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The Steady-State
Approximation: Catalysis

4.1 I Single Reactions
One-step reactions between stable molecules are rare since a stable molecule is by
definition a quite unreactive entity. Rather, complicated rearrangements of chemical
bonds are usually required to go from reactants to products. This implies that most
reactions do not proceed in a single elementary step as illustrated below for NO
formation from Nz and Oz:

N2 + 0 ( ) NO + N

N····O NO
III II==;>+
N····O NO

N + O2 ( ) NO + 0

Normally, a sequence of elementary steps is necessary to proceed from reactants
to products through the formation and destruction of reactive intermediates (see
Section 1.1).

Reactive intermediates may be of numerous different chemical types (e.g., free
radicals, free ions, solvated ions, complexes at solid surfaces, complexes in a homo
geneous phase, complexes in enzymes). Although many reactive intermediates may be
involved in a given reaction (see Scheme 1.1.1), the advancement of the reaction can
still be described by a single parameter-the extent of reaction (see Section 1.2). If this
is the case, the reaction is said to be single. Why an apparently complex reaction re
mains stoichiometrically simple or single, and how the kinetic treatment of such reac
tions can be enumerated are the two questions addressed in this chapter.

There are two types of sequences leading from reactants to products through
reactive intermediates. The first type of sequence is one where a reactive intermediate

100
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is not reproduced in any other step of the sequence. This type of sequence is de
noted as an open sequence. The second type of sequence is one in which a reactive
intermediate is reproduced so that a cyclic reaction pattern repeats itself and a large
number of product molecules can be made from only one reactive intermediate. This
type of sequence is closed and is denoted a catalytic or chain reaction cycle. This
type of sequence is the best definition of catalysis.

A few simple examples of sequences are listed in Table 4.1.1. The reactive in
termediates are printed in boldface and the stoichiometrically simple or single reaction
is in each case obtained by summation of the elementary steps of the sequence. While
all reactions that are closed sequences may be said to be catalytic, there is a distinct
difference between those where the reactive intermediates are provided by a separate
entity called the catalyst that has a very long lifetime and those where the reactive
intermediates are generated within the system and may survive only during a limited
number of cycles. The first category encompasses truly catalytic reactions (catalytic
reaction cycle) in the narrow sense of the word, while the second involves chain re
actions (chain reaction cycle). Both types exhibit slightly different kinetic features.
However, the two types are so closely related that it is conceptually straightforward
to consider them together. In particular, both categories can be analyzed by means
of the steady-state approximation that will be presented in the next section.

Chain and catalytic reaction cycles provide energetically favorable pathways for
reactant molecules to proceed to product molecules. This point is illustrated below
for both types of cycles. Consider the reaction between dihydrogen and dichlorine
to produce HCl that can be brought about in the gas phase by irradiating the reactants
with light. It is known that over 106 molecules of HCl can be formed per absorbed
photon. The reaction proceeds as follows:

light
Clz ----+ 2CI

CI + Hz ----+ HCl + H

H + Clz ----+ HCl + Cl

2Cl ----+ Clz

(initiation)

(propagation)

(propagation)

(termination)

Once chlorine atoms are produced (initiation), the propagation steps provide a closed
cycle that can be repeated numerous times (e.g., 106

) prior to the recombination of
the chlorine atoms (termination).

The reason the chain reaction cycle dominates over a direct reaction between
dihydrogen and dichlorine is easy to understand. The direct reaction between Hz
and Clz has an activation energy of over 200 kJ/mol, while the activation energies
of the two propagation steps are both less than 30 kJ/mol (see Figure 4.1.1). Thus,
the difficult step is initiation and in this case is overcome by injection of photons.

Now consider what happens in a catalytic reaction cycle. For illustrative pur
poses, the decomposition of ozone is described. In the presence of oxygen atoms,
ozone decomposes via the elementary reaction:



Table 4.1.1 I Sequences and reactive intermediates.'

0 3~ O2 + °
0+ 0 3~ O2 + O2

203 ==} 302

open oxygen atoms in the
gas phase

open solvated (in liquid S02)
benzhydryl ions

+ F

(YCH'O (rCHDI I +F-~ I I
~ ~ , ,

Cl F

(rCHY'fi (rCHY'fi
,I V+ F- ===>, I V+ Cl-

°+N2~ NO +N
N+02~NO+O

N2 + O2 ==} 2NO

803 + O2~ 805
805 + SO~- ~ SO~- + 803
SO~- + SO~- ~ 2S0~-

2S0~- + O2 ==} 2S0~-

* + H20 ~ H2 + 0*
0* + CO ~ CO2 + *

Hp + CO ==} H2 + CO2.
o

O+o'~C

chain

chain

catalytic

chain

oxygen and nitrogen
atoms in the gas
phase

free radical ions
803 and 805

sites * on a catalyst
surface and the surface
complex 0*

cumyl and cumylperoxy
free radicals in a
solution of cumene

IAdapted from M. Boudart, Kinetics of Chemical Processes, Butterworth-Heinemann, 1991, pp. 61-62.
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(a)

Reaction coordinate

2HCI
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Figure 4.1.1 I
Energy versus reaction coordinate for H2 + Cl2 ~ 2HCl.
(a) direct reaction, (b) propagation reactions for photon
assisted pathway.

The rate of the direct reaction can be written as:

(4.1.1)

where rd is in units of molecule/cm3/s, [0] and [03] are the number densities (mol
ecule/cm3) of ° and 03, respectively, and k is in units of cm3/s/molecule. In these
units, k is known and is:

k = 1.9 X 10- 11 exp[ -2300/T]

where T is in Kelvin. Obviously, the decomposition of ozone at atmospheric con
ditions (temperatures in the low 200s in Kelvin) is quite slow.

The decomposition of ozone dramatically changes in the presence of chlorine
atoms (catalyst):

Cl + 0 3~ O2 + ClO

ClO + °~ O2 + Cl

0+ 0 3 =* 202

where:

kj = 5 X 10- 11 exp( -140/T)

k2 = l.l X 10- 10 exp( -220/T)
cm3/s/molecule

cm3/s/molecule

At steady state (using the steady-state approximation--developed in the next
section), the rate of the catalyzed reaction rc is:
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rc = k2[OJ[[CIJ + [CIOJ]

and

rc k2[[CIJ + [CIOJ]

rd k[03J

If

[CIJ + [CIOJ ~ -3

[03J = 10

(a value typical of certain conditions in the atmosphere), then:

(4.1.2)

(4.1.3)

(4.1.4)

(4.1.5)rc k2 3 3,/- = - X 10- = 5.79 X 10- exp(2080/ T)
rd k

At T = 200 K, rcyrd = 190. The enhancement of the rate is the result of the cata
lyst (Cl). As illustrated in the energy diagram shown in Figure 4.1.2, the presence
of the catalyst lowers the activation barrier. The Cl catalyst first reacts with ° to

(a)

Reaction coordinate

2°2

Figure 4.1.2 I
Energy versus reaction coordinate for ozone decomposition.
(a) direct reaction, (b) Cl catalyzed reaction.
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give the reaction intermediate CIO, which then reacts with 0 3 to give O2 and
regenerate Cl. Thus, the catalyst can perform many reaction cycles.

4.2 I The Steady-State Approximation
Consider a closed system comprised of two, first-order, irreversible (one-way) ele
mentary reactions with rate constants k l and k2 :

k j k2
A~B~C
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If C~ denotes the concentration of A at time t = 0 and C~ = C~ = 0, the material
balance equations for this system are:

dx- = -kx
dt ]

(4.2.1)

(4.2.2)

EXAMPLE 4.2.1 I

where x = CA/C~, y = CB/C~, and w = CclC1. Integration of Equation (4.2.1)
with x = 1, y = 0, w = 0 at t = 0 gives:

x = exp( -kIt)

k]
y = k

2
- k1[exp(-k]t) - exp(-k2t)]

k2 k]
w = 1 - k exp(-k]t) + k exp( -k2t)

2 - k] k2 - I

Show how the expression for y(t) in Equation (4.2.2) is obtained (see Section 1.5).

• Answer

Placing the functional form of x(t) into the equation for ~ gives:

y == 0 att == 0

This first-order initial-value problem can easily be solved by the use of the integration fac
tor method. That is,

or after integration:

k t k] exp[(k2 - k])t]
ye 2 == + Y

kz - k]

Since y == 0 at t == 0:

Substitution of the expression for y into the equation for y(t) gives:

k t k] c 1

ye 2 == --lexp[(kz - k])t]-lJ
kz k1

or

y
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Time

(a)

or

Time

(b)

Figure 4.2.1 I
Two first-order reactions in series.

A B~C

(a) k1 = 0.1 kJ, (b) k1 = kJ, (c) k1 = 10 k1•

It is obvious from the conservation of mass that:

x+y+w=l

dx dy dw
-+-+-=0
dt dt dt

Time

(c)

(4.2.3)

(4.2.4)

The concentration ofA decreases monotonically while that ofB goes through a max
imum (see, for example, Figure 4.2.1b). The maximum in CB is reached at (Example 1.5.6):

(4.2.5)

(4.2.6)

(4.2.7)

and is:

cy;ax = C~G~)[k2\]

At tmax, the curve of Cc versus t shows an inflection point, that is, (d1w)/(dt 1) = O.
Suppose tlJ.at B is not a..Tl intermediate but a reactive intermediate (see Section 1.1).

Kinetically, this implies that k2 » k1• If such is the case, what happens to the solution
of Equation (4.2.1), that is, Equation (4.2.2)? As kjk1 ~ 0, Equation (4.2.2) reduces to:

x = exp( -kit) }

y = k
1

exp( -kit)

w = 1 - exp( -kit)

Additionally, tmax~ 0 as does Ymax (see Figure 4.2.1 and compare as ki/k1~ 0).
Thus, the time required for CB to reach its maximum concentration is also very



(4.2.8)
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small. Additionally, the inflection point in the curve of Cc versus time is translated
back to the origin.

Equation (4.2.7) is the solution to Equation (4.2.8):

dx
-= -kx
dt 1

o = kjx k2y

dw- = k2y
dt

Note that Equation (4.2.8) involves two differential and one algebraic equations. The
algebraic equation specifies that:

dy
-=0
dt

(4.2.9)

(4.2.10)

(1.2.4)

This is the analytical expression of the steady-state approximation: the time deriv
atives of the concentrations of reactive intermediates are equal to zero. Equation
(4.2.9) must not be integrated since the result that y = constant is false [see Equa
tion (4.2.7)]. What is important is that B varies with time implicitly through A and
thus with the changes in A (a stable reactant). Another way to state the steady-state
approximation is [Equation (4.2.4) with dy/dt = 0]:

dx dw

dt dt

Thus, in a sequence of steps proceeding through reactive intermediates, the rates of
reaction of the steps in the sequence are equal. It follows from Equation (4.2.10)
that the reaction, however complex, can be described by a single parameter, the ex
tent of reaction (see Section 1.2):

e})(t) = nj(t) - n?
Vj

so that:

de}) 1 dn j 1 dn j
-=--== ... =--
dt

(4.2.11)

For the simple reaction A =} C, Equation (4.2.11) simplifies to Equation (4.2.10).
The steady-state approximation can be stated in three different ways:

1. The derivatives with respect to time of the concentrations of the reactive
intermediates are equal to zero [Equation (4.2.9)].

2. The steady-state concentrations of the reaction intermediates are small since
as k/k2 « 1, tmax ~ 0 and Cllax ~ O.

3. The rates of all steps involving reactants, products, and intermediates are
equal [Equation (4.2.10)].
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0 (a) (b) (e) (d)'00
c
] <?H3 CHzD CHDz CD3

I I I I
C C C C

100 300

Time (s)

500

Figure 4.2.2 I
Display of the data of Creighton et al. (Left) reprinted from SUlface Science, vol. 138, no. ],
J. R. Creighton, K. M. Ogle, and J. M. White, "Direct observation of hydrogen-deuterium
exchange in ethylidyne adsorbed on Pt(l]l)," pp. Ll37-Ll41, copyright 1984, with
permission from Elsevier Science. Schematic of species observed (right).

These conditions must be satisfied in order to correctly apply the steady-state
approximation to a reaction sequence. Consider the H-D exchange with ethylidyne
(CCH3 from the chemisorption of ethylene) on a platinum surface. If the reaction
proceeds in an excess of deuterium the backward reactions can be ignored. The con
centrations of the adsorbed ethylidyne species have been monitored by a technique
called secondary ion mass spectroscopy (SIMS). The concentrations of the various
species are determined through mass spectroscopy since each of the species on the
surface are different by one mass unit. Creighton et al. [Surf Sci., 138 (1984) L137]
monitored the concentration of the reactive intermediates for the first 300 s, and the
data are consistent with what are expected from three consecutive reactions. The re
sults are shown in Figure 4.2.2.

Thus, the reaction sequence can be written as:

Dz ( ) 2D

Pt=C~CH3 + D-+Pt=C~CHzD + H

Pt C~ CHzD + D -,> Pt = C~ CHDz + H

Pt~C-CHDz + D-+Pt-C-CD3 + H

2H ( ) Hz

If the rate of Dz- Hz exchange were to be investigated for this reaction sequence,

dCD, dCH,

dt dt

and the time derivative of all the surface ethylidyne species could be set equal to
zero via the steady-state approximation.
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EXAMPLE 4.2.2 I
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Show how Equation (4.1.2) is obtained by using the steady-state approximation.

• Answer

CI + 0 3~ O2 + CIO

CIO + °~ O2 + CI

0+ 0 3 => 202

The reaction rate expressions for this cycle are:

d[CIO]
-- = k1[CI][03] - k2[CIO][0]

dt

drOol----;z:- = k1[CI][03] + k2[CIO][0]

Using the steady-state approximation for the reactive intermediate [ClO] specifies that:

d[CIO]
--=0

dt

and gives:

Also, notice that the total amount of the chlorine in any form must be constant. Therefore,

[CI]o = [CI] + [CIO]

By combining the mass balance on chlorine with the mass balance at steady-state for [CIO],
the following expression is obtained:

After rearrangement:

Recall that:

I d1>
r =

C V dt

1 d[A;]
Vi dt

1 d[02]

2 dt

Thus, by use of the rate expressions for ozone and dioxygen:
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or

The rate of ozone decomposition can be written as:

or

Substitution of the expression for [CIO] in this equation gives:

or Equation (4.1.2).
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Explain why the initial rate of polymerization of styrene in the presence of Zr(C6Hs)4 in

toluene at 303 K is linearly dependent on the concentration of Zr(C6Hs)4 [experimentally
observed by D. G. H. Ballard, Adv. Catat. 23 (1988) 285] .

• Answer
Polymerization reactions proceed via initiation, propagation, and termination steps as illus
trated in Section 4.1. A simplified network to describe the styrene polymerization is:

where:

(C6HshZrCHCH2C6Hs
. I

C6Hs
kp

(C6HshZr(polymer)n + styrene --.. (C6HshZr(polymer)n+1
I I

C6Hs C6Hs
k

(C6HshZr(polymer)n~ (C6HshZr + C6Hs(polymer)n
I

C6Hs

(i)

(ii)

(iii)

is the species shown on the right-hand side of Equation (i). Equations (i-iii) are the initia
tion, propagation, and termination reactions (,a-hydrogen transfer terminates the growth of
the polymer chains) respectively. The reaction rate equations can be written as:

(initiation)
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(propagation)

(termination)

where Cz is the concentration of Zr(C6Hs)4, Cs is the styrene concentration, and C is the
concentration of the Zr species containing (polymer)n=i' For simplicity, the rate constants for
propagation and termination are assumed to be independent of polymer chain length (i.e., in
dependent of the value of n).

If the steady-state approximation is invoked, then ri = r, or

Solving for the sum of the reactive intermediates gives:

Substitution of this expression into that for rp yields:

The rate of polymerization of the monomer is the combined rates of initiation and propaga
tion. The long chain approximation is applicable when the rate of propagation is much faster
than the rate of initiation. If the long chain approximation is used here, then the polymer
ization rate is equal to rp • Note that the rp is linearly dependent on the concentration of Zr(ben
zyl)4' and that the polystyrene obtained (polystyrene is used to form styrofoam that can be
made into cups, etc.) will have a distribution of molecular weights (chain lengths). That is,
C6Hs(polymer)n in Equation (iii) has many values of n. The degree of polymerization is the
average number of structural units per chain, and control of the molecular weight and its dis
tribution is normally important to the industrial production of polymers.

The steady-state approximation applies only after a time tn the relaxation time.
The relaxation time is the time required for the steady-state concentration of the
reactive intermediates to be approached. Past the relaxation time, the steady-state
approximation remains an approximation, but it is normally satisfactory. Below, a
more quantitative description of the relaxation time is described. k k

Assume the actual concentration of species B in the sequence A --4- B~ C,
CB , is different from its steady-state approximation C; by an amount e:

The expression:

CB = C~(1 + B) (4.2.12)

(4.2.13)
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still applies as does the equation [from taking the time derivative of Equation (4.2.12)]:

dCB C' de ( _) dC~-= -+ l+e--
dt B dt dt

According to the steady-state approximation [see Equation (4.2.8)]:

(4.2.14)

(4.2.15)

(4.2.16)
dC~ ki
-=--C

dt k2 A

Equating the right-hand sides of Equations (4.2.13) and (4.2.14) and substitut
ing the values for C; and dC;/dt from Equations (4.2.15) and (4.2.16), respec
tively, gives:

de ( )_- + kz - k1 e - k1 = 0
dt

(4.2.17)

Integration of this initial-value problem with e = -1 (CB = 0) at t = 0 yields:

e = 1 {K - exp[(K - 1)k2 t] I (4.2.18)
(K - 1)

where:

Since B is a reactive intermediate, K must be smaller than one. With this qualifica
tion, and at "sufficiently large values" of time:

e=K (4.2.19)

What is implied by "sufficiently large values" of time is easily seen from Equation
(4.2.18) when K « 1. For this case, Equation (4.2.18) reduces to:

(4.2.20)

The relaxation time is the time required for a quantity to decay to a fraction Ije
of its original value. For the present case, tr = 1/k2• Intuitively, it would appear
that the relaxation time (sometimes called the induction time) should be on the
same order of magnitude as the turnover time, that is, the reciprocal of the
turnover frequency (see Section 1.3). As mentioned previously, turnover
frequencies around 1 s-1 are common. For this case, the induction time is short.
However, if the turnover frequency is 10- 3 S-1, then the induction time could
be very long. Thus, one should not assume a priori that the induction time is
brief.
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VIGNETTE 4.2.1
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Now, let's consider an important class of catalysts-namely, enzymes. Enzymes
are nature's catalysts and are made of proteins. The primary structure is the sequence
of amino acids that are joined through peptide bonds (illustrated below) to create
the protein polymer chain:

0

H /H ~ H /H ~ H 0 H II

" " " /H II //C-OH
N C-OH N C-OH N C C

"C
/

"C
/ -H2O

"C / " /"+ ----+ N Rz
/ " / " / "H IH Rl H Rz R1 H

amino acid amino acid

The primary structure gives rise to higher order levels of structure (secondary, tertiary,
quaternary) and all enzymes have a three-dimensional "folded" structure of the polymer
chain (or chains). This tertiary structure forms certain arrangements of amino acid groups
that can behave as centers for catalytic reactions to occur (denoted as active sites). How
an active site in an enzyme performs the chemical reaction is described in Vignette 4.2.1.
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VIGNETTE 4.2.2
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In order to describe the kinetics of an enzyme catalyzed reaction, consider the
following sequence:

k1 k2 k3
Ez + S ( ) EzS EzP -----+ Ez + P

L 1

where Ez is the enzyme, S is the substrate (reactant), EzS and EzP are enzyme bound
complexes, and P is the product. An energy diagram for this sequence is shown in
Figure 4.2.4. The rate equations used to describe this sequence are:

dCEzP
~ = k2CEzS k_ 2CEzP k3CEzP

dCp
----;Jt = k3CEzP

(4.2.21)

Using the steady-state approximation for the reactive intermediates CEzS and CEzP

and the fact that:

(4.2.22)
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where C~z is the concentration of the enzyme in the absence of substrate gives:

(4.2.23)

If the product dissociates rapidly from the enzyme (i.e., k3 is large compared to kz
and k-z), then a simplified sequence is obtained and is the one most commonly
employed to describe the kinetics of enzyme catalyzed reactions. For this case,

k1 k
Ez + S ( ) EzS --4 Es + P

k_1

with

dCEzS
~ = k,CSCEz - L,CEzS - k3CEzS

dCp
-:it = k3CEzS

where

Using the steady-state approximation for CEzS gives:

with:

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)

Km is called the Michaelis constant and is a measure of the binding affinity of
the substrate for the enzyme. If k_, >> k3 then Km = L jk, or the dissociation
constant for the enzyme. The use of Equation (4.2.25) with Equation (4.2.26)
yields an expression for CEzS in terms of C~z and Cs, that is, two measurable
quantities:

or
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C = C~z Cs
EzS K + C

m S

Substitution of Equation (4.2.28) into the expression for dCp/dt gives:

dCp k3C~zCS

dt Km + Cs

If rmax = k3C~z, then Equation (4.2.29) can be written as:

119

(4.2.28)

(4.2.29)

dCp =
dt

dCs

dt
(4.2.30)

EXAMPLE 4.2.4 I

This fonn of the rate expression is called the Michaelis-Menton fonn and is used widely
in describing enzyme catalyzed reactions. The following example illustrates the use of
linear regression in order to obtain rmax and Km from experimental kinetic data.

Para and Baratti [Biocatalysis, 2 (1988) 39] employed whole cells from E. herbicola immo
bilized in a polymer gel to catalyze the reaction of catechol to form L-dopa:

NH2 °
H0-o =;> HO-Q-CH2-{ -~OH

HO HO H

Catechol L-dopa (levodopa)

Do the following data conform to the Michaelis-Menton kinetic model?

• Data
The initial concentration of catechol was 0.0270 M and the data are:

0.00 0.00
0.25 11.10
0.50 22.20
0.75 33.30
1.00 44.40
1.25 53.70
1.50 62.60
2.00 78.90
2.50 88.10
3.00 94.80
3.50 97.80
4.00 99.10
4.50 99.60
5.00 99.85



120 CHAPTER 4 The Steady-State Approximatioo' Catalysis

• Answer
Notice that:

[
dCs]-1 Km 1

--:it = rmaxCs + r
max

[
dC ]-1

Thus, if - d/ is plotted as a function of Ijcs, the data should conform to a straight line

with slope = Km/rmax and intercept = l/rmax• This type of plot is called a Lineweaver-Burk plot.
First, plot the data for Cs (catechol) versus time from the following data [note that Cs =

C~ (1 - is)]:

0.00
0.25
0.50
0.75
1.00
1.25
1.50
2.00
2.50
3.00
3.50
4.00
4.50
5.00

0.027000
0.024003
0.021006
0.018009
0.015012
0.012501
0.010098
0.005697
0.003213
0.001404
0.000594
0.000243
0.000108
0.000041

0.03 100

0.025
80

0.02
~

t
~

0: 60
0.015 0

"§u· "> 40om 0:
0u

0.005 20

2 3 4 5
0

0 2 3 4 5
Time (h)

Time (h)

From the data of Cs versus time, dCs/dt can be calculated and plotted as shown below. Ad

ditionally, the Lineweaver-Burk plot can be constructed and is illustrated next.
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0
0
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From the Lineweaver-Burk plot, the data do conform to the Michaelis-Menton rate law and

K 6 80 10-3 kmol d 22 10-2 kmol
m =. X 3 an rmax = 1. X 3

m m -hr

The previous example illustrates the use of the Lineweaver-Burk plot. Notice
that much of the data that determine Km and rmax in the Lineweaver-Burk analysis
originate from concentrations at high conversions. These data may be more difficult
to determine because of analytical techniques commonly used (e.g., chromatogra
phy, UV absorbance) and thus contain larger errors than the data acquired at lower
conversions. The preferred method of analyzing this type of data is to perform non
linear regression on the untransformed data (see Appendix B for a brief overview
of nonlinear regression). There are many computer programs and software packages
available for performing nonlinear regression, and it is suggested that this method
be used instead of the Lineweaver-Burk analysis. There are issues of concern when
using nonlinear regression and they are illustrated in the next example.

EXAMPLE 4.2.5 I
Use the data given in Example 4.2.4 and perform a nonlinear regression analysis to obtain
Km and rmax .

• Answer
A nonlinear least-squares fit of the Michaelis-Menton model (Equation 4.2.30) gives the fol
lowing results:

Non-linear fitting
Non-linear fitting
Non-linear fitting
Lineweaver-Burk

(1.68 ± 0.09) X 10-2

(1.68 ± 0.09) X 10-2

(1.68 ± 0.09) X 10-2

1.22 X 10-2

(8.51 1.19) X 10- 3

(8.51 ± 1.19) X 10-3

(8.51 ± 1.19) X 10-3

6.80 X 10-3

, I"" ( rmaxC, )2 / "" 'Relative error = \1 "'"' rate - --+-. / "'"' (raleY
Km C,
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Since the nonlinear least-squares method requires initial guesses to start the procedure,
three different initial trials were performed: (I) (0,0), (2) (1,1), and (3) the values obtained
from the Lineweaver-Burk plot in Example 4.2.4, All three initial trials give the same result
(and thus the same relative error). Note the large differences in the values obtained from the
nonlinear analysis versus those from the linear regression. If the solutions are plotted along
with the experimental data as shown below, it is clear that the Lineweaver-Burk analysis does
not provide a good fit to the data.

14

12

I 10
..c
::E 8
'"0- 6
~
0:: 4

2

0
0 10 20 30

Cs (J03 M)

However, if the solutions are plotted as (rate)-J rather than (rate), the results are:

9
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:2 7

~ 6
'" 5
~ 4
~ 3
$ 2

1

o
0.01 0.10 10.00 100.00

VIGNETTE 4.2.3

Thus, the Lineweaver-Burk method describes the behavior of (rate)-J but not (rate).
This example illustrates how the nonlinear least-squares method can be used and how

initial guesses must be explored in order to provide some confidence in the solution obtained.
It also demonstrates the problems associated with the Lineweaver-Burk method.
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-dopa is converted to dopamine then to L-norepineph-

son's disease.
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4.3 I Relaxation Methods
In the previous section the steady-state approximation was defined and illustrated.
It was shown that this approximation is valid after a certain relaxation time that is
a characteristic of the particular system under investigation. By perturbing the sys
tem and observing the recovery time, information concerning the kinetic parame
ters of the reaction sequence can be obtained. For example, with A B~ c,
it was shown that the relaxation time when k]« k2 was ki I. Thus, relaxation
methods can be very useful in determining the kinetic parameters of a particular
sequence.

Consider the simple case of

k l
A ( ) B (4.3.1)

k_1

It can be shown by methods illustrated in the previous section for A -+ B -+ C,
that the relaxation time for the network in Equation (4.3.1) is:

1- = k l + L] (4.3.2)
tr

A perturbation in the concentration of either A or B from equilibrium would give
rise to a relaxation that returned the system to equilibrium. Since

(4.3.3)

and Ka can be calculated from the Gibbs functions of A and B, experimental deter
mination of tr gives k] and L] via the use of Equations (4.3.2) and (4.3.3). De
pending on the order of magnitude of t,., the experimentalist must choose an ana
lytical technique that has a time constant for analysis smaller than t r • For very fast
reactions this can be a problem.

A particularly useful method for determining relaxation times involves the use of
flow reactors and labeled compounds. For example, say that the following reaction
was proceeding over a solid catalyst:

At steady-state conditions, l2CO can be replaced by 13CO while maintaining all
other process parameters (e.g., temperature, flow rate) constant. The outlet from the
reactor can be continuously monitored by mass spectroscopy. The decay of the con
centration of 12CH4 and the increase in the concentration of 13CH4 can provide



CHAPTER 4 The Steady-State Appmximatioo' Catalysis 125

Mass spectrometer/
Gas chromatography
and Data acquisition

I---l>. Vent

Differential pump

(a)

Figure 4.3.1 I
(a) Schematic of apparatus used for isotopic
transient kinetic analysis and (b) transients
during ethane hydrogenolysis on Ru/Si02

at 180°C. (Figure from "Isotopic Transient
Kinetic Analysis of Ethane Hydrogenolysis
on Cu modified Ru/Si02" by B. Chen and
J. G. Goodwin in Journal of Catalysis,
vol. 158:228, copyright © 1996 by
Academic Press, reproduced by permission
of the publisher and the author.) F(t) in
(b) represents the concentration of a species
divided by its maximum concentration at
any time.
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kinetic parameters for this system. This method is typically called "isotopic tran
sient kinetic analysis."

Figure 4.3.la shows a schematic of an apparatus to perform the steady-state,
isotopic transient kinetic analysis for the hydrogenolysis of ethane over a Ru/SiOz
catalysis:

A sampling of the type of data obtained from this experiment is given in Figure
4.3.1b. Kinetic constants can be calculated from these data using analyses like those
presented above for the simple reversible, first-order system [Equation (4.3.1)].

Exercises for Chapter 4
1. NzOs decomposes as follows:

Experimentally, the rate of reaction was found to be:

Show that the following sequence can lead to a reaction rate expression that
would be consistent with the experimental observations:

k1

NzOs ( ) NOz + N03k_1

k2N02 + N03~ N02 + O2 + NO

NO + N03~ 2N02

2. The decomposition of acetaldehyde (CH3CHO) to methane and carbon
monoxide is an example of a free radical chain reaction. The overall reaction
is believed to occur through the following sequence of steps:

k
CH3CHO --1...+ CH3" + CHO"

k
CH3 CHO + CH3"~ CH4 + CH3CO"

k
CH3CO" ---4 CO + CH3"

CH3" + CH3"~ C2H6

Free radical species are indicated by the" symbol. In this case, the free radical
CHO" that is formed in the first reaction is kinetically insignificant. Derive a
valid rate expression for the decomposition of acetaldehyde. State all of the
assumptions that you use in your solution.
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3. Chemical reactions that proceed through free radical intermediates can
explode if there is a branching step in the reaction sequence. Consider the
overall reaction of A =} B with initiator I and first-order termination of free
radical R:

I~R

R+A~B+R

R+A~B+R+R

R~ side product

initiation

propagation

branching

termination

Notice that two free radicals are created in the branching step for everyone
that is consumed.

(a) Find the concentration of A that leads to an explosion.

(b) Derive a rate expression for the overall reaction when it proceeds below
the explosion limit.

4. Molecules present in the feed inhibit some reactions catalyzed by enzymes. In
this problem, the kinetics of inhibition are investigated (from M. L. Shuler and
F. Kargi, Bioprocess Engineering, Basic Concepts. Prentice Hall, Englewood
Cliffs, NJ, 1992).

(a) Competitive inhibitors are often similar to the substrate and thus compete
for the enzyme active site. Assuming that the binding of substrate Sand
inhibitor I are equilibrated, the following equations summarize the relevant
reactions:

k,
Ez + S~ EzS -----=-c. Ez + P

K;

Ez+I ~ EzI

Show how the rate of product formation can be expressed as:

(b) Uncompetitive inhibitors do not bind to the free enzyme itself, but instead
they react with the enzyme-substrate complex. Consider the reaction
scheme for uncompetitive inhibition:

Km

Ez+ S~ EzS

K;

EzS+ I ~ EzSI

Ez + P
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Show how the rate of product fonnation can be expressed as:

(c) Noncompetitive inhibitors bind on sites other than the active site and reduce
the enzyme affinity for the substrate. Noncompetitive enzyme inhibition
can be described by the following reactions:

Ki

Ez + I +§:t EzI

Ki

EzS + I +§:t EzSI

Km

EzI + S +§:t EzSI

The Michaelis constant, Km , is assumed to be unaffected by the presence
of inhibitor I. Likewise, K; is assumed to be unaffected by substrate S.
Show that the rate of product fonnations is:

r=( Cr)rn(ax K)
I + ~ I + C:

(d) A high concentration of substrate can also inhibit some enzymatic
reactions. The reaction scheme for substrate inhibition is given below:

17
am kz

Ez + S +§:t EzS~ Ez + P

KSi

EzS + S +§:t EzSz

Show that the rate of product fonnation is:
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S. Enzymes are more commonly involved in the reaction of two substrates to
form products. In this problem, analyze the specific case of the "ping pong bi
bi" mechanism [w. W. Cleland, Biochim. Biophys. Acta, 67 (1963) 104] for
the irreversible enzymatic conversion of

A+B=>P+W

that takes place through the following simplified reaction sequence:

KmA ko
Ez+A~ EzA ~ Ez'+P

KmE k4
Ez'+B ~Ez'B ~Ez+W

where Ez' is simply an enzyme that still contains a molecular fragment of A
that was left behind after release of the product P. The free enzyme is
regenerated after product W is released. Use the steady-state approximation to
show that the rate of product formation can be written as:

where K a , Kf3, and rmax are collections of appropriate constants.
Hints: C~z = CEz + CEzA + CEz' + CEz's and dCpjdt = dCVv/dt

6. Mensah et al. studied the esterification of propionic acid (P) and isoamyl
alcohol (A) to isoamyl propionate and water in the presence of the lipase
enzyme [Po Mensah, J. L. Gainer, and G. Carta, Biotechnol. Bioeng., 60
(1998) 434.] The product ester has a pleasant fruity aroma and is used
in perfumery and cosmetics. This enzyme-catalyzed reaction is shown
below:

Propionic acid Isoamyl alcohol

CH,\
o H2 1-

H,C JL C CH + H20
-~/~/~/~

C 0 C CH1
H2 H2-

Isoamyl propionate
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This reaction appears to proceed through a "ping pong bi bi" mechanism with
substrate inhibition. The rate expression for the forward rate of reaction is
given by:

Use nonlinear regression with the following initial rate data to find values of
rmax , Kj, K2 , and KPi. Make sure to use several different starting values of the
parameters in your analysis. Show appropriate plots that compare the model
to the experimental data.

Initial rate data for esterification of propionic acid and
isoamyl alcohol in hexane with Lipozyme-IM
(immobilized lipase) at 24°C,

0.15
0.15
0.15
0.15
0.15
0.15
0.33
0.33
0.33
0.33
0.33
0.33
0.33
0.60
0.60
0.60
0.60
0.60
0.60
0.60
0.72
0.72
0.72
0.72
0.72
0.72
0.72
0.93
0.93
0.93
0.93
0.93

0.10
0.20
0.41
0.60
0.82
1.04
0.10
0.11
0.20
0.41
0.60
0.81
1.01
0.13
0.13
0.20
0.42
0.62
0.83
1.04
0.14
0.20
0.41
0.61
0.82
0.85
1.06
0.21
0.42
0.65
0.93
1.13

1.19
1.74
1.92
1.97
2.06
2.09
0.90
1.00
1.29
1.63
1.88
1.94
1.97
0.80
0.79
1.03
1.45
1.61
1.74
1.89
0.73
0.90
1.27
1.51
1.56
1.69
1.75
0.70
1.16
1.37
1.51
1.70

From P. Mensah, J. L. Gainer and G. Carta, Biotechnol. Bioeng" 60
(1998) 434,
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7. Combustion systems are major sources of atmospheric pollutants. The
oxidation of a hydrocarbon fuel proceeds rapidly (within a few milliseconds)
and adiabatically to establish equilibrium among the H/C/O species (COz, HzO,
Oz, CO, H, OH, 0, etc.) at temperatures that often exceed 2000 K. At such
high temperatures, the highly endothermic oxidation of Nz:

6.Hr = 180.8 (kJ mol-I)

becomes important. The reaction mechanism by which this oxidation occurs
begins with the attack on Nz by 0:

with rate constants of:

k i = 1.8 X 108e-384oo/T (m3 mol-1s- l )

L I = 3.8 X 107e-4Z5/T (m3 mol-1s- l )

The oxygen radical is present in its equilibrium concentration with the major
combustion products, that is,

1/20z =€7= 0

The very reactive N reacts with Oz:

kz
N + Oz ( ) NO + 0

k_z

kz = 1.8 X 104 Te-468o/T

L z = 3.8 X 103 Te-zo8oo/T

(m3 mol-1s- 1)

(m3 mol-1s- 1)

HBr+H

(a) Derive a rate expression for the production of NO in the combustion products
of fuel lean (excess air) combustion of a hydrocarbon fuel. Express this rate
in terms of the concentrations of NO and major species (Oz and Nz).

(b) How much NO would be formed if the gas were maintained at the high
temperature for a long time? How does that concentration relate to the
equilibrium concentration?

(c) How would you estimate the time required to reach that asymptotic concentration?

(Problem provided by Richard Flagan, Caltech.)

8. The reaction of Hz and Brz to form HBr occurs through the following sequence
of elementary steps involving free radicals:

k i
( )

k_ I

ko
H + Br2 -::...-.. HBr + Br
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Use the fact that bromine radicals are in equilibrium with Br2 to derive a rate
expression of the form:

r=

9. As a continuation of Exercise 8, calculate the concentration of H radicals present
during the HBr reaction at atmospheric pressure, 600 K and 50 percent conversion.
The rate constants and equilibrium constant for the elementary steps at 600 K are
given below.

kl = 1.79 X 107 cm3 mol- l S-l

k_ l = 8.32 X 1012 cm3 mol- l S-l

k2 = 9.48 X 1013 cm3 mol- l S-l

K3 = 8.41 X 10- 17 mol cm-3

10. Consider the series reaction in which B is a reactive intermediate:

As discussed in the text, the steady-state approximation applies only after a
relaxation time associated with the reactive intermediates. Plot the time
dependence of e (the deviation intermediate concentration from the steady
state value) for several values of krlk2 (0.5, 0.1, 0.05) and k2 = 0.1 S-l. What
happens when: (a) k l = k2 and (b) k l > k2?




