
RESPONSE OF A NOZZLE TO AN ENTROPY DISTURBANCE 
EXAMPLE OF THERl\l10DYNAMICALLY UNSTEADY AERODYNAMICS 

Frank E. Marble 

Division of Engineering and Applied Science 
California Institute of Technology 

Pasadena, California 

1. INTRODUCTION 

The larger number of problems that qualify as unsteady aerody
namics relate to non-uniform motion of surfaces -- such as pitching of 
airfoils -- or the correspondingly non-uniform motion of a fluid about a 
surface -- such as a gust passing over an airfoil. Experiment and analy
sis concerning these problems aims to determine the non-steady forces 
or surface stresses on the object. These may be thought of as 11kinemati_ 
callyll non-steady problems. Another class of problems presents itself 
when the undisturbed gas stream temperature (or density) is non-steady 
although the velocity and pressure are steady; such non-uniformities are 
associated with entropy variations from point to point of the stream. In a 
locally adiabatic flow these entropy variations are transported with the 
stream, and when a fixed boundary -- such as an airfoil -- is encountered, 
the flow field undergoes a non-steady change because the density variations 
alter the pressure field -- or the stresses at the boundaries. This happens 
in spite of the fact that the undisturbed free -stream velocity field and the 
surface boundaries of the flow are independent of time. A gas turbine 

. blade, for example, will experience a time-dependent load simply because 
of temperature fluctuations ili the combustion products flowing over it, al
though the angle of attack is independent of time. We shall call thes e 
"thermodynamicallyll unsteady flows in contrast with the more familiar 
kinematically unsteady flows. 

It is our aim to examine one case of thermodynamically unsteady 
flows related to non-uniform entropy regions passing through a nozzle in a 
ducted flow. It has a relative simplicity which derives from the fact that 
interesting aspects may be treated as one-dimensional. In spite of this 
restriction, it demonstrates the character of the problem and has a direct 
application to the generation of pressure waves in ducts associated with 
combustion systems. 

2. PERTURBATION THEORY WITH NON-UNIFORM ENTROPY 

One-dimensional flow in a channel of variable cross -sectional area 
A(x) satisfies the familiar equations 

= -u· 
1 dA 
Adx 

(1) 
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au + u au + 1. 2.E. - 0 at ax p ax -

{:t + u a~} 10g[(pllV/p)exp(_s/cp )] = 0 

( as as) 
T lff"+u ax = a 

(2 ) 

(3) 

(4) 

where a is the sensible heat addition rate as one follows a unit volume of 
fluid. For locally adiabatic flow a = 0, so that when the further restric
tion is made that fluid of uniform entropy is supplied to the system, equa
tion (3) leads to the familiar isentropic law which holds over the entire 
fluid medium. Our special interest centers on the circumstances where 
one or both of these conditions are not met. 

If, for a given duct geometry, a solution pO, p
O

, U 
0 , SO is known, in 

which these variables may be functions of both x and t, then a solution 
which departs from this only slightly - - possibly due to a time -dependent 
perturbation to the condition far upstream -- is conveniently expressed 

° ° 0 ° ° ° 0 ° p = P (I+pl/p ), p = p (l+pl/p ), u = u (l+ul/u ), and s = s (l+s1/s ). 
Considering the primed terms as perturbations, the first-order perturba
tion terms are easily written down: 

{ a oa} /0 oa ° at + u ax (p 1 P ) + u ax (ll: I / u ) = 0 

oa oa ° a ° { ° u at + u ax} (u 1 I u ) + l' ~ ax (p 1 11' P ) 
p 

( 0 0) ° + au + U
O ~ (u' luo ) + _1_ ap (pi Ipo 

.at ax ° ax ° pl/p ) = 0 
p 

1 

(po)1' SO )] u' ° . exp (- c) 0 = 0 
p p u 

And, in particular, if the heat addition is at most a perturbation term 
a'(x, t), then 

{ } 

aso/c 
~+uo~ (sl/c )+uo P(u'/uo)=Q'/c TO 
at ax p ax p 

(5 ) 

(6) 

(7) 

(8) 

Consider first the case where the undisturbed flow is uniform and 
steady, so that pO, U

O 
are constant, but that a large temperature variation 

enters from far upstream, leading to the condition 

sO = sO(t _ x/uo) 
(9) 
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and consequently to a varying sound speed 
1 

o 0/ 0 z 0 / 0 c = (y p p) = c (t - xu) • 

Then the pressure perturbation satisfies an acoustic-type equation with 
variable sound speed 

a 
- (pI /yp ) = 0 ax 0 

(10) 

(11 ) 

This leads to internal reflection and refraction of disturbances generated at 
the boundaries or far upstream, but no production of disturbance in- the 
proper sense. Note, however, that the entropy -- and hence density -
variations must be large so that ac 0 / ax is of zeroth order, for otherwise 
the acoustic velocity variation leads to only second-order contributions. 

Consider now the circumstance w!lefi:e the undisturbed flow is a 
steadt,isentropic one so that SO and (po) "/po are constant, while pO, uO, 
and p are functions of x. If, in addition, we restrict ourselves to per
turbations that are locally adiabatic -- so that QI = 0, equation (8) may be 
integrated to 

~ I = ~ I (t _ r d~) , 
p _ p u 

(I2 ) 

which states physically that the entropy disturbance is transported, un
modified, with the gas stream and is fixed by its prescription far upstrea:rn. 
In addition, this permits writing 

L _ L = ~ (t _ JX d~) 
o 0 c 0 

(I3 ) 
yp p p u 

from equation (7), the first law of thermodYnamics. Now the density per
turbation may be eliminated from equations of continuity (5) and momentum 
(6) to give a pair of relations, . 

a (L) 
ax yp o 

( 

Ul I -)duO duo Sl 
+ 2 - _("\I_l)..E.:..- - = _. 

o J "\Ip dx dx c 
U I 0 . P 

(I4) 

(IS) 

These differ from the familiar first-order acoustic equations in two re
spects, the first of which is the presence (on the left hand side of equation 
(15» of terms that represent refraction and reflection of the field by the 
duct geometry and mean flow gradients. Of more novelty and interest is 
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the dipole source term on the right hand. s ide of the momentum eq uation. 
This term arises from the unsteady interaction of the entropy disturbance, 
which moves into the problem from far upstream, and the strong gradient 
of the undisturbed flow induced by the geometric boundaries. Note again, 
if the undisturbed flow field were a perturbation from uniform, the dipole 
term would be of second order. 

It is this mechanism -- represented by the interaction of entropy 
"spots" with strong state gradients, that we wish to examine in some de
tail, utilizing the unsteady nozzle flow as an example. 

3. THEORY OF THE COMPACT NOZZLE 

It is our aim in this section to eXaIlline the disturbance that ac
companies the motion of a gas with spatially non-uniform entropy as it 
passes through a supercritical nozzle. This example of the second case 
discussed in Section 2 will provide an instructive characterization of the 
time-dependent interaction of thermodynaIllic non-uniformities with strong 
state gradients and provides further intuitive insight into the mechanism. 
For one-dimensional gasdynarnics it has been shown that equilibrium mass 
flow through a choked nozzle varies directly as the stagnation pressure 
and inversely as the square root of the stagnation temperature of the gas 
entering the nozzle. Therefore, a variation of the inlet s tate res ults in a 
corresponding variation in quasi-steady mass discharge rate. This be
havior is accompanied by variation of m.omentum flux and hence a force 
acting parallel to the direction of flow having a dipole-like character. As 
a consequence, kinem.atical disturbances are generated both ahead and 
downstream of the nozzle, and it is these disturbances that interest us 
here. 

In this section we present a theory describing the response of su
percritical nozzles to normal" entropy waves when the nozzles may be 
considered compact. By compact we m.ean specifically that the shortest 
wave length that appears in the flow field is long in comparison with nozzle 
dimensions. It is a fortunate consequence "of this compactness that while 
wave motion in constant-area ducts ahead of and following the nozzle must 
be considered, the details of the nozzle flow may be replaced by m.atching 
conditions across its short length and treated, in fact, sim.ilar to the con
ventional manner for shock waves. 

Thus, for one-dim.ensional, small amplitude waves in a duct of uni
form cross section and constant gas velocity U and acoustic velocity c , 
eq uations (5) - (8) yield 

{ a a} £..:..1 a u l 
-+u- ( )+c-(-) = 0 
at ax p ax c 

(16) 

{ a a} u t a n! 
-+u- (-)+c-(~) = 0 
at ax c ax yp 

(17 ) 

ra a}( 1 I) {a a}(SI) 1. at + U ax ~ - ~ = at + U ax C 
p 

(18 ) 
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where the pr:i:med variables denote perturbation from the unprimed uni
form states and s' is the convected entropy disturbance, presumed known 
at an upstream station. Then the pressure and velocity satisfy conven
tional acoustic wave equations in a moving medium and take the form 

p+ exp{ iw [t - u:-C]} +P-exp{iw [t- U~c ]} L = -yp 
(19 ) 

u' 
= c 

(20 ) 

where the plus and minus superscripts denote waves propagating, relative 
to the gas, in the direction and opposite the direction of flow, respectively. 
Substitution of (19) and (20~ into (16) shows that the various coefficients are 
not independent but that U = p+ and U- = -P- so that the velocity pertur
bation is conveniently written 

(21 ) 

On the other hand, the entropy has a solution of frequency w convected at 
the streaIn velocity 

S I 

C 
P 

(22 ) 

and as a consequence, the temperature and density perturbations consist 
of both propagating and convecting parts, e. g. 

f = P+exp{iw[t- u: c ]}+P-exp{iw[t- u~c ]}-creXP{iw[t- ~]} (23) 

Now the :flow in the uniform channel upstream of the nozzle is given 
by relations (19), (21), (22), and (23) with .the appropriate values pi ' PI' 
(.11 of the multiplicative constants and the corresponding flow downstream 
with the corresponding values -p!, Pi, and 0"2. Within the nozzle itself, 
because it is compact, the flow may De considered quasi-steady, in con
trast to the processes taking place in the regions upstream and down
stream. Statements of the required conservation relations across the 
nozzle will provide matching conditions between the upstream and down
stream wave motions. 

First, the (quasi-steady) variation in mass flow is identical at the 
inlet and outlet and, because the nozzle geometry is fixed, this variation is 
proportional to the fractional variation in density and velocity. Thus, the 
quantity 

1 u' a' 
""'r7 - + .L-
l.Vl. C P 

(24) 

has the sarn.e value at the nozzle entrance and exit where, in applying the 
-condition, the appropriate different values of M, c, p are employed up
stream and downstream. Second, it is assumed that the entropy is con-
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stant through the nozzle, implying that negligible heat exchange or losses 
are taking place -- in particular, we imply an absence of shock waves. 
Then clearly, 

s'lc 
p 

has the same value at inlet and outlet. 

(25 ) 

The same assumptions guarantee that the stagnation temperature 
is identical upstream and downstream, and thus the fractional variation of 
stagnation temperature 

1 (26 ) 

is identical when computed from either the upstream or downstream wave 
solutions. 

These three conditions described above hold for any adiacatic, 
loss-free, compact element, whether it be nozzle or diffuser, choked or 
not. The unique property of the supersonic nozzle is that its mass flow is 
directly proportional to the stagnation pressure and inversely proportional 
to the square root of stagnation temperature in the approach flow. This 
leads to the expression for the fractional mass flow variation 

I 

which, when element is adiabatic and loss-free, holds both upstream 
and down. In combination with the corresponding - - and independent -
calculation of fractional variation of mean flow from the continuity equa
tion (24), this provides the equation 

(27 ) 

which holds independently at the nozzle entrance and exit. It is the latter 
fact, that it becomes a boundary condition on each flow field rather than a 
boundary condition between them, which leads to the unique character of 
the results for the supercritical nozzle. In addition, equation (27) permits 
simplification of the remaining matching conditions to the statements that 

pl/yp (28 ) 

and the entropy disturbance, equation (25), are identical at the nozzle inlet 
and outlet, completing the matching conditions for the s upercritical, adia
batic, los s -free nozzle. 

Consider first a plane acoustic wave of angular frequency w moving 
toward the nozzle from upstream to the right, where the reference field 
quantities are denoted by subscript I. We shall call it of stren~th € if the 
coefficient Pt of the streamwise moving wave is equal to € ; PI = Ur = € 

and (j == 0 because the disturbance is an is entropic (acoustic) wave. Then 
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referring to expression (27) for the choked nozzle, we simply evaluate 
u'lc l and P'l,(PI at x = 0 from the solutions (19, 20), with the result that 
the strength Pi of the acoustic wave reflected upstream is 

1 - Y-::.!. M 
2 1 e: • (29 ) 

The reflection coefficient ranges between unity for a very low approach 
Mach number toward 1 - (,(-1)/(,(+1) as M1 -+ 1 , a value which the Mach 
number cannot attain under our assumptions. The value of unity for low 
MI simply means that the ratio of approach area to choked nozzle area is 
very large and to the approaching acoustic wave, the nozzle appears very 
much like a solid wall. The fractional pressure fluctuation at the nozzle , 
inlet, ...e.:.... (0 -, t), is identical by our matching condition (28) to the corre-

"(PI ' 
sponding value ~ (0+, t) at the nozzle discharge; and since the former 

,,(P2 
is known, 

2 
= 

1 + Y..:.!. M 
2 1 

iwt e e (30 ) 

Moreover, the condition (27) holds independently downstream of the nozzle 
so that from relations among the coefficients, we find directly 

I+~M 
p+ 2 2 

= 
1 "(-1 M 

e: 
2 

. - 2 1 

(31 ) 

1 -~M2 
Pi = e 

1 + Y..=.!. M 
2 1 

(32 ) 

for the two waves downstream of the nozzle. Both of these waves move + 
downstream (for U2 > c2) but with very different speeds. The faster, P 2 ' 
is the stronger, and the difference between the two increases with increas
ing discharge Mach number until, when M2 is about 5.0, the slow Pi wave 
changes sign. 

The phenomenon exhibits more physical familiarity if we obs erve it 
from the stream itself, for then an element of gas that is extending itself 
in the flow direction sends compression waves both ahead and behind. But 
when the configuration moves past us with supersonic speed, the first wave 
we encounter is the forward propagating (Pi) wave and appears as a com
pression wave. The second wave to pass us is the rearward propagating 
(Pi:) wave but, because we traverse it from "back to front, II it appears as 
an expansion wave. On the other hand, if we travel with a gas element that 
moves somewhat faster than its surroundings, it sends a compression 
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wave ahead and an expansion wave behind which,~in our fixed coordinate 
system, appear as two compression waves, a Pi followed by a Pi:. Re
sults (31, 32) contain contributions from both the dilatational and transla
tional modes, the former dominating at modest values of discharge Mach 
number. 

Now suppose, on the other hand, that a temperature disturbance is 
convected toward the nozzle in the approach flow and there is no impinging 
pressure wave; this situation is characterized by pt = 0 but 0" f: O. Again, 
because equation (27) for the choked nozzle applies mdependently upstream 
and downstream, the single unknown ahead of the nozzle is the strength of 
the upstream moving wave. This strength has the value 

-M 1 (j 

1 + Y.:..!.. M '2 
2 1 

(33 ) 

because the fractional temperature rise (=0") causes a quasi-steady in
crease of volume flow through the nozzle, and this generates an expansion 
wave propagating to the rear. It should be noted that the pressure wave 
amplitude is proportional to the approach Mach number, in agreement with 
other processes that involve momentum transport by the stream (at velocity 
U 1) rather than by acoustic waves (at velocity c 1 + U l) . 

Downstream of the nozzle, the entropy disturbance and the frac
tional pressure are known (by expressions (28), (25», and condition (27) 
completes the information required to determine the strengths of the fast 
and slow pressure waves as 

p+ 
i(MZ -M 1) 

(j 

= 2" 2 
1 + Y.:..!.. M 

2 1 

(34) 

Pi 
-i(M2+M

l
) a = 

I + Y.:..!.. M 2" 
2 1 

(35 ) 

Referring to our physical discussion of the previous example, it appears 
that dilatation of the entropy spot dominates the pressure wave production 
in the exhaust region; that is, the volume of the region containing the tem
perature non-uniformity expands at a different volumetric rate than its 
surroundings. This dilatation part, anti-symmetric when viewed from the 
nozzle, is directly proportional to the dis charge Mach number M 2 • so that 
even for modest values of M 2 , a two per cent fluctuation in upstream tem
perature may cause a pressure disturbance of 0.01 atmospheres at the 
nozzle discharge. 

4. THE SUPERCRITICAL NOZZLE OF FINITE LENGTH 

Although the analysis for compact elements is frequently adequate. 
there are many situations where either or both of the approximations of 
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compactness or of plane waves proves inadequate. We emphasize the is
sue of compactness because it becomes an issue at lower frequencies than 
do the duct-like modes and because it forms a natural complement to the 
foregoing compact analysis. Specifically, we are concerned with the situ
ation where the nozzle is not small in comparis on with 2rr( c 1 - U 1)/ w. The 
condition that 2rr(cI-Ul)/w is small compared with the nozzle length, which 
states that pressure waves reflected from the nozzle should be of nearly 
constant phase over the nozzle length, is probably a severe estimate of 
compactness but serves to remind us that in a moving medium the con
tracted wave length is relevant in judging the compactnes s of an element. 
The problem may be approached by low-frequency asymptotic analysis for 
general nozzle geometry or by a full range analysis for rather particular 
geometry. We develop the latter here because the significant physical re
sults are those that may be expected from nozzles with any reasonable 
geometry. 

For this problem, p, U, p, c describe the one-dimensional steady 
flow through the nozzle. They are functions of x along the nozzle, and 
take on the values previously denoted U l' U 2 , etc. at the nozzle inlet and 
outlet. When this flow is disturbed by an acoustic or entropy wave, the 
variables take on the local values p+p!, U+u', p+p', 50 that first-order 
perturbation eq uations of continuity and momentum have variable coeffi
cients when the dependent variables are taken as ratios of perturbation to 
local values, as we have written down in equations (12) - (15). The energy 
equation (13) takes the form 

(36 ) 

x dx 
where the variable t - S U(x) replaces the previous retarded transport 

variable t - ~ which w:~ appropriate in a uniform stream. The range of 
integration extends from the nozzle inlet XI to the l0srI value of x. 2 The 
variable velocity of sound is given by c 2+C ('I-1)/2]U = [<'I+1)/2]c*, 
where c* is the characteristic sonic velocity at the throat which will, in 
turn, be taken at x = x>:,. The distance from the inlet to throat of the noz
zle is then x>:,-x 1 , but for convenience the dimensionless time and reduced 
frequency will be defined 'T' = c>'.~t/x* and n = x>:~w/ c* in terms of the dis
tance X,to. 

'" 
Now it is a satisfactory approximation for conventional nozzles that 

the velocity U(x) increases linearly with distance along the nozzle, and we 
shall take the slope U'(x) to be a constant equal to (c>:~-Ul)/(x>:~-xl) where 
U 1 is the nozzle inlet velocity at x = xl' Now we are free to choos e the 
origin of x coordinate, Figure I, at the point where the extrapolated noz
zle velocity vanishes, recognizing that this lies outside the range of x
variable for the nozzle velocity distribution. Then we write conveniently 
U(x)/ c* = x/x~~ and the actual nozzle inlet length, x>:~-x l' may be recovered 
from the analysis by an algebraic calculation. 

Now, m.aking the mathematical substitution S = (x/x>:~)2, equations 
(14) and (15) becoITle 
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( a a)f D') a u' - + 2; - 1...1.:...· + 2; - ( - ) a,. a; \ yp a~ U = 0 , (37 ) 

(a~ +2; a~)( ~)+[(Y+I)~ -(y-I)]; :~ (~)+2 ~ -(Y-I)~ = F("-IogJ~7~I) 
(38) 

where F has again been used for s' 1 c expressed in dimensionless vari
ables. Because we shall seek periodiP solutions, take 

, 
E..:... = PC; )exp [iO t} • 
yp 

u' U = U(;)exp[iO,rJ 

F("-IogJ~) = oexp (iO ["-IogJ~ J} 

substitution of which in (37), (38) leads to an equation for P(~): 

(39 ) 

d2P [ 2.] dP in (2+iC1 ) iO (..5.. )-i(0/2) 
;(1-;) ~ - 2 + y+110 ; dg - 2(y+l) P = -0 2(y+I) ~l ' (40) 

which is of the hyper geometric form. The velocity perturbation, on the 
other hand, is given by 

(41 ) 

and is known without further integration. 

The linear velocity distribution,frequently denoted Tsien's assump
tion, has been widely employed in combustion stability analysis. As shown 
by Tsien [1 J and subsequently from another viewpoint by L. Crocco [2J, 
the coIiditions required to determine P(s) ?-re: (1) that it be regular at 
; = I , corresponding to the nozzle throat; and (2) that one condition in
volving at most a linear combination of P and U, or of P and dP 1 d; , be 
specified at ;1' the nozzle inlet. The first condition disposes of the sin
gular hypergeometric solution about s= 1 , which behaves like 

_1 __ 2_ iO 
(1-;) y+l 

The second condition involves coupling the one regular hypergeometric 
solution to the wave -ryste.p in the_flow c:,pproaching the nozzle for which 
we have seen that U l = PI and U l = -Pl. Thus, at the nozzle entrance 
we deduce that 

(42 ) 

where P~ is the known impinging wave strength (which may be zero) and 
the factor M1 appears because the upstream and nozzle velocity fluctua
tions are normalized differently. With the pressure and velocity perturba-
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tions in the nozzle completely known, the reflected and transmitted wave 
strengths follow directly: 

Pi = t {P(S I }-M I U(S I)} 

p;,PZ: = t{P(S2):!:M2U(S2}} 

(43 ) 

It must be remembered that the strengths P~' 2 are now complex becuase 
of the phase angle incurred from nozzle inlet'to outlet and becaus e the up
stream and downstream waves have different reference origins. 

Two examples are shown here in Figures 2 and 3 for the strength 
of the transmitted wave generated by temperature spots (entropy disturb
ances in the absence of impinging pressure waves), as it depends upon re
duced frequency {1 for several values of the discharge Mach number M 2 . 
In Figure 2, the nozzle inlet Mach number is MI = 0.29 and the asymptotic 
value of total transmitted wave strength for low frequencies, Q= 0, corre
sponds to the result of compact analysis. Of particular interest is the 
strong dependence of the fluctuation magnitude upon the reduced frequency 
for relatively low values of n and the peak value reached in the neighbor
hood of (1 = 3 which, for low inlet Mach number, may be more than three 
tiInes the values for low reduced frequency. In Figure 3, the similar re-
s ult for an inlet Mach number of O. 61 shows siInilar trends. The much 
larger peaks for higher exit Mach number emphasize that the maxima 
clearly depend upon the discharge Mach number M2, while the asymptotic 
values (1 .... 0 are independent of M 2 . Readily available asymptotic ex
pansions for the low reduced frequencies describe the initial change of 
pressure amplitl-lde quite accurately and, since the expansion is in powers 
of in, it suggests that the initial effect of reduced frequency is to alter 
the phase relationship between the two downstream waves as they leave 
the nozzle exit. 

5. FREQUENCY DEPENDENCE OF NOZZLE-ENTROPY INTERACTION 

The discharge Mach number dependence of the pressure fluctuation 
at the nozzle outlet, demonstrated quite strikingly in Figures 2 and 3, is 
interesting not only because it is very strong, but because it is completely 
absent for the compact nozzle, n = 0, and appears only for n> O. A pos
sible origin of this dependence is suggested by the fact that for the com
pact nozzle, both p+ and Pi depend upon M2 but in such a manner that 
at the nozzle outlet ~e two waves combine so that pl/yp is independent of 
Mach number. It is clear that this cancellation exists only at the nozzle 
exit -- and possibly at other discrete points downstream -- since the two 
waves separate with a velocity 2c2 as they move downstream. This is 
shown quite directly by substituting the wave strengths P~ and Pi ' equa
tions (34) and (35), into (19) to obtain the pressure fluctuation at an arbi
trary distance x behind the nozzle 

~~ ~ [MICOS(~ M~)+iMzSin(~ Mf) l+~Ml exPiw(t- ~ ~Z) 
(44 ) 
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and thus the M2 -dependent amplitude vanishes for the compact nozzle, 
where x = O. This indicates that, in a nozzle of finite length where a dis
turbance generated at one section may suffer phase separation by the time 
the nozzle outlet is reached, the pressure disturbance may exhibit a de
pendence upon discharge Mach number. It appears instructive, therefore, 
to examine the wave structure more carefully within the finite nozzle. 

Now a strict separation of the pressure distribution into upstream 
and downstream propagating components is not possible within a channel of 
strongly varying area, but we can extract the information of interest by a 
siInple device. At any station beyond the throat, that is, at any value 
M(x) > 1 , assume the flow field to be continued by a channel of the appro
priate area. Then the pressure disturbance may be decomposed rigorously 
into its p+ and P- components at this point,and the transformation ofthese 
may be examined as we repeat this process at various distances down the 
nozzle. 

Figures 4 and 5 show the amplitudes of the p+ and P- components 
as a function of reduced frequency for various values of the exit Mach num
ber, for a nozzle inlet Mach number of 0.29. Hence, they are to be com
pared with the results of Figure 2, in which we have previously shown the 
composite pressure disturbance. Note that both p+ and P- components 
have their maxima at 0 = 0, zero reduced frequency. These values are 
indeed the magnitudes of p T and P - given for the compact solution by 
equations (34) and (35). From these values, they drop monotonically with 
increasing O. Shown also in Figures 3 and 4 is the phase angle of each wave, 
taken with respect to the solution at the nozzle throat. This phase is zero 
for the compact nozzle (0 = 0) and increases quite rapidly with reduced fre
quency. Note that the two waves are 180 0 out of phase at the nozzle throat 
and also for the compact nozzle. 

The question now is whether this phas e difference is modified as we 
follow the wave pattern down the nozzle. This change in phase relationship 
is shoWn in Figure 5, for three values of th.e Mach number (which may be 
interpreted as discharge values for discrete nozzles or as Mach numbers 
at discrete values of x in a specific nozzle) as a function of reduced fre
quency. Clearly, there is a tendency for the two disturbances to combine 
more nearly in phase as the reduced frequency rises, confirming the in
tuitive indication mentioned earlier. The effect is shown even more clear
ly in the vector phase diagrams of Figure 6. Here, it may be observed 
how the tendency toward alignment increases the magnitude of the resultant 
vector which, in turn, leads to the maximum disturbances shown in Fig
ures 2 and 3. It is the reduction with reduced frequency of the individual 
wave amplitudes, p+ and P- shown in Figures 4 and 5, that account for 
the drop in composife distur1,ance pl/yp for large reduced frequencies. 
Thus, it appears that the rise of pressure disturbance with reduced fre
quency may be well estimated from the two wave strengths calculated from 
compact analysis, using the phase distortion accumulated as the waves 
progress toward the nozzle discharge. 

The calculations utilized in Figures 2 and 3 were carried out by S. 
Candel[3 J and those shown in Figures 4 - 6 were performed by M. Bohn, 
graduate student at the California Institute of Technology. 
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