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SUMMARY 

The study of combustion processes is in a sufficiently early 
stage so that there is no strong connection between combus
tion theory and the technology of combustion chamber develop
ment. To clarify such a connection is the principal task of workers 
engaged in establishing combustion as an engineering science. 

The equations of aerothermochemistry are reviewed for the 
case in which temperature and composition gradients are small. 
Solutions have been obtained in very few cases and under very 
restrictive circumstances; most detailed considerations are re
stricted to the plane laminar flame front. The current situation 
in the theory of plane laminar flames is discussed. The few ex
tensions that have been made to two-dimensional problems are 
then described. Several directions of work which would assist in 
establishing theoretical results approaching technological re
quirements appear possible. 

INTRODUCTION 

BEFORE THE STUDY of combustion processes can as-
sume its position as a branch of engineering science, 

it is necessary to clarify the relationships between the 
aerothermodynamic and chemical-kinetic fundamentals 
underlying combustion and the complex processes that 
take place in combustion chambers. According to the 
spirit of engineering science, it need not be expected 
that the performance of combustors shall be predicted 
from fundamentals but, rather, that the thread con
necting fundamental processes on the one hand with 
combustion technology on the other shall be thoroughly 
sound. Only then may valid approximations be made, 
appropriate experimental results introduced, and proper 
similarity criteria developed. 

At the moment, this ideal seems to be a long way from 
realization. The instances where a realistic combustion 
process may be deduced from first principles are singular 
indeed. Furthermore, the fundamental information is 
not always available. Chemical kinetics is still unable 
to cope with many complex reactions of technological in
terest; fluid dynamics does not yet present a picture of 
the turbulence mechanism adequate enough to infer its 
influence on combustion processes; and basic experi
mental difficulties have rendered progress slow in ob
taining reliable detailed information on combustion 
systems. On the one hand, there exists considerable in
formation concerning the performance of combustion 
chambers for jet propulsion units; on the other hand, 
there has been considerable scientific study into the 
description of combustion details, particularly that of 
the laminar flame in combustible gaseous mixtures 
through application of chemical and thermodynamic 
fundamentals. But at this time there exists no clear 
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connection between the two. This state is one through 
which most fields of engineering science have passed at 
one time or another during their development. Conse
quently, the present circumstances should not cast 
shadows on future possibilities. Aeronautical engi
neers are still aware of the period when the theory of 
ideal fluid motion appeared as a monstrosity having 
little bearing on the observed phenomena. 

Under these circumstances, it is to be expected that 
Dr. von Karman would, during recent years, devote a 
portion of his time to the clarification of this field of en
gineering. His interest is a natural outgrowth of his 
early and extensive work in the jet propulsion sciences. 
The impact of Dr. von Karman's efforts in this field has 
been twofold. First, he has contributed his own deep 
insight and clear thought to formulation of key problems 
in the bridge between fundamentals and practice. 
Second, he has attracted the enthusiastic participation 
of workers disciplined in aerothermodynamics to prob
lems formerly of interest principally to physical chem
ists. In assuring this cooperation between practitioners 
of the individual sciences and instructing them by ex
ample of the directions in which to work, it seems 
probable that Dr. von Karman is at present accomplish
ing the essential step in developing aerothermochem
istry into a mature engineering science. 

The following paper describes briefly some of the con
tributions made by Dr. von Karman and his collabora
tors and attempts to show how they fit into the present 
state of combustion theory. The author is indebted to 
his colleague, Prof. S. S. Penner, for advice concerning 
the contents of this review. In particular, the author 
acknowledges his deep gratitude to Dr. Hsue-shen 
Tsien from whose conversations many ideas have been 
drawn. Without the benefit of this material, the 
author's interpretation of Dr. von Karman's current 
efforts would be far more faulty than it is. 

AEROTHERMODYNAMIC AND CHEMICAL FUNDAMENTALS 

Combustion processes are described by the motion of 
nonuniform gaseous mixtures in which chemical reaction 
produces concentration gradients and, consequently, 
diffusion of chemical species. Following the methods of 
Chapman and Cowling l or of Hirschfelder, Bird, and 
Curtiss,2 appropriate mean values for the velocity, 
density, temperature, etc., of the gas mixture may be 
defined so that a gross cont.inuity equation for the gas 
mixture may be written in the usual fashion' 

(ap/at) + div (p V) = 0 (1) 

Likewise, in the absence of external forces, the N avier-



Stokes equations of motion assume their familiar form 

p(o Viol) + (p V-V') V = -grad p + div T (2) 

With the exception that T is here the stress tensor for 
the nonuniform gas mixture; hence it includes con
tributions which arise from the fact that velocities of 
individual gaseous components differ from the mean 
velocity because of differential diffusion rates. 

In dealing with the principle of energy conservation, 
it is convenient to introduce the concept of the total 
gas enthalpy, defined as the sum of the usual thermody-

namic enthalpy fT CpdT and the enthalpy h(O) re-
To 

quired to form the chemical species from its constituents 
at a fixed temperature To. Then, for a given chemical 
species, the total enthalpy hi may be written 

hi = fTCPidT + hi(O) (3) 
To 

while the enthalpy for a gas mixture having a fraction 
Y i of its weight contributed by the ith chemical species 
is 

the sum being taken over all chemical species. N ow in 
a process involving an exothermic chemical reaction, the 
heat evolved arises from molecular binding energy re
leased during the chemical rearrangement, and, clearly, 
this appears as a change in energy of formation between 
initial and final chemical species. Consequently, the 
heat associated with an exothermic reaction is explicit 
in this definition of the enthalpy. The energy con
servation relation appears then as 

p~ (h + 1~12) + (pV.V') (h + 1:12) + 

V'. LPY1hYdi - ~~ = div (A grad T) + <I> (5) 

Aside from the definition of the enthalpy h, the only 
unusual term appearing is the divergence of 
L (p Y i Vd)hi' The mass transport of the ith species due 

to its diffusion velocity V di is just p Yi Vdi and, conse
quently, the enthalpy transport is (pYiVaj)hi and, con-

sequently, the enthalpy transport is (pY;Vdi)h i • The 
total enthalpy transport due to diffusion is then simply 
the sum of the individual transports L (p Y; Vdt)h i. 
The quantity <I> is the viscous dissipation given in terms 
of velocity gradients and viscosity coefficients. Actually, 
this energy equation is correct for only terms linear in 
the diffusion velocities, and this restriction has been 
considered by von Karman 3 whose results are quoted by 
Penner. 4 It appears that these higher order tenus have 
not been deduced directly from the Boltzmann equa
tion. 

The gross continuity equation is not adequate to de
scribe the conservation of each chemical species. For 
individual species, the motion differs from the mean 
motion by the local diffusion velocity Vd;' and the spe-
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cies is manufactured locally at the rate Wi' Then 
clearly 

and in virtue of the gross continuity relation of Eq. (1) 

p(oo~t + V ·grad Vi) + div (p Y; Vd;) = Wi (7) 

The diffusion velocity Vi arises from gradients in con
centration, pressure, and temperature. In most com
bustion problems, the variations in pressure are suf
ficiently small so that this effect may be neglected. 
The diffusion caused by temperature gradients or ther
mal diffusion depends upon the existence of large tem
perature gradients and large differences of molecular 
weight between the interdiffusing species. A very 
interesting physical description of thermal diffusion is 
given by Jost.5 Usually, but not invariably, this effect 
may be neglected in combustion problems and will be 
discounted in the following considerations. Then it is 
not difficult to show that, to the first-order perturbation 
of the Boltzmann distribution, the diffusion velocities 
of the ith and jth species are related as 

" Y/Yl (Val - Vai 1 1) 
4- MM. D + y. grad Yi - y. grad Yj = 

J i J /} t 1 

o (8) 

where Dij is the binary diffusion coefficient between the 
ith andjth species, and M i , M j are their corresponding 
molecular weights. In addition, it is clear that the 
momenta associated with the diffusion velocities must 
sum to zero, and hence 

(9) 

The rates of production Wi of the various chemical 
species are governed by the laws of chemical kinetics. 
The gross chemical reaction is described by the numbers 
Vt of initial atoms or molecules that react to produce 
vt' of the product molecules. If a chemical species is 
denoted by the symbol Ci , and all species entering into 
either the reactants or products are ordered C1 ••• Ci ••• 

CN> then the mass balance of atoms is written 

Jr N 

LViCi ~ LViCi (10) 

This is known as the stoichiometric relation; v/ and 
vt' are the stoichiometric coefficients. Relations of this 
sort are usually inadequate to describe the detailed 
course of a reaction because the atoms or molecules of 
the left-hand side do not produce the final products 
through elementary collisions. Rather, they produce 
intermediate products which, in turn, react in a complex 
manner to produce the final products. Since the rates 
of reaction are related to the probability of "successful" 
molecular collisions, the entire set of elementary reac
tions must be known as 

(11) 

The overall result of Eq. (11) is the gross stoichiometric 
relation given by Eq. (10). 
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Associated with each elementary step is a rate at 
which it is carried out. For a given system, the proba
bility of a successful collision depends upon (a) the frac
tion of molecules having sufficient energy-i.e., tem
perature-to engage in a successful process, and (b) the 
concentration of reacting species. The rate of a simple 
reaction may be expressed according to the law of mass 
action which states that the rate is proportional to the 
concentrations of reacting species. Thus, if the stoichio
metric balance contains a species Ct , Pi times, the reaction 
rate contains the concentration [Cd as [Cd·[Cil·[C;] ... 
== [Cd v

,. Consequently, the reaction rate may be 
written for the kth equation of type (11) 

r(k)II [Cd Vi (k) 

i 
(12) 

where r(k) is the specific reaction rate constant giving 
the probability for success of a given molecular en
counter. Early in the study of chemical reaction rates, 
Svante Arrhenius6 indicated that the specific reaction 
rate could be written 

(13) 

where the activation energy E, the exponent a, and the 
frequency factor B depend upon the details of the 
particular reaction. 

These basic processes, recently reviewed and clarified 
by von Karman,7 describe the details of ordinary aero
thermochemical processes. The relations hold under 
the general assumptions that the Maxwell-Boltzmann 
distribution is not severely disturbed by the processes 
and that the changes of state encountered are suf
ficiently slow that equipartition of energy among all 
internal degrees of freedom of the molecule is satisfied 
at all times. 

THE LAMINAR FLAME 

One of the simplest problems arising from the com
plex aerothermochemical system described in the pre
vious section is the plane flame front in a uniform 
parallel flow of a laminar gas stream. Consider the gas 
flowing in the direction of positive x axis; it is desired 
to calculate the gas speed required to produce a station
ary reaction zone normal to the direction of flow and to 
determine some details of the reaction zone. This 
problem has been considered a classical one since the 
pioneering investigations of Mallard and Le Chatelier;8 
an excellent survey of the early theoretical attack on the 
problem has been given by Evans. 9 For this one-di
mensional steady process, the gross continuity condi
tion, Eq. (1), reduces simply to pu = m = constant. 
The momentum equations reduce to a single one that 
relates the pressure gradient in the direction of flow to 
the stream velocity and velocity gradient. It may be 
shown, a postiori, that the normal velocities of flames in 
laminar gas mixtures are so low that the resulting pres
sure variations are negligible. Hence, the momentum 
equation need not enter in the analysis. 

The fact that the flame propagation velocity is low 
also introduces simplifications into the energy conserva-

tion relation. In the first place, the work done against 
the infinitesimal pressure gradients may be neglected; 
in the second place, the dissipation, equal to (4/a)j.t X 
(()U/()X)2, may be dismissed as unimportant in compari
son with heat transferred by conduction. Then it is 
clear, from this simplified energy relation, continuity 
equations for individual species, and knowledge of the 
chemical-kinetic processes, that the details of the reac
tion zone may be expressed as distributions of tempera
ture and chemical species. Boundary conditions are 
easily established on the problem since initial tempera
ture and composition is given, and final temperature 
and composition may be determined from chemical 
equilibrium calculations. Furthermore, no heat or 
chemical species may be conducted or diffused from the 
field at points far upstream and downstream of the flame 
zone. Consequently, it is required that 

T To ; (dT/dx) = O} at x 
Y i Yi,o; (dY;/dx) 

- ro 

= ° 
T T,; (dT/dx) = O} at x = ro 
Y i Yi,l; (dY1/dx) = ° 

A certain difficulty is immediately apparent. If the 
initial reactable mixture exists at a temperature To, 
then, according to the specific reaction rate of Arrhenius 
[Eq. (13) 1 the mixture will be reacting at a finite rate. 
Unless the initial gas temperature has the unlikely value 
of absolute zero, the spatial variations of composition 
and the consequent heat release make it impossible to 
satisfy the conditions (dT/dx) = (dYi/dx) = ° far up
stream of the flame zone. This essential incompatibility 
of boundary conditions and chemical-kinetic principles 
is known as the problem of the "cold boundary." The 
mathematical implications of this were discussed by 
Emmons1o and by Adamson;ll they investigated what 
must necessarily be prescribed far ahead of the flame to 
make the problem soluble and indicated that the flame 
itself was not too sensitive to conditions far upstream. 
In an effort to reconcile physical reality with mathe
matical accuracy, Hirschfelder and his collaborators l2 

introduced an artificial "flame holder" endowed with 
the properties of absorbing heat and certain chemical 
species so that the flame could exist and still not alter 
the prescribed conditions far ahead of the reaction zone. 

Later, von Karman and Millan l3 discussed the cold 
boundary difficulty in detail for a reaction zone without 
diffusion. They first showed that the existence of a fixed 
flame speed in the mixture was equivalent to assuming 
an ignition temperature Ti-that is, a temperature be
low which no chemical reaction takes place. Thus, the 
most involved devices introduced to force a solution to 
the cold boundary problem were finally no more pene
trating than the ignition temperature concept employed 
by the pioneers in the field. Of more importance to the 
solutions of combustion problems was their demonstra
tion that the calculated flame speed was quite insensi
tive to the value assumed for the ignition temperature 
over a surprisingly wide range that depends upon the 
chemical details of the reaction. This confirmed the as
sumption made by Boys and Cornerl4 that a good esti-
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mate of the flame speed could be made by an approxima
tion accurate near the hot boundary of the flame and 
relatively inaccurate at the cold boundary. 

The technique for approximate integration of the 
aerothermochemical relations starting from the hot 
flame boundary was extensively developed by von Kar
man and Millan 13 for a system described by a single 
global reaction without diffusion. The extension to 
more complex systems of chemical kinetics and to 
flames with diffusion of chemical species has been under
taken by von Karman and Penner l5, 10 for two examples 
where reasonable knowledge of the kinetic details is 
known. Clearly, as the number of important elemen
tary steps [Eq. (11)] increases, the problem becomes 
less tractable analytically. For complex systems, the 
only possibility for reasonable solution lies in simplifica
tions that may arise because some of the elementary 
reactions are very fast while others are relatively slow. 

To illustrate the simplifications that may be made in 
this way, consider the kinetics of ozone decomposition 
which were used by von Karman and Penner16 in their 
most detailed example. The decomposition of 0 3 pro
ceeds according to the elementary steps 

0 3 + (M) - O2 + 0 + (M) (14) 

O2 + 0 + (M) - 0 3 + (M) (15) 

0 3 + 0- 202 (16) 

202 - 0 3 + 0 (17) 

20 + eM) - O2 + (M) (18) 

O2 + (M) - 20 + (M) (19) 

where (M) indicates any massive body that does not 
take part in the reaction. In Eq. (14), the decomposi
tion of ozone proceeds at a rate 10.56 X 1012 (p/ RT) X 
'\/T X3 exp (-24140/RT), while the reverse reaction, 
Eq. (15), goes with a rate 0.23 X 1012 (p/RT)2VT X 1X 2. 
The chain-breaking reaction given by Eq. (16) proceeds 
at a rate 7.15 X 1012 (pfRT) vI' X IX 3 exp (-6000 -7 

RT),whileitsreverse,Eq. (17), has a rate 2.93 X 1012 X 
(p/RT)VT X 22 exp (-9921O/RT). Finally, theasso
ciation of oxygen atoms, Eq. (18), has a rate 0.482 X 
1012 (p/RT)2v T' X 12, while the dissociation of oxygen 
molecules follows the law 8.92 X 1012 (p/ RT)VT X 2 X 
exp (-117350/RT). Here the mole fractions of 0, O2, 
and 0 3 have been denoted Xl. X 2 and X a, respectively. 
No effective global reaction is obvious largely because 
of the significant role played by oxygen atoms, the chain 
carrier. 

After its manufacture, during the decomposition of 
ozone~according to Eq. (14)~the oxygen atoms enter 
again into reaction with ozone~according to Eq. 
(16)~to produce additional molecular oxygen. Through 
a little analysis, an effective global reaction may be 
found. For, when the mole fraction Xl of atomic oxygen 
is small while the mole fractions X 2 and X3 of molecular 
oxygen and ozone, respectively, are not small, the de
composition of ozone~according to Eq. (l4)~strongly 
dominates its inverse given by Eq. (15). Similarly, due 

to the low activation energy for reaction of ozone with 
atomic oxygen~according to Eq. (16)~this reaction 
predominates over its inverse, Eq. (17), provided only 
that Xl »10-19. Between the dominant reactions 
given by Eqs. (14) and (16), atomic oxygen is manu
factured and consumed at about the same rates; for, if 
o accumulated, it would retard the first reaction and 
accelerate the second until equilibrium was restored. 
Conversely, the second reaction would be retarded if 
the supply of atomic oxygen became depleted. Since 
these two reactions take place much faster than the 
dissociation of oxygen, Eqs. (18) and (19), at flame 
temperatures, it is clear that the rates of manufacture 
and utilization of atomic oxygen are nearly equal over 
that portion of the flame where X 2 and X3 are of order 
unity while 10-3 > Xl »10-19. Therefore, with good 
approximation, the two rates are equal. 

10.56 X 1012VT X3 exp (-24140/RT) ~ 7.15 X 
1012v / f X 1X 2 exp (-6000/RT) 

which determines the concentration of oxygen atoms as 

Xl ~ (10.56/7.15) exp (-18140/RT) (20) 

For temperatures of interest in flame studies, this value 
of Xl satisfies the restrictions 10-3 > Xl » 10-19, and, 
consequently, the approximate balance above is justified. 
This result means that for every 0 3 molecule that de
composes~according to Eq. (14)~an oxygen atom is 
produced which destroys another 0 3 molecule~accord

ing to Eq. (16). Hence, the rate of disappearance of 
ozone is just twice the rate of the reaction given by Eq. 
(14), and, since this rate involves only the concentration 
of 0 3, it will suffice as the global reaction treated by von 
Karman and Millan. 

This analysis, given here in a rather intuitive form, is 
carried out in detail by von Karman and Penner.16 
They observe, furthermore, that this condition con
stitutes simply an example of the so-called steady-state 
hypotheses~introduced by Bodenstein,17 and now 
familiar to all chemists~that the rates of change of 
some intermediate products may be neglected in com
parison with rates of change of primary constituents. 
The success of its application to the ozone flame has en
couraged von Karman and his collaborators, as well as 
other investigators, * to explore how far this principle 
may be used to simplify further examples in the theory 
of laminar flames. 

Toward the hot boundary of the flame, however, 
the ozone concentrations become so small that the de
composition of ozone~according to Eq. (l4)-comes 
nearly to a balance with its inverse. Then the decom
position of ozone proceeds according to Eq. (16), con
suming the available supply of atomic oxygen until 
both 0 3 and 0 approach their equilibrium concentrations 
at the adiabatic flame temperature. Thus, the last 
small portion of the reaction proceeds at roughly half 

* Recently M, Gilbert and D. Altman of the Jet Propulsion 
Laboratory at California Institute of Technology have been in
vestigating its application to the Hydrogen-Bromine flame, 



466 J 0 URN A L 0 F THE A E RON AUT I CAL SCI ENe E S - MAY, 1 9 5 6 

CONCENTRATION 

or 
COMBUSTIBLe 

TEMPERATvRe 

---)I 

FIG. 1. Development of temperature and concentration profiles 
during ignition in a laminar mixing zone. 

the rate of the larger part. It is not difficult to show 
that this final portion accounts for less than 1 per cent 
of the temperature rise and, consequently, is not in
fluential in determining the flame speed. The more im
portant consequence of this change in the kinetic process 
toward the end of the flame zone is that the reactions 
taking place at the hot boundary are not representative 
of those in the bulk of the flame zone. Therefore, an 
approximation beginning at the hot boundary with the 
conditions there would be grossly in error for the princi
pal flame zone. Accurate application of the approxi
mate integration techniques of Boys and Corner or of 
von Karman and MilIan require recognition of the dif
ferences between this thin, hot boundary zone and main 
flame region. 

LAMINAR COMBUSTION AND THE BOUNDARY LAYER 

Combustion processes of a two- or three-dimensional 
character may be constructed when the combustion 
zone is replaced by a discontinuity imparting a fixed 
temperature rise to the gas and moving into the un
burned gas with a fixed normal velocity. Such flow fields 
have been constructed by Tsien,18 by Barrere and 
Mestre,19 and by Gross and Esche20. This approxima
tion provides an adequate description when the flame 
radii of curvature are large in comparison with the 
flame thickness and when no strong temperature gradi
ents, composition gradients, or other conditions are 
imposed which upset seriously the local structure of the 
flame zone. When the combustion front is not uniform 
over its length, the problem becomes very difficult since 
the one-dimensional analysis described previously can" 
not be applied locally. However, with the knowledge 
gained through analytic solution of the plane flame front 
and the use of approximation techniques introduced by 
von Karman, some progress may be made in discussing 
some particular cases of the true two-dimensional com
bustion zone. 

Investigation of these problems is facilitated by in
troduction of the boundary-layer approximation. As 
a matter of fact, the preponderant number of tech
nically important two-dimensional combustion zones 
originates in regions where the gradients of important 
quantities normal to the direction of flow are much 
larger than those in the direction of flow. Examples of 
this circumstance occur in the quenching of flames near 
cold surfaces, the erosive burning of solid propellants, 
the ignition uf a combustible stream or jet by laminar 
mixing with an adjacent stream of hot gas moving at a 
different velocity, etc. Employing the boundary-layer 
approximation and certain of the techniques used by 
von Karman, the ignition and combustion in the laminar 
mixing zone between two streams was investigated by 
Adamson and the present author. 21 Let one stream be 
of combustible mixture at temperature Tl flowing with 
velocity U1, the other of reaction products at tempera
ture T2, Tl < T2 < T" moving with a velocity U2. 
From the start of mixing at x = 0, the streams develop 
velocity, temperature and composition profiles due to 
simple shear, heat conduction and diffusion-Fig. 1. 
Farther downstream, sufficient combustible material 
has been heated so that the chemical reaction produces 
its own peculiar changes in the temperature and con
centration profiles. At first the combustion zone is 
quite diffuse, but gradually it contracts into a zone re
sembling the laminar flame. Since the mixing zone 
grows roughly as vx, the reaction zone will eventually 
move out of the laminar mixing region and develop into 
a true plane flame front. If the velocities of the two gas 
streams are such that the laminar flame makes a very 
small angle with respect to the x axis, the boundary
layer approximation is applicable throughout the region 
of flame development. 

Under the boundary-layer approximation, only dy
namic equilibrium in the direction of flow need be con
sidered, and, because of the low value of laminar com
bustion velocity, the pressure variations over the field 
are negligible. Therefore 

pu(ou/ox) + pv(ou/oy) = (%y) [",(ou/oy)] (21) 

and the gross continuity equation is 

[o(pu)/ox] + [o(pZl)/oy] = 0 (22) 

The temperature field is described by the energy equa
tion. If the enthalpy is separated into its thermody
namic and chemical portions, the energy equation may 
be written 

pu(%x)(CpT) + pv(%y)(CpT) = 
(%y) [;\(oT /oy)] - qw (23) 

where q is heat released through consumption of a unit 
mass of combustible gas. Assuming a simple global 
reaction involving only the mass fraction of combustible 
mixture Y, the "rate of appearance" of combustible 
matter is 

W = - (pY/r) exp (-E/RT) (24) 

where T, the characteristic time of the reaction, is re-
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lated to the frequency factor. By virtue of the gross 
continuity condition, Eq. (22), onlylhe conservation of 
combustible species need be considered. If D is the 
diffusion coefficient of combustible gas into the combus
tion products, the continuity of the reactable species is 
given by 

pU(oY/ox) + pv(oY/oy) = (%y) [pD(oY/oy)] + w 
(25) 

The set of relations given by Eqs. (21) through (25), to
gether with limiting conditions of velocity, tempera
ture, and concentration in the two streams, describe 
completely the process of ignition in the laminar mixing 
zone between two parallel streams. 

The initial development of the combustion process is 
calculated most easily by expansion in powers of x, the 
so-called Blasius series. The fact that this approxima
tion breaks down in excess of a certain distance down
stream from the start of mixing implies that a charac
teristic time or distance must be implicit in the problem. 
Certainly this is related to the characteristic time T of 
the reaction; a detailed calculation of time required in 
this problem before a significant rate of heat release is 
achieved gives the characteristic time as 

t = T(E/ RT) [1 - (T1/T2)] exp (E/RT2) (26) 

so that it depends not only upon the time~onstant T but 
very strongly upon the activation energy. The power 
series breaks down when (x/u1t) becomes' of the order 
unity. The solution is extended beyond this region 
through application of the integral technique intro
duced by von Karman into the calculation of boundary
layer flows. 

Another problem of great technical significance, 
flame-quenching near a cool surface, may be investi
gated with the aid of boundary-layer approximations. 
Although this problem is of historic interest in combus
tion theory and experiment, the first effort at its analy
sis from first principles was undertaken by von Karman 
and Millan. 22 In addition to Eqs. (21) through (25), 
there are the boundary conditions: (a) no gas velocity 
normal to or parallel to the wall at the wall surface, (b) 
the temperature at the wall surface is constant and equal 
to T w , and (c) no net diffusion of species into or away 
from the wall. This latter condition is equivalent to 
the assumption that the process is entirely one of ther
mal quenching-that is, the wall removes heat from 
the combustion process at a rate depending upon the 
local temperature gradient, but individual chemical 
species are reflected from the wall unmodified by the 
collision; no surface reaction takes place. This re
striction on the formulation of this problem should be 
removed when chemical kineticists provide conclusive 
information on the processes taking place at the sur
face. 

Von Karman and Millan consider a normal combus
tion front moving into a stationary gas bounded by a 
constant temperature wall; the process is made station
ary by allowing the wall to move at the speed of normal 
flame propagation. The fluid dynamic aspects are 

approximated by assuming the velocity normal to the 
wall to vanish uniformly over the field. They obtained 
the position of the flame front through an approximate 
calculation of the temperature field and assumed the 
flame to lie along the isotherm corresponding to the 
"ignition temperature" in the sense of their laminar 
flame calculation. Their results are shown in Fig. 2; 
the lengths are given in terms of the heat conduction 
length (X/ pouoCp) so that the horizontal coordinate is 
~ = (pour;x;Cp/X) , while the vertical coordinate is 'T/ 

(PouoyCp/X) , and the temperature field as a ratio of 
local temperature to the flame temperature is iJ = 
(T/Tf ). The vertical isotherm at ~ = 0 corresponds to 
the normal flame in the free stream. The temperature 
field for ~ > 1.5 is adequately approximated by that 
which would exist if the normal flame extended to the 
wall. 

The geometry of the isotherms joining these two 
limiting states was approximated by the integral tech
niques that von Karman introduced into boundary
layer problems and which was applied successfully in 
the problem of ignition in a laminar mixing region. It is 
clear that a certain difficulty occurs in describing this 
portion of the field. For the normal flame, the gradients 
are predominantly in the direction of flow; for the re
gion far downstream, the gradients are predominantly 
normal to the flow direction since this portion of the 
field is established by heat conduction to the wall. The 
transition region between the two limiting states does 
not satisfy the criteria for employing the boundary-layer 
approximation. Thus, Eq. (23) does not necessarily 
hold in the transition region. Von Karman conse
quently included the thermal conduction MoT/ox) in 
the direction of flow which is omitted in classical bound
ary-layer considerations. Aeronautical engineers will 
recognize here a situation reminiscent of that arising in 
the problem of shock wave-boundary layer interaction. 
The isotherm iJ = 0.7, corresponding to the ignition 
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temperature and hence the approximate position of the 
flame front, passes much closer to the wall than the 
usually accepted quenching distance. Numerical con
clusions, however, can hardly be drawn since the chem
istry employed was arbitrary and somewhat over
simplified, and the measurements cannot be considered 
precise. 

CONCLUSION 

Although these investigations that have been de
scribed fall far short of the needs of combustion tech
nological practice, they do treat some of the key ques-' 
tions that arise in a wide variety of problems. Only 
through complete answers to some of these elementary 
questions will sufficient information be obtained to 
permit really sound similarity considerations. In a field 
so involved as combustion, it is likely that similarity 
rules will always constitute the most widely used results. 
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