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SECTION 11

A MATHEMATICAL MODEL OF TWO CELLS

VIA TURING'S EQUATION

BY

S. SMALE

(11.1) Here we describe a mathematical model in the

field of cellular biology. It is a model for two similar

cells which interact via diffusion past a membrane. Each

cell by itself is inert or dead in the sense that the concen-

trations of its enzymes achieve a constant equilibrium. In

interaction however, the cellular system pulses (or expressed

perhaps over dramatically, becomes alive:) in the sense that

the concentrations of the enzymes in each cell will oscil-

late indefinitely. Of course we are using an extremely sim-

plified picture of actual cells.

The model is an example of Turing's equations of cellu-

lar biology [1] which are described in the next section. I

would like to thank H. Hartman for bringing to my attention
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the importance of these equations and for showing me Turing's

paper.

The general idea of our model is to first give ab

stractly an example of a dynamical system for the chemical

kinetics of four chemicals (or enzymes). This dynamics repre

sents the reaction of these chemicals with each other and has

the property that every solution tends to one unique station

ary point or equilibrium in the space of concentrations as

time goes to This is the sense in which the cell is dead,

where the cell consists of these four chemicals. After a

period of transition, the chemical system stays at equilib

rium. We emphasize that our reaction process is an abstract

mathematical one and that we have not tried to find four

chemicals with this kind of chemical kinetics.

The next step is to give four positive diffusion con

stants for the membrane which could describe the diffusion of

the four chemicals past the membrane. The cellular system

consisting of the two cells separated by the membrane will be

described by differential equations according to Turing.

With our choice of the chemical kinetics and diffusion con

stants this new dynamical system will have a nontrivial per

iodic solution and essentially every solution will tend to

this periodic solution. Thus no matter what the initial con

ditions, the interacting system will tend toward an oscilla

tion (with fixed period). After an interval of transition,

it will oscillate.

Both the equilibrium of the isolated cell and the os

cillating solution of the interacting system described above

are stable (or are attractors) and even stable in a global
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way. But more than this, the equations themselves are stable

so that any equations near ours have the same properties. Our

dynamical systems are "structurally stable." This gives them

at least a physical possibility of occurring.

In Turing's original paper some examples of Turing's

equations are given with oscillation. However, these are

linear and it is impossible to have an oscillation in any

structurally stable linear dynamical system. Linear analysis

can be used primarily to understand the neighborhood of an

equilibrium solution. Development of linear Turing theory has

been carried very far in the very pretty paper of Othmer

and Scriven [1].

Our example has reasonable boundary conditions, as one

or more of the concentrations goes to 0 or to 00. Also, a

complete phase portrait of the differential equation in eight

dimensions for the cellular system is obtained.

This example and Turing's equations as well go beyond

biology. The model here shows how the linear coupling of two

different kinds of processes, each process in itself sta

tionary, can produce an oscillation. This is the coupling of

transport processes (in this case diffusion across a membrane)

and transformation processes (in this case chemical reac

tions). In ecology, Turing's equations have another inter

pretation; see, e.g., Levin [1]. Also S. Boorman's Harvard

Thesis has a related interpretation and analysis.

We finally remark that our results could equally well

be interpreted as putting a single cell into an environment

which could start it pulsating.
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(11.2) We give a brief description of Turing's equa

tions [1]. These are sometimes called Rashevsky-Turing equa-

tions because of earlier work of Rashevsky on this subject.

One starts from a cell-complex, in either the biologi-

calor mathematical sense of the word, e.g., as given in

Figure 11. 1.

Figure 11.1

From the mathematical point of view this system is a

cell-complex structure on a two- or three-dimensional mani-

fold (e.g., an open set of or Suppose there are

N cells and they are numbered 1, ... ,N.

It is supposed that the cells contain enzymes (or

chemicals, or "morphogens" in the terminology of Turing)

which react witp each other. Suppose there are m of these

chemicals. Then the state space for each cell is the space

1 m i
(x , •.• , x ), x > 0, each i},

where ix denotes the concentration of the i th chemical.

The state space for the system under discussion is the

state for this cellular system is a point, x

Cartesian product P x x P (N times) or
N

(p) • Thus a

E (p)N,
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x = (xl' ••• ,xn ) with each xi E P giving all the concentra

tions for the i th cell, i = 1, ••• ,N. The dynamics for the

typical cell by itself is given by an ordinary differential

equation on P; this can be described by a map R: P + Rm

and dx/dt = R(x). This R describes how the chemicals react

with each other in that cell; the subject of chemical kinetics

deals with the nature of R. Most typically, the dynamics

of dx/dt = R(x) on P is described by the existence of a

single equilibrium x E P such that every solution tends to

x; at least this will be the case if conservation laws have

been taken into account one way or another (as in the situa-

tion in Turing [lJ or Othmer and Scriven [lJ).

A natural boundary condition on this equation is that

if x E P, x = (xl, .•• ,xm), with x k = 0, then the k th com-

ponent
k

R (x) of R(x) is positive.

So far we have discussed each cell in some kind of

hypothetical isolation. The cells are separated from each

other by a membrane which allows for diffusion from one cell

to adjoining cells. In the simplest case of diffusion, if a

certain chemical has a bigger concentration in the r th cell

than an adjoining well, then the concentration of that chemi

cal decreases in the r th cell, at a rate proportional to the

difference. This gives some motivation to Turing's equations

which add this diffusion term to give an interaction between

the cells.

(T) L
i E set of cells

adjoining kth cell

k 1, .•• ,N.

Let us explain (T) in detail. The first term above,
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R(Xk ) gives the chemical kinetics in the kth cell. The

2nd term above describes the diffusion processes between

359

cells. Thus mxi - xk E R represents the difference of the

concentrations of all the chemicals between the i th and

k th cells. Here ~ik is a linear transformation from Rm

to Rm or an m x m matrix. In the most natural simple

case, and the case we develop here, ~ik is a positive dia

gonal matrix. Also the chemical kinetics for each cell is

considered the same. (T) is a 1st order system of ordinary

differential equations on the state space (p)N 9f the bio-

logical system, and will tell how a state moves in time.

We specialize to a case of 2 cells adjoined along a

membrane which is the example pursued in the rest of the paper.

I st cell 2nd cell

Figure 11.2

R(Zl) + ~(z2-z1)'

R(z2) + ~ (zl-z2)·

This is an equation on P x P with (zl,z2) E P x P.

Here ~ will be of the form
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with each ~i > O. This is the most simple case. We may

also write (T2 ) as given by a vector field X on P x P

where

(11.3) Here we state our results.

zi > a}. There exists a smooth

Main Theorem. Let 4P={zER,z
00

(C)~

1 2 3 4(z ,z ,z ,z ),

R: P ->- R4
, and

~l' ... '~4 > 0 with the following properties (1), (2), (3)

below:

(1) The differential equation dz/dt = R(z) on P

is globallv asymptotically stable and is structurally stable.

In other words there is a unique equilibrium z E P

-of the differential equation and every solution tends to z

as t ->- 00. That R is structurally stable means that the

has the same structural propertiesequation dz/dt = RO(Z)

as dz/dt = R(z) if R
O

is a cl perturbation of R. (See

[1] for details on these kinds of stability and background on

ordering differential equations.)

(2) On P x P with z = (zl,z2) E P x P the diff-

erential system,

(T)
R(zl) + ~ (z2- zl)'

R(z2) + ~(zl-z2)J

~

is a "global oscillator" and is structurally stable.

More precisely, a global oscillator on P x P is a

dynamical system which has a nontrivial attracting periodic

solution y and except for a closed set L of measvre 0,
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everv solution tends to y, as t + In fact, here I is

a six-dimensional smoothly imbedded cell and on I every

solution tends to the unique equilibrium (z,z) of (T).

(3) The boundary conditions are reasonable in the

following way. Let satisfy kz o

for some k between one and four. Then the kth component

Rk(ZO) of R(ZO) is positive.

The above theorem gives mathematical precision to the

statements made in Section 1 via the interpretation of (T)

as in Section 2.

The example is related to the phenomena of Hopf bifur-

cation; see Section 3. Our analysis is more global however,

and VIe have a complete description of the phase portrait.

(11.4) In this section we show how to construct the

differential equations of the previous section.

Towards obtaining the vector field Q: P of the
00

main theorem of Section 3 we will find a C vector field

on and

with these properties:

(1) Q has the origin, 0, as a global attractor for

the equation dz/dt = Q(x) on

(2) There is a K > 0 such that if z E R
4

,

II z II ~ K, then Q (z) = -z.

(3) On R
4

x R4 the vector field
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is a global oscillator.

Once such a Q has been found we finish as follows:

Choose some z E P so that z-z E P for all z with

I Izi I ~ K. Let R(z) = 2Q(z-z). Then R will have the pro-

perties of Section 3.

This changes the question from P to where 'ole

can use the linear structure systematically (even though our

equations are not linear).

To find a Q as needed above we first ignore property

(2), or behaviour of Q at and concentrate on (1) and

(3). In fact we shall find S: R4
+ R

4
satisfying (1) and

(3) with S replacing Q and after that S is modified to

satisfy (2).

Tmolard constructing this S, observe that the set

11 = {(zl,z2) E R4 x R4 I zl =z2} has the property that

the vector field

(*)

is tangent to 11. That is, 11 is invariant under the flow

and on 11 the flow is contracting to the origin.

Now suppose S satisfies S(-z) = -S(z) or that S

is odd. Then on

the vector field (*) is invariant and has the form

z + S(z) - )l(z)
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(up to a factor of 2). From these considerations we are

motivated to seek an odd map 5: R4
+ R

4
which satisfies

the following:

(51) 5 has 0 has a global attractor and 5 - ~

is a global oscillator on R4 .

(52) ~~ is an attractor for (*) on R
4

x R4 .

(53) Boundary conditions can be made good.

363

The heart of the matter lies in (1); we consider that

next. First consider the matrix

a 0 Ya 0

0 a 0 ya
iT

-ya 0 -2a 0

0 -ya 0 -2a

where a < -1 and ~ < y < 3/2, in linear coordinates

1 4 4
y=(y, •.• ,y) on R.

Note that ~ has real positive eigenvalues say ~l'

~2'~3'~4' This can be checked easily since iT resembles a

2 x 2 matrix. Also there is a linear change of coordinates

which changes the matrix

~ into ~.

The coordinates of chemical concentrations are those in which

~ has the diagonal form. Thus the do not represent con-

centrations. However the y coordinates are much easier to

work with.

We give now 5 as the sum of a linear map 51: R
4

+ R4

and a cubic map 53 in terms of the y-coordinates.
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Thus let S = Sl + S3 with

l+a 1 ya 0

1-1 a 0 ya
Sl

0 2a 0

J

-ya

0 -ya 0 2a

S3 (y) = (_ (yl)3 ,0,0,0).

One notes now that S is odd and since the inner pro-

duct <Sy,y> < ° if y f 0 (an easy check) it follows that
4

the origin of R is a global attractor for S.

The next step is to check that S - ~ takes the form

Thus the

o

1 2(y ,y )

o

(
4a 0)
o 4a

2-dimensional sUbspace is a con-

tracting invariant subspace in R
4

for S - ~, since a < 0;

on this subspace, the equations for S - ~ take the form

2 3 1 2 1
dy'/dt=y -((y') -y), dy/dt -yo

This is Van der Pol's equation (see Hirsch-Smale [1]), which

we know is a global oscillator.

Thus S - ~ is a global oscillator on
4

R.

The next step is to show that (S2) is true. This can

be proved along the following lines.

The vector field X on R
4

x R4 given by
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can be written in the form Yl (z) + Y2 (z) where Yl(z) E 6,

Y
2

(z) E ~~. Then

That X points toward ~~ follows from the lemma.

Proof of Lemma. Write We already know

But

and that is < 0 since, for any real numbers a and b,

(a3+b 3 ) (a+b) > O.

Finally one "straightens out" the flow 'of S outside

some large ball. One uses a smooth function ¢: R+ + R+,

o ~ ¢ ~ 1, ¢ ~ 0 in a neighborhood of 0, and ¢(r) ~ 1 for

large enough r; then

Q(z) ~ (l-¢(I/lzll))s(z) - ¢(llz) I)z.

It can be shown that Q satisfies (1), (2), (3) with

suitable constants in the definition of ¢.

(11.5) We end this note with some discussion of our

results.

Various forms of Turing's equations, or reaction-
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diffusion equations have appeared in one form or another in

many works and fields. However, any sort of systematic under

standing or analysis seems far away. Before one can expect

any general understanding, many examples will have to be

thought through, both on the mathematical side and on the

experimental side. This is one reason why I have worked out

this model.

Moreover, the work here poses a sharp problem, namely

to "axiomatize" the properties necessary to bring about oscilla

tion via diffusion. In the 2-cell case, just what proper-

ties does the pair (R,~) need to possess (where R is

"dead") to make the Turing interacting system oscillate? In

the many-cell case, how does the topology contribute?

We have not hesitated to make simplifying assumptions

here, because we were not making an analysis, but producing

an example. Because of the structural stability properties

of this example, one can use it to obtain more complicated

examples, e.g., with as many cells (more than one) as one

wants, as many chemicals (more than three) as one wants and

complicated diffusion matrices. But it is more difficult to

reduce the number of chemicals to two or even three. Also

it is a problem to construct a model with three cells and

two or three chemicals.

There is a paradoxical aspect to the example. One has

two dead (mathematically dead) cells interacting by a diffu

sion process which has a tendency in itself to equalize the

concentrations. Yet in interaction, a state continues to

pulse indefinitely.
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Several chemists have pointed out to me that inter

preting the reaction R to be an "open system" makes the

model more acceptable.

There is quite a history of numerical work on related

systems which I will not try to cover here.

Finally, there is a partial differential equation ana

logue to the version of Turing's equations studied here.

This can be found in Turing's paper [1]. In this P.D.E. con

text the recent work of L. Howard and N. Kopell on the

Zhabotinsky oscillation bears strong analogies to the present

work.


