Abel, Nils Hendrik 172
absolute value 22
properties of 23
absolute value function 42, 72
accelerating 160
acceleration 102, 131
addition formulas 259
air resistance 136
algebraic rules 16
antiderivative 128
of b* 323
of constant multiple 130
of 1/x 323
of polynomial 130
of sum 130
of power 130
of trigonometric functions 269
applications of integral 240
approaches 58
approximation
first-order (see linear approximation)
linear (see linear approximation)
Archimedes 3, 5, 6
area 4, 251
between graphs 211, 241
between intersecting graphs 242
of a sector 252
signed 215
under a graph 208, 212, 229
under graph of step function 210
argument 40
arithmetic mean 188
astroid 198

Index

astronomy 9
asymptote 165
horizontal 165
vertical 164
asymptotic 164
average 3
rate of change 100
velocity 50
axes 29

Bascom, Willard 306(fn)

base of logarithm 313

Beckman, P., 251(fn)

Berkeley, Bishop George 6(fn)
Bernoulli, Jacques 252(fn)
bisection, method of 142, 145
Boyer, C. 7(fn), 252(fn)

Burton, Robert 8

bus, motion of 49, 202, 207, 225

calculator discussion 49, 112, 166, 255,
257, 265, 277, 309, 327, 330
calculator symbol 29
calculus
differential 1
fundamental theorem of 4, 225, 237
integral 1, 3
Calculus Unlimited iii, 7(fn)
Cardano, Girolamo 172
cardioid 198
cartesian coordinates 255
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Index

catastrophe
cusp 176
theory 176
Cauchy, Augustin-Louis 6
Cavalieri, Bonaventura 8
chain rule 112
physical model 116
change
average rate of 100
instantaneous rate of 10
linear or proportional 100
of sign 146
proportional 95
rate of 2, 100, 101, 247
total 244
circle 34, 44, 120, 251
equation of 37
circumference 251
City
Fat 116
Thin 115
climate 180
closed interval 21
test 181
common sense 61, 193
completing the square 16, 17
composition of functions 112, 113
derivative of 113
compound interest 331
concave
downward 158
upward 158
concavity, second derivative test for 159
constant function 41, 192
derivative of 54
rule, for limits 62
constant multiple rule
for antiderivatives 130
for derivatives 77
for limits 62
consumer’s surplus 248
continuity 63, 72
of rational functions 140
continuous 139
continuous function 63
integrability of 219
continuously compounded interest 331
convex function 199
coordinates 29
cartesian 255
polar 253, 255
cosecant 256
inverse 285
cosine 254
derivative of 266
inverse 283
law of 258
cost, marginal 106

cotangent 256

inverse 285

critical points 151
cubic function 168

general, roots of 172
graphing 172

curve 31(fn)

parametric 124, 298

cusp 170

catastrophe 176

days

length of 30, 302
shortening of 303

decelerating 160
decrease, rate of 101
decreasing function 146
definite integral 232

properties of 234

degree

as angular measure 252
of polynominal and rational functions 97

delta 50(fn)
demand curve 248
depreciation 109
derivative 3, 53, 70

as a limit 69

formal definition 70

Leibniz notation 73

logarithmic 117, 322, 329

of & 318

of composition 113

of constant multiple 77

of cosine 266

of implicitly defined function 122

of integer power 87

of integral with respect to endpoint 236

of integral, endpoint a given
function 236

of inverse function 278

of inverse trigonometric functions 285

of linear function 54

of logarithmic function 321

of Ix 71

of polynomial 75, 79

of power 75, 119

of power of a function 110, 119

of product 82

of quadratic function 54

of quotient 85

of rational power 119

of rational power of a function 119

of reciprocal 85

of sum 78

of Vx 71

second 99, 104, 157

summary of rules 88



Dido 182
difference quotient 53
limit of 70
differentiable 70
differential calculus 1
diferentiation 3, 53, 122, 201
implicit 120
logarithmic 117, 322, 329
diminishing returns, law of 106
discriminant 17
displacement 230
distance formula
in the plane 30
on the line 23
domain 41
double-angle formulas 259
drag 136
dummy index 203

e 319, 325
as a limit 330
ear popping 116
Earth’s axis, inclination of 301
economics 105
element 21
endpoints 181
of integration 217
energy 201
equations
of circles and parabolas 37
of straight lines 32
of tangent lines 90
parametric 124, 298
simultaneous 37
Eudoxus 4
Euler, Leonhard 251(fn), 252(fn)
evaluating 40
even function 164, 175
exhaustion, method of 5, 7
existence theorem 180, 219
exponent, zero 23
exponential and logarithmic functions,
graphing problems 236
exponential functions 307
derivative of 320
limiting behavior 328
exponential growth 332
exponential spiral 310, 333
exponentiation 23
exponents
integer 23
laws of 25
negative 26
rational 27, 118
real 308
extended
product rule for limits, 62

index 1.3

sum rule for limits 62, 69
extreme value theorem 180

factoring 16
Fermat, Pierre de 8
first derivative test 153
first-order approximation (see linear
approximation)
focusing property of parabolas 36
fractional exponents (see rational
exponents)
powers (see rational powers)
frequency 259
function 1, 39
absolute value 42, 72, 73
composition 112, 113
constant 41, 192
continuous 63
convex 199
cubic 168
definition of 41
differentiation of 268
even 164, 175
exponential 307
graph of 41, 44
greatest integer 224
identity 40, 277
inverse 272, 274
inverse trigonometric 281, 285
linear 192
odd 164, 175
power 307
rational 63
squaring 41
step 140, 209, 210
trigonometric, antiderivatives 269
trigonometric, graphs of 260
zero 41
fundamental integration method 226
fundamental theorem of calculus 4, 225,
237
fundamental theorem of calculus: alterna-
tive version 236

Galileo 8

Gauss, Carl Friedrich 205

geometric mean 188

global 141,177

Goldstein, Larry 172

Gould, S. H. 6(fn)

graphing problems
exponential and logarithmic

functions 236

trigonometric functions 292

graphing in polar coordinates 296
procedure 163
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Index

graphs 41, 163

area between 241

area under 212, 229

of functions 41, 44
greatest integer function 224
growth, exponential 332

herring 156

Hipparchus 256(fn)

Hooke’s Law 99, 295

horizontal asymptote 165
tangent 193

horserace theorem 193

identity function 40, 277
identity function rule, for limits 60
identity, trigonometric 257
illumination 183
imaginary numbers 18
implicit differentiation 120, 122
inclination of the earth’s axis 301
increase, rate of 101
increasing function 146
function theorem 195
on an interval 149
increasing—decreasing test 148
indefinite integral (see antiderivative)
test 233
independent variable 40
index
dummy 203
substitution of 205
induction, principle of 69
inequalities 18
properties of 19
inequality, arithmetic—geometric mean 188
infinite limit 66
infinitesimal 73
infinitesimals, method of 6, 8
infinity 21
inflection point 159
test for 160
instantaneous velocity 50, 51
integer power rule for derivatives 87
integers 15
sum of the first n 204
integrability of continuous function 219
integrable 217
integral 217
calculus 1
calculated “by hand,” 212
definite 232
definition of 217
indefinite 129, (see also antiderivative)
Leibniz notation 132
mean value theorem 239

Riemann 220

sign 129, 132, 217

wrong-way 235
integrand 129
integration- 33, 129, 201

endpoint of 217

limit of 217

method, fundamental 226
interest, compound 244, 331
intermediate value theorem 141, 142
intersecting graphs, area between 242
intersection points 39
interval 21

closed 21

open 19
inverse

cosine 283

cotangent 285

function rule 278

function test 276

functions 272, 274

secant 285

sine 281

tangent 283

trigonometric function 281, 285
invertibility, test for 275, 276
irrational numbers 16

Keisler, H.J. 7(fn), 73(fn)
Kendrew, W.G. 180
Kepler, Johannes 8

Kline, Morris 182

fabor 106
ladder 190
Lambert, Johann Heinrich 251(fn)
latitude 300
law of reflection 290
Legendre, Adrien Marie 251(fn)
Leibniz, Gottfried 3, 73, 193(fn)
Leibniz notation 73, 104, 132, 217
for derivative 73
for integral 132
lemniscate 136
length of days 300, 302
limagon 298
limit 6, 57, 59
at infinity 65
derivative as a 69
derived properties of 62
infinite 66
method 6
of (cos x—1)/x 265
of (sin x)/x 265
of integration 217
one-sided 65




properties 60
line 31(fn)
equation of 32
perpendicular 33
point—point form 32
point-slope form 32
real-number 18
secant 51, 191
slope of 52
slope—intercept form 32
straight 31(fn), 125
tangent 2, 191
linear approximation 90, 91, 92, 158, 159
linear function 192
derivative of 54
linear or proportional change 100
local 141, 151, 177
maximum point 151, 157
minimum point 151, 157
logarithm 313
and exponential functions, word
problems 326
base of 313
defined as integral 326
function, derivative of 321
laws of 314
limiting behavior 328
natural 319
properties of 314
logarithmic differentiation 117, 322, 329
logistic model for population 335
lower sum 210
Lucan 8(fn)

majorize 199
marginal
cost 106
productivity 106
profit 106
revenue 106
maxima and minima, tests for 153, 157,
181
maximum
global 177
point 151
value 177
maximum-minimum problems 177
mean value theorem 191
consequences 192
for integrals 239
Meech, L.W. 9
midnight sun 301(fn)
minimum
points 177
value 177

natural logarithms 319

index 1.5

natural numbers 15
Newton, Isaac 3(fn), 8(fn), 193(fn),
253(fn)

noon 301(fn)
northern hemisphere 301
notation

Leibniz 73, 104, 132, 217

summation 203, 204
number

imaginary 18

irrational 16

natural 15

rational 15

real 15, 16

odd function 164, 175

one-sided limit 65

open interval 21

optical focusing property of parabolas 95
order 18

orientation quizzes 13

origin 29

oscillations 294

pH 317
parabola 34
equations of 37
focusing property of 36
optical focusing property 97
vertex of 55
parametric curve 124, 287
partition 209
period 259
periodic 259
perpendicular lines 33
plotting 29, 43, 163
point
critical 151
inflection 159
intersection 39
local maximum 151, 157
local minimum 151, 157
point-point form 32
polar coordinates 253, 255
graphing in 296
tangents in 299
Polya, George 182
polynomial
derivative of 75, 79
antiderivative of 130
pond 74
population 117, 175, 189, 195, 335
position 131
positive velocity 149
Poston, Tim 176
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index

power
function 307

integer 23
negative 26
of a function, rule for derivatives 110
rational 18, 27, 169
real 308
rule for derivatives 76, 119
rule for limits 62
rule for antiderivatives 130
producer’s surplus 248
product rule, for derivatives 82
for limits 60
productivity
of labor 106
marginal 106
profit 329
marginal 106
program 40
projectile 295
proportional change 95
Ptolemy 256(fn)
Pythagoras, theorem of 30

guadratic formula 16, 17
quadratic function, derivative of 54
quartic function, general, graphing 176
quizzes, orientation 13
quotient rule, for limits 62
quotient

derivative of 85

difference 53

radian 252
radius 34
rate of change 2, 101, 247
relative 329
rate of decrease 101
rate of increase 101
rates, related 124
rational
exponents 118
functions, continuity of 63, 140
numbers 15
power rule, for derivatives of a
function 119
powers 118, 169
rationalizing 28
real number line 18
exponents 308
numbers 15, 16
powers 308
reciprocal rule
for limits 60
for derivatives 86
refiection, law of 290

region between graphs 240
related rates 124

word problems 125
relative rate of change 329
relativity 80(fn)
replacement rule, for limits 60
revenue, marginal 106
Richter scale 317
Riemann, Bernhard 220(fn)
Riemann integral 220
Riemann sums 220, 221
Rivlin’s equation 199
Robinson, Abraham 7, 73(fn)
Rolle, Michel 193(fn)
Rolle’s Theorem 193
rose 297
Ruffini, Paolo 172

Schelin, C.W. 257(fn)
school year 303
secant 256
inverse 285
secant line 52, 191
second derivative 99, 104, 157
tesi
for maxima and minima 157
for concavity 159
sector, area of 252
set 21
shifting rule, for derivatives 115
sigma 203
sign, change of 146
signed area 215
similar triangles 254
simultaneous equations 37
sine 254
derivative of 266
inverse 281
sines, law of 263
slope 2, 31
of tangent line 52
slope—intercept form 32
Smith, D.E. 193(fn)
Snell’s law 305
solar energy 8, 107, 179, 180, 221
speed 103
speedometer 95
spiral, exponential 310, 333
Spivak, Mike 251(fn)
square root function, continuity of 64
square, completing the 16, 17
squaring function 41
step function 5, 140, 209, 210
area under graph, 210
straight line, 31(fn), 125 (see also line)
stretching rule, for derivatives 117
strict local minimum 151



Stuart, Ian 176
substitution of index 205
sum 203
collapsing 206
lower 210
of the first n integers 204
Riemann 220, 221
telescoping 206
upper 210
sum rule
for antiderivatives 130
for derivatives 78
for limits 60
physical model 80
summation notation 201, 203, 204
summation, properties of 204, 208
sun 300
supply curve 248
symmetry 163, 296

tangent function 256
inverse 284
tangent line 2, 191
horizontal 193
in polar coordinates 299
slope of 52
vertical 169
Tartaglia, Niccolo 172
telescoping sum 206
third derivative test 160
time of day 301
time of year 301
total change 244
train 55, 80, 291
triangles, similar 254
trigonometric functions
antiderivatives of 269
derivatives of 268
differentiation of 264
graphing problems 282
graphs of 260
inverse 281, 285
word problems 289
trigonometric identity 257

Index

trisecting angles 172

upper sum 210

value
absolute (see absolute value)
maximum 177
minimum 177

variable, independent 40

velocity 102, 131, 230
average 50
instantaneous 50, 51
positive 149

vertex 55

vertical asymptote 164

vertical tangent 169

Viete, Frangois 251(fn)

water 178, 247
flowing 131, 144
in tank 126
wavelength 263
waves, water 306
Weber—Fechner law 333
Weierstrass, Karl 6
window seat 291
word problems
integration 247
logarithmic and exponential
functions 326
maximum-minimum 177
related rates 125
trigonometric functions 289
wrong-way integrals 235

yogurt 279

Zero exponent 23
zero function 41
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A Brief Table of Integrals, continued.

1, coshx+1
. = htl==-1
29 fcschxdx 1n|tan 2| 2ln Py —
inh®x dx = Lsi 1
30. fsmh x dx 4smh2x 2x
1. 1
31. fcosh xdx = 7 sinh2x + > x

32. f sech?x dx = tanh x

33. fsinh"%dx=xsinh"i— -2 FaE (@>0)

xcosh™ !X — \xT— 42 [cosh_ (i >0,a>0}
-1 X _ a a
34. fcosh Zdx=
a )ccosh"—z-+\/x§—a2 [cosh" (5—)<0 a>0]
VX 1 X 2_ .2
3s. ftanh dx = x tanh~ ” + 2ln|a x4
36.f dx = In{x +\/a§+xz)—smh' (a >0)
a + x
37 f——1~--—-abc~+-ltan‘li (a>0)
") @t + x? a a
2
Vaz = x2 =_)£ — 2 gin~'X
38.f a® — x* dx a— x° + 5 sin o (a>0)
39. f(a —xPax =2 (Sa —2x)al = X2 +—sm '% (a>0)

40.f——-1————~dx=sm"§ (a>0)

41 al—xdx=—l-lna+x
'fa2_x2 2a ‘a—x'
42.}’ ! dx=—%

(a® -~ )c2)3/2 az\/a2 - xZ
43. f\/)cﬁ*'—az dx = 5\/ Tral %21n|x+\/x§t a|

44.J.;dx=ln|x+\/'x§—-a§|=cosh"'§ (a >0)

X" —a

| 1 x
45, | ———  dx = —1
fx(a+bx) x an’a+bx‘
2(3bx — 2a)(a + bx)*"?
46. fxa+bx dx = (3bx a)(a %)

1552
47.f a+tbx dx—2\/a+bx+af dx
xya + bx
2(bx — 2a)ya + bx

48. f Ix =

Va + bx 3b?
49.f~——1——-—dx= n| Yot bx —a

xya + bx \/E va + bx + \/_

2 —1 a+ bx
= tan (a<0)
J=—a —a

a+iya —x

50. fi—;i— dx =\/a2 —x% —aln
51. fx\/a2 —xldx=— -};(a2 — x2)3/2
52. fxz\,/ai —xTdx= %(2x2 - az)\/a2 —x7 + %ﬁ sin~! % (a >0)

X

Continued on overleaf.




A Brief Table of Integrals, continued.

54. .{4)( dx = —a’* - x*
2
55.

2 2
56. f 4@1%

& &
I I
= |
+“ o &
] Q
9 o
| Tl
o =
— DI
+
@
=]
Q%

NV
57.[ X - o dx =x* = a> —acos™' L

(a>0)

X
=yx*—a’ —asec"(%) (a >0)

58. fx\/x2 +a’ dx = é—(x2 + a?%)3/?

59.

1 1 x
[ N— — In| — e —
f x\/x2 +a° a a+ \/x2 + aj ‘

1 _1 -1 a
60.fx—~—~———dx acos o (a>0)

T2
61.f—-—-1 dx=5 XX =4
XZ

62.[—2)6-—;—dx= x*+ a°

+b—yp?—4
63-f 2 1 dx = ! In| 20X+ b Vb7~ dac (b* > 4ac)
ax“+ bx + ¢ b? — dac 2ax+b+\/b2—4ac
— 2 tan;] 2ax+b (b2<4ac)
Vdac — b? Vdac — b?
1 b 1
64, [ — X gx=_"Inax®+bx+c| -2 [ — 1 4x
fax2+bx+c 2a | | 2afax2+bx+c

6. | S
\/ax2 +bx+c

1 sin—! —2ax — b

=\/?— yb? ~ 4dac

dx=71_~ln|2ax+b+2\/5\/ax2+bx+cl (a >0)
a

(a<0)

2
66. f\/ax +bx+cdx—2ax+b\/ax +bx+c +4ac—b f

Vax?+ bx + ¢
dx = ax+ bx + ¢

Vax?+ b+ ¢

1
67. X SRR (S —;
f\/axz—kbx-*-c a 2af\/ax2+bx+c

Vax? + bx + ¢
68.[ 1 dx=_—]ln 2y Vax® + bx + ¢ +bx + 2¢ (c>0)

xyax®+ bx + ¢ Ve x

=L g1 bx+2c (c < 0)
y—¢ [x|Vb* — 4ac
69. fx \/x2 + a? dx -—(«x - -%az)\/(az«}— )cz)3
3

K+ a2 Fy(x?*+a?)

0. [ T =
x4 3a%3
i —b i +b

71. fsin ax sin bx dx = sin(a — b)x_ sin(a + b)x (a® == b?)

2(a - b) 2(a + b)

Continued on inside back cover.



A Brief Table of Integrals, continued.

cos(a — b)x  cos{a + b)x
72. | si bxdx = — — 2 2
fsmaxcos x dx 3a=0) @+ D) (a® + b
sin{a — b)x  sin{a+ b)x .
73. bx dx = 2o p?
fcosaxcos x dx 3(a=5) 3@+ b) (a® # b*)
74. fsecxtanxdx = secx
75. fcscxcotxdx = —C8CX
-1 | .
76. f cos™ sin"x dx = SOST_ XS m = Lf o oome2y G d
m+n m+n
=1 m+1 .
= _ s xeos"Tx o = 1o gin 2 dx
m+n m+n

77.

78.

79

80.

&1

82.

83

84

85.

fx”sin axdx =

n

1

ax

.fx"e“"dx= xre gfx""'e‘“‘dx
fx”lnaxdx = x"“l Inax _ ——1—2
n+tl (n+ 1)
. fx”(lnax)’"dx = zr; (Inax)™ — n}z i
fe""sin b d = e™(asinbx — bcosbx)
a+ b?
' fe‘“‘cosbx gy = e (bsinbx + acosbx)
a’ + b?

. fsech x tanh x dx'= —sechx

DN e M Op 2

alpha
beta
gamma
deita
epsilon
zeta
eta
theta

fcsch‘ xcothxdx = —cschx

Greek Alphabet

[ O MmN e R

iota
kappa
lambda
mu

nu

Xi
omicron
pi

n —
— = x"cosax + —fx” 'cosax dx
a a

. b3 —_ .
fx"cosaxdx=ix"smax——fx” Isin ax dx
a a

fx”(ln ax)" Vdx

EEX G e T av

rho
sigma
tau
upsilon
phi

chi

psi
omega
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