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PREFACE

The goal of these notes is to give a reasonably com-
plete, although not exhaustive, discussion of what is commonly
referred to as the Hopf bifurcation with applications to spe-
cific problems, including stability calculations. Historical=-
1y, the subject had its origins in the works of Poincaré [1]
around 1892 and was extensively discussed by Andronov and Witt
[1] and their co-workers starting around 1930. Hopf's basic
paper [1l] appeared in 1942. Although the term "Poincaréa-
Andronov-Hopf bifurcation" is more accurate (sometimes
Friedrichs is also included), the name "Hopf Bifurcation" seems
more common, so we have used it. Hopf's crucial contribution
was the extension from two dimensions to higher dimensions.

The principal technique employed in the body of the
text is that of invariant manifolds. The method of Ruelle-
Takens (1] is followed, with details, examples and proofs added.
Several parts of the exposition in the main text come from
papers of P. Chernoff, J. Dorroch, O. Lanford and F. Weissler
to whom we are grateful.

The general method of invariant manifolds is common in
dynamical systems and in ordinary differential equations; see
for example, Hale [1,2] and Hartman [1]. Of course, other
methods are also available. In an attempt to keep the picture
balanced, we have included samples of alternative approaches.
Specifically, we have included a translation (by L. Howard and
N. Kopell) of Hopf's original (and generally unavailable) paper.
These original methods, using power series and scaling are used
in fluid mechanics by, amongst many others, Joseph and Sattinger

[1]; two sections on these ideas from papers of Iooss [1-6] and
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Kirchgéssner and Kielhoffer [l] (contributed by G. Childs and
0. Ruiz) are given.

The contributions of S. Smale, J. Guckenheimer and G.
Oster indicate applications to the biological sciences and
that of D. Schmidt to Hamiltonian systems. For other applica-
tions and related topics, we refer to the monographs of
Andronov and Chaiken (1], Minorsky [1l] and Thom [1].

The Hopf bifurcation refers to the development of
periodic orbits ("self-oscillations”) from a stable fixed
point, as a parameter crosses a critical value. In Hopf's
original approach, the determination of the stability of the
resulting periodic orbits is, in concrete problems, an un-
pleasant calculation. We have given explicit algorithms for
this calculation which are easy to apply in examples. {See
Section 4, and Section 5A for comparison with Hopf's formulae).
The method of averaging, exposed here by S. Chow and J. Malletf
Paret in Section 4C gives another method of determining this
stability, and seems to be especially useful for the next bi-
furcation to invariant tori where the only recourse may be to
numerical methods, since the periodic orbit is not normally
known explicitly.

In applications to partial differential equations, the
key assumption is that the semi~flow defined by the equations
be smooth in all variables for +t > 0. This enables the in-
variant manifold machinery, and hence the bifurcation theorems
to go through (Marsden [2]). To aid in determining smoothness
in examples we have presented parts of the results of Dorroh-
Marsden. [1]1. Similar ideas for utilizing smoothness have been
introduced independently by other authors, such as D. Henry

[11.
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Some further directions of research and generalization
are given in papers of Jost and Zehnder (1], Takens (1, 21,
Crandall~Rabinowitz [l1, 2], Arnocld [2], and Kopell-Howard {[1l-6]
to mention just a few that are noted but are not discussed in
any detail here. We have selected results of Chafee [1] and
Ruelle {3] (the latter is exposed here by S. Schecter) to
indicate some generalizations that afe possible.

The subject is by no means closed. Applications to
instabilities in biology (see, e.g. Zeeman (2], Gurel [1-12]
and Section 10, 1ll); engineering (for example, spontaneous
"flutter" or oscillations in structural, electrical, nuclear
or other engineering systems; cf. Aronson [1], Ziegler [1]
and Knops and Wilkes [1]), and oscillations in the atmosphere
and the earth's magnetic field (cf. Durand [1l]) are appearing
at a rapid rate. Also, the qualitative theory proposed by
Ruelle~Takens [1l] to describe turbulence is not yet well under-
stood (see Section 9). In this direction, the papers of
Newhouse and Peixoto [1] and Alexander and Yorke [1l] seem to
be important. Stable oscillations in nonlinear waves may be
another fruitful area for application; cf.Whitham [1]. We hope
these notes provide some guidance to the field and will be
useful to those who wish to study or apply these fascinating
methods.

After we completed our stability calculations we were
happy to learn that others had found similar difficultv in
applying Hopf's result as it had existed in the literature to
concrete examples in dimension > 3. They have developed similar
formulae to deal with the problem; cf. Hsi and Kazarinoff [1, 21

and Poore [1].
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The other main new result here is our proof of the
validity of the Hopf bifurcation theory for nonlinear partial
differential equations of parabolic type. The new proof,
relying on invariant manifold theory, is considerably simpler
than existing proofs and should be useful in a variety of
situations involving bifurcation theory for evolution equations.

These notes originated in a seminar given at Berkeley
in 1973-4. We wish to thank those who contributed to this
volume and wish to apologize in advance for the many important
contributions to the field which are not discussed here; those
we are aware of are listed in the bibliography which is, ad-
mittedly, not exhaustive. Many other references are contained
in the lengthy bibliography in Cesari [l]. We also thank those
who have taken an interest in the notes and have contributed
valuable comments. These include R. Abraham, D. Aronson,

A, Chorin, M. Crandall, R. Cushman, C. Desoer, A. Fischer,

L. Glass, J. M. Greenberg, O. Gurel, J. Hale, B. Hassard,

S. Hastings, M. Hirsch, E. Hopf, N. D. Kazarinoff, J. P. LaSalle,
A. Mees, C. Pugh, D. Ruelle, F. Takens, Y. Wan and A. Weinstein.
Special thanks go to J. A. Yorke for informing us of the
material in Section 3C and to both he and D. Ruelle for pointing
out the example of the Lorentz equations (See Example 4B.8).
Finally, we thank Barbara Komatsu and Jody Anderson for the

beautiful job they did in typing the manuscript.

Jerrold Marsden

Marjorie McCracken
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THE HOPF BIFURCATION AND ITS APPLICATIONS 1

SECTION 1
INTRODUCTION TO STABILITY AND BIFURCATION IN
DYNAMICAL SYSTEMS AND FLUID MECHANICS

Suppose we are studying a physical system whose state x
is governed by an evolution equation g% = X(x) which has
unique integral curves. Let X, be a fixed point of the flow
of X; i.e., X(xo) = 0. Imagine that we perform an experiment
upon the system at time + = 0 "and conclude that it is then
in state Xge Are we justified in predicting that the system
will remain at X for all future time? The mathematical
answer to this question is obviously yes, but unfortunately
it is probably not the guestion we really wished to ask.
Experiments in real life seldom yield exact answers to our
idealized models, so in most cases we will have to ask whether
the system will remain near X, if it started near Xq- The
answer to the revised question is not always yes, but even so,
by examining the evolution equation at hand more minutely, one
tan sometimes make predictions about the future behavior of

a system starting near Xq- A trivial example will illustrate

some of the problems involved. Consider the following two
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differential equations on the real line:

x'(t) = =-x(t) (1.1)
and
x'(t) = x(t). (1.2)
The solutions are respectively:
x(x,,t) = x,e ° (1.1
0’ 0 ‘
and
+t
x(xo,t) = xpe . (L.2')

Note that 0 is a fixed point of both flows. In the first
case, for all X, € R, iiz x(xo,t) = 0. The whole real line
moves toward the origin, and the prediction that if X is
near 0, then x(xo,t) is near 0 1is obviously justified.

On the other hand, suppose we are observing a system whose
state x 1is governed by (l1.2). An experiment telling us that
at time t = 0, x(0) is approximately zero will certainly not
permit us to conclude that x(t) stays near the origin for
all time, since all points except 0 move rapidly away from O,
Furthermore, our experiment is unlikely to allow us to make

an accurate prediction about x(t) because if x(0) < 0, x(t)
moves rapidly away from the origin toward -« but if

x(0) > 0, x(t) moves toward +«, Thus, an observer watching
such a system would expect sometimes to observe x(t) Moo M
and sometimes x(t) t:: +o, The solution x(t) =0 for

all t would probably never be observed to occur because a
slight perturbation of the system would destroy this solution.
This sort of behavior is frequently observed in nature. It

is not due to any nonuniqueness in the soluticn to the differ-
ential equation involved, but to the instability of that

solution under small perturbations in initial data.
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Indéed, it is only stable mathematical models, or
features of models that can be relevant in "describing" nature.+

Consider the following example.* A rigid hoop hangs
from the ceiling and a small ball rests in the bottom of the
hoop. The hoop rotates with frequency w about a vertical

axis through its center (Figure l.la).

LLLL002 ANNNRRRNRNNY
D) w<u, q_) w>w,

A\

Figure 1l.la Figure 1l.1b

For small values of ®, the ball stays at the bottom of the
hoop and that position is stable. However, when w reaches
some critical value W the ball rolls up the side of the
hoop to a new position x(w), which is stable. The ball may
roll to the left or to the right, depending to which side of
the vertical axis it was initially leaning (Figure 1l.1b).

The position at the .bottom of the hoop is still a fixed point,
but it has become unstable, and, in practice, is never ob-
served to occur. The solutions to the differential equations

governing the ball's motion are unique for all values of w,

+For further discussion, see the conclusion of Abraham-
Marsden [1].

*
This example was first pointed out to us by E. Calabi.
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but for w > Wor this uniqueness is irrelevant to us, for we
cannot predict which way the ball will roll. Mathematically,
we say that the original stable fixed point has become un-
stable and has split into two stable fixed points. See

Figure 1.2 and Exercise 1.16 below.

w<w

o
X o
\ / w>w,
S~ o>
(a) Figure 1.2 (b)

Since questions of stability are of overwhelming prac-
tical importance, we will want to define the concept of

stability precisely and develop criteria for determining it.

(1.1} Definition. Let Ft be a C0 flow (or

semiflow)”* on a topological space M and let A be an in-
variant set; i.e., Ft(A)(: A for all t. We say A |is

stable (resp. asymptotically stable or an attractor) if for any

neighborhood U of A there is a neighborhood V of A such

*i.e., Ft: M g M, FO = identity, and .Ft+s = FSOFt for all
t, s €ER. C means Ft(x) is continuous in (t,x). A
semiflow is one defined only for t > 0. Consult, e.g.,

Lang [l1], Hartman [1], or Abraham~Marsden [1l] for a discussion
of flows of vector fields. See Section 8A, or Chernoff=-

Marsden [1] for the infinite dimensional case.
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that the flow lines (integral curves) x(xo,t) = Ft(xo) be-

long to U if x, €V (resp. J?O F (V) =2).

Thus A 1is stable (resp. attracting) when an initial
condition slightly perturbed from A remains near A
(resp. tends towards A). (See Figure 1.3).

If A is not stable it is called unstable.

flow lines
/ g 2
v
" @
stable asymptotically stable
fixed stable closed
point fixed point or bit

Figure 1.3
(1.2) Exercise. Show that in the ball in the hoop
example, the bottom of the hoop is an attracting fixed point
for w < Wy = vg/R and that for w > Wo there are attract-
ing fixed points determined by «cos 6 = g/sz, where 6 is
the angle with the negative vertical axis, R is the radius

of the hoop and g is the acceleration due to gravity.

The simplest case for which we can determine the
stability of a fixed point XO. is the finite dimensional,

linear case. Let X: R™ + R® be a linear map. The flow of
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X 1is x(xo,t) = etx(x }. Clearly, the origin is a fixed

0
At
point. ILet {Aj} be the eigenvalues of X. Then {e J }
are the eigenvalues of etx. Suppose Re A. < 0 for all Jj.
ALt Re At J

Then e ] = e J 50 as t + ®. One can check, using

the Jordan canonical form, that in this case 0 1is asymp-
totically stable and that if there is a Aj with positive

real part, 0 is unstable. More generally, we have:

(1.3) Theorem. .Let X: E - E be a continuous, linear

map on _a Banach space E. The origin is a stable attracting

fixed point of the flow of X 1if the spectrum o(X) of X

is in the open left-half plane. The origin is unstable if

there exists 2z € o(X) such that Re(z) > 0.

This will be proved in Section 2A, along with a review
of some relevant spectral theory.

Consider now the nonlinear case. Let P be a Banach
manifold® and let X be a Cl vector field on P. Let

X(po) = 0. Then dX(p,): Tp (pP) - Tp (P) 1is a continuous

0 0
linear map on a Banach space. Also in Section 2A we shall

0

demonstrate the following basic theorem of Liapunov [1].

(L.,4) Theorem. Let X be a Cl vector field on a

Banach manifold P and let Py be a fixed point of X, i.e.,

- . 3 B
X(po) = 0. Let Ft be the flow of X i.e., 3T Ft(x) =

X(Ft(x)), FO(X) = x. (Note that Ft(po) =P, for all t.)

If the spectrum of dX(pO) lies in the left-half plane; i.e.,

o(dx(py)) C {z € C|Re z < 0}, then P, 1is asymptotically

*

We shall use only the most elementary facts about manifold
theory, mostly because of the convenient geometrical
language. See Lang [1] or Marsden [4] for the basic ideas.
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stable.

If there exists an isolated z e;c(dx(po)) such that

Re z > 0, p is unstable. If o(dX(p,)) C {z|Re z < 0} and
o 1S unstable. I1I 0 < and

there is a z €& c(dx(po)) such that Re z = 0, then stability

cannot be determined from the linearized equation.

(1.5) Exercise. Consider the following vector field on
RZ: X(x,y) = (y,u(l—xz)y-x). Decide whether the origin is un-

stable, stable, or attracting for u < 0, u =0, and u > 0.

Many interesting physical problems are governed by dif-
ferential equations depending on a parameter such as the
angular velocity w in the ball in the hoop example. Let
Xu: P > TP be a (smooth) vector field on a Banach manifold P.
Assume that there is a continuous curve p(u) in P such

.

that X (p(w)) =0, i.e., p(u) 1is a fixed point of the flow

u(
of Xu' Suppose that p{(u) 1is attracting for p < Uy and
unstable for u > Hg- The point (P(uo),uo) is then called

a bifurcation point of the flow of Xu. For u < uo the flow

of Xu can be described (at least in a neighborhood of p(u))
by saying that points tend toward p(u). However, this is not
true for u > Hgr and so the character of the flow may change
abruptly at Uye Since the fixed point is unstable for

u > Ugr we will be interested in finding stable behavior for

u > Ho» That is, we are interested in finding bifurcation

above criticality to stable behavior.

For example, several curves of fixed points may come to-—
gether at a bifurcation point. (A curve of fixed points is a
curve a: I + P such that Xu(a(u)) = 0 for all u. One
such curve is obviously u b p(u).) There may be curves of

stable fixed points for u > Hg- In the case of the ball in
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the hoop, there are two curves of stable fixed points for
w > wy, one moving up the left side of the hoop and one moving
up the right side (Figure 1.2).

Another type of behavior that may occur is bifurcation
to periodic orbits. This means that there are curves of the
form o: I - P such that a(uo) = p(uo) and a(u) is on a

closed orbit Yu of the flow of XU' (See Figure 1l.4). The

Hopf bifurcation is of this type. Physical examples in fluid

mechanics will be given shortly.

——

y

——stable fixed point A n
9 unstable fixed
point ——
stable fixed point y
unstable
closed
orbit
X /

(a) Supercritical Bifurcation (b) Subcritical Bifurcation
(Stable Closed Orbits) (Unstable Closed Orbits)

Figure 1.4
The General Nature of the Hopf Bifurcation
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The appearance of the stable closed orbits (= periodic
solutions) is interpreted as a "shift of stability" from the
original stationary solution to the periodic one, i.e., a
point near the original fixed point now is attracted to and
becomes indistinguishable from the closed orbit. {See

Figures 1.4 and 1.5).

parameter further
increases bifurca-
ey A

tions

stable point appearance of the closed orbit
a closed orbif grows in amplitude
Figure 1.5

The Hopf Bifurcation
Other kinds of bifurcation can occur; for example, as
we shall see later, the stable closed orbit in Figure 1.4 may
bifurcate to a stable 2-torus. In the presence of symmetries,
the situation is also more complicated. This will be treated
in some detail in Section 7, but for now we illustrate what

can happen via an example.

(1.6) Example: The Ball in the Sphere. A rigid,

-hollow sphere with a small ball inside it hangs from the
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ceiling and rotates with frequency w about a vertical axis

through its center (Figure 1.6).

““) cu<(.uo

Figure 1.6

For small w, the bottom of the sphere is a stable point,

but for w > w the ball moves up the side of the sphere to

0
a new fixed point. For each w > Wy there is a stable, in-
variant circle of fixed points (Figure 1.7). We get a circle
of fixed points rather than isolated ones because of the

symmetries present in the problem.

w< w,

stable circle

N

Figure 1.7
Before we discuss methods of determining what kind of

bifurcation will take place and associated stability questions,
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we shall briefly describe the general basin bifurcation
picture of R. Abraham [1,2].

In this picture one imagines a rolling landscape on
which water is flowing. We picture an attractor as a basin
into which water flows. Precisely, if Ft is a flowon M
and A 1is an attractor, the basin of A is the set of all
X €M which tend to A as t » +», (The less picturesque
phrase "stable manifold" is more commonly used.)

As parameters are tuned, the landscape undulates and
the flow changes. Basins may merge, new ones may form, old
ones may disappear, complicated attractors may develop, etc.

The Hopf bifurcation may be pictured as follows. We
begin with a simple basin of parabolic shape; i.e., a point
attractor. As our parameter is tuned, a small hillock forms
and grows at the center of the basin. The new attractor is,

therefore, circular (viz the periodic orbit in the Hopf

theorem) and its basin is the original one minus the top point

of the hillock.

Notice that complicated attractors can spontaneously
appear or dissappear as mesas are lowered to basins or basins
are raised into mesas.

Many examples of bifurcations occur in nature, as a
glance at the rest of the text and the bibliography shows.

The Hopf bifurcation is behind oscillations in chemical and

biological systems (see e.g. Kopell-Howard [1-6], Abéaham [1,2]

11

and Sections 10, 11), including such things as "heart flutter".”

One of the most studied examples comes from fluid mechanics,

so we now pause briefly to consider the basic ideas of

*
That "heart flutter" is a Hopf bifurcation is a conjecture
told to us by A. Fischer; c¢f. Zeeman [2].
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the subject.

The Navier-Stokes Equations

Let D C R3 be an open, bounded set with smooth boundary.
We will consider D to be filled with an incompressible
homogeneous (constant density) fluid. Let u and p be the
velocity and pressure of the fluid, respectively. If the
fluid is viscous and if changes in temperature can be
neglected, the equations governing its motion are:

%% + (u*V)u - vAu = -grad p (+ external forces) (1.3)

divu =0 (1.4)

The boundary condition is (or u|aD prescribed,

ulgp = o
if the boundary of D is moving) and the initial condition is
that u(x,0) is some given uo(x). The problem is to find
u(x,t) and p(x,t) for t > 0. The first equation (1.3) is
analogous to Newton's Second Law F = ma; the second (1l.4) is
equivalent to the incompressibility of the fluid.”

Think of the evolution equation (1.3) as a vector field
and so defines a flow, on the space X of all divergence free
vector fields on D. (There are major technical difficulties
here, but we ignore them for now - see Section 8.)

UL
v

The Reynolds number of the flow is defined by R = ’
where U and L are a typical speed and a length associated
with the flow, and Vv 1is the fluid's viscosity. For example,

if we are considering the flow near a sphere

>
toward which fluid is projected with constant velocity U_i

*see any fluid mechanics text for a discussion of these
points. For example, see Serrin [1], Shinbrot [l] or Hughes-
Marsden [3].
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_(Figure 1.8), then L may be taken to be the radius of the

sphere and U = U_.

5}

Figure 1.8
If the fluid is not viscous (v = 0), then R = «, and

the fluid satisfies Euler's equations:

ou -
5T + (u-V)u = -grad p (1.5)

div u = 0. (1.6)

The boundary condition becomes: u|aD is parallel to 3D, or
u||9D for short. This sudden change of boundary condition
from u =0 on 3D to ul||3D is of fundamental significance
and is responsible for many of the difficulties in fluid
mechanics for R very large (see footnote below).

The Reynolds number of thé flow has the property that,

if we rescale as follows:

*

N
U
FET A
L
*
* _ T
t = T t

ko]
*

[l

—_——
G‘G
*
—
(S}
o]
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then if T = L/U, T* = L*/U* and provided R* = U*L*/v* =

R = UL/v, u* satisfies the same equations with respect to x*

and t* that u satisfies with respect to x and t; i.e.,

« .
i’u—* + (u*ev*)u* - v¥vu* = -grag p* (1.7)
ot

div u* =0 (L.8)
with the same boundary condition u* = 0 as before. (This
3D

is easy to check and is called Reynolds' law of similarity.)
Thus, the nature of these two solutions of the Naviér—Stokes
equations is the same. The fact that this rescaling can be
done is essential in practical problems. For example, it
allows engineers to test a scale model of an airplane at low
speeds to determine whether the real airplane will be able to

fly at high speeds.

(1L.7) Example, Consider the flow in Figure 1.8. If
the fluid is not viscous, the boundary condition is that the
velocity at the surface of the sphere is parallel to the
sphere, and the fluid slips smoothly past the sphere

(Figure 1.9).

-

Figure 1.9
Now consider the same situation, but in the viscous case.
Assume that R starts off small and is gradually increased.

(In the laboratory this is usually accomplished by increasing
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the velocity Uwz, but we may wish to think of it as v - 0,
i.e., molasses changing to water.) Because of the no-slip
condition at the surface of the sphere, as U_ gets larger,
the velocity gradient increases there. This causes the flow
to become more and more complicated (Figure l.lO).*

For small values of the Reynolds number, the velocity
field behind the sphere is observed to be stationary, or
approximately so, but when a critical value of the Reynolds
number is reached, it becomes periodic. For even higher
values of the Reynolds number, the periodic solution loses
stability and further bifurcations take place. The further
bifurcation illustrated in Figure 1.10 is believed to repre-
sent a bifurcation from an attracting periodic orbit to a
periodic orbit on an attracting 2-torus in X. These further
bifurcations may eventually lead to turbulence. See Remark

1.15 and Section 9 below.

<i:j\\\s‘ \__,//’—"\Eh—4///”_\\\\\\\_”é?'
—-
’/’;'
R= 50 (a periodic solution) I |
further bifurcotion as R incregses

vy
R=75(a slightly altered periodic solution)

Figure 1.10

*These large velocity gradients mean that in numerical
studies, finite difference techniques become useless for
interesting flows. Recently A. Chorin [1l] has introduced
a brilliant technique for overcoming these difficulties
and is able to simulate numerically for the first time,
the "Karmen vortex sheet", illustrated in Figure 1.10.
See also Marsden [5] and Marsden-McCracken [2].

15
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(1.8) Example. Couette Flow. A viscous,” incompressi-

ble, homogeneous fluid fills the space between two long,
coaxial cylinders which are rotating. For example, they may
rotate in opposite directions with frequency w (Figure 1.11).

For small values of w, the flow is horizontal, laminar and

stationary. fluid

<

Figure 1.11
If the frequency is increased beyond some value Wy the

fluid breaks up into what are called Taylor cells (Figure 1.12).

top view

Figure 1.12

*Couette flow is studied extensively in the literature (see
Serrin [1], Coles [1l]) and is a stationary flow of the Euler
equations as well as of the Navier-Stokes equations (see the
following exercise).
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Taylor cells are also a stationary solution of the Navier-
Stokes equations. For larger values of w, bifurcations to
periodic, doubly periodic and more complicated solutions may

take place (Figure 1.13).

AL

helical structure doubly periodic structure

Figure 1.13

FPor still larger values of w, the structure of the Taylor
cells becomes more complex and eventually breaks down
completely and the flow becomes turbulent. For more informa-

tion, see Coles [1l] and Section 7.

(1.9)  Exercise. Find a stationary solution 4 to the

Navier-Stokes equations in cylindrical coordinates such that

g depends only on 'r, u, =u, = 0, the external force

f = 0 and the angular velocity w satisfies w|r=A = =Pys
‘ 1

and w] = + p, (i.e., find Couette flow). Show that

r=A2
# is also a solution to Euler equations.

_ 2.2 2.2 22
(py+py) By, P1A PSR
22 and 8= ).

(Answer: o = % + B8 where o = >
r —

By

Another important place in fluid mechanics where an

instability of this sort occurs is in flow in a pipe. The

17
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flow is steady and laminar {(Poiseuille flow) up to Reynolds
numbers around 4,000, at which point it becomes unstable and
transition to chaotic or turbulent flow occurs. Actually if
the experiment is done carefully, turbulence can be delayed
until rather large R. It is analogous to balancing a ball

on the tip of a rod whose diameter is shrinking.

Statement of the Principal Bifurcation Theorems

Let XU: P -~ T(P) be a Ck vector field on a manifold

P depending smoothly on a real parameter u. Let FE be the
fiow of Xu. Let Po be a fixed point for all u, an
attracting fixed point fer yu < Ugr and an unstable fixed
point for u > Mg Recall (Theorem l.4) that the condition
for stability of p,; is that o(qu(po)) C {z|Re z < 0}. At
M= Uy, some part of the spectrum of dxu(po) crosses the
imaginary axis. The nature of the bifurcation that takes
place at the point (po,uo) depends on how that crossing
occurs (it depends, for example, on the dimension of the

generalized eigenspace* of qu (po) belonging to the part of

the spectrum that crosses the agis). If P 1is a finite
dimensional space, there are bifurcation theorems giving
necessary conditions for certain kinds of bifurcation to occur.
If P 1is not finite dimensional, we may be able, nevertheless,
to reduce the problem to a finite dimensional one via the

center manifold theorem by means of the following simple but

crucial suspension trick. Let ¢ be the time 1 map of the

flow Ft = (FE'U) on P x R. As we shall show in Section 2A,
0 (@X (P i) . o (0%, o)
o (@ (py,in)) = e . That is, o(dw(po,uo)) =e J{1}.

* . N
The definition and basic properties are reviewed in Section 2A,
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The following theorem is now applicable to ¢ (see

Sections 2-4 for details).

(L.10) Center Manifold Theorem (Kelley [1], Hirsch-

Pugh-Shub [1], Hartman [1], Takens [2], etc.). Let ¢ be

a mapping from a neighborhood of % in a Banach manifold P

to P. We assume that ¢ has k continuous derivatives and

that. w(ao) = Qg. We further assume that dw(ao) has

spectral radius 1 and that the spectrum of dw(ao) splits in-

to a part on the unit circle and the remainder, which is at

a non-zero distance from the unit circle. Let Y denote the

generalized eigenspace of dW(ao) belonging to the part of

the spectrum on the unit circle; assume that Y has dimension

d < », Then there exists a neighborhood Vv of ag in p

and a Ck_l submanifold M, called a center manifold for v,

of VvV of dimension d, passing through oy and tangent to

Y at o such that:

(a) (Local Invariance): If x &M and ¢(x) € V, then

Y(x) € M.

(b) (Local Attractivity): If wn(x) €V for all

n=20,1,2,..., then as n » o, wn(x) > M.

(1.11) Remark. It will be a corollary to the proof of
the Center Manifold Theorem that if ¢ 1is the time 1 map of
F. defined above then the center manifold M can be chosen

so that properties (a) and (b) apply to Ft for all t > 0.

(1L.12) Remark. The Center Manifold Theorem is not
always true for c” Y in the following sense: since
Y € Ck for all k, we get a sequence of center manifolds Mk,

but their intersection may be empty. See Remarks 2.6
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regarding the differentiability of M,

We will be particularly interested in the case in which
bifurcation to stable closed orbits occurs. With Xu as
before, assume that for u = Hg (resp. u > uo), o(dxu(po))
has two isolated nonzero, simple complex conjugate eigenvalues

A(n) and A(u) such that Re A(p) = 0 (resp. > 0) and such

that QLBEE%LELL > 0. Assume further that the rest of
H=UO
o(dxu(po)) remains in the left-half plane at a nonzero

distance from the imaginary axis. Using the Center Manifold
Theorem, we obtain a 3-manifold M C P, tangent to the eigen-
space of A(uo),17337 and to the uy-axis at u = Hg e locally
invariant under the flow of X, and containing all the local
recurrence., The problem is now reduced to one of a vector
field in two dimensions §u: RZ -+ RZ. The Hopf Bifurcation
Theorem in two dimensions then applies (see Section 3 for

details and Figures 1.4, 1.5):

(1.13) Hopf Bifurcation Theorem for Vector Fields

(Poincaré [1], Andronov and Witt [l], Hopf [1], Ruelle-
Takens [1], Chafee [1}, etc.). Let Xu be a Ck (k > 4)

vector field on RZ such that Xu(O) = 0 for all u and

X = (Xu,O) is also Ck. Let dxu(0,0) have two distinct,

simple* complex conjugate eigenvalues A (u) and A(u) such

that for u < 0, Re A(p) < 0, for 4 = 0, Re A(u) = 0, and

for u > 0, Re A(y) > 0. Also assume E—Bgﬁliﬁl > 0.
u=0
Then there is a €% ° function u: (-e,e) > R such that

. .
Simple means that the generalized eigenspace (see Section 23)
of the eigenvalue is one dimensional.
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2T
1A
radius growing like vu, of the flow of X for X # 0 and

(xl,O,p(xl)) is on a closed orbit of period & and

such that p(0) = 0. There is a neighborhood U of (0,0,0)

in R3 such that any closed orbit in U is one of the above.

Furthermore, (c) if 0 is a "vague attractor"® for XO' then

u(xl) > 0 for all Xy # 0 and the orbits are attracting

(see Figures 1.4, 1.5).

If, instead of a pair of conjugate eigenvalues crossing
the imaginary axis, a real eigenvalue crosses the imaginary
axis, two stable fixed points will branch off instead of a
closed orbit, as in the ball in the hoop example. See
Exercise 1.16,

After a bifurcation to stable closed orbits has occurred,
one might ask what the next bifurcation will look like. One
can visualize an invariant 2-torus blossoming out of the
closed orbit (Figure 1.14). In fact, this phenomenon can occur.
In order to see how, we assume we have a stable closed orbit
for F:. Associated with this orbit is a Poincare map. To
define the Poincaré map, let X, be a point on the orbit,
let N be a codimension one manifold through X transverse
to the orbit. The Poincaré map Pu takes each point x € U,

a small neighborhood of Xq in N, to the next point at which

FE(x) intersects N (Figure 1.15). The Poincare map is a

diffeomorphism from U to V = PH(U) C N, with Pu(xo) = X

x

This condition is spelled out below, and is reduced to a
specific hypothesis on X 1in Section 4A. See also Section 4C.
The case in which d Re A(u)/duy = 0 is discussed in

Section 3A. 1In Section 3B it is shown that "vague attractor"
can be replaced by "asymptotically stable". For a discussion
of what to expect generically, see Ruelle-Takens [1],

Sotomayer [1], Newhouse and Palis [1] and Section 7.



22 THE HOPF BIFURCATION AND ITS APPLICATIONS

Figure 1.14

Figure 1.15

(see Section 2B for a summary of properties of the Poincare
map). The orbit is attracting if c(dPu(xo)) C {zl lz] < 1}
and is not attracting if there is some 2z € (ﬂdPu(xo)) such
that J|z| > 1.

We assume, as above, that Xu: P> TP is a Ck vector
field on a Banach manifold P with Xu(pO) = 0 for all u.
We assume that Pq is stable for wu < Hor and that Py be-
comes unstable at My r at which point bifurcation to a stable,
closed orbit vy(u) takes place. Let Pu be the Poincaré
map associated with vy(u) and let =x,(u) € y(u). We further

assume that at u = My two isolated, simple, complex con-

jugate eigenvalues A(u) and A(u) of dPu(xo(u)) cross

the unit circle such that d gﬁu> > 0 and such that the
U=Ul
rest of c(dPu(xO(u))) remains inside the unit circle, at a

nonzero distance from it. We then apply the Center Manifold
Theoxrem to the map P = (Pu,u) to obtain, as before, a

locally invariant 3-manifold for P. The Hopf Bifurcation
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Theorem for diffeomorphisms (in (1.14) below) then applies to
vield a one parameter family of invariant, stable circles for
Pu for u > M- Under the flow of Xu, these circles be-
come stable invariant 2-tori for FE (Figure 1.16).

Figure 1.16

(1.14) Hopf Bifurcatiof Theorem for Diffeomorphisms

23

(Sacker [1l], Naimark [2], Ruelle-Takens [1]). Let PU: Rz -+ R
be a one-parameter family of Ck (k > 5) diffeomorphisms
satisfying:

ka) Pu(o) = 0 for all

(b) For wu <0, o(dp (0))C {z] |z] < 1}

(¢c) For u=20 (u>20), c(dPu(O)) has two isolated,

simple, complex conjugate eigenvalues A(u) and A{(u) such

that [A(u)] =1 (Jr(w)] > 1) and the remaining part of

c(dPu(O)) is inside the unit circle, at a nonzero distance

from it.
@ x| > 0.

du u=0

Then (under two more "vague attractor" hypotheses which will

be explained during the proof of the theorem), there is a
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continuous one parameter family of invariant attracting

circles of Pu, one for each uw € (0,g) for small e > 0.

(1.15) Remark. In Sections 8 and 9 we will discuss how
these bifurcation theorems yielding closed orbits and in-
variant tori can actually be applied to the Navier-Stokes

equations. One of the principal difficulties is the smooth-

ness of the flow, which we overcome by using general smooth-
ness results (Section 8A). Judovich [1-11], Iooss [1-6], and
Joseph and Sattinger have used Hopf's original method for
these results. Ruelle and Takens [1l] have speculated that
further bifurcations produce higher dimensional stable, in-
variant tori, and that the flow becomes turbulent when, as an
integral curve in the space of all vector fields, it becomes
trapped by a "strange attractor" (strange attractors are
shown to be abundant on k-tori for k > 4): see Section 9.
They can also arise spontaneously (see 4B.8 and Section 12).
The question of how one can explicitly follow a fixed point
through to a strange attractor is complicated and requires
more research. Important papers in this direction are

Takens [1,2], Newhouse [1] and Newhouse and Peixoto [17.
(1.16) Exercise. (a) Prove the following:

Theorem. Let H be a Hilbert space (or manifold)

and @u: H »H a map defined for each u € R such

. k
that the map (u,x) > @u(x) is a C map, k

v

1,

]

from R x H to H, and for all u € R, @u(O) 0.

Define Lu = Déu(O) and suppose the spectrum of LU

lies inside the unit circle for u < 0. Assume further

there is a real, simple, isolated eigenvalue X (u)

of L, such that i(0) =1, (dr/du) (0) > 0, and L;
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has the eigenvalue 1 (Figure 1.17); then there is a
Ck“l curve 1 of fixed points of &: (x,u) b (@u(x)yu)
near (0,0) € H x R. The curve is tangent to H at
(0,0) in # x R (Figure 1,18), These points and the

points of (0,u) are the only fixed points of & in

a neighborhood of (0,0).
(b) Show that the hypotheses apply to the ball
in the hoop example (see Exercise 1.2).

Hint: Pick an eigenvector (z,0) for (LO,O) in

#H X R with eigenvalue 1. Use the center manifold theorem

{Zi=1

)n(/.L) ® . )\(,U)
spectrum =0 #>0
of Ly

Figure 1.17

/.L
unstable.

\\—éfable

Fiqure 1.18
to obtain an invariant 2-manifold C tangent to (z,0) and
the u axis for &(x,u) = (@u(x),u). Choose coordinates
(o,u) on C where o is the projection to the normalized

eigenvector z(u) for Lu. Set &(x,u) = (£(a,u),u) in
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these coordinates. Let gl(a,u) = and we use the

£ (o,u)
5 1
implicit function theorem to get a curve of zeros of g in

C. (See Ruelle-Takens {1, p. 1901).

(1.17) Remark. The closed orbits which appear in the
Hopf theorem need not be globally attracting, nor need -they
persist for large values of the parameter u. See remarks

(32.3).

(1.18) Remark. The reduction to finite dimensions
using the center manifold theorem is analogous to the reduction
to finite dimensions for stationary bifurcation theory of
elliptic type equations which goes under the name "Lyapunov-

Schmidt" theory. See Nirenberg {1] and Vainberg-Trenogin [1,2].

(1.19) Remark. Bifurcation to closed orhits can occur
by other mechanisms than the Hopf bifurcation. In Figure 1.19

is shown an example of S. Wan.

/4- 1 4
\__/ v ! v
K\\\_’//// Fixed points /l
Fixed points — move off axis

come together of symmetry
and a closed

orbit forms

Figure 1.19
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SECTION 2
THE CENTER MANIFOLD THEOREM

In this section we will start to carry out the program
outlined in Section 1 by proving the center manifold theorem.
The general invariant manifold theorem is given in Hirsch-
Pugh-Shub [1]. Most of the essential ideas are also in
Kelley [1l] and a treatment with additional references is con-
tained in Hartman [l]. However, we shall follow a proof
given by Lanford [1] which is adapted to the case at hand,
and is direct and complete. We thank Professor Lanford for
allowing us to reproduce his proof.

The key job of the center manifold theorem is to
enable one to reduce to a finite dimensional problem. In the
case of the Hopf theorem, it enables a reduction to two dimen-
sions without losing any information concerning stability.
The outline of how this is done was presented in Section 1
and the details are given in Sections 3 and 4.

In order to begin, the reader should recall some
results about basic spectral theory of bounded linear opera-

tors by consulting Section 2A. The proofs of Theorems 1.3
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and 1.4 are also found there.

Statement and Proof of the Center Manifold Theorem

We are now ready for a proof of the center manifold
theorem. It will be given in terms of an invariant manifold
for a map ¥, not necessarily a local diffeomorphism. Later
we shall use it to get an invariant manifold theorem for flows.

Remarks on generalizations are given at the end of the proof.

(2.1) Theorem. Center Manifold Theorem. Let Y be

a mapping of a neighborhood of zero in a Banach space 2 into

Z. We assume that Y is ck+l, k > 1 and that Y(0)= 0. _We

further assume that DY (0) has spectral radius 1 and that

the spectrum of DY (0) splits into a part on the unit circle

and the remainder which is at a non-zero distance from the

unit circle.* Let Y denote the generalized eigenspace of

DY (0) belonging to the part of the spectrum on the unit circle;

agssume that Y has dimension d < =,

Then there exists a neighborhood Vv of O in 2 and

a Ck submanifold M of Vv of dimension d, passing through

0 and tangent to ¥ at 0, such that

a) (Local Invariance): If x €M and VY(x) € V,

then ¥(x) € M

b) (Local Attractivity): If ¥%(x) € V for all

n=20,1, 2,..., then, a n ~ », the distance

from Y¥™(x) to M goes to zero.
We begin by reformulating (in a slightly more general
way) the theorem we want to prove. We have a mapping Y of a

neighborhood of zero in a Banach space Z into 4, with

®This holds automatically if 2 1is finite dimensional or,
more generally, if D¥(0) is compact.
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Y(0) = 0. We assume that the spectrum of DY¥(0) splits into
a part on the unit circle and the remainder, which is con-
tained in a circle of radius strictly less than one, about the
origin. The basic spectral theory discussed in Section 2A
guarantees the existence of a spectral projection P of 2
belonging to the part of the spectrum on the unit circle with
the following properties:
i) ‘P commutes with DY¥(0), so the subspaces PZ

and (I-P)Z are mapped into themselves by DVY(0).

ii) The spectrum of the restriction of DVY(0) to
PZ 1lies on the unit circle, and

iii) The spectral radius of the restriction of DV¥(0)
to (I-P)Z is strictly less than one.
We let X denote (I-P)Z, Y denote PZ, A denote the res-
striction of DV¥(0) to X and B denote the restriction of

D (0) to Y. Then 2 = X 6 Y and
¥(x,y) = (Ax+X*(x,y), By + ¥*(x,y)),

where
A is bounded linear operator on X with spectral
radius strictly less than one.
B 1is a bounded operator on Y with spectrum on
the unit circle. (All we actually need is that
the spectral radius of B-l is no larger than one.)
X* is a Ck+l mapping of a neighborhood of the
origin in X ® Y into X with a second-order
zero at the origin, i.e. X(0,0) = 0 and
Dx(0,0) = 0, and

k+1

Y is a c°f mapping of a neighborhood of the origin

in X ® Y into Y with a second-order zero at the
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origin.
We want to find an invariant manifold for VY which is tangent
to Y at the origin. Such a manifold will be the graph of a
mapping u which maps a neighborhood of the origin in Y
into X, with u(0) = 0 and Du(0) = 0.

In the version of the theorem we stated in 2.1, we
assumed that Y was finite-dimensional. We can weaken this
assumption, but not eliminate it entirely.

(2.2) Assumption. There exists a Ck+l real-valued
function ¢ on Y which is 1 on a neighborhood of the
origin and zero for ||y|| > 1. Perhaps surprisingly, this
assumption is actually rather restrictive. It holds trivially
if Y 1is finite-dimensional or if Y is a Hilbert space; for
a more detailed discussion of when it holds, see Bonic and
Frampton [1].

We can now state the precise theorem we are going to

prove.

(2.3) Theorem. Let the notation and assumptions be as

above. Then there exist € > 0 and a Ck—mapping u* from

‘{y € ¥: ||yl| <€} into X, with a second-order zero at zero,

such that
a) The manifold T * ={(x,y)| x = u*(y) and

||y]| <e} C X ®Y, i.e. the graph of wu* is invariant for

¥ in the sense that, if ||y|| <¢ and if VY (u*(y),y) =

(xl,yl) with ||yl|| < g then X, = u*(yl).

b) The manifold Fu* is locally attracting for V¥

in the sense that, if ||x|| <e¢ , ||y|| <e , and if
Gy = ¥ (x,y) are such that [|x || <&, ||yl <e

for all n > 0, then
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Lin ||x - u*(yn)ll

n-—+-o
Proceeding with the proof, it will be convenient to

_l[[ is not much greater

assume that ||al] <1 and that |[|B
than 1. This is not necessarily true but we can always make
it true by replacing the norms on X, Y by eguivalent norms.
(See Lemma 2A.4). We shall assume that we have made this
change of norm. It is unfortunately a little awkward to ex-
plicitly set down exactly how close to one [lB_l[[ should
be taken. We therefore carry out the proof as if ]]B-ll}

were an adjustable parameter; in the course of the argument,

we shall f£ind a finite number of conditions on ||B In
principle, one should collect all these conditions and impose
them at the outset.

The theorem guarantees the existence of a function u¥
defined on what is perhaps a very small neighborhood of zero.
Rather than work with very small values of x,y, we shall
scale the system by introducing new variables x/e, y/¢ (and
calling the new variables again =x and y). This scaling
does not change A,B, but, by taking e very small, we can
make X*, Y*, together with their derivatives of order
<k + 1, as small as we like on the unit ball. Then by mul-
tiplying X*(x,y), Y*{(x,y) by the function ¢(y) whose
existence is asserted in the assumption preceding the state-

ment of the theorem, we can also assume that X*(x,y), Y*(x,y)

are zero when ||y|| > 1. Thus, if we introduce
iy 3
A o= sup sup {]JDXlD 2X*(x,y)H
%11 575 y
y unrestricted jl+j2§k+l

HD D 2 (x, 30 |13,
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we can make A as small as we like by choosing € very small.
The only use we make of our technical assumption on Y is to
arrange things so that the supremum in the definition of A
may be taken over all y and not just over a bounded set.

Once we have done the scaling and cutting off by ¢,
we can prove a global center manifold theorem. That is, we

shall prove the following.

(2.4) Lemma. Keep the notation and assumptions of the

center manifold theorem. If A is sufficiently small (and if

IIB—lII is close enough to one), there exists a function u*,

defined and k +times continuously differentiable on all of Y,

with a second-order zero at the origin, such that

a) The manifold T 4 = {(x,y) |x = u*(y),y € Y} is

invariant for Y in the strict sense.

b) If |Ix|] <1, and y is arbitrarv then

lin “u*(y)|] = 0 (where (x_,y.) = ¥"(x,y)).
lin [z, - u*y )] (where (x,y) (x,y

_lll, we shall treat X as an adjustable

As with ||B
parameter and impose the‘necessary restrictions on its size as
they appear. It may be worth noting that A depends on the
choice of norm; hence, one must first choose the norm to make
||B_ll] close to one, then do the scaling and cutting off to
make ) small. To simplify the task of the reader who wants.
to check that all the reguired conditions on l]B_l}I
can be satisfied simultaneously, we shall note these conditions
with a * as with (2.3)* on p. 34.

The strategy of proof is very simple. We start with a
manifold M. of the form {x = u(y)} (this stands for the graph

of wu); we let M denote the image of M under VY. With

some mild restrictions on u, we first show that the manifold
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¥YM again has the form
{x = u(y)}
for a new function u. If we write Fu for u we get a (non-

linear) mapping

u Fu

from functions to functions. The manifold M is invariant if
and only if u =%u, so we must find a fixed point of % We
do this by proving that % is a contraction on a suitable
function space (assuming that ) is small enough).

More explicitly, the proof will be divided into the
following steps:

I) Derive heuristiEally a "formula" for %

IT) Show that the formula obtained in 1I) yields a
well-defined mapping of an appropriate function space U into
itself.

)’ Prove that % is a contraction on U and hence
has a unique fixed point u*.
IV) Prove that b) of Lemma (2.4) holds for u%*.
We begin by considering Step I).
I) To construct u(y), we should proceed as follows
i) Solve the equation
y = BY + Y*(u(§),¥) (2.1)
for y. This means that .y is the Y-component of V¥ {(u(¥),¥).
ii) Let u{y) be the X-component of
¥Y(u(y),y), i.e.,
u(y) = Au(y) + X*(u(®),¥). (2.2)
II) We shall somewhat arbitrarily choose the space

of functions u we want to consider to be

+One could use the implicit function theorem at this step.
For this approach, see Irwin [1].



34 THE HOPF BIFURCATION AND ITS APPLICATIONS

k+1, continuous; l|Dju(y)[| <1 for

U= {u: Y + X|D
j =0,1,...,k+1, all y; wu{0) = Du(0) = 0}.
We must carry out two steps:
i) Prove that, for any given u € U, egquation (1) has
a unique solution ¥ for each y €Y. And

ii) Prove that Fu, defined by (2.2) is in U.

To accomplish (i), we rewrite (2.1) as a fixed-point

problem:

1

y =8ty - B lvr ).

It suffices, therefore, to prove that the mapping

1

ye B Yy - B hyr(u®) L)

is a contraction on Y. We do this by estimating its deriva-
tive:

| Ipg 187 y-e" v (w(@), 9111 < |87 |]Dyv* (a(®), ) ou@)

£ 0, (@, D || <287
by the definitions of X and U. If we require
alle™] <1, (2.3)%

equation (2.1) has a unique solution ¥ for each y. Note
that ¥ 1is a function of y, depending also on the function

u. By the inverse function theorem, ¥ is a Ck+l function

of vy.
Next we establish (ii). By what we have just proved,
% € ¥, Thus to show FPu €U, what we must check is that
|ID3%u(y) || <1 for all y, 3 =0,1,2,...,k+l (2.4)
and  Fua(0) = 0, DpHa(o) = 0. {(2.5)
First take j = 0:
a1 < JHall-Tla@ [+ T1x*@ . [ < [1a]] + 2,

so if we require

[lall + 2 <1, (2.6)*

then |[{Fuly)|| <1 for all y.
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To estimate DFA1 we must first estimate DY(y). By

differentiating (2.1), we get

I = [B+DY"($)1DY, (2.7)

where Y%': Y + Y is defined by

YY) = Y*(uly),y).

By a computation we have already done,

[1oY%($) || <21 for all 7.
Now B + DY% = B[I+B 1DY%] and since 22|87 <1 (by
(2.3)*), B + pYY is invertible and

@y 7Y < e e s )L

The quantity on the right-hand side of this inequality will

play an important role in our estimates, so we give it a name:
y= JIETH a7 DT (2.8)

Note that, by first making |]B_l]| very close to one and then
by making A small, we can make vy as close to one as we like.

We have just shown that
oy ()t <y for all y. (2.9)
Differentiating the expression (2.2) for Huly) yields

DA (y) = [A Du(y) + px"“(¥)]1 Dy (y);
and (2.10)
®EH(F) =x*uF,¥)).
Thus
[InFa(y) || < (J1a]] + 210 -y, (2.11)
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so 1f we require
(all + 20y <1, (2.12)*
we get

[InFa(y) || <1 for all y.

We shall carry the estimates just one step further.

Differentiating (2.7) yields
0 = (8+p¥*(3))D% + p¥*(09) 2.
By a straightforward computation,

||D2Yu(§)|| < 51 for all ¥,

so
~ ~yy—1.2 ~
%y @ 1] = 1] + oy* @) 0%y o) |
<y - 5A- yz = 5Ay3.
Now, by differentiating the formula (2.10) for DFA,
we get

D*Fu(y) = [A D2u(@ + D2x%(¥)1 (D92 + [a pu(y) + DxY(3)1D%%,

SO

||D%?h(y)|| < (|la]] + 5A)y2 + (l1al] + 21) - 5Ay°.

If we redquire

(1al] + s0y2 + (J1al] + 205093 <1, (2.13) *

we have

IID%?ﬁ(y)I] <1 for all y.

At this point it should be plausible by imposing a sequence of

stronger and stronger conditions on vY,A, that we can arrange

|ID3F(y) || <1 for all y, 3§ = 3,4,...,k+1.
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The verification that this is in fact possible is left to the

reader.
To check (2.5), i.e. %u =0, D% = 0 (assuming

u=0, Du=0) we note that

¥(0) = 0 since 0 is a solution of 0 = BY + Y(u(y),y)

(o) Au(0) + X(u(0),0) = 0 and

D% (0)

[A Du{(0) + DlX(0,0)Du(O) + DZX(O,O)]-D§(0)

[A-0 + 0 + 0]-DY(0) = 0.
This completes step II). Now we turn to III)

III) We show that % is a contraction and apply the
contraction mapping principle. What we actually do is slightly
more complicated.

i) We show that £ is a contraction in the supremum
norm, Since U is not complete in the supremum norm, the con-
traction mapping principle does not imply that % has a fixed
point in U, but it does imply that Z has a fixed point in
the completion of U with respect to the supremum norm.

ii) We show that the completion of U with respect
to the supremum norm is contained in the set of functions u
from Y to X with Lipschitz-continuous kth derivatives
and with a second-order zero at the origin. Thus, the fixed
point u* of % has the differentiability asserted in the
theorem.

We proceed by proving 1i).

i) Consider Uy, u, € U, and let
[la-u,[ 1, = s;pllul(y)—uz(y)[]. Let ¥,(y), ¥,(y) denote

the solution of

y = Byi + Y(ui(yi),yi) i=1,2.
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We shall estimate successively ||¥;-%,[|,, and ||Fu Fu,|],.

Subtracting the defining equations for yl,yz, we get

B(‘?l_yz) = Y(u2 (372) li’z) - Y(ul (’i’l) ,ill) ’
so that

‘lyl—yzll < I|B-l||'A'[]luz(yz)_ul(yl)ll + II§2’§1||]' (2.14)
Since ||Dul||0 <1, we can write

[uy () = ay G < 11wy @) - u @y]] +

- (2.15)
l[ul(yz) - ul(yl)ll s Iluz'ulllo + []Yz'Ylll'
Inserting (2.15) in (2.14) and rearranging, yields
-1 & -1
(=20 B I DT -3, | <A1 [B7 [ [luy-ugl g,
i.e. (2.16)
Ilyl_yzllo < >"Y'H‘-’-z'ulll'
Now insert estimates (2.15) and (2.16) in
f?hl(y) —é?ﬁz(y) = A[ul(§l) - u2(§2)]
+ [X(ul(§l),§l) - X(u2(§2),§2)]
to get
|E?ﬁl _—9h2||0 < ||A|I[llu2'u1|[0 + ||§2'§1||0]
+ A[Iluz‘ulllo + 2.|l§2_§l||0]
< Hhag=ug 1o AL (X4yR) + A(1+2vM) ).
If we now require
o = |]A]](L+ya) + A(1+2y)r) <1, (2.17)%

% will be a contraction in the supremum norm.
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ii) The assertions we want all follow directly from

the following general result.

(2.5) Lemma. Let (un) be a sequence of functions on

a Banach space Y with values on a Banach space X. Assume

that, for all n and y €Y,

lIpdu Il <1 3 =0,1,2,....k,

and that each Dkun is Lipschitz continuous with Lipschitz

constant one. Assume also that for each y, the_ sequence

(u (y)) converges weakly (i.e., in the weak topology on X)

to _a unit vector wu(y). Then

a) u has a Lipschitz continuous kth derivative

with Lipschitz constant one.

b) Djun(y) converges weakly to Dju(y)* for all

y and j = 1,2,...,k.

If X, Y are finite dimensional, all the Banach space
technicalities in the statement of the proposition disappear,
and the proposition becomes a straightforward consequence of
the Arzela-Ascoli Theorem. We postpone the proof for a moment,

and instead turn to step IV).

IV) We shall prove the following: Let x € X with

[ %] ] <1 and let y €Y be arbitrary. Let (xl,yl) = ¥(x,y).

*This statement may require some interpretation. For each
n,y,Dju (y) is a bounded symmetric j-linear map from Yj
to X. What we are asserting is that, for each y,yl,...,yJ

the sequence (Dju (y)(yl,...,y )) of elements of X con-

verges in the weak topology on X to Dju(y)(yl,...,y ).



40 THE HOPF BIFURCATION AND ITS APPLICATIONS

Then
M=l <1

and

xg-u*(y || < o] [x—ux () [], (2.18)
where o is as defined in (2.17). By induction,

lle’l_u*(yn)ll faon_u*(Y)H + 0 as n + o,

as asserted.

To prove ||Xl|| <1, we first write
xl = Ax + X(x,y), so that
Pl < Ha ] + 2 < [al] +2 <1 by (2.6)

To prove (2.18), we essentially have to repeat the es-
timates made in proving that % is a contraction. Let ?l be
the solution of

= BY * (3 kY
y; = By, + Y(u (¥y),¥7)-

On the other hand, by the definition of y; we have
Yy = By + Y(x,y).

Subtracting these eguations and proceeding exactly as in the

derivation of (2.16), we get

[F-v1] < Aoy [ [u* (y)-x]

Next, we write

ut(yy) = Fur(y,) = Au*(y) + X(u*(¥y),¥;)

% Ax + X(x,Y).

Subtracting and making the same estimates as before, we get
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| xq-u*(y ) || < o] fx-u*(y)|]

as desired. This completes step IV).
Let us finish the argument by supplying the details for

Lemma (2.5).

Proof of Lemma (2.5)

We shall give the argument only for k = 1; the general-
ization to arbitrary k 1is a straightforward induction argu-
ment,

We start by choosing ¥1:¥, & Y and ¢ &€ X* and con-

sider the sequence of real-valued functions of a real variable
t > o (u (v +ty,)) = ¥ (8).

From the assumptions we have made about the sequence (un),
it follows that

Lim y_(£) = ¢ (uly +ty,)) = ¢ (£)

n-—-oe

for all t, that y_(t) is differentiable, that

n
lpie) < [le]] -Ilyl]] for all n, t
and that
Jup (er) = wh )| < Lol [yl 2 eg-t,]

for all n, tl’ t By this last inequality and the Arzela-

2
Ascoli Theorem, there exists a subsequence wk (t) which con-
verges uniformly on every bounded interval. We shall tempora-
rily denote the limit of this subsequence by X(t). We have

b (8 = 4y

t
o) + f wh (t) dt;
0 3

hence, passing to the limit j -+ =, we get



42 THE HOPF BIFURCATION AND ITS APPLICATIONS

¢w)=¢w>+[txu>m,
0
which implies that ¢ (t) is continuously differentiable and
that
pr(t) = x(8).
To see that

Lim g1 (€) = ¢ ' (t)
>0

(i.e., that it is not necessary to pass to a subsequence), we
noté that the argument we have just given shows that any sub-
sequence of (WA(t)) has a subsequence converging to ¢'(t);
this implies that the original sequence must converge to this
limit.

Since

Yy (0) = ¢ (Du (yy) (v5)),
we conclude that the sequence
Dun(yl)(yz)

* %
converges in the weak topology on X to a limit, which we
shall denote by Du(yl)(yz); this notation is at this point
only suggestive. By passage to a limit from the cbrrespond—

ing property of Dun(yl)(yz), we see that

Yy b Dun(yl)(yz)

* %
is a bounded linear mapping of norm < 1 from Y to X

for each y,- We denote this linear operator by Du(yl). Since

|IDu, (v;) (v,) = Du_(y1) () || < [lyy = vill-1ly,l1,

we have

[IDulyy) - puyD |l < [y, - ¥yl
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‘i.e., the mapping y P Du(y) is Lipschitz continuous from Y
* %k
to L(Y,X ).

The next step is to prove that
1
u(yl+y2) - u(yl) = f Du(yl+Ty2)(y2) dt; (2.19)
0

this equation together with the norm-continuity of y » Dul(y)
will imply that u is (Fréchet)-differentiable. The integral
in (2.19) may be understood as a vector-valued Riemann integral.
By the first part of our argument,
1
¢ (ulyg+y,) = ¢(ulyy)) = fo ¢ (Du(y,+1y,) (v,)) dr,
for all ¢ € X**, and taking Riemann integrals commutes with

continuous linear mappings, so that
1
¢ ([uly+y,) - ulyy) - fo Duly;+ty,) (y,)]) dt =0

for all ¢ € X*. Therefore (2.19) is proved.

The situation is now as follows: We have shown that,
if we regard u as a mapping into X**, which contains X,
then it is Fréchet differentiable with derivative Du. On the
other hand, we know that u actually takes values in X and
want to conclude that it is differentiable as a mapping into
X. This is equivalent to proving that Du(yl)(yz) belongs to
X for all Yir¥ye But

u(yl+ty2)—u(yl)

Du(y;) (y,) = norﬁ éim = ;
>

the difference quotients on the right all belong to X, and
- *%
X 1is norm closed in X . Thus, Du(yl)(yz) is in X and

the proof is complete. []
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(2.6) Remarks on the Center Manifold Theorem

1. It may be noted that we seem to have lost some
differentiability in passing from Y +to u*, since we assumed

k+1 . Ck

that ¥ is C and only concluded that u* 1is . In

fact, however, the u* we obtain has a Lipschitz continuous

kth derivative, and our argument works just as well if we

th deriva-

only assume that Y has a Lipschitz continuous k
tive, so in this class of maps, no loss of differentiability
occurs. Moreover, if we make the weaker assumption that the

th derivative of ¥ 1is uniformly continuous on some neigh-

k
borhood of zero, we can show that the same is true of u*.

(Of course, if X and Y are finite dimensional, continuity
on a neighborhood of zero implies uniform continuity on a
neighborhood of zero, but this is no longer true if X or Y
is infinite dimensional).

2. As C. Pugh has pointed out, if Y is infinite-
ly differentiable, the center manifold cannot, in general, be
taken to be infinitely differentiable. It is also not true
that, if Y is analytic there is an analytic center manifold.
We shall give a counterexample in the context of equilibrium
points of differential equations rather than fixed points of
maps; cf. Theorem 2.7 below. This example, due to Lanford,
also shows that the center manifold is not unique;

cf. Exercise 2.8.

Consider the system of equations:
qE = " Yyr g = 0, m=¢=-x + h(yl), (2.20)

.where h is analytic near zero and has a second-order zero at

zero. We claim that, if h 1is not analytic in the whole com-
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plex plane, there is no function u(yl,yz), analytic in a
neighborhood of (0,0) and vanishing to second order at (0,0),

such that the manifold
x = u(yl,yz)}

is locally invariant under the flow induced by the differential
equation near (0,0). To see this, we assume that we have an

invariant manifold with

J1 32
u(eryz) ] Z] C3132Yl y2 .
1'-2
Jl+]221

Straightforward computation shows that the expansion coeffi-
cients cj 3 are uniquely determined by the requirement of
17-2
invariance and that
PR
(33!
3103, T TGP My
1732 1’ J17I2r

where

hly,) = jgz hyyy -
If the series for h has a finite radius of convergence, the
series for u(o,y2) diverges for all non-zero ¥o-
The system of differential equations has nevertheless
many infinitely differentiable center manifolds. To construct
one, let ﬁ(yl) be a bounded infinitely differentiable function

agreeing with h on a neighborhood of zero. Then the manifold

defined by

0 -
uly,,y,y) = j ech(yl—cyz) do (2.21)

is easily verified to be globally invariant for the system



46 THE HOPF BIFURCATION AND ITS APPLICATIONS

dy dy ~
1_ 2 _ ax _ _
T =" Yy g =0 FooX+ h(y;) (2.22)

and hence locally invariant at zero for the original system.
(To make the expression for u 1less mysterious, we
sketch its derivation. The equations for ¥yrY, do not in-
volve x and are trivial to solve explicitly. A function u
defining an invariant manifold for the modified system (2.22)

must satisfy
Ly -t ) = - uly,-ty.) + h(y,-ty.,)
gt BT,y Y17, Y1-ty,

for all t, Yir Yy The formula (2.21) for u is obtained
by solving this ordinary differential equation with a suitable
boundary condition at +t = -w.,)

3. Often one wishes to replace the fixed point 0 of
¥ by an invariant manifold V and make spectral hypotheses
on a normal bundle of V. We shall need to do this in Section

9. This general case follows the same procedure; details are

found in Hirsch-Pugh-Shub [1].

The Center Manifold Theorem for Flows

The center manifold theorem for maps can be used to
prove a center manifold theorem for flows. We work with the
time t maps of the flow rather than with the vector fields
themselves because, in preparation for the Navier Stokes equa-
tions, we want to allow the vector field generating the flow
to be only densely defined, but since we can often prove that
the time t-maps are ¢” this is a reasonable hypothesis for
many partial differential equations (see Section 8A for de-

tails).
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(2.7) Theorem. Center Manifold Theorem for Flows.

*
Let 2 be a Banach space admitting a ¢ norm away from 0

and let F be a C0 semiflow defined in a neighborhood of

zero for 0 < t <t. Assume F _(0) = 0, and that for t> 0.
k+1

Ft(x) is ¢ jointly in t and =x. Assume that the

spectrum of the linear semigroup DFt(O): Z+ Z is of the

to
et(01U02) where e 1 lies on the unit circle (i.e.
to
lies on the imaginary axis) and e 2 lies inside the

form

91
unit circle a nonzero distance from it, for t > 0; i.e. 02

is in the left half plane. Let Y be the generalized eigen-

space corresponding to the part of the spectrum on the unit

circle. Assume dim Y = 4 < o,

Then there exists a neighborhood Vv of 0 in Z and

a Ck submanifold M CV of dimension d passing through

0 and tangent to Y at 0 such that

(a) If xe€M, t>0 and Ft(x) € V, then
Ft(x) €M

(b) If t > 0 and Fg(x) remains defined and in

v for all n=20,1,2,..., then Fi(x) >*M as n > *®,

This way of formulating the result is the most conven-
ient for it applies to ordinary as well as to partial differen-
tial equations, the reason is that we do not need to worry
about "unboundedness" of the generator of the flow. 1Instead
we have used a smoothness assumption on the flow.

The center manifold theorem for maps, Theorem 2.1,
applies to each Ft, t > 0. However, we are claiming that

Vv and M can be chosen independent of t. The basic reason

*

Notice that this assumption on 2Z was not required above;
-but it is needed here. ' The reason will be evident below.
Such a Banach space is often called "smooth".
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for this is that the maps{Ft} commute: F_° F, = F =
Ft ° Fs' where defined. However, this is somewhat over-
simplified. In the proof of the center manifold theorem we
would require the Ft to remain globally commuting after they
have been cut off by the function ¢. That is, we need to
ensure that in the course of proving lemma 2.4, X can be
chosen small (independent of t) and the Ft's are globally
defined and commute.

The way to ensure this is to first cut off the Ft in
Z outside a ball B in such a way that the Ft are not dis-
turbed in a small ball about 0, 0 <t <1, and are the iden-
‘tity outside of B. This may be achieved by joint continuity
of F and use of a C  function f which is one on a neigh-
borhood of 0 and is 0 outside B. Then defining

t
Gt(x) = F.(x) where T = JO f(FS(x))ds, (2.23)

it is easy to see that Gt extends to a global semiflow+ on

Z which coincides with F., 0 2t <717 ona neighborhood of
zero, and which is the identity outside B. Moreover, Gt
remains a Ck+l semiflow. (For this to be true we required
the smoothness of the norm on Z and that for t > 0 Ft has

*
smoothness in t and x Jjointly ).

Now we can rescale and chop off simultaneously the Gt

outside B as in the above proof. Since this does not affect

F_ ona small neighborhood of zero, we get our result.

* . j
In linear semigroup theory this corresponds to analyticity
of the semigroup; it holds for the heat equation for instance.

For the Navier Stokes eqgations, see Sections 8,9.

TSee Renz [1] for further details.
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(2.8) Exercise. (nonunigueness of the center manifold
for flows). Let X(x,y) = (—x,yz). Solve the equation

éigézl = X{(x,y) and draw the integral curves.

Show that the flow of X satisfies the conditions of
Theorem 2.7 with Y the y-axis. Show that the y-axis is a
center manifold for the flow. Show that each integral curve
in the lower half plane goes toward the origin as t + « and
that the curve becomes parallel to the y-axis as t > -«, Show
that the curve which is the union of the positive y-axis with
any integral curve in the lower half plane is a center manifold

for the flow of X. (see Kelley [1l], p. 149).

(2.9) Exercise. (Assumes a knowledge of linear semi-

group theory).
Consider a Hilbert space H (or a "smooth" Banach

space) and let A be the generator of an analytic semigroup.

Let K : H>H be a Ck+l mapping and consider the evolution

equations

ax

It = Ax + K(x), x(0) = Xq (2.24)

(a) Show that these define a local semiflow Ft(x)

on H which is ck+l in (t,x) for t > 0. (Hint: Solve the

t
e (t-s)A
0

by iteration or the implicit function theorem on a suitable

Duhamel integral equation x(t) = eAtxo + J K(x(s))ds

space of maps (references: Segal [l], Marsden [1l], Robbin [1]).
(b) Assume X(0) = 0, DK(0) = 0. Show the existence
of invariant manifolds for (2.24) under suitable spectral

hypotheses on A by using Theorem 2.7.
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SECTION 2A

SOME SPECTRAL THEORY

In this section we recall quickly some relevant results
in spectral theory. For details, see Rudin [l1] or Dunford-
Schwartz [1,2]. Then we go on and use these to prove Theorems
1.3 and 1.4.

Let T: E~+ E be a bounded linear operator on a Banach
space E and let o(T) denote its spectrum, o(T) =
{» €¢|T - AI is not invertible on the complexification of E}

Then o (T) is non-empty, is compact, and for_ A E 0(T),|A| <

||T]|- Let xr(T) denote its spectral radius defined by
r(T) = sup{|r| |» €Ec(T)}. =x(t) is also given by the spectral
radius formula:
n 1/n
r(T) = limit ||T || .
n-»o

(The proof is analogous to the formula for the radius of con-
vergence of a power series and can be supplied without difficul-
ty; cf. Rudin [1, p.355].)

The following two lemmas are also not difficult and are
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proven in the references given:

n .
a_z be an entire func-

(2A.1) Lemma. Let f£f(z) = n

or~18

tion and define £(T) = ] a T, then o(£(T)) = £(a(T)).
0 —

(2a.2) Lemma. Suppose 0J(T) = o1 U0y where

d(cl,cz) > 0, then there are unique T-invariant subspaces

E; and E, such that E = E; ® E, and if T, = TlEi, then

O(Ti) = oi. Ei is called the generalized eigenspace of O
Lemma 2A.2 is done as follows: Let Yy be a closed

curve with o1 in its interior and g, in its exterior,

_ 1 dz
then Ty = o1 inzI-T .

Note that the eigenspace of an eigenvalue A is not al-
ways the same as the generalized eigenspace of A. In the
finite dimensional case, the generalized eigenspace of A 1is
the subspace corresponding to all the Jordan blocks containing

A in the Jordan canonical form.

(2A.3) Lemma. Let T, Oqr and o, be as in Lemma

5] Iof
2A.2 and assume that df(e 1,e 2) > 0. Then for the operator
T tT;
e =, the generalized eigenspace of e is Ei'
Proof., Write, according to Lemma 2A.2, E = El ® E2.
Thus,
T S PR _ 5T P £Pp?
e (egrey) % nr (8108 = % nl °1’ “mr 2
@ 1) Ty tTy tT,
“\f AT Sy mr S2f T ¢ %1r ¢ S2f

From this the result follows easily. [

(2A,4) Lemma. Let T: E > E be a bounded, linear
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operator on a Banach space E. Let r be any number greater

than r(T), the spectral radius of T. Then there is a norm

. on E equivalent to the original norm such that |T| < «r.

I

/s

™ T (%)
Therefore, sup <, If we define |x| = sup

Proof. We know that r(t) is given by r(T) = lim Il;p

nzo rn nzo rn ’
we see that | | is a norm and that ||x|| < |x| <
" n+l
su L] ll1x]|. Hence |T(x)| = su e e ]
n2 o nzg T

n+1
rewp U@l gy

n+1l
n>0 r

. 03

(2A.5) Lemma. Let A: E » E be a bounded operator

on E and let r > o(A) (i.e. if A €0(A), Re A< r). Then

there is an equivalent norm | | on E such that for t > 0,
IetAI < ert.
Proocf. HNote that (see Lemma 2A.1) ettt is > spectral radius
of e™®; i.e. et > 1lim ||entA||l/n' Set
- n-—ro©
entA(x)
x| = sup LL——EEE——LL
n>o0 e
t>0

and proceed as in Lemma 2A.4. [

. . A tA rt
There is an analogous lemma if r < o(A), giving |e ™ |>e .
With this machinery we now turn to Theorems 1.3 and 1.4 of

Section 1l:

(1L.3) Theorem. Let T: E -+ E be a bounded linear

operator. Let o(T) C {z|Re z < 0} (resp. o(T) D {z|Re z > 0}),

then the origin is an attracting (resp. repelling) fixed point

for the flow ¢t = etT of T.
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a(T) D

Proof., This is immediate from Lemma 2A.5 for if
there is an r <0 with O0(T) <r, as o(T)

le®] <&t 0 as t - 4= O

(z|Re z <0},

is compact. Thus

Next we prove the first part of Theorem 1.4 from Section 1.

1 vector field on a

(1.4) Theorem. Let X be a C
and be such that X(po) = 0.

is asymptotically

i

Banach manifold P
0(dX(pO)) C {z e c|lre z <0}, then Pgy
stable.
Proof. We can assume that P is a Banach space E and that
Py = 0. As above, renorm E and find ¢ > 0 such that
A = dx(0).

||etA]] < "%, where

From the local existence theory of ordinary differen-
for which the

*
tial equations , there is a r-ball about 0
time of existence is uniform if the initial condition X,
lies in this ball. Let
R(x) = X{x) - DX(0)-x.
Find r, <r; such that ||x|| <r, implies |[|R(x)[|] < af[x]]
where o = e/2. _

Let B be the open r2/2 ball about 0. We shall
show that if X, € B, then the integral curve starting at Xg
remains in B and + 0 exponentially as t -+ +«, This will

starting at Xq-

prove the result.
be an integral curve of X

0 <t <T. Then noting

Let x(t)

x(t) remains in B for

Suppose

that

3
See for instance, Hale [1], Hartman [1l], Lang [1], etc.
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t
x(t) = X, + J X(x(s)) ds
0

t
Xg * J A(x(s)) + R(x(s)) ds
0

gives (the Duhamel formula; Exercise 2.9),

t
x(t) = etAxo + f e(t—s)AR(x(s)) ds
0
and so
-te t -(t-s)e
(e ]] <e™xy +a [ e | 1x(s) [ |as.
0
. te
Thus, letting £(t) = e ||x(t)]],
t
f(t) < Xy t o f f(s) ds
0 -
and so

£(8) < |[xglle®*.

(This elementary inequality is usually called Gronwall's in-
equality cf. Hartman [1].)

Thus

e(a—s)t —et/2-

[1x(t)]]

A

1%, = [1xplle

Hence x(t) € B, 0 <t <T so x{t) may be indefinitely
extended in t and the above estimate holds. It shows

x(t) >0 as t > 4o, (]

The instability part of Theorem 1.4 requires use of
the invariant manifold theorems, splitting the spectrum into
two parts in the left and right half planes. The above analysis
shows that on the space corresponding to the spectrum in the

right half plane, Py is repelling, so is unstable.

(2A.6) Remarks. Theorem 1.3 is also true by the same
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proof if T is an unbounded operator, provided we know

tT, _ o (T)

) which usually holds for decent T, (e.g.:

if the spectrum is discrete) but need not always be true (See

o(e

Hille-Phillips [1)) . This remark is important for applications
to partial differential equations. Theorem 1l.4's proof would
require R(x) = of||x||) which is unrealistic for partial

differential equations. However, the following holds:

Assume d(DFt(O)) = etc(DX(O)) and we have a C0 flow

Ft and each Ft is C1 with derivative strongly continuous

in t (See Section 83a), then the conclusion of 1.4 is true.

This can be proved as follows: 1in the notation above,

we have, by Taylor's theorem:
Ft(x) -0 = Ft(x) - Ft(O) = DFt(O)-x + R(t,x)
where R{(t,x) 1is the remainder. Now we will have

IR, %) || = 0(]]x]])e"®F,

as long as x remains in a small neighborhood of 0; this is

because ]]DFt(O)II < e 2%t and hence ]]DFt(x)ll < e *t for
some € > 0 and x in some neighborhood of 0 +«-- remember
1
R({t,x) = f {DFt(sx)-x - DFt(O)-x} ds. Therefore, arguing as
0

in Theorem 1.4, we can conclude that x remains close to 0

and F_(x) + 0 exponentially as t -+ ®. [T

(2A.7) Exercise. Let E be a Banach space ana
F: E+E a Cl map with F(0) = 0 and the spectrum of DF(0)
inside the unit circle. Show that there is a neighborhood
U of 0 such that if xeU, F(n)(x) +0 as n~» »; i,e. 0

is a stable point of F.
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SECTION 2B

THE POINCARE MAP

We begin by recalling the definition of the Poincaré
map. In doing this, one has to prove that the mapping exists
and is differentiable. In fact, one can do this in the context
of C0 flows Ft(x) such that for each t, Ft is Ck, as
was the case for the center manifold theorem for flows, but
here with the additional assumption that Ft(x) is smooth in
t as well for t > 0. Again, this is the appropriate hypo-~
thesié needed so that the results will be applicable to partial
differential equations. However, let us stick with the ordinary
differential equation case where Ft is the flow of a Ck
vector field X at first.

First of all we recall that a closed orbit y of a

flow F on a manifold M 1is a non-constant integral curve

t
y(t) of X such that vY(t+T) = v(t) for all t €R and some
T > 0. The least such T 1is the period of vy. The image of

Y 1is clearly diffeomorphic to a circle.

(2B.1) Definition. Let <y be a closed orbit, let
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m €Y, say m= Y(0) and let S be a local transversal sec-
tion; i.e. a submanifold of codimension one transverse to
Y(i.e. Y'(O) is not tangent to S). Let 9 CM X R Dbe the
domain (assumed open) on which the flow is defined.

A Poincaré map of Y is a mapping P: Wo > Wl where:

0'¥1 C 8 are open neighborhoods of m &85,

and P is a Ck diffeomorphism;

(PM 1) W

(PM.2) there is a function d: WO -+ R such that
for all x € WO’ (x,7-8(x)) €D and
P(x) = F(x,7-6(x)); and finally,

(pM 3) if t € (0,7-8(x)), then F(x,t) ¢& Wo

(see Figure 2B.1).

(2B.2) Theorem (Existence and uniqueness of Poincaré

maps) .

(i) If X 1is a Ck vector field on M, and Y

is a closed orbit of X, then there exists a Poincaré map of

Y.

(ii) If P: Wy * Wy is a Poincaré map of vy (in

a local transversal section S at m €y) and P' also (in

S' at m'€ YY), then P and P' are locally conjugate.

'
That is, there are open neighborhoods W of mes, w of

2 2
m'e€ S', and a Ck diffeomorphism H: W2 - W2, such that
1 1
W2 C W0 N Wl’ W2 C W0 and the diagram
-1 0
] (W2) N W2 >W2 M OW2
H H
] v 1
- a' s
W

commutes.
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P(x)=F(x,t — 8(x))

Figure 2B.1

Here is the idea of the proof of existence of P (for
further details see Abraham-Marsden [l]). Choose S arbi-
trarily. By continuity, FT is a homeomorphism of a neigh-

borhood U of m to another neighborhood U2 of m. By

0

assumption, (x) is t-differentiable at t = 0 and is

FT+t
transverse to S at x = m and hence also in a neighborhood
of m. Therefore, there is a unique number §{(x) near zero

such that F__, (x) € S. This is P(x), and by construc-

(x)
tion P will be as differentiable as F is. The derivative
of P at m is seen to be just the projection of the deriva-
tive of FT on Tms (this is done below). Hence if F. is

a diffeomorphism, P will be as well. [

For partial differential equations, Ft is often just
a semi-flow i.e. defined for t > 0 (See Section 8A). 1In

particular, this means Ft is not generally a diffeomorphism.
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(For instance if F is the flow of the heat equation on Los

t
F is not surjective). For the Poincaré mapping this means

t
that we will have a P (if Ft(x) is differentiable in t, x
for t > 0), but P is just a map, not necessarily a diffeo-
morphism. This is one of the technical reasons why it is im-
portant to have the center manifold theorem for maps and not
just diffeomorphisms.

As we outlined in Section 1, there is a Hopf theorem

for diffeomorphisms and this is to be eventually applied to

the Poincaré map P to deduce the existence of an invariant
circle for P and hence an invariant torus for Ft.

For partial differential equations, this seems like a
dilemma since P need not be a diffeomorphism. However, this
can be overcome by a trick: first apply the center manifold
theorem to reduce everything to finite dimensions--this does
not require diffeomorphisms; then, as proved in Section 8a,
(see BA.9) in finite dimensions Ft and hence P will auto-
matically become (local) diffeomorphisms. Thus the dilemma is
only apparent.

Let us now prove the fundamental results concerning the
derivative of P so we can relate the spectrum of P to that
of Ft' It suffices to do the computation in a Banach space

E, and we can let m = 0, the origin of E.

We begin by calculating dP(0) in terms of Ft'

(2B.3) Lemma. Let Ft: E->E be a Cl flow on a
Banach space. Let 0 be on a closed orbit vy with period
aF

T # 0. Let fEE (0) =0 = V. Let V be the subspace gener-

ated by V and let F be a complementary subspace, so that

E=F ®V and Ft_(x,y) = (Fi(x,y), Fi(x,y)). Let P: F - F
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be the Poincaré map associated with vy at the point 0. Then

2
dp(0) = d;F2(0).

Proof. Let T(X) be the time at P(x) (t-8(x) 1in

the above notation). Then by definition of P,

_ =l
P(x) = FT(X)(X'O)

SO
5 pt

ap (x) = —-géﬁl (x,0)dt(x) + lei(X)(x,O).

Letting (x,0) = 0, we get

5 pl
F 1
dP(0) = —¢ (0)dt(0) + d;FI(0).

3F_ BF% api

However —y— (0) = 5t (0), 5T (0)} = (0,V) by construc-
1

3 F

tion,so sr- (0) = 0. Thus, dp(0) = lei(O). O

(2B.4) Lemma. dZFT(O,O)V = V.,

dr

= g (0,0)'1:=T =V

drF £
s=0 dt

T+s
ds

(0,0)

Proof.

dr
S

ds

dFr+s (0,0) _ dFT Fs (0,0)

ds s=0 ds (0,0)

= dFT(O,O)

s=0 s=0

= dFT(O,O)(O,V) = (d FT(O,O)'O + dZFT(O’O)V) = szT(O,O)V.

1

So, szT(O,O)V v. O3

(2B.5) Lemma. U(dFT(O,O)) = og(P(0)) U {1}. (This is

true of the point spectrum, too).

Proof. The matrix of dFT(O,O) is

dP(0)

*

where * indicates some unspecified matrix entry.

Let A €C. Then X € c(dFT(O,O)) Ciff dFT(O,O) - AI is not
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1-1 or is not onto. But

(aF_(0,0) - AI) (g) = (dP(0)a, *(a) + B) + (-Aa,-AB)

= (dP(0)a = Aca, *(a) + B(1 - X)). (2B.1)

Clearly, 1 EEc(dFT(O,O)). Assume X # 1 and X € c(dFT(O,O)).
Then either, there exists (a,B) such that the expression
(2B.1) 1is zero or the map is not onto. The former implies

A €0(dP(0)). Assume the latter. Since X # 1, f£for any a,

we can choose B so that the second component is onto. There-
fore, I €c{(dP(0)). On the other hand, let 1 # A € o(dP(0})).
If, dP(0) - AI is not onto, then clearly neither is

dFT(O,O) - AI. Suppose there exists o such that dP(0)a - o

*
= 0. Then choosing B = —%%%, we see that X € u(dFT(O,O)).

(-
Consult Abraham-Marsden [l] Abraham-Robbin[l] or Hartman
[1, Section IV. 6, IX.10} for additional details on this and

and the associated Floquet theory.

One of the most basic uses of the Poincaré map is in

the proof of the following.

(2B.6) Theorem. Let vy be a closed orbit for F.

with period 7. Let m &€y and suppose dFT(m) has spectrum

inside the unit circle except for one point 1 on the unit

circle. Then Y 1is an attracting (stable) closed orbit.

Proof. By Iemma 2B.5, the condition on the spectrum
means that the spectrum of the derivative of the Poincaré map
P at m is inside the unit circle. Hence from 22.7 m is
an attracting fixed pojnt for P. It follows from the con-

struction of P that vy is attracting for F.. ]
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(2B.7) Exercise.
(a) Give the details in the last step of the above
proof.
(b) If, in 2B.6, P - has an attracting invariant
circle, give the details of the proof that this yields an

attracting invariant 2 torus for the flow.
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SECTION 3
THE HOPF BIFURCATION THEOREM IN Rz AND IN R"

The center manifold theorem is used to reduce bifurca-
tion problems to finite dimensional ones as follows.

Consider a one parameter family of maps wu: Z +Z on
a Banach space Z, where U € R or an interval in R con-
taining 0. Assume (u,x) b Wu(x) is Ck+l and ¥*(0) = 0
for all uy. Assume that for y < 0 the spectrum of DWU(O)
is strictly inside the unit circle, for p = 0 the spectrum
splits in two pieces as in the center manifold theorem and

for p > 0 the spectrum has two pieces, one inside and one

outside the unit circle. See Figure 3.1.

' P AN
e% é/ &)

p<O #=0 p>0
Figure 3.1

63
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Consider Y¥: R X 2 » R X Z, (u,x) b (u,WU(x)). The

derivative at zero is

D¥(0,0) (v,h) = [v, = (x)v + D_y¥M(x).h

X
u=0 u=0
x=0 x=0

u .
(\),DX‘P (0) «h)

(since V¥M(0) = 0 for all u). Thus, the spectrum of DY(0,0)
consists of the spectrum of DXWH(O) plus the point one.
Therefore, we can apply the center manifold theorem to ¥ to
produce an invariant manifold in R x 72,

The u = constant slices of this invariant manifold
produces a one parameter family of invariant manifolds for
yH, These manifolds have the same dimensionality as the
eigenspace of the piece of the spectrum crossing the unit
circle, and this is often finite dimensional.

There is an entirely analogous reduction possible for
flows using the center manifold theorem for flows.

It should be cautioned that the center manifold, while
containing all the local recurrence, is not globally invariant
nor need it be attracting in the strict sense. However, if
care is exercised, and if a pair of eigenvalues crosses the
unit circle or the imaginary axis if we are thinking in terms
of the vector field, then we are in the two dimensional case.
(We remark--see Section 8A that a semiflow of Ck+1 maps on
a finite dimensional space automatically has a Ck generating
vector field, so that after the reduction is made we may
usually assume that the generator of the flow is smooth.)

Hence we shall next examine, in detail, the finite

dimensional case. (Details of the above reduction process are

given in Section 4.)
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First, we consider the two dimensional case., (The

n~-dimensional case 1is treated in Theorem 3.15 below.)

The Hopf Theorem in R2

The following theorem is essentially due to Andronov
(1930) and Hopf (1942) and was suggested in the work of

Poincare (1892)F

(3.1) Theorem. Let Xu be a Ck (k > 4) vector

field on R2 such that XH(O) =0 for all u and X = (Xu,O)

is also Ck. Let dxu(0,0) have two distinct, complex

conjugate eigenvalues A(p) and A(u) such that for u > 0

Re A(y) > 0. Also, let QSBEEALHLL > 0. Then
84259y Cb m _ 2en
u=0
. k-2% )
(A)  there is a C function yu: (=-¢,e) - R

such that (xl,O,u(xl)) is on a closed orbit of period =

21/ A (0) | and radius growing like /u of X for X # 0
and such that u(0) = 0.

(B) There is a neighborhood U of (0,0,0) in

R3 such that any closed orbit in U is one of those above.

Furthermore, if 0 is a "vague attractor" for XO’ then

(C) u(xl) > 0 for all X # 0 and the orbits

are attracting.

The meaning of "vague attractor" will be spelled out as
we go along and the detailed calculations involved in this
condition are worked out in Section 4 (see also Section 5A).

In Section 3A it is shown that "vague attractor” can be

+The present version of Theorem 3.1 is due to Ruelle and
Takens [l]., The n dimensional case is due to Hopf. See
Section 5A for comparisons.

*
If X 1is analytic, then p will also be analytic (Hopf [1];
see Section 5).
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weakened to "attractor" in the usual Liapunov sense. In any
case, this condition is usually not obvious in examples and
will be discussed extensively below.

Our proof follows Ruelle-Takens [1], with the details
included. At the end of the section we shall discuss what

happens if d{(Re_A(u))/du = 0 (see Section 33).

Proof. The essence of the proof is an application of
the implicit function theorem. We show that for small yu,

there is a <1t

function which takes the point (xl,O,p)

to the first intersection (P(xl,u),O,p) of the orbit of
(xl,O,u) under the flow of X with the xl—axis such that Xq
and P(xl,u) have the same sign (Figure 3.2). Let V(xl,u)

= P(xl,u) - Xy V 1is a displacement function.

We use the implicit function theorem to get

{x,,0,49)

X, H=Ho
(P(x,7/‘()1onuo)

Figure 3.2

a curve (xl,O,p(xl)) of zeros of V, i.e., a curve of closed

orbits of the flow of X. The map (xl,O) b (P(xl,u(xl)),O)
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is the Poincare map associated with the closed orbit through
(xl,u(xl)). We use standard results about Poincare maps to
find conditions under which the orbits are attracting. The
uniqueness of the orbits is essentially the uniqueness of the
implicitly defined function in the implicit function theorem.
(Proving uniqueness of the closed orbits is more complicated

in higher dimensions, see Section 5 and Section 5A, page 198.)

Step l: By a u-dependent change of basis on Rz, we may assume
Re A(p) Im A(w)
that dX (0,0) = where A(u) 1is chosen
H -Im A(u) Re A(u)
so that Im A(p) > 0. 1In the new coordinates, Xu will have
continuous derivatives up to order k except that kau/apk
may not exist. Furthermore, for each 1u, the xl-axis is in-
variant under the change of basis. (That is, the new xl-axis
is the same as the old one, and we are only changing the
xz—axis). Let us now note a few simple lemmas:
a; (W) a; ()

(3.2) Lemma. Let u - be a Ck
azl(u) a,, (1)

function from U C R ~» R4. Let the matrix have two distinct

eigenvalues for all u € [a,b] C U. Then the eigenvalues are

c¥  functions from (a,b) CR =>C.

Proof. By the quadratic formula, the eigenvalues are

a;q 2

2
+ a + /?g +a,,)" - 4a,.,a
22 112 22 i2 21 By assumption (all+a22)

- 4a is bounded away from zero on (a,b), so the eigen-

12%21
values are Ck functions of u on this interval. [

(3.3) Lemma. Let T: CZ > c2 be a linear transforma-

tion that is real on real vectors and has no real eigenvalues.
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Let vyt iv2 be an eigenvector with eigenvalue A. There

is an eigenvector {é} + i[g] which has the same eigenvalue.

Proof. Any complex multiple of vy + iv2 is an eigen-

vector of T with eigenvalue X, Thus, it is sufficient to
show that there is a z = x + iy such that

v v

11 12 1 o
(x+1iy) + i = + i . This is equivalent to

Vo1 (Va2 0 8

solving the pair of equations:

XVip T ¥V =1
XVyy T ¥Vy, =0
i.e.,

Vi1 T Viz| [ 1

Va1 T Vaz) ¥
The columns of this matrix are independent over R since if

v then v, + iv, = (l+ic)vl. Therefore, vy =

2 T CVyr 1 2

(l+iv)_l(vl+iv2) is a real eigenvector, which cannot be.

Thus, the equation can be solved. [J

(3.4) Lemma. Let T be as in the previous lemma.

Then Tvl = Re Avl ~ Im sz and Tv, = Im le + Re sz.
Proof. Tv, = Re T(vl+iv2) because T is real.

Tv, = Re[x(vl+iv2)] = Re le - Im Av,. Tv, = Im[A(vl+iv2)] =

Im Avy + Re AV, . 1

Using the preceding lemmas, we see that if {é} + i[ggﬁg]
is an eigenvector of qu(0,0) with eigenvalue A{(u), then

{3] and [ggﬁ;) are independent vectors such that the matrix
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. 1 o (u) ;
of dXU(O,O) with respect to [OJ and [B(U)] is

Re A(u) Im A(uw)

We now show that the vector o (1) is
—-Im A(u) Re A ()

8 (u)

o1 a;;(m) ag, W
a C function of u. Let pr(0,0) = .
a,; (W a22(u)
all(u) al2(u) l+ia (n)

We solve the equation =
a22(u) a22(u) 1B (u)

1+io(u)

= Ay . From this we obtain the equations
ig (u)

a;; (W) = Re A(W) - Im A(W)alu), ayy(w) = -Im A(u)B(W).

Therefore,

Re A (u) - all(u) -aZl(u)
0‘(“) = Tm }\(U) 4 B(U) = Tm )\(u) .

Because the change of coordinates is linear for each 1y and

because o and B are Ck_l functions of 1y, in the new

coordinates X will have continuous kth partials except that

k
.4 may not exist. In particular, 3 ana X are 2
auk Bxl 8x2

functions in the new coordinates. From now on, we will assume
that the coordinate change has been made, i.e., that

Re A(u) Im A{u)
dx_ (0,0) = .
H -Im A(u) Re A(nm)

Step 2: There is a unique c* 1 vector field iu on R?

such that w*i = XU' where {: R2 - R2 is the nolar coordinate

map $(r,6) = (r cos 8, r sin 6), and VY, is the differential
of .
Let ¥ =% 3 + % 2. pe any vector field* on R?
r 3¢ 6 39 4 :

* ~ ~
Note that Xe is the "angular velocity" of X, and not the
component of X along a unit vector eq in the 3/36

direction which is what ﬁe often stands for.
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Then . z
- cos 8 -r sin © xr
lP*(X) = 3’( .
sin 6 r cos 6 8
X = X implies
Y, u) u p
X cos 6 sin 8} (X
Ll ni r # 0
% -sin 6 cos 6 ’ °
ue r r u2
Thus, if the vector field iu can be extended to be Ck“l
on all of R2, it is clearly unique. iur = cos © Xul +
sin © XUZ' which is Ck—l for all (r,6). Consider

o _ =sin 06 .
Xue(r,e) = =0 Xul(r cos 6, r sin 0)
cos 0 % .
+ = Xuz(r cos 8, r sin 98), r # 0.
Then
. ~ _ . Xul(r cos 8, r sin 0) - Xul(O'O)
lim X e(r,G) = -gin 6 lim =
r->0 H r-+0
X ,(r cos 6, r sin 0) - XuZ(O,O)

+ cos 6 lim u2

r->0 r
because Xu(0,0) = 0. Thus
lim ;(ue(r,e) = (-sin 0)dX ;(0,0) (cos 8, sin )

r-+0
+ (cos e)dxuz(0,0)(cos 6, sin 6)

= (-sin 0) (Re A(u)cos 6 + Im A(u)sin 8)
+ (cos 8) (-Im A(u)cos 6 + Re A(u)sin 8)

= «Im A(u).

We therefore define
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((cos s Xul(r cos 6, r sin 9)

. . 3
+ sin © Xuz(r cos 6, r sin 6))5;

-sin 6

Xu(r,a) = 4 + (r_ Xuz(r cos 6, r sin 8)
+cosex (rcose rsine))a— r #0
r n2 ’ 26 !
- Im A(u)L r =20
\_ 26 '
-sin 6 .
- Xul(r cos B, r sin 6) +
> _ cos 0 .
Xue(r’e) = + = Xuz(r cos 6, r sin 8), r # 0

- Im A (u), =20

To see that }Eue(r,e) is Ck_l, we show that the functions

1 . 1 .
; Xul(r cos 6, r sin 8) and = Xu2(r cos 6, r sin 8) are
Ck_l when extended as above.
2 k
(3.5) Lemma. Let A: R >+ R be C". Then
1
A(x,y) - A(0,0) = | 2Altx,ty) . BEXEY) ¢ g¢, ret
ax oY —_—
1 0 1
_ 3A (tx, ty - dA(tx,ty)
Al(x,y) = j ‘( }3{}’{ ) dt and Az(x,y) _Ty_"_y_ dat.
0 0
_ 9A(0,0) _ 9A(0,0)
Al(0,0) = T and AZ(O,O) = —"——ay .

Proof. The first statement is true by Taylor's theorem

and the second statement is easy to prove by induction. By the
1 38X . (rt cos 6, rt sin 9)
—HL

= dat

lemma, %Xuj(r cos 6, rt sin 8) = cos 8 j
0

1 39X .{(rt cos6, rt sin )
—H]
oy

h

+ sin 6 J dt for 3 =1,2., 8Since all kt

0



72 THE HOPF BIFURCATION AND ITS APPLICATIONS

D:4
partials of X are continuous except ——% ; the functions
- au
under the integral sign are Ck 1 and so the integrals are
Ck_l, too. 1

Step 3: The Poincaré Map (see Section 2B for a discussion of
Poincaré maps). Let the flows of X and X be 5t and @t

respectively. It is elementary to see that woat = étow.

Consider the vector field X. Since X(0,6) = -Im A(u)%g ’
we have @ut(o,e) = (0,6-Im A(Wt,u). QOZW/IX(O)|(O'O)
= (0,0-|r(0)|2n/]|Ar(0)]|,0) = (0,-27,0) (Figure 3.3).

AH

—— T
— ———~I———— — — f=-27
Trajectory of (0,0,0) under 50t
Figure 3.3
Because X is periodic with period 27, it is a Ck-'1 vector

field on a thick cylinder and the orbit of the origin is closed.

We can associate a Poincare map P with this orbit (Figure 3.4).
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domain of 5

Poincaré map on cylinder
H 4¢/9
s

/
/

0w |, A
(0,0,0) r

Ve domain of E

/ B(0,0,0) f=-27
N

/ range of P

Poincaré Map in R3

Figure 3.4



74 THE HOPF BIFURCATION AND ITS APPLICATIONS

That is, there is a neighborhood U = {(r,0,u)| r € (-¢,¢)
and u € (~eg,e)} such that the map E(r,O,u) = (B(r,u),-27,1),
where PH(r,u) is the r coordinate of the first intersection

of the orbit of (r,0,u) with the line 6 = -2, is defined.

Ck_l. The map T(r,u), which is the time t when

St(r,o,u) = B(r,0,u) is also c®1. Note that under ¥, the

This map is

r~axis becomes the xl-axis. Therefore, the displacement map
1

(x.,0,u) b (x+V(x;,1),0,u) is defined and ™' on the

neighbornood § = {(xl,o,u)l 3 € (-e,e) and nE (-€,e)}
(X1+V(Xlru):01u) is the first intersection of the orbit of

(xl,O,u) with the xl—axis such that the sign of Xl and the

sign of P(xl,u) = x5 + V(xl,u) are the same.

(3.6) Remark. Using uniform continuity and the fact

~

that @t is f~periodic, it is easy to see that there is a
neighborhood ﬁ = {(r,e,u)l r2 + uz < §} such that no point
of N 1is a fixed point of ¢t. Thus, the only fixed points

. 2 2 2 .
of ¢, in N = {(xl,x2,u)| X] *xy tut o< §} are the points

(Oloru)-
9P (x, , 1)
(3.7) Lemma. axl = 2M(Re A (1)) /Im A(u)
1 -
xl—O
H=u
Proof. Let @ut(xl,xz) = <aut(xl’x2)’ but(xl’XZ))' The

flow satisfies the following equation:

T(xl,u)
V(xl,u) = P(xl,u) - Xy = Xlu(aut(xl'o)’ but(xl'o))dt’

We differentiate this equation with respect to Xq to get the

desired result; the differentiation proceeds along standard
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lines as follows

V(xl+AXl,u) - Vixg.w

Axl
T(xl+Ax1,u)
= 1 b, (x,+Ax,,0))dt
Axl Xlu(aut(xl+Axl’0)' nt Xy FAX, .
0
T(xl;u)
- Xlu(aut(xl’O)’ but(xl,O))dt
0
TG M)y (@ (ko tAx,,0),b. . (x4, ,0)) = X, (a . (. ,0) b, (x.,0))
_ y RV Vit Wt e V' haies Wiy 4 TuTpe Y e at
hxy
0
T(X1+AxlrU)
1
+ ZEI Xlu(aut(xl+ﬂxl,0), but(xl+AXl’0))dt'
T(Xl,u)
From this we see that
BV () 1) T(Xl'“)axlu
—a—}q—- = ?X—l—(apt(xl,o), but(Xl,O))dt
0
BT(leu)
+ — ‘ .
i, 1 Curoe w10 Pup e u) F1r0)

In case x, = 0, we can evaluate this expression. Since

1
aut(0,0) = but(0,0) = 0 and since Xlu(0,0) = 0, the second

term on the right-hand side vanishes. Recall that T(0,u) =

0X

27/Im A(p). By the chain rule, Bxl (aut(0,0), but(O'O)) =

X da ax 9%, b

1 ut 1 1y t .

== (0,0) 5=H= (0,0) + === (0,0) + —5 ——E—ax (0,0). Since
1 1 1

B, 29

Ba“ (0,0) = Re A{u) and ab“ (0,0) = Im A(p) and because

(0,0) is a fixed point of ¢ut, we can evaluate the derivatives
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of the flow here.

Re A (u) Im A(w)
de . (0,0) = expltdX (0,0)) = exp|t
" L3 -Im A(u) Re A(n)

et Re A (u) et Re A (u)

cos Im A(u)t sin Im A(u)t

—et R M Wgin moae e B AWeos moagot

Eaut

— et]Re A(uw)
Bxl

Therefore,

(0,0) cos Im A(u)t and

b
ut (0,0) = —et Re A (u)t

8x1

sin Im A(u)t. So we have

VvV
5;; (0,u)

It

2m/Im A (n) \
J et Re A(w) (Re A(u)cos ImA(u)t=Tm A(p)sin Im A(u)t)dt

0
G2M(Re A(W)/Im A (W) _ [

Step 4. Use of the Implicit Function Theorem to Find
Closed Orbits

The most obvious way to try to find closed orbits of ¢

t
is to try to find zeros of V. Since V(0,0) = 0, if either
A% vV o
g;z (0,0) or Em (0,0) were not equal to 0, the conditions
for the implicit function theorem would be satisfies and we
could have a curve of the form (xl(u),u) or (xl,u(xl))
such that V = 0 along the curve. Unfortunately, %% (0,0) =0
= %%— (0,0). Instead of V we use the function

1
Vixg W)
} ———;I—- %, # 0
V(Xlrl-l) =
A -
| 52— (0,w) Xy 7 0

Bxl
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(3.8) Lemma. V is C .

k-1

Proof. Recall that V is C . V(xl,u) =
] —_—
- IV V(Xlru)
J T (txl,u)xldt because V(0,u) = 0, - =
1 1
0
1
A (tx,,u)dt, x, # 0. The function v (tx,,u)dt 1is
ox 1 1 3xX 1
1 1
0 0
easily seen to be Ck--2 by induction. [
3V
(3.9) Lemma. V(0,0) = 0. I (0,0) # 0. Therefore,
there are neighborhoods Nl and N, of 0 and a unique
function us Nl - N2 such that u(0) = 0 and such that
Vi(xqy,u(x)) = 0.
Proof. V(0,00 = & (0,0) = TR A(ON/In A0y
1
since Re A(0) = 0. 4% (0,0) = lim W{Os) = V(0,0)
u u-+0 u
2
.1 [av 3V 37V
lim = |5— (0,y) - =— (0,0)] = m—— (0,0) =
>0 u {axl axl auaxl
_ 27 d{Re A (1))
d [ 2m(Re A(W))/Im A(w) _ 4 = IO i 7 0.
du 1=0 u=0

(Note that this is where the hypothesis that the eigenvalues
cross the imaginary axis with nonzero speed is used.) The

rest of the lemma follows from the implicit function theorem.[J

Step 5. Conditions for Stability

Now let us assemble results on the derivatives of u

and V at zero.
(3.10) Lemma. u'(0) = 0.

Proof. By the way that the domain of V was chosen, we

know that if V(xl,u(xl)) = 0, then the orbit through
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(xl,u(xl)) crosses the xl-axis at a point (xl,O,u(xl)) such
that X and Ql have opposite sign. (In polar coordinates,
this corresponds to the fact that the orbit of (xl,o,u(xl))
crosses the line 6 = -7). Choose a sequence of points

x ¢+ 0. Then for each x_, there is a vy such that y_ < 0
n n n - n

and u(xn) = u(yn).« By continuity of &, Y, * 0. (To show
this, one uses the fact that T(xl,u) is bounded in a

neighborhood of (0,0) and the fact that & is uniformly

continuous on bounded sets.) Therefore, since u(0) = 0 and
uix_) U(Yn)
has opposite sign to , we have p'(0) = 0., [J
n n
VvV 32V
(3.11) Lemma. V(0,0) = =— (0,0) = —= (0,0) = 0.
_ X 2
1 Bxl
Vv
Proocf. We already know that V(0,0) = T (0,0) = 0.
1
2
To see that 3—% (0,0) = 0, we differentiate the equation
X
1
- v v . -
V(xl,u(xl)) = 0. Thus, ™ + m u (xl) 0
(21 ru(x1)) (% /u(x7))
2 2
v 3V .
and ‘;}-{-2 + 2 —8-;{— H (Xl)
1
(xy o0 (7)) ey oGy )
SZV 2 AV
+— ui(x) "+ 3;’ u"(xy) = 0. If x; =0,
3u (Xl'u(xl)) (xlll—l(xl))
BZV
then u(xl) = 0 and we get the equation — = 0. [
9x
1
(0,0)
(3.12) Definition. (0,0) 1is a vague attractor for X
3
if &Y (0,0) < 0.*
8x3
1

*
This condition is computable; see Section 4.
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(3.13) Lemma. If (0,0) 4is a vague attractor for

XO' then the orbits through (xl,u(xl)) are attracting and

p(xl) > 0 for small X4 # 0.*

Proof. To show that u(xl) > 0 for small x; # 0, we
show that u"(0) > 0. Since u(0) = pu'(0) = 0, this shows
that 1y has a local minimum at Xy = 0. Again we differentiate
the equation V(xl,u(xl)) = 0. Having done this three times

and evaluated the result at X, = 0, we get

3 2 2
" _ -0V v 32y
u"(0) 3 (0,01////; e (0,0). Recall that I (0,0)
Xl 1 1
- 21 d Re A(u) .
Im A (0) du =0 > 0. Therefore, u"(0) > 0. To show
that the orbit through (xl,O,u(xl)) is attracting, we must

show that the eigenvalues of the derivative of the Poincare
map associated with this orbit are less than 1 in absolute

value (see Section 2B). Clearly, the Poincaré map associated

) . . Vo=
with the orbit through .(xl,o,u(xl)) is Pu(xl)(xl)

' .. . . .
P(xl,u(xl)). The derivative of Pu(xl) at the point x; 1is
%5— . Because %5— = 1, there is avneighbor—

1 (xqsu(xq)) 1 (0,0)
hood of (0,0) in which %5— > =1l.. Thus, we need only show

1
that for x, # 0 3 <1, i.e for
1 7 9x roTeEey
(xl.u(xl))

v .
T < 0. We show that the function f(xl) =

1 (xl,u(xl))
%%— experiences a local maximum at X, = 0. We

e

E3
This is not the most general possible statement of the

theorem; see Section 3B below for a generalization.
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v _ v
already know that £(0) = = 0. f'(xl) = a—x? +
0,0
(©.0) e g ))
3
1 _iv— ] _ " — 3 V
u (xl) VS . Thus, f£'(0) =0. £ (xl) = §;§ +
(1%, ) 1
1 1 (xl,u(xl))
3 3
2 Y )+t ) Y b ) 2 .
2 1 2 17 Juox
Bxlau axlau (%1, u(x,))
(xqru(xy)) (xq ,1(xy)) ARAS !
3 2 3
Therefore, £°(0) = &Y (0,0) + u"(0) == (0,0) = 2¥ (0,0) -
3 dUdX 3
3x 1 9xX
1 1
2 3 2 3
3°v 3°v 3V 2 3%V
IR (0,0) —x (0,0) 3 FEa (0,0)) = 3 3 (0,0) < 0.
1 axl 1 ax
1
Thus, f(xl) experiences a local maximum at % = 0 and the

orbits are attracting. [

Step 6. The Uniqueness of the Closed Orbits

(3.14) Lemma. There is a neighborhood N of (0,0,0)

such that any closed orbit in N of the flow of X passes

through one of the points (xl,O,u(xl)).

Proof. There is a neighborhood Ne of (0,0,0) such
that if (xl,xz,u) S N, then the orbit of @t through
(xl,xz,u) crosses the xl—axis at a point (xl,O,u) such that

[§l| < €. This ‘is true by the same argument that was used to

show the existence of P(xl,u). We choose N = {bﬁsz,uﬂ(xlﬂﬂ
P

axl

€ Domain (P) and > 0 and T(xl,u) > ¢ > 0 and

(xq,1)

¢ 1is small enough so that V(xl,u) =0 for u &N iff

= u(xl). Assume that the (xl,o,u) & Y, is a closed orbit
of & in N. If V(xl,p) = 0, then u = u(xl) and there is

t
nothing to prove. Suppose V(xl,u) # 0. Then P(xl,u) > Xy
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(P(Xl,u) < x;). Since y N, Pn(xl,u) is defined for all

b

n2 0. PP - PP ) = w (B ey o) -

Pn_z(xl,u)). Thus, Pn(xl,u) - Pn_l(xl,u) has the same sign

as Pn_l(xl,p) - Pn_z(xl,p). By induction Pn(xl,u)>

Pn—l(xl,u). (Pn(xl,u) < Pn—l(xl,u)) for all n. Because
there is a nonzero lower bound on T(xl,u) for (xl,O,u) € N,

this shows that (xl,O,u) is not on a closed orbit of @t. —

The Hopf Theorem in Rr"

Now let us consider the n-dimensional case. Reference

is made to Theorem 3.1, p. .

(3.15) Theorem. Let Xu be a Ck+l, k > 4, vector

field on Rn, with all the assumptions of Theorem 3.1 holding

except that we assume that the rest of the spectrum is distinct

from the two assumed simple eigenvalues A (u),A(u). Then

conclusion (A) is true. Conclusion (B) is true if the rest of

the spectrum remains in the left half plane as u crosses

zero. Conclusion (C) is true if, relative to A(u),A(u), O

is a "vague attractor" in the same sense as in Theorem 3.1 and

if when coordinates are chosen so that

1

0 o] axto)
ax, (0) = |~1x(0) | 0 a,x*(0) |, 1(0) & otd x> (0)).
0 0 d3x3(0)

(3.16) Remarks. (1) The condition A(0) ¢ 0(d,X°(0))
is independent of the way R is split into a space corre-
sponding to the A(0),A(0) space and a complementary one

since choosing a different complementing subspace will only
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replace d3X3(0) by a conjugate operator: C<‘i3X3(0)C—l as is

easily seen.

(2) The condition A(0) ¢ o(d3X3(0)) is automatic if

n = 3 since the matrix dXO(O) is real.

(3) Further details concerning this theorem are given

in Section 4.

The proof of Theorem 3.15 is obtained by combining the
center manifold theorem with Theorem 3.1; i.e., we find a
center manifold tangent to the eigenspace of A(u) and A(u)
and apply Theorem 3.1 to this. One important point is that
in (B) of Theorem 3.1 we concluded stability of the orbit
within the center manifold. Here we are, in (B), claiming it
in a whole R" neighborhood of the orbit. The reason for
this is that we will be able to reduce our problem to one in
which the center manifold is the xl,xz—plane and that plane
is invariant under the flow. If (x,u) is on a closed orbit

with period T,

a;p 2 d3¢i(")
~ 2
Ad,, (¥ = jay; Ay, dyen (k).
3
0 0 a,e- (x)
3"t

The two-dimensional theorem will imply that the spectrum of

the upper block transverse to the closed orbit is in

{zl [z] < 1} and our assumptions plus continuity will imply
the same for c(d3¢i(x)). Since the spectrum of the Poincare
map is the spectrum of d¢1,u(x) restricted to a subspace
transverse to the closed orbit, this shows o(ded)CZ{zilzl < 1}

and the orbit is attracting. [
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(3.17) Exercise. Show that the vector field
: 2 . . P s
Xu(xl,xz) = (xz,u(l-xl)xz—xl) satisfies the conditions of

Theorem 3.1.

(3.18) Exercise. All equations are given in polar co-
ordinates. Match each set of equations to the appropriate
picture and state which hypotheses of the Hopf bifurcation
theorem are violated. (If you get stuck, come back to this

problem after reading Section 3A.)

1. ¢ = -r(r+u)2 2. = r(u—rz) (Zu—rZ)2
b =1 b =1
3. & = r(r+y) (x-u) 4. P = ur(r+m)?
é =1 é = 1
5. £ = —plr(r+p) 2 (r-p) 2
8 =1
- -
PR e
I
[ [ 3 y y
- W
X
. 4y

(A) (8)



84 THE HOPF BIFURCATION AND ITS APPLICATIONS

=Y
)
X
(C)
| -
<D ()
L7
/// T/
y / / s ‘~\\
X \.3 X
s
—————

(D) (E)
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SECTION 3A

OTHER BIFURCATION THEOREMS

Several authors have published generalizations of the
Hopf Bifurcation. In particular, Chafee [1l] has eliminated
the condition that the eigenvalue A(u) cross the imaginary
axis with nonzero speed. In this case, bifurcation to periodic
orbits occurs, but it is not possible to predict from eigen-
value conditions exactly how many families of periodic orbits
will bifurcate from the fixed point. Chafee's result gives a
good description of the behavior of the flow of the vector
field near the bifurcation point. See also Bautin [1] and

Section 3C.

Chafee's Theorem

We consider an autonomous differential equation of the

form
x = Ple)x + X(x,¢), (3a.1)

where x and X vary in real Euclidean space R? (n > 2),
e > 0 1is a small parameter (called yu in previous sections),

and P is a real n x n matrix. We assume the following
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hypotheses.

(Hl) There exist numbers T, > 0 and € > 0 such
that P is continuous on the closed interval [0,50] and X
is continuous on the domain Bn(ro) x [0,50].

(H For each € in [0,60] we have X(0,e) = 0 so

2)
that the origin x = 0 is an equilibrium point of (3a.1).

(H For each r in [O,rol there exists a k(r) > 0

3)
such that on the domain B"(r) x [0,€°] the function X is
uniformly Lipschitzian in x with Lipschitz constant k{(r);
moreover, k(r}) - 0 as r -+ 0.

(H4) For each € in [O,EO] the matrix P(e) has a

complex-conjugate pair of eigenvalues a(e) * ib(e) whose

real and imaginary parts satisfy the conditions

a(0) = 0, a(e) > 0 (0 <e < go),

b(e) > 0 (0 <e <eg).

The other eigenvalues Xl(e), Az(s),...,kn_z(e) of P(e)
have their real parts negative for all ¢ in [0,60].

(" For € = 0 the equilibrium point of (3A.1l) at

5)
the origin is asymptotically stable in the sense of Liapunov
(Lefschetz [1], p. 89, and Section 1 above).

Hypotheses (Hl) and (H3) are sufficient to guarantee
the usual properties of existence, uniqueness, and continuity
in initial conditions for solutions of (3A.1). In that which
follows the solution of (3A.1) assuming a given initial value
X at t =0 will be denoted by x(t,xo,e). In connection
with this notation we should mention the well-known autonomous

property of (3A.l1l): the solution of (3A.l1l) assuming a given

initial value Xy at a specified value of t, say tO’ is
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given by Xx(t - tO’ xo,E). The hypothesis (HS) replaces the

"vague attractor" hypothesis considered earlier.

(3A.1) Theorem. Let (3A.1) satisfy the hvpotheses

(Hl) through (H5) and let T, and €p be as in (Hl). Then,

there exist numbers 11Ty, and € such that 0 < r, < ry

< Tyr 0 < €y < g’ and such that the following assertions
are true.

(i) For each & € (0,811 there exist for Eguation

(3a.1) two closed orbits vy;(e) and v,(e) (not necessarily

distinct) which lie inside a neighborhood of the form B®(r(e)),

where 0 <r(e) < r, and r{e) 0 as € ~+ 0 +. Moreover,

Yl(e) and yz(s) lie on a local integral manifold Mz(e)

homeomorphic to an open disk in R2 and containing the origin

X = 0. Regarded as closed Jordan curves in Mz(e), Yl(s) and

Yz(e) are concentric about the origin with, say, Yl(e) inside

Yz(e) when these curves are distinct.

(ii) For each ¢ € (0,e;] that part of M’ (e) which

lies inside yl(e) is filled by solutions of (3A.1) which

approach the origin as t » -« and which, except for the

equilibrium point ar x = 0, approach Yl(a) as t > +», No

other solutions of (3A.1) remain in B™(r.) for all t < 0.
il L l —_— e

(iii) For each e €(0,¢;] that part of M%(e) Llying

outside Yz(e) but contained in Bn(rz) is filled by solutions

of (3a.1) which remain in M%(e) N B™(r;) for all t > 0 and

which approach Yz(e) as t -+ +o,

(iv) For each & €& (0,81] there exist solutions of

(3A.1) which approach the origin x =0 as t + +» and these

solutions fill a local integral manifold (= invariant manifold)

Rn--2

Mn_z(g) homeomorphic to an open ball in and containing
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the origin x = 0.

(v) If for a given € 65(0,80], x(t,xO,E) is a solu-
tion of (3A.1l) for which x, = Bn(rz), then x(t,xo,e) re-
mains in Bn(rl) for all t > 0. Moreover, if x(t,xo,e)v‘>0
as t > +° (see (iv)) then as t + +=, x(t,xo,s) approaches

the closed invariant set Q(e) consisting of those points in

Mz(s) which lie on WYl(e) or Yz(e) or between them. The

solutions which approach Q(e) contain in their positive-

limiting sets one or more closed orbits (which may or may not

coincide with Yl(e) or Yz(s)). See Figure 3A.1.

——stable manifold of x=0

invariant set
two closed orbits

Figure 3A.1

Chafee [2] has also proved a theorem parallel to 3A.1
for the case in which the vector field at time t depends on
the flow at time t - o for some . a > 0; i.e., x = F(t,xt)

where X, = x{t-a).
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The following example (see Chafee [l]) shows that one
cannot predict the number of distinct families of closed orbits
to which the flow bifurcates. In cylindrical coordinates, let

n

3 m

n n n
== = r(e—rz) l(2e-r2) 2(3a—r2) -"(me—rz) = rf(r,e)

as _ 1 (3A.2)

where nl+---+nm is odd.

This equation is ¢” in rectangular coordinates. Fur-
thermore, it has m distinct families of closed orbits which
bifurcate from the origin at € =0 (i.e., at r2 = je, z = 0).
In rectangular coordinates, the derivative of the vector field

at the origin is

a -1 0
1 o 0
0 0 -1
Z.n' n.
where o = (gd ) 3 (3 7). The eigenvalues are - 1 and

o * i, By varying m and the nj's one can vary the number
of distinct closed orbits independently of the order to which

oo vanishes at 0. For example,

[oN

- = r(a-rz)(2€—r2)(3e—r2) or EE = r(e—rz)3 or

s

e

= r(e-rz)(ZE—rZ) .

Q.-IQ:
(ailat

Chafee has shown us another example proving that dif-
ferentiability with respect to the parameter is necessary to
insure uniqueness of the closed orbits. In polar coordinates,

let
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& ere -l -0
ae _
I - 1
(3A.2) Exercise: Show that although é_BEaﬁiEl

e=0
= 2 > 0, bifurcation the two distinct periodic orbits (at

1/3 1/3

r =¢ , 2€ )} occurs.

(3A.3) Remarks. In the paper of Jost and Zehnder [1],
the situation where X depends on more than one parameter is

considered. See also Takens [1].

Some interesting recent results of Joseph give another
proof of Chafee's result that one does not need V'''(0) # 0,
but only that the fixed point at u = 0 is stable. (See also
Section 3B). Joseph also is able to deal with the case in which
a finite amplitude periodic orbit arises. See Joseph-Nield [1]
for details, and Joseph [2]. For the case of more than one
parameter, Takens [l] also obtains finite amplitude bifurcations.

Alexander and Yorke [l] prove, roughly speaking, that
if a vector field Xu has a closed orbit +yi, then as
increases either (i) yu remains a closed érbit; (ii) the
period of yu Dbecomes infinite or (iii) yu shrinks to a fixed
point. This is done without regard to stability of +vyu. For
another proof, see IzE [1]. (We thank L. Nirenberg for bringing

this to our attention.)
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SECTION 3B

MORE GENERAL CONDITIONS FOR STABILITY

Here we shall prove that the least n for which

(0,0) # 0 is odd, and that if this coefficient is negative,

ol
ax™
the periodic orbits obtained in Theorem 3.1 by use of the im-

plicit function theorem are attracting and occur for u > 0
(we assume we have enough differentiability so that V is c?y.
We also show that if the origin is attracting in the
sense of Liapunov for the flow of XO' then the periodic
orbits obtained in Theorem 3,15 (conclusions (A) and (B)) are
attracting and occur for u > 0.
2k

(3B.1) Lemma. Let the vector field X be C for
C2(k_l).

k > 2. Then the function u(xl) is Assume that

there is a j < 2(k-1) such that u(J)(O) # 0. Then the

least j for which this is true is even.

Proof. Let n Dbe the least integer J such that
u(J)(O) # 0. Assume u(n)(O) > 0 and choose e > 0 such

that for all x, with le] < e, u(n)(xl) > 0. Then by the

1
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: = ()
mean value theorem we have u(xl) = (an)xlul o1 where

n-
0 < aj < xq (or % < uj < 0) for all 3j. Suppose n is
odd, then sign(xl) = sign(xlal---an_l). Therefore, for all
x; with |xl| <e, if =x; >0, then u(x;) >0 and if

X, <0, then u(xl) < 0. However, we know that this cannot

1

n

occur. For let x5

¥+ 0 as n > o then for each x? there is a

yil < 0 such that u(xlll) = u(yil) and yrf +0 as n > », The game
argument shows that if u(n)(xl) <0, n must be even. There-
fore, n 1is even. This also shows that bifurcation occurs

above or below criticality. (]

(3B.2) Lemma. Let X be o2k for 'k > 2. Assume

that there is a Jj < 2(k-1) such that u(J)(O) # 0, and let

3
n be as in the preceding lemma. In this case @_% (0,0) =0
9 x5
1
n+1l, 2
for all 3 <n and —¥ (0,0) = - 3 2 Y (0,00u™ (0).
—_ - = n+l 3 x,0 M
axl 1
Proof. Upon differentiating the eguation V(xl,u(xl)) =0
C o . _ 3 v o
j times and evaluating at x; = 0, we get — (0,0) + (*)} = 0.
Ix
1

(*) is a sum of terms of the form Azu(g)(O) for ¢ <j and

_ 9V

Aj =57 (0,0) = 0 because V(0,u) = 0 for all u. Therefore,
ajV 8n+1V k .
if j <n, —= (0,0) = 0. To find T (0,0), we must find
- 3 %3 2 1Pt
1 1 n+l
the coefficient of u(n)(O) in the equation n+¥ (0,0) + (*) =
*1
0. Thi ici ; ; 3 %v
- This coefficient is easily seen to be 3 BXISH (0,0) +
2 an+l
3 LA (0,0)u'(0). Therefore, v (0,0) =
3 2 n+l
H Bxl

2
3 v (n)
"3-8x18u (0,001 (0).
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(3B.3) Theorem. Let X be C2k for k > 2. Then

c?(®-1) ' Agsume that there is an

the function p(xl) is
integer j < 2(k-1) such that p3)(0) # 0. Let n be the
3n+lV
n+1
*1
for all xy # 0 and sufficiently small. Furthermore, the

least such integer. If (0,0) <0, then u(xl) >0

periodic orbits obtained from the implicit function theorem

are attracting.

Proof. We have already seen that u(xl) > 0 for all

small xy

are stable, we must show that the function

EAY

f(xl) = 55 has a local maximum at x) = 0 (See

(Xllu(xl))
Step 5 above). f(j)(O) = 0 for all j <n because f(j)(o)

5 3tly
—T (0,0) + (*) where (*) is a sum of terms of the form

axl
1
(L) . . (n) _ an+ v
Agu (0) for & <3j. f (0) = 5;§?T (0,0) +
1

2 n+l
Bi yu ©0,0u™ ) = %‘B n+¥ (0,0) < 0. Recall that n is

1 X

1

even. Therefore, the mean value theorem shows that f(xl)

has a local maximum at x) = 0. I

(3B.4) Theorem. Let the conditions of Theorem 3.15

be satisfied so that conclusions (A) and (B) hold. Further-

more, let the origin be Liapunov attracting for the flow of

X Then the periodic orbits obtained from Theorem 3.15 are

0°
attracting and occur for u > 0.

Proof. Under these conditions, Chafee's Theorem (page

85) holds. Therefore, the periodic orbits occur for uw > 0.

923

such that Xy # 0. To show that the periodic orbits
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Since conclusion {(B) of Theorem 3.15 holds, the orbits are
unique, that is Y1 = Yy Under these circumstances, Chafee's

theorem implies that the orbits are attracting. [J
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SECTION 3C
HOPF'S BIFURCATION THEOREM AND THE CENTER THEOREM OF LIAPUNOV
by
Dieter S. Schmidt

Introduction

In recent years numerous papers have dealt with the
bifurcation of periodic orbits from an equilibrium point. The
starting point for most investigations is the Liapunov Center
Theorem [l1l] or the Hopf Bifurcation Theorem [l]. Local results
concerning these theorems were published by Chafee {[1], Henrard
[1] schmidt and Sweet [1] among many othefé, noted in previous
sections, whereas Alexander and Yorke [l1] discussed the global
problem of the bifurcation of periodic orbits. They showed in
their paper that Liapunov's Center Theorem can be derived as a
consequence of Hopf's bifurcation theorem.

J. A. Yorke suggested that one should show also on the
local level that Liapunov's theorem can be obtained from the
one of Hopf. For this we provide an analytic proof of Hopf's

theorem based on the alternative method as outlined in Berger's

article in Antman-Keller [1] which is general enough to include
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the center theorem as a corollary. In addition our proof of
Hopf's theorem is simple enough to allow the discussion of

some exceptional cases.

The Hopf Bifurcation Theorem

We consider the n-dimensional autonomous system of

differential equations given by
x = F{x,n) (3c.1)

which depends on the real parameter . We assume that (3C.1)
possesses an analytic family =x = x(u) of equilibrium points;
that is F(x(u),u) = 0. Without ioss of generality we assume
that this family is given by x = 0, that is F(0,u) = 0. We
suppose that for a certain value of yu, say u = 0, the
matrix FX(O,u) has two purely imaginary eigenvalues tif

and no qther’eigenvalue of FX(O,O) is an integral mﬁltiple
of iB. If a(u) + iB{u) is the continuation of the eigen-

value iB then we assume that o'(0) # 0.

(3C.1) Theorem (Hopf). Under the above conditions

there exist continuous functions u = p(e) and T = T(g)
depending on a parameter € with u(0) =0 T(0) = ZWB-l
such that there are nonconstant periodic solutions x(t,e¢)
of (3C.1) with period T(e) which collapse into the origin

as € > 0.

(3C.2) Remark. Our assumptions for the Hopf theorem
are slightly less restrictive than they are usually stated as
we do not require the other eigenvalues to be non imaginary.
Furthermore F(x,u) does not have to be analytic for the

proof to hold but a certain degree of differentiability is
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required.

Proof. Through a linear change of coordinates of the
form y = S(U)x and by a change of the independent variable

T = B(u)t we can bring equation (3C.l1l) into the following

form
i’l = (u(n) + i)yl + ¢1(Yll Yzl .'171 W)
y, = (u(w) - 1y, *. ¢, (¥1r Yor Yo W) (3C.2)
i} = B(U)g’ + $(y1! YZI ?I 11)

¥, and Yy, are the first two complex components of the vector
y. Real solutions are only given if ¥y, = ?}. The remaining

n - 2 components of the vector y are real and denoted by

v. B(B) is a real n - 2 square matrix not necessarily in
normal form and the functions ¢l’ ¢2, and 5 are at least
quadratic in the components of the vector vy.

We introduce now the following polar coordinates

and arrive at the following system

]

r=ua(Wr + Re fet ¢l}
b=1 + L m 4 (3¢.3)
n o= B(W)n- u(u)n + % (¢ - Refe ® o0

Into this system we introduce the scale factor ¢ by r = €p
W= Uy

Because of é = 1 + 0(e) we can use 6 as a new indepen=-
dent variable to overcome the autonomous character of the given
system. The resulting differential equations have the follow~

ing form
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%Ee)-= e R(8,p,n,€)
(3C.4)
P =B + V(6,0

and we are searching for 2w - periodic solutions of this sys-
tem. By our assumptions on the eigenvalues of B(0) we find
that for € = 0 the only 27 - periodic solution is p = Po
= const, n = 0. This solution persists for e # 0 if the
following bifurcation equation’holds (see Berger [11)

27

f R(6,p,n,e)dd = 0.

0
In this expression p and n represent the 27 periodic
solution of the given system (3C.l), but the terms of order
0

€ are already known and we can evaluate the term of the same

order in the bifurcation equation. This leads to the equation

M1 u'(O)p0 + 0(e) =0

which can be solved uniquely to yield My = ul(e) = 0(g) by
the implicit function theorem, since u'(0)# 0 by assumption
and °o # 0 because we are looking for nontrivial soclutions.
Therefore the function u = u(e) = ¢ ul(e) = 9(52) has been
found. The period of the solution in the original x-coordi-

nate system as found from the expression for %% is

T=1e) = Py 4+ 0e?y). O

The Liapunov Center Theorem

(3C.3) Theorem (Liapunov). Consider the system

X = Ax + f(x) (3C.5)

where f 1is a smooth function which vanishes along with its
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first partial derivatives at x = 0. Assume that the system

admits a first integral of the form I(x) = % xT S X + o

where S = ST and det S # 0. Let A have eigenvalues

iR, A A B # 0. Then if Aj/iB # integer for j = 3,

greseedy
+++*,n the above system has a one parameter family of periodic
solutions emanating from the origin starting with period 2u/8.

For the usual proof, see Kelley [1l].

Proof. As announced in the introduction we will show
that this theorem is a consequence of the Hopf bifurcation

theorem. To this end we consider the modified system

X = Ax + f(x) + U grad I(x) (3C.6)

and we will show that all conditions of Hopf's theorem are met
and that the nonstationary periodic orbits can only occur for
= 0.

The second part is easily done by evaluating dI/dt

along solutions of (3C.6), which gives

%% = < grad I(x), Ax + £(x) + p grad I(x) >

u|grad I(x)|2.

The second equality holds because I(x) 1is an integral
for (3c.5). Therefore % %% is monotonically increasing unless
grad I(x(t)) = 0, which gives x(t) = x(0) that is a station-
ary point.

In order to apply the theorem of the previous section
we only have to verify the condition concerning the real part
of the eigenvalue near 1iB. Again through a linear change we

will bring the linear part of system (3C.5) into a normal form.

We assume that this has been done already and the matrix A
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has thus the following real form

0 B 0
A=(-g 0 0
0o 0 A

where A is a real n-2 square matrix. It follows from

ATS + SA = 0 that the matrix S in the integral has the form

|2}
I
(=)
o
n o o

with a # 0 since det S # 0.
From the matrix
ua B

0
A + uS = —-B pua 0
A

0 0 + u§

it follows at once that the eigenvalue near iR has real part

a(u) = ap and therefore a'(0) = a # 0. [

An Exceptional Case for the Hopf Bifurcation Theorem

Our proof of Hopf's theorem is easy enough to allow us
to discuss the case where the real part of the eigenvalue does
not satisfy the condition a'(0) # 0, but instead the second
derivative is nonzero a"(0) # 0. The term with Uy in the
bifurcation equation is zero and we will have to evaluate some
higher order terms.

We use the same normal form as given earlier in equation
(3C.2) and for simplicity we assume that o4 and ¢, are
analytic functions in their variables. We assume that in a
preliminary nonlinear transformation mixed guadratic terms
involving Yy ©°r ¥, and a component of ¥ have been elim-—

inated. This can be achieved with a method similar to the one
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used in the Birkhoff normalization of Hamiltonian systems,

that is by a transformation of the form (cf. Section 6A).

T, T.,
Yy > ¥y tyy oY+ y,87y

=T - -~
YZ+Y2+Y1 B Y+Y2OLY

Yy * Y-

The n-2 dimensional complex valued vectors o and B8 can
be determined uniquely to eliminate the terms under question,
because the matrix B(u) in system (3C.2) does neither have 0
nor 2i as eigenvalue for small .

In the function ¢l we need to know the quadratic and

cubic terms made up of ¥q and Yy They are
_ 2 2 ... 3 2 2 3 ...,
¢l = ayy + byly2 + cY5 ERREE ayy + Byly2 + Ayly2 + 6y2 + .

The te¥rms not written down either only involve the ¥ variables
or are of higher order. The coefficients depend of course on
the parameter ﬁ and we write a = a(u) = ag + au + 0(u2) and
similarly for the other coefficients.

4 The differential eQuation of interest in the 86, r,vn

variables is the one for r which reads

u(W)r + Re{e_ie¢l}
1+l Im{e_i9¢l}

22

This time we scale by
r=¢€p u =€ Ul
and obtain

2 2 2
€ (R0+e Rl+€ulR2+ulR3 ---)

&le
]

B(0)n + 0(e?)

&5
u
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with
2 i® -i@ -3i9
Ry = p Re{aoe +b0e +cpe +eee}
_ 3 210 ~2i6 -4i6
R, =0 (Re{aoe +Bgtyge +55e +esa}
_ i6 -ig -3i6 i0 i
Re{aoe +b0e tcge +eoo} Im{aoe +b0e
+e e 30,0y
0
2 ie -i6 -3i90
R, I Re{ale +bje TU+c,e +e-0}
— l ”n
Ry = 3 u"(0)p.

The dots in the functions RO' Rl and R2 stand for terms in-
volving the n variables. Because n = 0(32) for 2w
periodic solutions those terms will be insignificant in eval-
uating the bifurcation equation, which has the same form as
earlier and is given by

2n 2 2

fo (Ro+e Rl+eulR2+ulR3+---)de = 0.
In evaluating this integral it is seen at once that there is
no constant term. Nevertheless care has to be exercised in
integrating R, because it will contribute to the ez term
due to the form of the solution of p which is

2 2 .. ie . -ig ol 316 3

p =10y + epg Re{aol(l-e ) + bol(e -1) + -5 (e ~1)} + 0(e”)
Due to our preliminary transformation the n variables appear
guadratic on R, and therefore they will only contribute to

higher order terms in ¢ and By The integration leads to

the following bifurcation equation

2ﬂ(82p3 Ré {8 +i agh,} + %uiu"(0)90+h.o.t) = 0,

The implicit function theorem allows us to state the following

result: If u"(0) Ré{80+i aObO} < 0 there are two distinct
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solutions of the above bifurcation equation of the form
uy = 0(e). The solutions correspond to two families of periodic
orbits emanating from the equilibrium. In case

u" (0) Re{80+i aobo} > 0 there are no such solutions. Finally,

if the discriminant is equal to zero higher order terms are

needed to decide what is happening. In the case u(0) u'(0) =

=) - u(n)(O) #0 we scale by r=¢% u=c¢ vy

and after identical computations we arrive at the bifurcation

equation

Po
n!

3

(n) n
u (0) Hy + Py

. n _
Re{B°+1 aobo}e + h.o.t = 0.

Call D = u(n)(O) Ré{80+i aobo}. If n is odd and D # 0
there is always a solution of the form My = ul(e) = 0(e) for
€ small to the above bifurcation equation. If n is even

then there are two such solutions if D < 0 and none if D > 0.

(3C.4) Theorem. Consider the differential system of
equations (3C.2) put into a normal form as outlined above.
Assume u(0) = u'(0) = -+- = u® (o) =0 u™ (o) %0
n=1,2,--+ 1let D= u(n)(O) Re{Bo+i aobo}. Then if n is
odd and D # 0 there exists at least locally a one parameter
family of periodic orbits which collapse into the origin as the
parameter tends to zero and the period tends to 2n. If n is
even then there are two such families in case D < 0 and none
in case ‘D > 0,

The result is very close to that of Chafee [1}, dis-

cussed in Section 3A. See also Takens [1].
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SECTION 4
COMPUTATION OF THE STABILITY CONDITION

Seeing if the Hopf theorem applies in any given situation
is a matter of analysis of the spectrum of the linearized
equations; i.e. an eigenvalue problem. This procedure is
normally straightforward. (For partial differential equations,
consult Section 8.)

It is less obvious how to determine the stability of the
resulting periodic orbits. We would now like to develop a
method which is applicable to concrete examples. In fact we

give a specific computational algorithm which is summarized in

Section 4A below. (Compare with similar formulas based on
Hopf's method discussed in Section 5A.) The results here are

derived from McCracken [1].

Reduction to Two Dimensions

We begin by examining the reduction to two dimensions
"in detail.
Suppose X : N =+ T(N) 1is a Ck vector field, depending

smoothly on u, on & Banach manifold N such that Xu(a(u)) =0
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for all u, where a(u) is a smooth one-parameter family of

- zeros of Xu. Suppose that for u < Y the spectrum
o(dxu(a(u))) C {z] Re z < 0}, so that a(u) is an attracting
fixed point of the flow of Xu. To decide whether the Hopf
Bifurcation Theorem applies, we compute qu(a(u)). If two
simple, complex conjugate nonzero eigenvalues A(u) -and A (u)
cross the imaginary axis with nonzero speed at uy = Mo and

if the rest of o(qu(a(u))) remains in the left-half plane
bounded away from the imaginary axis, then bifurcation to
periodic orbits occurs.

However, since unstable periodic orbits are observed in
nature only under special conditions (see Section 7), we will
be interested in knowing how to decide whether or not the
resultant periodic orbits are stable. In order to apply
Theorem 3.1, we must reduce the problem to a two dimensional
one. We assume that we are working in a chart, i.e., that

N = E, a Banach space. For notational convenience we also

assume that Mg = 0 and af(u) =0 for all u. Let Xu'=
(Xi,xﬁ,xi) where X1 and Xﬁ are coordinates in the eigen-

space of dXO(O) corresponding to the eigenvalues A (0) and
A(0), and Xi is a coordinate in a subspace F complementary
to this eigenspace. We assume that coordinates in the eigen-

space have been chosen so that

0 [A(0) ] 0
dx,;(0,0,0) = ~|x(0) | 0 0 . (4.1)
] 0 d;X;(0,0,0)

This can always be arranged by splitting E into the

subspaces corresponding to the splitting of the spectrum of
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dXO(O) into {z] Re z < 0} C {A(0),A(0)}, as in 2A.2. By

the center manifold theorem there is a center manifold for the
flow of X = (Xu,O) tangent to the eigenspace of A (0) and
%(0) and to the p-axis at the point (0,0,0,0). The center
manifold may be represented locally as the graph of a function,
that is, as {(xl,xz,f(xl,xz,u),u) for (xl,xz,u) in some
neighborhood of (0,0,0)}. Also, £(0,0,0) = d£(0,0,0) =0

and the projection map P(xl,xz,f(xl,xz,u),u) = (xl,xz,u) is
a local chart for the center manifold. 1In a neighborhood of
the origin X 1is tangent to the center manifold because the
center manifold is locally invariant under the flow of X.

We consider the push forward of X: ﬁ(xl,xz,u)

TPoX (X /Xy, E(xy,x,,u),u) = (Xt(xl,xz,f(xl,xz,u) ),
Xﬁ(xl,xz,f(xl,xz,u)),O) by linearity of P. If we let
ﬁu(xl,xz) = (Xl(xl,xz,f(xl,xz,u)), Xﬁ(xl,xz,f(xl,xz,u))), then

is a smooth one-parameter family of vector fields on R2

D>
=

such that £ (0,0) = 0 for all u. We will show that §u
satisfies the conditions (except, of course, the stability
condition) of the Hopf Bifurcation Theorem. If ¢t and $t
are the flows of X and X respectively, then Po¢t = $t°P
for points on the center manifold. Therefore, if the re-
sultant closed orbits of at are not attracting, those of ¢t
will not be either. We will also show that if the origin is

a vague attractor for $t at u = 0, then the closed orbits
of ¢, are attracting.

Since the center manifold has the property that it
contains all the local recurrence of ¢t’ the points (0,0,0,u)
are on it for small u and so £(0,0,uy) = 0 for small wu.
Thus, §u(0,0) = (Xl(0,0,f(0,0,u)), xﬁ(o,o,f(o,o,u))) =

(x(0,0,0), X°(0,0,0)) = 0. PoX = XoP on the center manifold,
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so PodX = aXep for vectors tangent to the center manifold. A
typical tangent vector to the center manifold has the form
(u,v,dlf(xl,xz,u)u + d2f(xl,x2,u)v + d3f(xl,x2,u)w,w), where
(xl,xz,f(xl,x2,u),u) is the base point of the vector. Because
we wish to calculate o(dﬁu(0,0)), we will be interested in

the case w = 0. Now Pedx(0,0,0,u) (u,v,dlf(0,0,u)u +

d,£(0,0,1)v,0) = aX(0,0,1) (a,v,0). That is, dXi(0,0,0)(u,v,dlf(0,0,u)u +
d2f(0,0,u)v) = dXi(0,0)(u,v) for i =1,2. Let A Ecﬂd%ﬁo,on.
Since dﬁu(O,Q) is a two-by-two matrix, A is an eigenvalue
and there is a complex vector (u,v) such that d%ﬁO,M(unn =
(Au,Av). We will show that X is a eigenvalue of dﬁu(0,0,0)
and (u,v,dlf(0,0,u)u + d2f(0,0,u)v) is an eigenvector. Be-~

cause X 1is tangent to the center manifold,
X3 (50 % £ (e Ko 1) s1) = Ao E (X Koy 1) XY (% 5% (X 0%y 1) 1)
ll 2] l' 2’ ? l ll 2’ ll 2’ 1’ 2’ 7
+ A, E( yx2 £ ) )
2 X1:X2,U Xlrxzr Xl’XZ'u F2%
Therefore,
d X3(x X,,f(x,,%x5,4),u)u + 4 Y3(x Xy, U) u)ed £(x,,x,,u)u
1 1727 172700 3* 12000 1 17727

= dldlf(xl.xz,u)°Xl(xl,x2,f(xl,x2,u),u)u
A E () %y ) od X (xp 3, £ (%) ,3%,,00) ;1)U
F A E(Ry g, 0) 0d X () Xy, £ (%] x,,0) 1) ody £ (xp %, 1) 0
A A E (xy %y W) XD (k) 1%y, £ (g%, 00) yu)u
+ dzf(xl,xz,u)°d1X2(x1,x2,f(xl,x2,u),u)u

2
+ dzf(xl,xzru)°d3x (xl,xz,f(xl,xz,u),u)adlf(xl,xz,u)u

and
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3
d2X (xllxzrf(Xlllef(xllxer)IU)V

A% () 3, 8 (g 3m) 1) oA (% 4%y ,0) v

= dzdlf(xl,xz,u) oxl (xl,xz,f(xl,xz,u) v

+ dlf(xl,xz,u)Odle(xl,xz,f(xl,xz,u),u)v +

+ dlf(xl,xz,u)°d3Xl(xl,x2,f(xl,x2,u),u)odzf(xl,xz,u)v
+ d2d2f(xl,x2,u)X2(xl,xz,f(xl,xzyu),u)V

+ dzf(xl,xz,u) <>c12X2 (xl,xz,f(xl,xz,u) UV

+ dzf(xl,xz,u)od3X2(xl,x2,f(xl,x2,u),u)Odzf(xl,xz,u)v.

At the point (0,0,0,u), Xl = X2 = 0 and so we get

dx”(0,0,0,u) (ulvldlf(ololu)u + dzf(OIO,U)V)

d,%>(0,0,0,1)u + d,X>(0,0,0,u)v + d3X>(0,0,0,1) °d  £(0,0,u)u
+ d3%7(0,0,0,u) 0d,£(0,0,u)v
1 1
= dlf(Oloru)°(le (0,0,0,u)u + d2X (OIOIOIU)V
+ %1 (0,0,0,u)0d,£(0,0,1)u + ;X (0,0,0,u) ed,£(0,0,1)v)
+ dy£(0,0,1)0(d;x%(0,0,0,w)u + d,%2(0,0,0,u)v
+ d3X2(0,0,0,u)°d1f(0,0,u)u + d3X2(0,0.0,11)°d2f(0r0,u)v)
= dlf(0,0,u)Xu + d2f(0,0,u)XV
= A(dlf(0,0,u)u + dzf(0,0,u)v)
by the assumption that (u,v) is an eigenvector of dﬁu(0,0)
with eigenvalue A.
When u = 0, df = 0 and we have that

0 Ix(o)l]

dﬁo(o,O) = [
-2 (0) | 0



THE HOPF BIFURCATION AND ITS APPLICATIONS 109

The eigenvalues of d%u(0,0) are continuous in u because
they are roots of a quadratic polynomial. Let these roots be
a;(u) and o, (M) so that o,(0) = A(0) and a,(0) = x(0).
Because al(u) and uz(u) c o(dxu(0,0,0)), if al(u) # A(np)
and az(u) # A(1) , then Re ai(u) would be bounded away from
zero for small u. Since this is not true, al(u) = A(u) and
uz(u) = X(n). Furthermore, since A(y) and A(u) are simple
eigenvalues of o(qu(0,0,0)), we must have that the cénter
manifold is tangent to the eigenspace of {A(u),A(n)} at the
point - (0,0,0,u).

We show now that if V'''(0) < 0 - for ﬁ, then the closed
orbits of ¢t are attracting. The map Q(xl,xz,x3,u)
(xl,xz,x3—f(xl,x2,u),u) is a diffeomorphism from a neighbor-
hood % of (0,0,0,0) onto a neighborhocod V of (0,0,0,0)
where we have chosen % small enough so that X is tangent
to the center manifold M for (xl,xz,f(xl,xz,u),u) € %.

Clearly Q[M =P, X’{x3=0} = X, and ¢, . = ¢,. Therefore,
3

we are immediately reduced to the case of Yu a vector field

on R2 ® F  where R2 is invariant under Yu and YU satis-

fies the conditions for Hopf Bifurcation with R2 being the
eigenspace of - A(u) and A(W) - at  (0,0,0,u). The center

manifold for vy is {(xl,x2,0,u)}. Assume that V'''(0) < 0
for Y = Y{x3=0}' and let the point (xl,0,0,u(xl)) be on a

closed orbit of the flow ¢t of Y. Because R2 is invariant,

a a a

11 12 13

a a

22 23 .

_la

d¢T(x1)(x1’o’u(X1)) = 21
3

0 0 d3¢T(Xl) (Xllololu(xl))
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3 T(0)d,X> (0,0,0)
By assumption, (d3¢T(o)(0,0,0,0)) = e =

o (T(0)d,X>(0,0,0))
e is inside the unit circle. By continuity,

so is 0(d3¢;(xl)(xl,O,O,u(xl))). Since V'''(0) < 0, the

eigenvalues of the Poincaré map in R2 have absolute value
less than 1, so all the eigenvalues of the Poincare map are
inside the unit circle and so the orbit is attracting

(see Section 2B).

Summarizing: We have shown that the stability problem for

the closed orbits of the flow of Xu is the same as that for
the closed orbits of the flow of §u, where ﬁu(xl,xz) =
(Xi(xl,xz,f(xl,x2,u)), Xi(xl,xz,f(xl,xz,u))). Coordinates are
chosen so that Xy.%X, are coordinates in the eigenspace of
dXo(0,0,0) and the third component is in a complementary
subspace F. The set {(xl,xz,f(xl,xz,u),u) for (xl,xz,u)

in a neighborhood of (0,0,0)} is the center manifold.

Qutline of the Stability Calculation

From the proof of Theorem 4.5, we know that the closed
orbits of X will be attracting if V'''(0) < 0 (or more
generally, see Section 3B, if the first nonzero derivative of
V at the origin is negative). The derivatives of V at (0,0)
can be computed from those of Xo at (0,0,0). We do this in
two steps. First we compute V'''(0) from the derivatives of
ﬁo, the vector field pushed to the center manifold, at (0,0)
using the equation:

T(xl)Al
V(xl) = Jo X (at(xl,O),bt(xl,O))dt (4.2)

where (at,bt) is the flow of X. (Note that in the
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two-dimensional case, X = ﬁ.) Then we compute the derivatives
of ?0 at (0,0) from those of X, at (0,0,0). Since
s ool 2
Xu(xl'xz) = (xu(xlllef(xllleu))l Xu(xllxzrf(xlrxzru)))r what
we need to know is the derivatives of £ at the point
(0,0,0). We can find these using the local invariance of the
center manifold under the flow of X. We use the equation
(see page 107):

X3 (%0 0% b E (%0 %0 1)) = Ay Xy sXg o 1) oXE (Xyq p%Xy s E (% 0%, 1))

ll 2! ll 2’ B l ll 2' ll 2! ll 2I

2 . (4.3)
+ dzf(xllxz,u)°x (xl,xz,f(xl.leu)).

Calculation of V'''(0) in Terms of X

We now calculate V'''(0) from the derivatives of ﬁo

at (0,0) using (4.2). We assume that coordinates have been

chosen so that

a§é aﬁé
= (0,0,0) (0,0,0) 0 [x(0) ]
~ axl 8X2
dx,(0,0) = | 5 a5 = .(4.4)
8y oxy
‘gq (OIOIO) E; (010'0) —IA(O)I 0

This change of variables is not necessary, but it simplifies
the computations considerably and, although our method for
finding V'''(0) will work if the change of variable has not
been made, our formula will not be correct in that case.
From (4.2) we see that
T(xl) g

V' () = [X
1 0 dxl

1

(at(xl,O),bt(xl.O))]dt

+

' 21
T (xl)X (aT(Xl) (Xlro) 'bT(Xl) (xlro))
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5

V" (%)) [%* (a, (x,,0) ,b, (x,,0)) ]at

+
4
3

sl
vV &y [x (aT(xl)(xl’o)'bT(xl)(xl’o))]

+

n Al
T e R (o e ) Grp0) b (6p,00)

T(x

, d sl
BTy g [ (ag ) (e 00 sby oy (s 0O

Using the chain rule, we get:

T(Xl) 9

o1}

2l
[X" (a (x,,0),b, (x,,0))]dt

ol 38

un (x )
1 0 dx

aﬁl aat

’ aﬁl abt
17 }|%a ox

T % wx,
(T(xl) lelo) (T(Xl) lelo)

+ T'(x

+ T"(xl)ﬁl(a

l) (Xlro) 'bT(X

T(x 1) Gx1r0))

Bﬁ da
, . 1 9%
T NT ) 55T 3%

(T(xl) lelo)

321 Bat , aﬁl abt
+ = + T'(x,) = =

2a 5xl 17 3 t (T(x.) ,%4,0)

(T(x) ,%7,0) 1) 7%y

+ .ahil ?_b_t + T'(x )2 ﬁ.aa_t

db  9x 1 a ot (T(x,),x, ,0)

Mrx,) ,x,,0) "1
1’771’

21 3b

oX t " sl
* e 3 * )X A ) B0 Bp g ) By O

(T (Xl) lelo)

Differentiating once more,

T(xy) 3
a Al
v!'ii(x.) = J — [X"(a,_(x,,0),b_(x,,0))]dt
1 o dxi £ (X1 £ (1
+ T'(x,) a2 X% (a: (%-,0),b (%-,0)1
1 dxi T (x,) ¥1 T(xy) *1



THE HOPF BIFURCATION AND ITS APPLICATIONS 113

.
21 ja s b
27" (x.) 9X 3 t + 39X t
17 |92a Bxl 2b Bxl
| (T(Xl)lxllo) (T(Xl)'xllo)
221 da 3 ?a
37X t t t
27" (x,) — |=— T'"(x,) + ——
1 aai axl [at 1 axl
- [.2 2
201 3 db ab 1l [3”a 37a
3°%X” %8¢ topw) + ot ¢ X7 T ey L0
dadb ox ot 1 X da atax 1 2
1 1 8xl
32§1 abt Bbt T (x) + Bbt
8b2 Bxl t 1 8x1
a1 |92 5%b
2. £ T'(x,) + t
ab ,BtBXl 1 axi
(T(xy),%y,0)
s1 da 21 3b
2T (x,)T" (x,) |2XL _t 4 X ¢t
1 17 13a »2dt ob Jt
(T(xl)lxllo)
221 2da Jda sa
213°X t t t
' . v
T' (%) 7 3T [at T'(xp) + SxJ
a 1
2 2
221 3b ob 21 8 9 a
3 X EiE __E T'(X ) + __E 4 g&_ at T'(X ) + ___E_
3adb 3t ot 1 9x EEY 2 1 9x., ot
1 lat 1
A W
32Xl Bbt Bbt ) 4 3bt
sz ot ot 1 le
21 3% 5%b
g 2t Tl(Xl) + 3x gt
ot 1

(T(xl)lxllo)

T (xp) R (a (%,,0))

(x,,0),b
T(xl) 1 T(xl)
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23l %, gl da o3l Ob
" 1 )4
+T (Xl){: o T ) + e Bxl e T )

8X1 Bb

* % ax

1
(T(x,) %,,0)

In the case Xy o= 0, we can considerably simplify this

equation. We know the following about the point (0,0):

a (0,0) = b _(0,0) = 0 for all t (4.5)
2a 2b
t _ t _
7o (0,0) = =% (0,0) = 0 (4.6)
0 1A (0) |
dX(a,(0,0), b_(0,0)) = a%(0,0) = (4.7)
-|x 0y 0

cos|A(0) |t sin|A(0) ]t

ag (0,0 = e*X(0,0) (4.8)
-sin|A(0) |t cos|A(0) ]|t
T(0) = 2n/|A(0)] (4.9)
and
T'(0) = 0. (4.10)
Proof of (4.10). Let S(xl) = T(xl,u(xl)). Then
S'(0) = 0 because given small x > 0, there is a small y < 0
such that S(x) = S(y). Thus, §i§l—§—§igl and S(y) ; 5(0)

have opposite signs. Choosing X v+ 0, we get the result.

3T
EIN

s1(0) = X (0,0) + u'(0)

5 (0,0). But u'(0) = 0, as was
*1

shown in the Proof of Theorem 3.1 (see p. 65).

Therefore, V'''(0) =

2n/[10) 1531 (a, (x,,0),b, (x,,0))dt
£ (X170) /by (xy4 .

3
0 o%
a’x, 1
We now evaluate and get:
dxl

a, (0,0),b, (0,0)
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2n/[20) || 5. 3n
vIrt(o) = X (0,0)c0s”|2(0) [+ = 2% (0,0)sin% |2 (0) [¢
0 sa b
351
-3 § (0,0)coszll(O)]t sin|A(0) |t
9a“sb
351
+3 22 (0,0)cos[1(0) | sin®|2(0) £
5adb
251 2a
+3 2% (0,00 2-F (0,0)c0s[2(0) |t
2a 9x
1
,251 3%b
- 3 =5 (0,0) —— (0,0)sin][A(0) |t
3b 9x
1
1251 2%b,
+ 3 (0,0) 5—(0,0)cos |1 (0) [t
dadb 9x
1
2%, 2%,
- —= (0,0)sin[A(0) [t]| + [A(0)] —5& (0,0) [at
axl axl
N 2
2n/ (A0 ] 4251 3%a,
= J 5— (0,0) 5— (0,0)cos[x(0) [t
0 da ax
1
5231 szt
- 3 =5~ (0,0) —— (0,0)sin|X(0) |t
b 9x
1
1251 2%, %,
+ 3 (0,0) ~— (0,0)cos |1 (0) |t - —; sin|A(0) |t
dadb Bxl %]
2%,
+ [A(0)| —5= (0,0) |dt.
Bxl

In order to get a formula for

derivatives of X

derivatives of the flow

V'''(0) depending only on the

at the origin, we must evaluate the

23b .
—— from those of X
1

(e.g., (0,0))

3x
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at (0,0). This can be done because the origin is a fixed
point of the flow of ﬁ. Because this idea is important, we

state it in a more general case.

(4.1) Theorem. Let X be a Ck vector field on r?

such that X(0) = 0 (or X(p) = 0). Let @t be the time t

map of the flow of X. The first three (or, the first j)

derivatives of @t at 0 can be calculated from the first

three (or, the first Jj) derivatives of X at 0.

i
a@t

Proof. Consider T (0):
oo xj

i i . k
8 Mg o 2 e £ =22 xo, (0)_ax1°¢(o)ﬂ(o)
9t 93X, ¥x. 9t ox
J J J 3
k
_ O
= —;; (0) g-—(O)
‘ a@é
because ¢, (0) = 0. Furthermore, =— (0) = &§,. because
t axj ij
satisfies the differential

@0(x) = x for all x. So d¢t(0)

equation - (de,(0)) = dX(0). de _(0) and de (0) = I.

ot
Thus, do, (0) = e*3X(0),
32¢1
Consider s—-—=— (0):
axjaxk
2.1 i
EIR L)
] t 3 t
2 (0) = £ (0) = 2 X'o o8, (0)
3t 3Xj3xk BXjBXk ot Bx 3xk
. [l
ol Pl oA M
ij 9% t §§; 9X_oX t ij 3%,
. 2.8
Bxl . ? @ ©
BXR t X, Bxk
J2 2 oo} axl 220y
= g (0) (0) Q) + T (0) =——=— (0).
Sxpaxz ax] axk 9% axk
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2.1
3”9
Furthermore, 5§_§%_ (0) = 0. We get the differential equation:

R

2
Lot
3xj8xk

9o

Bxk

220] SEN
o (0) = d X(O) (0), (0) | + dx(o)
axjaxk xJ

The solution is:

8 @

3, 30
— (©) = bax(0) J ~sdX(0) 4 2X(o)[ 0), =5 (0)]ds
X . Bxk

0 R

2
3 QO

eth(O)
X Bxk

+

(0).

8 ¢

SHAX(0) J
K. I9%_ axk

0 X

a3q>

Bx 9x

%0 50
~sdX(0) 42 () l 0), == (O)]ds.
*5

Finally consider

A |t b
S

]
lw
o
S
+
°
S

|
|
|

P 2.8
3¢t 3"
oxX

3 axkax

i 379

axpax t Bxh 9X.9X sz t axjax Bxh

+
o
L=
|
+
°
o

(0)

A et =



118 THE HOPF BIFURCATION AND ITS APPLICATIONS

. q P 2
- i O 5 0 5E 0 5F o)
% h 3 k
J254 »%eP 20} 20F 220}
+ (0) (0) == (0) + =— (0) m——=— (0)
axpaxZ 9x Bxh Bxk axj Bxkaxh
220 aoP o 230}
+ (0) 5=0— (0)| + 5=— (0) mo0—=—— (0).
3x Bxk Bxh Bxl 3xj8xk3xh
a3¢3
Furthermore, axjaxkaxh (0) = 0. We get the differential
equation:
3.1
3”0 30 3% 30
3 t t t t
==|ss—=—=— (0) =dX(0)———(0),——(0),——(0)
ot Bx.axkaxh j xk Bxh
2 b 2
9 379 99 %0
2 t t 2 t t
+ d"X(0) |g— (0), (0) | + d"X(0) {5 (0), mm—a— (0)
Bxk Bx.Bxh »axj Bxkaxh
. \
X 20, 220, a3®t
TATXO0) | (O)r g (00 ]+ AX(0) lgpan S (0)
! J 7k "h
and
33@0
——s—=— (0) = 0.
axjaxksxh
The solution is:
238
.t (0)
ijaxkaxh
t 20 30 30
- otdx(0) J e~S9X(0) M3y 5y [t (0), —E (0), —F (0)
9X. 9x 39X
0 Jj k h
) 9, 2%, s, 92¢
+ d°X(0) (0| +d X(O) (0)

N ) s axh ax ), axkaxh
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2
X0 370 ]
+ ax(0) [HE (0), —=t- (0)]J>ds.
h ]
. 0 a0y
In the case we are considering, dX(0,0) =
-]x(0)] o

cos[A(0) |t sin|A(0) ]t
. We wish to

and so d$t(0,0) =
-sin|A(0) |t cos|A(0) |t

523 azat azbt
calculate 5 (0,0) = 5— (0,0), —%— (0,0) and
axl 3xl Bxl
0 IX(O)I
3 -S
87by -sdx (0) -1x0)] o
3 (0,0). First note that e =e
X
1
A =sin|A
cos|A(0)[s =-sin|A(0)|s . also,
sin|A(0)[s cos|A(0)][s
A 3% 3% 24
R0 |2 (o), = ()] = [ (0,0)cos[1(0) | s
ax 9x 2
1 1 BXl
3%t
-2 Kl—ax—z (0,0)cos|A(0) |s sin|A(0)|s
221 252
+ 25 0,00sin? 3 (0) |5, L5~ (0,0)cos?[A(0) |s
ax Ix
2 1
2%%2
-2 5215;; (0,0)cos|A(0) |s sin|A(0) |s
202
+ XX (0,005’1 (0) |5
ax.
2
Consequently,

_saR(0) 2, 29 2%
¢ SO0 2% (0) [ﬁ (0, == (0)] =
1
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201 22
= 12X (cos® a0 s - 3—2"3 (0)sin®|A(0) |5
jxl 8x2
( 221 242
+ |2 2% 0) - o X (0) [sin|A(0) |s cosz|)\(0)|s
9%, 99X 2
1772 X’ .
| 1
( 242 25 242
+ 225 (o) +2 s (0) |cos| A (0) |s sin?|A(0) [s, 22— (0)cos®|A(0) |s
9X., 0% 2 2
19%; ax %
1
221 222 221 )
+ 2% (o) sin®|a(0) [s + |2 2 (0) + 2Z (0) |sin|A(0) [s cos? A (0) |s
3 2 9%, 0X, 2
X, 1772 X
2 1
251 202
+ -2 22X (o) + X (0)|cos|A(0) |5 sin?[r(0) |s],
5% 5% 2
172 X
2 et
and thus
. R .
g% R 3¢ 96
759X (0) 325 0y | =2 (0), == (0)|ds
3xl 9x
0 1
_ 1 5252 52xl 5232 a2t
=37 ||7? 2 T 2 o ox 2| * 3 5 sin[a(0) [t
9x 1772 ax Ix
2 o1 1
242 251 242 241
+ 32X cos|A(0) |t + S8X L, X 3K sin3|)\(0)|t
%2 5%2 90X 9%y 5y2
2 1 2
222 221 2a52)°
po|- X, X, 97X cos3[>\(0)[t,
2 9x,9X 2
ax 1772 9x
2 1
32%t 322 | %%t
2 -2 +
8x2 axlaXZ 8x2
2 1
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221 221
3 é sin|A(0) |t - 3 E—)—é—coslk(O)[t
9x ax
1 2
252 221 252
9 X |, X 4 X Isind a0t
8x2 09X, 90x% 3x2
1 1772 2
2251 222 251
X 42 9_X - 3X cos3|X(0)|t
2 9x. 0X 2
Xy 1772 x1

(where all derivatives are evaluated at the origin).

Putting this all together,

A t o 9% 9% »%a 5%
S0 " msdX (00328 (0) |2 (0), == (0) |ds = |—E (0), —T (0)
3% 3% ) 7
0 9% 1 ax; 8l
242 251 242
1 3%% 52X 3%
2 -2 - cos|A(0) |t
37X (0) o2 7%, 0%, 2
2 1
{221 222 221
22X o BX L3 X linao e
b:d Xy x2 x2
| 2 1
)
241 251
3 22 3 2% isin|a(0) |t cos|A(0) ]t
Bxl 3x2
242 242
+3 2% cos?a(o) |t + 3 25 sin?a(0) |t
8x2 Bxl
[ .25l 252 241
b X BTX 3 oos)a(0) |t sind[A(0) |t
2 9x,0X 2
X 1772 9x
1 2
241 242 241
| X X 3K sin|x(0) |t cos3[A(0)]t
3 2 9X. 93X 2
x2 1772 Bxl

121
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[ 2502 22 222
L2222, 2% W& cos? |1 (0) |t
2 OX. 0X 2
X 1772 9x
2 1
[ .242 251 242)
+ |- 3%, 2 X 3 X Tsint a0 |t,
2 9%, 90X 2
3% 1°%2 ax
1 2
251 222 2a1
208X 5 22X L3 X ioosa(o) |t
3x2 axlax2 ax2
| 2 1
252 251 242
+ 2% 0 2 X 3K sin|[x(0) |t
2 9x., X 2
x5 1°%2  ax
1
222 222
v 1385 -3 2% tsin|a(0) [t cos[A(0) |t
Bxl X,
251 251
-3 2 i’ ot -3 2 cos? a0 |t
Bxl 3x2
222 221 252
s [BXD X 3 X sin]a(0) |t cosS|A(0) |t
2 3%, 90X 2
9x 172 9x
2 1
( 242 221 242
p |- 2% L B X L2 X Jeos|a(0) |t sin3|A(0)|t
2 3xX. 90X 2
ax 1°%2  ax
1 2
221 242 221
|, X 37X 1 sind a0 |t
2 9X., 0% 2
Bxl 1772 9x
2
221 222 221
+ |2 § + 2 aa § -2 X cos4|A(0)|t .
9x X19%, sz
2 1
2%,
Before computing 3 (0), which is a lengthy calcula-
ox
1

tion, we will use the information above to simplify our

expression for V'''(0). To do this, we must compute
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21/]x(0) ] d%a,
J —s (0,0)cos|Xx(0) |t dt,
0 38X

21/x(0) | 9%,
J —= (0,0)sin|A(0) |t dt,

0 Bxl
2n/]x(0) | 3%p,

J > (0,0)cos|A(0) |t dt,
0 Bxl

and

21/(2(0) | szt

J > (0,0)sin|X(0) |t dt.
0 Bxl

The results are:

2
2n/|A(0) | 8“a 242
f —= (0,00t = . oS >2<—|
0 ax) lx(o 3a’ ab _!

IZH/I)\(O)I va, ol W2 o%52)
(0,0)cos{A(0) |t dt = 2
0 B 3|A(o)12 ? 225 ~ 5a° |
2
21/ (0)| 9°a 251 3252 4291
f ———25 (0,0)sin{A(0) [t dt = 5 28 ;_( - sb 4+ 3 >2<
0 x| 3{)(0)] ab 3a” |
21/ {2 (0) | azbt 281 252 3221\
f “—= (0,0)cos[A(0) [t dt = 5 |2 Ba'ab +
0 ax] 3])(0)] ab° 2a°
2
2n/|A(0) ] 3%b 242)
f —Tt (0,0)sin|A(0) |t dt = aaab + 2 X
0 ox) 3|A(0)| ab sa’
Therefore,
2r/ia(0)] 3 b
virto) = a0 J T (0,0)dt
0 X]
2
2n/|A(0) ] 32)21 %a,
+ 3 5~ (0,0) —5— (0,0)cos|[A(0) |t
0 3a ox

1
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1251 2%,
- <5~ (0,0) ——(0,0)sin[A(0) |t
sb Xy
J251 2%b,
+ 535p (0,0) 5 (0,0)cos|A(0) |t
9x
Bzat
- 5 (0,0)sin|A(0) |t} ]dt
X
1
l.e.
21/[A(0) | 8> b,
Vo) = x| f —= (0,00dt
X
1
PRI ol N S s S s
120 ]2 sa° ab2 dadb 5.2
.\ % (-2 A S 'S
|>‘(0) |2 ab2 l abz 'aa'ab aaz
2n/|A(0)] 8 b
= |x(0)] J —-—( ,0)dt
0 Bx
I SR N o i o e 4 22x132xl %% 3%t
|k(0)|2 aaz ab2 Bbz aa2 5 daob abZ sadb
2)(1 5222 ‘s 32;(1 32221
8a 3a? Bb Bb }
(where all derivatives are taken at the origin).
2’b,
To compute -—3—— (0,0), we use the equation:
X1
33at a3bt
3 (0,0), 3 (0,0)
3xl Bxl
; 3$ 3 2,
LR (F 5RO ] 5330155 0,0y, % (0,00, 2 (0,0)
l ax =, %

0
- 20
on [ 3y ] g
+ 3d7X%(0) o (0,0), - (0,0) | pds.
1 o2 J
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The calculation involved is quite long,* but is straight-
forward, so we will merely indicate how it is done and then

state the results. The lengthy computation alluded to is:

2n/[A(0) | .2 t _ 3 30
j etax(0) J saX(0) 422 (0) |22 (0,00, —= (0,0) |as at
0 0 1 ox]
25 .23 2% 2z
= | something 2 i xl ? X2 + =l i xl ° Xl
- ' 3 .2 2 3 .2 9x,0x
[A(0) | 9x]  9x) 4|x(0) |7 ax] 1°%2
25,23 23 25
7 37X, 97K, . 3%, 9°K,
* 3T .2 .2 * 3%, 3K, 7.2
4|r(0) |7 x5 ox 4|2 (0) ] 1°%2 3x
1 1 2
22 24 25 .23
N 3 3 X2 3 X2 . 50 ] Xl 3 X2
a)r(0) 2 1%y 0x? g4 a0 |3 ax®  ox?
1 2 2
328, 2% 2% 9%k,
m 1 2 37 2 2
3 T2 .2 3 3o, o2 |0 (3t (0.0))
A0y | ax,  3x] 4|r(0) | 1772 ax))

and one easily sees that

3@ 8¢

21/ |2 (0) 2 o
f l eth(O) J SdX(O)d X(O)[ (0,0), — BX (0,0), = o, O)]ds at
*1

0 0

33 32 33 35
3 [3 Xl 3 Xl 3 Xl . 3 X2]

= + +
4|2 (0) | [axi bx %2 0K, D% J

2
172 1

The final result of the computations is, therefore,

*We are not joking! One has to be prepared to shack up with
the previous calculations for several days. Details will be
sent only on serious request.
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3
J.Zn/{x(m | 8 by

— (0,0)at
o] X '
1
3 3al 352 3a2
LA 3—X3-l- 0,00 + Z£ (0,00 + L3— (0,00 + X (0,0)
4|x(0) | |52 3asb 3a“db
2 242 2 2
T 3 7R 3 3
+ 2 22 (0,0 (0,0) + <5 (0,0) =5 (0,0)
o3 [ 5a° b ’
251 2a1 242 2
59 3K 3 3°% d
+ Z‘ 3a2 (010) a_aab (010) + '4’ _‘_2 (olo) 3a3b (010)
2 242 2A2 2
7 52%% X 5 3% P
+ (0,0) (0,0) + & —=— (0,0) —— (0,0)
Yea2 T st Yt T e
201 201 252 24
5 37K 3K 3 3°% 3
+ 7 3350 (0,0) -a—bT (0,0) + 7 3256 (0,0) 3:2—’ (0,0)].

Thus we get our formula:

(4.2) Formula

B3§l

37
v'rr (o) = (0,0) + (0,0)
411 (0) [aa3 5adb>

3352 3352
+ 23— (0,0 + 23 (0,0
3a”db b
221 251
P2 - 2% (0,00 £3F (0,0)
4/x(0)] da
252 252
3" X 3" X
+ (0,0) (0,0)
Bbz daodb
P 2R 0,00 28 (0,0 - 2R (o0 r—azg‘l
2 ! dadb ' 2 ' aob
Ja -9b
251 252 251 222
+ 2% 0,0 2% (0,00 - 2F 0,00 EE-
da da ab ob

(0,0)

(0,0)1}.
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In two dimensions, where X = ﬁ, this can be used
directly to test stability if d§0(0,0) is in the form on

p. 108.

Expressing the Stability Condition in Terms of X.

We now use the equation

1
Xi(xl,xz,f(xl,xz,u)) = dlf(xl,leu) o X (xl,xz,f(xl,xz,u))
AL ) o X () % g %))
near (0,0,0,0)

to compute the derivatives of §0 at (0,0) in terms of

those of X0 at (0,0,0). Since no differentiation with

respect to u occurs, we drop all reference to u. Upon

differentiating this with respect to %q and to X,¢ We get:
A (% 03, 1 E (% 1%,)) + QK0 (%705, (X, 4%0)) © A F (X %)
1 1772 1772 3 17720 1772 1 172
= A4, x)) © X (%, E ) )

dlf(xl,xz) ° dlxl(xl'XZ'f(Xl'XZ))

+

1
+ dlf(xl,xz) o d3X (xl'XZ'f(Xl'XZ)) ° dlf(xl'x2)

-

d.d f(xl,x ° Xz(xl,xz,f(xl,xz))

172 2)

-+

2
d2f(xl,x2) ° dlx (Xl'x2’f(xl’X2))

o+

dyf (%) © d3X2 (s 3 £ (g 13,)) 0 Gy E (%)
and
QX0 (% 1% (%o 1%0)) + AX0 (% 1% o £ (%0 %)) 0 Af %y y%.)
X0y 1%, £ (g 4%, 3% (k1% £ (% 0% of X1,

= A,d,f (e %,) o X2(xl,x2,f(xl,x2))
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A0 %) o X k£ (g %))
+ dzf(xl,xz) ° d3X2(xl,x ,f(xl,xz)) o dzf(xl,xz)
FAQE (R ) o Xl 1%y E (%) %))
+ dlf(xl,xz) ° dZXl(xl,xz,f(xl,xz))
F AT %) o X x, £ 00 %,)) o dyfx %)
We now differentiate the first equation with respect to Xq

and X,

three expressions. These expressions are easy to write down

and the second with respect to X, only. We get

and to evaluate at the point Xy T %X, = 0, where

0 [x(0)| o
f=df =0 and dX = |-|a(0)] 0 0 .
3
0 0 d,X
This procedure yields
dlle3(0,0,0) + d3x3(o,o,0) o d,d,f(0,0) = —2|A(0)[dld2f(0,0)
a,d,%x%(0,0,0) + d;%x>(0,0,0) o d;d,£(0,0)
= |x(0)[a,d,£(0,0) = |A(0)[d,d,£(0,0)
d4,d,%7(0,0,0) + dyX>(0,0,0) o d,d,£(0,0) = 2|A(0)|d;d,£(0,0)
i.e.
a;x2(0,0,00  2/A(0)] 0 d,d,£(0,0)

3
-|x¢0) | d,X°(0,0,0)  [A(0)] d,d,£(0,0)

0 ~2[M0)]  d5x°(0,0,0) | [a,d,£(0,0)
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3
—dlle (0,0,0)

3
= -dld2X (0,0,0)

—d2d2X3 (0,0,0)

See formula (4A.6) on p. 134 for the expression for didjf ob~
tained by inverting the 3 x 3 matrix on the left. Note
that since the determinant is d3x3(0,0,0) (d3X3(0,0,0)2 +

4]2(0)|?), and since o(d5X>(0,0,0)) C 0(dX(0,0,0)) C

{z]Re z < 0} U {1(0),X(0)} implies both d3x3(0,0,0) and
d43%%(0,0,00% + 411(0) | = (d,%(0,0,0) + 2|A(0)|4) (a,%%(0,0,0)
-2|x(0) |i) are invertible, the matrix is invertible.

Finally we must compute the first three derivatives of ﬁo

at (0,0) in terms of those of XO at (0,0,0). Remember

that
%i(xl,xz) = Xi(xl,xz,f(xl,xz)) for i =1,2.
Therefore,
4.8 (%, ,x) = a,xb(x, x,, E(x, ,x,)
j 1772 3 1%2 17%2
+ d3Xi(xl,x2,f(xl,x2)) ° djf(xl,xz)
for i,j = 1,2.
So

0 1A (0) ]

ax(0,0) = .
-|ac0) | 0

Differentiating again, we get:
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dkdjxl(xl,xz) = dkdjxl (% 1%, £ (%1 1%,))
+ d3djxi(xl,x2,f(xl,x2)) o G (x, %)
+ dkd3xi(xl,x2,f(xl,x2)) o dEx %))
+ d3d3Xi(xl,x2,f(xl,x2)) ° dkf(xl,xz) ° djf(xl'xz)

i .
+ d3X (Xl'XZ'f(Xl'XZ)) o dkdjf(xl’xz)’ i,jk=1,2.
Evaluating at t = 0, we get:

2i i L
dyd X" (0,0) = dkdjxl(0,0,0), i, i,k = 1,2.

We differentiate once more at evaluate at O0:
dldkdjxl(o,O) = dzdkdjxl(0,0,0) + d3djxl(0,0,0) o d,d,£(0,0)
+ dkd3xl(0,0,0) ° d,d.£(0,0)

+ d2d3xl(0,0,0) ° Gd£(0,0), i,d/k = 1.2,

This can be inserted into the previous results to give an
explicit expression for V'''(0) on p.

Below in Section 4A, we shall summarize the results
algorithmically so that this proof need not be traced through,
and in Section 4B examples and exercises illustrating the

method are given.

(4.3) Exercise. In Exercise 1.16 make a stability
analysis for the pair of bifurcated fixed points. In that
proof, write f£(a,0) = o + Aa3 + +++ and show that we have
stability if A < 0 and supercritical bifurcation and in-
stability with subcritical bifurcation if A > 0. Develop an

explicit formula for A and apply it to the ball in the hoop

example. (Reference: Ruelle-Takens [1l], p. 189-191.)
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SECTION 4A

HOW TO USE THE STABILITY FORMULA; AN ALGORITHM

The above calculations are admittedly a little long,
but they are not difficult. Here we shall summarize the re-
sults of the calculation in the form of a specific algorithm
that can be followed for any given vector field. In the two
dimensional case the algorithm ends rather gquickly. In gener-
al, it is much longer. Examples will be given in Section 4B
following.

Stability is determined by the sign of V"'{O), so our
object is to calculate this number. We assume there is no

difficulty in calculating the spectrum of the linearized pro-

blem.
Before stating the procedure for calculation of
V!'''(0), let us recall the set up and the overall operation.
Let Xu: E~+ E be a ck (k > 5) vector field on a

Banach space £ (if Xu is a vector field on a manifold, one
must work in a chart to compute the stability condition).

Assume Xu(a(u)) = 0 for all u and let the spectrum of
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dxu(a(u)) satisfy:

For M <WUg , U(qu(a(U)) C {z|re z < 0}. qu(a(u)) has two
complex conjugate, simple eigenvalues A(u) and *(w). At
W= Uy, A(W) and X(n) cross the imaginary axis with non-
zero speed and A(uo) # 0. The rest of c(dxu(a(u)) remains

in the left half plane bounded away from the imaginary axis.

I. Under these circumstances
(3) Bifurcation to periodic orbits takes place, as
described in Theorem 3.1.

Choose coordinates so that X = (X1 ,X2 ,X3 } where
u u H U
0 0 0 0
Xi and Xi are coordinates in the eigenspace to X(uo)
0 0

and X(uo) and Xi is the coordinate in some complementary
0.

subspace. Choose the coordinates so that®*

0 RYCTON 0
ax, (alig)) = = (ug) | 0 0 . (4.1)
0 0 a

3x30(a(uon |

(B) If the coefficient V'''(0) computed in (II)
below is negative, the periodic‘orbits occur for u > Ko and
are attracting., If V'''(0) > 0, the orhits occur for
n < Hyr are repelling on the center manifold, and so are un-
stable in general.

(C) If VvV'''(0) = 0, the test yvields no information

See Examples 4B.2 and 4B.8. Computer programs are available
for this step. See for instance, "A Program to Compute the
Real Schur Form of a Real Square Matrix" by B.N. Parlett and
R. Feldman; ERL Memorandum M 526 (1975), Univ. of Calif.,
Berkeley.
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and the procedures outlined in Section 4 must be used to com-

pute V(S) (0). Good luck.

II. Write out the expression

3 3%l

e — 3Tr
Vi) = PNCTION|

0 e (u) va, (1))
a;uqlt,a, (e
axi 170 270

3 3x> a3§§
0 0
+ ———= (a5 (un) ra, (Uy)) + ——— (ay (U,) ra5 (HW,))
2 ‘@1 iHgl a5, 2 1 o/ 132V
Bxl'c) X5 axl 8x2
5 3x2
Ho
+ 3 (@) (Hg) 2y (ug))
2
5 2x1 3 2xt
+ LA (a, (1) ,a, (1)) s——so (2, (1n) ya, (Hn))
r I
4M(u0)12 3x§ 170" %27 0’ axax, “17Ho’ %2 e
s 22 > 22
0 0
+ ; 3 (al(uo),az(uo)) RN (al(uo).az(uo))
X, 1 =2
azxfl azxﬁ
0 0
+ 5 (al(uo),a2 (ug)) RN (al,(uo),az(uo))
Bxl 1772
azxt e
_ 0 0
7 (al(uo),az(uo)) RN (al(uo),az(uo))
3 x5 1° *2
alell 3 2x2
+ O (a, (u) e, () ——0 (ay (1) ran (u))
S %2 1Ho’ 22 3 2 1Mo’ 22
1 1
azxi 5 252
0 0
- 5 (al(uo),az(uo)) _'a_xz_ (@) (ug) ray (ug)) | - (4n.2)
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: . s ol 1 22
(A) If your space is two dimensional, let X = X, X° =
X2. Take off the hats; you are done with the computation of
V'''(0) and the results may be read off from I.

Otherwise, go to Step B.

(B) 1In expression (4A.2) fill in

axt (a)(ug)saylugh) = axt (@) for i, 3 =1,2.

3 ¥ B (4a.3)
akdjﬁio (ay (ug) ray (ug)) = akajxio (alug)), for 4,3,k =1,2.
(4n.4)
and
dldkdj};io(al(uo),az(uo)) - 4,355, (alig)
+ d3djxio(a(uo)) ° dgd, £a (Hy) ,a, (Hg)) (4a.5)
+ a3dkx§0(a<u0)) ® g E(a; (Mg) 3, (M)
+ d3d2xi0(a(uo)) ® 4 E(a) (B ,a,(H)) for i,3.k,L= 1,2
(C) In this expression you now have, f£ill in didjf
given by:

dldlf(al(uo),az(uo))
dldzf(al(uo),az(uo)) =

d2d2f(al(u0),a2(uo))

2 2
210G | +(d3X30(a(u0) ) ~2[ A ug) Id_,,xi0 (alug)
5 g lag @) (@ @’
2P g |2 2 () ld3XSO CITRY
, -
2|2 tug) | —dldlxio (alug)
1 3 3
-|A (ug) ]d3xu0 (@tuy)) _dleXuo(a (ug)? (4A.6)
2 3 2 3
ﬂkm&{+@§%gam&)) —dfﬁ%aaw&)
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2 2
where 4 = (d3xio(a(u0)))((d3Xio(a(uo))) +aa(0) 4.

(Note: 1if X3 is linear, all derivatives of f are zero.)

(D) If you have done it correctly your expression for
V'''(0) is now entirely in terms of known guantities and in
an explicit example, is a known real number and you may go to

Step I to read off the results.

Remarks. ©S. Wan has recently obtained a proof of the
stability formula using complex notation, which is somewhat
simpler. It also yields information on the period (it is
closely related to the expression Bo + iaob0 from Section 3C;
stability being the real part, the period being the imaginary

part). The formulas have been programmed and interesting

numerical work is being done by B. Hassard (SUNY at Buffalo).
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SECTION 4B
EXAMPLES

We now consider a few examples to illustrate how the
above procedure works. The first few examples are all simple,
designed to illustrate basic points. We finish in Example 4B.8
with a fairly intricate example from fluid mechanics (the

Lorenz equations).

(4B.1) Example (see Hirsch-Smale [l1], Chapter 10 and

Zeeman [2] for motivation). Consider the differential equa-

d2x dx 3 dx
tion —= + [——J -agzp + x = 0, a special case of Lienard's
dt2 dt t

equation. Before applying the Hopf Bifurcation theorem we

make this into a first order differential eguation on R2. Let

y = %% . Then we get the system
Fg&-Y¥ FTY ta-x

Let Xa(x,y) = (y,—y3+ay—x). Now Xa(0,0) = 0 for all a and

0 1
ax_(0,0) = N
@ -1 +a
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+ -
The eigenvalues are 5—:——%——i . Consider a such that

la] < 2. 1In this case Im A(a) # 0, where A(a) = E~i——%4:é==
4-a
> .
for a =0, Re A(a) = 0 and for 2> a > 0, Re A(a) > 0 and

Furthermore, for -2< a < 0, Re A(a) < 0 and

d(Re A(a))
da

% . Therefore, the Hopf Bifurcation theorem

a=0
applies and we conclude that there is a one parameter family
of closed orbits of X = (xa,O) in a neighborhood of (0,0,0).
To find out if these orbits are stable and if they occur for
a > 0, we look at X (x,y) = (y,-y3—x). dx_ (0,0) = 0 1

0 0 -1 0
and A(0) = i. Recall that to use the stability formula

developed in the above section we must choose coordinates so

that

0 Im A (0) 0 1
dX,(0,0) = = )
-Im A(0) 0 -1 0

Thus, the criginal coordinates are appropriate to the calcula-
tion; an example where this is not true will be given below.

We calculate the partials of X0 at (0,0) wup to order three:

3nx1
— (0,0) = 0 for all n > 1
axjay J
since Xl(x,y) =y.
2%, 2%, 2%,
5 (010) =0, aXT (0,0) =0, —5 (0,0) =0,
X 172 X
1 2
2%, x a3x2 2%,
—-3—'(0,0) =0, 3 (0,0) =0, 5 (0,0) =0, —3 (0,0) = ~6.
Bxl Bxlax2 8x18x2 3x2

Thus, V'''(0) = %1 (-6) < 0, so the periodic orbits are attract-

ing and bifurcation takes place above criticality.
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(4B.2) Example. On R2 consider the vector field

X, (6,y) = (by, =0 -xly+ (u=2) 5+ (u=1) y) -
XU(O’O) =0

and

1 1
qu(0,0) = .

=2 -1

N TR/

The eigenvalues are 5 = ) « Let -1<u<x<1]1i,

then the conditions for Hopf Bifurcation to occur at u =0
are fulfilled with A(0) = 1. Consider Xo(x,y) =

(x+y,—x3—x2y—2x—y). dXo(0,0) = [_; _i], which is not in the

required form. We must make a change of coordinates so that

0 1

-1 0]' That is, we must find vectors él

dXO(O,O) becomes {

~

and e, so that dXO(O,O)el = -e, and dXO(O,O)e2 =e;. The
vectors él = (1,-1) and 82 = (0,1) will do. (A procedure
for finding &, and &, is to find o« and o the complex

1 2
eigenvectors; we may then take él =a +a and 32 = i(o-0).

See Section 4, Step 1 for details.) Xo(x§1+yé2) = Xo(x,y—x) =

3.2 N 2 ~
(y,=x"-x" (y-x) -2x-(y-x)) = (y,-xzy-x—y) = ye, + (-x y—x)ez.

Therefore in the new coordinate system, Xo(x,y) = (y,—xzy—x).
8%,
— =T (0,0) = 0 for all n > 1.
axJay™ )
'azxz 8%x, 32x2
—~ (0,0) = 0, === (0,0) =0, —~ (0,0) =0,
ayz oxay ay
2%, 2%, 2>, 2%,
3 (0,0) = 0, 5 (0,0) = -2, 5 (0,0) =0, 3 (0,0) = 0.

X 9x" 3y XY 3y
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Therefore, V'''(0) = 5 iT(TO) (-2) < 0. The orbits are stable and
bifurcation takes place above criticality.
(4B.3) Example. The van der Pol Equation

2
The van der Pol equation §_§ + u(xz—l)gi + x =0
at t

is important in the theory of the vacuum tube. (See Minorsky
[1], LaSalle-Lefschetz [l] for details.) As is well known,

for all u > 0, there is a stable oscillation for the solution
of this equation. It is easy to check that the eigenvalue
conditions for the Hopf Bifurcation theorem are met so that
bifurcation occurs at the right for u = 0. However, if

¥ = 0 the equation is a linear rotation, so V(n)(O) = 0 for
all n. For uy = 0, all circles centered at the origin are
closed orbits of the flow. By uniqueness, these are the
closed orbits given by the Hopf Theorem. Thus, we cannot use
the Hopf Theorem on the problem as stated here to get the
existence of stable oscillations for uy > 0. In fact, the
closed orbits bifurcate off the circle of radius two (see
LaSalle-Lefschetz [1], p. 190 for a picture). In order to
obtain them from the Hopf Theorem one needs to make a change
of coordinates bringing the circle of radius 2 into the origin.
In fact the general van der Pol equation u" + f(uw)u' + g(u) =
can be transformed into the general Lienard equation

X' =y - F(x), v' = ~g{x) by means of x =u, v = u' + F(u).
This change of coordinates reduces the present example to

4B.1. See Brauer-=Nohel [1l, p. 219 ff.] for general information

on these matters.)

(4B.4) Example. On R3, let Xu(x,y,z) =

(ux+y+6x2,-x+uy+yz,(uz—l)y—x~z+x2). Then XU(O,O,O) = 0 and

0
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0
dX (0,0,0) { 0 which has eigenvalues -1 and
u -l -1
uw+ i, For u = 0, the eigenspace of #i for dXo(0,0,0)

is spanned by {(1,0,~1),(0,1,0)}. The complementary subspace
is spanned by (0,0,1). With respect to this basis Xu(x,y,z) =

(ux+y+6x2,—x+uy+yz,ux+u2y-z+x2). We now compute the stability

condition. |A(0)| = 1 and a, X (0,0,0) = -1.
d,£(0,0) 3 2 2 2 6/5
4,£(0,0) = {-1 -1 1 % 0| = [-2/5
d,£(0,0) 2 -2 3 0 4/5
d,d.d ®>0,0) = 0

L5 k0

42
d,8,d,%2(0,0) = 0
4.4,d.%2(0,0) = 1-(6/5) = 6/5

52
dld2d2X0(O,O) 3-1-4/5 = 12/5.

w

Therefore, V'''(0) = Zl (6/5 + 12/5) > 0, so the orbits are un-
stable.

The next two exercises discuss some easy two dimensional

examples.

(4B.5) Exercise. Let X(x,y) = AU(§) + B(x,y) where

uoo1
1 u

= 0 1is a bifurcation point and that a stable periodic

Bx,y) = (ax2+cy2,dx2+fy2) and A = [_ J. Show that

Mo
orbit develops for u > 0 provided that c¢f > ad. (This
example is a two dimensional prototype of the Navier-Stokes

equations; note that X 1is linear plus gquadratic.)
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(4B.6) Exercise (see Arnold [2]). Let 2z = z(iwtu+czz)
in R2 using complex notation. Show that bifurcation to
periodic orbits takes place at 2z = u = 0. Show that these

orbits are stable if ¢ < 0.

For some additional easy two dimensional examples, see
Minorsky [1], p. 173-177. These include an oscillator in-
stability of an amplifier in electric circuit theory and
oscillations of ships. The reader can also study the example
X + sin x + ex = M for a pendulum with small friction and
being acted on by a torque M. See Arnold [1], p. 94 and
Andronov-Chailkin [1].

The following is a fairly simple three-dimensional

exercise to warm the reader up for the following example.

(4B.7) Exercise. Let Xu(x,y,z,w) = (ux+y+z-w,-x+uy,
-z,—w+y3). Show that bifurcation to attracting closed orbits -
takes place at (x,y,z,w) = (0,0,0,0) and p = 0.

(Answer: V'''(0) = -9n/4).

The following example, the most intricate one we shall
discuss, has many interesting features. For example, change
in the physical parameters can alter the bifurcation from sub
to supercritical; in the first case, complicated "Lorenz

attractors" (see Section 12) appear in plcace of closed orbits.

(4B.8) Example (suggested by J.A. Yorke and D. Ruelle).

The Lorenz Equations (see Lorenz [1]).

The Lorenz equations are an idealization of the
equations of motion of the fluid in a layer of uniform depth
when the temperature difference between the top and the bottom

is maintained at a constant value. The equations are
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ax _ _
ac = ox + oy
d = - -
£ = -Xz + rx -y
dz _ -
d—t- = XY bz.

Lorenz [1] says that "... x is proportional to the intensity
of the convective motion, while y is proportional to the
temperature difference between the ascending and descending
currents, similar signs of x and y denoting that warm f£luid
is rising and cold fluid is descending. The variable =z is
proportional to the distortion of the vertical temperature
profile from linearity, a positive value indicating that the
strongest gradients occur near the boundaries". o = K_lv is
the Prandtl number, where K 1is the coefficient of thermal
expansion and v 1is the viscosity; r, the Rayleigh humber, is
the bifurcation parameter.

For r > 1, the system has a pair of fixed points at
x =y = ##/b(r-1), 2 = r - 1. The linearization of the vector

field at the fixed point x =y = +/b(r-1l), z =r - 1 is

-C o 0
M = 1 -1 ~/b(r-1) | = dxr(/b(r—l),/b(r-l),r—l).
vb(r-1) vb(r-1) -b

The characteristic polynomial of this matrix is

x> + (c+b+1)x2 + (r+o)bx + 20b(r-1) = 0,

which has one negative and two complex conjugate roots. For

o >b + 1, a Hopf bifurcation occurs at r = %ég%?%%l . We

shall now prove this and determine the stability.
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Let the characteristic polynomial be written

(x-A) (x-X) (x~a) = 0, where X\ = Xl + iAZ,

3

ie. %0 - (2a+a)x” + ([A]2420 0% - |2

|2a = 0.

Clearly, this has two pure imaginary roots iff the product of
the coefficients of x2 and x equals the constant term.

. . _ _ _ g(o+b+3) |
That is, iff (0+b+l)(r0+0) = 20b(rO 1) or ¥y, = ~{o-b=17
Thus, we have the bifurcation value. We now wish to calculate

Ai(ro). Equating coefficients of like powers of x, we get

(0+b+1) = 23 + a
2
(r+o)b = |a]% + 200
and
2
-20b(r-1) = |A]|%a.
Thus, a = -(o+b+1+2);) and (r+o)ba = 2A1a2 - 2Ab(r-1), so

that —(c+b+l+2Al)(r+c)b = =-20b(xr-1) + 2Al(o+b+l+2Al)2.
Differentiating with respect to r, setting r = ro, and re-
calling that Al(ro) = 0, we obtain

b(c~b=-1)
2(b(ry+o) + (o+b+1)?]

' =
Al(ro) >0 for o >Db + 1.

Thus, the eigenvalues cross the imaginary axis with non-
zero speed, so a Hopf bifurcation occurs at ry = gég%?%él .
We will compute V'''(0) for arbitrary o,b and will evaluate

it at the physically significant values o = 10, b = 8/3. At
2

ro, o is minus the coefficient of x°, so o = -{(o+b+l); and
2 . 2 20b (c+1)
at  rg, [ 7] is the coefficient of x, so [A]° = =T -
Following I(A) of Section 4A, must compute a basis
3

for R in which
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er (/b(ro—l),/b(ro—l),ro—l)

0
-0 o 0
M = 1 -1 -VE(ro—l)
vb (ro—l) ‘/E(ro'l) -b B
becomes
20b (o+1)
0 o-b-1 0
_ /20b(o+1) 0
o-b-1 :
0 0 - (o+b+1)
The basis vectors will be u,v,w where Mu = -|A|v, Mv = ~|}X]|u,

Mw = agw. An eigenvector of M with eigenvalue a is

b+ ~b-1 .
[—c,b+l,//70+ l;}i b l)b}. The eigenspace of M corresponding

to the eigenvalues A,A is the orthogonal complement of the

eigenvector of Mt corresponding to the eigenvalue a. This

eigenvector is o+b-1,-(o-b-1),~ b(a+b+$i{o—b—l¥]. We will
N 2
2 '[)‘l 0
choose u = (-{o-b-1),~(0c+b~1),0). Because M = | |2
0 - A
on the eigenspace of A, A, we may choose v = - T%T Mu =

We now have

20b(0-b-1)  _ /2b(o-b-1) .y /2(o+b+1)
[ oFL ' /c(c+l) r omD) S

our new basis and, as in Example 4B.4, after writing the
differential equations in this basis to get §1,§2,§3, we are
ready to compute V'''(0). This is a very lengthy computation

so we give only the results.* Following (II) of Section 4A,

*
Details will be sent on request.
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the second derivative terms of V'''(0) are

L S e o S Y A Lo A Yo G o
NG ax? x4 9%, Bxg x4 9%, Bxi 9x,9%,
_a%xt ofxb | a%xb o2k %P _

7 3% 9% 2 2| <
Bxl 1772 axl sz sz

2
_;3-“—(—0—:-b;§)—2- / 2b(o~b-1) {[20-2b2(0'+b-—1) - 20'b2(0"'b"l)
40b (o+1) "w o(o+l)

+ 20b(0o-1) (o-b~1) (o+b+l) + 20(6—1)2(d+1)(G+b+l)][b(0+l)(0+b—l)(0—b—l)
2b2(c-b~l) + 2b(o~-1) (o-b~1) (octb+l) + 2(0—1)2(0+l)(0+b+1)]

(b(o+1) (a=b-1)2 + (0%=1) (o=b-1) (+b+l) — 0(a>=1) (o+b=1) (o+b¥l)

+

b (0+1) (o4b-1) (o-b=1) — (0°-1) (o+b+l) (o-b-1) 2] [ (0°-1) (o+b=1) (o+br+1)

+ b(o+l) (o+b-1) (0-b-1) = 2b(a-1) (o+bHl) - 2B2 (-b-1)
+ 2B(0-1) (0=b=1) (o+b+1) ] + 2ba(o-1) (o+1) 2 (g-b=1) (o+b+1) (ob-1)2
+ 2% (0+1) 2 (0-b-1) 2 (0+b-1) 2 - [8b°0 (0-1) (0=b~1) (oHb+l)

+ 8b0(0-1) (0+1) (o#b+1) = 850 (0-b=1)] [(0=1) (0-b=1) (o+b+1)

 blob-1) - (o-1) (c+b+1)]} = L.

The third derivative terms are

3r |a3%t 5%t 23%% 53%?
T + + + ‘
412 8x3 ax 8x2 szax 8x3
1 1°%2 19%2 2
_o3n )%, %t 2%%? |
4[A[ QXi Bxlaxz 3x23x3‘
L%y 2% W% 9% | o%d 3%x°
7 5X. 3% 9X. X 9% 9%, |3x. 0%, | 3x.9%
2x5 29%3 3 19%; 19%2 19%3

31(0-1) (6=b-1)% /2B (9-b-1) 1
N o (o+1)

20b (0+1) Sw? [ (0+b+1) 2 (o-b=1) + 8ob (o+1)]
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{—402b2 (02-1) (o-b+1) + ob(otb-1) (o-b~1) (o+b+1)?
+ 20b(0+1) (0-b-1) (o+b+1) (02+b~1)

26202 (0+1) (0+b-1) (o4b+1) ] [30b(o+1) (oHb=1) - b(o+l) (2o+l) (o-b-1)

2b(0=b-1) 2 (04D+1) ~ 4(02-1) {o-b~1) (0+b+Ll) + (0°-1) (b+2) (o+b+l)]
+ 140202 (0+1) 2 (0+b-1) - 20b(o+1) (o+b+l) (o=b-1) (024+b-1)

+ 2020 (0+1) (0+b+l) (o+b-1) = 802b? (0+1) (024b-1)

2062 (040+1) 2 (0-b-1) (02+b=1) ] [2b (o#b+1) (o=b~1)2

4(0°-1) (0-b=1) o+b+1) + ab(o+1) (a+b-1)

b(o+1) (2b+5) (0-b=1) + 3(b+2) (0°=1) (oHb+1)]

+

[20b% (0+1) (o#b=1) (o4b+1) + 40b (o+b+l) (o24b-1)

(otb+1) 2 (0-b-1) (0%+b-1) + ob(otb+l) 2 (o+b=1) ]

[20b2(0+l)(b+2)(0—b—1) + 20b2(0—b—1)2(o+b+l)

o(o—l)(6+l)2(0+b+l)(6—b—l) + Gb(0+l)2(0-b-l)(c+b—l)

)2

(c—l)(0+l)2(b+l)(o—b—l)(0+b+l) - b(b+l)(0+l)2(o-b—l

b(c+l) (o+b+l) (o'—b-l)3]} = A

where

w = ii;ii /3("*2*1) [ (b+1) (0+1) (0-b-1) + 0 (o+l) (o+b-1) + b(o+b+l) (0-b-1)1

and

- 3n(ob-1)°>  /Sblob-1)
- o(o+l) °

20b (0+1) w2

Since V'''(0) = (A1+A2)E and & > 0, the periodic
orbits resulting from the Hopf bifurcation are stable if

Al + A2 < 0, and unstable if Al + A2 > 0. For o =10, b = 8/3,
bt 9 -~ 9 -~ 9.
Al = 1.63 x 107, A2 = 0.361 x 107, Al + A2 = 1.99 x 107;
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therefcre, the orbits are unstable, i.e. the bifurcation is

subcritical.

OQur calculations thus prove the conjecture of Lorenz [1],
who believed the orbits to be unstable because of numerical

work he had done. For different ¢ or b however, the sign

may change, so one cannot conclude that the closed orbits are

always unstable. A simple computer program determines the

regions of stability and instability in the b-0 plane.

See Figure 4B.1l

Lorenz' value o= 10, b=8/3
o / 25 50 100

+ —+ + b
/

v™0)=0
1< _STABLE

4 PERIODIC ORBITS

1 STABLE
100 4 LORENZ PERIODIC
§ ATTRACTOR ORBITS —
(SUPERCRITICAL
i (Sui;cgggé;ﬂ ony \¢— HOPF BIFURCATION)
|+ HO " P Vm(o)<o
vV7{0)>0
200, 1
o

Figure 4B.1

We also investigate the bhehavior of the system for

fixed b > 0 as o - «., This has also been done by Martin

and McLaughlin [l1]. Our result agrees with theirs. We
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proceed as follows:
{(0+b+1) ?(6-b=1) + 8ob(0+1)}A; + A, = p(b,0)

is a polynomial of degree 11 in o. For b fixed, the
highest order term is (8b2+12b)oll. If b > 0 this co-
efficient is positive, so for large positive ¢ (with b
fixed), V'''(0) > 0 and the bifurcation is subcritical.

This example may be important for understanding
eventual theorems of turbulence (see discussion in Section 9).
The idea is shown in Figure 4B.2. For further information on
the behavior of solutions above criticality, see Lorenz [1]
and Section 12. (L. Howard has built a device to simulate

the dynamics of these equations.)

(4B.9) Exercise. Analyze the behavior of V'''(0)

as b + o for fixed o and as b + » for o = gb, for

various R > 0.

r
| r=bifurcation ]
parameter
—~stable
Lorenz cycles
turbulent? attractor
— unstable fixed <©
— F ] poinf @
()
stable
' stable — stable
equlilibrium .
__-unstable
unsltable e
periodic solutions |subcriﬁco| | fsupercriticﬂ

Figure 4B.2
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(4B.10) Exercise. By a change of variable, analyze the

stability of the fixed point x =y = - b(r-1), z =r - 1.
+b+
Show that Hopf bifurcation occurs at r, = cég El3) and that

the orbits obtained are attracting iff those obtained from the

analysis above are.

{(4B.11) Exercise. Prove that for r > 1, the matrix

-0 o} 0
1 -1 vb{r~1)
Vb (r=1) vb{r-1) -1

has one negative and two complex conjugate roots.

(4B.12) Exercise. Let F denote the vector field on
R3 defined by the right hand side of the Lorentz equations.
(a) Note that div F = -¢g - 1 - b, a constant.
Use this to estimate the order of magnitude of the contractions
in the principal directions at the fixed points.

(b) If V = (x,v,2), show that the inner product

<&F,v> is a quadratic function of x,v,z. By considering

gf <v,V), show that this implies that solutions of the Lorenz
equations are globally defined in t. [Note that most
quadratic equations, eq: X = x2 do not have global t

solutions.]

(4B.13) Exercise. The following eqguations arise in the

oscillatory Zhabotinskii reaction (cf. Hastings-Murray [1]):
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s(y—xy+x—qx2)

M
1]

e
1l

1
5 (f2-y~xy)

w(x-y)

N
]

(compare the Lorenz equations!). Let £ be the bifurcation
6

’

parameter and let, eg: s = 7.7 x 10, g = 8.4 x 10~

1.61 x lO_l. Show that a Hopf bifurcation occurs at

w

f

fc where

2q(243£,) = (2f_+q-1) [(1-f_~q) + {(1-f_-q)? + 4q(l+fc)}l/2].

show that for the above values, the bifurcation is subcritical.
S. Hastings informs us that the bifurcation picture looks like
that in Figure 4B.3 (the existence of stable closed orbits

for supercritical values is proven in Hastings-Murray [11).

bifurcation parameter

stable closed orbits
.—surface of

closed orbits

subcritical Hopf
bifurcation

losed orbits switch
stability here

Figure 4B.3
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SECTION 4C
HOPF BIFURCATION AND THE METHOD OF AVERAGING

by

S. Chow and J. Mallet-Paret

The method of averaging* provides an algorithm for pre-
paring a bifurcation problem, that is, putting it into a
normal form. Once this is done, one may more readily determine
certain qualitative features of the bifurcation, by means of
the implicit function theorem (or contraction mapping principle)
and the center manifold theorem.

Consider first the Hopf bifurcation problem

= £(z,a) (4Cc.1)

Ne

about the equilibrium 2z = 0. Thus assume 2z & Rn, o G(—ao,a&,
f takes values in R" and £f(0,a) = 0. For simplicity, an
ordinary differential equation is considered although we could

just as well consider a partial differential equation. In

*

The method has been used by a number of authors, such as
Halanay, Hale, Meyer, Diliberto, etc. cf. Kurzweil [1l] and
articles in Lefschetz [1].
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O,ao) to

this case z and =z belong to (generally different) Banach
spaces Xl and X2 and f 1is smooth from X4
X2. We may write (1) in the form

z =A(a)z + g(z,a)

lg(z,a) | = o(|z]%).

(4C.2)

The standard hypotheses (see Sections 1,3) on the spectrum of

A(a¢) hold, namely that it posses a pair A(a),A(a) of complex
conjugate eigenvalues of the form
AMa) = v{a) + iw(a)
where
v(0) =0, v 95 yr0) # 0
and
w dgf w(0) # 0

and that the remainder of the spectrum of A(a)
positive distance away from the imaginary axis.

z € RY  as

P®Q==R ® R 2

z = (X,y)

according to the spectrum of A(0), so that P

space corresponding to A(0),A(0) and Q

With this decomposition we may assume

Ay (a) 0 (a)
A(a) =
O(a) AQ(a)
where
v{a) -w(a)
Ap{a) =
w(a) Y (o)

stays uniform

Decompose

is the eigen-

is its complement.
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and the spectrum of AQ(a) stays uniformly away from the

imaginary axis. We may also represent x in polar coordinates
x = (r cos 6, r sin 9).

Consider a periodic solution bifurcating from (x,y,0) =

(0,0,0). The differential equation for r is
r = y(a)r + 0(r?) = avr + O(azr) + 0(r2),

and it follows that when r attains its maximum on the solution,
r = 0, and hence

a = O(r). (4C.3)
Now the periodic solution also lies on the center manifold I,

described by

L:y = ¢(r,0,0). (4C.4)
The fixed point (r,y) = (0,0) 1lies on I for all o; more-
over, I 1is tangent to Px(—ao,ao) at (r,a) = (0,0) which

implies (4C.4) has the form

I: y = ry(r,8,0)
W(Orero) = 0.

Thus, we have on the periodic solution
2 _ 2
y = 0(r") + O(ra) = 0(x"). (4C.5)

Choosing € > 0 of the same order as the amplitude of the

solution, we may scale the equation by making the replacements

¥ > er, o> €a, Y > €Y.

The estimates (4C.3), (4C.5) imply then
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r = 0(1)
x = 0(1) in scaled coordinates. (4C.6)
y = 0O(g)

The precise relation between ¢ and a will be determined

jater when o will be chosen as a particular function of €.

We will in fact show then that
o = 0 in scaled coordinates.

Expand the differential equation (4C.2) in a Taylor
series, in scaled coordinates. It is not difficult to show

the estimates (4C.6) imply the equation takes the form

x2 + s3B x3 + Gxy + O(EZu) + 0(53)

X = AP(ea) + 32 3
(4c.7)
y = AQy + eJx> + O(ega) + 0(52)
where
_ 1.2 . .
Bj = (Bj,Bj) = homogeneous polynomial of degree j in
X € R2, taking values in R2
G: R2 X Rn_2 - R2 bilinear
Ay = AQ(O)
2 2 2 R P
J=R" x R" >R symmetric, bilinear.
In polar coordinates (4C.7) becomes
. 2 2.3
r = €ovr + Er C3(6) + e°r C4(6) + eer(e)y
+ O(Ezu) + 0(83)
> (4C.8)

D
I

w + erD3(e) + O(ea) + 0(52)

AQy + eer(cos 8, sin 6)2 + Of(ea) + 0(52)

[P
I

where
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cj(e) = (cos e)Bi_l(cos 6, sin 0) + (sin e)B?_l(cos 6, sin 6)
! 2 . . 1 .

Dj(e) = (cos e)Bj_l(cos 8, sin 6) - (sin 6)Bj_l(cos 6, sin 8)
= homogeneous trigonometric polynomials of degree j

Gz(e) = homogeneous trigonometric polynomial of degree 2

taking values in Q* the dual of Q.

The goal of the method of averaging is to "average out"

He

the dependence of on 6 and y, that is, to find a new

radial coordinate ¥ in which the eguation for % is
¥ = F(r,e).

If this were done, then all periodic solutions would simply be
circles T = r(e) satisfying F(r(e),e) = 0. Actually it is
not necessary to entirely eliminate dependence on € and y;
generally all that is required is the absence of € and vy
from a finite number of terms in the Taylor series expression
in € and y. For exémple, in (4C.8), generically it is
enough to average the ¢€,ey and 62 terms.

More precisely, consider any differential equation

o

T z z €JRjk(r,e,0(,)yk

j=1 k=0
§ = w + 0(e)
9 = AQy + O(eg).

The series for r may be a finite Taylor series with remainder.
In order to average a given term, say qu, define a new co-
ordinate T by

T=r+ ePu(r,8,0)y%.

In the new coordinates, the coefficient of epyq becomes ﬁbq
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where

ﬁbq(r,e,a) = %5 w + ququQ + qu(r,e,u).

Two cases are considered.

Case I, g = 0. In this case we choose u to be

1 [+] 6 2T
u(r,0,a) = - = J Rpo(r,E,a)dE + o J Rpo(r,E,a)dE-
0 0

Observe that u _is 2m-periodic in 6 and R.po is independent

of 6 and, in fact, is the mean value

1 2T
Rpo(r:(x) = T JO Rpo(rlglu)dg'

Therefore, we have averaged the coefficient of epyo.

Case II, g > 0. Here we wish to choose u so that qu is

identically zero thus eliminating the apyq term. Therefore,

we seek a 2n-periodic function u(r,8,a) satisfying
AU 4 quA. + R_ (r,8,a) = 0 (4C.9)
36 Q pqg : :

By considering qu as a forcing term in (4C.9), it follows
~ that such a unique u always exists if and only if the. homo-
geneous equation

ou _
a—ew+quAQ——0

has no nontrivial solution 2n-periodic solution. It can be

shown that this is the case provided that

n-=2
y n.A. # integer
igj=17

ElH
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n=2
for all integers n. > 0, n, =q
J - i=1 J
J
Al""’kn—2 = eigenvalues of AQ.

In particular this can always be done if either gq =1, or AQ
is stable.

We return to the bifurcation problem (4C.8) and now
average the ¢€,ey and 52 in the above fashion by means of

the transformation

r=r + eu(r,0,a) + ew(r,0,a)y + ezv(r,e,a).
In fact, the transformation has the form

r=r + erzu(e) + erw(8)y + 52r3v(6),

and this yields the equation for T

= glavr + F2C3(6) + f2u'(9)w]

Kl

+ sE[GZ(e) + w(e)AQ + w'(8)wly
+ e253[c4(e) + ' (6)D5(6) + w(8)JI(cos 6, sin 9)2 L (4c.10)
- 2u{dlu'" (8w + v'(6)w]

+ O(eza) + 0(83)-

Since C3 has mean value zero, we choose

1 0
u(g) = - m JOC3(E)d£

so that the coefficient of € in (10) is avr. Set w(8)
equal to the unique solution of
' =
Gz(e) + w(G)AQ + w'(6)w 0
w(6) of period 2m.
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so the ey term vanishes. Finally, we may choose v(6) to

make the coefficient of 82?3 the constant

K = mean[C4(6) + u'(e)D3(6) + w{08)J(cos 6, sin 8)

=2u(9)u’ (0)w]

1 (%7 1 2
= 37 JO c4(e) - = C3(6)D3(e) + w(6)J(cos 8, sin 8)~ .
Thus in the new coordinates (r,90,y), (4C.8) becomes
% = cavf + £2T9K + O(Ezu) + 0(33) ]
8§ = w + Ole) [ (4c.11)
v = Ay + O(e).
y Qy (e)

The equation for § may be neglected now as we restrict to
the center manifold y = ry(er,6,ea). Moreover, it is not
difficult to show that the unique branch of periodic solutions

bifurcating from the origin has the form

1/2
e 3o
in scaled, averaged coordinates
0 = ~g sgn(vk)
that is,
1/2
r = '%I e + 0(52)
y = 0(52) > in original coordinates. (4C.12)
2
a = —e“sgn(VK) J

The amplitude of the bifurcating solution is therefore

. av 1/2 . . 27
approximately -5 and one sees the period is near o -

In case K = 0, one simply averages higher order terms



THE HOPF BIFURCATION AND ITS APPLICATIONS 159

in e and y in the same manner. The possible normal forms

one arrives at in this case are

eavE + ¢2PF2PHlgy o O(sza) + 0(92p+l)

r

e
il

w + 0(¢g)

for integers p > 2 and K' ¥ 0. The bifurcating solution in

this case has the form

1/2p
r = %T‘ e + 0(e?)
y = 0(52) f in original coordinates
o = -82psgn(vK')
J
oV 1/2p 2m
so has amplituded near [— fT] and period near -

Observe that in all these cases bifurcation takes place only
on one side of o = 0. For cases in which all bifurcating
solutions occur at o = 0 (for example in the proof of the
Lyapunov center theorem - see Section 3C), the method of
averaging gives no information.

For more details of the above method, as well as
several applications, see Chow and Mallet-Paret [1]. We

mention here two examples treated in this paper using averaging.

(1) Delay Differential Equations (Wright's Equation).

The equation
zZ(t) = —az(t-1) [1+z(t)]

arises in such diverse areas as population models and number

theory, and is one of the most deeply studied delay equations.
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For a > , topological fixed point techniques prove the

[N E]

existence of a periodic solution. Using averaging techniques,
one can analyze the behavior of this solution near a = 5 -

In particular, for % < a < % + & the solution bifurcates
from =z = 0, is stable, and has the asymptotic form

- - m1/2 il -I
z(t) = K(a 5 cos(z t) + O(a )
_ (40 /2
K = (3—T?-_—2—) 2.3210701.,

(2) Diffusion Equations. Linear equations with non-

linear boundary conditions, such as

u,. = u t>0 0 <x <1

ux(O,t) = 0 ux(lrt) = ag(u(0,t), u(l,t))

occur in various problems in biology and chemical reactions.

(See, for example, Aronson {[2].) Here we take
2,2
g(u,v) = ou + Bv + O(u+v"),

so the linearized equation around u = 0 has the boundary

conditions
ux(O,t) =0 ux(l,t) = alau(0,t) + Bu(l,t)].
For appropriate parameter values (a,B) a pair of eigenvalues

of this problem crosses the imaginary axis with non-zero

speed as a passes the critical value a,. The stability of
0
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the resulting Hopf bifurcation can be determined by averaging.
The power of the averaging method is that it can handle
a rather wide variety of bifurcation problems. We mention

two here.

(3) Almost Periodic Equations. Consider

z(t) = A(a)z + g(z,t,q) (4C.13)

where A(o) 1is as before, g 1is almost periodic in t uni-
formly for (z,0) in compact sets and g = O(]z|2). Suppose
in addition that the periods %% for N =1,2,3,4 are
bounded away from the fundamental periods for g. Then an
averaging procedure similar to that described above yields a
normal form in scaled coordinates given by (4C.11). Here
however the higher order terms (but not the constant K) are
almost periodic in t. Thus this manifold can be thought of
as a cylinder in the (x,t) € ' ox R; space, where each
section t = const. 1is a circle near x = 0. The cylinder

is almost periodic in t with the same fundamental periods

as those in g.

(4) A special case of (3) occurs in studying the
bifurcation of an invariant torus from a periodic orbit of an
autonomous equation. In an appropriate local coordinate
system around the orbit, the autonomous equation takes the
form (4C.13) where t represents the (periodic) coordinate
around the orbit and 2z the normal to the orbit. The con-

dition on the fundamental periods of g reduces to the
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standard condition that the periodic orbit have no character-
istic multipliers which are Nth roots of unity, for

N =1,2,3,4. The invariant cylinder that is obtained if

K # 0 is periodic in t and thus is actually a two

dimensional torus around the periodic orbit.
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SECTION 5

A TRANSLATION OF HOPF'S ORIGINAL PAPER

BY L. N. HOWARD AND N. KOPELL

"Abzweigung einer periodischen LOsung von einer stationdren
LOsung eines Differentialsystems” Berichten der Mathematisch-
Physischen Klasse der Sdchsischen Akademie der Wissenschaften
zu Leipzig. XCIV. Band Sitzung vom 19. Januar 1942,

Bifurcation of a Periodic Solution from a Stationary
Solution of a System of Differential Equations
by
Eberhard Hopf

Dedicated to Paul Koebe on his 60th birthday

1. Introduction

Let

X, = Fi(xl,...,xn,u) (i=1,...,n)

or, in vector notation,

g = E_(Elu) (l-l)
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be a real system of differential equations with real parameter
U, where F is analytic in x and u for x in a domain
G and |u| < c. For |u| <c 1let (l.1) possess an analytic

family of stationary solutions x = %(u) lying in G:
F(x(u),w) = 0.

As is well known, the characteristic exponents of the sta-

tionary solution are the eigenvalues of the eigenvalue problem

}\ =
a=La

where LU stands for the linear operator, depending only on
U, which arises after neglect of the nonlinear terms in the
series expansion of F about x = x. The exponents are
either real or pairwise complex conjugate and depend on u.

Suppose one assumes simply that there is a stationary
solution 50 in G for the special value u = 0 and that
none of the characteristic exponents is 0; then, as is well
known, it automatically follows that there is a unique sta-
tionary solution X(#) in a suitable neighborhood of x = X,
for every sufficiently small |[p|, and X(u) is analytic at
u = 0.

On passing through W©¥ = 0 1let us now assume that none
of the characteristic exponents vanishes, but a conjugate pair
crosses the imaginary axis. This situation commonly occurs
in nonconservative mechanical systems, for example, in hydro-
dynamics. The following theorem asserts, that with this
hypothesis, there is always a periodic solution of equation

(1.1) in the neighborhood of the values x = §0 and u = 0.
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Theorem. For u = 0, let exactly two characteristic

exponents be pure imaginary. Their continuous extensions

a(n), o(u) shall satisfy the conditions

a(0) = - a(0) # 0, Re(a'(0}) # O. (1. 2)

Then, there exists a family of real periodic solutions

x = x(t,e), v = u(e) which has the properties un(0) = 0 and
x(t,0) = %(0), but =x(t,e) # X(u(e)), for all sufficiently

small € # 0. e(u) and x(t,e) are analytic at the point

€ = 0 and correspondingly at each point (t,0). The same

holds for the period T(¢€) and

T(0) = 27/|a(0)

For arbitrarily large I there are two positive numbers a

and b such that for |u| < b, there exist no periodic solu-

tions besides the stationarv solution and the solutions of

the semi-family € > 0 whose period is smaller than L and
*

which lie entirely in |x-%(u)| < a.

For sufficiently small u, the periodic solutions generally
exist only for u > 0 or only for u < 0; it is also possible
that they exist only for u = 0.

As is well known, the characteristic exponents of the
periodic solution x(t,e) are the eigenvalues of the eigen-
value problem

v+ Av = Et,ﬁ(z) (1. 3)

where v(t) has the same period T = T(e)} as the solution.

*
The other half-family must represent the same solution curves.
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L is the linear operator obtained by linearizing around the
periodic solution. It depends periodically on t with the
period T and at € = 0 1is analytic in t and e. The
characteristic exponents are only determined mod(27i/T) andr
depend continuously on €. One of them, of course, is zero;

for F does not depend explicitly on t, so
A=0, v =x(t,e)

is a solution of the eigenvalue problem. For € > 0 the ex-
ponents, mod(2wi/T0), go. continuously into those of the sta-
tionary solution x(0) of (1.1l) with ¥ = 0. By assumption
then exactly two exponents approach the imaginary axis. One
of them is identically zero. The other B = B(e) must be
real and analytic at € = 0, B(0) = 0. It follows directly
from the above theorem that the coefficients Uy and Bl

in the power series expansion

2
Hi€ + HoET . L

=
I

2
8 = Ble + 828 + 0 . .

satisfy ul = Bl = 0. In addition to that it will be shown

below that the simple relationship

B. = —2u2Re(a'(0)) (1.4)

2

holds; I have not run across it before.

In the general case uz # 0, this relationship gives
information about the stability conditions. If, for example,
for u < 0 all the characteristic exponents of the stationary

solution x = ¥(u) have a negative real part (stability,
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a small neighborhood of X collapses onto X as t + =),

then there are the following alternatives. Either the periodic
solutions branch off after the destabilization of the station-
ary solution (4 > 0); in this case all characteristic expon-
ents of the periodic solution have negative real part (sta-
bility; a thin tube around the periodic solutions collapses
onto these as t » «). Alternatively, the family exists be-

fore, that is for 1y < 0; then the periodic solutions are

*
unstable.

Since in nature only stable solutions can be observed
for a sufficiently long time of observation, the bifurcation
of a periodic solution from a stationary solution is observ-
able only through the latter becoming unstable. Such observa-
tions are well known in hydromechanics. For example, in the
flow éround a solid body; the motion is stationary if the
velocity of the oncoming stream is low enough; yet if the
latter is sufficiently large it can become periodic (periodic
vortex shedding). Here we are talking about examples of non-
conservative systems (viscosity of the fluid).” 1In conserva-
tive systems, of course, the hypothesis (1.2) is never ful-
filled; if A is a characteristic exponent, -1  always is as
well.

In the literature, I have not come across the bifur-

cation problem considered on the basis of the hypothesis

In n = 2 dimensions, this is immediately clear.

*I do not know of a hydrodynamical example of the second case.
One could conclude the existence of the unstable solutions
if, with the most careful experimenting, {(very slow varia-
tion of the parameters) one always observes a sudden breaking
off of the stationary motion at exactly the same point.
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(1.2). However, I scarcely think that there is anything es-
sentially new in the above theorem. The methods have been
developed by Poincaré perhaps 50 years ago,* and belong today
to the classical conceptual structure of the theory of
periodic solutions in the small. Since, however, the theorem
is of interest in non-conservative mechanics it seems to me
that a thorough presentation is not without value. In order
to facilitate the extension to systems with infinitely many
degrees of freedom, for example the fundamental equations of
motion of a viscous fluid, I have given preference to the
more general methods of linear algebra rather than special
techniques (e.g. choice of a special coordinate system).

Of course, it can equally well happen that at u =0
a real characteristic exponent o (u) of the stationary solu-

tion X (W) crosses the imaginary axis, i.e.,

a(0) =0, a'(0) #0

*Les méthodes nouvelles de la mécanique céleste. The above
periodic solutions represent the simplest limiting case of
Poincaré's periodic solutions of the second type ("genre").
Compare Vol. III, chapter 28, 30-31. Poincaré, having appli-
cations to celestial mechanics in mind, has only thoroughly
investigated these solutions (with the help of integral in-
variants) in the case of canonical systems of differential
equations, where the situation is more difficult than above.
Poincaré uses the auxiliary parameter € in Chap. 30 in the
calculation of coefficients (the calculation in our §4 is
essentially the same), but not in the proof of existence which
thereby becomes simpler.

In a short note in Vol. I, p. 156, Painlevé is touched upon:
Les petits mouvements périodiques des systémes, Comptes
Rendus Paris XXIV (1897), p. 1222, The general theorem
stated there refers to the case 1 = 0 in our system ( . ),
but it cannot be generally correct. For the validity of this
statement F must satisfy special conditions.
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while the others remain away from it. 1In this case it is not
periodic but other stationary solutions which branch off.*

We content ourselves with the statement of the theorems in
this simpler case. There is an analytic family, x = x*(¢),

U = u*(e) of stationary solutions, different from §, with
u(0) = 0, x*¥(0) = x(0). 1If = # 0 (the general case) then
the solutions exist for u > 0 and for uw < 0. For the char-
acteristic exponent B8(€) which goes through zero, the ana-
log of (1.4) holds:

B, = —ula'(O).

1

If X 1is stable for u < 0 and unstable for u > 0 then
just the opposite holds for x*. (If one observes X for

¥ < 0, than one will observe x* for u > 0.) In the ex-
ceptional case Myo= 0, the situation is different. If

H, # 0, then the new solutions exist only for u > 0 or only

for M < 0. There are then two solutions for fixed WM, (one

with € positive, one with € negative). Here we have

82 = —2112@ (0).

From this one can obtain statements about stability analogous
to those above. 1In this case either both solutions x* are

stable or both are unstable.

2. The Existence of the Periodic Solutions.

Without restriction of generality one can assume that

the stationary solution lies at the origin, i.e.,

*
An example from hydrodynamics is the fluid motion between
two concentric cylinders (G. I. Taylor).
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F(O,u) = 0.
Let the development of F in powers of the X, be
F(x,u) =L (x) + Q (x,x) + K (x,%,X) + ..., (2.1)
ZE S =y \EE L A EX
where the vector functions
Eu (§)r Qu (i{_!x)' Eu (EI_Y_IE)I e

are linear functions of each argument and also symmetric in
these vectors.

The substitution

(%

= ey (2.2)
carries (1.1) into

¥ o= L, (g) + o0, () + EK, (Tysy) * .. (2.3)

The right hand side is analytic in ¢, u, y at the

point e =pu =0, y = XO (y0 arbitrary). We consider the
case € = 0 in (2.3), that is, the homogeneous linear dif-
ferential equation

=12 (2.4)

For the question of existence,‘this has the deciding signifi-
cance.

The complex conjugate characteristic exponents a(u),
(1), which were referred to in the hypothesis, are simple for

all small |u|. In the associated solutions

ot
OLta, e a (2.5)

of (2.4), the complex vector a is consequently determined

up to a complex scalar factor; a is the conjugate vector.
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Furthermore, there are no solutions of the form

edt(tg +¢), b#O. (2.6)

o(u) is analytic at W = 0. One can choose a fixed real vec-
tor e # 0 so that for all small |u|, a * e #0 for a # 0.
a = a(u) 1is then uniquely determined by the condition
are=—3= — (E=¢#0). (2.7)
a(u)-o(u)
By hypothesis,

T(0) = —a(0) # 0. (2.8)
a{u) 1is analytic at u = 0.

The real solutions of (2.4), which are linear combina-

tions of (2.5), have the form

at, 4 G937 (2.9)

zZ = ce

with complex scalar c¢. They form a family depending on two
real parameters; one .of these parameters is a proportionality
factor, while the other represents an additive constant in t
(the solutions form only a one parameter family of curves).

Because € = e, we have

z:e = ca.e +Ca.e
_ } at t = 0.
Z-e=coaae+caae
For ¢ =1, (2.9) is
ot
z = s 4 e a=z(t,u); (2.10)

because of (2.7), this 2z satisfies the conditions:

t=20: ze=0, (z-e) = 1. (2.11)
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This is the unigue solution of the form (2.9) satisfying these

conditions; for from

foee

t=0: ze=2e=20

and from (2.9), (2.7) and (2.8) it follows that c¢ = 0; thus
z = 0.

By hypothesis, for u = 0, a, o are the only ones
among the characteristic exponents which are pure imaginary.
Hence, for u = 0, (2.9) gives all the real and periodic solu-
tions of (2.4). Their period is

T0=2—Tr ) (2.12)
la(0) |
In particular, for u = 0, (2.10) is the only real and periodic
solution with the properties (2.11).
‘ For later use we also notice that, for u = 0, (2.4)

can have no solutions of the form
t p(t) + g(t)

where p and g have a common period and p 1is not identi-
cally zero. Otherwise (2.4) would break up into the two equa-
tions

P=Lyp, p+a=Lya

and p would be a nontrivial linear combination of the solu-
tions (2.5). The Fourier expansion of g(t) would then lead
to a solution of the form (2.6).

By differentiation of (2.4) with respect to u at

MU = 0 one obtains the non-homogeneous differential equation

. d
2 =pgz) + L@ L) o= gL, vw=0, (2.13)
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for the p-derivative of (2.10):

t

o —_
z' = t(o'e a + a'e

The factor of t is a solution of (2.4). If one expresses
it linearly in terms of the solution (2.10) and é, it follows

from (2.8) that
Im{a')

% z) + h(t) (2.14)

z' = t(Re(a')z +
with
h(t + Ty) = h(t). (2.15)
Now let

0
y = Y_(tlUlErX )

be the solution of (2.3), which satisfies the initial condi-
tion vy = y0 for t = 0+ According to well known theorems

it depends analytically on all its arguments at each point
(t,O,O,zO). It is periodic with the period T if and only if
the equation

2@ r,e,y) - ¥% =0 (2.16)

0
is satisfied. If one denotes by z the fixed initial value

of the fixed solution (2.10) of (2.4), w = 0, then (2.16) is
satisfied by the values

0 0

T =T W=e=0,y =2. (2.17)

OI
The problem is: for given €, solve equation (2.16) for T,

0 . .
H and y . These are n eqguations with n + 2 unknowns.

In order to make the solution unique, we add the two equations

0

y re=0, °

ce=1 (2.18)

where e 1is the real vector introduced above and where
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y0 = § for t = 0. The introduction of these conditions im-
plies no restriction on the totality of solutions in the
small, as will be demonstrated in the next section. For the
initial values u = ¢ = 0, yp = EO, it follows from (2.11)
that these equations are satisfied by the solution (2.10).
Now for all sufficiently small |e|, (2.16) and (2.18)

have exactly one solution

T=T(e), uw=u, y =y’ (2.19)

in a suitable neighborhood of the system of values

0 0

T=T =20, y =2z, (2. 20)

OI
if the following is the case: the system of linear equatioms
formed by taking the differential (at the place (2.17)) with
respect to the variables T, u, ¢, 10 is uniquely solvable

for given de. Equivalently, there are such functions (2.19)

if these linear equations for de = 0 have only the zero

solution dT = dU = dxo = 0. This is the case, as will now
be shown.
We have
Y=L, @, y= y(tm,0,3%. (2.21)
In particular
z(t,u,O,go) = z{t,u) (2. 22)

is the solution to (2.10). The differential dz(t,U,O,XO) is
the sum of the differentials with respect to the separate ar-

guments when the others are all fixed. If we introduce for

the differentials

at, du, ay®

as independent constants or vectors the notations:
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pl 0' 0

s

then, the differential referred to becomes
py + oy' + u.

. 0 0
Here y and y' = dy/9U are taken at T = Tgr W = 0,y =2z

and u is the solution of

é = EO(E)
with the initial value EO for t = 0. According to (2.22),
v = 2(t,0). If one sets y' = v, then v(t) is the solution
of
v o= Lo + Ly(z), v(0) = 0. (2.23)

The linear vector eguation arising from (2.16) is then
p2(T ) + ov(T ) + u(T.) - u(0) = 0, (2.24)
=0 =0 T =0 =
where z(t) denotes the solution (2.10) of
z = Ly(z). (2.25)

u(t) is any solution of this homogeneous linear differential
equation with constant EO' and v(t) is the solution of
(2.23). We show now that (2.24) is possible only if
p=0=0 and u(t) = 0.

Now for all t
pz(t) + oIV (t+Ty) = v(E)] + u(t+Ty) - ult) = 0. (2.26)

This is true because z(t) has period TO’ so it
follows from (2.23) that the square bracket is a solution of

(2.25). 2 1is also a solution of (2.25)%, so the whole left

+
In the original, this number is (2.23).
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side of (2.26) is a solution of (2.25). By (2.24) and the

fact that v(0) = 0, the initial value of this solution is
zero, and thus it is identically zero. Now from (2.13) and

(2.23) it follows that
vit) =z'(t) +glt), g =Lylg).

Thus, by (2.14) and (2.15), the square bracket in (2.26) has

the value

Ty[Re(a')z (L) + =I—’“~5‘L°‘—"g<t)1 + [g(t+Ty) - g(t)].

If one sets u + 0g = w and

Wl s = 2(0), (2.27)

oTORe(u')g(t) + [p+0T0

it follows that

Z(E) + W(HT ) - w(t) =0,

where w(t) is a solution and é(t) a periodic solution of

(2.25)., This means that
£~
wit) = - =— z(t) + g(t)

with periodic g. However, as we stated before, such solu-
tions cannot exist unless é = 0.

Since 2z, % are linearly independent, it follows from
(2.27) and from the hypothesis (l1.2) that o =0 and p = 0.
Thus, by (2.24), u(t) has period Ty~

Finally, since dyo = EO, and éxo = é, at t =0,

it follows from the equations (2.18) that

=0, at t = 0.

o
10
1]
=
|

A periodic solution of

5.
1

Eo(g) with these properties must
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vanish, as we have stated above. With this the proof of
the existence of a periodic family is concluded.T

The solutions (2.19) are analytic at € = 0

3
I

2
= To(l + T,€ + Tze + ves)y

1 (2.28)

2
Ho=Hpe ku,eT 4oL .

The periodic solutions y(t,e) of (2.3), and the periodic
family of solutions

x(t,e) = ey(t,e) (2.29)

of (l.l)+, are analytic at every point (t,0).

One'obtains exactly the same periodic solutions if one
0 of the period instead of TO,
that is if one operates in a neighborhood of the system of

begins with a multiple mT

values

T = mT u=20,vy =2 (2, 30)

OI

instead of (2.20). ©Nothing essential is altered in the proof.

3. Completion of the Proof of the Theorem.

For arbitrarily large L > TO there are two positive
numbers a and b with the following property. Every
periodic solution x(t) # 0 of (l.l)+, whose period is smaller
than L, which belongs to a ¥ with |u| < b and which lies
in |x| < a, belongs to the family (2.29), (2.28), & > 0 if
a suitable choice is made for the origin of t.

If this were not the case, there would be a sequence

See editorial comments in §5A below.

+
In the original paper, this number is (1).
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++
of periodic solutions §k(t) # 0 having bounded periods

Tk < L, and of corresponding u-values, with

Ky = M:x|§k(t)| >0, W >0 (3.1)
and such that no pair §k(t), Uk belongs to the above family.

We let

(=]

Xk(t) = E; % (t).

Xk is a solution of (2.3), with Kk instead of €, and Xk
satisfies

Max t)| = 1.
:x|zk( )|

One considers first a subsequence for which the initial
values converge, zko -+ EO. Then, uniformly for |t| < L, we
have y, (t) > z(t), where z = Eo(z) and z(0) = 50. Since
the maximum of IE' =1, z 1is not identically zero. 2z is
of the form (2.9)+, c # 0, and it has the fundamental period
TO. If one shifts the origin of t 1in 2z(t) to the place
where z - e = 0, one finds that 2 - ¢ # 0 there. This

quantity can be taken to be positive; otherwise, since

1
one could achieve this by shifting from t = 0 by 3 Tgy-
Consequently,

go ce=0, éo - e > 0.

From this it follows that in the neighborhood of EO, and for

++
In the original paper, the sequences Xy r Tk' etc. are not
indexed.

+ . . ,
In the original, this number is (2.8).
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small K and |#|, all solutions of the differential equation
(2.3) (x instead of ¢€) cut the hyperplane y : e = 0 once.
In this intersection let t = 0. Then, for the sequence

¥, (t), Ky, My under consideration, with this choice of ori-

gin, we always have zko > &0_ Also

i£'9.=°"’k=¥k‘9+é "e=p>0

and Kk + 0, uk + 0. If one now sets

~ 1 1
y (t) = o zk(t) = oy (8, ppiy = e,

then gk is a solution of (2.3)+, for the parameter values

ek > 0 and uk. For it, we have

Y ' e= 0, e=1, at t = 0. (2.18)

A

The periods in the sequence of solutions must converge to a

0" Furthermore Ek -+ 0. However, this

implies that from some point on in the sequence one enters

multiple of TO’ mT

the neighborhood mentioned above of (2.20) or (2.30) in which,
for all sufficiently small €, there is only one solution of
the system of equations under consideration. The solutions
of our sequence must then belong to the above family and in
fact with € > 0, which conflicts with the assumption. Thus
the assertion is proved.

From the fact we have just proved it now follows that
if u(e) Z 0, then the first coefficient which is different

. 2 .
from 0 in u = ule + uzs + ... 1is of even order; the same

In the original, this number is (3).

.‘.
See editorial comments in §5A below.
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2
holds for the expansion T = T, (1 + T + T € + viu)
2
For the solutions of the family corresponding to € < 0, and
the associated wu and T-values, must already be present

among those for € > Of+ In particular we have
= T, = 0. (3.2)

The periodic solutions exist, for sufficiently small . |u]
and ]5[, only for u > 0, or only for u© < 0, or only for

u = 0.

4, Determination of the Coefficients.

We shall need the following result, which gives a
criterion for the solvability of the inhomogeneous system of

differential equations
w=Lm +g, (L=5Ly (4.1)
where ¢g(t) has a period TO. Let
2% = ~L*(z*) (4.2)

be the differential egquation which is adjoint to the homogen-

eous one; L* is the adjoint operator to L (transposed

matrix), defined by
+
L*(v).

L{w - v=u"

Then (4. 1) has a periodic solution w with the period Tq»

if and only if

++
And indeed with a shift of the t-origin of approximately T0/2.

*In the following, the_ inner product of two complex vectors
a, b is defined by Ja,b,.
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To
J grz*dt = 0 (4.3)
0

for all solutions of (4.2) which have the period Ty

This result follows from the known criterion for the
solvability of an ordinary system of linear equations. The
necessity follows directly from (4.1) and (4.2). That the
condition is sufficient can be shown in the following way:
The adjoint equation has the same characteristic exponents

and therefore it also has two solutions of the form

Otax,  &7¥Fx, 4 = a(0) = -3(0), (4.4)

from which all periodic solutions can be formed by linear com-
binations. Furthermore, the development of g(t) in Fourier

series shows that it suffices to consider the case

and the analogous case with o instead of -oa. In (4.1) let

us insert

(4.1) then becomes
(oI + E)g = b.
(4.4) and (4.2) imply

(oI + L)*a* = 0

while (4.3) says b a* = 0. From this everything follows
with the help of the theorem referred to.
Secondly, we shall need the following fact. For any

solution 2z # 0 of é = E(E) having period T there is

ol
always a solution z* of the adjoint equation, with the same
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period, such that

TO *
f z-z*dt # 0.
0

Otherwise, the equation Q = L(w) + z would have a solution
w, and w - t§+ would be a solution of the homogeneous dif-
ferential equation, which contradicts the simplicity of the
characteristic exponent a,

Let EI and E; be two linearly independent solu-

tions of (4.2) with the period TO. Let
0
= ook i =
[g]i jo q zi at (i 1,2).

Then the criterion for solvability of (4.1) under the given
conditions is

fgl, = lal, = 0. (4.5)
We also note that zf, z; can be chosen in such a way that

(z), = [2], = 1, [z], = ['5]1=0 (4.6)

where 2z 1is the solution (2.10) of (2.4) with n =0
{(biorthogonalization).

The problem of the determination of the coefficients
for the power series representation of the periodic family can

now be solved in a general way. If one defines the new in-

dependent variable s by
t=s(L+ Te2 + e 4 ) (4.7)
=5 T,€ 3 cen .

then according to (2.28) the period in the family of solutions

*
Also, the integrand is always constant.

+In the original, the statement reads "w+tz", which is incor-
rect.
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y = y(s,e) 1is constantly equal to TO' y, as a function of
s (or t) and €, is analytic at every point (s,0). One
has

y = lo(s) + ezl(s) + 62z2(s) + eeny (4. 8)

where all the Y have the period To. The derivative with
respect to s will again bhe denoted by a dot. We write for
simplicity

£0=I"_’ E

=L') 05 =0 Ky =K «en

Then, using (3.2), and inserting (4.7) and (4.8) in (2.3),

one obtains the recursive equations

¥, = Liyy) (¥, = 2) (4.9)

]

¥y = Liy) + 2(yyxy) (4.10)

TTo¥o * L, = LiYy)) LT (gg) + 20(y4.y,)

+ K(XO rzo IY_O)

(4.11)

from which the Xi' ui, Ti are to be determined. In addi-

tion to these, we have the conditions following from (2.18)

Y.k-§=zk-_e_=0, at s =0 (4.12)

for k =1,2,... . In the equations, we again write t in-
stead of s. By (4.10) and (4.12), Y, is uniquely determined
as a periodic function with period TO. From (4.11) L'

must first be eliminated with the help of (2.13). Since the

parenthesis in the first summand of (2.14) is a solution of

é = L{z), (2.13) can be written
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Re(a')5+I—m(fL°L—)g+ﬁ_=g(r_1) + L' (2) (4.13)
Let
zz - U2Y_1_=§L, (4, 14)

which, according to (2.15), has the period TO. Since

z = XO' it follows that

Im(g'), .

SHpRe(a)y, = Ty 4wy TRy, + ¥ (4.15)
= L(v) + 20(yq.y ) + Ky .2,,¥y) -
Thus, by (4.6)
MpRe(eh) = ~120(y,.y,) + KZgr¥gr¥o)lyr o
v, 4wy B rao(y L)+ Ky ezgezg)]

By hypothesis (1.2), M, and T, are determined from this.
One then solves (4.15) for v and obtains ¥, from (4.14)
and (4.12), k = 2, in a unigque way.

In an analogous fashion all the higher coefficients

are obtained from the subsequent recursion formulas. In
general u, # 0. If u2 is positive then the periodic solu-
tions exist only for U > 0; the corresponding statement

T+t

holds for u2 < 0.

5. The Characteristic Exponents of the Periodic Solution.

In the following we shall sometimes make use of deter-
minants; this, however, can be avoided. In the linearization

about the periodic solutions of (2.3),

(u) (5.1)

u =L
-_ —t,e —

TTTSee editorial comments in §5A below.
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we have, by (2. 3),

2
—Iit,e(E) = Lu(g) + 26%Jl (y,u) + 3e g_u(z,z,g)h.. (5.2)

A fundamental system Ei(t'E) formed with fixed initial con-~

ditions depends analytically on (t,e). The coefficients in
Ei(T'S) = Zaiv(E)Ev(O) are analytic at ¢ = 0. The deter-

minantal equation

AT (g)
e

Ilaikm - cdikll =0, = . (5.3)

determines the characteristic exponents Xk and the solutions
v, of (1.3), where

At
u=e v .

Since (5.1) is solved by u =y, ¢t =1 is a root of
(5.3). The exponent B, which was spoken of in the intro-
duction, corresponds to a simple root of the equation obtained
by dividing out ¢ - 1. B{e) is éhus real and analytic at
2

e =20, B = 825 + ... (Bl is also equal to zero for the

same reasons as Hy and T Now if B is not = 0, then

l)'
there is some minor of order n - 1 in the determinant (5.3)
(with the corresponding z) which is not 0. From this it
follows that (1.3), A = B, has a solution v f 0 which is
analytic at ¢ = 0. Even if B = 0, there is a minor of
order n - 2 which is not zero. As we know, in this case,

there is a solution of (5.1), analytic at € = 0, of the form

tv + w with periodic v, w, where either v % 0, or

un=w

v =0 and w is linearly independent of the solution
. *

u=y. That tv + w 1is a solution implies that

*
Cf. e.g. F. R. Moulton, Periodic Orbhits, Washington, 1920,

p. 26.
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V=L @, vrw=L . (5.4)

After these preliminary observations we shall calcu-
late B,. We assume here that u, #0. B =0 1is then im-
possible as will subsequently be proved. If we use (4.7) to

introduce s as a new t into (1.3) we get

(v).

(1 -1 52 + ...)i + Bv =

L
2 “t,e

Also, we have (with the new t)
v o= v, (E) + ev. () + e2v_(t) +
- =0 -1 =2

where all the v, have the same period Ty. If we introduce
the power series for u, B, v, y, it follows (dropping the

subscript zero on the operators as before) that

Vo = L(¥y)s (5.5)
v, = L)) + 20(y,,v4), (5.6)
Bo¥o = To¥p * Y, = L{V,) + WLt (v) 5.7
+ 200y, .vg) + 29(y4,vy) + 3K(y,.¥4,,¥4).
These equations have the trivial solution
Bi =0, v; = Yy (i = 0,1,...). (5.8)
Thus, one has
¥y = Loy + 2007,.3,)- (5.9)
St ¥, F Y, = L)+ L' (Y
o= 2o (5.10)

*+ 200y, 7)) + 20(yg.¥,) + 3K(yyiYyry)-
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Since we may assume that Yo #0

*

Vo = PY, ¥ Gi’-o’ (5.11)

where at least one of the coefficients is not 0. If we set
21 - Zle - oY, =W, (5.12)
it follows from (4.10), (5.6) and (5.9) that w = L(w), thus
w = p'zo + G'XO. (5.13)
If one forms the combination
(5.7) - p(4.11) - o(5.10),
in which L' cancels out, and sets
Iy 7 PL T 0%, TR

then, using (5.11) and (5.12), one obhtains:

BV +u=L(u) + 20(20(y4,y,) *+ K(¥gr¥qr¥y))+R (5.14)

R = 20(y,,W).

If we now apply the bracket criterion of the previous section

to (4.10) and (5.9), it follows from (5.13) that

[R1, = (R, = o.

If we apply it to (5.14), in which u has the period Tyr it

follows from (4.6) (with =z = 10) that

P8, = 20120 (yy,y;) + K(¥yr¥qr¥gd e

*
The p and ¢ in (5.11) are unrelated to the symbols p
and ¢ as used in Section 2.
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Hence, by (4.16),

PB, = —2pu R(a').

Likewise, it follows that

_ Im(o')
082 = 2p(T2 + H, ——a——~).
From this, either 82 is given by (1.4) (and then 82 is
not zero since u2 # 0) or else 82 = 0. In either case

p:0 is completely determined (in the second case p = 0).
To check that the first case really occurs we must
undertake a somewhat longer consideration. One may think of
the process as schematized in the following manner. The
equation for B and v (namely the equation which follows
equation (5.4)) should be divided by the factor in parenthe-

sis. It is then once again of the form

v+br=1 )

with
L =1 + €L + €2L + e
~t,e =0 =1 =2 !

where EO is a constant operator, while Li' i > 0, depend
on t with the period Ty+ The coefficients of 1, & are
not altered by the division. Introduction of the power

series leads to

‘.f =1 (V )r
.—0 =00 * (5.15)
v, = EO (Xl) + El (y_o)’

8220 + v, = EO(KZ) + 51(31) + EZ(ZO)'

*
One does not really have to assume B; = 0. From the bracket
criterion this is a consequence of (5.17).
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833 + BV, + ¥, = Lo(vg) + Ll(gz) + gz(gl) + 33(17_0)

0 1 =3

and so forth. The situation is the following. For € = 0

there are two solutions 2z, z with period TO. Furthermore

vy = PZ + oz (5.16)

and

L, (@)1 = [Ll(g)] =0 (5.17)
for both bracket subscripts. It follows that

v, =p0g +0oh+ o'z +0'z (5.18)

with fixed periodic g and h. For the third equation of

(5.15), the bracket criterion gives

B p=Ap+ B, C
1 1 (5.19)
620 = Azp + Bzo
with
A, = [L.(g) + L _(2)1,,
+ 1 21 (5.20)
B, = [;1@ + Lz(g)]i,

while (5.17) implies that e', 0' drop out. The situation
now is that the equations (5.19) with the unknowns Bz, p, ©
have two distinct real solutions 82.* To them belong two

linearly independent pairs (p,0). Each of the two solution
systems leads now to a unique determination of the Bi and

v, through the recursion formulas, if one suitably normalizes
—i

In the general case, that is if the special condition (5.17)
is not fulfilled, the splitting into two cases occurs al-
ready at the second equation (5.15). The solution of the
problem in this case is found in F. R. Houlton, Periodic Or-
bits. Compare Chapter 1, particularly pages 34 and 40.
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v. To this end choose a constant vector a # 0 in such a
way that Vgt a= 1 (t = 0) for both pairs (p,0) in

(5.16). One concludes then that
v+ea=1, t=20,

that is, v 0) for i > 0. Let

<
1
Il
o
1))
4
o«
]

E,'i=c’ g-_a_=D (t=0),

Then, for either of the two values of 62, the system of

-

equations
(Al - Bz)o + BlO =0
- = (5.21)
Ayp + (B2 82)0 0
Cp + DO = 1

uniguely determines the unknowns p and o. Up to now 82,
p, O, XO are determined. Using the definition of g, h
and (5.18), one obtains from the third equation of (5.15)

v, =p'g+o'h+ oz + 0"z + .., (5.22)

where the terms omitted are already known. From the fourth

equation of (5.15) one obtains the equations

083 - (Al - Bz)p' - B10' = veay

oB, - A_p' - (B2 - Bz)c = ees

3 2
by using (5.18), (5.20), (5.22) and the bracket criterion.
Since v, - as 0 (t =0), we add to these equations the

equation
cp' + DO' = ...
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Through the three equations, the three guantities 82, p', o'
are now uniquely determined. With the help of (5.21), the

determinant is found to be

Al + B2 - 262.

It is not equal to zero, since by hypothesis, (5.19) has two
distinct solutions Bz. From this 83, o', o' and v, are
determined.

It is now easy to see that at the next step 84, o"

0" are determined by equations with exactly the same left
hand side, and that by the further analogous steps everything
is determined.

We return now to the special problem which interests
us, and assume that by suitable normalization two different
formal power series pairs (B8,v) exist which solve the equa-
tion

2

(1 - 1,6 + ..)Y + By = Et,a(z)'

On the other hand it was previously demonstrated that under
the assumption B $ 0, two actual solutions exist, of which
one is known, namely (5.8). Under this assumption the second
(normalized) solution can thus be represented by the power
series and the formula (1.4) for 62 does in fact hold. To
dispose of this completely we must still show that B8 £ 0
cannot occur if My # 0. We show this also in terms of the
schematic problem. Since (5.19) has the solution 82 =p =20
and the second 62 # 0,

B, = B, = 0, Al;éo. (5.23)
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If B were = 0, then (5.4) would have a solution with the

properties given there.
Setting in the power series for v, w gives

Vo *Hy = Lylwy)
v, + 6_«1 = Ly(w)) + L (W) (5.24)
Yyt Wy = Lolw) + Ly (wy) + Ly(w).
We have
W, = Pz ¥ oz. (5.25)

Since v0 is also of this form, according to the bracket
criterion Yo must be equal to zero. By (5.17), it follows

analogously that Xl = 0. Similarly, as in (5.18), we find

Wy = pg + oh + p'z + o'z,

It has been demonstrated above that i = Et E(x_f) has a solu-
r

tion (y) of period TO' unique up to a factor. Thus we

certainly have

v, = Az.
As above, using (5.20), application of the bracket rule to

(5.24) gives the equations

0 = Alp + Blc,

A= + .
Azp B2

(in which p', o' once again fall out). According to (5.23)
it thus follows that p = A = 0, and from this 22 = 0. Ac-
cording to (5.25) EO = oz. If one subtracts from the second
equation of (5.4) the solution oi of Q = L(w) and divides

by €, then the whole process can be repeated, and we find
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successively that the !i = 0, and thus v = 0. With this
it is demonstrated that B cannot be equal to zero.

The verification of the formula (1.4) is thus complete
under the assumption u2 # 0. This assumption could be re-
placed by u f 0. The considerations would be changed only
in that in the calculation of the coefficients the case of
splitting will occur later.

The difficulties of these considerations could be
.avoided in the following manner. One first calculates purely
formally as above the coefficient of the power series for B8
and v and then shows the convergence directly by a suit-
able application of the method of majorants. This would cor-
respond fo our intention of facilitating the application to
partial differential systems. .But one can also carry out
the discussion of the case of splitting and the proof of

(1.4) exclusively with determinants.vlﬂur

Tt
See editorial comments in Section 5A.
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SECTION 5A
EDITORIAL COMMENTS

BY L. N. HOWARD AND N. KOPELL

(t) 1. Hopf's argument can be considerably simpli-
fied. After "blowing up" the equation (1.1) to (2.3), one
wishes to show that for each sufficiently small & there is
a u(e), a period T(e) and initial conditions YP(E)
(suitably normalized), so that (2.16) holds; the family of
solutions to (1l.1) asserted in the theorem is then x(t,eg) =
ey(t,u(e),e,v°). Now (2.16) is satisfied if u = e = 0,
zp = 50. Hence, the existence of the functions wu(e), T(E),
Xo(e) follows from an implicit function theorem argument,
provided that the n X n matrix

dy 3y 3y
’ 7
at’ 3Ju 310 t =Ty, u=0,c=0, XO = 20

has maximal rank. (Here QXE is an n X (n-2) matrix re-
3
presenting the derivative of y with respect to (n-2)

initial directions; there are two restrictions on the initial
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conditions from the normalization.) We show helow how the
rank of this matrix may be computed more easily.

Let r and & be the right and left eigenvectors cor-
responding to a pure imaginary eigenvalue of LO; by rescal-

ing time, we may assume that this eigenvalue is i. (r and

Z are eigenvectors for =-i.) We may also assume that

£ +r=1. Let L' =351

We note that hypothesis (1.2) may be rephrased:
Re(%-L'r) # 0. (To see this, let e(M) be the eigenvector
of Lu which corresponds to the eigenvalue o (#) near a
pure imaginary eigenvalue, normalized by £ + e = 1, so

e(0) = r. Differentiating Lug = a(u)e with respect to U

at 4 = 0, we get

de de
LO a + L'£ = o' (O)£ + OL(O)E (5A.1)
de
Now £ - g7 =0 and 2L, = a(0)R. Hence, if (5A.1) is multi-
plied by £ on the left, we get 2L-L'r = a'(0).)

Let y be defined by y = x/€. t 1is replaced by
s = t/(1+1), where T 1is to be adjusted (for each €) so
that the period in s 1is 27m. Then (l.1l) becomes
dy
3z = (I+7) [Luy_ + €5(y,e,u)l.
For each €,T and U1 we construct the solution with initial

condition y(0), normalized by requiring y(0) = %(E{E) + z,

=)

where & - z = cz =0, (Hence, the initial conditions are
parameterized by points in the n-2 dimensional space
W= (26 zyL. Note that by the simplicity of the imaginary

eigenvalues, W 1is transverse to r 6 i.) This solution we
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denote by y(s,t,u,z,e).

Let V(t,u,z,¢€) = y(2m,T,u,z,¢) - y(0,T,u,2,€). At
W=T1T=¢=0, 2=20, we have y(s) = Xo(s) = Re(geis) and
v = 0. To show that there is a family of 27-periodic func-
tions with 1 = t(g), u = u(e), z = z(e), it suffices to
show that 9V/d(t,u,z) has rank n at uwu=r71=¢ =0,

z = 0.
9y
Let XT(s) = 5%(5,0,0,2,0). Then XT satisfies the

variational equation

d _
3s Lr = LoXp T LoXo

with initial condition y,(0) = 0. The solution to this
Yo vV i —
ti i = —— which implies that — = 27=(r~xr) =
equation is y S p 5T WZ(_ )
-2mIm r.
oy
We next calculate Xu(s) = 5...(S,O,O,Q,O), which sat-
n

isfies the variational equation

d _
ds Yu T Loy + L'y

with initial conditioh zu(O) = 0. Since L'zo = Re L'Eels,

Y. is the real part of 1, where n satisfies

S-n-1nn-=1re® (5a.2)

with initial condition n(0) = 0.

A particular solution to (5A.2) is vy = s(&'L'E)Egls +

gels,»where b is any complex vector which satisfies:
(i - Lyb + (£°L'p)r = L'r. (5A.3)

Now (i—LO) is singular, but (5A.3) may be solved for b

since £ * (L'r - (&°L'r)r) = 0. The solutions b all have
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the form 20 + kr for any k. There is a unique such value
of b for which g:Reb =17 - Re b = 0. (Take

k = -2 (b, + EO).) We use this value of b. The solution to
(5A.2) satisfying n(0) = 0 then has real part

= Re{(s(2"L'r)r + E)eis} + y

n
—u
d = = -
where a% = Lol and y(0) = -Re b. Hence
oV
Y 21 Re(&°'L'r)r + y(2rm) - y(0). We note that
y(2m) - y(0) = y, satisfies L-y; = 2:y, = 0. (This
i d_(g. = 4 = il i . =

follows since EE(& ) L'Lyy = i%-y. Since 2 Y (0}
-%*Re b = 0, 2-y(s) = 0. Similarly, Z-y(s) = 0.)

2V

Finally, we compute Let 0y be the variation

3z
in y due to the variation 6z in initial conditions. Then

8y(s) satisfies, %E(QX) = LO(EX)' 8y (0) = 8z, and

v 27L

ey = T - ‘o mnl L = 0
438z = 262 0. This implies that FE(QE) (e

- I)éz.
Now 8z is in the subspace W  orthogonal to % and ZX.
Since there are no other pure imaginary eigenvalues for LO

(in particular, no integer multiples of *i), the matrix

21rL0 82
(e -~ I) is invertible on W. Hence 57 has rank n-2.

Now R® .is the direct sum of W and the span of
Re r and Im r. (This follows from the simplicity of the
- - 2TL
pure imaginary eigenvalues.) The range of (e o I) is

W, so 03V/d(t,u,z) has rank n if and only if Im r and

Re(L°L'r)r are independent. This is true if Re(%-L'r) # 0.

2. The argument in this section does not require
analyticity; it merely sets up the hypotheses of an implicit

function theorem. Hence this argument provides a proof for
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T version of this theorem. More specifically, suppose

a C
that g(g,u) is r times differentiable in x and Uu.
Then the right hand side of (2.3) is r times differentiable

r-1 .
in x and U, but only C in €. The function

V(T,H4,z,€) defined ahove is ¢! in ¢ and at least cf
in the other variables. Hence, the implicit function theorem
says that the functions 7t(e), u(e), z(¢) and

-1
y(s,e) = y(s,ule),e,z(e)) are all c¢"™". The periodic solu-

tions to (l.1), namely x(t,e) = y(Ii%TET ,€), are ct.

(tt) The uniqueness proved in this argument is
weaker than that of Theorem 3.15 of these notes. That is, it
is not proved in Hopf's paper that the periodic solutions which
are found are the only ones in some neighborhood of the criti-
cal point. For example, Hopf's argument does not rule out a
sequence of periodic functions xk(t) such that max|xk(t)| -+0,
the associated uk + 0, and the periods Tk + ®©, Such behavior
is ruled out by the center manifold theorem, which says that
any point not on the center manifold must eventually leave a
sufficiently small neighborhood (at least for a while) or tend
to the center manifold as t =+ «. Thus the center manifold
contains all sufficiently small closed orbits; since the center
manifold is three dimensional (including the parameter dimen-

sion), the uniqueness of the periodic solutions is a conse-

quence of the unigueness for the two-dimensional theorem.

(ttt+) Formulas equivalent to Hopf's but somewhat easier

to apply can be obtained in a simpler manner. The main

w i8u

point is to use the "e form of the solutions more ex-

plicitly and thereby avoid introducing the bracket criterion.
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We again assume that time has been scaled so that
the pure imaginary eigenvalues of LO are t*i, and we use
the notation introduced in (t). Following Hopf we further
rescale time by t = (l+t(e))s, t(0) = 0, and let y = ex.

Then (1l.1l) becomes

y = [1+1(e) ] [Lyy + uL'y + eQ(y,y) + szK(z,X,X) + ...1 (53a.4)

where Q and K are respectively the quadratic and cubic

terms when u = 0.

Let the 2w-periodic solution of (5a.4) be vy(s,e) = ZO+
2 .
€Y, + € zz +..., where, as before, Yo = Re(elsE), and the
Y, are 2m-periodic with fL-y. (0) = Z-y;(0) =0 for i > 1.
(Since the y; are real, we may simply require &zxi(o) = 0.)

To get recursive equations for the ¥ the series for
y{(s,e) 1s inserted in (5A.4) and like powers of & are col-

lected. We use the fact that T TS 0, so T = €2T2 +.o..

and U = ezuz + ... . We find that Y, should satisfy

= _ 1
¥, = Ay, +Q(y,,y,). and Qly,,y,) = 5 Qlr,r) +

Re[eleg(E,E)]. A periodic solution to this equation is

2is .
+ Re(ce ) where a and ¢ are constant vectors satis-

(5A.5)

(Since —L0 and 21 - L0 are non-singular, these formulas
do determine a and c.) Thus ¥, =2 + Re(geZis) +
Re(ClEeis), where the complex number Cl is to be chosen
so that & - Xl(O) = 0; using equations (5A.5), one readily

finds that
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)(r,x) + = Q(F,D)].

(Y
|

c, =322 00,0 -

Now y, is a periodic solution of

Yy = Do¥y * ML'Yy + 2Q0y,ayy) + KYy.yg.¥y) + ToRoY,

Hence

. ~-is 2i

- - v...is is — + s, is
Y, LOXZ ReuZL re + ReQ(re +re , atce C xe

)

3is

o s
+ 5 Rel[K{(r,r,r)e + 35(£,£,£)els] + T2Re[1£el |

==

= Re{Clg(E,E) + els[(uzL'+iTz)£ + 29(r,a) + Ql(x,c)

2 3

+ 3 K(,r,D] + e o, + e I, )43z, 5,0 1),

These equations have a periodic solution if and only if there
is

is no resonance, which reguires that the coefficient of el

in this last formula should be orthogonal to % (the bracket

criteria in disguise). Thus

Wp(&-L'r) + i, = -22-0(z,a) - &-Q(x,c) - 3 vR(@z,D = B
Hence we get the formulas for uz and T2:
uz Re(4°L'r) = -Re B.
(5A.6)
T2 = ‘“2Im(&'L'£) - Im B
where a and ¢ are the solutions of (5A.5). [These formulas

are unchanged if the eigenvalue is 1iw. instead of i, ex-
cept that, instead of the second equation (5A.5), ¢ is the
solution of (2iw - LO)E = % Q(r,r). Also the value of Cl
given above should be divided by w.]

The formulas (5A.6) are equivalent to Hopf's (4.16).

The determination of the left eigenvector £ and the solution
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of the linear equations (5A.5) for a and ¢ takes the place
of finding the adjoint eigenfunctions and evaluating the

integrals implied by the bracket symbols.

(t++t) 1. The translators must admit that they have
found this section somewhat less transparent than the rest
of the paper. In their article, Joseph and Sattinger [1]
point out an apparent gircularity in a part of Hopf's argu-
ment; they also show there that it can be rectified rather

easily.

2. The relationship of B, the Floquet exponent near
zero (of the periodic solution), to the coefficient My can
be found with relatively little calculation, as follows.

The argumented system

ke
I

F.(x)
) ne (5A.7)
H=0
has the origin as a critical point. There are three eigen-
values of this critical point with zero real part; a zero
eigenvalue with the p-axis as eigenvector, and the conju-
gate pair of imaginary eigenvalues *i (after suitably re-
scaling the time variable) with eigenvectors r and T,
All other eigenvalues are off the imaginary axis, so this
critical point has a 3 dimensional center manifold. This
center manifold must contain the u-axis, the periodic solu-
tions given by Hopf's Theorem, and any trajectories of (5A.7)
which for all time remain close to the origin; it is tangent
to the linear space generated by the U-axis and the real

and imaginary parts of r. Let us set X = e(gr+ir) + §2
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where &fxz = Z'xz = 0. e> 0 1is regarded as a replacement

for U, given by the function u(e) of Hopf's Theorem:
u=ule) = uzez + ..., where we are now assuming that

HZ# 0. Thus we may think of the real and imaginary parts of
t, and €, as parameters on the center manifold. For any
(x,1) on this manifold 52 = 0(82) since it is at least
quadratic in 2%-x = € and Z%'x = €T. Thus we may write the
equations of the center manifold as u = u(e), X, =
EZE(C,E,E), where &'g = Z'E =0 and g is at least quad-
ratic in ¢ and T. For any trajectory on the center mani-

fold we then have, with the notations of (%) and (1+t),

i +

(L]

T+ E(g_c'c + g__g_f) = itr - iT ¢
+ e Lyg+ UZEZL' (cx + T ) + eQ(Lr+t I) (5A.8)
2 = — 2 I 3
+ 2eQ(zxr + T r,g) + € C(tr + T r) + 0(e).
By multiplying on the left with £, we obtain
s 2 ' —_—
C=ig + pe"2° L' (Cr + ¢ ¥)
2 - — -2 - —
+ el [z7a(x,r) + 2220(r,r) + 2 Q(x,r})] (5A.9)

+ 2y (0D + 0(e)

where Y is cubic in ¢ and T.

We now introduce the function

. >3 2
T + eRel1Zl T-0(r,r) + ir“T(2T-0(r, D) +L-0(z,x)].

I(z,7) = 3

N~

As we will see below, I(Z,Z) is approximately invariant

along trajectories lying on the center manifold. For any
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trajectory on the center manifold we have, using (5A.9) and

its complex conjugate,

dI

— L2 ., 2% —_—
3 = Re{ZZ + e[lCZCZ'Q(g,g) + i(g'C + 208 1)

(2Z-0(r,E) + 2-0(r,x))1}

- -2 2 - N
Re{izT + €& [TC7Q(r,r) + 20T O(r,r) + C3Q(5._r_)]

+

__ — 2_ _ —
e-23T-0(r,r) + (22T - 20°%) (28-Q(x, D) +2°Q(x,1))]

2_ S 2_ — 2 — 3
+ e T L (r + T E) + e Ty (T, D)+ e S0, D)+ 0(e)

where § is quartic in ¢ and T. The terms of order ¢
3 [ =2
in the above are ¢eRelZT 2-0(%,I) - C3T'Q(£,£) + Tt %-0(x,r) -

- - — 2 _
i%e 0, ) + 20520°0(2, ) - 2T0°T-0(x,E)} = 0. Thus

2. o, - = 2 - 3
aE = Mt Re[ZA-L'(zr + 7 X)] + ¢ Gl(CIG) + 0(e™) (5A.10)

— dl .
where 61 is also quartic in ¢ and ¢¢. Thus 3t s of

order 82.

2
(I0 = %lcl is also an approximate invariant, but
a1
EEQ is 0(e) whereas %% is only 0(62). If we consider
a trajectory on the center manifold starting at t = 0 with

t =T =c¢, we see from (5A,9) that it is given to 0(e) by
z = ceit; thus, after a time of approximately 2w, it must
once again return to Im ¢ = 0. This arc is a circle to
0(e), but is more accurately described (to 0(82)) as a
curve of constant I.)

We see from (5A.10) that the change in I in going once

2
around this way is given, to 0(e ), by

2 2 2 4
AT = 2m[u_e” c'Re(L'L'r) + € ¢ §,] (5a.11)
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2m . .
L J lt,e lt)dt. However, we know that if

where 62 =37 . §. (e

1
c = 1 we get the periodic solution, for which AT = 0; con-
sequently 62 = -que(&-L'E) = —que(a'(O)) as noted in (f).

Thus, in general,
AT = 2re?u Re (o’ (0) (c®-c?) + 0(e?). (5A.12)

Since ¢ = 1 gives the periodic solution, the 0(83) part
is also divisible by (c-1). Thus, for ¢ near 1, (5A.12)

may be written

AT = 21r€2(c—l)[-2u2Re @' (0) + 0(c-1)]. (5A.13)

For small €, any trajectory on the center manifold with
z = 0(l) must keep going around an approximate circle.
However, it cannot be periodic unless it passes through
z = 1. Hence, it is apparent from (5A.12) that, when
que a' (0) > 0, all trajectories on the center manifold (at

a given ¢, i.e., W) which are inside the periodic solution
must spiral out towards it as t > += (or as t > == if
HyRe o' (0) < 0). Since I is approximately %l§|2,

AT = (g(2m)-c)c. Thus (5A.13) implies that these trajectories
asymptotically approach the periodic solution with exponen-

tial rate B = —Zszque o' {(0) + 0(83), and this must thus be

the numerically smallest non-zero Floquet exponent.

3. Equation (5A.12) actually tells us more; it implies
that we may approximately describe  the trajectories on the
center manifold as slowly expanding (or contracting if
que a'(0) < 0) circles whose radius ¢ varies according to
the formula
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2

c = (1 + tanh(ezque u'(O)(t-tl)H

N =

where t1 is the time at which c2 = 1/2.

4. The function I is also of some use in relating
the above to the "vague attractor" hypothesis. If we set
U = 0, the n-dimensional system x = Fy(x) has a two-
dimensional center manifold for its critical point at O,
tangent to the linear space spanned by the real and imaginary
parts of r. As in a previous paragraph, we set

x = e(tx + T &) + x,, where &'52 = T+x_, = 0. On this center

2 2
manifold 52 = 0(82) and is at least quadratic in ¢ and

T; € 1is now an arbitrary scaling pardileter. For any tra-
jectory on this center manifold one obtains the same formula

(5A.9) except for the omission of the u L' term - the other
2

terms written down all come from the u-dependent pairs of

FU' If we then consider the function I for a trajectory

on this center manifold, we obtain (5A.10) again, with the u,

term omitted, but the same § integrating this around, we

l;
get (5A.11) without the Uy term but the same 62. Since

62 = -u,Re a' (0) we have for trajectories in the center

2
manifold at # = 0, to order ¢ ,

A(%—cz) = =27 ezque u'(O)c4,

or

b(ec) = -2mui.Re o' (0) (ec)>.

2

Since Al(ec) is V(xl) (the Poincaré map minus identity),
where ec = xq is the coordinate Re(L-:X), we see that
v"'(0) = -2ﬂu2Re(a'(0))-6 = -2mRe(a'(0))3u" (0). This relates

the calculations here to the stability calculations done in §4,
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SECTION 6

THE HOPF BIFURCATION THEOREM FOR DIFFEOMORPHISMS

Let X be a vector field and let Yy be a closed or-
bit of the flow ¢t of X. 'Let P be a Poincaré map as-
sociated with Y. (See §2B). Suppose there is a circle o
that is invariant under P. Then it is clear that ti ¢t(0)

is an invariant torus for the flow of X (see Figure 6.1).

Figure 6.1

If we have a one parameter family of vector fields and closed
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orbits X and Yu' it is quite conceivable that for small

H, Y might be stable, but for large u it might become

u
unstable and a stable invariant torus take its place. Re-

call that Yu is stable (unstable) if the eigenvalues of
the derivative of the Poincaré map Pu have absolute value
<1 (>1). (See §2B). The Hopf Bifurcation Theorem for
diffeomorphisms gives conditions under which we may expect
bifurcation to stable invariant tori after loss of stability
of Yy The theorem we present is due to Ruelle-Takens [1];
we follow the exposition of Lanford [1] for the proof.

In order to apply these ideas, one needs to know how
to compute the spectrum of the Poincaré map P. Fortunately
this can be done because, as we have remarked earlier, the
spectrum of the time 't map of the flow is that of P U {1}.

(See §2B).

Reduction to Two Dimensions

We thus turn our attention to bifurcations for diffeo-

morphisms. The first thing ‘to do is to reduce to the two
dimensional case.* This is done by means of the center mani-
fold theorem exactly as we did in the previous case; i.e.,
assume we havera one parameter family of diffeomorphisms

@u: zZ~+~ Z, @u(O) = 0 and éssume a single complex conjugate
pair of simple non-real eigenvalues crosses the unit circle
as M increases past zero. Then the center manifold theorem

applied to V¥: (x,u) > (@u(x),u) yields a locally invariant

three manifold M; the u slices Mu then give a family of

*
As remarked before, for partial differential equations, P

may become a diffeomorphism only after the reduction, and be
only a smooth map before.
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manifolds which we can identify by some fixed coordinate
chart. Then on MU we have induced a family of diffeomor-
phisms containing all the recurrence.

Thus we are reduced to the following case: (modulo
"global" stability problems as in the last section).

We have a one parameter family @u: Rz > Rz of diffeo-
morphisms satisfying:

a) @u(0,0) = (0,0)

b) dQU(O,O) has two non-real eigenvalues XA(M) and

X(H) such that for u < 0 |A(w)] <1 and for u > 0

Ao | > 1
aja(u) s 0.

c)
dy u=0

We can reparametrize so that the eigenvalues of

+i8 (u)

d@u(o,o) are (l+u)e By making a smooth u-dependent

change of coordinates, we can arrange that:
cos 6 (u) -sin 6 (u)
d@u(o,o) = (14u) .
sin 6 (u) cos 6 (u)

The Canonical Form

The next step is to make a further change of coor-
dinates to bring @u approximately into appropriate canoni-

cal form. To he able to do this, we need a technical assump-

. *
tion:

MO0 oy - 1,2,3,4,5. (6.1)

(6.1) Lemma. Subject to Assumption (6.1), we can

make a smooth H-dependent change of coordinates bringing QU

* .
As D. Ruelle has pointed out, only m = 1,2,3,4 is needed for

the bifurcation theorems as can be seen from the proof in §6A.



THE HOPF BIFURCATION AND ITS APPLICATIONS 209

into the form:

B 5
2, (x) = N0 (x) + 0(]x]”)

where, in polar coordinates,

N s (r,4) b (0T - £ 00T, 6+ 00 + £ (rd).

The proof of this proposition uses standard techniques
and may be obtained, for example, from 8§23 of Siegel and
Moser [l].* We give a straightforward and completely elemen-
tary proof in Section 6A. As indicated above, we think of
NO as an approximate canonical form for @u. Note two

U
special features of Néu:

i) The new r depends only on the old r, not on ¢.
ii) The new ¢ 1is obtained from the old ¢ by an

r-dependent rotation. We now add a final assumption:
fl(O) > 0. (6.2)

This assumption implies that for small positive u,
N@u has an invariant circle of radius gr where rO is ob-

tained by solving

3
(1+U)r0 - fl(u)r0 = ry

The canonical form is important in celestial mechanigs for
proving the existence and stability of closed orbits near a
given one; i.e. for finding fixed points or invariant circles
for the Poincaré map. In the Hamiltonian case this map is
symplectic (see Abraham-Marsden [1l]) so Birkhoff's theorem
applies, as are the results of Kolmogorov, Arnold and Moser
if it is a "twist mapping”.
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We shall verify shortly that this circle is attracting
for N@u. Since @u differs only a little from N@u, it is

not surprising that @u has a nearby invariant circle.

The Main Result

(6.2) Theorem. (Ruelle-Takens, Sacker, Naimark). As-

*
sume (6.1) and (6.2) . Then for all sufficiently small positive

U, ¢u has an attracting invariant circle.

Before giving the proof, let us look at what happens if

(6.2) is replaced by the assumption fl(O) < 0. Then, for a

small positive W, N@u has no invariant sets except {0} and
Rz. For W < 0, N@u does have an invariant circle, but it

is repelling rather than attracting. By applying the result
of Ruelle and Takens to ¢;l, we prove that, in this case,

o has a nearby invariant circle. Thus, we again find the

usual situation that supercritical branches are stable and

subcritical braaches unstable. If

2. (y,0) > ((1~2my - wByZ+y?) + vloq),
£4 (W)
fl(u)

(1) 2 + o).

¢ + 6(u) + u

Finally, we scale y again by putting

y = /U z;

then

*

It would be interesting to explicitly compute fl(O) in terms
of ¢ directly as we did in §4 for the bifurcation to invar-
iant circles. However the labor involved in the earlier calcu-
lations, and the promise of a harder, if not impossible compu-
tation has left the present authors sufficiently exhausted to
leave this one to the ambitious reader. The calculation of
fl(O) in terms of ¢, rather than X is not so hard and has
been done by Wan [preprint] and Iooss [6].
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o (2,0) > ((1-2m)z - w2327 « w223 %00,
£, (1)

o+ o) +u=— L+ %02+ p%0wW;
fl(u)

we rewrite this last formula as

3/

2
(z,0) + (-2mz + 172 (2,00, 6 + 0, () + b K, (2,0)).

The functions Hu(z,¢), Ku(z,¢) are smooth in 2z, ¢, 4 on

-1 <z<1, 0<¢ <27, 0 < U< uo

for some sufficiently small Mot the region -1 <z <1,

0 < ¢ £ 2m corresponds to an annulus of width O0(u) about

the invariant circle for N@u (which has radius 0(u)). We

are going to produce an invariant circle inside this annulus.
The gqualitative behavior of ¢ is now easy to read

u

off: ®U can be written as

(z,6) » ((1420)z, ¢ + 05 (1)

plus a small perturbation. The approximate ¢ is simply a
rotation in the ¢ direction and a contraction in the z
direswtion. Note, however, that the strength of the contrac-
tion goes to zero with u. If this were not the case, we
could simply invoke known results about the persistence of
attracting invariant circles under small perturbations. As it
is, we need to make a slightly more detailed argument, exploit-
ing the fact that the size of the perturbation goes to zero
faster than the strength of the contraction.

We are going to look for an invariant manifold of the

form

{z = u(¢)},
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where
i) u(¢) 1is periodic in ¢ with period 27
ii)  Ju(d)| <1 for all ¢
iii) wu(¢) is Lipschitz continuous with Lipschitz con-

stant 1 (i.e., |u(d)) - u(o,)] < [o; - 0,D).

The space of all functions u satisfying i), ii) and iii)
will be denoted by U.

We shall give a proof based on the contraction mapping
principle. In outline, the argument goes as follows: We
start with a manifold

M=1{z=u(dl,

with u € U, and consider the new manifold QUM obtained by
acting on M with @u. We show that, for n sufficiently
small, ® M again has the form {z = u(¢)} for some 4 E U.
Thus, we construct a non-linear mapping % of U into it-

self by

We then prove, again for small positive u, that ¥ is a
contraction on U (with respect to the supremum norm) and
hence as a unique fixed point u*.. The manifold {z = u*(¢)}
is the desired invariant circle. As a by-product of the
proof of contractivity, we prove this manifold is attracting
in the following sense: Pick a stgrting point (z,¢)» with
|z] < 1, and let (zn,¢n) denote @3(2,¢). Thén

lim z_ - u*(¢ ) = 0.

n>wo n

It is not hard to see that the domain of attraction is much
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larger than the annulus |z] < 1. In particular, it contains
everything inside the annulus except the fixed point at the

center, but we shall not pursue this point.

To carry out the argument outlined ébove, we must first
construct the non-linear mapping % To find  Ful(¢), we

should proceed as follows:

A) Show that there is a unique ¢ such that the ¢-

component of @u(u(¢),$) is ¢, i.e., such that

028+ 0, + 1%k @@, b en.” (6.3)
and

B) Put Fu(¢) equal to the z-component of
®u(u(¢),¢), i.e.,

3/

Fa(6) = (1-21)u(d) + u ZHu(u<$>,$). (6.4)

In the ‘estimates we are going to make, it will be convenient

to introduce

[om | lox |  [om | |9k |
y = { u U u LARE
oS, lB VIRV ==V e V= Vo
..]___
~1<z<1

so defined, X depends on U but remains bounded as u > 0.

We now prove that (6.3) has a unique solution. To do

this, it is convenient to denote the right-hand side of (6.3)

temporarily by x(¢):

x(9) = ¢ + o, (W) + u3/2Ku(u<$),5>.

We want to show that, as ¢ zruns from 0 to 2w, x(¢) runs

* , ~ 3/2 ~
i.e., ¢ differs from ¢ + el(u) + U Ku(u(¢),¢) by an

integral multiple of 2w.
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exactly once over an interval of length 2T, From the period-

icity of u($), Ku(z,$) in %, it follows that
x(2m) = x(0) + 2w.

We therefore only have to show that x 1is strictly increas-

ing. Let 51 < 52. Then

~ s 3/2 N ~
x(5,)=x(6)) = 6, = 6y + w7 TR (@(0,)40,)-K (u(6,),0,)].

Now

K, (0(8),0)-K, (6),91) | < Allu@)=u )] + [¢ ,=4; 1]

2
< 20]¢=91] = 22 (,~0,) -
(The second inequality follows from the Lipschitz continuity

of u.) Thus
x($ ) - x(; y > (1 - 2x 3/2)(d~> -$.) so rovided
2 1’ = H 27 %17 r P
1 - 20372 5 o, (6.5)

x 1is strictly increasing and (6.3) has a unigue solution. We

thus get 5 as a function of ¢, and it follows from our

above estimates that $ is Lipschitz continuous:

[0Go) - 3] < - 20327 o o, . (6.6)

The definition (6.4) of %u therefore makes sense, and
we next have to check that%u € U. Condition i), corresponds

to 6.7 is immediate. For (ii), note that

| Fu(¢) |

| A

-2m fu@ | + v @@, 5]

1 - 2y + u3/2 .

| A
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Thus, |Fu(¢)] <1 for all ¢ provided

ou - w32, > 0. (6.7)

Finally,

| Fa(o)-Fuo) | < (1-20) fu(d;)-u(s,)]

A

+ 1320 u(e)-u,) | + [9-5,11

(-2u + 2020 (3, -9, |

A

by the Lipschitz continuity of u. Inserting estimate (6.6)

for |51-$2|, we get
| Futo)- Futoy) | < a-2ue2n®/ 20 (1-20320 7 o -0, |,

so %u is Lipschitz continuous with Lipschitz constant 1

provided

(1-2u+213/ 20y (1-203720) 71 < 1. (6.8)

Evidently (6.8) holds for all sufficiently small positive u,
so (iii) holds.
The next step is to prove that ¥ is a contraction.

Thus, let up,u, € U, choose ¢, and let $1, ¢2 denote the

solutions of

=3y 4o 0+ 1kt (By) 8y

©-
I

é, + el(u) + U Ku(u2(¢2)'¢2)’

©
Il

2

respectively. Subtracting these equations, transposing, and

taking absolute values yields
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N - .- .
lo =051 < 1321k, () (81),09) = K luy(8,),8,)

A

(6.9)

3/2 ~ ~ <
W2y a6 |+ (628,11

I A

Now

la, (@) =u, (601 < Juy (9)-u, (60 [+ Juy (67)-u, (6, |

uymu,l |+ 18,7,

.

| A

Inserting this inequality into (6.9), collecting all the

terms involving ]$1—5 J on the left, and dividing yields

3/2A)"1u3/2x-

|$l—$ < (1-2u lag-u, . (6.10)

2 l
Now we use the definition (6.4) of %u:

| oy (4)-Fuy (0) | < (1-20) |y (971, (5,) |

3/2
4

+ |5, (ag (80 ,01) = H, (u,(6,),9,) |

+ |$l_&;zl]

IA

(=21 [ Juy-u, ||

3/2 ~
s 03200 Jugmuy ||+ 206,78, 1

| Tag=u, | 1€ (1-2u) (141322 (1-203/2) 71

|A

s+ 23 A a-ad )T

Let o denote the expression in braces. Then

3/2
a=1-2u+0(u/)

’

so we can make o < 1 by making u small enough. If this

is done, we have

with o < 1, (6.11)

| A

|| Fay- Fa, |

o [ Juy-u,| |

i.e., ¥ is a contraction on U and hence has a unique fixed
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point u*.
To prove that the invariant manifold {z = u*(¢)} is
attracting, we pick a point (z,¢) in the annulus |z| < 1,

énd we let (zl,¢l) denote ¢u(z,¢). Note that

lz)] < (1-20)]z] + W1 -+ ¥ <

(by (6.7)), so (zl,¢1) is again in the annulus. Now let

¢l denote the solution of

¢ = ¢

3/2 ~ ~
1 1t el(u) + U Ku(u*(¢l)'¢l)'

The definition of ¢l’ on the other hand, needs

3/

2
¢l = ¢ + Gl(u) + U Ku(z,¢).

Subtracting these equations and then estimating and re-arrang-

ing as in the proof of (6.8), we get

3/ 3/2

~ 2 -

fo =6l < u™ "x(@-2u7"") Yz-ur (o).

Now subtract the equations

wk(9) = Far(é)) = -2m)ur (b)) + w2 @) ,))
3/2

z. = {(1-2u)z + u

1 Hu(z’¢)

and again imitate the proof that % is a contraction to get
-1 ® < . J—
lzl u (¢1)I < o lz-u(d) |,
with the same O as in (6.11). By induction,
n
[z =¢*(6 V] < a |z-u(¢)] + 0 as n > =,
n n -

In our proof, we used only the continuity of HU’ KU
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and their first derivatives, and we obtained a Lipschitz con-
tinuous u*. Closer examination of the argument shows that
we needed only Lipschitz continuity of Hi, K- If we have
more differentiability of Hu, KU' we would expect to obtain
more differentiability for wu*. This is indeed the case.
Specifically, let U, denote the set of periodic functions

k
u(¢) of class C satisfying

i) |u(j)(¢)] <1, 3 =0,1,...,k; all ¢.

oK)

ii) | (¢)| is Lipschitz continuous with Lipschitz

constant one.

, . . h . .
" Ku have Lipschitz continuous kt derivatives, a

straightforward generalization of the estimates we have given

If H

shows that for u sufficiently small, % maps U, into it-
self. It may be shown that Uk is complete in the supremum
norm (as in the proof of the center manifold theorem), so the
fixed point of % must be in Upr i.e., u* has Lipschitz
continuous kth derivative. If we make the weaker assumption
wr Hy have continuous kth derivatives, slightly more
complicated arguments show that u* also has a continuous

that H

th
k derivative; we proceed with the proof by showing that the
set of u's, whose kth derivatives have an appropriately

chosen modulus of continuity, is mapped into itself by #.
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SECTION 6A

THE CANONICAL FORM

We shall give here, following Lanford [l], an elemen-
tary and straightforward derivation of the canonical form for
2 2

the mapping @u: R™ + R". Recall that we have already ar-

ranged things so that

% cos 0 (u) -sin O(u)\ /x 2
<I>u = (1+1) + 0(r®).
sin 0 (u) cos 0 (u) v

We want to organize the second, third, and fourth degree terms
by making further coordinate changes. It will be convenient

to identify R2 with the complex plane by writing

z = x + iy.
Then

° (2) =z + 0(lz13), A) = (Leme®M)

From now on we shall leave u out of our notation as much as

possible.

The higher~order terms in the Taylor series for ¢ may
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be written as polynomials in z and 3z, i.e.,
®(z) = Az + A2(z) + A3(z) F ey

where, for example,

A,(z) = % a?zj-z-jz.

=0 J

Let us begin in a pedestrian way with A2. We choose
a new coordinate z' = z + Y(z), where Y is homogeneous of
degree 2, i.e., has the same form as A,. We can invert the

relation between 2z and =z as

z =2z' - ¥Y(z') + higher order terms.

N
Since for the moment we are only concerned with terms of
degree 2 or lower, we calculate module terms of degree 3
and higher and replace equality signs by congruance signs ().
Thus we have

z = 2' - y(z') = (I-v)(z").

In terms of the new coordinate we have

9 (2') = (I+y)0(z'-y(z'))

(I+y) [Az' = Xy(z') + A2(2'—Y(Z'))]

(I+y) [Az' - Ay (z2') + A2(Z')]
= Az' - Ay (z') + A2(z') + Y(Az'-ky(z')+A2(z'))
= Az' + Az(z‘) + y{(rz') - Ay (z').

Now

2 — —2
L —_ 1 L} ) L
y(z') = Yp2'T + v 2’2 4 vz

2 1 2 2_ [ = 2_ —'|_2
yz(x -zt o+ yl([A| \z'z +YO(T Az,

Y(Az') - Ay(z")

On the other hand,
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2 .2 b R — 2.2
v = ' LI s AR
Az(z ) a,z + alz Z aoz ,
so, if we put
.2 .2 -a2
Y, = -2 Y, = al Yo = 0
= ’ = y = ’
2 32 1 % 0 x2,
we get
3
o' (z') =az' + 0(|z"]).
We must, of course, make sure that the denominators in
our expressions for the vy, do not vanish. Since IA] = 1+u,

there is no problem for u # 0, but we want our p-dependent
coordinate change to be well-behaved as u - 0. This will be

the case provided

e2ie(0) eie(O) eie(O)’ e-2i6(0) eie(O)

#

# . LA

’

i.e., provided

i 3i6(0)
ele(o) # 1 e *

r

Thus, if these conditions hold, we can make a smooth u-depen-
dent coordinate change, bringing A2 to zero, We assume that

we have made this change and drop the primes:

d(z) = Az + A3(z) 4 e,

(a is not the original A3) and see what we can do about A,.

3
This time, we take a new coordinate z' = 2 + yv(2), ¥

homogeneous of degree 3,>and we calculate modulo terms of

degree 4 and higher. Just as before, we have

o' (z') = (I + y)o(z' - v(z"))

[1E)

Az' + A3(z') + vy(xz') = Ay(z").

Again, we write out
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2— -2 —

Y(z') =¥ a'3 + Y,z z' + v zz' + ¥ z12
3 1 0

2,

YOz = vz = v, 0002 v (AT

v (W PT=0zz 2 v vy (B-nze?
A_(z') = a '3 + a3z'2_' + a3z'E'2 + a3E'3
3 =8 2% 2 1 0® -

By an appropriate choice of Y37 Ypr Ygr We can cancel the

3 3 3 t ided
asys al, a0 erms provide

216 (0) 4i6(0)
e e .

#1, # 1.

The a; term presents a new problem. For u # 0, we can, of
course, cancel it by putting
3
P S
3 a(a]%-n

This expression, however, diverges as u - 0, independent of
the value of ©6(0). For this reason, we shall not try to ad-
just this term and simply put Y3 = 0. Then, in the new co-

ordinates (dropping the primes)
3 2 4
o(z) = (A + a2|z| y +0(]z]|7).

We next set out to cancel the 4th degree terms by a co-
ordinate change z' = z + y(z), y homogeneous of degree 4.
A straightforward calculation of a by now familiar sort shows
that such a coordinate change does not affect the terms of
degree < 3 and that all the terms of degree 4 can be can-
celled provided
e5i6(0) £ 1.

Thus we get
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Y(z) = (A + ai]z!z)z + 0(]2]3).

This is still not quite the desired form. To complete the

argument, we write

16 (u) £, 00
(1+u)e [1 - T

(where fl,f3 are real)

2 2 .
A+ adlzl? Iz + ie, 0]z

100 (u)+E4 () |z] 2]
3 + 0(|zl4).

I

(L=, () |z|%)e

Thus 2
i[e(u)+f3(u)IZI 1

o(z) = (l+u—fl(u)lz]2)e z + o(lzls);

when we translate back into polar coordinates, we get exactly

the desired canonical form.
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SECTION 7
BIFURCATIONS WITH SYMMETRY
by

Steve Schecter

In this section we investigate what happens in the bi-
furcation theorems if a symmetry group is present. This is
a non-generic condition, so special situations and degeneracies
are encountered. (See Exercises 1.16 and 4.3).

At the end of the section we shall briefly discuss how
the ideas presented here apply to Couette flow (we thank
D. Ruelle for a communication on this subject).

Parts 0-4 of this section are based on Ruelle [3]. A
related reference is Kopell-Howard [3]. See also Sattinger [6].

In the first parts of the section we confine ourselves
to diffeomorphisms. There are entirely analogous results for

vector fields.

0. Introduction.

A
Let E be a real Banach space with C norm, %2 > 3.
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(This means that the map x b ||x]|]| is c*on B - {0}.) Let
G be a Lie group and AG a (smooth) representation of G
as a group of linear isometfies of E. We denote the elements
of AG by Ag' where g € G. We wish to consider diffeomor-
phisms f: E - E that commute with AG’ i.e., that satisfy
£f o Ag = Ag o £ for all g € G.

If we know f(x) and f commutes with AG' then £ (y)
is determined for all y in the orbit of x under the action
of AG. For example, if E = R2 with the Fuclidean norm and
AG is the group of all rotations of the plane (a representa-
tion of G = $50(2)), then if f commutes with AG it follows
that £ takes circles to circles.

Notice:

(0.1) If £ and h are diffeomorphisms of E that
commute with AG then for all a,b € R, af + bh also com-
mutes with AG'

(0.2) If £ commutes with AG and f£(0) = 0, then
Df(O) commutes with AG.

(0.3) If ¢: E > R satisfies ¢Ag(x) = ¢(x) and all
g €G, for all x € E, and f commutes with AG' then ¢f

commutes with AG.

Because E has a Cz norm, we can construct CZ bump
functions ¢: E » R satisfying ¢ = 1 on a neighborhood of
0, ¢ = 0 outside a larger neighborhood of 0, and ¢ 1is con-
stant on each sphere centered at 0. These ¢ satisfy the
conditions of (0.3). Given a cz diffeomorphism f: E » E
and a linear isomorphism A: E - E that commutes with AG

and is sufficiently close to Df(0), these bump functions
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together with properties (0.1) - (0.3) allow us to perturb £
to a new diffeomorphism h Cg—close to £ such that h com-
mutes with AG and Dh(0) = A.

Given 1 < k < &, let ¥ denote the space of level-
preserving maps f£: E X (-1,1) = E x (-1,1) satisfying:

(a) Each fu is a Cl diffeomorphism of E.

(b) £ is Ck in the second variable, .

() £,(0) =0 for all u. ‘

(d) fu commutes with AG for all wu.

(e) DE,(0) has a finite number of isolated eigen-
values on |z| = 1, each of finite multiplicity. (Since these
eigenvalues are isolated, the rest of the spectrum is bounded
away from |[z]| = 1.)

We wish to study how the qualitative picture of fu
near the origin changes as U passes 0, for generic f & %.
In fact, we will study an open dense subset of %, to be -de-

*
fined in Section 2.

1. Reduction to Finite Dimensions.

Let E0 be the finite dimensional subspace of E cor-

responding to the eigenvalues of Df,(0) on |z] = 1.

*
Z is given the appropriate Whitney topology. A basic open
set B(f,¢) containing £E&EF is given by specifying a

étrictly positive C0 function ¢: E x (~1,1) > R and set-

ting B(f,¢) = {h€ F|||h(x,W)-£(x,1) || < ¢(x,u) for all
l I
(x5 ]2 hex,m) - 22 £x,u) || < ¢(x,n) for all (x,u)
oxl dxt
i .
and 1 < i < £; and ||&— h(x,u) - <= £(x,u) || < ¢(x,u) for
- - ayl 31.11

all (x,u) and 1 < i < k}.
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0

(7.1) Proposition. (1) Aqu = E for all g € G.

(2) 0 can be given a Hilbert space structure so that

ALJE™ = 2% remains a group of isometries.

Proof. (1) Let C be a simple closed curve in €
such that C = C (where C denotes the complex conjugate of
C), Spec DfO(O) N C=4g and Spec DE, (0) N Int C =
Spec DfO(O) N{z: |z] = 1}. In E ® ¢, the complexification

1

of E, let P = 1 J (zI - DfO(O) ® I) ~dz. P commutes with
(e

2m1

A; 8 I because it is the limit of operators that do. By the
Real Spectral Splitting Theorem, P is the complexification

of a real operator Q: E > E. Clearly Q commutes with Ar'

0
so Im Q 1is invariant under AG. But Im Q = E .
(2) Let T be the closure of Ag, a compact group.
The desired inner product on E0 is  (x,v) = j dy< x,vy>,
. T

where dy is Haar measure on [ and < , > is any inner

product on £’, ]

(7.1) Theorem. f € % has a Ck local center mani-

fold V near (0,0) € E X (-1,1), tangent to E° x (-1,1),

satisfying:

(1) EBach Vv, (v, =V N(Ex (b)) is ¢’ and A
invariant.

0
(2) There is a level-preserving chart ¢: v > E X

(-1,1) satisfying ¢Ag = Ag¢ for all g € G.

All the local recurrence of fu near 0 takes place in Vu.

Proof. (1) The point here is that the construction of
a center manifold in the center manifold theorem can be done

in a AG—invariant manner. In order that V be AG—invariant,
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it suffices that the first "trial center manifold" used in its
construction be AG—invariant. (Consult Section 2 and the
center manifold theorem for flows.) Take the first trial
center manifold to be the subspace of E corresponding to
Spec Df (0) N {z: |z| > 1}, which is AG—invariant by the ar-

gument of Proposition 1 (1).

(2) ¢ = (QIEO) x I, where Q 1is as defined in the

proof of Proposition 7.1 (1). 1

2. Generic Behavior.

From now on, because of Theorem 7.1, we will think of

0
f£|]Vv as acting on a neighborhood of (0,0) in E x (-1,1),

say U X J, and we will let Au stand for Dfu(O) EC. Also,

Ag is now a group of isometries of the Hilbert space E .

We will now exhibit a tractable generic subset of F

The characteristic polynomial of AO is a product of
factors of the form (x-1), (x+1), and (x2-2 Re Ax + AX),
with |A] = 1. Let A be a complex eigenvalue of A (a
similar argument applies if X = £1) and let F be the null
" space of (Ai - 2 Re KAO + ATI)k, where k is the exponent
of (x% - 2 Re Ax + AX) in the characteristic polynomial of
AO. Then F is AG—invariant because it is the null space
of an operator that commutes with AG' and F‘L is AG—

invariant because F is and the Aq preserve the inner pro-

duct.

Let B: g E0 be orthogonal projection onto FJZ

Then A, + ¢A.B commutes with AG and leaves F and P

0 0 .
invariant. AO + EAOB]F has only the eigenvalues A and X;

1
and, for all ¢ # 0, AO + EAOBlF has no eigenvalues on
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lz] = 1. Using (0.1) and (0.3) it is now easy to perturb

£lU X J so that the new DI(f|U %3)(0) = A  + €A B has only
0

the one pair of eigenvalues A, X on |z| = 1. Since E

has a AG—invariant complement in E (E = E? o ker 0y, it is
easy to extend this perturbation of f£f|U X J +to a perturba-
tion of £ such that the new DfO(O) has only the eigenvalues
A and X on |z| =1, each with finite multiplicity. This
perturbation reduces the dimension of EO. If it is not the
~case that now Spec A consists of exactly one pair of com-

we Tu for each u near 0, then we may
make another perturbation to further reduce the dimension of

plex eigenvalues A

0 . .
E . Thus we see that by arbitrarily small perturbations of
f we can eventually ensure that Spec Au consists of either

one real eigenvalue Ku for all small U, or one pair of com-

— k
plex eigenvalues A Au for all small u, with C depen-

u’
dence on U.

Case 1. Spec Au consists of one real eigenvalue for
all small u, with AO = 1. Write Ay =8 +T, S symmetric,
T antisymmetric. Using the fact that the Ag are isometries
of Hilbert space, one checks that S and T .commute with

A We choose an orthonormal hasis for E0 with respect to

c
which S is diagonal; then with respect to that basis,

Lemma 1. If T # 0, then for arbitrarily small € > O,

Spec(A0+€T) has more than one point.

Proof. Suppose Spec(A0+eT) consists of exactly one

point for all small € > 0. Then for all small & > O,
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det (zI- (A +eT)) = (z=A(e))” (2-1)
. 0 . .
where Spec(Aj+ET) = {A(e)} and n = dim E . By considering
the coefficient of zn_l on each side of (2.1) (the diagonal

entries of €T are 0!) one sees that Tr Ay = ni{e). But

Tr AO = nA(0). Therefore Xi(g) = (0) for all small € > 0.
This implies that det(zI—(A0+€T)) is constant for small
€ > 0. But the coefficient of zn_2 in this polynomial is

2
z S..S.. + 2 (T,.+eT,.) , which is not a constant function
§<5 11°7]] »E 1 ij ;
J 1<]

of € unless T = 0. | 3

Since T commutes with AG, if T # 0 Proposition 2
allows us to make small perturbations h of fIU x J for
which Spec Dho(O) contains more than one point. This allows
us to make another perturbation further reducing the dimen-
sion of Eo. Therefore for some perturbation of f we must
have T = 0. In this situation A, = *I. 1In fact, for some

0
perturbation of f we must have Au = AuI for all small

0

M, )\ue R, A, = £1.
Furthermore, for some such perturbation of £, Ag is

"irreducible of real type," i.e., the only elements of Hom EO
that commute with Ag are the multiples of I. To see this,
suppose R & Hom EO, R commutes with Ag, and R # AI. Then
AO + €R commutes with Ai for all € and is not a multiple
of I. Hence one can construct a perturbation h of

f|U X J such that DhO(O) = AO + €R and then another per-
turbation reducing dim EO.

Therefore for some arbitrarily small perturbation of

f we have
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(1) Ag is irreducible of real type and

(2) Au = AUI for all small y, with AO = +1.

But the set f€&€ % satisfying (1) and (2) is open. Therefore

(1) and (2) hold generically.

Case 2. Spec Au consists of one pair of complex
eigenvalues for all small u. For each u we have the

following commutative diagram:

0
E0 1 B C ﬂu o T
—_——— u
A Q1I|F
AU AU QI l u u
0 T
1 % ec —H e F
u
, n/2
Here FU is the null space of [(Au ® I) - AUI] in

EO ® €, a complex subspace of complex dimension %, i(x) =

x ® 1, and Wu is orthogonal projection. The inner product
on EO induces a complex inner product on EO ® ¢ with

respect to which Ag ® I is a group of unitary operators.

F is invariant under Ag ® I because Au ® I commutes with

i
0 . . .
AG ® I. Au [ IJFU is conjugate to Au and commutes with
Ag ¢] I|Fu. We now work with the A, 8 I]Fu in analogy to

Case 1.
We see that generically
(1) Ag ® I[FU is irreducible and

(2) A = XUI for all small 1, where I denotes the

i
n/2

identity operator in Fu =C and Au is complex with

OI = 1. 1In other words, generically E0 may be regarded

. 0 . .
as a complex inner product space and AG as an irreducible
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group of unitary operators on EO, while A, = AuI for all

small u, with A, complex and [XOI = 1.

3. Results in the Case Dfo(O) has One Pair of Complex

Eigenvalues on |z| = 1.

Ruelle's main result, which we state without proof, is
Theorem 7.2 below, which helps one find invariant manifolds in
Case 2 of Section 2. We now think of £|U X J as defined on
a neighborhood of (0,0) in F X J, where F is a finite-
dimensional complex inner product space and J is an inter-

val in R containing 0.

(7.2) Lemma. Suppose f£|U x J is b for fixed Uy

C in u, 1

A

k <%, k > 3. Suppose also that Df,(0) = XUI

[

OI = but Ag # 1 and Ag # 1 (a_generic assump-

tion). By a level-preserving change of coordinates that is
Ck-3

oo
in ¥4 and C for fixed uw and commutes with Ag, we

can put £ in the form

£1(2) = Az + P (z) + Q(z)

where PU is_a homogeneous polynomial of degree 2 in =z
and 1 in %, and 0, is of(lzl®). In fact, lo,(2)] <

2
c(|z|)lz|3 and IDQu(z)| < c(lz])lz|® where c(-) is_inde-

pendent of ¥ and 1lim c(u) = 0.
u>0 -
If z & cz, z = (21,22), each zi'e €, then a "homogen-

" 2

eous polynomial of degree 2 in z and 1 in 3z on C

is one of the form

2— - 2— 2— — 2
P(z) = (Azlzl + lezzz1 + szzl + Dzlz2 + E212222 + Fzzzz,
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2. - 2 2 — 2_.
+ + .
Qzlzl + Rzlzzzl + SZZZl Tzlz2 Uz12,Z5 + szz2 )

By way of motivation one might note that for such P(z) and

for X € ¢ with [A] =1, one has P(iz) = AP(z).
n
(7.2) Theorem. Let ®u: ¢® > ¢ bea one-parameter

family of CR diffeomorphisms, 1 < & < «, depending on a real

parameter U varving in an interval about 0. Suppose

® = b : .
u(Z) Auz + Pu(z) + Qu(z), where u Au is a continuous

complex function; Pu is a homogeneous polvnomial of degree

2 in z and 1 in z with coefficients continuous in W;

lou)] < e(lzhlzl® and Ipg,(2)] < c(lzl)]zl® where c(-)

is independent of 4 and 1lim c(u) = 0. We also assume
u+0
]XOI =1 and [Au] > 1 for U > 0. Suppose the vector field
-1
z Pz + AO PO(z) leaves the compact manifold S invariant

and is normally hyperbolic*to it. Suppose S is also invari-

ant under the transformations 2z & zelO (all real o). Then

. L .
for small U > 0 there exist maps Gu € C (S,Cn) and mani-

folds §, C ¢ such that

(1) eu is a diffeomorphism of S onto S

e
(2) s is invariant under ¢ and ®u is normally

U H
hyperbolic to Su.
(3) Su +0 as W > 0.
(4) If A is a group of unitary transformations of

¢® such that @u commutes with A for all p and AS = S,

*Normally hyperbolic is defined as follows. Let S be a dif-
ferentiable submanifold of a normed vector space E invariant
under a diffeomorphism f: E - E. Let B + S be a subbundle
of TE|S that is invariant under Df. Define p(Df|B) =
lim sup sup[]Dfn(x)IBlll/n. f is said to be normally hvper-

n-+«° XES
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then Asu = Su.

(5) If u -~ @u is continuous from R to C, k <8,

In fact, each eu commutes with A.

then U eu is continuous from {p: 0 < U < uo} to

s, .

Theorem 7.2 gives information on invariant manifolds for
U > 0. If we assume [Au] <1 for W < 0, then we can ob-

tain similar information for W < 0 by applying Theorem 2 to

@:i. It is easy to check that

-1 -1 -3 1 '
o = A - A X P (z)+ Q z).
—u (2 -u? -y -y -d —u( )
Therefore one should look for invariant manifolds of the vec-

tor field z » z - xalpo(z).

4. Examples.

0
1. Let AC be the full orthogonal group of EO = R"

and let AO = 1 be the only eigenvalue of Df,(0) on
IZI = 1. Let h = f|V, V the center manifold for f of Prop-
osition 7.1. According to Theorem 7.1 we may think of h as
defined on a neighborhood of (0,0) in R® x R, where:

(1) Each hu commutes with Ag.

(2) hu(O) =0 for all .

(3) Dhu(O) = XUI, AO =1, AUE R for all u.

bolic to S if there is a splitting of TE|S, TE|[S = N, ®
TS ® N_, such that p(Df|[N_) < min{l,p(Df|TS)} and

-1 _ .
p (DE [N+) < min{l,p(Df lITS)}. This means that iteration Df
contracts every vector of N_ more than Df contracts any
vector of TS, and under iteration Df expands every vector

of N, more than it expands any vector of TS.
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0 . . s s
Because AG contains all the reflections, it is easy to see

that hu(x) is a multiple of x. Also, hu takes spheres

about 0 to spheres about 0. Therefore hu(x) = Aux +
-1
pu(]xl)x, where for each 1y, u » pu(u) is a real-valued C

2

function of u with pu(O) = 0. Write pu(|x]) = aulx] +
2

o(lx1%). The non-wandering set of hu near 0 consists of

exactly those spheres that are taken into themselves; each
such sphere consists entirely of fixed points. If £ 1is at
least C3 in u and a, <0 (i.e., (0,0) is a vague at-
tractor), we can apply exactly the analysis of to see that
for small U > 0 there is a one-parameter family of such

spheres, one for each small wu > 0, with the spheres converg-

ing to 0 as u > 0.

*
2. We think of 0(2) as generated by the complex
numbers o with |a| = 1 and a reflection r. Suppose we

are in the situation of Case 2, Section 2, with F =€ and

0
AG the irreducible representation of 0(2) on c2 given by

-1

0 -
Aa(zl,zz) = (oz,,do 22)

1
0
Ar(zl'ZZ) = (z2,zl).

We think of £|V as acting on a neighborhood of (0,0) in

Cz x R and denote this map by h. According to Lemma 7.2,

after a change of coordinates we have a new map h' with
1 p—
hu(z) = )\uz + P (z) +0,(2)

where PU(Z) is homogeneous of degree 2 in =z and 1 in

*
David Fried explained this example to us. It is a reworking
of Section 4.9 of Ruelle's paper.
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z, and Qu(z) is o(|z|3) uniformly in u. [A = 1, and

ol

we assume IAHI >1 for u>1, |» | <1 for u > 1, and

3 UI
r # L, Aé £ 1.
0
It is easy to see that each Pu(z) is AG—invariant.
Let P(z) be a Ag—invariant homogeneous polynomial of degree

2-in 2 and 1 in 2Z. Write P(z) = (Pl(z),Pz(z)), where

2 - 2_ 2_ - 2_
Pl(z) = Azlzl + lezzzl + szzl + Dzlz2 + Ezlzzz2 + F2222
and
2_ — 2_ 2_ _ 2
Pz(z) = Qzlzl + RzlzZZl + Szzzl + Tzlz2 + Uzlzzz2 + szzz.
. -1 -1 .
Since P(uzl,a z2) = (aPl(z),u P (z)) for all o with
2
o} = 1, we see that B=C=D=F=Q=85=T=10U = 0.
Since P(ZZ'Zl) = (Pz(z),Pl(z)), it follows that A = V and

E = R. Thus

2— —_ 2— —
3 + .
P(z) (Azlzl + Ezlzzzz, A2222 Ezlzzzl)

One more calculation shows we can write P(z) in the form

2 2 2
P(z) = al|zy] +|2,|%) (z,,2,) + b(lzl]2—|22[ ) (2, 1-2,)
a,b € C.

Therefore
Cey L 2 2 2 2 _
hu(z) = Xuz + au(]zl| +|ZZ| Yz + bu(|zl| |22| )(Zl’ 22)+Qu(2)'

According to Theorem 2 we should now study the differ-

ential equation

dz -1 2 2
€2 - 3z + AO {a0(|zl| +|z )(zl,zz)

at 2!

(4.1)
2 2
+ bo([zl] -|22| )(zl,—zz)}.

We will look for invariant manifolds S of this differential
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equation which are also invariant under the action of Ag and
under the maps z % oz, ja| = 1. Now suppose g: 2 >¢ isa
polynomial in 2z and Z invariant under Ag and the maps
zw» 0z, |a] =1 (i.e., a(z) = q(Agz) for all g€ G and
g(z) = glaz) for all o with |a] = 1). Suppose further
that S 1is exactly the union of the orbits of (any) one of
its points under the actions of Ag and the group of maps
z » oz, |o] = 1. Then it follows that %E g(z) = 0 for
z € S. With this motivation, we will search for the manifolds
S Dby studying these polynomials qg(z).

For J|a| =1, q(zl’ZZ) = q(azl,a_lzz) = q(azzl,zz).

Hence for fixed Z,y q(zl,zz) depends only on Izlfz. Simi-

larly, for fixed z,, q(z,,z,) depends only on ]zzlz. Since

q(zl,zz) = q(zz,zl), q 21s symmetric in z1 and Z,e Now let
2

s(z),2,) = |z;]% + [z,]” and let d(z ,2z,) = 2|zyz,|. Then

s and d2 are a basis over € for the polynomials in which

we are interested.

-1 -1
Let o = Re AO a, and let 8 = ie AO bo. Let
zl,z2 e Cz with zl = (zl,zl), 22 = (z ,zz), where the
. 1772 1772
zbe ¢. Let [zl,zz] = zlz2 + z1z2. Then s(z) = [z,z] and
3 171 292

dz dz —
%% = [z, g¢! + lger z]

2,7 = A (3,2, ] +]2,]%) (7, ,7,)
+ By (lzy 212,12 (3 =7 ]
+ [z * X;l{ao(lzl|2+]22|2)(zl,zz)
+ bo(lzl|2—]22|2)(zl,—zz)},E]

25 + (2082 + 28 (s%-a%)).
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Also, since d2 = 4|zl]2|22l2 = 4ZlEiZZEZ' one calcu-

lates that %E d =2(d £ sd). Therefore:

ds 2 2 2

— =g * (as + B(s -Aa%))

de (4.2)
a_

dt

d =d £ asd.

N N

We make the generic assumption that o, B, and o + B are all
nonzero. Recalling.that d and s are non-negative func-
tions, we see that we have found three possibilities for in-

variant manifolds:

(1) 4a=20,s=0

(2) d=0,s = 7(a+B)"

(3) d=s=7% ot

Now we have the following commutative diagram

Flow of (4. 1) 5
C

(s,d) (s,d)

Flow of (4.2)
—_—— R

R2 2

Because the vector field (4.2) is Lipschitz, its gerosg repre-

sent fixed points of its flow. Hence their inverse images in

CZ are invariant under the flow of (4.1). Therefore we have

found the following invariant manifolds of (4.1):

1y s = (03

(2) -1

{zec®: a=0, s =7 (a+B)

= {z € c2:zl =0, |z2|2 = ;(a+8)'1} U

(2) s
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2 2 - -1
{zec: z, =0, fz,|% = {(a+B) 7}
= two circles or {.
2 -1 2 2
3 s -tzecd:is=a=-3% < 1a Iz, 1% = lz,]
= ; %E } = torus or 4.

The vector field (4.1) is normally hyperbolic to each
of these manifolds:

(1) The derivative of (4.1) at 0 is TI.

(2) The derivative of (4.2) on S(z), with respect to
-2 0
the variables s, d 1is .
0 2B8/0+8
3
(3) The derivative of ( . ) on S( ), with respect to

=2 (a+2B/a) 4B /0
the variable s, 4 is , which has eigen-
-2 0

values -2 and :éﬁ .

In this case one can see that the vector field (4.1)
contéin no other compact invariant manifolds by examining the
flow of (4.2) in the sd-plane. Because of the definition of
s and d, one needsvonly consider the region 0 < d < s,

Now for definiteness suppose fu: E - E and Spec Dfu(O)

is contained in |z| < 1 except for the eigenvalues Au Ay
’

Assume |A, | < 1 for U < 0 and |Au| >1 for ¥ > 0. Also

ol
suppose o < 0 and o + B < 0 (a "weak attractor" condition).

Then for each u > 0 we have the following invariant mani-

folds:
(1) ,
Su = {0}, non-attracting for u > 0.
SJZ) = two circles, invariant under f and the con-
0
nected component of the identity in AG, interchanged by re-

flections. They are attracting if B < 0, non-attracting if
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g > 0.
553), a torus, attracting if B8 > 0, non-attracting if
B < 0. 5:3) can be analyzed further. The subspace Ha =
{(zl,zz) € c?: z, = azl} is pointwise fixed by Ag o A0 € Ag
(this is the operator z; » az,, z, " a_lzl). Since the map
Gu of Theorem 7.2 commutes with Ag, we have that eu(S(B) N
n,)Cih,. since h = f|Vv also commutes with Ag, it follows
that h(S£3)(W Ha) = 533) N Ha' Thus Sé3) is a disjoint
(3

union of circles of the form S N Ha' each invariant under

h, interchanged by the elements of AG.
It seems that in this example "two Hopf bifurcations
take place at once,"” resulting in invariant sets, for each

4 > 0, of the form (point U circle) x (point U circle).

5. Flow Between Two Cylinders. Let us recall the set-up for

Couette flow: Suppose we have a viscous incompressible fluid
between two concentric cylinders. Let Ry be the radius of
the inner cylinder and R2 the radius of the outer cylinder.
Suppose we forcibly rotate the two cylinders. Let Ql be the
angular velocity of the inner cylinder and 92 the angular
velocity of the outer cylinder. Assume Ql > 0 and 92 >0
(i.e., we rotate both cylinders counterclockwise). .For small
values of Ql and 92 one ohserves a steady horizontal
laminar flow, called Couette flow. In fact, for arbitrary

Ql, Qé Couette flow is an explicit solution of the Navier

Stokes equations, which, in cylindrical coordinates (r,¢,z),

is given as follows: (see §1)
2 2 2.2
_ 9Ry-0 Ry (4)-9,)RIRy 1
Yo T R2-Rr2 i R2-R% r’
27 2771
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To get this solution one must ignore special phenomena that
occur at the ends of the cylinders. We will do this by identi-
fying the ends of the cylinders, so that the space A in
which our fluid sits is an annulus crossed with the circle:

Let E be the space of Cr vector fields Y on A
satisfying div ¥ = 0 and Y|3A = 0, with the c' topology.
We will think of Ql as small fixed and 92 as varying: 92
will be our bifurcation parameter u. For each u let Zu
be the corresponding Couette vector field on A. Then for

each 1 the vector fields Y on A satisfying

div ¥ = 0

Y does not slip at 9A

form a space Eu which we may think of as Zu + E. We will
identify each Eu with E in the obvious way. We will think
of the Navier-Stokes eguations as defining, for each ¥, a
vector field Xu on E. We make the false assumption that
the vector field X: E XIR > E given by X(Y,u) = Xu(Y) sat-
isfies the conditions of Ruelle's paper.* Note that the point
(0,u) of E X R corresponds to the Couette vector field Zu.
Because Couette flow is a steady solution of the Navier-Stokes
equations, we have Xu(O) = 0 for all u.

Let G = S0(2) X 0(2), the rotations of the annulus
crossed with the full orthogonal group of the circle. This is
the natural symmetry group of the situation. Notice that the

Couette vector fields Zu are G-invariant. For each g¢& G

*
To make this really work, one can use the methods of sections
8,9.
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define Ag: E > E by (AgY)(x) = DgY(g_lx), where x & A.
k -
Because each g is an isometry of A and Dkg =Dy 1. 0

for k > 1, one can check that each Ag is a linear isometry
of E. Thus Ay, = {Ag: g € G} is a group of linear isometries
of E. The physical symmetries of the situation imply that
XuAg = Agxu for all g € G.

We assume that for small u, 0 1is an attracting fixed
point for Xu. (Actually this can be proved; cf. Serrin [1,2]
and Sections 2A and 9.) This is consistent with the experi-
mental observation that Couette flow is stable for small Ql'

Q Assume that at the first bifurcation point Mo > 0 only

2°
a finite number of eigenvalues of DXUO(O) reach the imagin-
ary axis, each of finite multiplicity. Then generically the
stable manifold of the bifurcation V C E X R must be tan-
gent at (O,UO) to E0 X R, where EO is a subspace of E
on which AG acts irreducibly.

Let us assume:

(1) E =R
(2) If g € s0(2) x 1, then Ag fixes E0 pointwise.
(3) If g€ 1l x 0(2), then Ag acts on o exactly

like the corresponding element of the full orthogonal group

of R2.

Thus Ag is essentially the full orthogonal group of the

plane. If (O,uo) is a "vague attractor" for Xu , then ac~-
0
cording to Section 4, Example 1 (modified for vector fields),

for each small yu > Ho we expect the following invariant sets

near the origin of E X {u} (See Figure 7.1):
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(1) The origin, a zero of Xu, non-attracting.

(2) A circle Su of zeroes of Xy in V- Each Su

is invariant under AG’ SU +~ 0 as Y =+ 0, and each Su as a

set is attracting in E x {u}l}.
H-axis

/

- D~
Vi

-
;”

<

= |-

/4 =0
Figure 7.1

Suppose Yl,Y2 = SU and Yl = Ang, gel x 0(2).

Then Yl(x) = Dng(g'lx). This means that Y, and Y, differ
only by a vertical rotation and/or flip of A. Also,‘since
ASO(Z) x 1 is the identity on EO, we see that each Y € Su
is fixed by the elements of ASO(Z) x 1+ i.e., each Y& S,
exhibits horizontal rotational symmetry.

This description of the Su is consistent with the
experimentally observed phenomenon of Taylor cells. When U
reaches some critical value one commonly observes that Couette

flow breaks up into cells within which the fluid moves radi-

cally from inner cylinder to outer cylinder and back while it
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continues its circular motion about the vertical axis (see

Figure 7.2).

[ Ae
LU
(tL-
A

Figure 7.2

Taylor cells are a stable solution of the Navier-Stokes equa-
tions with horizontal rotational symmetry. Since any Taylor
cell picture is no more likely to occur than its vertical
translation by any distance (assuming the ends of the cylinder
identified), we see why a whole circle of fixed points, inter-

changed by blossoms out from Couette flow. As U

A 14
1 x 0(2)
increases, Su recedes from (0,u) in our model; this cor-

responds to the Taylor cells becoming "stronger," i.e.,

stronger radial movement. Note that for Y > uo Couette flow

is still a zero of X but an unstable one.

ul
(The above does not account for the fact that a Taylor

cell vector field is invariant under a finite number of verti-

cal translations, or, in our model, under a nontrivial sub-

1 x 50(2)° To get this result one should assume

that for ge&l x 0(2), Ag acts on EO z g2

group of A

as follows:
View 0(2) as generated by numbers €, 0 < 6 < 27, where 6

represents rotation through 6 degrees, and by a flip r.
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. . 2
We then represent 1 x 0(2) in 0(2), the isometries of R,
by the homomorphism (1,0) # n8, (l,r) » r. Because this
representation is onto, we get the Su as above. Now, how-

ever, each Yu = Su is invariant under AH’ where

H = s0(2) x {o, 2L , 41 2(n-1)m

yeeey This additional in-
n n n

variance under the new Ag would be preserved in the follow-
ing.)
We now study the second bifurcation of Xu. The situa-

tion is complicated by the circumstance that for u > uo the

zeroes of X in which we are interested occur in one-dimen-
sional sets. In what follows we assume we have made a change
of coordinates so that §, C O x {u}.
>
Let Yu S Su. For small M UO’ DXM(YU) has an
eigenvalue 0 of multiplicity 1 and the rest of its spec-

trum lies in Re z < 0. ©Notice that.if Yﬁ € s also, then

u

vo— A "y = xA =

Yu gYU for some g &€ 1l x 0(2), so X(Yu) X g(Yu)
TYe = . '

AgX(Yu)' Therefore DX(YU) Ag Ag DX(Yu), so DX(YU) and

DX(YU) are conjugate. Hence Spec DX(YU) = Spec DX(Yﬁ).

Assuming A acts on EO like the full ortho-

1 x 0(2)

gonal group of the plane, Y is fixed by just two elements

n

of A namely A and A(l,r)' where is

AO
1 x 0(2) (1,1) (1,r)
just the flip about the line determined by Y, since E°

is pointwise fixed by A , the subgroup of AG that

s0(2) x 1
fixes Y, is ASO(2)X{1,r}‘ Therefore DX(Yu)-Ag =
Ag-Dx(yu» for all g < s0(2) x {1,r}.

Suppose for My <M <y and Yu S SU, Spec DXU(YU)
is contained in Re z < 0 except for one eigenvalue 0 of

multiplicity 1. Suppose also that for Yu S Su ,
1 1
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Spec DXu

lated eigenvalues (including 0), each of finite multiplicity.

(Yu ) M Re z = 0 consists of a finite number of iso-
1 1

Fix Y € Su and let r now denote the unique element of

M
1
0(2) such that Yul is fixed by ASO(l)X{l,r}' X has a
center manifold W at Y , tangent to TY SU & El ® u-axis,
My u 1
1
where El is a finite-dimensional space and Ty & El is
n
1

invariant under Since W contains all the

Aso<2)><{1,r}'

local recurrence of X near Yu , W contains all the points

1

of U. S in a neighborhood of Y ..
Tgt My

Let II: E X R+ E be projection onto the first factor.

Then for each MY near ul there is a unique Yu S Su such
that 1Y /||y || =mnyY /||]Y. ||]. Take this now as the de-
u u Hy Hy

finition of Yu. Then the subgroup of AG that fixes Y,

is exactly ASO(Z)X{l,r}’

As in Section 1 we may identify a neighborhood of Yu
1

in W with a neighborhood U of (Y ,0,0) in T S ®
M Y M
1 uy 1
1

E” ® p-axis and X|V with a vector field on U, still called

X, in such a way that:

(1) Y corresponds to (Y ,0,u).
X Hy
A , .
(2) 0(2)%{1,r} acts as a group of Hilbert iso
metries of TY Su ® E.
vy 1

(3) X on U commutes with A In parti-

so0(2)x{1,r}"

cular, DXu(Yul,O,u) commutes with ASO(Z)X{l,r}'

Generically we have one of two situations:

(1) Spec DXU(YU ,0,u) consists of the eigenvalue 0
1
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with eigenspace Ty Sy and a single real eigenvalue Au
H 1
with A = 0. 1

M1

(2) Spec DXU(YU ,0,1) consists of the eigenvalue 0
1

with eigenspace Ty S and a single pair of complex conju-
i ‘
I 1
gate eigenvalues Au, X; with Re Au = 0.

Let us assume (2) holds. Then for each U near Ul

. 2
there is a unique subspace Eu of T U such that

(Y 0,u)

r
My
2 2
DX (Y, ,0,u) leaves E invariant and DX(Y ,0,u)|E has

My u My U
only the eigenvalues AH, X;. If we now regard Eu as a sub-
1 i .
set of TY Su ® E ® u-axis, then Ei is invariant under
U 1
1

the action of ASO(Z)X{l,r} because DX(YUl,O,u) is.

. . . 2
Generically ASO(Z)X{l,r} acts irreducibly on Eul.

- ~ 2 2
Assume E2 = R? o) El = R? and each EU = R . Assume

M1 !
2 . .
S0 (2)x{1,r} acts on Eul like the rotatlzns of the plane.
In other words, we assume A(l r) fixes Eu pointwise
7
1
2 . .
S0(2) x 1 acts on Eul like the rotations of thezplane.
Since A fixes E? pointwise, it follows that E
(1,r) Ul “l
is invariant under Xu . Because Ei is almost parallel to
1
2 .
E and is A
Y so(2)yx{1,r}

h 2
is in fact parallel to Eu , hence Eu is X, -invariant.
1

A

and A

. , i 2
=-invariant, we can conclude that Eu

]
Because of the last paragraph we see that we should

consider the bifurcation of a vector field X' defined on

. 2 , . .
E X u-axis, where Xﬂ = X]Eu (here we identify Ej with

EU x {u}). We have that Xﬂ commutes with the rotations of
ot 1
Eﬁ = Ig and Spec DX&(O,u) = {A,X} where Re X < 0 for

1

u < ul, Re A =0 for u = Uy and we assume Re A > 0 for
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1
uy’
we get a "Hopf bifurcation with symmetry": the closed orbits

u o> Uy- If we assume (O,Ul) is a vague attractor for

of Xﬁ that appear for u > M, are geometric circles (they

are invariant under rotations) and the motion on these circles
is with constant velocity.

Globally, the circle of fixed points Su has bifur-
1

cated into an attracting torus Tu' for u > “l’ where TU
is composed of closed orbitsf one bifurcating off each fixed

point of Su . The closed orbits are invariant under
1
A
S0 (2)x{1,r}
This bifurcation corresponds to the following experimental

and are interchanged by the elements of A1x0(2)'

observation: As U increases, Taylor cells commonly become
"doubly periodic," i.e., a horizontal wave pattern is intro-
duced, and this wave pattern rotates horizontally with con-

stant velocity (see Figure 7.3).

Figure 7.3

This argument does not account for the horizontal

periodicity commonly observed in the wave pattern. This

*
A similar invariant set occurs for flow behind a cyclinder.
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periodicity can be explained by assuming the representation of
S0(2) x 1 in 0(2), the isometry group of Eﬁl = Rz, is of
the form (6,1) » nB. A more serious problem is that our
argument predicts that a vertical flip symmetry should still
be present after the second bifurcation-- the elements of Tu

are invariant under This symmetry is not observed

A .
(L,r)
experimentally. The whole situation deserves further study.

The methods discussed here seem very fruitful towards this

end.
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SECTION 8

BIFURCATION THEOREMS FOR PARTIAL DIFFERENTIAL EQUATIONS

As we have seen in earlier sections, there are two
methods generally available for proving bifurcation theorems.
The first is the original method of Hopf, and the second is
using invariant manifold technigues to reduce one to the fin-
ite (often two) dimensional case.

For partial differential equations, such as the Navier-
Stokes equations (see Section 1) the theorems as formulated by
Hopf (see Section 5) or by Ruelle-Takens (see Sections 3,4)
do not apply as stated. The difficulty is precisely that the
vector fields generating the flows are usually not smooth
functions on any reasonable Banach space.

For partial differential equations, Hopf's method can
be pushed through, provided the equations ae of a certain
"parabolic" type. This was done by Judovich [11], Iooss [3],
Joseph and Sattinger [1] and others. In particular, the

methods do apply to the Navier-Stokes equations. The result
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is that if the spectral conditions of Hopf's theorem are ful-
filled, then indeed a periodic solution will develop, and
moreover, the stability analysis given earlier, applies. The
crucial hypothesis needed in this method is analyticity of
the solution in t.

Here we wish to outline a different method for obtain-
ing results of this type. In fact, the earlier sections were
written in such a way as to make this method fairly clear:
instead of utilizing smoothness of the generating vector
field, or t-analyticity of the solution, we make use of
smoothness of the flow Fi. This seems to have technical
advantages when one considers the next bifurcation to invari-
ant tori; analyticity in t 1is not enough to deal with the
Poincaré map of a periodic solution (see Section 2B).

It is useful to note that there are general results
applicable to concrete evolutionary partiai differential equa-
tions which enable the determination of the smoothness of their
flows on convenient Banach spaces. These results are found
in Dorroh~Marsden [1]. We have reproduced some of the rele-
vant parts of this work along with useful background material
in Section 8A for the reader's convenience.

We shall begin by formulating the results in a general
manner and then in Section 9 we will describe how this pro-
cedure can be effected for the Navier-Stokes equations. In
the course of doing this we shall establish basic existence,
uniqueness and smoothness results for the Navier-Stokes equa-
tions by using the method of Kato-Fujita [1l] and results of

Dorroh-Marsden [1] (§8A).

It should be noted that bifurcation problems for partial
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differential equations other than the Navier-Stokes equations
are fairly common. For instance in chemical reactions (see
Kopell-Howard [1,2,51) and in population dynamics (see Sec-
tion 10). Problems in other subjects are probably of a simi-
lar type, such as in electric circuit theory and elastodynamics
(see Stern [1l], Ziegler [1l] and Knops and Wilkes [1]). It
seems likely that the real power of bifurcation theorems

and periodic solutions is only beginning to be realized in

applications.

The General Set-Up and Assumptions.

We shall be considering a system of evolution equations

of the general form
dx/dt = Xu(x), x(0) given,

where Xu is a densely defined nonlinear operator on a suit-
able function space E, a Banach space, and depends on a para-
meter 1u. For example, Xu may be the Navier-Stokes operator
and u the Reynolds number (see Section 1). This system is

assumed to define unique local solutions x(t) and thereby a

semiflow F which maps x(0) to x(t), for u fixed,

t
t > 0.

The key thing we need to know about the flow Ft of
our system is that, for each fixed t,u, Ft is a Co° map-
ping on the Banach space E (Ft is only locally defined in
general). We note (see Section 8A at the end of this section)
the properties that one usually has for Ft and which we

shall assume are valid:
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(a) Ft is defined on an open subset of

gf x B, ® = {t €Rrlt>0};

(b) Fiig = Ft o Fs (where defined );
(c) Ft(x) is separately (hence jointly [§8A]) con-

tinuous in t, x € RY x E,

We shall make two standing assumptions on the flow.

The first of these is

(8.1) Smoothness Assumption. Assume that for each

fixed t, Ft is a C€* map of (an open set in) E to E.

This is what we mean by a smooth semigroup. Of course

we cannot have smoothness in t since, in general, the gen-
erator X of Ft will only be densely defined and is not a
smooth map of E to E . However, as explained in Section 8A
it is not unreasonable to expect smoothness in u, t if

t > 0. (This is the nonlinear analogue of "analytic semi-
groups" and holds for "parabolic type" equations). We shall
need this below.

In Section 9 we shall outline how one can check this
assumption for the Navier-Stokes equations by using general
criteria applicable to a wide variety of systems. (For sys-
tems such as nonlinear wave egquations, this is well known

through the work of Segal [1] and others.)

The second condition is

(8.2) Continuation Assumption. Let Ft(x), for fixed

x 1lie in a bounded set in E for all t for which Ft(x)
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is defined. Then Ft(x) is defined for all t > 0.

This merely states that our existence theorem for F
is strong enough to guarantee that the only way an orbit can
fail to be defined is if it tends to infinity in a finite
time. This assumption is valid for most situations and in
particu;ar for the Navier-Stokes equations.

Suppose we have a fixed point of Ft’ which we may as-
sume to be 0 €E; i.e., Ft(o) =0 for all t > 0. Letting

DF denote the Fréchet derivative of Ft for fixed t,

t
G, = DFt(O) is clearly a linear semigroup on E. Its gen-

t
erator, which is formally DX(0), is therefore a densely de-
fined closed linear operator which represents ghe linearized
equations.* Our hypotheses below will be concerned with the
spectrum of the linear semigroup Gt’ which, under suitable
conditions (Hille-Phillips [1]) is the exponential of the

spectrum of DX (0). (Compare Section 2A).

The third assumption is:

(8.3) Hypotheses on the Spectrum. Assume we have a

family FE of smooth nonlinear semigroups defined for u in

an interval about 0 € R. Suppose Fi(x) is jointly smooth

in t,x,u, for t > 0. Assume:

(a) 0 is a fixed point for F}é;

(b) for W < 0, the spectrum of Gt is contained in

Even if a semigroup is not smooth, it may make sense to lin-
earize the equations and the flow. For example the flow of

the Euler equations is C! from H° to Hs_l, but the deri-

. s
vative extends to a bounded operator on §H ; cf. Dorroh-
Marsden [1].
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D ={zec: |z|] <1}, where GE = DXFE(X)|x=O;

(c) for w =20 (resp. 4 > 0) the spectrum of Gi at
the origin has two isolated simple eigenvalues A (u) and
TG0 with |A(w)| =1 (resp. |A(p)] > 1) and the rest of
the spectrum is in D and remains bounded away from the unit
circle.

(a) (d/dt)lX(U)|{U=o > 0 (the eigenvalues move
steadily across the unit circle).

Under these conditions, bifurcation to periodic orbits

takes place. For their stability we make:

(8.4) Stability Assumption. The condition V'''(0) <

holds, where V'''(0) is calculated according to the proced-

ures of Section 4 (see Section 4A).

This calculation may be done directly on the vector
field X, since the computations are finite dimensional; un-

boundedness of the generator X causes no problems.

Bifurcation to Periodic Orbits.

Let us recap the result:

(8.5) Theorem. Under the above hypotheses, there is

a fixed neighborhood U of 0 in E and an ¢ > 0 _such

that Fi(x) is defined for all t > 0 for u € [-£,g] and

X € V. There is a one-parameter family of closed orbits for

Ft for u > 0, one for each 1y > 0 varying continuously with

U. They are locally attracting and hence stable. Solutions

near them are defined for all t > 0. There is a neighbor-

hood U of the origin such that any closed orbit in U is
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one of the above orbits.

Note especially that near the periodic orbit, solutions
are defined for all t > 0. This is an important criterion
for global existence of solutions (see also Sattinger [1,2]).

Of course one can consider generalizations: for in-
stance, when the system depends on many parameters with multi-
ple eigenvalues crossing or to a system with symmetry as was
previously described. Also, the bifurcation of periodic or-

bits to invariant tori can be proved in the same way.

Proof of Theorem (Outline). From our work in Section 2 we

know that the center manifold theorem applies to flows. Thus,
for the smooth flow Ft(x,u) = (Ft(x),u) we can deduce
the existence of a locally invariant center manifold C; a
three-manifold tangent to the u axis and the two eigendirec-
tions of GE(O). (The invariant manifold is attracting and
contains all the local recurrence, but Ft still is only a
local flow on this center).

Now there is a remarkable property of smooth semiflows
(going back to Bochner-Montgomery [1l]; c¢f. Chernoff-Marsden
[2]) which is proved in Section 8A: +this is that the semi-
flow Ft is generated by a C° vector field on the finite
dimensional manifold C; i.e., the original X restricts to a
c” vector field (defined at all points) on C.

This trick then immediately reduces us to the Hopf

theorem in two dimensions and the proof can then be referred

back to Section 3. ™
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Bifurcation to Invariant Tori.

This can be carried out exactly as in Section 6. How-
ever, as explained in Section 2B, we need to know that F:(x)
is smooth in t,u,x for t > 0. Then the Poincar€ map for
the closed orbit will be well defined and smooth and after
we reduce to finite dimensions via the center manifold theorem
as in Section 6, it will be a diffeomorphism by the corollary
on p. 265. Therefore we can indeed use exactly the same bi-
furcation theorems as in Section 6 for bifurcation to tori.
To check the hypothesis of smoothness, one uses results of

Section 8A and Section 9.
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SECTION 8A

NOTES ON NONLINEAR SEMIGROUPS

In this section we shall assemble some tools which are
useful in the proofs of bifurcation theorems. We begin with
some general properties of flows and semiflows (= nonlinear
groups and nonlinear semigroups) following Chernoff-Marsden
[1,2]. These include various important continuity and smooth-
ness properties. Next, we give a basic criterion for when a
semiflow consists of smooth mappings following Dorroh-Marsden

[171.

Flows and Semiflows.

(8A.1) Definitions. Let D be a set. A flow on D
is a collection of maps Ft:D + D defined for all t € R
such that:

1) Fy = Identity

and

2) F =F, 0 FS for all t,s € R.
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Note that for fixed t, Fy is one to one and onto, since

-1
F_t o} Ft = Id, and Ft o] F_t £ o

A semiflow on D is a collection of maps Ft: D~+>D

= Id; i.e., F = F_

defined for t > 0, also satisfying 1) and 2) for t,s > 0.
Warning: a semiflow need not consist of bijections.

(8A.2) Definition. Let N be a topological space

and D CN. A local flowon D is amap F: ZCR * D + D,

where 9 1is open in the N topology induced on R % D, such
that for all x &€ D, (0,x)€E P and if 2@ = {x € p|(t,x) € D
so we can define Ft: Q% + D, then Ft satisfies (1) and (2)
where defined. The flow is maximal if (t,x) € 9,

(s,F (x))E D= (s+t,x) € @ . Similarly one defines a local

gsemiflow and a maximal semiflow.

Now let N be a Banach manifold. A vector field

with domain D is a map X: D + T(N) such that X(x) € TX(N)

for all =x € D. (T,N 1is the tangent space to N at

X € D CN.) An integral curve for X 1is a curve c:

(a,b) C R > D - such that ¢ is differentiable as a map from
(a,b) to N and c'(f) = X(c(t)). A flow (resp. semiflow,
local flow) for X is a flow (resp. semiflow, local flow) on

D such that for all x € D, the map t P Ft(x) is an integral

curve of X.

If F is a flow on N such that F: R x N - N via

t
(t,x) & Fo(x) is a c? map, we say F 1is a c¢? flow on N.

If Ft is a flow for X and Ft extends to a con-

tinuous map F.: N > N and the extension is a C0 flow on

M, then F isa ¢ flow for X.

t

If F is a C0 flow on N and for all t fixed

t
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Ft: N - N 1is of class Ck (resp. Tk), then Ft is a flow
of class Ck. (resp. Tk) Here F,.: N > N is Tk means
that the jth tangent map Tth: Tj(N) - Tj(N) exists and is
continuous for j < k; Ft: N > N is Ck means that in each
chart, the map x * diF j £ k is continuous in the norm

topology. (diF is the jth total derivative of F at x.
It is a j-multilinear map on the model space for N.) The

k . . R
T case differs from the Ck case in that norm continuity

is replaced by strong continuity.

Warning. A Ck flow is not assumed to be Ck in the ¢t~

variable, only in the x-variable. A flow will be Ck in
the t-variable only if it is generated by a smooth everywhere
defined vector field; see however the Bochner-Montgomery

theorem stated below.

Separate and Joint Continuity.

(8A.3) Theorem. (Chernoff-Marsden [2]). Let N be

a Banach manifold. Let Ft be a flow (or local flow) on N,

and let F be separately continuous in x and t (i.e.,

t P Ft(x) is continuous for fixed. x and x ¥ Ft(x) is con-

. . . 0 .
tinuous for fixed t), then Ft is a C flow; i.e. Ft is

jointly continuous.

For the proof, we shall use the following.u

(8A.4) Lemma. (Bourbaki [1] Chapter 9, page 18;

Choquet, [1] Vol. 1, page 127). Let E Dbe a Baire space.

Let F, G be metric spaces. Let ¢: E x F - G be separa-

tely continuous, then for all £ € F, there is a dense set
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Sf C E whose complement is first category such that if

e €8

£ then ¢ 1is continuous at (e,f).

Proof of the Theorem (8A.3). Since this is a local

theorem, we may work in a chart. Therefore, we may assume
that N is a Banach space and Ft is a local flow on N.

We let E=R, F=G=N. Let x&€ UCN, t € (~g,e). There
is a dense set of t, € (-€,€) such that F 1is continuous at
(tx,x). Since the domain of definition of F is assumed open
in R X N we can choose tx close to t so that the various
compositions are defined. Let t, >t and X, > %, and

write Ftn(xn) = Ft-tx 0 th+tn-t(xn)' Since t + t -t > tX

and F 1is continuous at (tX,x), th+tn—t(xn) =Yy, > th(x).

Since for fixed t, x P F_(x) is continuous, we have that

t
Fe () = Fele (7)) * Fy (e () = Fy(x). ]

(8A.5) Remarks.

1) Let G be a topological group which is also a
Baire space. Let %: G X N * N be a separately continuous
group action of G ~on a metric space N, then the above ar-
gument also shows that @ is jointly continuous.

2) Suppose that D C N 1is dense and that Fy is a
flow on D which extends hy continuity to a flow on M
such that t Ft(x) is continuous for each x & D. Then
the same is true for each x € N and the extended flow is
CO. Indeed, let X, * x, where xneg D and Xx & N. Then
for fixed ¢, Ft(xn) > Ft(x), so that t & Ft(x) is the
pointwise limit of continuous functions. Therefore, for each

X € N, there is a second category set S, C R such that if
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t € Sx’ then t & Ft(x) is continuous. The argument used in
the proof of Theorem 8A.3 shows that SX =R for all x & N.
3) Many of these results can be generalized to the

case in which N is not locally metrizable; e.g. a manifold

modelled on a topological vector space (e.g.: a manifold
modelled on a Banach space with the weak topology; - a "weak
manifold"). c¢.f. Ball [1].

4) The same argument also works for semiflows, at
least for t > 0. If N  is locally compact, joint continuity
is also true at t = 0 (Doxrroh [l], but one can give a more
direct argument). In general, however, joint continuity may
fail at t = 0 so it has to be postulated.

Using these methods we can obtain an interesting re-
sult on the t-continuity of the derivatives of a differenti-

able flow.

(8A.6) Theorem. Let N be a Banach manifold. Let

be a C0 flow (or local flow, or semiflow) on N. Let

Fy

Ft be of class Tk for k > 1. Then for each j < k,

TJFt: Iy > Iy is jointly continuous in t & R and

X € TJ(N). (Only t > 0 for semiflows.)

Proof. By induction and Theorem 8A.3 we are reduced
immediately to the case %k = 1. We may also assume that we
are working in a chart. Therefore, TFt(x,v) = (Ft(x),
Dth(x)-v). By assumption, this is continuous in the space

variable x, so we need to show it is continuous in t. But

v
clearl DF (x).v = 11 F + —) - F _(x)). Thus
y D, t( ) niﬂ n( t(x n) t( »)
t P DXFt(x)-v is the pointwise limit of continuous functions

so has a dense set of points of t-continuity. The rest of
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the proof is as in Remark 2 of (8A.5). ]

The Generalized Bochner-Montgomery Theorem.

For simplicity we will give the next result for the
case of flat manifolds. But it holds for general manifolds

‘M, as one sees by working in local charts.

(8A.7) Theorem. (Chernoff~Marsden) . Let F, be a

jointly continuous flow on a Banach space [E. Suppose that,

for each t, Ft is a Ck mapping, k > 1. Assume also that,

, . . . k
is the operator norm. Then Ft(x) is jointly of clasgs C

for each xc E, ||DF,_{(x)-I|]] - 0 as t - 0, where [ ]*
0L each t as waere

in t and x. Moreover the generator X of the flow is

an _everywhere-defined vector field of class Ck on E.

Proof. Under the stated hypotheses, we can show that
DFt(x) is jointly continuous as a mapping from R X E into
Y(E, E), the latter being all bounded linear maps of E to
E equipped with the norm topology. In fact, if we write

¢ (t,x) for DFt(x). The chain rule implies the relation

b (s+t,x) = ¢(s,F_(x)) 9 (t,x). (8A.1)

We have separate continuity of ¢ by assumption, and then
we can apply Baire's argument as in Theorem (8A.3), together

with the identity (8A.1) to deduce joint continuity.

Now let ¢(t) be a C  function on R with compact

support. Define J¢: E > E by

J¢(x) = f_w¢(t)Ft(x)dt. (8A.2)

By joint continuity, we can differentiate under the integral
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sign in (8A.2), thus obtaining

[

DJ¢(X) = f m¢(t)DFt(X)dt' (8Aa.3)

Now if ¢ approximates the §-function then IIDJ¢(X)-I]I is
small; in particular DJ¢(x) is invertible. By the inverse
function theorem it follows that J¢ is a local Ck diffeo-
morphism.

Moreover,

| s,

3, (F, (%))

o t(x)ds

+

oo

j ¢(s—t)FS(x)ds.

1t

The latter is differentiable In t and x. Since J¢ is a

local ck diffeomorphism, th is jointly Ck for t near
0. But then the flow identity shows that the =same is true

for all t. Il

(8a.8) Remarks.
1) The above result is a non-linear generalization of

the fact well known in linear theory that a norm-continuous

linear semigroup has a bounded generator (and hence is de-

fined for all t € R, not merely t > 0).

Furthermore, the same argument as above applies to
semiflows and to local flows. This has the amusing conse-
quence that a semiflow which is Ck and the derivative is
norm continuous in t at t = 0 has integral curves which
are locally uniformly extendable backwards in time (since the
Ck—l

generator is ). This is most significant when combined

with the next remark.
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2) If E 1is finite dimensional, the norm convergence
of DFt(x) to I follows automatically from the smoothness
hypothesis. Indeed, Theorem (8A.6) implies that DFt(x) + I
in the strong operator topology, i.e., DFt(x)v + v for each
v; but for a finite~dimensional space this is the same as

norm convergence.

Accordingly if M is a finite-dimensional manifold, a
flow on M which is jointly continuous and Ck in the space
variable is jointly Ck. The latter is a classical result of
Montgomery. There is a generalization, due to Bochner and
Montgomery [l] for actions of finite dimensional Lie groups.

This generalization can also be obtained by the methods used

to prove Theorem (8A.7) (cf. Chernoff-Marsden [2]).

Let us summarize a consequence of remarks (8A.8) that

is useful.

(8A.9) Corollary. Let Ft be a local Ck semiflow

on a Banach manifold N. Suppose that Ft leaves invariant

a finite dimensional submanifold M C N. Then on M, Ft is

locally reversible, is jointly Ck in t and x and is

generated by a Ck-l vector field on M.

Another fact worth pointing out is a result of Dorroh
[1]1. Namely, under the conditions of Theorem (8A.7), Ft is

actually locally conjugate to a flow with a Ck generator

Ck-l

(rather than ).
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Lipschitz Flows.

(8A.10) Definitions. Let Ft be a flow (or a semi-
flow) on a metric space M, e.g. a Banach manifold. We say
that L3 is Lipschitz provided that for each +t there is a

constant Mt such that

a(F x,F y) < Mdlx,y), VxyveM

The least such constant is called the Lipschitz norm, ]|Ft||Lip.

We say that F, is locally Lipschitz provided that,
for every x, €M and t,; € R, there is a neighborhood %

of XO and a number € > 0, such that

d(F X, Fuy) < M(Eg,%,)d(%,y)

for all x,ye% and t € [to—e, t0+a]. If %% can be taken
to be any bounded set, we say that the flow Fe is semi-
Lipschitz. (This term was introduced by Segal.) Note that

1
C flows are locally Lipschitz.

Let F be a continuous Lipschitz flow, and let

t
Mt‘= ]IFtIILip. Then (just as in the linear case) we have an
estimate of the form
M, < mebBltl (82.4)

where M, B are constants. Indeed, note that Mt is sub-

multiplicative: MS+t < Ms-Mt; this is an immediate consequence

of the flow identity. Moreover, we know

M, = sup 4A(F x,F v)/d(x,y).
EoxAky EE

Thus M is lower semicontinuous, being the supremum of a

family of continuous functions. In particular, Mt is meas-
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urable. But then an argument of Hille-Phillips [1, Thm.

7.6.5] shows that (8A.4) holds for some constants M, 8.

Uniqueness of Integral Curves.

It is a familiar fact that integral curves of Lipschitz
vector fields are uniquely determined by their initial wvalues,
but that there are continuous vector fields for which this is
not the case.* On the other hand, it is known that integral
curves for generators of linear semigroups are unique. The
following result shows that such uniqueness is a consequence
of the local Lipschitz nature of the flow (cf. van Kampen's

Theorem; Hartman [1, p. 35]).

(8A.11]) Theorem. Let X be a vector field on the

Banach manifold M, with domain D. Assume that X has a

locally Lipschitz flow Ft. More precisely, assume that:
(a) Ft is a group of bhijections on D, and, for each

Xx €D, t¥ th is differentiable in M, with

d
I Ft(x) = X(Ft(x))

(b) Foxr each XOEE M and t0 € R there is a neigh-

borhood % of X, in M and an € > 0, such that in local

charts,

*

The famous example is X (x) = x2/3 on the line. In a Fréchet
space E, a continuous linear vector field S: X - X may have
infinitely many integral curves with given initial data; viz.
S(xo,xl,...) = (xl,xz,...) on E the space of real seqguences

under pointwise convergence, or may have no integral curves
with given initial data; viz. S(f) = df/dx on E = C* func-
tions on [0,1] which vanish to all orders at 0 and 1.
The result (8A.1l) is generalized significantly in Dorroh-
Marsden [1].
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d(F.x,F.y) £ Cd(x,y)

for x,ye %, and t € [to-E, t0+€]. Here the constant C

is supposed to be independent of x, y and t. (In other

words, the local Lipschitz constant is supposed to be locally

bounded in t. This is the case for a globally Lipschitz

flow, for example.)

Conclusion: if c{(t) is a curve in D such that

c'(t) = X(c(t)), then c(t) = F (c(0)).

Proof. We can work in a local chart (see (8A.13)), so
we assume M = [E, a Banach space. Given tO’ let X, = c(to).
Then choose € > 0 and a neighborhood % of x0 as in
hypothesis (b); in addition, € should be small enough so that
ct)EZ if |et-ty] < e.

Define h(t) =F _tc(t). Then, for t near +t., and

t0 0
T small,
[In(t+t) - n(e)]]| = I]Fto_t_Tc(t+T) - Fto_tc(t)H
l IFtO_t_Tc(t+T) - Fto_t_TFi_C(t) [
< c|le(t+t) - FTc(t)ll.
Moreover, % [c(t+T) - FTc(t)] = % [c(t+T) - c(t)] +
Llet) - Fo(t)] » x(e(t) - X(c(t)) =0 as 1 > 0. Thus

h 1is differentiable, and h'(t) = 0. It follows that h(t)

t-t 0

is constant, whence c¢(t) = F c(to) for t near t,..
0
From this the relation c(t) = Ftc(o) follows easily. E:

(8A.12) Corollary. The conclusion of Theorem (8A.11)

1

applies to C flows Fe.
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Proof. We shall verify condition (b) of the hypothesis.
In a local chart, our results (see (8A.6)) on joint continuity
show that DFt(x)-y is continuous jointly in t, x, and vy.
Hence, by the Banach-Steinhaus Theorem, for a given X and

t, there is a convex neighborhood % of X, and an € >0

so that IIDFt(x)l] <c if x€% and It—tol < e.. The mean
value theorem then shows that ]]Ft(x) - Ft(y)I] < ¢l |x-yl|
if x,y €% and It—tol < €. C

The above results generalize classical theorems of

Kneser and Van Kampen. They easily generalize to semi-flows.

Note. An explicit example of a continuous vector
field with a jointly continuous flow Fo for which the con-
clusion of Theorem (8A.11) fails is the following well known

example. On R let X be defined by

xx) = 2 [z
befine ¢(y) = Iy]3/2 sgn y. Then ¢ is differentiable, with
' (y) = % ly]l/z. It is easy to check that F (x) =
(t+6” " (x)) is a flow for X. In particular F_(0) = |£13/2
sgn t. But c(t) = 0 is another integral curve with
c(0) = 0. See Hartman [1] for more examples.

(8A.13) Remarks.
1) 1In case one wishes to work globally on M and not

in charts, one should use the proper sort of metric as follows:

Definition. Let N be a Banach manifold modelled on
a Banach space E. Let d be a metric on N. We say d

is compatible with the structure of N, if d gives the
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topology of N and if given any Xy € N, there is, about Xy
a chart (%,¢) and constants u(xo), B(xo) such that for
all x,y €%, d(x,y) 2 alle(x) =~ ¢(y) || < Balx,y).

2) This method is not the one usually employed to
prove uniqueness of integral curves, for example, in R,
One usually assumes that the vector field is locally Lipschitz
and then uses integration to prove this result. Let us re-
call how this goes. Let X be a locally Lipschitz vector
field on R" (or any Banach space). Let d{(t) and c(t)
be two integral curves of X such that d4(0) = c(0). Then

t t
lae)y-ctt)| = If X(d(s)) - X(c(s))ds| < K f |d(s)-c(s)|as.
0 0

One then uses the fact (called Gronwall's inequality) that if

o 1is such that a(t) < ft Ko (s)ds, then oa(t) < q(O)eKt.
Therefore, we have df(t) 2 c(t). For purposes of partial dif-
ferential equations, however, it is important to have the re-
sult as stated in (8A.11) because one is often able to find
Lipschitz bounds for the constructed flows, but rarely on the
given generator.

3) Another method sometimes used to prove uniqueness
of integral curves for a vector field X with domain D C N
is called the energy method. Suppose there is a smooth func-
tion H: D X D -+ R+ such that H(x,y) = ¢ if and only if
x =y and such that for any two integral curves ¢ and d
for X,M%{-’-i(t—))iK(t,d(O),c(O))H(c(t),d(t)) where K
is locally bounded in t. Then as in Remark 2 we can con-
clude that X has unique integral curves. This method is

directly applicable to classical solutions of the Euler and

Navier-Stokes equation, for example.
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Measurable flows.

Under rather general conditions, continuity of a flow
in the time variable can be deduced from measurability. For

example, we have the following result. See also Ball [2].

(8A.14) Theorem. Let M be a separable metric space.

Let F be a flow (or local semiflow) of continuous maps on

t
M. Assume that, for each x € M, the map t ¥ Ft(x) is Borel

measurable; that is, the inverse image of any open set is a

Borel subset of R. Then Fo is jointly continuous. (respec-

tively, jointly continuous for t > 0).

Proof. Because M is separable, the Borel function

t Ft(x) is continuous when restricted to the complement of
some first-category set C C R (cf. Bourbaki [1].) Given
tO and a sequence t, > t,, note that ;il[C—(to—tn)] =D

is of the first category, hence there exists an s € R with

s ¢ D; that is, tn - tO + s ¢& C for all n. Accordingly,

Ftn—t0+s(x) > Fs(x) when n =+ «, Now apply the continuous
map FS_t to deduce that Fe (x) Ft (x).
0 n 0
Hence Ft(x) is separately continuous, and the conclu-
sion follows from Theorem 1. ]

Theorems of this sort are well known for linear semi-

groups (see Yosida [1l] for instance).

Some Results on Time Dependent Linear Evolution Equations.

In order to study smoothness criteria we shall need to
make use of some results about linear evolution equations.

These results are taken from Kato [1,4,5]. We begin by de-
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fining an evolution system. (This exposition is adapted from

Dorroh-Marsden [1].)

(8A.15) Definition. Let X be a Banach space and
T > 0. A subset {U(t,s) 0 < s <t <T} of B(X) = B(X,X)

(bounded operators on X) is called an evolution system in X if

i) U(t,t) =I for 0 <t < T, and
ii) U(t,s)U(s,r) = U(t,r) for 0 <r < s <t <T.
An evolution system {U(t,x)|0 <s<t<T} in X 1is said

to be strongly continuous if for each £ € X, the function

U(+,*)f maps [0,T) x [0,T) continuously into X. The
X-infinitesimal generator of {U(t,s)} is the collection
{a(s)|0 < s < T} of operators in X defined by
, -1
A(s)f = lim € ~[U(s+€g,s)f~-£f]
el0
with D(A(s)) consisting of all £ for which this limit

exists, where the limit is taken in X.

(8A.16) Remarks. a) If {u(t,s)} 1is a strongly con-
tinuous evolution system in X, then it follows from the uni-
form boundedness principle that IlU(t’s)IIX,X is bounded
for s and t in closed and bounded intervals.

b) Let {U(t,s)}|0 < s <t < T} be a strongly continu-
ous evolution system in X with X-infinitesimal generator
{A(s)|0 < s < T}, and let 0 < a < T. Then {A(s+a)|0 < s <
T - a} is the X-infinitesimal generator of the strongly

continuous evolution system {U(t+a, s+a)|0 < s <t < T - al.

(8A.17) Proposition. Let {U(t,s)|0 < s <t < T} be

a-strongly continuous evolution system in X with X-infinite-
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simal generator {A(s)|0 < s < T}. If fe& D(A(s)) for all

0 <s<7T, and A(-)f maps [0,T) continuously into X,

then
(3/9s) [U(t,s)f] = -U(t,s)A(s)f (8A.5)
for 0 < s <t<T, t>0.
Proof. If 0 < s < t < T, then

U(t,s+e)f - U(t,s)f U(t,s+e) [f-U(s+e,s)f],

and therefore,

(3%/3s)U(t,s)f = -U(t,s)A(s)f.

Thus for each t & (0,T), the function U(t,-)f has a con-
tinuous right derivative on [0,t). Thus the function

U(t,.)f 1is continuously differentiable on [0,t) (see

Yosida [1], p. 239), and (8A.5) holds for 0 < s < t < T.
Since the derivative of U(t,+)f has a limit from the left

at t, it follows that
(3" /9s) [U(t,s)f] = -U(t,s)A(s)f

for 0 < s =+t < T. But, because of the domain of U(t,*)f,

this is what (8A.5) means when s = t. []

(8A.18) Corollary. Let {U(t,s)|0 < s <t < T} bea

strongly continuous evolution system in X with X-infinitesi-

mal generator {a(s)|0 < s <T} Let £(s) €D(a(s)) for

0 < s <T, suppose f is continuously differentiable from

[0,T) into X, and that A(-)f(*) maps [0,T) continuously

into X. Then
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(3/3s) [U(t,s)f(s)] = U(t,s)f'(s) - U(t,s)A(s)f(s)

for 0<s <t<T, t>0.

Proof. This follows from the Proposition, the strong

continuity of {U(t,s)}, and the local boundedness of
ute,s) 1y, x- 1

We call (8A.5) the backward differential equation. In

order that the forward differential equation

(3/3t) [U(t,s)f] = A(E)U(t,s)E (8a.6)

hold, it is necessary that U(t,s)f € D(A(t)), and this is a
more restrictive condition which may not be satisfied when
the hypothesis of the above Proposition is satisfied.

Now suppose Y 1is another Banach space with Y densely

and continuously embedded in X.

(8A.19) Definition. An evclution system {U(t,s)}
in X 1is said to be Y-regular if each transformation U(t,s)
maps Y continuously into Y, and {U(t,s)} is strongly con-
tinuous in Y; i.e., if {U(t,s)} is a strongly continuous

evolution system in Y as well as in X.

Kato in [4] and [5] gives a variety of conditions on
families {A(s)} of operators in‘ X which are sufficient
for these families to be the X~infinitesimal generators of
strongly continuous evolution systems in X. Some of these
conditions are also sufficient for the evolution system to
be Y-regular and for the forward differential equation to

hold. He also gives several convergence theorems for evolu-
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tion systems and upper bounds for the operator norms in terms
of certain parameters of the infinitesimal generator.

Since these results bear directly on our results later,
we quickly summarize the fundamental points here for reference.
Kato's papers should be consulted for details and related

remarks.

(8A.20) Definitions. Let A € G(X), the set of semi-

group generators in X. Y 1is said to be admissible with
{et?}

respect to A, or simply A-admissible, if leaves Y

invariant and forms a semigroup of class Cqy in Y.

A subset G(X) 1is said to be stable if there are con-

stants M and B8 (called constants of stability) such that

k

3

n ==

...]_ _
(A1-a.) || < mM(-8)
1 J -

for X > B and A,,...,A elements of the subset.

1 k

(8A.21) Theorem. (Existence Theorem). Let T > 0,

let A(t) € G(X) for 0 <t < T, and assume that

i) {a(e)]o <t < T} is stable, say with constant

M, B

~

ii) ¥ is A(t)-admissible for each t, and if A*(t)€

G(Y) 4is the part of A(t) within Y, then {a*(t)} is

stable, savy with constants M*,B8%*; and

iii) Y C D(a(t)) for each t, and A (-) 4is continuous

from [0,T) into B(Y,X), where A (t) is the restriction

of A(t) to Y, (called the part of A(t) within Y to X).

Then there is a unigque strongly continuous evolution
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system {u(e,s)} in X with X-infinitesimal generator ex-

tending {AT(T)}; i.e., with infinitesimal generator {B(t)}

such that B(t) D A (t) for each t. Furthermore,

Hote,o) 11, o <mef 3 por 0 <s<e <

(8A.22) Remarks. a) If A(t) are independent of t,
the stability condition for A is the condition for the
Hille-Yosida theorem (Yosida [1]).

b) Actually in Theorem (8A.21) Kato shows that the

X-infinitesimal generator is precisely {A(t)}.

We can add on any bounded operator to a family {A(t)}

of generators and still get generators:

(8A.23) Remark. Let {A(t)]|0 < t < T} satisfy the
hypothesis of Theorem (8A.21), let B(t) € B(X,X) for
0<t<T, and let B(+)f map [0,T) continuously into X
for each f € X. Then there is a unique strongly continuous
evolution system in X with X-infinitesimal generator ex-

tending {A(t) + B(t)}.

In examples, it may be difficult to verify the stabil-
ity condition (i). To this end we have a useful criterion
given in the following proposition. First some notation:

Let G(X,M,B8) denote the generators A on X with con-
stants M,B: |](K—A)_k|| < M/(A-B)k, A > B (corresponding
to the semigroup condition I[Ftll < Mest). In particular,

if M =1 we have the generator of a guasi-contractive semi-

group, the condition being [I(A—A)_lll < 1/(x-B), A > B; or

on the flow |]Ft]| < est. Examples of this type of semigroup
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are commone.

(8A.24) Remark. (Trotter, Feller) For a given semi-

group Ft with generator A € G(X,M,B) the space X can
t
be renormed so that IIFt]] < ef%. Indeed the new norm is
-gt
[Hl 1] = suplle™® %, o0l

t>0
One should note however that it is not always possible
to renorm X so that two semigroups simultaneously become

quasi-contractive.

(8A.25) Theorem. For each t, let || ]]t be a new

norm on X ecquivalent to the original one and vary smoothly

in t; i.e.,: satisfying

el ofe-s]
g~ ’

For each . t, let A(t) be the generator of a quasi-contrac-

x€X, 0<s, t<T.

tive, semigroup with constant 8 in the norm ]l']]t. Then

. . T Ly
{A(t)} is stable on X with M = e2c » 0 <t <T, with

respect to any of the norms ]] ]]t.

The proof is actually a simple verification; see Kato

[3, Prop. 3.4].

There is another useful criterion for the hypotheses

of (8A.21) to hold as follows:

(8A.26) Theorem. Let i) and iii) of (8A.21) hold

and replace ii) by

ii") There is a family {s(t)} of isomorphisms of

Y onto X such that
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s)a)s(e) L = a) + B(E),

B(t) € B(X) where B: [0,T) - B(X) is strongly continuous.

Assume S: [0,T) + B(Y,X) is strongly Cl.

Then the conclusions of (8A.21) hold ((ii") => (ii))

and moreover, the forward differential equation holds, and

the evolution system is Y-regqular.

Two important approximation theorems follow (see Kato

[51).

(8A.27) Theorem. Let {An(t)} satisfy the hypothe-

ses of (8A.21), n = 0,1,2,... where there are uniform sta-
bility constants in i) and ii). Assume

]IAB(t) - A;(t)IIY,X >~ 0 as n > ©

uniformly in t. Then Un(t,s) e Uo(t,s) strongly in B(X),

uniformly in +t,s € [0,T), and |]Un(t,s) - Uo(t’s)||Y,X >0

(82.28) Theorem. Let {An(t)} satisfy the hypothe-

ses of (8A.26), n = 0,1,2,... where the primitive constants

_l .
M S
8118y IS 1Bl er 11811, can be
chosen independent of n. Assume ]lAO(t) - An(t)llY,x - 0

as .n > < uniformly in t, as in (8A.26), and in addition

that Bn(t) - Bo(t) in B(X), Sn(t) e SO(t) in F(Y,X),

(t) iﬂ B(Y,X) wuniformly in t. Then,

Sn(t) + S

0
Un(t,s) > UO(t’s)

strongly in B(Y) wuniformly in t,s & [0,T).
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A Criterion for Smoothness

We now give a result which tells us when a semiflow
consists of smooth mappings. The result is powerful when
used in conjunction with the above linear results. The pres-
ent theorem is due to Dorroh-Marsden [l], to which we refer
for additional results. Before proceeding, the reader should
attempt Exercise 2.9 to get a feel for the situation.

We use the following notation. X and Y are Banach
spaces with Y densely and continuously embedded in X.
DCY is open and Ft is a continuous local semiflow on D.
We let G: D * X be such that Ft is a semiflow for G.

For p,q €D, and the line segment {p+r(g-p)|0 < r < 1}C D
set
1
Z(q,p) = fo DG (p+r (g-p))dr

the averaged derivative of G along the segment.

Assumptions. a) G: b > X 1is Cl.

b) for fixed £€ D and g€ D sufficiently
close to £, there is a strongly continuous evolution system
{v9(t,s) o <s <t< Tg} in X whose X-infinitesimal gen-
erator is an extension of {Z(Fsg, Ff): 0 < s < Tg} (here
T denotes a time of existence for Fsg and st).

c) ||uId(t,s) - Uf(t,s)HY'X ~ 0 as |[|g-f]],

(See (8A.27)).

(8A. 29) _Theorem. Under these assumptions a), b), c),

Ft: Y » X 1is Frechet differentiable at f with DFt(f) =

Uf(t,O).

(8A.30) Remarks. The proof also shows that if

-
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IIUg(t,O)lly x 1s uniformly bounded, as g varies F_ will
£¥4
be X » X Lipschitz for g near enough to £ in Y.

2. A translation argument shows DFt_s(Fs(f)) = Uf(t,s).

Further Assumptions.

d) Ug(t,s) is Y-regular
and replace c) by

o) Ug(f,s) converges strongly in Y to Uf(t,s)
as g converges to f along straight line intervals (see

Theorem (8A.28)).

(8A.31) Theorem. Under a), b), c)', d), Ft: Y > Y

is Gateaux differentiable at f and

f
DFt(f) = U (t,0).

(8A.32) Remarks. 1. The proof also shows that if
||Ug(t,0)|lY'Y is locally bounded, then F : Y > ¥ is loc-
ally Lipschitz.

2. If (8A.26) is used, we see that, in fact, DFt(f)
is locally bounded in B(Y,Y) for f € Y. We can iterate

the use of (8A.31l) to get that Fo is twice Gateaux differ-

entiable, etc. This will imply that Ft is in fact C~.
(Gateaux differentiability and norm continuity of the deriva-

1
1
tive implies C from £(x) - £(y) = J Df (x+t (x~y)) (x-y)dt;
0

also Gateau differentiability with locally bounded derivatives
implies Lipschitz continuity).
3. The derivative DFt(f) in (8A.29) extends to a

bounded operator X -+ X.

Proof of (8A.29). Let 0 < T' < T.. For l!g—fllY
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sufficiently small, we define w on [0,T'] by w(s) =
Fsg - st. Differentiating, and using Z(q,p)(qg-p) =

G{(q) - G(p), we have
w'(s) = G(Fsg) - G(st) = Z(Fsg,FSf)w(s)

for 0<s<T'. If 0<s<t<T', then by the Corollary

on p. 273.

(3/3s)u9 (t,s)w(s) = 0,
so that

- = y9 -
th th U (tro) (g £)
for 0 <t < T'. Thus we have the estimates

£ -
|17, g=F £-U" (£,0) (g-£) | [ lg-£ 1150 < 1109 (e,00-0% £,0) | ]y 4o

and
- g -
1P - pll, < M0 @ ol el O
Proof of (8A.31). As in the proof of (8A.29), we have
F.g - F £ = 09 (t,0) (g-f)
t t ’ r
so that
- g -
Hreg - reglly < o o1l Ha-11y,
and

HFeg - F £l

| A

Ho¥e, 01y (Hle-£11y-

This establishes the claims about Lipschitz continuity. If

we let g = £ + Ah, then we get

~1 f+Ah
A [Ft(f+>\h) - th] =U . (t,0)h,

from which the differentiability claim follows directly. |
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Using these arguments, one can also establish Y dif-
ferentiability of F. in t and differentiability in an ex-
ternal parameter. We consider two such results from Dorroh-

Marsden {[1].

(8A.33) Corollary. Under the hypothesis of (8aA.29)

or (8A.31) suppose that the evolution system {Uf(t,s)} with

X-infinitesimal generator {DG(FS)} satisfies Uf(t,s)X cCy

for 0<s <t <T Then for f &€ D, G(th) €Y for

£
0 < t < Tf. If Uf(-,o)g is Y-continuous on (O,Tf) for

each g € X, then F f is _continuouslvy Y-differentiable on

()

(O,Tf).

Proof. Under these hypotheses one can establish a

chain rule, so that by differentiating F +sf = Ft(Fs(f)) in

t

s at s = 0, we get

G(th) DFt(f)'G(f)

vfe,0).c6) € ¥

which proves the first part. The second part follows be-

cause

t

th - st = J G(FTf)dT
S
t

j vf(r,00-a®rar. [
S

The condition that th be Y-differentiable for
t > 0 1is a nonlinear analogue of what one has for linear
analytic semigroups (see Yosida [1]).

For the dependence on a parameter, we assume G(£,z),

F: depend on a parameter z € V C Z where V is open in a
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Banach space. Assume at the outset that Fi(f) is con-

tinuous in all variables, and for each z, Fz is as above.
To determine differentiability of F:(f) in (z,f)

we can use a simple suspension trick. Namely, consider the

semiflow H on DxV defined by

z
Ht(f'Z) = (F (£),2).

The generator is K: D x V » X x Z,
K(f,z) = (G(f,2),0).

If (8A.29) or (8A.30) applies to Hy then we can con-
*
clude differentiability of F:(f) in (f,z).
One of the key ingredients in (8A.29) is hypotheses

concerning the linearized equations. Here
DK (f,z) (g,w) = (DlG(f.Z)'g + D,G(f,z) w,0)

so we would be required to solve, according to (8A.29) or

(8A.31), the system

dw

It =0 i.e. w = constant

dg(t) _ 2 . 2 .
53t - DlG(Ft(f),Z) g(t) + D2G(Ft(f),z) w

(similarly for systems involving the averaged generators Z).
This is a linear system in g with an inhomogeneous term

DZG(F:(f),z)'w. The solution can be written down in terms of
the evolution system for DlG(F:(f),z) via Duhamel's formula

in the usual way. For systems of this type there are theorems

*
A more direct analysis, obtaining refined results, is
given by Dorroh-Marsden [1].
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available to guarantee that we have an evolution system and
to study its properties. Note, for example, Theorem 7.2 of
Kato [4]. 1In this way, one can check the hypotheses of
(8A.29) or (8A.3l) for Ht. We would conclude, respectively,
(+)
t

(under the stronger conditions of (8A.31)), from D X V to

differentiability of F (*) from D x V to X x V and

Y X V.
(For holomorphic semigroups, smooth dependence on a

parameter can be analyzed directly, as in Rato [3], p. 487).

(8A.34) Remark and Application. In Aronson-Thames

[1] the following system is studied:

- 4%y = 2 . +
u.. gu=u, v..-gqgv=yv in (0,1) x R
ux(l,t) = Vx(O,t) =0
u (0,t) = -pa(f © v)(0,t), t>0

v (1,t) = pall-(fou) (1,t)}

Here p and g are positive parameters and £f(u) =

2). This system is related to enzyme diffusion in

uz/(l+u
biological systems. They show that the eigenvalue conditions
-of the Hopf theorem are met. In Dorroh-Marsden [l] it is
shown, usiné methods described above, that the semiflow of
this system.is smooth. It follows at once that the Hopf
theorem is valid and hence proves the existence of stable
periodic solutions for this system for supercritical values
of the parameters.

These equations are usually called the Glass-Kauffman

equations; cf. Glass-Kauffman [1]. Recent work of the dis-

crete analogue has also been done by Hsi.
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SECTION 9
BIFURCATIONS IN FLUID DYNAMICS AND

THE PROBLEM. OF TURBULENCE

This section shows how the results of Sections 8 and
8A can be used to establish the bifurcation theorem for the
Navier-Stokes equations. Alternatively, although conceptually
harder (in our opinion) methods are described in Sections 93,
9B and Sattinger [5] and Joseph and Sattinger [1].

The new proof of the bifurcation theorems using the
center manifold theory as given in Section 8 allow one to de-
duce the results very simply for the Navier-Stokes equations
with a minimum of technical difficulties. This includes all
types of bifurcations; including the bifurcation to invariant
tori as in Section 6 or directly as in Jost and Zehnder [1].
All we need to do is verify that the semiflow of the Navier-
Stokes equations is smooth (in the sense of Section 8A); the
rest is then automatic since the center manifold theorem im-

mediately reduces us to the finite dimensional case (see
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Section 8 for details). We note that already in Ruelle-
Takens [l] there is a simple proof of the now classical re-
sults of Velte [l] on stationary bifurcations in the flow
between rotating cylinders from Couette flow to Taylor cells.

The first part of this section therefore is devoted to
proving that the semiflow of the Navier-Stokes equations is
smooth. We use the technique of Dorroh-Marsden [l] (see Sec-
tion 8A) to do this.

This guarantees then, that the same results as given
in the finite dimensional case in earlier sections, including
the stability calculations hold without change.

The second part of the section briefly describes the
Ruelle-Takens picture of turbulence. This picture is still
conjectural, but seems to be gaining increased acceptance as
time goes on, at least for describing certain types of tur-
bulence. The relationship with the global regularity (or

"all time") problem in fluid mechanics is briefly discussed.

Statement of the Smoothness Theorem.

Before writing down the smoothness theorem, let us re-—
call the equations we are dealing with. For homogeneous in-
compressible viscous fluids, the classical Navier-Stokes equa-

tions are, as in Section 1,

g

v + (veV)v - vAv = -grad p + b, bt = external force

ot

(Ns) Naiv v = 0

v =0 on 9M (or prescribed on M, possibly depending
on a parameter u)

Here M is a compact Riemannian manifold with smooth boundary
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oM, usually an open set in R3.

The Euler egquations are obtained by supposing v = 0

and changing the boundary condition to v||oM:

Vv . .

3T + (v-V)v = —-grad p + bt
(E) < div v =0

v||om

The pressure p(t,x) 1is to be determined from the in-
compressibility condition in these equations.

The Euler equations are a singular limit of the Navier-

Stokes equations. Taking the limit v - 0 1is very subtle and
is the subject of much recent work. The sudden disappearance
of the highest order term and the associated sudden change in
boundary conditions is the source of the difficulties and is
the reason why boundary layer theory and turbulence theory
are so difficult. This point will be remarked on later.

Note that Euler equations are reversible 1in the sense
that if we can solve them for all sets of initial data and
for t > 0, then we can also solve them for t < 0. This is

because if v t > 0 is a solution, then so is wt = =-v ,

t’ -t
t < 0.

For s > 0 an integer and 1 < p < @, let wS'P de-
note the Sobolev space of functions (or vector functions) on
M whose derivatives up to order s are in Lp; another way

of describing w'P is to complete the €~ functions £ in

the norm

ety o = . I 1I0% ]I,
' <a<s p
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where p%f is the ath total derivative of f£. Details on

Sobolev spaces can be found in Friedman [1].

We point out that in the non-compact case one must deal
seriously with the asymptotic conditions and many of the re-
sults we discuss are not known in that case (see Cantor [1],
and McCracken [2] however).

The following result is a special case of a general
result proved in Morrey [1l]. For a direct proof in this case,

see Bourguignon and Brezis [1].

(9.1) Lemma. Hodge Decomposition): Let M be as
s
above. Let X be a W 'F vector field on M, s>0, p>1l.

Then X has a uniqgue decomposition as follows:

X =Y + grad p

S
where div ¥ = 0 and YHBM. It is also true that v € wo'F

and p & Ws+l,p.

Let W'P = {vector fields X on M|x € Ws,p'

div X = 0 and XI!BM}’ By the Hodge theorem, there is a map

p: w'P > w'P via x v v. The problem of solving the Euler

equations now becomes that of finding Ve S ﬁs+l,p such that
dvt

(E) T + P((vt'v)vt) =0

(plus initial data). If s > g, the product of two werP
WP g0 (v-V)v is in w'P if v e Ws+l,p.

functions is

. . . . . . ~S
This kind of equation is thus an evolution equation on W P

as in Section 8A.

Let
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Wg’p = {vector fields v on M|v is of class

WP, div v =0 and v =0 on oM}.

If s =0 this actually makes sense and the space is
written Jp (see Ladyzhenskaya [11).

The Navier-Stokes equations can be written: find

WP h that
vy € 0 suc a
dvt
(NS) E - \)PAVt 4 P(Vt'V)Vt =90
again an evolution equation in Wg'p. In the terminology of
Section 8A, the Banach space X here is ﬁg'p = Jp and
Y = Wﬁ'p. The bifurcation parameter is often u = 1/v, the

Reynolds number.
The case p # 2 1s quite difficult and won't be dealt

with here, although it is very important. If p = 2 one

generally writes

~ ~ ~ ~5,2
nS = w2, Hz = WO' etc.

(9.2) Theorem. The Navier-Stokes equations in dimen-~

sion 2 or 3 define a smooth local semiflow on ﬁg C ﬁo = J.

This semiflow satisfies conditions 8.1, 8.2, and the
smoothness in 8.3 of Section 8, so the Hopf theorems apply.
(The rest of the hypotheses in 8.3 and 8.4 depend on the
particular problem at hand and must be verified by calcula-
tion.)

In other words, the technical difficulties related to
the fact that we have partial rather than ordinary differen-

tial equations are automatically taken care of.

(9.3) Remarks. 1. If the boundaries are moving and
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speed is part of the bifurcation parameter u, the same re-
sult holds by a similar proof. This occurs in, for instance
the Taylor problem.

2, The above theorem is implicit in the works of many
authors. For example, D. Henry has informed us that he has
obtained it in the context of Xato-Fujita. It has been
proved by many authors in dimension 2 (e.g. Prodi). The
first explicit demonstration we have seen is that of Iooss
[3,5].

3. For the case p # 2 see McCracken [2].

4. This smoothness for the Navier-Stokes semiflow is
probably false for the Euler equations on el (see Kato [61],
Ebin-Marsden [1]). Thus it depends crucially on the dissi-
pative term. However, miraculously, the flow of the Euler
equations is smooth if one useg Lagrangian coordinates (Ebin-
Marsden [1]).

We could use Lagrangian coordinates to prove our re-
sults for the Navier-Stokes equations as well, but it is
simpler to use the present method.

Before proving smoothness we need a local existence
theorem. Since this is readily available in the literature
(Ladyzhenskaya [1]), we shall just sketch the method from a

different point of view. (Cf. Soboleoskii [1].)

Local Existence Theory.

The basic method one can use derives from the use of
integral equations as in the Picard method for ordinary dif-
ferential equations. For partial differential equations this

has been exploited by Segal [ll, Kato-Jujita (1], Iooss [3,6],
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Sattinger [2], etc. (See Carroll [1l] for general background.)
The following result is a formulation of Weissler [1].

(See Section 9A for a discussion of Iooss' setup.)

or 1o E2 will be three Banach

spaces with norms []-I]O, ]]'][l, ]I‘]IZ, with £, C E, C Ey,

First some notation: E E

with the inclusions dense and continuous. (Some of the

spaces may be equal.) Let etA be a C0 linear semigroup

on EO which restricts to a contraction semigroup on E,.

Assume, for t > 0, etA: El - E2 is a bounded linear map

and let its norm be denoted u(t). Our first assumption is:
T
Al) For T > 0 assume J H(T)dT <
0
For the Navier-Stokes equations, A = VPA, and we can

choose either

. ~1 ~2
=J_., E. = H E = H
(1) By =3, B 12 and &, = Hj
or (ii) EO = El = H = completion of J with the
-1/4 -
norm || (-vPA) / u]]L » By = Hl = domain of (-vPA)l/z.
2

‘The case (ii) is that of Kato-Fujita [1].

The fact that Al) holds is due to the fact that A

is a negative self adjoint operator on J with domain H0
(Ladyzhenskaya [1]); generates an analytic semigroup, so the
norm of e™® from ﬁz to J, is < C/t. (See Yosida [1].)

0
However we have the Sobolev inequality {derived most easily

from the general Sobolev-Nirenberg-Gagliardo inequality from

Nirenberg [1]:

|1pg]], < cf|p"¢]]

Hilh
P rd

2
Lr

where



292 THE HOPF BIFURCATION AND ITS APPLICATIONS

-1y a(i - m) + (1-a) l, l<ac<1
P n r n g’ m—° =
(if m- 3 -8B is an integer > 1, a = 1 is not allowed)},
r —
that
1/2 1/2
el o< el M21e117,
H H L
so we can choose wu(t) < ¢//t, so Al) holds. Similarly

in case (ii) one finds wu(t) = c/t3/4 (Kato-Fujita [1]).

As for the nonlinear terms, assume

A2) Jt: E2 - El is a semi-Lipschitz map (i.e.,
Lipschitz on bounded sets), locally uniformly in t with
Jt(¢) continuous in (t,9). We can suppose Jt(O) = 0 for

simplicity.
Consider the "formal" differential equation
d
2= ap + 3, (9) (9.1)

dt

in integral equation form (see e.g., Segal [1])

(t-ty) A t _
W(E,t)o = e 0% 4 J ot T)AJT(W(T,tO)cb)dT (9.2)
t
0
where t > t . (Adding an inhomogeneous term causes no real

0
difficulties.)

(9.4) Theorem. Under assumptions Al) and A2), the

equation (9.2) defines a unique local semiflow (i.e., evolu-

tion system) on Ez (in the sense of Section 8A) with

W(t,to): E2 - E2 locally uniformly Lipschitz, varying con-

tinuously in t.

Proof. The proof proceeds by the usual contraction
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mapping argument as for ordinary differential eguations (see

Lang [1]): Pick 0 < uo < a, let Ka(t) be the Lipschitz

constant of Jt from E2 to El on Ba the o ball about

and pick T such that

T—to @O
(f p(rydt) ( sup K (1)) <1 -2, (9.3)
0 T€[ty,T] o

Now choose ¢ € B060 and let M Dbe the complete metric space
of c® maps © of [0,7] to B, with 0(t)) = ¢, (t) € B
and metric
aee,y) = sup l]®(t)-w(t)|]2
tE[tO,T]

Define %: M * M by

(t=t,)A t _
Foey =e O oo+ ] T (o)yan .
t

0
From the definitions and (9.3) we have two key estimates:

first
T
[ Foe)[], < oy + f W(t-T)K_(T)-a dt
t o 9.4)
0 %
iOLo-l-OL(l—OL—-) = O
(remember JT(O) = 0 here), which shows % maps M to M
and, in the same way
g
a(Fe, Fv) < (1 - d(e,¥) (9.5)

which shows % is a contraction.

The result now follows easily. E]

(9.5) Exercises. 1. Show that W(t,to) has E,
Lipschitz constant given by u/ao. Verify that W(t,s)W(s,tO) =

W(t,to)-
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2. If ¢t is a maximal solution of (9.2) on [O,T)

and T < », show lim sup||¢, ||, = «; i.e., verify the continua-
t>T t 2 ‘

tion assumption 8.2.
3. Use the Sobolev inequalities to verify that
Jt(u) = P((u-V)u) satisfies the hypotheses in case (i)

above. For case (ii), see Kato-Fujita [1].

Next we want to see that we actually have a solution

of the differential eqguation. Make

A3) Assume that the domain of A as an operator in

EO is exactly E2.

(9.6) Theorem. If Al), A2) and A3) hold, then any

solution of (9.2) solves (9.1) as an evOlution system in EO

with domain D = Ez; {(in the terminology of Section 83,

W(t,to) is the (time dependent) local flow of the operator

X(¢) = A(¢) + J _(¢), mapping E, to E,). Solutions of

(9.2) in E are unique.

2
Proof. Let ¢ € Ez and ¢(t) = W(t,t0)¢ e Ez be

the solution of (9.2), so taking tg = 0 for simplicity,
tA t (t-1)a

P(t) = e + Joe g, (¢ (T))dr.

It is easy to verify that

20 (trm) =0 (£)} = LMo (e)-0(0)} = 3 (6(1))
(9.6)
t+h

1 (t+h-1)A
+ 2 ft {e 3 (8(1))=3, (¢ (£)) }ar

writing
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(t+h-T)A
e JT(¢(T)) - Jt(¢(t))

= AL =g e enT + T 0 e0)-3 6 0))

one sees that the last term of (9.6) - 0 as h > 0 in El
and hence in EO. The first term of (9.6) tend to
A(d(t)) - Jt(¢(t)) in E, as h - 0 since ¢(t) € E,, the

domain of A. ]

Thus we can conclude that the Navier-Stokes equations

. . 2 . .
define a local semiflow on H0 and that this semiflow ex-

=1 \ . :
tends to a local semiflow on H (via the integral equation).

Smoothness.

(9.7) Theorem. Let Al), A2) and A3) hold and assume

£ E2 > El is C°° with derivatives depending

continuously on t.

nd) J

Then the semiflow defined by eguations (9.1) on E2

is a C  semiflow on Ez; i.e., each W(t,to) is ¢” with

derivatives varying continuously in t in the strong topology

(see Section 8).

Proof. We verify the hypotheses of (8A.31). Here we

take X = Eo and Y = Ez, with D = Y. Certainly a) holds

by hypothesis. Since Z(¢l,¢2) is the same type of operator

as considered above, 9.4 shows b) holds. c¢') holds by the

E2 Lipschitzness of W(t,to) proven in (9.4) and 4d) is

clear.

Hence W(t,to): B, > &, is Gateaux differentiable.
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The procedure can be iterated. The same argument ap-

plies to the semiflow

W(t, ) (0,¥) = (W(t,t )9, DW(t, £ )b-¥)
on E2 hd E2.
Hence W is Cl (see (8A.32)), and by induction is

c. ]

In the context of equation (9.1) the full power of the
machinery in Section 8A; in particular the delicate results
on time dependent evolution equations are not needed. One can
in fact directly prove (9.7) by the same method as (8A.31).
However it seems desirable to derive these types of results

from a unified point of view.
(9.8) Problem. Assume, in addition that
A5) A generates an analytic semigroup.

Show that for t > 0 and ¢ € El' ¢(t) lies in the domain
of every power of A and that ¢(t) is a c¢® function of
t for t > 0. (Hint. Use (8A.33)). Also establish smooth-

ness in v if A 1is replaced by vA (see remarks follow-

ing (8A.33)).

A more careful analysis actually shows that W(t,to)
are C maps on ﬁl in the context of the Navier-Stokes
equation (i.e., without assuming A3)). See Weissler [1].

Thus all the requisite smoothness is established for
the Navier-Stokes equations, so the proof of (9.2) and hence

the bifurcation theorems for those equations is established.
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The Problem of Turbulence.

We have already seen how bifurcations can lead from
stable fixed points to stable periodic orbits and then to
stable 2-tori. Similarly we can go on to higher dimensional
tori. Ruelle and Takens [l] have argued that in this or
other situations, complicated ("strange") attractors can be
expected and that this lies at the roots of the explanation
of turbulence.

The particular case where tori of increasing dimen-
sion form, the model is a technical improvement over the idea
of E. Hopf [4] wherein turbulence results from a loss of
stability through successive branching. It seems however
that strange attractors may form in other cases too, such as
in the Lorenz equations (see Section 4B) [Strictly speaking,
it has only a "strange" invariant set]. This is perfectly
consistent with the general Ruelle-Takens picture, as are
the closely related "snap through" ideas of Joseph and
Sattinger [1].

In the branching process, stable solutions become un-
stable, as the Reynolds number is increased. Hence turbu-
lence is supposed .to be a necessary consequence of the egua-
tions and in fact of the "generic case" and just represents a
complicated solution. For example in Couette flow as one in-
creases the angular velocity Ql of the inner cylinder one
finds a shift from laminar flow to Taylor cells or related
patterns at some bifurcation value of Ql. Eventually turbu-
lence sets in. In this scheme, as has been realized for a
long time, one first looks for a stability theorem and for

when stability fails (Hopf [2], Chandresekar [1l], Lin [1] etc.).
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For example, if one stayed closed enough to laminar flow, one

would expect the flow to remain approximately laminar. Serrin
[2] has a theorem of this sort which we present as an illus-

tration:

(9.9) Stability Theorem. Let D C R3 be a bounded

domain and suppose the flow vy is prescribed on 9D (this

t
corresponds to having a moving boundary, as in Couette flow).

! v
Let V = max||v (x)|]|, & = diameter of D and v equal the
£>0

viscosity. Then if the Reynolds number R = (Vd/v) < 5.71,

A . . .
v, is universally L2 stable among solutions of the Navier-—

Stokes equations.

: 2 . =
Universally L stable means that if v, is any
other solution to the equations and with the same boundary
sy 2 —
conditions, then the L norm (or energy) of vz - vz goes

to zero as t » 0.

The proof is really very simple and we recommend read-
ing Serrin [1,2] for the argument. In fact one has local
stability in stronger topologies using Theorem 1.4 of Section
2A and the ideas of Section 8.

Chandresekar [1l], Serrin [2], and Velte [3] have analy-
zed criteria of this sort in some detail for Couette flow.

As a special case, we recover something that we ex-
pect. Namely if vz =0 on 9M is any solution for Vv > 0
then v: + 0 as t > o in L2 norm, since the zero solution

is universally stable.

A traditional definition (as in Hopf [2], Landau-
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Lifschitz [1]) says that turbulence develops when the vector
field vt can be described as vt(wl,...,wn) = f(twl,...,twn)
where f 1is a quasi-periodic function, i.e., £ 1is periodic
in each coordinate, but the periods are not rationally related.
For example, if the orbits of the Ve on the tori given by
the Hopf theorem can be described by spirals with irrationally
related angles, then Vi would such a flow.

Considering the above example a bit further, it should
be clear there are many orbits that the \A could follow
which are qualitatively like the quasi-periodic ones bhut
which fail themselves to be quasi-periodic. In fact a small
neighborhood of a quasi-periodic function may fail to contain
many other such functions. One might desire the functions
describing turbulence to contain most functions and not only
a sparse subset. More precisely, say a subset U of a top-
ological space S is generic if it is a Baire set (i.e., the
countable intersection of open dense subsets). It seems
reasonable to expect that the functions describing turbulence
should be generic, since turbulence is a common phenomena and
the equations of flow are never exact. Thus we would want a
theory of turbulence that would not be destroyed by adding on
small perturbations to the equations of motion.

The above sort of reasoning lead Ruelle-Takens [1l] to
point out that since quasi-periodic functions are not generic,
it is unlikely they "really" describe turbulence. In its
place, they propose the use of "strange attractors." These
exhibit much of the qualitative behavior one would expect from
"turbulent" solutions to the Navier-Stokes equations and they

are stable under perturbations of the eguations; i.e., are
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"structurally stable".

For an example of a strange attractor, see Smale [1].
Usually strange attractors look like Cantor sets x mani-
folds, at least locally.

Ruelle-Takens [l] have shown that if we define a
strange attractor A to be an attractor which is neither a
closed orbit or a point, and disregarding non-generic pos-
sibilities such as a figure 8 then there are strange attrac-
tors on T4 in the sense that a whole open neighborhood of
vector fields has a strange attractor as well.

If the attracting set of the flow, in the space of
vector fields which is generated by Navier-Stokes equations
is strange, then a solution attracted to this set will clearly
behave in a complicated, turbulent manner. While the whole
set is stable, individual points in it are not. Thus (see
Figure 9.1) an attracted orbit is constantly near unstable
(nearly periodic) solutions and gets shifted about the at-
tractor in an aimless manner. Thus we have the following
reasonable definition of turbulence as proposed by Ruelle-

Takens:
nonstationary
solution of the
Navier-Stokes
equations

strange attractor

in the space of all
velocity fields

Figure 9.1
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"...the motion of a fluid system is turhulent when
this motion is described by an integral curve of a vector
field Xu which tends to a set A, and A 1is neither empty
nor a fixed point nor a closed orbit."

One way that turbulent motion can occur on one of the
tori Tk that occurs in the Hopf bifurcation. This takes
place after a finite number of successive bifurcations have
occurred. However as S. Smale and C. Simon pointed out to

us, there may be an infinite number of other gualitative

changes which occur during this onset of turbulence (such as

stable and unstable manifolds intersecting in various ways
etc.). However, it seems that turbulence can occur in other
ways too. For example, in Example 4B.9 (the Lorenz equa-
tions), the Hopf bifurcation is subcritical and the strange
attractor may suddenly appear as u crosses the critical
value without an oscillation developing first. See Section 12
for a description of the attractor which appears. See also
McLaughlin and Martin [1,2], Guckenheimer and Yorke [1] and
Lanford [2].

In summary then, this view of turbulence may be
phrased as follows. Our solutions for small u (= Reynolds
number in many fluid problems) are stahle and as u increa-
ses, these solutions become unstable at certain critical
values of 1 and the solution falls to a more complicated
stable solution; eventually, after a certain (finite) number
of such bifurcations, the solution falls to a strange attrac-
tor (in the space of all time dependent solutions to the prob-
lem). Such a solution, which is wandering close to a strange

attractor, is called turbulent.
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The fall to a strange attractor may occur after a Hopf
bifurcation to an oscillatory solution and then to invariant
tori, or may appear by some other mechanism, such as in the
Lorenz equations as explained above ("snap through turbulence").

Leray [3] has argued that the Navier-Stokes equations
might break down and the solutions fail to be smooth when
turbulence ensues. This idea was amplified when Hopf [3]
in 1950 proved global existence (in time) of weak solutions
to the equations, but not uniqueness. It was speculated that
turbulence occurs when strong changes to weak and uniqueness
is lost. However it is still unknown whether or not this
really can happen (cf. Ladyzhenskaya [1,2].)

The Ruelle-Takens and Leray pictures are in conflict.
Indeed, if strange attractors are the explanation, their at-
tractiveness implies that solutions remain smooth for all ¢t.
Indeed, we know from our work on the Hopf bifucation that
near the stable closed orbit sdlutions are defined and fe-
main smooth and unique for all t > 0 (see Section 8 and
also Sattinger [2]). This is already in the range of inter-
esting Reynolds numbers where global smoothness isrot implied
by the classical estimates.

It is known that in two dimensions the solutions of
the Euler and Navier-Stokes eguations are global in t and
remain smooth. In three dimensions it is unknown and is
called the "global regularity"” or "all time" problem.

Recent numberical evidence (see Temam et. al. [1])
suggests that the answer is negative for the Euler equations.

Theoretical investigations, including analysis of the
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spectra have been inconclusive for the Navier-Stokes equa-
tions (see Marsden-Ebin-Fischer [1] and articles by Frisch
and others in Temam et.al. [1]).

We wish to make two points in the way of conjectures:

1. 1In the Ruelle-Takens picture, global regularity
for all initial data is not an a priori necessity; the basins
of the attractors will determine which solutions are regular
and will guarantee regularity for turbulent solutions (which
is what most people now believe is the case).

2. Global regularity, if true in general, will pro-
bably never be proved by making estimates on the equations.
One needs to examine in much more depth the attracting sets-
in the infinite dimensional dynamical system of the Navier-
Stokes equations and to obtain the a priori estimates this

way.

Two Major Open Problems:

(i) identify a strange attractor in a specific flow
of the Navier-Stokes equation (e.g, pipe flow, flow behind a
cylinder, etc.).

(ii) 1link up the ergodic theory on the strange at-
tractor, (Bowen-Ruelle [1]) with the statistical theory of
turbulence (the usual reference is Batchellor [1l]; however,
the theory is far from understood; some of Hopf's ideas [5]
have been recently developed in work of Chorin, Foias and

others).
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SECTION 9A
ON A PAPER OF G. IO00SS

BY G. CHILDS

This paper [3] proves the existence of the Hopf bi-
furcation to a periodic solution from a stationary solution
in certain problems of fluid dynamics. The results are simi-
lar to those already described. For instance, in the sub-
critical case, the periodic solution is shown to be unstable
in the sense of Lyapunov when the real bifurcation parameter
(Reynold's number) is less than the critical value where the
bifurcation takes place; it is shown to be (exponentially)
stable if this value is greater than the critical value in
the supercritical case.

Iooss, in contrast to the main body of these notes,
makes use of a linear space approach for almost all of what
he does. Specifically, his periodic solution is a continuous
function to elements of a Sobolev space on a fundamental do-
main Q in R3. However, the implicit function, theorem is

extensively used. The three main theorems of the paper will
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be stated and the proofs will be briefly outlined to illus-
trate this method.

First, we formulate a statement of the problem. Let
I be a closed interval of the real line. Let V(I) be a
neighborhood in € of this interval. For each A€ V(I),

L is a closed, linear operator on a Hilbert space H. The

A
family {LA} is holomorphic of type (A) in V(I) (see Kato

[3], p. 375). Also, each L is m-sectorial with vertex-y, .

A
Finally, Ly has a compact resolvent in H. Let < be the
common domain of the LA' Assume K is a Hilbert space such
that ZC K C H with continuous injections and such that

th -0
YU € K, ]II(t)UII9 < ke " (1+t )][UHK, 0 < a<1l where

IA(t) is the holomorphic semi-group generated by _LA' Let
M be a continuous bilinear form: Dx D+ R. Now we can

state the problem:

,

U _ _
5{ + LXU M(U,U) =0

ve c0,2;2) ncto,;n) (9A.1)

U(0) = Uy € 92, u(0) = U(T) = U(2T) = ... for some T > 0

Tooss sﬁows that the equation of perturbation (from a sta-
tionary solution) for some Navier-Stokes configurations is of
the above form (see also Iooss [5 ] for more details). In

érder to find a solution of (9A.1), it is necessary to make some

additional hypotheses. Let £,.(A) = = sup {Re ¢}. Then:
0
gec (_L>\ )

(€.1) 13 ACGE R, a left hand neighborhood V_(Ac) and

a right hand neighborhood V+(Kc) such that EO(XC) =0,

- +
rev (Kc) - {Ac}=%>EO(X) <0, X EVIA) - {Xc}=b EO(A) > 0.
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(H.2) The operator Ly admits as proper values pure

o]

imaginary numbers EO = ino and EO' Also, these proper

values are simple. For X € V(AC) there exist two analytic

functions ¢ and gl (S o(—LA) such that cl(kc) = CO. The

1
spectrum o(L,) separates into {—cl} U {-Zi}kJ §(r,). This
separation gives a decomposition of H into invariant sub-

spaces:

VU EH, U=X+Y, X=E)\U, Y=P)\U;

E, = E(—cl> + E(-T), (Ly+2)U0; (A) = 0, (L¥+Z))W, (A) = 0,
U (), W )y =1,

Ul(k), Ul(X) are a basis for E,H. For A€ V(Ac), L,U =
nL(n) (0) (1)

(Ul(k),W(O))H = 1. The eigenvectors

LU+ ) (A ur oo =00 4 o yu® e,
o n=1 ¢ 1 c

_ w(0) _ (1) . _ _ (1)
Wl(l) =W + (A XC)W + oo Cl(X) = Co + (A AC)C +eeo .
In particular, we have C(l) = —(L(l)U(O),W(O))Hr L, +

c
;OU(O) =0, L; + EOW(O) =90, (U(o),W(O))H = 1. Now, we can
c

make the hypothesis:

(H.3) Re(L(l)U(O),W(O))H # 0. By (H.1) this implies
Re C(l) > 0. These hypotheses are just the standard ones for

the existence of the Hopf bifurcation. For the statement of

the theorem we also need to know that YO = Yp + iyo =
r i

U(0) (0)

-lM(O) u®yy 4

~(® (0 - (
C

O, +zin01)'1m(u‘°’,u‘°’)1, W)
C

" where

M(O)(U,V) = M(U,V) + M(V,U).

We now state Iooss'

Theorem 2. If the hypotheses (H.1l), (H.2), (H.3), and
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Yo # 0 are satisfied, there is a bifurcation to a non-
r

trivial T-periodic solution of (9A.1) starting from i_. If

+
Yo > 0, the bifurcation takes place for ) € V (Ac), whereas
r
if v, < 0, it takes place for rev (Ac). The solution
r

0 .
% E€EC (-»,»; D) 1is unique with the exception of Arg a

corresponding to a translation in t. Finally, %(t) 1is an-

alytic with respect to €= vﬁx-xc|, the period analytic with

1
respect to A - Ac and one can write Z(t,e) = & @f )(t) +

g2 ‘7/(2)(t) + ... where %(i)

(t) is T-periodic. Here

Arg a is _the phase of the X(t) oscillations.

An outline of the proof will be given. Denote

z, )

M

E(A) + in())

iE(-5y) - iE(-El).

Then the equations for the X and Y .parts of % coming

from (9A.1) are

{ Y(t) = §t(x+Y,X+Y;A),

ax _ oy

3t X = §X + EAM(X+Y,X+Y) = F(X,Y,:7), (9A.2)

A

X(0) = XxX(?), X and Y E Co(-”,+w;fz)r

o t .
where Bt(U,V;A) = f Ix(t—T)PAM[U(T),V(T)]dT. By substitut-

ing X(t) = A(t)U; (A) + XTETﬁITXT in the right hand side of
the equation for Y we obtain a right hand side which is
analytic with respect to (A,X,Y) in a neighborhood of
(AC,O,O) in ¢ x {CO(—w,+®;EZ)}2. And the derivative with

respect to Y is zero at (AC,O,O). Then, denoting X(o)(t)
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, and using the implicit function theorem,

. .o 0 0
one has Y(t) = n (x:0) = I (=2 )7 (1,3) 0 x10)
i,j>2 ¢ ¢
(i,3) . . )
where nt (*,++e+,") 1is a continuous functional, homogene-
ous of degree j. We must now solve %% = NN, X + F(X,nt(X;A);A)

with X(0) = X(T), X € CO(—W,m;Ez). The following form is

assumed for X:

2Tty

A ~ ~
X(t) =e T X + X(t) = X(t) + X(t)
- 2rty
1 T T A
X = F J X(t)dt = aUl(A) +aUl(X) (92.3)

Decomposing the equation for X(t) according to (9A.3), one

can solve for X(t) using the implicit function theorem

) o , i
X(t) = Z (x,A,m) = - ) Eee-r )3 2P e,
t i,3,k22  © 0

t € [0,T],

where gz(l’J’k)(x;t) iséhomogeneous of degree k with res-
pect to ¥. X(t) is now replaced with £2£(x,A,T) in the
other equation (the one for X). Splitting the result into

real and imaginary parts one obtains

£+ £(al,A,T) =0

2 2
n = El + g(lal ,A,T) =0

with £(0,)x,T) = g(0,A,T) = 0. The development in Taylor

series about the point (O,AC,TO) has first term —Y0|a[2.

It is in this way that a non-zero value of Y allows a

Or

solution for [a[z and T by the implicit function theorem.
This completes the determination of X(t), Y(t) and there-

fore %(t,€).
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Now that we have the periodic solution it is desired to

exhibit its stability properties. We consider a nearby solu-

tion U(t) and set U(t) = %(t+8,e) + U'(t). Then U'(t)
satisfies .
U'(0) =U, = (8,e) € 9

0
0
Ut e C (0,%;2) N C'(0,~;H)
where
A (t48) = L.+ MO [ Z(eas,e),01, A = A + e2sgn(A-A )
e }\ r ’ r c g fo] .

Therefore, in order to study stability one examines the pro-

perties of the solution of the linearized equation:
WV o_a (e+d)y, vecio,r ;D nclo,rim
Tt' € r r ll I ll
V((0) =V € D, T < o
(0) 0 r T
The solution of this equation is:
£ (0)
V(t) = I)\(t)v0 + j I, (t-T)M [ Z(t+8,€),v(T)]dT.
0
We denote this solution as

v(t) = Ge(t,é)Vo.

The stability properties will come from the properties of the
spectrum of GE(T,5L which plays the role of the Poincaré map.

We can now state Iooss'

Theorem 3. The hypotheses of Theorem 2 being satis-

fied and the operator GE(T,é) being defined by the equation

above, the spectrum of GS(T,G) is independent of 6 € R.

It is constituted on the one hand, by two real simple proper
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values in a neighborhood of 1, which are 1 and

1 - BWE(l)(X—Ac) + o(A—Ac). On the other hand, the remainder

of the spectrum is formed from a denumerable infinity of

proper values of finite multiplicities, the only point of ac-

cumulation being 0, there remaining in the interior of a disk

of radius 1z < 1 independent of e ¢ 2/(0).

The following is then a direct result of Lemma 5 of

Judovich [10].

Corollary. The hypotheses of Theorem 2 being satis-

fied, if further YO < 0, the bifurcation takes place for

_ r
NEY (Xc) and the secondary solution is unstable in the

sense of Lyapunov.

Now the proof of Theorem 3 is outlined. The operator
GE(T,G) is compact in 2. Hence, its spectrum is discrete.
Let 0 € spectrum of GE(T,6). Then there exists V # 0 such
that oV = GE(T,S)V. Then, if W = Ge(nT—d,G)V with né€&€ N
such that & < nT, oW = GE(T,O)W. Hence, spectrum (Ge(T,G)) C
spectrum (G.(T,0)). Similarly, the reverse containment holds.
To establish 1 € spectrum of GE(T,G), it suffices to show

G.(T,0) 2Z (0,e) = % (0,¢). Note that I, (T,) = lim G_(T,0).
€ 9t ot Ao 0 g0 ©

It can be shown that 1 is a semi-simple (multiplicity 2)

proper value of IA (TO). With all proper values Cn of
c
I, (To) correspond a finite number of proper values of L,
c c

of the form —Tal(Log [Cn| + 2kwi). If one removes ino

from the spectrum of Ly, . the proper values £; are remain-
c
ing such that Re ¢; > £ > 0 => Log ]cnl < -7, < 0. Thus,

the remainder of the spectrum of I, (To) other than 1 is
c
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contained in a disk of radius strictly less than 1. Because
of the continuity of the discrete spectrum the same is true
of G.(T,0) for e &€%2(0). The other proper value of
Ge(T,O) or G (T,8) 1is found by studying the degenerate
operator

eTlB(e)6 E(e) - B(e)] = G(e)

1 J [Cl—GE]_ldC with T being a circle

where E(g) is CLEN .

of sufficiently small radius about 1 and G. = GE(T(S),O).
One uses the expansion G, = I, (Tg) + eG(l) + eG(e) where
G(e) = o(l) and methods of thectheory of perturbations to
obtain G(e) = (1) + o(e),
|a(1)]2Y0 a2y
E;(l)

E(l) 2Y

(1),2
0 la | Yo

1ol

(in the basis The bijection o =

makes a correspondence between the proper values of G(¢g)

and G(g). The proper values of é(l’ are 0 and
-4TY, !a(l)lz = —BWE(l)sgn Yy + This gives us 1 and
r r

1 - SﬂE(l)(A—Ac) + 0(82) as proper values of GE(T,S).

We now state

Theorem 4. If the hypotheses of Theorem 2 are satis-

> 0, the bifurcation takes place for
r .

fied and Y 0

.\ v
A€ ?7(A,). There exist u > 0 and a right hand neighbor-

hood €V+(Ac) such that if A EE@/+(AC), and if one can find

50 € [0,T] such that the initial condition U0 satisfies

2

Hug- %(65,e) ] <ue” (e = /x-xc),
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then there exists 62 € [0,T] such that

l’U(t%—@k(t+62,€)luy > 0 exponentially when t » «, U(t)
being the solution of (%2A.1) satisfying U(0) = Uy-

This case is not so simple since there is the proper

value, 1. The theorem results from the following lemma:

Lemma 9. Given V0 € v(§), that is to say, satisfying
2
EgVy = F(PgV4,e,8) and I|1’5Vo|l9 < w,e”, then the equa-
tion,

— = AE(t+6)V + M(V,V), V{(0) = Vo’

admits a unigue solution in CO(O,w;EZ)m Cl(O,W;H) such
-0/2 t
€2e / ’

that HV(t)Hg <, vt > 0.

We must identify some of the terminology. First, Eg
is the projection onto a vector collinear to %%L(G,e), and

v
P(S =1 - E(S. We have g(PGV(),E,(S) = ES go{nT[WO(PdvolSIG)IEIS]I

nt["'];e,ﬁ}. The notation on the right hand side is associa-

ted with the following problem:

A~ v
V(t) = Ge(t,G)WO + gt(vlv;ﬁps) + -Qt(VIV;EIS)

with

A t

£?t(U,V;e,6) = JO Ga(t—T,T+5)P6+TM[U(T),V(T)]dT,

v o

g%(UrV;€,5) = -j Ge(t—T,T+5)E5+TM[U(T).V(T)]dT,

t
where WO is such that E6W0 = 0, and where one searches for
£
V in the Banach space 596 = {v: £ » e vit) € c(0,; D)},
provided with the norm IVIB = sup |leBtV(t)|| , with
£E(0,%) 9

B = o/2.

These estimates can be shown:
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]Ge(t,a)wojB

I A

NI

A

> -1
|8_(u,vie, )| < M yo " |ulglvlg,

v
l.@t(U,V;E,S

S

Vg <My tul vl

where Y 1s a bound for the bilinear form M. It results
that there exists a Mo independent of € such that for

]IWOII < uosz, there exists a unique V in 4 satisfying

the above problem. The solution is denoted V(t) = ﬂt(WO,E,G).

v
Now, V(O) = T}o(WO,E,S) =W_ + —@O[nT(WolEIG)I nT(WO,E,G);€,5]

0

which gives after decomposition:

v
= ESQO[HT(Wolels)InT(WOIEIS);EIS] r

=]
(%)
<
I

v
PgVy = Wy + P H#yn (Wg,e,8),n (W ,e,8);¢,8].

After having remarked that 3%5 [n, (Wy,e,8)] = G (t,8),

Wog =0

it is easy to find u independent of € such that if

1
]]P6V0]| i_ulsz, then the second of the above equations is
solvable with respect to WO by the implicit function theorem,
. . 2
and Wy = WO(PGVO,E,ﬁ) satisfies IIWOIIEZ < uoe . The nota-

tion is completely explained. The proof from here on is not
too difficult. The uniqueness comes from the uniqueness of
the solutions to (9A.1) on a bounded interval for e suffici-
ently small. The lemma will be demonstrated as soon as it is
shown that the solution of our above problem is the same as

the solution of the equation in the lemma. But this follows

immediately utilizing %E G (t=T,T+8) = A_(T+8)G_(t=T,T+8)

“ v
in evaluating %E £Zt(V,V;€,6) and %E-.Q%(V,V;s,é). (It

is seen that the manifold v(8§) is nothing more than the set
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of V, such that W, can be found with ]]Woll <wu 2 and

0
satisfying the equations for PGVO and ESVO')

The techniques of Iooss are very similar to those of
Judovich [1-12] (see also Bruslinskaya [2,3]). These methods
are somewhat different from those of Hopf which were gener-
alized to the context of nonlinear partial differential equa-
tions by Joseph and Sattinger [1].

Either of these methods is, nevertheless, basically
functional-analytic in spirit. The approach used in these
notes attempts to be more geometrical; each step is guided
by some geometrical intuition such as invariant manifolds,
Poincaré maps etc. The approach of Iooss, on the other hand,
has the advantage of presenting results in more "concrete"
form, as, for example, % (t,e) in a Taylor series in «¢.
This is also true of Hopf's method. However, stability cal-
culations (see Sections 4A, 5A) are no easier using this
method.

Finally, it should be remarked that Iooss [6] presents

analogous results to this paper for the case of the invariant

torus (see Section 6).
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SECTION 9B
ON A PAPER OF KIRCHGASSNER AND KIELHOFFER

BY O. RUIZ

The purpose of this section.is to present the general
idea that Kirchgdssner and Kielhdffer [l] follow in resolv-

ing some problems of stability and bifurcation.

The Taylor Model.

This model consists of two coaxial cylinders of in-
finite length with radii ri and ré (ri < ré) rotating with
constant angular velocities wy and w,. Due to the vis-
cosity an incompressible fluid rotates in the gap between the

. . rjwy (ry-ry)
cylinders. If X is the Reynolds number A = —_—
(v the viscosity), we have for small values of A a solu-
tion independent of X, called the Couette flow. As A in-
creases, several types of fluid motions are observed, the
simplest of which is independent of ¢ and periodic in z,

when we consider cylindrical coordinates. If we restrict our

considerations to these kinds of flows and require that the
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solution v be invariant under the groups of translations
Tl generated by 2z » 2 + 21/0 and ¢ > ¢ + 27, ¢ > 0 and

we consider the "basic" flow V = (Vr,V ,VZ),P in cylindri-

¢

cal coordinates, (we assume V,P are given) we may write the

N-S eguation in the form

(a) Dtu ~ Au + AL(V)u + AAg = -AN(u),
(b} Veu =0, uI _ = 0, u(Tx,t) = u(x,t),
R L) (9B.1)
T & Tl'
_ .0
(c) u|t=0 =u
where
v=V+u p=P +q, D, = %E v
vV = (8 0 ﬁ—) (gradient)
'g_f'l 14 BZ 7 g
A= O+ 12 33— Laplacian Z = (A-(1-§; )/rz)d
2 T 3% 2! = " ik i3 ik
or 9z
0
Lik(V) = —2V¢61162k/r + (VrcS2k + V¢6lk)6i2/r,

LWu = LOW)u + (V-V)u + (u-N)V,
= —u’s 5

Qluly = -uy 8;,/7 + ugu,s;,/x

N(u) = (u-V)u + Q(u).

The Bénard model consists of a viscous fluid in the

strip between 2 horizontal planes which moves under the in-
fluence of viscosity and the buoyance force, where the latter
is caused by heating the lower plane. If the temperature of
the upper plane is Tl’ and the temperature of the lower plane
is T (T0 > Tl), the gravity force generates a pressure dis-

0

tribution which for small values of Tl - T0 is balanced by
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the viscous stress resulting in a linear temperature distri-
bution. If however Tl - T0 is above a critical point of
value, a convection motion is observed. Let o, h, g, v, 0,

k denote the coefficient of volume expansion, the thickness
of the layer, the gravity, the kinematic viscosity, the den-
sity and the coefficient of thermodynamic conductivity res-
pectively. We use Cartesian coordinates where the x3-axis
points opposite to the force of gravity, § denotes the tem-
perature and p the pressure. By the N-S equations we have
the following initial-value problem for an arbitrary reference

flow V, T, P. If w= (u,0), v=V+u, p=P+gq, 6§ =1+86,

we have

(a) D w - Aw + AL(V)w + Yg = -N(w),

t
(b) Vew =0, “|x3=o,1 =0, ‘ (9B.2)
= o0
() wl_g =0
where X = Otg(TO-Tl)h?'/V2 (Reynolds number or Grashoff num-
ber) ’

V.= (3/0x;, 3/3x,, 3/9x,, 0),

2 2

~ 3 ? 52 1
= (P— + &2— + & _)(5,, + = 3, Pr =
Aik (sz + 32 + axz)(6lk = 6,47 Pr =k/v
1 2 3
0 1
Lix = "%33%4 = Br S14%k3-
0

L(V)w =L w + (V-V)w+ (u-v)v,

N(w) = (u-9)w.

Since experimental evidence shows that the convection
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takes place in a regular pattern of closed cells having the
form of rolls, we are going to consider the class of solutions
such that

w(Tx,t) = wix,t), q(Tx,t) = gq(x,t)

where T € Tl' and Tl

is the group generated by the translations

2 2
Xy > xl + 2m/q, x2 > x, + 2m/8, o + BT # 0.
u(Tx,t) = Tu(x,t)
ag(Tx,t) = gx,t) T € T2
B (Tx,t) = 6(x,t)

where T2 is the group of rotations generated by

cos o -sin o 0
T, = sin a cos o 0
0 0 1

Note. It is possible to show that all differential
operators in the differential equation preserve invariance
under Ty and T2. An interesting fact is that a necessary
condition for the existence of nontrivial solutions is
o = 27/n, n €{1,2,3,4,6}, and that there are only 7 pos-
sible combinations of n,o,B, which give different cell pat-
terns (no cell structure, rolls, rectangles, hexagons, squares,

triangles).

Functional-Analytic Approach.

The analogy between (9B.1l) and (9B.2) in the Taylor's and
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Bénard's models suggests to the authors an abhstract formula-
tion of the bifurcation and stability problem. In this part
I am going to sketch the idea that the authors follow to con-
vert the differential equations (9B.1) and (9B.2) in a suitable
evolution equation in some Hilbert space.

We may consider D an open subset of R3 with bound-
ary 9D which is supposed to be a two dimensional C2—mani—
fold. T1 denotes a group of translations and & its funda-
mental region of periodicity which we may suppose is bounded.
Assume

TETl

Now we consider the following sets (cf = closure)

cT'"(D) = {w]w: c2(D) » R®, infinitely often differentiable
in cf (D), w(Tx) = w(x), T € Tl},
Cg'w(D) = {w]w € CT'm(ﬁ), supp w C D},
T, ©
Cemm) = wlwec D), V) =0, v = (wv), u€R’,
r’
’Defining
1/2
(v,0) = ‘z (0Yv,0"w) , lv]m = {(v,v)} / ,
Y| <m
where -

(0Yv, DYw)z = j (0Yv(x)DVw(x))dx
)

and Yy 1is a multiindex of length 3; one obtains the follow-

ing Hilbert spaces

T T, . T T,®
= cl ! = cl !
L, c IIOCO o, 3 c llOCOIU(D)’
oT T,® T T,® —
= = Q, D
Hl,o‘ cILHl O,G(D)' Hm [o] ,lmc ( ),

For the Taylor problem we have
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n=3,D= (rl,rz) x [0,2m)"
Q = (rl,rz) x [0,2m) x [0,2W/0)
and for the Bénard problem
n=14, D=R" X (0,1), R = the real numbers
@ = [0,27/a) x [0,27m/B) *x (0,1) .

We may consider that the differential equations of the

X T
form (9B.1) or (9B.2) are written with operators in Ly-

From H. Weyl's lemma it is possible to consider Lg =
gT & GT, where GT contains the set of VG such that
q & Hi. We may use the orthogonal projection P: Lz -+ gT
for removing the differential equation th - Bw + AL(V)w +

AWqg = =AN(w) with the additional conditions of boundary and
s o s . . . . oT
periodicity, to a differential equation in J . If we con-
T
sider q € Hl' PVg = 0 and since we look for solutions on

o . oT
J", we have Pu = u, and we may write the new equation in J

as

a4 PAu + APL(V) = -APN () (9B.3)

with initial condition w,_; = u’.

The authors write (9B.3) in the form

dw I _ _ 0

ST AMe + h(MIRW) =0, w| o =0w,
where A(A) = PA + APL(V), R(w) = PN(w) and where h(}) = A
for Taylor's model and h{()) = 1 for Benard's model.

Also, they show using a result of Kato-Fujita, that it

is possible to define fractional powers of A(A) by
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3]

~ g1 - g-1
AT = A joexp( Ao tae, 8> o,

and that this operator is invertible.
The above fact is useful in resolving some bifurcation
problems in the stationary case. If A = PA, M(V) = PL(V)

the stationary equation form (9B.3) is
(sp) Aw + AM(V)w + h(M)R(w) = 0

where V is any known stationary solution with V &€ Domain

of A.

If we consider the substitution A3/4w = v

-1/4 - -
1/ a~3/4 1/4

R(V) = a " M) a3,

T(v) = A R(
we may write (SP) in the form

v + ARK(V) + h(A)T(v) = O.

If one uses a theorem of Krasnoselskii, it is possible to

show the following theorem.

Theorem 4.1. Let be Ai € R, Aj # 0 and (—Aj)_ be

an eigenvalue of K of odd multiplicity, then

o
i) in_every neighborhood of (Xj,O) in R X 3T

there exists (A,w), 0 # w € D(A) such that ww solves the

stationary eguation (SP).
-1

is a simple eigenvalue, then there

. , Y
ii) _1__f_‘( J)

exists a unique curve (A ({a),w(a)) such that w(a) # 0 for

o # 0 which solves (SP), moreover (A (0),w(0)) = (Xj,O).

0

Now if we assume that V € C(¥) and oD is a C -

manifold which is satisfied for the Taylor and Benard Problem,
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and we consider solutions of (SP) on the space Hm+2 N Hl,o’

m > 3/2, we may write the (SP) equation in the form

(sp)' Amw + AMw + h{(A)R(w) =0
where A, 1is an operator whose domain is D(Am) = Hm+2 N
Hl,c CZPHm, Am(w) = Aw, w € D(A). If besides we consider

that in R(w) = PN(w), N(w) 1is an arbitrary polynomial opera-
tor including differentiation operators up to the order 2,

and K, = MAI;1 we may obtain the following theorem.

Theorem 4.2. Let V & C(B), 3D ‘be a Cm—manifold;

let M such that there exists constants Cl and C2 such

m+l 2 Czlw[m. Then

that |Mw|m+l <clol,,, and ]MA;lwl

for every eigenvalue (—)\j)_l of K . xj # 0, of odd multi-

plicity, (Xj,O) is a bifurcation point of (SP)'. The solu-

tions ® are in C(D) and fulfill the boundary

condition wl|,.. = O.

D
We may note that this theorem shows that we may obtain
a strong regularity for the branching solutions. Besides,
we note that in theorems 4.1 and 4.2 the existence of non-
trivial solutions of (SP) is reduced to the investigation
of the spectrum of K or Km.
Now, we are going to apply these theorems to the

Taylor's and Bénard models.

Taylor Model. For this model we take K = A—l/4M(VO)A—3/4

where v0 is the Couette flow. In cylindrical coordinates

0
the solution is given by v = (0,v$,0) where vg = ar + b/r
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2 2 2.2
1 WY =W Ty 1 (wl—wz)rlrz
a = rqw 2 .2 b = r.w 2 .2
171 r2-rl 1*1 r2—rl
When a > 0, vg > 0, Synge shows that the Couette flow is

locally stable.

For a < 0, vg(r) > 0, Velte and Judovich proved the

following theorem for the K operator.

Theorem 4.3. Let be a < 0, vg(r) >0 for re

(r ,r2), Tl the group of translations generated by z =+ z +
2n/0; ¢ > ¢ + 2m, 0 > 0. Then for all o > 0, except at

most a countable number of positive numbers, there exists
1

a countably many sets of real simple eigenvalues (—Ai)_ of

K. Every point (Ai,O) € R x D(A) is a bifurcation point of

the stationary problem where exactly one nontrivial solution

branch (A ({a),w(c)) emanates. These solutions are Taylor

vortices.
Strong experimental evidence suggest that all solu-
tions branching off (Ai,O) where Ai # Al are unstable;

however, no proof is known.

Benard model. In this model if ) = ag(To—Tl)h3/v2,
o = (dz+62)l/2, a, B 1like on page 318, it is known that for
some Al(o), A€ [O,Al], w = 0 1is the only solution of the
stationary problem.

For this model the bifurcation picture is determined
by the spectrum of K = A_l/4M(v0)A_3/4, where v is given
in Cartesian coordinates by

3

- - _gh - = -
Vo = 0, Pylxy) = %2_(x3+oc('1'0 T1)), 8 (xg) = -x,.
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In order to obtain simple eigenvalues, Judovich introduces

even solutions u(-x) = (—ul(x),-uz(x),u3(x)), 0 (-x) = 6(x),
g(-x) = =-g(x), and he shows in his articles, On the origin of
convection (Judovich [6]) and Free convection and bifurcation

(1967) the following theorem.

Theorem 4.6. i) The Benard problem possesses for ap-

prximately all o and B c¢ountably many simple positive

characteristic values Ai' Furthermore (Ki,O) € R X D(A) 1is

a bifurcation point.

ii) If n, o, B are chosen according to the note on

pg. 318, the branches emanating from (Ai,O) are doubly

periodic, rolls, hexagons, rectangles, and triangles.

iii) If A, denotes the smallest characteristic value,

1
then the nontrivial solution branches to the right of Ai
and permits the parametrization w(X) = i(A—Al)l/ZF(A) where

F: R~ D(A) is holomorphic in (A—Al)l/z.

It is interesting to observe that since the character-
istic values are determined only by o0, we may consider dif-
ferentials o, B with the same value of o0, and to note that
we have solutions of every possible cell structure emanating

from each bifurcation point.

Stability.

About this topic I am going to give a short descrip-

tion of the principal results.
It is known that the basic solution loses stability
for some Ac € (O,Al], Al as in the past section. Under

the assumption that kc = Al, and Al simple, the nontrivial
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solution branch emanating from (11,0) gains stability for

A > Al and is unstable for X < Al. This result can be de-

rived using Leray-Schauder degree or by analytic perturba-

tion methods.

Precisely if we take V = Vg t wt where ot is a

stationary solution of (SP) V is called stable if for

;(A) = A + AM(V), w = 0 is stable in sense with respect to
strict solutions in D(AB), 3/4 < B < 1. (Strict solution in
the sense of Kato-Fujita of the article), and V is called
unstable if it is not stable in gT. If we consider that

the nontrivial solution branch (A(a),V(a)) in R x ST,

la] <1 (A(0),Vv(0)) = (A;Vg) can be written in the form
a() = *o; Ay [T
renN
VO = v, IA—AlIl/rF()\)

where F: R »D(A) is analytic in (A-Al)l/r and F(Al) # 0
(valid conditions for Benard's and Taylor's models (Theorem
4.6 and Corollary 4.4), we have the following Theorem or

Lemma 5.6.

Lemma 5.6. Assume Xc = Al and Re ¥ > o > 0 for all

nonvanishing U in the spectrum of G(A(Al,vo)). Let Al

be a simple characteristic value of K(VO), 0 a simple eigen-
value of A(Xl,vo).

Then, if A 1is restricted to a suitable neighborhood

is stable for A < A and unstable for

i) vy is stable for 1

ii) V(A) is stable for X > Xl and unstable for
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A< Xl.

For the Benard's model, the assumptions of Lemma 5.6
are satisfied for fixed n, o, B; Al is a simple character-
istic value of K(vo) by Theorem 4.6 and Xc = Al follows
from Lemma 4.5 of the article.

For the Taylor's model only the simplicity of Al as
a characteristic value of K(vo) is known. The simplicity
of u=20 ih c(ikl,vo) is an open problem.

However , we may give the following theorem.

Theorem 5.7. i) For the Benard's problem, every solu-

tion with a given cell pattern (fixed n, o, B) exists in

some right neighborhood of kl and is asymptotically stable

in D(AB), B8 € (3/4,1). The basic solution Vo is asymptoti-

cally stable for A < Al and unstable for A > Al.

ii) For the Taylor's problem, let the assumptions of

Lemma 5.6 on the spectrum of ﬁ(l;vo) be valid. Then for

every period (o fixed) V(A) 1is asymptotically stable if it

and is unstable if it exists for A < A_.

ists £ A > A
exists for 1’ 1

Finally, we remark that these results can also be ob-
tained using the invariant manifold approach. (See, for
example, Exercise 4.3). That this is possible was noted al-
ready by Ruelle-Takens [1] in their elegant and simple
proof of Velte's theorem. We also note that Prodi's basic
results relating the spectral and stability properties of the
Navier-Stokes equations are contained in the smoothness pro-
perties of the flow from Section 9 and the results of Sec-

tion 2A.
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SECTION 10
BIFURCATION PHENOMENA IN POPULATION MODELS
BY

G. OSTER AND J. GUCKENHEIMER

1. Introduction: The Role of Bifurcations in Population

Models.

Biological systems tend to be considerably more com-—
plex than those studied in physics or chemistry. In analyz-
ing models, one is frequently presented with two alternatives:
either resorting to brute force computer simulation or to
reducing the model further via such drastic approximations as
to render it biologically uninteresting. Neither alternative
is attractive. Indeed, the former alternative is hardly
viable for most situations in ecology since sufficient data
is rarely available to quantitatively validate a model. This
contrasts starkly with the physical sciences where small dif-
ferences can often discriminate between competing theories.

The situation is such that many ecologists seriously question
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whether mathematics can play any useful role in biology.

Some claim that there has not yet been a single fundamental
advance in biology attributable to mathematical theory.*
Where complex systems are concerned, they assert that the ap-
propriate language is English, not mathematical. A typical
attitude among biologists is that models are useful only inso-
far as they explain the unknown or suggest new experiments.
Such models are hard to come by.

In the face of such cynicism, perhaps mathematicians
who would dabble in biology should set themselves more modest
goals. Rather than presenting the biological community with
an exhaustive analysis of an interesting model, it might be
better to produce a "softer" analysis of a meaningful model.
From this viewpoint, the role of mathematics is not to gen-
erate proofs, but to act as a guide to one's intuition in per-
ceiving what nature is up to. This is no excuse for avoiding
hard analvsis where it can be done, but as models mimic nature
more closely it becomes harder to prove theorems.

In this spirit, we shall discuss several instances
where some concepts of bifurcation theory have proved useful
in ecological modelling. We shall discuss (briefly) bifur-
cation phenomena in three kinds of population models: (i) dis-
crete generation populations modelled by difference equations,
(ii) continuously breeding populations modelled by ordinary
differential equations, and (iii) populations with age struc-

ture which require partial or functional differential equations.

*
Perhaps excluding the Hardy-Weinberg law--which is trivial
mathematically.
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These represent three successive stages of increasing biolog-
ical realism as well as mathematical intractibility. Thus
we shall proceed from less realistic models based upon solid
mathematical foundations to more realistic models based upon
mathematical intuition. In all cases, however, the useful-
ness of bifurcation theory transcends our ability to cite
~theorems. By furnishing a qualitative modelling mechanism,
it provides a conceptual framework within which we can view

a number of important ecological processes.

2. Populations with Discrete Generations.

(2.1) Consider an insect population which breeds
once a year. A plot of the total number of individuals as a

function of time might look like Figure 10.la:

max,

Figure 10.la

If we are only interested in either the mean, total or aver-
age number each vear, we might consider an approximate dif-

ference equation model as shown in Figure 10.1h:
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Nt'dt’Novoer

i 2 3 4 t
Figure 10.1b
i.e., an equation of the form:
Nepp = F(NQ). (2.1)

Models of this kind are commonly employed in entomology
(Hassell & May, [1 1; Varley, Gradwell & Hassell, [11). 1In

general, F(+) will have the shape shown in Figure 10.2:

F(N)

Figure 10.2

The reason for this is that as the population density in-
creases crowding effects, such as competition for food, tend

to increase deathrates and decrease birthrates.



THE HOPF BIFURCATION AND ITS APPLICATIONS 331

Typical functional forms that have been employed in

modelling insect populations are:

r (1-N./K)
Nt+l = Nte (2.2a)
N, = N Y S (2.2b)
t+ (1+Nt)b
N
_ t
Nev1 = —=a(I=N, (2.2¢)
l+e
AN,, N <1
N - t t (2.24)
t+1 1-b
ANt ’ Nt > 1

Each of these models has the origin as a fixed point and have
the "l-hump" characteristic of Figure 10.2, i.e., single
critical point less than the positive fixed point. Beyond
this, however, they are largely empirical, generated ad hoc
by regression of one generation on the next.* By and large,
however, such simple-minded models have been surprisingly
effective in reproducing the generation-to-generation varia-
tions in population levels. (Auslander, Oster, Huffaker,

[ 1]1; Varley, et. al., op. cit.)

*
Note that, for r << 1, equation (2.2a) is

Nt .
Nt+l - Nt = rNt(l - E—) (2.2a%*)

which is just the forward difference equation corresponding

to the familiar logistic equation for population growth:

an
dt

net generation-to~generation reproductive rate. Although
Equation (2.2a) can exhibit bifurcations, (2.2a*) cannot.
(i.e., for large r, (2.2a) has a critical point, so it can-
not be a finite version of (2.2a%*)).

= rN(1 - g). Thus, r in (2.2) can be interpreted as the
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(2.2) Whether or not the population, as modelled by
any of equations (2.2), settles down to a steady generation-
to-generation level depends on the stability of the fixed
point, F(N) = N, N > 0, and perhaps the initial condition.
This, in turn, depends on the particular parameter values,
such as r 1in (2.2a). Let us consider (2.2a) as the proto-
type for our discussion. The eigenvalue of F(*) at the
fixed point N = XK is A(r) = P'(N) = 1-r. As the reproduc-
tion rate increases past 2, A(r) moves across the unit
circle and N ceases to be an attractor. However, if F i
has a critical point--as we have supposed in the models (2.2)
--then the composition of F with itself will have at least
3 critical points and we can look at the period-2 fixed
points:

Fz(ﬁz) = F o F(N, = N, (2.3)

and the eigenvalues of F2 at these points:

- 25
Az(r) = DF“(N,). (2.4)

The stability of the pair of period-2 points, which have

split off from the original fixed point as r crosses 2, is
determined by the eigenvalues, Az(r). Initially stable,

these period-2 points bifurcate when Ikz(r)] > 1. 1In this
case, the nature of the bifurcation depends on whether it oc-
curs at +1 or =-1. At X < -1 each period 2 point bifur-
cates into a pair of stable points with period 4. This pro-
cess continues as r increases: bifurcations from Ak(r) = =1
giving rise to pairs of attracting points of period 2k while

bifurcations from Ak(r) = +1 either create or ‘destrov
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periodic points. (c.f., Figure 10.3.)

pzd

bifurcation from r
)\k( r)=+I

bifurcation from

/r )\k(r)=-l

Figure 10.3

The orbit generated by F(-) becomes successively more com-
plicated with each bifurcation--the initially stable fixed
point splitting to orbits of successively higher periods.
This can continue indefinitely, with bifurcation points oc-
curing closer and closer together. As r 1is increased past
2, exciting successively stable higher periodic orbits, there
can occur a limit point, Tor beyond which completely aperiodic
points appear. That is, orbits are genetrated -which do not
tend asymptoticaily to a periodic orbit. Sufficient condi-
tions for such aperiodic orbits to exist has been given by

Li and Yorke [ 11. If F(+) folds some interval onto it-
self as shown in Figure 10.4a, then there exist aperiodic
points (i.e., initial conditions which do not lie in the do-

main of attraction of any stable fixed point).
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Figure 10.4a

Alternatively, if the population exhibits a "3-point cycle”
wherein the population rises 2 years in succession and then
crashes past the original level, then non-periodic motion

will ensue, (c.f. Figure 10.4b):

Figure 10.4b

The consequences of this phenomenon for ecological modelling
are profound. We can have confidence in a model only if it
is subject to experimental validation. If a series of yearly

censes are collected of some population, and they appear
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chaotic, exhibiting no perceivable regularities, then we can
conclude one of three things: (a) the system is truly sto-
chastic-~dominated by random influences; (b) experimental
error is of such magnitude that all reqgularities are ob-
scured; (c) a very simple deterministic mechanism is operat-
ing, but is obscured by the phenomenon described above. As
an extreme case, the orbit generated by the simple map shown
in Figure 10.5 is indistinguishable from a sequence of

Bernoulli trials!

0 |
Figure 10.5

For systems of 2 interacting populations (e.g., predator-
prey, parasite-host, etc.) the situation is even more deli-
cate and little is known about the transition to aperiodic
motion. However, May [2] has simulated some 2-population
difference equation models. He found that the population
trajectories exhibited chaotic behavior for quite reasonable

parameter ranges.

3. Populations with Overlapping Generations.

(3.1) If a population breeds continuously, so that the



336 THE HOPF BIFURCATION AND ITS APPLICATIONS

generations overlap, then the appropriate model is an ordin-

ary differential equation of the form

aN per capita per capital |
— = Nf(N) =N - (3.1)
birth rate death rate

The number of such models in the literature is legion, and
we shall comment only briefly on certain aspects pertaining

to their bifurcation behavior.

{3.2) A recurrent theme in ecology is the phenomenon
of population oscillations. The earliest prototype was the
predator-prey equations of Volterra and Lotka (see, for

example, May, [11):

N

1 lel(Nl;Nz) = N, [c

- ¢,N,1
171 272 (3.2)

Nz[—c

N, = N,f (Nl,Nz)

2 2ta +oo,N .

3

The solutions to (3.2) are indeed periodic (Hirsch and Smale,
[1]), but are neutrally stable, the amplitude of the oscilla-
tions depending on the initial conditions.

Recently, May [1,2] has shown that virtually all of
the models for predator-prey systems possess either a stable
equilibrium or a stable limit cycle (in the first quadrant).
His demonstration hinges on showing that most models fall
within the purview of a theorem by Kolmogorov [l], which is
essentially an application of the Poincaré-Bendixson Theorem
to systems of the form (1). [Essentially, any population
model such that 1) there is a single unstable singularity in

the first quadrant and 2) the axes are invariant (e.g.,
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@ = gg(y)) will have a limit cycle since large radius orbits
must be directed inward due to the finite population limita-
tion that must be imposed on any realistic model.]

A typical predator-prey system which exhibits limit
cycle behavior is: (Rosenzweig, [1]; May, [1]):

N ~cN
N [r (1 - K—l)] - KN, (1-e 1
-fN, (3.3)

N,[-b + B(l-e )] .

2
I

=2
I

The interpretation is that the prey, Nl' in the absence of
the predator, grows logistically and the predator, in the ab-
sence of prey, dies out exponentially. The second term in
the first equation models a predator population whose capa-
city to capture prey gradually satiates.

The equilibrium point of egqguation (3.3) can be com-

puted explicitly:

-1/f
n1 + 3 /

N
1

Ny b,c/f

N er(l - R—)/k[l - (1+ —B—) 1.

2

Then, computing the Jacobian at the equilibrium it is easy
to check that the signs of the determinant and trace depend
on the magnitude of the parameters {r,Xk,k,c,b,8,£} = m.
Thus, there exists a family of curves, parametrized by some
combination of members of T, carrying the eigenvalues into
the RHP (c.f. Figure 10.6). Since large radius orbits move
inward, the limit cycles are indeed generated by the Hopf

mechanism. We also note that, since the eigenvalue trajec-

tories are controlled by more than one parameter, the limit
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cycle can appear at finite, rather than zero amplitude.

Tr
Tr®= 4 det

f— @ det

N

stable

Figure 10.6

(3.3) Predator-prey type equations have been used by
Bell [1] to model "populations" of antibody and antigen in
the immune response. Using Friedrichs' [1] version of the
bifurcation theorem, Pimbly [1l] demonstrated that Bell's
equations exhibit periodic behavior which can be interpreted

biologically in terms of the mechanism controlling infection.

(3.4)  For systems of 3 or more species the possibil-
ity of higher order bifurcations raises the same operational
problems as we encountered for difference equation models.
Successive bifurcations beyond the first occur when the
eigenvalues of the Poincaré map passes outside the unit cir-
cle (Hirsch and Smale, [1]), thus higher periods, (and
aperiodic behavior) of this difference equation will produce
quite chaotic-looking population records. This phenomenon
is quite well known in Hamiltonian systems (Arnold and Avez,
[1]). Since it is generally much more difficult to obtain a

reliable experimental record for population systems, the
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existence of such "strange attractors" would imply that the
model may well not be experimentally verifiable.
Thus we find that bifurcation in model equations are

a mixed blessing, explaining some phenomena and obscuring

others.

4. Age-Structured Populations.

(4.1) By using ordinary differential and difference
equation models we have taken a naive view of population
dynamics by assuming that the state of the population is
specified by total population number alone. A moments reflec-
tion shows that, in order to predict the growth of a popula-
tion, account must be taken of internal variables such as age
and size distributions. Clearly a thousand individuals past
breeding age, or all of one sex do not constitute a viable
population; In this section we shall illustrate some of the
consequences of including the population age structure as a

state variable.

(4.2) The equation of motion for an age-structured.

population is easy to write down. Let rn(a,t) = population

o0

age density function, i.e., N(t) = f n(a,t)da = total popula-
0

tion. Then a conservation equation can be written for n:

on :
22+ 4 = hs. 4.
=t div J = loss by deaths (4.1)

Since the flux of individuals, Jn' through age-time is just

da .
vn, where v = EE = 1, we can write

4 o0 _ ~Un (4.2)
da

3z
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where d(a,t,*) 1is the age-specific deathrate. The special
feature of the equation is the boundary condition giving the

birthrate,
n(0,t) = J b(a,t,*)n(a,t)da (4.3)
0

where b(a,t,) is the age-specific birthrate. As we have
indicated, the birth and death rates are functions of other
variables as well. For example, population density frequently

affects mortality and fecundity, so that

= ufa,t,N) (4.4a)
b = b(a,t,N) (4. 4b)

where o
N = J n(a,t,N)da. (4.5)

0

is the total population. With appropriate smoothness and
boundedness assumptions, Gurtin and MacCamy [1l] proved exist-
ence and uniqueness for the system (4.2) - (4.5). We note
that in engineering terms the age equations constitute a
"distributed parameter positive feedback system." This
easily implies that, as birthrates increase and/or deathrates
decrease, the'system will pass from a stable to an unstable
regime. In the next subsection we examine the bifurcation
behavior of a single population feeding off a single re-
source. Then we model a host-parasite system by coupling

two age systems together. 1In both cases the existence of
bifurcations must be inferred from qualitative and numerical
arguments, since direct verification is unavailable. Never-
theless, we shall gain significant insights into some inter-

esting ecological phenomena via our models.
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(4.3) In one of the best known experiments in eco-
logy, the Australian entomologist A. J. Nicholson maintained
a population of sheep blowflies on a diet of chopped liver
and sugar for several years. In Figure 10.7 we have repro-
duced a portion of his data. The biological explanation for
the violent oscillations is straightforward: Nicholson de-
liberately kept the food supply to the adult flies below the
level required to sustain a population the size of one of the
peaks. At moderate population levels competition prevents
any individual from obtaining enough protein. Protein starva-
tion, in turn, reduces the fecundity of each adult fly so
that the next generation is much smaller. For this smaller
generation the food supply is adequate and the fecundity re-
bounds to its maximum level.

A model for this situation must include some account-
ing for the nutritional state of the adult flies since this
governs the rate of egg laying. Accordingly, we shall define
a variable, £, which measures the nutritional state (e.g.,
mass, "health") (Oster and Auslander, [l]). A conservation

equation in (t,a,f) coordinates takes the form

an an 3 - -

st TRt gg(gn) = -lUn (4.5)
where

= gt,a,E,1) (4.6)

is the growthrate of &, which depends on the food supply,

€£(t). The birthrate is then
n(0,t,8) = ff da dg' nb(t,a,£',f). (4.7)

The equation for the food abundance is
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£= = u(t) - C(t,a,n) (4.8)

where u(t) is the rate food is supplied to the population
and C(*) 1is the consumption rate by the adult flies. Rea-
sonable empirical forms for the functions bh(+), u(*), C are

shown in Figure 10.8. A careful numerical simulation of this

b

bmux

§/7¢

max

(a) fecundity (b) mortality

C(f)

f (food available)
(c) consumption
Figure 10.8. Constitutive Relations

model shows reasonable agreement with experiment, Figure 10.9
(Oster and Auslander, [l]). However, we would like to see
how the model generates these oscillations; naturally, the
mechanism of bifurcations suggests itself. In order to exa-
mine this mechanism let us consider the simpler population-

resource system
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simulation
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Figure 10.9

Comparison of simulated results with experimental data.

an on _

s—t— + gg = =un (4.9a)
n(0,t) = J b(a,R)n da (4.9b)
drR _ .
IE = F(R,n). (4.9c)

Regardless of the form of the functions the equations, lin-
earized abhout an equilibrium state, will take the form (Oster

and Takahashi, [1])

9x 83X _ _T
5E + a—a = [19:4 (4.10a)
_ o4y
x(0,t) = gR(t) + bJ x(t,a)da (4.10D)
. .
%% = -AR(t) - By(t) + Cu(t) (4.10c)
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where g, A, B, C, ¥ and b are linearization constants and
g j

v(t) = J x da. One way to obtain the response of system
(4.10) tg various food supply schedules, u(t), is to compute
the "transfer function" (Takahashi, Rabins, Auslander, [1l]).
That is, equation (4.10a) can be written as %% = Lx where
L is a linear operator. ©Note that the initial conditions
for the linearized system are zero, thus taking the Laplace
Transform with respect to time is equivalent to the eigen-
value equation Lx(a,s) = sx(a,s), where s € €. Therefore,
we can compute the spectrum of the system (4.10) as follows.

Taking the Laplace Transform of system (4.10) we obtain

%(a,s) = e STH3c 1r(s) (4.11)
C
R(s) = U(s) (4.12)
s+a+ -2 (s)
s+

where X(a,s), R(s) and U(s) are the transformed variables

and

G(s) = g/1 - —2—{e_(5+u)u - e_(s+u)(u+Y)} (4.13)

s+H

Thus, the response, or "output", X(s,a) can be expressed in

terms of the input, U(s), as

X(a,s) = g(s)U(s) (4.14)

where g(s) = e—(s+u)aG(s) is the "transfer function". The
response of the total population to food supply can be

written

Y(s) = - G(s)R(s) (4.15)
S s+
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oo

where Y(s) = J X(a,s)da. The characteristic equation for
0

the system is given by the denominator of equation (4.1):

1+ Bg = 0. (4.16)

—_  _ —(s+u1) - (s+T)
(s+A) {s+u - be 0L(l—e Y}

The roots of (4.16) yield the system eigenvalues, as can be
verified directly by substitution into (4.10). The product
Bg can be interpreted as measuring (effect of population

on food level) x (effect of food level on birthrate). Thus,
by varying the "gain", Bg, each of the infinite number of
eigenvalues traces out a path on the complex plane. Clearly
the system is asymptotically stable for wu(t) = 0, for the
population will eventually starve. For u(t) > 0, the dyna-
mics are controlled by, the parameter (Bg). We can get
some idea of the effect of varying (Bg) on the system eigen-
values by examining the special case of b(a) = b*8(a-0),
i.e., all births occur at age ¢. The characteristic equa-

tion then becomes:

1+ ol = o. (4.17)
(s+A) (s+1) (1-bre” 5+ |
At Bg = 0, (4.17) has roots as s = -A, s = -}, and those
satisfying
NELDLI (4.18)
Setting s = o+ iw, the roots of (4.18) are seen to be at
g =p, 0= 231, n=1,2,..., where s = p 1is the real root

of (4.18). In Figure 10.10 we sketch the "root locus”
(Takahashi, Rabins and Auslander, [1]) for equation (4.17)

as (Bg) is varied from 0 to <« (Oster and Takahashi, [1]).
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Figure 10.10

The branches start at Bg = 0 (denoted by x) and, as
» 4+ 2nm

Bg + ®, approach the asymptotes w = * o r = 6,1,... .
What is apparent from Figure 10.9 is that there is some range
of parameter values for which the linearized model passes
from stability to instability. That is, as the interaction
parameter (Bg) is varied in the appropriaté range the lead-
ing pair of eigenvalues cross the imaginary axis. At this
point the linearized system begins to exhibit small ampli-
tude oscillations, which grow as the parameter is further
increased. (0f course, sooner or later other root pairs
cross po the RHP; these are associated with secondary fre-
gquencies, and will not concern us here.)

Simulation studies of the model system (4.5 ~ 4.8)
indicate that the oscillations do not grow from zero ampli-
tude, but bifurcate to finite amplitude oscillations. This

suggests that the bifurcation is controlled by 2 parameters

rather than 1. (c.f. Takens [1l]) as shown in Figure 10.11.
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(4.4) We can use the age model to answer a puzzling
question in the ecological literature. Over a period of
several years Professor C. B. Huffaker maintained an experi-
mental ecosystem containing a parasitic wasp which lays its
eggs in the larvae of a certain moth. He noticed that, very
quickly after initiation, the populations settled into stable
oscillations. These oscillations were characterized by age
structures which were practically discrete generations. Con-
ventional preddtor-prey models do not suffice to explain
these oscillations since phase plane trajectories cross--the
explanation lies in the age structure dynamics. We can couple
two conservation equations like (4.2) by an age specific
interaction that models the searching behavior of the para-

site. The resulting model looks 1like:

9p 4 3R _ -, (a,t)p (4.19)
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o +Y
p0,t) = | P Pp (a',t,H,)pla',t)da’ (4.20)
Y P 0
1%
ph  3h _ _
ﬁ + a = uh(a,t,H,Ho,Pl)h (4.21)
%htYh
n(o,t) = | by (£,a",Hy (t-1))h(a’,t)da’ (4.22)
o
where h
B+8
Ho(t) = j h(a',t)da' = no. host larvae (4.23)
B
a, +Yp
H, (t) = h(a',t)da' = no. host adults (4.24)
1
Oh
H(t) = j h(a',t)da' = total no. hosts (4.25)
0
O Y
P.(t) = > P p(a',t)da' = no. parasite adults. (4.26)
1 a
b

The form of the interaction between the populations can be de-
rived by assuming a random search by each parasite for host
larvae and employing a mean "area of discovery," A, for each.
If the hosts are distributed randomly (Poisson) in a plane,
the inter-arrival times are distributed exponentially. Thus
the interaction takes the form: (Auslander, Oster, Huffaker,
op. cit.)

-A(s)P;

[no. hosts parasitized] (a) = bh(a) (1-e ) (4.27)
This is added to the natural mortality (assumed constant) to
obtain the total host mortality. As indicated in equation
(4.22) the host birthrate includes a delayed effect that de-
pends on the nutritional history of the host. This is be-

cause fecundity is a function of adult size, which depends
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on the available food.

The above model was simulated numerically using
Huffaker's data (Auslander, Oster and Huffaker, op. cit.),
and some of the results are shown in Figure 10.12. First of
all, as the strength of the interaction is increased (e.g. by
increasing the area of discovery, A) the system undergoes a
transition from a state wherein all age classes are repre-
sented in both populations to one wherein only a few age
classes are represented. That is, the age profiles of both

species condense into "travelling waves," which propagate
through the age structure in such a fashion that in a
"stroboscopic photograph," the generations appear virtually
discrete. The phase relationship of the population waves in
each population determine the extent to which the populations
can coexist. If the parameters are adjusted so that all age
classes are represented, then the populations do not coexist:
the parasite eliminates the host and then dies out itself.
Following the same procedure outlined for the single
population model, we can linearize equations (4.19) - (4.26),
Laplace transform and examine the roots of the characteristic
equation as the coupling parameter is increased. Clearly,
at zero coupling the parasite system is stable about the zero
solution while the host population approaches a stable age
distribution. Simulation indicates that a stationary age
profile also exists with all age classes represented in both
populations (continuous generations). Furthermore, at suf-
ficiently high coupling strength the system is stable at zero.
Thus, a root locus study, which reveals a leading root pair

crossing the imaginary axis as the coupling is increased,
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Evolution of the host population toward a stable age dis-
tribution in the absence of the parasite. The initial waves
were induced by the periodic addition of adult females.
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Stroboscopic shot at one generation-time intervals (~51
days) of a "pulse" of hosts which evolves to a stable periodic
solution.

Figure 10.12. Simulation of Host-Parasite System
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leads us to conclude that an intuitive explanation for the
population waves is a bifurcation phenomenon. Moreover, it is
this mechanism which gives us a satisfying explanation for how
the two populations are able to coexist in a homogeneous en-
vironment--the bifurcation phenomenon creates a "phase niche"
within which the host can escape total annihilation by the

parasite.

(4.5) Two other phenomena involving the age structure
deserve comment. First, an examination of Figure 10.7b shows
that if a periodic signal (in this case a periodic food sup-
ply) is applied to the population system, the forcing fre-
quency interacts with the natural resonant frequency to pro-
duce a "beat" frequency with a wavelength longer than either
component (Oster and Auslander, [1l]). This suggests a pos-
sible explanation for certain population periodicities ob-
served in nature which do not appear to track any apparent en-
vironmental cycle. Secondly, there appear to be component
frequencies higher than that of the major resonance. This
suggests that secondary bifurcations from the basic cycle may
play a role in the dynamics. If the age system is discretized
along the characteristics, the resulting set of difference
equations corresponds to the Leslie model well known to demo-
graphers. Beddington and Free [1] simulated such a discrete
age class model and found that, as certain parameters are
varied, transitions to chaotic behavior occurred reminiscent
of the aperiodic orbits discussed in Section 2 for single dif-
ference equations. Thus it appears that the bifurcation

phenomenon can supply a satisfying mathematical mechanism for
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explaining not only cyclic regularities in population dy-

namics, but perhaps some of the irregularities as well.
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SECTION 11
A MATHEMATICAL MODEL OF TWO CELLS
VIA TURING'S EQUATION
BY

S. SMALE

(11.1) Here we describe a mathematical model in the
field of cellular biology. It is a model for two similar
cells which interact via diffusion past a membrane. Each
cell by itself is inert or dead in the sense that the concen-
trations of its enzymes achieve a constant equilibrium. In
interaction however, the cellular system pulses (or expressed
perhaps over dramatically, becomes alive!) in the sense that
the concentrations of the enzymes in each cell will oscil-
late indefinitely. Of course we are using an extremely sim-—
plified picture of actual cells.

The model is an example of Turing's equations of cellu-
lar biology [1] which are described in the next section. I

would like to thank H. Hartman for bringing to my attention

Reprinted with permission of the publisher, American Mathematical Society,
from Lectures in Applied Mathematics. Copyright © 1974, Volume 6, pp. 15-26.
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the importance of these equations and for showing me Turing's
paper.

The general idea of our model is to first give ab-
stractly an example of a dynamical system for the chemical
kinetics of four chemicals (or enzymes). This dynamics repre-
sents the reaction of these chemicals with each other and has
the property that every solution tends to one unique station-
ary point or equilibrium in the space of concentrations as
time goes to «. This is the sense in which the cell is dead,
where the cell consists of these four chemicals.’ After a
period of transition, the chemical system stays at equilib-
rium. We emphasize that our reaction process is an abstract
mathematical one and that we have not tried to find four
chemicals with this kind of chemical kinetics.

The next step is to give four positive diffusion con-
stants for the membrane which could describe the diffusion of
the four chemicals past the membrane. The cellular system
consisting of the two cells separated by the membrane will be
described by differential equations according to Turing.

With our choice of the chemical kinetics and diffusion con-
stants this new dynamical system will have a nontrivial per-
iodic solution and essentially every solution will tend to
this periodic solution. Thus no matter what the initial con-~
ditions, the interacting system will tend toward an oscilla-
tion (with fixed period). After an interval of transition,
it will oscillate.

Both the equilibrium of the isolated cell and the os-
cillating solution of the interacting system described above

are stable (or are attractors) and even stable in a global
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way. But more than this, the equatioﬁs themselves are stable
so that any equations near ours have the same properties. Our
dynamical systems are "structurally stable." This gives them
at least a physical possibility of occurring.

In Turing's original paper some examples of Turing's
equations are given with oscillation. However, these are
linear and it is impossible to have an oscillation in any
structurally stable linear dynamical system. Linear analysis
can be used primarily to understand the neighborhood of an
equilibrium solution. Development of linear Turing theory has
been carried very far in the very pretty paper of Othmer
and Scriven [1].

Our example has reasonable boundary conditions, as one
or more of the concentrations goes to 0 or to «. Also, a
complete phase portrait of the differential equation in eight
dimensions for the cellular system is obtained.

This example and TurinQ's equations as well go beyond
biology. The model here shows how the linear coupling of two
different kinds of processes, each process in itself sta-
tionary, can prodﬁce an oscillation. This is the coupling of
transport processes (in this case diffusion across a membrane)
and transformation processes (in this case chemical reac-
tions). In ecology, Turing's equations have another inter-
pretation; see, e.g., Levin [1]. Also S. Boorman's Harvard
Thesis has a related interpretation and analysis.

We finally remark that our results could equally well
be interpreted as putting a single cell into an environment

which could start it pulsating.
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(11.2) We give a brief description of Turing's equa-
tions [l]. These are sometimes called Rashevsky-Turing equa-
tions because of earlier work of Rashevsky on this subject.

One starts from a cell-complex, in either the biologi-
cal or mathematical sense of the word, e.g., as given in

Figure 11.1.

Figure 11.1

From the mathematical point of view this system is a
cell-complex structure on a two- or three~dimensional mani-
fold (e.g., an open set of R2 or R3). Suppose there are
N cells and they are numbered 1,...,N.

It is supposed that the cells contain enzymes (or
chemicals, or "morphogens" in the terminology of Turing)

which react with each other. Suppose there are m of these

chemicals. Then the state space for each cell is the space

1 m i K
P={x CRMx = (X ,...,x ), x* > 0, each i},

where xt denotes the concentration of the ith chemical.

The state space for the system under discussion is the
. N
Cartesian product P X +«+« Xx P (N times) or (P) . Thus a

state for this cellular system is a point, x e;(P)N,
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X = (xl,...,xn) with each X, € P giving all the concentra-
tions for the ith cell, 1 =1,...,N. The dynamics for the
typical cell by itself is given by an ordinary differential
equation on P; this can be described by a map R: P > R™

and dx/dt = R(x). This R describes how the chemicals react
with each other in that cell; the subject of chemical kinetics
deals with the nature of R. Most typically, the dynamics -
of dx/dt = R(x) on P 1is described by the existence of a
single equilibrium X € P such that every solution tends to
X; at least this will be the case if conservation laws have
been taken into account one way or another (as in the situa-
tion in Turing [1] or Othmer and Scriven [1]).

A natural boundary condition on this equation is that
if x&€P, x = (xl,...,xm), with xk = 0, then the kth com-
ponent Rk(x) of R(x) 1is positive.

So far we have discussed each cell in some kind of
hypothetical isolation. The cells are separated from each
other by a membrane which allows for diffusion from one cell
to adjoining cells. 1In the simplest case of diffusion, if a
certain chemical has a bigger concentration in the rth ce1z
than an adjoining well, then the concentration of that chemi-
cal decreases in the rth cell, at a rate proportional to the

difference.  This gives some motivation to Turing's equations

which add this diffusion term to give an interaction between

the cells.
dxk
(1) gp = Rixy) + ) Mig(x=x ), k= 1,...,N.

i € set of cells
adjoining kth cell

Let us explain (T) in detail. The first term above,
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R(xk) gives the chemical kinetics in the kth cell. The
2nd term above describes the diffusion processes between

cells. Thus x; - X € R represents the difference of the

i
concentrations of all the chemicals between the ith and

kth cells. Here LN is a linear transformation from R

to R® or an m x m matrix. In the most natural simple

case, and the case we develop here, 1 is a positive dia-

ik
gonal matrix. Also the chemical kinetics for each cell is

considered the same. (T) is a lst order system of ordinary
)N

differential equations on the state space (P of the bio-

logical system, and will tell how a state moves in time.
We spebialize to a case of 2 cells adjoined along a

membrane which is the example pursued in the rest of the paper.

Ist cell 2nd cell

Figure 11.2

) dzl/dt = R(zl) + U(zz-zl),
2 dz,/dt = R(z,) + ulz,-7,).

This is an equation on P X P with (21'22) € P X P.

Here M will be of the form
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with each u; > 0. This is the most simple case. We may
also write (T2) as given by a vector field X on P x P

where

X(zl,zz) = (R(zl) + u(z2-zl), R(z,) + u(zl—zz)).

(11.3) Here we state our results.

Main Theorem. Let P = {z &€ R4, z = (21,22,23,24),

3 o0
zt > 0}. There exists a smooth (C ) map R: P * R4, and

ul,...,u4 > 0 with the following properties (1), (2}, (3)

below:

(1) The differential eguation dz/dt = R(z) on P

is globally asymptotically stable and is structurally stable.

In other words there is a uﬁique equilibrium -z € P

of the differential equation and every solution tends to 2z

as t »> «®, That R is structurally stable means that the

equation dz/dt = Ro(z) has the same structural properties

as dz/dt = R(z) if RO is a ct perturbation of R. (See

[1] for details on these kinds of stability and background on

ordering differential egquations.)

(2) On P x P with z = (Zl’ZZ) € P X P the diff-

erential system,

0
) dzl/dt = R(zl) + u(zz—zl), _ ..

dz,/dt = R(z,) + u(zj-z,), 0 Uy

is a "global oscillator" and is structurally stable.

More precisely, a global oscillator on P X P is a

dynamical system which has a nontrivial attracting periodic

solution vy and except for a closed set | of measyre O,
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everv solution tends to vy, as t + «. In fact, here 2 is

a six~-dimensional smoothly imbedded cell and on 2 every

solution tends to the unique equilibrium (z,z) of (T).

(3) The boundary conditions are reasonable in the

i 1 2 3 4 , k
following way. Let zy = (zo,zo,zo,zo) € P satisfy z7 =0
for some k between one and four. Then the kth component

Rk(zo) of R(zo) is positive.

The above theorem gives mathematical precision to the
statements made in Section 1 via the interpretation of (T)
as in Section 2.

The example is related to the phenomena of Hopf bifur-
cation; see Section 3. Our analysis is more global however,

and we have a complete description of the phase portrait.

(11.4) In this section we show how to construct the

differential équations of the previous section.
Cos . 4
Towards obtaining the vector field 0Q: P - R of the

main theorem of Section 3 we will find a C°° vector field

4 4 4

Q: R" = R on R and

with these properties:

(1) ©Q has the origin, 0, as a global attractor for

the equation dz/dt = Q(x) on R4.

(2) There is a K > (0 such that if 2z & R4,
|1z|| > K, then Q(z) = -z.

4
(3) On R x R4 the vector field
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(zl,zz) > (2Q(zl) + U(zz—zl), 2Q(z2) + u(zl—zz))

is a global oscillator.

Once such a O has been found we finish as follows:
Choose some z € P so that z-z € P for all =z with
|lz]] < K. Let R(z) = 20(z-z). Then R will have the pro-
perties of Section 3.

This changes the question from P to R4 where we
can use the linear structure systematically (even though our
equations are not linear).

To find a Q as needed above we first ignore property
(2), or behaviour of Q at <« and concentrate on (1) and
(3). In fact we shall find S: R4 > R4 satisfying (1) and
(3) with S replacing Q and after that S is modified to
satisfy (2).

Toward constructing this S, observe that the set

A = {(zl,zz) e r? x g* | z, = 22} has the property that
the vector field

* —_ -

(*) (28(z)) + u(z,-27), 28(z,) + ulzy-2z,))

is tangent to A. That is, A 1is invariant under the flow
and on A the flow is contracting to the origin.
Now suppose S satisfies S(-z) = -S(z) or that S

is odd. Then on

o 4
A = {(21'22) € R

x R4le = -z,}
the vector field (*) is invariant and has the form

z > S(z) - u(z)
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(up to a factor of 2). From these considerations we are
motivated to seek an odd map S: R4 - R4 which satisfies
the following:

(sl) S has 0 has a global attractor and S - u
is a global oscillator on R4.

(s2) AY is an attractor for (*) on R4 X R4.

(S3) Boundary conditions can be made good.

The heart of the matter lies in (1); we consider that

next. First consider the matrix

a 0 Ya 0
_ 0 a 0 ya
H =
-yYa 0 -2a 0
0 -yva 0 -2a

N /

where a < -1 and V2 < v < 3/2, in linear coordinates
4 4
y = (yl,...,y ) on R .
Note that ¥ has real positive eigenvalues say g

Uy My, H This can be checked easily since W resembles a

2 4"
2 X 2 matrix. Also there is a linear change of coordinates

which changes the matrix

Hy 0\‘
U= ‘. into 1.
o )

The coordinates of chemical concentrations are those in which
U has the diagonal form. Thus the ¥y do not represent con-
centrations. However the vy coordinates are much easier to
work with.

We give now S as the sum of a linear map Sl: R - R

and a cubic map 53 in terms of the y-coordinates.
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Thus let S = Sl + S3 with
l+a 1 Ya 0
-1 a 0 ya
Sl =
-va 0 2a 0
0 -va 0 2a

83(v) = (-hH3,0,0,0).

One notes now that S 1is odd and since the inner pro-
duct <Sy,y> < 0 if y # 0 (an easy check) it follows that
4
the origin of R is a global attractor for S.

The next step is to check that S - p takes the form

+ S3.

1 . . .
Thus the (y ,y2) 2-dimensional subspace is a con-
. . . . 4 .
tracting invariant subspace in R for S - u, since a < 0;

on this subspace, the equations for S - u take the form

2 3 1 2
dy'/dat = y° - ((v")° -y, ay®sat = -yl

This is Van der Pol's eguation (see Hirsch-Smale [1]), which
we know is a global oscillator.

Thus S - u is a global oscillator on R4.

The next step is to show that (S2) is true. This can
be proved along the following lines.

The vector field X on R4 X R4 given by

X(z) = (25(zp) + W(z,~2), 25(z;5) + u(z;-2z,))
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can be written in the form Yl(z) + Y2(z) where Yl(z) € A,

Y2(z) € A+, Then

i (2) = (S(z)) + S(z,), S(z)) + 5(z,),

¥, (2) (8(z;) - S(z;) + H(z,~2z,),
-(s(z)) - S(z2) +u(z,-29))).
That X points toward A" follows from the lemma.

Lemma. <S(zl) + S(zz), 29 + 25> < 0.

Proof of Lemma. Write S = Sl + S2. We already know

<s pA + Z Z.+Z2.> = S zZ.+z Z_+z > 0
But

<S3(z1) + S5(z,) 242> = -7 = )21 v] + vy)

and that is < 0 since, for any real numbers a and b,
(a3+b3) (a+b) > 0.
Finally one "straightens out" the flow of S outside

, +
some large ball. One uses a smooth function ¢: R R+,

0 <¢ <1, § =0 in a neighborhood of 0, and ¢(r) = 1 for

large enough r; then
a(z) = (1-¢dllzl sz - odlzl]z.

It can be shown that Q satisfies (1), (2), (3) with

suitable constants in the definition of ¢.

(11.5) We end this note with some discussion of our

results.

Various forms of Turing's equations, or reaction-
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diffusion equations have appeared in one form or another in
many works and fields. However, any sort of systematic under-
standing or analysis seems far away. Before one can expect
any general understanding, many examples will have to be
thought through, both on the mathematical side and on the
experimental side. This is one reason why I have worked out
this model.

Moreover, the work here poses a sharp problem, namely
to "axiomatize" the properties necessary to bring about oscilla-
tion via diffusion. In the 2-cell case, just what proper-
ties does the pair (R,u) need to possess (where R is
"dead") to make the Turing interacting system oscillate? 1In
the many-cell case, how does the topology contribute?

We have not hesitated to make simplifying assumptions
here, because we were not making an analysis, but producing
an example. Because of the structural stability properties
of this example, one can use it to obtain more complicated
examples, e.g., with as many cells (more than one) as one
wants,” as many chemicals (more than three) as one wants and
complicated diffusion matrices. But it is more difficult to
reduce the number of chemicals to two or even three. Also
it is a problem to construct a model with three cells and
two or three chemicals.

There is a paradoxical aspect to the example. One has
two dead (mathematically dead) cells interacting by a diffu-
sion process which has a tendency in itself to equalize the
concentrations. Yet in interaction, a state continues to

pulse indefinitely.
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Several chemists have pointed out to me that inter-
preting the reaction R to be an "open system” makes the
model more acceptable.

There is quite a history of numerical work on related
systems which I will not try to cover here.

Finally, there is a partial differential equation ana-
logue to the version of Turing's eguations studied here.

This can be found in Turing's paper [l]. 1In this P.D.E. con-
text the recent work of L. Howard and N. Kopell on the
Zhabotinsky oscillation bears strong analogies to the present

work.
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SECTION 12
A STRANGE, STRANGE ATTRACTOR
BY

JOHN GUCKENHEIMER

Examples have been given by Abraham-Smale [1], Shub
[1], and Newhouse [2] of diffeomorphisms on a compact mani-
fold which are not in the closure of diffeomorphisms satis-—
fying Smale's Axiom A or in the closure of the set of Q-
stable diffeomorphisms (Smale [1]). The suspension construc-
tion (Smale [l]) allows one to give analogous examples for
vector fields on compact manifolds.

This note gives another example of a vector field on
a compact manifold which does not lie in the closure of
Q-stable or Axiom A vector fields. The interest of this
example is that the violation of Axiom A' occurs differently
than in the examples previously given. This example has ad-

ditional instability properties not verified for the previous

Research partially supported by the National Science Founda-
tion.
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examples. A vector field X is said to be topologically @

stable if nearby vector fields (in the Cl topology on the
space of vector fields) have nonwandering sets homeomorphic

to the nonwandering set of X. Our example is not topologi-
cally Q stable. Moreover, it provides another negative ans-
wer to the following question about dynamical systems: is it
generically true that the singularities of a vector field are
isolated in its nonwandering set? Previous examples of
Newhouse have nonisolated singularities in non-attractive
parts of the nonwandering set.

The example is based upon numerical studies of a sys-
tem of differential equations introduced by Lorenz [1]. The
system studied by Lorenz seems to have the dynamical behavior
of our example, but we do not attempt to make the estimates
necessary to prove this statement. I would like to acknow-
ledge the assistance of Alan Perelson in doing the numerical
work which underlies this note and conversations with R.
Bowen, C. Pugh, S. Smale, and J. Yorke. Finally, we mention
the explicit equations of Lorenz which display such marvelous

dynamics (see Example 4B.8, p. 141):
x =-10x + 10y, VvV = -xz + 28x -y, 2z = xy - 8/3 z.

We define a ¢ vector field X in a bounded region
of R3. Inside the region there will be a compact invariant
set. A which is an attractor in the sense that A has a
fundamental system of neighborhoods, each of which is for-
ward invariant under the flow of X. The set A 1is two di-
mensional. To describe the construction of X, we use co-

ordinates (x,y,z) in R3.
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The vector field X 1is to have three singular points.
The first, p = (0,0,0), is a saddle with a two dimensional
stable manifold Ws(p). The rectangle {(x,y,z)[x = 0,
-1 <y=<1l,0<z*< 1} is to be contained in Ws(p). The
stable eigenvectors of X at p are %; with an eigenvalue
of large absolute value and %E with an eigenvalue of small
absolute value. The unstable manifold Wu(p) contains the
segment from (-1,0,0) to (1,0,9) and has an eigenvalue
of intermediate absolute value. Other conditions on Wu(p)

are imposed below.

The other two singular points of X are g, = (*1,
*1/2, 1). These are saddle points with one dimensional stable
manifolds Ws(q+). The segments from (%1, -1, 1) to

(¥1, 1, 1) are contained in Ws(q+). The negative eigen-

values of X at g, have large absolute values. The remain-

ing eigenvalues of q, are complex with eigenspaces spanned

3 9 .
by Iy and ' h The real parts of these eigenvalues are
small.

Consider the square R = {(x,y,z)| -1 < x < 1,

-1 <y <1, z =1} and its Poincaré return map 6. The map

9 is not defined when X is #1 or 0 since these points
lie in the stable manifold of one of the singular points. The
orbits in R for X = *1 never leave R  while those for

x = 0 never return. At all other points of R,9 is de-
fined. Let R, be the set R N{x,y,z) | 0 < x <1} and

R_ be the set R N{(x,y,2z) | -1 < x < 0}. Define 6, to

be 6 restricted to R,. We assume that there are functions

f., g, and a number « > 1 with the properties that
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0, xyy) = (£, (x), g ,(x,y)), 0 < 3g /3y < 1/2, and d4f /dx > a.

The numbers 1lim f (%), denoted 0., are assumed to have the
x>0 -

properties p <0, p_ >0, 6_(p,) <0, and 6 _(p_) > 0. The

first intersections of Wu(p) with R occur at the points
with x = p,. Finally, it is assumed that the images of g,
are contained in the intervals [+1/4, +3/4]. Figure 12.1

illustrates these essential features of the flow X.

Figure 12,1

We remark that the conditions imposed on the eigen-

0 and

values of X at p dimply that 1im 3g,(x,y)/dy
x*0 -

lim df+/dx = o, The reason for this behavior is given by

x>0 -

solving a linear system of differential equations near a

saddle point. The return maps 6, acquire singularities
like a power of x because the trajectories of R, come

arbitrarily close to p.

In the theorems which we now state, we assume that the
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vector field X is extended to a vector field on a compact
three manifold M. We continue to denote the extended vector
field X. Note that the only properties used in defining X
which do not remain after perturbation are the existence of
the functions £, and g,. These functions are introduced
to simplify the discussion and are not essential properties

of X.

(12.1) Theorem. There is a neighborhood % of X
in the space of c¢® vector fields on M (r > 1) and a set 2/
of second category in % such that if Y € 9, then Y has
a singular point which is not isolated in its nonwandering

set.

(12.2) Theorem. The vector field X has a neighbor-
hood % in the space of C° vector fields on M (r > 1)
with the property that if % C% is an open set in the space
of ¢ vector fields, then there are vector fields in %
whose nonwandering sets are not homeomorphic to each other.

Theorem (12.2) states that X 1is not in the closure
of the set of topologically @{-stable vector fields.

We attack the proofs of both of these theorems by giv-
ing a description of the nonwandering set of X. This des-
cription is given largely in terms of "symbolic dynamics”
(Smale [4]).

Consider the return map 6 of R. We pick out four
subsets of ©6(R) which will be used in analyzing the sym-

bolic dynamics of the nonwandering set of X. Denote
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R, = 8(r,) N {p+ < x < g}
R, = 68(rR) N {0 <x < £ (o)}
Ry = 6(R) N {(£_(p,) < x <0}
R, = 6(R) N {0 < x < p_}.

Figure 12.2 shows these sets. The image of Rl under ©

extends horizontally across R3 and R4. 9(R2) extends

horizontally across Rl' Similarly, e(R3) extends across

R and 6(R4) extends across Rl and R2.

4!

Figure 12.2

Now consider sequences {ak}oo of the integers 1, 2,
k=0

3, and 4 such that, for each k, (ak, ) is one of the

a
k+1
pairs (3,1), (4,1), (1,2), (4,3), (1,4), or (2,4). The set
of such sequences forms the underlying space I of a "sub-

shift of finite type" with transition matrix
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0 1 0 1
\

0 0 0 1
1 0 0 O
1 0 1 0O

Corresponding to each finite sequence {ao,...,an}. constructed

from "admissible" pairs listed above, the intersection

n k

N © (Ra ) contains a component which extends horizontally
k=0 k

acrbss Ra . For example, if a0 = 1, then the images of R
0
and R4 extend across Ry If a; = 2, then only the image

of R4 need extend across R2.
2
across Ra , and 6 (R4) extends across Rl' As n in-
2
creases, the vertical height of these strips decreases expo-

0

2

Hence a, = 4, 6(R4) extends

nentially. If {a } € I, then N Gk(R ) contains an arc
k k=0 8
crossing Ra horizontally. There are an uncountable num-
0 © 4
ber of sequences in I, hence S = N Sk( U R.)
k=0 i=1 t
an uncountable number of arcs extending across each Ri'

contains

We want to investigate whether S is contained in the
nonwandering set of 6. If each arc contained in S has an
image under some iterate of 6 which extends across each
Ri' then S will be contained in the nonwandering set of 0.
In these circumstances, we prove that 0 1is not isolated in
the nonwandering set of X. Whether or not every arc in 8§
has an image extending across the set Ry depends only on the

functions £ acting on the intervals (p+,0) and (0,p_).

+

Denote by £ the discontinuous map £: (p ,p_) *> (p ,p_)
determined by £, (with, say, £(0) = 0.) Consider a sub-

interval vy Cj(p+,p_). Since df, /dx > o > 1, the sum of the
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lengths of the components of fk(Y) is at least cak. There-
fore, some image of 'y has more than one component. The
only point of discontinuity for £ is x = 0, so there is
a k>0 and an x€& Yy with fk(x) = 0.

The map © has a periodic point of period 2 in Rl
because ez(Rl) crosses Rl horizontally. Therefore, f
has a point r of period 2. Any neighborhood of r has
an image which eventually covers (p+,p_). Now assume that
there is an open set U C:(p+,p_), none of whose images cover
(p,,P_). Then no image of U contains p. It follows that
if Ul and U2 are two open sets, none of whose images
cover (p+,p_), then UllJ u, also has this property (be-
cause r 1is in none of its images.) Thus there is a largest
open set U C (o, ,p_) with the property that none of its
images cover (p+,p_). It follows that f_l(U) =1 = £(U).

We observed above that any interval contains a point
which is eventually mapped to .0 by the iterates of f£f.
Thus U contains a neighborhood of 0 and, hence, neighbor-
hoods of p,. This implies that U contains a neighborhood
ofveach point which eventually maps to 0. Since these points
are dense, U 1is a dense subset of (p+,p_). Notice that the
property f_l(U) C U implies that the components of U must
map onto the components of U. Let (E_,E+) be the component
of U containing 0. Some image of (&_,0) contains 0,
and hence (E_,€+). (Since f_(0) = p_, the images of 0
are endpoints of components of U.) The first time an image
of (£+,O) contains 0, that power of f is continuous on

(E_,0). Since £ 1is orientation preserving, it follows that
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€ is mapped by this power of £ to & . Therefore ¢&_  is
a periodic point of f. We conclude that Py have images
for some power of £ which are periodic points of f.

For the return map 6 of R, this implies that the
images of the vertical lines x = p, each remain within a
finite set of vertical lines. Because 60 contracts in the
vertical direction, the intersections of R with Wu(p) have
6-trajectories which tend asymptotically to periodic orbits of
of ~ 6. These periodic 6 trajectories lie on periodic orbits
Yir Yy for the flow X. Because 6 1is uniformly hyperbolic
(apart from its discontinuity), these periodic orbits are
hy?erbolic with two dimensional stable and unstable manifolds.
Applying the Kupka-Smale Theorem (Smale [1]), we note that it
is a generic property of vector fields that the stable mani-
fold of a hyperbolic periodic trajectory intersect the un-
stable manifold of a singular point transversally. This is
not the case here. Thus we conclude that in the open set of
vector fields which we have described, those vector fields for
which anv arc of S eventually extends across each Ri form

a set of second category. I do not know whether there is an

open set of vector fields with this property.

Proof of Theorem (12.l1): Let us assume now that X

is chosen so that ©6 has the property that some image of

every arc in S eventually extends across each R;,. If

w €S and U is a rectangular neighborhood of w in R,
then ek(U) extends across each R, for k sufficiently
large. Also e_k(U) extends vertically across R for k

sufficiently large because 6 contracts the vertical direc-
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tion. It follows that e_k(U) N 6k(U) # f for k very
large. Thus 62k(U) NU#P aﬁd w is nonwandering. We
conclude that S is contained in the nonwandering set of 6.
Since S intersects Ws(p), p 1s in.the nonwandering set of
X. This proves Theorem (12.1). ]

The nonwandering sets of the vector fields satisfying
Theorem (12.1) have a two dimensional attractor A which con-
tains the origin. The intersection of A with R contains
S. We want to go further in describing the structure of A.
This can be done most completely when p is a homoclinic
point with Wu(p) C Ws(p). This happens when there are powers
of f which map e, and p_ to 0.

For purposes of definiteness, we shall describe A in
the case that fz(pi) = 0. Afterwards we indicate the mod- -

ifications which are necessary when higher powers of f map

p, and p_ to 0. Now R NA=298. If fz(pi) = 0, then
6(R1)<: R3 U R4, G(RZ) C Rl, 6(R3) C R4, and 6(R4) C RlL)RZ.
Consequently, if {ak}k—o is a sequence with ai S {1,2,3,4},

8

then N ek(Ra ) # # if and only if {a, } € Z. 1If
k=0 k k
{ak}E I, then there is a segment extending across R, which
0
lies in S and hence in A, This presents the following

picture for A. There is a Cantor set of arcs, corresponding
to points of I, each of which extends across some of the R
R;'S. These are joined at their ends by Wu(p). See Figure

12.3. ©Note that points of A—Wu(p) have neighborhoods

which are homeomorphic to a 2-disk x Cantor set.



378 THE HOPF BIFURCATION AND ITS APPLICATIONS

Rs | Ra g

Figure 12.3

If higher powers of £ map o, and p_ to 0, then
we construct another subshift of finite type as follows. Cut
the image of ©6(R) along vertical lines passing through each
point in the orbit. 8(p ) and 8(p_). This will divide
p{R) into é number of components, say Rl""’Rn' Define
the n X n matrix T by

1 if e(Rj) N Ri # 9

v -
i s =
J 0 if G(Rj) M Ri = g.

Let % be the (one-sided) subshift of finite type with tran-

sition matrix T. Corresponding to each sequence in 1%,
there will be exactly one arc crossing R; which lies in the

attractor A. The closure of these segments will be A MR

%)

as before, because N Bk(Ra )y = g if {ak} & . Finally,
k

we remark that if © does not preserve vertical segments in
R, then R is to be cut along components of Ws(p) N R which

also contain points of Wu(p).
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Proof of Theorem (12.2): We prove Theorem (12.2) in

two steps. In the first step, we consider two flows, X and
i, of the general sort considered in this paper such that,

for the flow X, W'(p) C WS(p), and for the flow X, W (p)N
Ws(p) = {p}. We prove that X and X have nonwandering

sets which are not homeomorphic. The second step demonstrates
that vector fields of each of these two classes are dense in
some open set in the space of c’ vector fields.

We have described above the attractor A(X) of a
vector field X for which Wu(p) C W%(p). 1In this case, A
is path connected and A—Wu(p) is locally homeomorphic to
the product of a 2-disk and a Cantor set. Furthermore, Wu(p)
is homeomorphic to the wedge product of two circles, a "figure
eight."

Now consider the attractor A(i) of a vector field i
for which WY (p} N Wo(p) = {p} and A is a two dimensional
set containing p. If A(i) is to be homeomorphic to A({X),
then A(i) must be path connected. Consider the set C of
points w € A(i) such that no neighborhood of w is homeo-
morphic to a 2-disk x Cantor set. It is easily seen that
Wu(p) C C since there are no points of A MR to the left
of the line p_ = x or to the right of the line 0, = x.

If A(X) is homeomorphic to A(X), then C is homeomorphic
to the wedge product of two spheres. Since Wu(p) 74 Ws(p)
for X and wl(p) C C, there must be two points of C-{p}
which are the w-limit sets of the two trajectories in

W' (p) - {p}. A single point which is the w-limit set of a
trajectory must be a singular point. There are no singular

points of X in A(X) other than p, so we conclude that C



380 THE HOPF BIFURCATION AND ITS APPLICATIONS

is not homeomorphic to the wedge product of two spheres.
Hence A(X) and A(i) are not homeomorphic. This concludes
the first step of the proof.

We now prove that the sets of vector fields X, X of
the sort considered above are each dense in some open set.
The Kupka-Smale Theorem implies that vector fields like X
in that WS(p) N wW'(p) = {p} form a set of second category.
Since the set of vector fields with pe& A and A two
dimensional is a second category subset of an open set, there
is a dense set of vector fields of the form of X in some
open set of vector fields.

The only thing remaining to prove is that there is a
dense subset of an open set of vector fields for which
W (p) C WS(p). Consider the effect on WY(p) of a perturba-
tion Y of X parallel to the x-axis which has the effect

of decreasing po_ and increasing Py- See Figure 12.4.

Support of i ;/ l
V4

/y—?/\

Figure 12.4
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We examine successive intersections of Wu(p) with R
for the vector fields Y and X. The functions f, and f£_
are orientation preserving. Consequently, as long as the
corresponding, successive intersections for the two vector
fields lie on the same side of the line x =0 in R, the
effect of the perturbation is push the intersections follow-
ing f_ along W9 (p) to the left and to push the intersec-
tions following P, to the right. Furthermore, since the
map © expands in the x direction, the distance between
the corresponding, successive points of intersection grows
exponentially. The distance cannot grow indefinitely, so
after sometime, the corresponding points. of intersection lie:
on opposite sides of the . line x = 0. Thus, for some pertur-
bation intermediate between Y and i, there are points of
intersection of Wu(p) with R which lie on the line x = 0
(in both directions along WY(p).) This means that Wu(p) C
Ws(p) for the intermediate perturbation. We conclude that
there is a dense set of vector fields in some open set of the
space of vector fields for which WY (p) C Ws(p) to finish
the proof of Theorem (12.2).

As is traditional in dynamical systems, we end with a
question. The vector fields described here are very pathologi-
cal from the point of view of topological dynamics. Yet they
seem to preserve as much hyperbolicity as they possibly could
without satisfying Axiom A. There is now a well developed
"statistical mechanics" for attractors satisfying Axiom A
(Bowen-Ruelle [1]). How much of this statistical theory can

be extended to apply to the vector fields described here?
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