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The electrohydrodynamic phenomena associated with the motion of a charged particle in a plasma 
are investigated. It is shown that the type of disturbance produced in the plasma depends signifi~. 
cantly on the speed of the particle, i.e., whether it is subsonic, transonic, or supersonic. In the sub
sonic case, the electrohydrodynamic drag experienced by the particle is caused by an unsymmetric 
wake formed by the screening electrons. In the supersonic case, electron screening is confined to the 
Mach cone. Ahead of the Mach cone, the plasma behaves as if it were an incompressible fluid. The 
electrohydrodynamic drag in this case has a logarithmic nature. 

INTRODUCTION 

T HE problem of an ion moving through a plasma 
has been considered by various authors from 

different points of view. In particular, Kraus and 
Watson' have approached this problem by regard
ing the plasma as two coexisting ion and electron 
fluids. Their consideration, however, is restricted 
to the case of supersonic particles, as they were 
interested in the motion of satellites in the iono
sphere. Moreover, their investigation does not show 
explicitly the response of the plasma to the particle 
motion. In this paper, the full range of the particle 
velocity is considered, i.e., subsonic, transonic, as 
well as supersonic velocity. Here, the plasma is also 
described by the two fluids model. A collision term, 
v(ue - uJ, is incorporated in the fluid equations 
to account for ion-electron interaction in the plasma. 
It is shown that the inclusion of this damping 
phenomenon permits the linearized fluid equations 
to describe the entire range of particle velocity 
without a mathematical breakdown, which in the 
case of conventional gasdynamics occurs when the 
Mach number approaches unity. 

spectively. The ions are massive so that their per
turbed motion is small compared to that of the 
electrons (the velocity ratio being inversely propor
tional to their mass ratio). Here we are primarily 
concerned with the response of the electrons in a 
scale much greater than the size of the object. 
In this respect, the motion of the ions is relatively 
unimportant and can be neglected as a first approxi
mation (the error is of the order of the mass ratio). 
Close to the object, the fluid model to be employed 
in the following is not applicable. A much more 
elaborate description is then necessary which is 
beyond the scope of the present investigation. 

FORMULATION 

Consider a point charge q moving through a 
stationary plasma with velocity -vez. With respect 
to the coordinate system fixed to the point charge, 
the steady perturbed electron motion is governed 
by the following equations: 

no V 'Ue + v(ane/ax) = 0, 

rnenov(aue/ax) = - VPe - enoE - vUe, 

Vpe = rnea~Vn., 

V·E (-ene/EO) + [q5(X)/Eo], 

V X E = 0, 

(1) 

(2) 

(3) 

(4) 

(5) 

where no is the electron number density at equi
librium, me is the electron mass, ao is the equi
librium sound speed, and n., Ue, P. are the perturbed 
electron number density, velocity, and pressure, 
respectively. 

ELECTRON SCREENING 

The result of this paper is applicable to a charged 
object moving through a relatively dense plasma 
at a moderate temperature. At these temperatures 
and densities, it is known that long range inter
action forces prevail and the plasma exhibits a 
collective fluid-like behavior. The size of the object 
is considered to be sufficiently small so that the 
interaction between the object and plasma is dom
inated by Coulomb forces. Alternatively, the result 
can also be regarded as the response of a relatively 
dense plasma to the motion of a test particle. The 
response can be considered as composed of two 
parts, namely, that of the ions and electrons, re- The screening of the point charge q by the elec

trons will first be considered. By taking divergence 
1 L. Kraus and K. M. Watson, Phys. Fluids 1, 480 (1958). of Eq. (2) and using Eqs. (1), (3), and (4), the f01-

493 



494 CHRISTOPHER K. W. TAM 

lowing equation for the electron number density 
can be obtained: 

where the Mach number M = v/ao. 
The solution of Eq. (6) can be divided into three 

cases according to (1) M2 < 1, subsonic; (2) M2 = 1, 
transonic; (3) M2 > 1, supersonic. 

(1) Subsonic Case (M < 1) 

Let us make the following change of variables: 

x 

-en q 
= 2(1 0 M2\i oCr) o(y) o(z). 

Eom.ao - J 
(7) 

The solution of Eq. (7) is well known; 
_ enoq e-cta·+II·)ict·+u·+z.)i 

if! - 411'Eom.a~(1 _ M2)! (r2 + y2 + Z2)! . (8) 

Therefore, 

(9) 

Let us examine the nature of solution as given Let n. = X exp (-{lxh), then X satisfies 
by Eq. (9). First, let us neglect the collision of ions 
and electrons, i.e., v ~ 0, then Eq. (9) becomes (ilx/iJy~ + (iJ2X/iJz2) - 'Y(iJx/iJx) 

= (-enoq/Eom.~)o(x). 
The solution of Eq. (12) is well known; 

X = (enoq/411'Eom.~x) 

(12) 

(10) 'exp [-'Y(y2 + z~/4x]H(x), (13) 

Equation (10) shows that within the linearized 
theory n. is symmetric with respect to the y-z 
plane. Thus, it follows that there is no resultant 
electric field acting on the charge q. Since electric 
force is the only force acting on q, the charge ex
periences no drag. 

The above result leads to the conclusion that 
for a subsonic particle the drag on it is associated 
with v. The same conclusion, however, does not 
hold for supersonic particles, in which case the nature 
of the electron screening is completely different. 
For v ~ 0, Eq. (9) shows a "wake-like" structure 
in the disturbance. This wake is responsible for 
the drag on the moving charged particle. 

(2) Transonic Case (M = 1) 

In this case, Eq. (6) becomes 

iJ2n• + iJ2n• _ 'Y On. _ (32n = _ en~ o(x) , (11) 
iJy2 iJl iJx • Eo m.ao 

where'Y = vv/(nom.a~). 

where H(x) is the unit step function. Hence, 

n. = (enoq/411'Eom.a~x) 

·exp [-'Y(y2 + z2)/4x - (32xhJH(x). (14) 

Equation (14) indicates that the charged particle 
has no influence on the plasma charge density over 
the half space x < 0. Later, it will be shown that this 
corresponds to the transition between subsonic and 
supersonic case. 

(3) Supersonic Case (M > 1) 

In this ca..'le, after making the following change 
of variables, Eq. (6) can be written as 

x 
r = (M2 _ l)t , 

n. = ~ exp (-lAr) 

iJ2~ iJ2~ iJ2~ ( 2) 
- iJr2 + iJy2 + iJz2 - (32 - ~ ~ 

(15) 
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The solution of Eq. (15) depends on the relative magnitude of fJ2 and t~2. 

(a) {32 > t~2. Take Fourier transform of Eq. (15) in y and z. Then 

d
2
.p (k2 k2 + 2 1 2) _ enoq ( ) 

dt2 + U +. {3 - 4~ .p - + Eom.a~(M2 _ 1)1 ~ t . 

The boundary conditions on .p are 

.p~o, 

.p is bounded, 

[~~ lump = Eom.a~rM~ - 1)1 at t = O. 

The unique solution which satisfies Eq. (16), and the above conditions is 

.. ~ {:m.a:~ -1)1 (k! + k! J fJ' _ 1'')' sm (k! + k: + p' - i'')'t 

Inverting the Fourier transform, we have 

{

( enoq cos [(~ - t~2)I(f - y2 - z~l] ,.2 > 2 + 2 
.p = 2'!rEom.~(M2 - 1)1 (r _ y2 _ z2)1 ) Y z , 

o elsewhere 

Therefore, 

r<o 

r> o. 

r> o . 

j 
enoq exp [-Xx/2(M2 - 1)1] COS«{32 - t~~'I[X2/(M2 - 1)] _ y2 _ Z2}t) 

2'!rEom.a~(M2 - 1)' {[x2/(M2 - 1)] _ y2 - z2jl 
n. = 

x> 0, [x2/(M2 - 1)] > y2 + Z2. 

o elsewhere 

(b) fJ2 < 1~2. For this case, by the same procedure as above, we have 

enoq exp [2(M~~ 1)1] cosh {(l~2 - fJ2){(M2X~ 1) - y2 - Z2JI} 

no = 2'!rEom.a~(M2 - 1)' {[x2/(M2 - 1)] _ y2 _ Z2}t 

x> 0, 

o elsewhere 
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(16) 

(17) 

(18) 

(19) 

(20) 

The solutions given by Eqs. (19) and (20) show that the disturbance on the electron charge density 
generated by the charged particle is confined to the cone x2 > (M2 - 1)(y2 + i). For 1~2 < fJ2, the 
disturbance oscillates before being completely damped out; while for 1~2 > fJ2 the equation yields a com
pletely damped solution. The surface of the cone x > 0, x2 > (M2 - 1)(y2 + l) is a singular surface 
where the linearized solution fails to hold. 

CONTINUITY OF SOLUTION 

In the above treatment, three solutions are found according to M < 1, M = 1, and M > 1. However, 
it is simple and straightforward to show that 

Lt enoq exp (ax/2(1 - M2), - [,l/(4 - ~)]tl[x2/(M2 - 1)] + y2 + z2jt) 
M_l 4'!rEom.a~(M2 _. 1) [x2/(1 - M2) + y2 + Z2]! 

~ 4 enoq 2 exp {[ _"(Cy2 + z2)/4x] - fJ2x/'Y}H(x), 
'!rEom.aox 
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Lt e:og2 exp [-Ax/2(lIr - I)!] cosh ([A2/(4 - 132)]!{[X2/(JI{2 - 1)] - y2 - z2}i) 
.M~1 2'1rEorn.ao(M - l)i [X2/(1If2 - 1) - y2 - Z2]! 

~ 4 enog 2 exp I[ -'Y(y2 + z2)/4x] - 132xhIH(x). 
'lrEorn.aox 

Henee, the subsonic, transonic, and supersonic solutions, Eqs. (9), (14), (18), and (19), continue 
one into the other a~ Mach number M varies from smaller to greater than unity. There is no breakdown 
in the mathematical solution for all values of v, even though the nature of the disturbances created 
in the subsonic and supersonic cases differs markedly. 

VELOCITY FffiLD IN SUPERSONIC CASE 

Now let us determine the perturbed velocity field in the supersonic case. By taking the curl of Eq. 
(2), we have 

curl u. = o. 
Hence, let u. = V'It and from Eq. (1) 'It satisfies 

yr2'1t = -(v/no)(iJn./ax). (21) 

Take Fourier transform of Eq. (21) in y and z, and using Eq. (17), then 

d
2

-;J, _ (e + k2)'It = 
d 2 • • x 

x> 0 
(22) 

= 0, x < O. 

The boundary conditions of it are 

'It ~ 0, x~ -CD, 'It is bounded as x ~ CD, 'It and d'lt / dx are continuous. 

It is straightforward to obtain the solution of Eq. (22) satisfying the above boundary conditions. 
The full solution is quite lengthy and will not be written out here. However, for v = 0, on inverting 
the transform, 

~ 
evg 1'" exp (kx)Jo(kp)k dk . 2 _ 2 + 2. < 0 

4 2 ((32+k2M2) , p -y Z, x , 
'It = 'lrEo 1n.ao ° 

evg 1'" exp (-kx) + 2 cos [W + (3~ix/(M2 - 1)] J (k )k dk' 
l- 4'1rEorn.a~ 0 ({32 + k2 M2) 0 P , 

(23) 

x> o. 

From Eq. (23) for x < 0, it is clear that V ·u. = O. Thus, in front of the Mach cone, the plasma behaves 
as an incompressible fluid. The motion of the electron fluid is determined by a balance of inertial 
and electrostatic forceI'!. 

ELECTROHYDRODYNAMIC DRAG 

To determine the drag on the charged particle g, it is necessary to find the eleetric field at the origin 
due to nc. Let E = - V«!; then 

yr2«J = (en.)/Eo, (24) 

where ne is given by Eq. (9) or (19), according to whether M is less than or greater than unity. 

(1) Subsonic Case 

Take Fourier transform of Eq. (24) in y and z; then 

d2
«! (1/ + e) _ e2nug exp [ax/2(1 - 1I12)t - Ixl (k! + k! + 132 + te'?)!/{l - M2)~] 

d;v 2 
-. • rp - 2E~lIIea~(1 - lIr)~ (k; + k= + 132 + tel)! (25) 



DAMPING OF CHARGED PARTICLE IN PLASMA 497 

The boundary conditions on '" are 

'" ~ 0, '" and d",/dx are continuous. 

Solution of Eq. (25) satisfying the above boundary conditions can be obtained by an elementary tech
nique in ordinary differential equation. From this solution, it is straightforward to get 

[a",] e2noqla(1 - M2)!(k; + k~)!(k; + k~ + (32 + ta2)! - !a{32 + a(k! + k~)[M2/(2 - 1)]\ (26) 
ax %=0 = 2E~mea~(k! + k~ + (32 + ta2) {[{32 + !a2 + (k! + k~)M2]2 - a2(k; + k~ + (32 + ta2

)} . 

On inverting the Fourier transform of Eq. (26), 

(27) 

where 
2 1'" !{32 + (1 - !M2)X - (1 - M2)!X!(X + {32 + ta2)t 

Z(a, (3, M) = 0 2(x + {32 + ta){[{32 + a2/(2 + XM2)]2 _ a\x + (32 + ia2)} dx. (28) 

Therefore, the drag on the moving charge is equal to 

(29) 

From Eq. (29), it is clear that if 11 ~ 0 there is no drag on the particle, which confirms our earlier 
argument. 

(2) Supersonic Case 

x> 0 

The boundary conditions on '" are 

<f ~ 0, x ~ - co, '" is bounded as x ~ + co , '" and d",/dx are continuous. 

The solution of Eq. (30) which satisfies the boundary conditions is x ~ 0, 

e2qno[}.(M2 - l)!(k; + k~)! + (k! + k!)M2 + {32] exp [-(k; + k~)!x] 
.p = 2Eomea~(k; + k!)![{!}.2 - (k; + k!)M2 - {32}2 + }.2(k; + k~ + (32 - t}.2)] 

(30) 

e2qno(M2 - 1)1 exp [ - Ax/2(M2 - I)!] 
+ E~m.a~(k! + k; + {32 - t}.2)![{!}.2 - (k; + k~)jl.r - {32}2 + }.2(k; + k! + (32 - t}.2)] 

.{[.!}.2 _ (e + k2)"Jr _ {32] in (k! + k! + {32 - t}.2)!X 
2 • z S (M2 _ I)! 

+ }.(e + k2 + R2 _ .!}.2)! cos (k; + k~ + {32 - t}.2)!X} . 
• • ,... 4 (M2 _ l)t , 

e2qno[}.(M2 - l)!(k; + k!)! - (k; + k~)M2 - {32] exp [(k; + k!)ix] (31) 
x S 0, '" = 2E~mea~(k; + k~)![{!}.2 _ (k; + k!)M2 - (32)2 + }.2(k; + k! + {32 - i}.2)f \ 

From Eq. (31), for 11 = 0, it is straightforward to obtain 

Therefore, 

(32) 

where the upper limit has been replaced by kmax• 
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SUMMARY 

Within the framework of a linearized continuum 
description, the disturbance produced by a moving 
charged particle on a plasma has been studied. 
The phenomena involved can be divided into sub
sonic, transonic, and supersonic regimes. For a 
subsonic particle, the screening electrons form a 
wake-like structure which is responsible for the drag 
on the particle. Electron screeni~g around a super
sonic particle is confined to the downstream Mach 
cone. In front of the Mach cone, the electrons behave 
as an incompressible fluid. Their motion is deter-

mined by a balance of inertial and electrostatic 
forces. The drag force on the pa~ticle in this case 
has a logarithmic divergence. It was also shown that 
the fluid model used was capable of describing any 
particle velocity without serious mathematical break
down, even when Mach number approaches unity. 
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