

B1x� � B���x� = ��
����x�. �10�

By symmetry, the lattice must also be invariant under a boost
of the opposite velocity, which we will denote by B−1:

B−1x� � B�− ��x� = ��
��− ��x�. �11�

For an arbitrary nonzero integer r, we define Br to be a
sequence of r boosts B1 if r�0 and a sequence of �r� boosts
B−1 if r	0:

Br �	 �B1�r if r � 0

�B−1��r� if r 	 0.

 �12�

One can show that Br=B��r�, where

�r =
�1 + ��r − �1 − ��r

�1 + ��r + �1 − ��r . �13�

Because the lattice is invariant under boosts B1 and B−1, it is
also invariant under the sequence of boosts Br. There is a
distinct boost Br for every nonzero integer r, so there are an
infinite number of boosts that leave the lattice invariant. In
contrast, for a crystal lattice in Euclidean space there are
only a finite number of rotations that leave the lattice invari-
ant.

We now consider a general transformation of the lattice
that consists of an arbitrary sequence of boosts and transla-
tions. As before, one can show that such a transformation is
equivalent to a single boost Br followed by a single transla-
tion Tm,n, and we will denote such a transformation by
Gm,n,r=Tm,nBr. The set of all such transformations forms a
group H that is a discrete subgroup of the inhomogeneous
Lorentz group.

What remains to be done is to determine the allowed ve-

locities � such that the boost B��� leaves the lattice invari-
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ant. For B��� to leave the lattice invariant, it is necessary and
sufficient that B���e1

� and B���e2
� belong to the lattice.13

Thus, we require that

��
����e1

� = ae1
� + be2

�, �14a�

��
����e1

� = ce1
� + de2

� �14b�

for some set of integers �a ,b ,c ,d�. Our goal is to determine
the possible basis vectors e1

� and e2
� and sets of parameters

�� ,a ,b ,c ,d� for which Eq. �13� holds. It turns out that it is
more convenient to work in terms of � rather than �, and
thus in what follows we will take the lattice parameters to be
�� ,a ,b ,c ,d� and define ���1−1 /�2�1/2.

IV. SOLUTION TO THE PROBLEM

We proceed as follows. It is useful to define new basis
vectors e+

� and e−
� by

e+
� = �1,1�, e−

� = �1,− 1� . �15�

From Eq. �4� for ��
����, it follows that

��
����e+

� = 
e+
�, ��

����e−
� = 
−1e−

� , �16�

where 
���1+��. Thus, the basis vectors e+
� and e−

� are
eigenvectors of ��

���� with eigenvalues 
 and 1 /
, respec-
tively. The solution for � in terms of 
 is

� = �1/2��
 + 1/
� . �17�

We can express the original basis vectors e1
� and e2

� in terms
of the new basis vectors e+

� and e−
�:

e1
� = Ae+

� + Be−
�, e2

� = Ce+
� + De−

� �18�

for some values of A, B, C, and D. From Eqs. �13�, �16�, and
�18�, it follows that


A = aA + bC, 
−1B = aB + bD , �19�


C = cA + dC, 
−1D = cB + dD . �20�

We can express Eqs. �19� and �20� in the form


v�+ = Mv�+, 
−1v�− = Mv�−, �21�

where

v�+ = �A

C
�, v�− = �B

D
�, M = �a b

c d
� . �22�

We see that v�+ and v�− are eigenvectors of M with eigenval-
ues 
 and 1 /
, respectively. The trace of a matrix is equal to
the sum of its eigenvalues, and hence

a + d = 
 + 1/
 = 2� , �23�

where we have used Eq. �17� for �. The determinant of a
matrix is equal to the product of its eigenvalues, and hence

ad − bc = 1. �24�

Because ��1, Eq. �23� implies that a+d�2. The condi-
tions a+d�2 and ad−bc=1 are necessary and sufficient for
obtaining a viable spacetime lattice. Once we have specified
the integers �a ,b ,c ,d� that satisfy these conditions, the cor-
responding value of � is given by Eq. �23�. Because a and d
are integers, Eq. �23� implies that � must be either an integer

or a half-integer. From Eqs. �23� and �24�, it follows that if
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b=0 or c=0, then a=d=1, so �=1 and ��
���� is the identity

transformation. Because this solution is trivial, in what fol-
lows we will always assume that b�0 and c�0.

We have determined the allowed lattice parameters
�� ,a ,b ,c ,d�, but have yet to determine the allowed basis
vectors e1

� and e2
�. From Eq. �19�, it follows that the compo-

nents of e1
� and e2

� must satisfy

C/A = �
 − a�/b, D/B = �
−1 − a�/b . �25�

The four components �A ,B ,C ,D� correspond to the four de-
grees of freedom in choosing the basis vectors e1

� and e2
�.

Equation �25� fixes two of these degrees of freedom, leaving
two degrees of freedom remaining. One degree of freedom
corresponds to the freedom to scale the entire lattice by ar-
bitrary scale factor �:

�A,B,C,D� → ��A,�B,�C,�D� . �26�

A second degree of freedom corresponds to the freedom to
boost the entire lattice by an arbitrary gamma factor �
= �1 /2���+1 /��:

�A,B,C,D� → ��A,B/�,�C,D/�� . �27�

Note that if the components �A ,B ,C ,D� satisfy Eq. �25�,
then so do the scaled and boosted components described by
Eqs. �26� and �27�.

V. RECTANGULAR LATTICES

We now consider a special class of lattices whose basis
vectors e1

� and e2
� have the form

e1
� = �T,0�, e2

� = �0,L� �28�

for some constants T and L. A lattice of this form is shown in
Fig. 1.

To clarify the physical meaning of a spacetime lattice of
this form, let us consider a specific set of events that consti-
tute such a lattice. Imagine that we construct a series of
flashing lights along the side of a straight railway track. In
the reference frame of the track the lights are spaced at regu-
lar intervals L, flash periodically with period T, and are syn-
chronized so that all the lights flash simultaneously during a
given period. The flashes constitute a spacetime lattice of
events.

Now consider the situation in the reference frame of a
train moving along the track at a constant velocity �. We

�

�

�

�

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

�

�

�

�

�

�

�

	

Fig. 1. Spacetime lattice generated by the basis vectors e1
� and e2

� defined in
Eq. �28�. The circles indicate events Rm,n

� that belong to the lattice.
would like to choose the values of � and ��L /T such that
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the lattice of events has the same properties in the train frame
as it does in the track frame.14 Specifically, an observer in the
rest frame of the train should see periodic flashes of light at
positions nL relative to some stationary reference position,
where n is an integer. The period of the flashes should be T,
and the flashes during a given period should occur
simultaneously.15

We can determine the allowed values of � and � by using
the results of Sec. IV. From Eqs. �15�, �18�, and �28�, it
follows that

A = B = T/2, C = − D = L/2. �29�

If we substitute Eq. �29� into Eq. �25�, we find that

� � L/T = �
 − a�/b = − �
−1 − a�/b . �30�

We can use Eq. �30� to solve for � and � in terms of a and b:

� = a, � = a2 − 1/b . �31�

From Eqs. �23�, �24�, and �31�, it follows that

c = �a2 − 1�/b, d = a . �32�

Thus, once we specify the pair of integers �a ,b�, the param-
eters � and � are uniquely determined by Eq. �31�, and the
parameters c and d are uniquely determined by Eq. �32�.

Not all pairs of integers �a ,b� yield viable lattices. Be-
cause ��1 and ��0, Eq. �31� implies that a�1 and b
�0. Because c must be an integer, Eq. �32� implies that b
must divide a2−1. It is straightforward to check that these
three conditions are sufficient: the pair of integers �a ,b� will
always yield a viable lattice provided that a�1, b�0, and b
divides a2−1.

Note that if �a ,b� yields a viable lattice, then so does
�a ,b��, where b�= �a2−1� /b. If we let �� ,� ,c ,d� denote the
parameters corresponding to lattice �a ,b�, and ��� ,�� ,c� ,d��
denote the parameters corresponding to lattice �a ,b��, then
from Eqs. �31� and �32� it follows that the two sets of pa-
rameters are related by

�� = 1/�, �� = �, c� = b, d� = d . �33�

If a�b, then ��1, and if a	b, then �	1.
Let us now consider some specific examples. We first note

that the three viability conditions are always satisfied for a
�1 and b=1. The lattice parameters in this case are

� = a, � = a2 − 1, c = a2 − 1, d = a . �34�

From Eq. �31�, it follows that for a lattice with basis vectors
given by Eq. �28� the smallest possible value of � is �=2,
corresponding to �=3 /2. A lattice with �=2 is described
by Eq. �34� with a=2. The remaining lattice parameters are
b=1, c=3, d=2, and �=3.

Several other viable lattices are described in Table I,
which gives a complete list of viable lattices such that 1
	b	a	7. The parameters for lattices with a	7 and b
�a can be obtained from Table I via Eq. �33�.

We can interpret these results by returning to our example
of an array of flashing lights. Let us first interpret the solu-
tion with a�1 and b=1 that is described by Eq. �34�. We see
that if the ratio of the light spacing L to the flash period T is
�=L /T=a2−1, then the spacetime lattice of flashes will
appear the same in the reference frame of the track and in the

reference frame of a train moving with a gamma factor of
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�=a. Table I gives some additional values of � and � for
which the lattice of flashes appears the same in both refer-
ence frames.

VI. TRIANGULAR LATTICES

Let us now consider a second class of lattices whose basis
vectors e1

� and e2
� have the form

e1
� = �T,L�, e2

� = �T,− L� �35�

for some constants T and L. A lattice of this form is shown in
Fig. 2.

We can give an example of a set of events that constitute a
lattice of this form by considering again an array of periodi-
cally flashing lights along the side of a railway track. Let us
number the lights relative to a reference light at x=0. For a
lattice of the form described by Eq. �35�, flashes from even-
numbered lights alternate with flashes from odd-numbered
lights, where each set of lights flashes periodically with pe-
riod 2T and the delay between flashes from the two sets is T.
As before, we consider the situation in the reference frame of
a train moving along the track at a constant velocity �. We
would like to determine the allowed values of � and �
=L /T such that the spacetime lattice of flashes has the same
properties in the train frame as it does in the track frame.

The treatment of this class of lattices closely parallels the
treatment for the class of lattices considered in Sec. V, so we
will omit the derivations and just state the results. As before,
we find that the pair of integers �a ,b� uniquely determines
the parameters ��L /T, �, c, and d. The parameters � and �
are given by

Table I. List of integer pairs �a ,b� that yield viable lattices and the corre-
sponding values of the parameters �, �, c, and d.

�a ,b� � � c d

�3, 2� 2 3 4 3

�4, 3� 5 /3 4 5 4

�5, 2� 6 5 12 5

�5, 3� 4 /3 5 8 5

�5, 4� 3 /2 5 6 5

�6, 5� 7 /5 6 7 6

�

�

�

�

� � � � �

� � � � �

� � � � �

� � � �

� � � �

�

�

���

�

�

��	




�

�




�



Fig. 2. Spacetime lattice generated by the basis vectors e1
� and e2

� defined in
�
Eq. �35�. The circles indicate events Rm,n that belong to the lattice.
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� = �1 + a2 − b2�/2a, � =�a + b�2 − 1

�a − b�2 − 1
, �36�

and the parameters c and d are given by

c = − b, d = �1 − b2�/a . �37�

One can show that the pair of integers �a ,b� yields a viable
lattice if and only if a�0, 0	 �b�	a−1, and a divides b2

−1.
If the pair of integers �a ,b� yields a viable lattice, then so

does the pair �a ,−b�. If we let �� ,� ,c ,d� denote the param-
eters corresponding to lattice �a ,b�, and ��� ,�� ,c� ,d�� de-
note the parameters corresponding to lattice �a ,−b�, then the
two sets of parameters are related by Eq. �33�. If b�0, then
��1, so the basis vectors e1

� and e2
� are spacelike; if b	0,

then �	1, so the basis vectors are timelike.
Let us now consider some specific lattices. We first note

that the three viability conditions are always satisfied for a
�2 and b=1. The lattice parameters in this case are

� =a + 2

a − 2
, � = a/2, c = − 1, d = 0. �38�

In Sec. IV we showed that � must be an integer or half-
integer, so the smallest possible nontrivial value of � is �
=3 /2, corresponding to �=5 /3. A lattice with �=3 /2 is
described by Eq. �38� with a=3. The remaining lattice pa-
rameters are b=1, c=−1, d=0, and �=3.

Several other viable lattices are described in Table II,
which gives a complete list of viable lattices �a ,b� such that
a	20 and b�1. The parameters for lattices with a	20 and
b	−1 can be obtained from Table II using Eq. �33�.

We can interpret these results by returning to our example
of an array of flashing lights. First consider the solution with
a�2 and b=1 that is described by Eq. �38�. We see that if
the ratio of the light spacing L to the flash period T is �
=L /T=�a+2� / �a−2�, then the spacetime lattice of flashes
will appear the same in the reference frame of the track and
in the reference frame of a train moving with a gamma factor
of �=a /2. Table II gives several additional values of � and �
for which the lattice appears the same in both frames. Recall
that for lattices of the form considered in Sec. V, in which all
the lights flash simultaneously during a given period, we
found that � had to be an integer. In contrast, for lattices of
the form considered here, in which flashes from even-
numbered lights alternate with flashes from odd-numbered

Table II. List of integer pairs �a ,b� that yield viable lattices and the corre-
sponding values of the parameters �, �, c, and d.

�a ,b� � � c d

�8, 3� 5 7/2 3 1

�8, 5� 21 5/2 5 3

�12, 5� 6 5 5 2

�12, 7� 15 4 7 4

�15, 4� 3 7 4 1

�15, 11� 45 7/2 11 8

�16, 7� 33 /5 13/2 7 3

�16, 9� 13 11/2 9 5
lights, we see that half-integer values of � are also allowed.
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VII. LATTICES IN HIGHER DIMENSIONS

So far we have only considered periodic lattices in �1
+1� dimensions, and it is natural to ask how our results gen-
eralize to �n+1� dimensions. One way to obtain a periodic
lattice in �n+1� dimensions is to embed multiple copies of a
periodic lattice in �1+1� dimensions. We will illustrate this
technique by using it to obtain a periodic lattice in �2+1�
dimensions.

Start with a �1+1�-dimensional lattice whose basis vectors
are given by Eq. �28�. Define basis vectors f1

�, f2
�, and f3

� for
a �2+1�-dimensional lattice by

f1
� = �T,0,0�, f2

� = �0,L,0�, f3
� = �0,0,L� . �39�

Consider a boost Bx��� of velocity � along the x-axis. From
Eqs. �13� and �39�, it follows that

Bx���f1
� = af1

� + bf2
�, �40�

Bx���f2
� = cf1

� + df2
�, �41�

Bx���f3
� = f3

�. �42�

Thus, the �2+1�-dimensional lattice that is generated by the
basis vectors f1

�, f2
�, and f3

� is invariant under the boost
Bx���. Similarly, one can show that the lattice is invariant
under a boost By��� of velocity � along the y-axis. By gen-
eralizing the arguments presented in Sec. III, we find that the
lattice is invariant under translations through integer mul-
tiples of the basis vectors, under sequences of boosts along
the x- or y-axis with velocity ��, and under rotations
through integer multiples of � /2.

By generalizing this technique, we can obtain periodic lat-
tices in �n+1�-dimensions. It seems likely that there are
�n+1�-dimensional lattices with larger symmetry groups than
can be obtained via this method. As far as I know, obtaining
such lattices, and determining their associated symmetry
groups, is an open problem.

VIII. DISCUSSION

We have considered the problem of finding a periodic lat-
tice in Minkowski space that is left invariant by a discrete
subgroup of the inhomogeneous Lorentz group. We have
given a prescription for constructing such lattices and have
described several examples. Our results illustrate basic con-
cepts of spacetime symmetry and also show how ideas of
crystal lattice structure can be applied in a novel context.

In addition to their pedagogical value, the periodic lattices
we have discussed may be useful for simulating
�1+1�-dimensional field theories on a computer. To simulate
a field theory on a computer, we must discretize the theory to
1383 Am. J. Phys., Vol. 78, No. 12, December 2010
render the number of degrees of freedom finite. By discretiz-
ing a field theory using one of the periodic lattices described
here, the resulting discrete theory would have a symmetry
group that is a discrete subgroup of the inhomogeneous Lor-
entz group. Such discrete field theories may also be interest-
ing objects of study in their own right.
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