
CHAPTER 2 
BALANCE PRINCIPLES 

This chapter presents the basic dynamical equations for continuum mechanics 
and some key inequalities from thermodynamics. The latter may be used to give 
functional form to the second Piola-Kirchhoff stress tensor-a fundamental 
ingredient in the dynamical equations. The study of this functional form is the 
main goal of Chapter 3 on constitutive theory. 

We shall set up the basic equations (or inequalities) as integral balance 
conditions. Therefore, the first section of this chapter is devoted to their general 
study. For the dynamical equations, the basic postulate is the existence of a 
stress tensor and a momentum balance principle. In particle mechanics these 
are analogous to the postulate of Hamilton's equations, or Newton's second law. 
We shall present a detailed study of these ideas in both the material and spatial 
pictures by using the Piola transformation that was developed in Section 1.7. 

The integral form of momentum balance is subject to an important criticism: 
it is not form invariant under general coordinate transformations, although the 
dynamical equations themselves are. We shall examine this and a number of 
related covariance questions. Covariance ideas are also useful in the discussion 
of constitutive theory, as we shall see in Chapter 3. 

2.1 THE MASTER BALANCE LAW 

Let CB and S be Riemannian manifolds with metric tensors G andg, respectively. 
Suppose x = ¢(X, t) is a Cl regular motion of CB in S, VeX, t) is the material 
velocity, and vet, x) is the spatial velocity. For the moment we sha1l assume 
that CB and S are the same dimension; for example, CB c S is open and ¢ is a 

1?n 
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regular Cl motion. (For shells and related situations the results need to be modi
fied along the lines indicated in Box 5.1, Chapter 1 and Box 1.2, Chapter 2.) Let 
dV be the volume element on <B and dv that in S, and let J(X, t) be the Jacobian 
of ,plX). (See Section 1.5.) Recall that an open subset 'U c <B is called "nice" 
if it has a piecewise C 1 boundary a'll. 

1.1 Transport Theorem Let f(x, t) be a given C 1 real-valued function of time t 
and position x E ,p,(<B), and let 'U be a nice open set in <B. Then (suppressing the 
arguments (x, t», 

.!£. r fdv= r U+fdivv)dv= r (¥+diV(fv»)dv 
dt Jof>t('ll) J¢t('ll} J¢d'll} t 

where j = ~ + df· v = ~ + :~ va is the material derivative off and div v = 

vala is the divergence of v. 

Proof By change of variables, and differentiating under the integral sign, 

d
d r f dv = dd r f( ,p(X, t), t)J(X, t) dV 
t J¢,{'ll} t J'll 

= L {j(,p(X, t), t)J(X, t) + f(,p(X, t), t) aJ<;; t)} dV. 

From 5.4, Chapter 1, (aJ/at)(X, t) = (div v)J. Inserting this in the preceding 
expression and changing variables back to x gives the result. I 

Problem 1.1 Generalize the transport theorem as follows. Let ,p,: <B 
--> S be a regular motion of <B in S and let <P c <B be a k-dimensional 
submanifold. Let (J" be a k-form on S and let f ¢t«(l')(J" denote the integral of 
(J" over ,p,(<P). Show that 

.!£ r rL = r LvrL , 
dt J¢t«(l') J¢t«(l') 

where v is the spatial velocity of the motion. Show that this includes the 
transport theorem as a special case by choosing <P = 'lL and rL = f dv. 

Many of the basic laws of continuum mechanics can be expressed in terms of 
integral equalities or inequalities. We abstract these by making the following. 

1.2 Definition Let a(x, t), b(x, t) be given scalar functions defined for 
t E IR (or an open interval in IR), x E ,p,(<B), and c(x, t) a given vector field on 
,pl<B). We say that a, b, and c satisfy the master balance law if, for any nice open 
set 'U c <B, the integrals that appear in the following equation exist, f ¢«'ll) a dv 
is t-differentiable and 

- a dv = b dv + <c, n> da di 1 1 dt ¢,('ll) ¢,('ll) a¢d'll} 
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where n is the unit outward normal to aifJ,(cu') and da is the area element on this 
surface. If the above equality is replaced by the inequality 

ft r a dv > r b dv + 1 <c, n) da 
)"',(U) )¢d'U) aql,('U) 

we say that a, b, c satisfy the master balance inequality. 
If there is danger of confusion, we may refer to these as the spatial master 

balance law (or inequality, respectively). 

The next theorem shows how to cast such a relationship into local form. 

1.3 Localization Theorem (Spatial) Let a and c be Cl and b be CO. They 
satisfy the master balance law if and only if 

~~ + div(av) = b + div c. (I) 

They satisfy the master inequality if and only if 

~~ + div(av) > b + div c. (1)' 

Proof By the transport and divergence theorems, the master balance law is 
equivalent to 

f. (aaa + div(av») dv = J b dv + r (div c) d1J 
cP' ('11) t 91, ('11) ) ¢d'U) 

for any nice open set cu, c ill. Thus if the identity (l) or ineq uality (l)' hold, the 
corresponding integral relation holds. Conversely, we may use the following 
elementary calculus lemma: if g(x) is continuous and f.o g(x) dv = 0 (resp. 
> 0) on a family {'D} of open sets of arbitrarily small diameter about each point, 
then g(x) = 0 (resp. is > 0). The result therefore holds. I 

The passage from the integral form to the localized form requires more differ
entiability than is needed to make sense of the integral form. Thus the integral 
form is more general and is crucial for the discussion of shocks. See Box 1.1, 
below. 

Next we shall consider the material master balance law and inequality. 

1.4 Definition Let A(X, t) and B(X, t) be given functions on ill and C(X, t) 
a vector field. We say that A, B, and C satisfy the (material) master balance law 
if, for all nice open sets cu, c ill, the integrals appearing in the following equation 
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exist, f'll AJ dV is t-differentiable and 

: r AJ dV = r BJ dV + r < c, N) dA 
t J'Il J'Il Jau 

where N is the unit outward normal to a'll and dA is the area element on a'll. 
Similarly, we say that A, B, C obey the master balance inequality if 

d
d r AJ dV > r BJ dV + r < C, N) dA 
t Ju J'Il Ja'll 

for all nice open sets'll c CB. 

Again we can localize, but the procedure is now simpler. We need only differ
entiate under the integral sign and equate integrands. Thus, we get the following: 

1.5 Localization Theorem (Material) Let AJ, BJ be Co, a(AJ)/at exist and 
be Co, and let C be Cl. Then A, B, C, satisfy the master balance law if and only if 

~ (AJ) = BJ + DIY C, 

and the master balance inequality if and only if 

~ (AJ) > BJ + DIY c. 

Theorems l.3 and 1.5 are connected as follows: 

1.6 Proposition Suppose A, B, C, and a, b, c, are related by 

A(X, t) = a(x, t) (where x = ifJ(X, t», 

B(X, t) = b(x, t), 

C(X, t) = J(X, t)F-l(X, t).c(x, t) 

(2) 

(2)' 

(i.e., C is the Piola transform of c so that CA = J(F-l)Aaca). Then A, B, C satisfy 
the material master balance law (resp. inequality) if and only if a, b, c satisfy the 
spatial master balance law (resp. inequality). 

Proof This follows from the integral forms in the definitions by changing 
variables and using the identity < c, N) dA = < c, n) da derived in Section 1.7. I 

Problem 1.2 Directly verify the equivalence of the localized forms of the 
balance laws (1) and (2). 
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Problem 1.3 Take a = p (the mass density), b = 0, c = 0, and show that 
the master balance law reduces to conservation of mass. Localize using 
1.3, and convert to material form. 

If we incorporate the mass density into the balance laws, some simplification 
results. Let p(x, t) be the mass density and assume that conservation of mass 
holds; that is, apjat + div(pv) = O. If fis replaced by pf and conservation of 
mass is assumed, the transport theorem takes the following form: 

ddl ~~=l h~· rn 
t 1lI,('lL) 1lI,('lL) 

If a = po and b = pb in the master balance law, the localization (I) becomes 

pa = pb + div c. (4) 

Correspondingly, if we take A = pA and B = pB in the material form, the 
localized equations (2) become 

aA -
PRef at = herB + DIV C. (5) 

Similarly for the master balance inequalities. 

Problem 1.4 Prove Equations (3), (4), and (5). 

The material forms of the balance principles are convenient, since their 
localization does not involve the convective term l daov = (aajaxa)va. Further
more, the material form is valid for shells as it stands, but the spatial form 
requires modification; see Box 1.2 below. 

Box 1.1 The Transport Theorem and Discontinuity Surfaces 

The transport theorem may be supplemented by the following 
version. 

1.7 Proposition Let f(x, t) be a given bounded Cl function on a 
moving open set 9lt c S and suppose f is continuous on a91t • Suppose the 
boundary of 91., is moving with velocity IV, and Wn is its (outward) normal 
component. Then 

; r f dv = r Z dv + r fW n da 
J'lL, J'lL, Ja'lL, 

1 For instance, in fluid mechanics thiS convective term causes technical difficulties. Some 
existence and uniqueness proofs are considerably simplified if material coordinates are used. 
See Ebin and Marsden [1970J and Chapter 6. 
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Proof Extend w to a vector field and let 'fI, be its flow. Then we 
have'll, = 'fI,('lLo). By the transport and divergence theorems, 

it r fdv = r (ft + diV(fW») dv = r ~dv + r fWn da. I 
~ ~ ~ J~ 

1.8 Theorem Let f(x, t) be given, and let ¢(X, t) be a regular C 1 

motion. Suppose f has a jump discontinuity across a surface a, but is C 1 

elsewhere. Assume that div(fv) is integrable on ¢,('lL), as is af/at. Thenfor 
a nice open set 'lL c S, 

it r f dv = r (~f + diV(fv») dv + 1 [fJ(Vn - wn) da, 
J",,('ll} J",,('U} u,n'll, 

where Wn is the normal velocity of a" vn is the normal component of 
v, and [fJ denotes the jump in f across at. 2 

Proof Write 'lLt = ¢,('lL) = CUi u 'lL;, where 'lLi is on the "forward 
moving" side of a" or the "+ side". Write a'lLi = a, U (a'll, n (¢,(63»+) 
and similarly for a'll;. See Figure 2.1.1. 

By 1.7, and noting that -Wn is the outward normal component of w 
on at with respect to CUi, 

Figure 2.1.1 

2We assume O"t divides eM!!;,) into two pieces. One piece is denoted +, the other -. The 
jump in/is from the - side to the + side; that is, [fJ = /+ - /-, where f+ is the limiting 
value of /from the + side and/- that from the - side. 
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Adding this to the similar expression for'll; gives 

f r fdv = r r- dv - i (f+ -- f-)w. da + 1 div(fv)dv 
t Ju, Ju, t tnn'll, 'u, 

+ Ln'llt (flVn da. I 

This result can be used to generalize the master balance laws to the 
case in which the arguments experience jump discontinuities across a 
smooth surface. Let the hypotheses be as above, but assume that a, b, c 
and A, B, C may be discontinuous across the surfaces (Jt and L" 
respectively, where (Jt = ifJt(Lt). From 1.8 and the divergence theorem, 
we have the following identities: 

!!..l adv-l bdv-i <c,n)da 
dt M'll) ¢,('ll) a¢,{'ll) 

= 1 (~a + div(av) - b - div c) dv 
¢,('ll) t 

+ 1 [a«v, n) - w.) - <c, n)] da 
Cltn'Ut 

and : r AJ dV - r BJ dV - r < c, N) dA 
t J'll J'll Ja'll 

= (a(JrJ) - BJ - DIV c) dV 

+ L [AJ« v, N) - WN ) - <c, N)l dA 

where WN is the normal velocity of the surface Lt. The integral balance 
laws imply the local form given previously as weII as the following jump 
discontinuity conditions: 

[a«v, n) - w.) - <c, n)J = 0 on (Jt (spatial form) 

and [AJ«V, N) - WN ) - <C, N)] = 0 on Lt (material form). 
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r-----.------- --

These results are fundamental in wave-propagation theory and in shock 
waves. The surfaces a, and L, are called propagating singular surfaces
the "singular" referring to the fact that functions of interest experience 
discontinuities across them. 3 

-------------_. 

An important result, known as Cauchy's theorem, deals with the form of 
the integrand <c, n) in the surface integral term of the master balance law. 

1.9 Cauchy's Theorem Let a(x, t) be C 1, and b(x, t), c(x, t, n) be CO scalar 
functions defined for all t E !R (or an open interval), all x E ¢,«(53), and all unit 
vectors n at x. Assume that a, b, and c satisfy the master balance law in the sense 
that, for any nice open set '11 c (53, we have 

d
d 1 a(x, t) dv = 1 b(x, t) dv + r c(x, t, n) da, 
t ¢t ('U) ¢t ('U) Ja¢t ('U) 

where n is the unit outward normal to a¢,('11). Then there exists a unique vector 
field c(x, t) on ¢,«(53) such that c(x, t, n) = (c(x, t), n). 

Proof By the transport theorem, the hypothesis is 

f (d + a div v - b) dv = f c(x, t, n) da 
~~ ~~ 

(1) 

for all nice regions '11. 
Now fix the variable t (it will be omitted in what follows). Work in a neighbor

hood of a point Xo E S and choose an oriented coordinate system {x·} that is 
orthonormal at XO' 

We shall work in three dimensions for simplicity; see Figure 2.1.2. In the first 
quadrant of the chosen coordinates system, draw the tetrahedron W with one 
edge of length I, and the others in fixed proportions to it. Let n be the unit normal 
to the skew face. By construction, 

1· volume W ° 1m = 
I~O area aw ' 

and so from (I), 

lim law r c(t, x, n)da = 0, 
I~O area Jaw 

Let the coordinate faces be denoted Li (i = 1, 2, 3), and the skew face be L. By 

3For results on wave propagation theory, see Chen [1972] and Eringen and Suhubi [1974]. 
For results on shocks, see Courant and Friedrichs [1976], Hughes and Marsden [1976], and 
Chorin and Marsden [1979]. 



Figure 2.1.2 

the mean value theorem for integrals, there is a z EO L and points Zi EO Li such 
that 

law i c da = 1 aw {c(z, n)(area L) + t C(Zi' -n;)(area L/)} area aw area i~ 1 

where -nl is the outward unit normal to Li at Zi' As 1--------> 0, (area L)!(area aW) 
----> lX, a constant, and (area Li)!(area aW) --------> nilX, where n = n1el is the limiting 
value of n as 1-----> 0. (As the proportions of the sides vary, we get all possible 
vectors n in the first quadrant.) Since nl --------> el as 1-----> 0, we get the identity 

(2) 

Taking the limit n -----> e" we get 

c(xo, e/) = -c(xo• -eJ (3) 

Substituting back into (2) gives c(xo, n) = I;l~ 1 n1c(xo' eJ Similar reasoning 
holds for the other quadrants. I 

128 

Problem 1.5 Formulate Cauchy's theorem for material quantities. 

Problem J.6 This problem is the first step in generalizing Cauchy's 
theorem to allow c(x, t, n)'s that are not necessarily continuous. (See 
Gurtin and Martins (1976] for more information.) Define a Cauchy flux 
to be a map F that assigns to each oriented piecewise smooth surface 
(possibly with boundary) ® c £ = [R3 a vector F(®) EO [R3 such that 
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(a) If ® = U7=1 ®i' a disjoint union (except on boundaries) with 
compatible orientations, then F(®) = L;=I F(®I)' and 

(b) F is area-continuous; that is, if area (®n) --> 0, then F(®n) -> 0. 

Prove that F(-®) = -F(®), where -® denotes ® with the opposite 
orientation. Compare Equation (3) above. [Hint: Consider a pill-box of 
thickness f > 0]. 

Box 1.2 Balance Laws for Shells 

The transport theorem for shells follows. 

1.10 Theorem Let dim S = dim CB + I and let ¢>,: CB --> S be a 
motion (of embed dings) ofCB into S. Letfbe a given CI function of t E [R 
and x E ¢>,(CB). Let 'U c CB be a nice open set. Then 

d
d r f dv = r {f + f(div VII + Vn tr k)} dv 
t J¢t('U) J¢t('U) 

where VII is the component of the spatial velocity field parallel to ¢>,(CB), 
vn is its normal component, and tr k is the mean curvature of the hyper
surface ¢>,(CB). (See Box 5.1, Chapter 1.) 

Proof 

d
d 1 f dv = dd r f(¢(X, t), t)J(X, t) dV(X) 
t ¢,('U) t J'U 

by the change of variables theorem. By 5.13 and 5.14 of Chapter 1, we 
have 

aJ -. at = «dlV VII)o¢>, + vnCtr k)o¢>,)J. 

After differentiating under the integral sign, one may complete the proof 
as in 1.1. I 

Given scalar functions a, b on ¢>,(CB) and a vector field c(x, t), we 
define the master balance law as before: 

itl adv=l bdv+l <c,n)da. 
¢d'U) ¢d'U) D¢,('U) 

The localized equations are 

aa -- --at + div(avII) + aVn tr k = b + div c 

where div means the intrinsic (Riemannian) divergence for vector fields 
on the surface ¢>,(CB). 
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The material picture for shells is the same as that in 1.4 and 1.5. The 
Piola transform still makes sense as a relation between vector fields C 
on CB and vector fields c on ¢,(CB). 

Problem 1.7 Prove a Cauchy theorem for shells. 

Problem 1.8 Prove a transport theorem for discontinuity surfaces 
in shells. 

Box 1.3 Transport Theorem for a Distensible Tube 

Balance laws in mechanics involve terms of the form f + f div v. 
Most of the difficulty in deriving one-dimensional theories is computing 
the correct one-dimensional counterpart off + f div v. The procedure 
given here explains how to do this. 

Consider a section S of the tube illustrated in Figure 2.1.3. Let S be 
chosen normal to the z3-axis. The luminal area of the tube is the area of 
S and is denoted A(z3, t) > 0; S need not be circular. Let e denote as, 
the luminal boundary with line element df. Letf(z!, Z2, z3, t) be a C! 
real-valued function, and define its area mean to be j = (f sf da)J A: 
[R2 ---> [R, where da is the area element on S. Let v denote the spatial 
velocity vector of material contained in the tube. The z3-component 
of V is denoted v3 • Let n be the unit outward normal vector to the tube 
defined on the boundary of the tube. The tube in general will have a 

Z2 

Figure 2.1.3 
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time-dependent taper so n does not necessarily lie in the zlz2-plane
that is, in the plane of S. Let Vn represent the component of v in the 
direction n; that is, Vn = V· n. If Un denotes the normal velocity of the 
luminal surface, then Wno the relative normal velocity of the lumen, is 
defined by Un = Vn + W n' Thus the amount of fluid leaving the tube 
through the luminal surface is measured by -Wn• The preceding defini
tions and the transport theorem yield the following identity: 

~ (Ai) + a~3 [A(fv3)] = 1 U + f div v) da + ifwn dl. 

This relation is useful in establishing one-dimensional theories of 
flow through distensible tubes. 4 The last term allows for outflow due to 
transverse branching. 

Box 1.4 Summary of Important Formulas/or Section 2.1 

Transport Theorem 

d
dl fdv=l U+fdivv)dv f+fdivv=--"~a'Lt+(fva)la 
t q" ('U) </it ('U) 

= 1 (aaf + div (fv») dv 
</it('U) t 

Master Balance Law 
(i) For spatial quantities a, b, c: 

(Integral Form) 

.!{ 1 a dv = 1 b dv + ( <c, n) da <c, n) = canbgab 
dt q,,('U) q,,('U) Ja</i,('U) 

(Local Form) 

~~ + div (av) = b + div c ~~ + (avb)lb = b + Cblb 

(ii) For material quantities A, B, C: 
(Integral Form) 

it L AJdV= L BJdV + L <C,N)dA <C, N) = CANBGAB 

(Local Form) 

1r (AJ)= BJ + DIV C 1r (AJ) = BJ + CAIA 

4See Hughes and Lubliner [1973]. 
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Material vs. Spatial 
A(X, t) = a(x, t) 
B(X, t) = b(x, t) 
C(X, t) = JF-l C 

X = cp(X, t) 

A(XA, t) = a(xa , t) 
B(XA, t) = b(xa , t) 

CA(XB, t) = J(F-l)AaCa 
xa = cpa(XA, t) 

Balance Laws Using Mass Density p(x, t) 

Transport: ddl fPdv=l jpdv 
t ¢, ('ll) ¢d'll) 

Master Balance Law 
po. = pb + div c a = pii, b = pb 

aX - --PRefTt = PRefB + DIV C A = pA, B = pB 

Cauchy's Theorem 

CH. 2 

If a(x, t), b(x, t), and c(x, t, n) satisfy the master balance law, then 
c(x, t, n) = <c(x, t), n) for some vector field c. Materially, if A(X, t), 
B(X, t), and C(X, t, N) satisfy the master balance law, then C(X, t, N) 
= < C(X, t), N). 

Transport Theorem for Discontinuity Surfaces 

: r fdv = 1 (j + fdiv v) dv + I [f](Vn - wn)da, 
t J<!>d'U) ¢,('U) ""n'U, 

where (Jt = discontinuity surface, Wn is its normal velocity, v~ is the 
normal component of v, and [f] is the jump off across (Jt. 

Jump Discontinuity Conditions for the Master Balance Law 
[a<v, n) - wn - <c, n)] = 0 on (J, 

[AJ<V, N) - WN - <C, N)] = 0 on L" where (Jt = cp'(Lt) 

Transport Theorem for Shells 

d
d 1 fdv = r [j + f(div VII + Vn trk)]dv 
t <!>,('U) J<!>d'U) 

2.2 THE STRESS TENSOR AND BALANCE OF MOMENTUM 

This section develops the basic equations of continuum mechanics. The concept 
which sets continuum mechanics apart from particle mechanics is that of stress. 
The idea, introduced by Cauchy a century and a half after Newton, expresses the 
interaction of a material with surrounding material in terms of surface contact 
forces. 

We quote Truesdell [1968], p. 186 concerning the Stress Principle of Cauchy: 
"Upon any smooth, closed, orientable surface @5, be it an imagined surface 
within the body or the bounding surface of the body itself, there exists an 
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integrable field of traction vectors tf! equipollent (same resultant and moment) to 
the action exerted by the matter exterior to @5 and contiguous to it on that 
interior to 6." See Figure 2.2.1. 

Figure 2.2.1 

We postualte the existence of a vector field t(x, t, n) depending on time t, 
the spatial point x, a unit vector n, and, implicitly, the motion l{J(x, t) itself. 
Physically, t(x, t, n) represents the force per unit area exerted on a surface element 
oriented with normal n. We shall call t the Cauchy stress vector. 

Throughout this section we shall assume that CB is a simple body moving in 
S = IRn. We shall let I{J, be a regular C 1 motion of CB in S, and, as usual, let 
vex, t) and vex, t) be its spatial and material velocities. Let p(x, t) be a mass 
density function. We shall explicitly state when we are assuming conservation 
of mass. Finally, we assume that forces other than surface contact forces (trac
tions) arise from an external force field h, an example of which is the gravitational 
force. 

The reader who has read Box 5.1, Chapter I, and Box 1.2 in the preceding 
section may generalize the results below to shells. In Box 2.2 we shall indicate 
another possible generalization of the results given here. 

2.1 Definition Given I{J(X, t), p(x, t), t(x, t, n), and hex, t) we say that 
balance of momentum is satisfied provided that for every nice open set 'U c CB, 

~ 1 pv dv = 1 ph dv + r t da 
dt q1d'U) 91, ('U) J 891, ('U) 

where t is evaluated on the unit outward normal n to aI{J,('U) at a point x. 

The above equation states that the rate of change of linear momentum of 
I{J,('U) equals the net force acting on it. 
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Warning: Balance of momentum explicitly uses the linear structure of IRn 

since vector functions are integrated. It is correct to interpret this equation 
componentwise in Cartesian coordinates Zi but not in a general coordinate 
system. In this sense, balance of momentum is not a tensorial postulate. We shall 
discuss this objection in greater detail in Section 2.3. There we shall show how 
balance of momentum follows from an energy principle that does not require 
S to be linear. (For relativisitic elasticity it is essential to have a basic postulate 
that is covariant-such as balance of four momentum-and for classical 
elasticity it is desirable.) 

2.2 Theorem Assume that balance of momentum holds, that ¢(X, t) is Cl, 
and t(x, t, n) is a continuous function of its arguments. Then there is a unique 

(~) tensor field, denoted cr, depending only on x and t such that 

I t(x, t, n) = < cr(x, t), n)./ 

In coordinates {x·} on S, the preceding equation reads 

t·ex, t, n) = a·cex, t)gbcnb = a·b~ 
Proof Let "0 be a vector in IR". Then 

d
d r p<v, liD) dv = r p<b, liD) dv + J <t, uo) dv. 
t J.p, ('ll) j </>d'll) a</>, ('ll) 

By Cauchy's theorem, 1.7, there is a vector field c such that <t, liD) = (c, n). 
Since <t, liD) depends linearly on 110' c must also be a linear function of "0' and so 
defines the required tensor cr. (In Cartesian coordinates, picking 110 = Ii gives 
a vector field ci such that ti = (ci, n) = njaikojk' where a ik are the components 
of ci

.) Obviously, cr is uniquely determined. I 

2.3 Definition The tensor a·b is called the Cauchy stress tensor. The asso
ciated tensor cr with components a·b is also caIled the Cauchy stress tensor. 

2.4 Theorem Assume that balance of momentum and conservation of mass 
hold. Then 

r--;v = pb -I- div cr, where (di~~)· ,= ~~-:::.-J L ___________________ . _____ _ 
Proof Tbe validity oftbis equation in Cartesian coordinates results from ihe 

spatial form of the master balance law (see Equation (4), Section 2. J). I 

In general coordinates {X"}, this basic set of dynamic equations in 2.4 reads 
as follows: 
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Notice that a·n is the force per unit of deformed area. To find the force per 
unit of undeformed area, we perform a Piola transformation (see Section 1.7). 

2.5 Definition The first Piola-Kirchhoff stress tensorS P is the two-point 
tensor obtained by performing a Piola transformation on the second index of G. 

In coordinates, 

\ paA = J(F-l)Ab aab.\ 

Here paA is a function of (X, t) and aab is evaluated at (X, t), where x = t{>(X, t). 

From results in Section 2.1 we can read off the material version of balance 
of momentum. 

2.6 Theorem Assume conservation of mass holds. Then balance of momentum 
is equivalent to 

: 1 PRer V dV = 1 PRerR dV + J <P, N) dA 
t • • ft 

for any nice open set 'U c <33. Here R(X, t) = b(x, t) and <P, N) = paA N A. This, 
in turn, is equivalent to 

I PRerA = PRerR + DIY P I 
where (DIY p)a = paAIA . 

Problem 2.1 Let A be an n X 11 matrix such that for any unit vector n, 
A·n is parallel to n. Show that A = pI, where p is a real number and I 
is the n X n identity matrix. 

2.7 Example A perfect fluid is characterized by the fact that no shear forces 
are possible; that is, CJ· n is parallel to n. Problem 2.1 shows that G = -pI 
for some scalar function p called the pressure, and I the identity (equivalently, 
aba = _pgba). The equations of motion then read 

pv = pb - V p (Euler's equations) 

since div (-pI) = - V p. The reader should write out the equations in material 
form as an exercise. 

If we pull the first leg of P back to <33 we get a (6) tensor on <33. This tensor 

will turn out to play an important role in constitutive theory. The formal 
definition follows. 

SSee Piola [1845] and Kirchhoff [1852]. 
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2.8 Definition The second Piola-Kirchhoff stress tensor S is obtained by 
pulling the first leg of P back by rb,. In coordinates, 

I SAB = (F-I)AapaB = J(F-I)Aa(F-I)Bbaab./ 

Problem 2.2 Show that balance of momentum can be written as 

PRera, = PRerrb:,(B) + DIY cS 

where (J., is the convected acceleration and DIY cS is the divergence of S 
with respect to the metric C~ = rbf(g). 

Box 2.1 The Unit Normal as a One-Form 

In retrospect, the position of the indices on the Cauchy stress tensor 
seem most natural up-that" is, aab. However, to contract with n, aab 
seems more natural. We can encompass both properties if we think of 
unit normals as one-forms rather than vectors; then aabnb is the natural 
contraction. 

To motivate this idea, consider a real-valued functionfon [R3. The 
level setsf(x, y, z) = c are surfaces. In vector calculus we learn that the 
gradient vector Vf(x, y, z) is a unit normal to the surface through 
the point (x, y, z). However, the one-form df(x, y, z) carries similar 
information: if u is a unit vector, df(x, y, z).u is the rate of change off 
in the direction of u. We can think of df(x, y, z) as a measure of how 
closely stacked the level sets ''/ = constant" are near (x, y, z). It is as 
legitimate a way of thinking of the normal direction to the level set as 
that provided by the gradient. See Figure 2.2.2. 

(a) 

Figure 2.2.2 
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This idea fits naturally with the Cauchy stress postulate. Indeed, 
t(x, t, n) was supposed to be the force across a two-surface element at x 
with unit normal n. But a two-surface element can be thought of as a 
two-form at x, say da. The one-form n~ such that n~ Ada = dv is the 
"unit normal" to da. The same unit normal thought of as a vector n 
satisfies da = in dv. (See also Misner, Thorne and Wheeler [1973] pp. 
53-60.) 

Box 2.2 The Convected and Co-rotational Stress Tensors 

In addition to the Cauchy and the Piola-Kirchhoff stress tensors, two 
other representations of the stress are of some importance since they 
take into account the deformational and rotational parts of the motion 
(see Section 1.3).6 

The convected stress tensor I: is obtained by pulling back the con
travariant Cauchy stress tensor O'~ to CB. In components, 

LAB = FaA(J.bFbB· 

The co-rotational (or rotated) stress tensor 6 is obtained by rotating 
the Cauchy stress tensor 0' back to CB. Recall from 3.12, Chapter 1, that 
the rotation matrix R: TxCB -> TAt) is the orthogonal part of F. In 
components, 

@JAB = (R-l)Ap.b(R-l)Bb. 

Recall that R is orthogonal: R-l = RT; that is, (R-l)Aa = RbBg.bGAB. 
Thus, 

@J AB = Ra A(J abRb B 

That is, we can pull back either the covariant or contravariant form of 0' 

to the same end. 
These forms of the stress tensor are convenient in some numerical 

applications (see, for example, Oden [1972]). 

Next we turn to balance of moment of momentum, which corresponds to the 
statement in particle mechanics that the rate of change of angular momentum 
equals torque. In particle mechanics, balance of moment of momentum is a 
corollary of balance of linear momentum, whereas in continuum mechanics it 
is an independent hypothesis. 

6See, for example, Chapter 4, of Eringen [1975]. 
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Assume we are in (R3. The vector from the origin to the point x is denoted x, 
and x x y is the usual cross product. 

2.9 Definition We say that balance of moment of momentum is satisfied if, 
for every nice 'U c <B, 

: i p(x x v) dv = i p(x x b) dv + r x x (a, n)da. 
t ¢, ('II) 91, ('IL) J .!I, ('IL) 

This postulate leads to the important conclusion that the Cauchy stress 
tensor is symmetric. 

2.10 Theorem Let conservation oflflass and balance of momentum hold. Then 
balance of moment of momentum holds if and only if a is symmetric; that is, 

Proof By the master balance law (Equation (4), Section 2.1), balance of 
moment of momentum is equivalent to p(x x v) = p(x X b) + div (x X a), 
where x X a is the two-tensor given by (x X ayj = filkZlukj, where fllk is the 
permutation symbol (+ 1 if ilk is an even permutation of (1, 2, 3), -1 if odd, and 
o jf otherwise), and Zl are the Cartesian coordinates of x. Thus 

(div(x X a)/ = a:/finzlukj) ~ (x X divay + filkJljUkj . 

Substituting this into p(x x v) = p(x X b) + div (x x a) and using balance of 
momentum leaves 0 = fijkUk j (j = 1,2,3), which is equivalent to symmetry of 
U

ik
• I 

Symmetry of a is a coordinate-independent statement. Also, note that 
symmetry of a is equivalent to symmetry of the second Piola-Kirchhoff stress 
tensor: SAB = SEA. The first Piola-Kirchhoff stress tensor then has the following 
symmetry: paAFbA = pbAFaA. 

Box 2.3 Some Remarks on Cosserat Continua7 

Some materials, called Cosserat continua, or directed media, have an 
internal structure that influences their behavior when viewed as a con
tinuous medium. For these materials it is useful to generalize the notion 

7The earliest concepts of this kind were apparently espoused by Duhem [1906] and devel
oped extensively by Cosserat and Cosserat [1909] with rods and shells in mind (cf. Truesdell 
and Toupin [1960], Toupin [1962], (1964], Antman (1972a], Naghdi [1972], and Box 2.1, Chapter 
7). The history is thoroughly described in Truesdell and Noll [1965]. Recent important 
contributions to the theory of liquid crystals have been made by Ericksen and Leslie; see, for 
example, their review articles in Brown [1976]. 
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of a simple body to take into account this structure. Liquid crystals are 
an example. This class of substances have rodlike molecules whose 
alignment influences their material behavior. We modify the containing 
space S = 1R3 to allow for these extra (microscopic) degrees offreedom. 
There are at least three choices for liquid crystals: 

(i) S = 1R3 X 1R3 (extensible directed rods), 
(ii) S = 1R3 X S2 (inextensible directed rods; "cholestric" case), 

and 
(iii) S = 1R3 X 1P2 (inextensible undirected rods; "nematic" case). 

Here S2 is the unit two-sphere in 1R3 and is used to model vectors 
that are free to point in any direction, but which are inextensible. 1P2 
denotes real projective two-space, defined to be S2 with antipodal points 
identified. It is used to model inextensible rods that have indistinguish
able ends. 

We may summarize the internal variables by choosing the ambient 
space to be S = 1R3 X (R, where (R is some manifold. The body should 
consist of an open set (p c 1R3 (points in physical space) together with a 
representative of (R (rod variables) attached to each point. Picking such 
a representative to give us our "reference configuration" amounts to 
choosing a map fo : (p -> (R. Let (B c S be the graph of j~ : 

(B = {(XO''/o(Xo')) I Xo' EO (P}. 

A configuration of (B is, as usual, a map ¢: (B ---> S. We define ¢o': (P -> IR 3 

and ¢(j\: (P -> (R by writing ¢(XO''/o(X()'» = (¢()'(Xo')' ¢(j\(X()'». The veloc
ity field v of a motion ¢(X, t) likewise has two components, which we 
can write v = (vo', v(j\). Let us also write x = ¢(X) = (x()" x(j\) EO 1R3 X (R. 

See Figure 2.2.3 in which 1R3 has been replaced by 1R2 for visualization. 
Let 'U()' be an open set in (P and 'U its graph in (B. Then ¢('U) is a 

subset of S, but is not open. Nevertheless, its component in 1R 3-namely, 
¢O'('UO')-will be an open set with volume element dv()" if ¢ is regular. 8 

We letJ stand for the Jacobian of ~()'. The mass density p(x, t) is assumed 
to depend only on XO'. Then we get, as in Section 1.5, 

a: + dpov(), + p div v()' = o. 

(If one assumed p depended on X(j\ as well, then an analysis like that for 
shells would be required.) 

A formulation accounting for a single director may be given as fol
lows. We assume the existence of a traction vector t(x, t, nO') for the 

8Even if ¢ is regular, it could happen that ¢(ffi) is not a graph; we postulate that ¢(ffi) is a 
graph over ¢()'(ffi) as part of the definition of regularity. It is equivalent to ¢O' being regular. 
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Figure 2.2.3 

motion of CB in S, where niJ' denotes a unit normal in (f'. Balance of 
momentum is now postulated in the form 

; 1 pv dvcY = 1 fdviJ' + 1 t(x, t, ncY) daiJ'. 
~'.cY('UiJ') ~"cY('UiJ') a~"iJ'('UcY) 

where cp"cY is the map CPcY at time t. This equation has an CR component 
as well as the usual (f' component. For example, 

f= (phcY' ph@. + 1t) 

where hiJ' is the usual body force per unit mass, h@. is the external director 
body force per unit mass and 1t is the intrisic director body force per unit 
volume. By an argument like that in Cauchy's theorem, we find that tis 
a linear function of ncY' Thus we can write 

t(x, t, ncY) = (a~b(xlJ" x@., t)nb' aM'(x(Jl, x@., t)nb) 

where the nb's are components of ncY, a refers to coordinates in [R3 and c 
refers to coordinates in CR. One calls aM' the director stress. 

The equations of motion then become the pair of vector equations: 

{pa~b = pb~ + a~bl b 

pam = pb& + aM'lb + nC
, 

These equations are coupled because a~b, aM' and nc depend on XIJ' and 
x@.. 

In general, the stress tensor O'cY is not symmetric. However, in any 
specific situation, information can be obtained from balance of moment 
of momentum. This leads us to postulate balance of moment of mo-
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mentum as follows: 

f p(Xff' X aff' + X(Jl X a(Jl) dvff' 
\b"ff'('U) 

= f p(x,y X h,y + X(f\ X h(f\) dv,y 
\bt,,y('U) 

+ f (x,y X (a,y, n,y) + X(f\ X <a(f\, n,y») dalY' 
8\b",y('U) 

The argument in 2.10, shows that this assumption is equivalent to 
symmetry of the tensor kab, where 

There are analogous results when <R is chosen in a more general manner 
such as in the case when there are several directors. 

Oriented media concepts are often used as alternatives to the three
dimensional theory for the direct construction of rod, plate, and shell 
theories (see the references cited in footnote 7). Further properties of 
oriented media such as Euclidean invariance and balance of energy are 
considered in problems below. 

Box 2.4 Summary of Important Formulas jor Section 2.2 

Cauchy Stress Tensor 
a 

Cauchy Traction Vector 
t = <a, n) = a·n 

Balance of Momentum: Spatial 

!{ r pv dv = r ph dv 
dt J\b,('U) J\b,('U) 

+1 (a,n)da 
8.p,('U) 

Balance of Momentum: Localization 

pi; = ph + diva 

Pia/a-Kirchhoff Stress Tensors 
First: P = JaF- T c= FS 
Second: S~C F 1 f-' 

!{ r pvi dv = r pbi dv 
dt J 10' ('11) J 4>, ('11) 

+ 1 (1iinj da 
8¢,('U) 

(Euclidean coordinates only) 

paA .. C. J(F-I)Ab(1ab = SBAPB 
SBA, paA(F-I)Ba 
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Balance of Momentum: Material 

~ L PRer V dV = J./RerB dV 

+1 <P,N)dA 
a'll 

ft L PRer Vi dV = LPRerBi dV 

+ 1 PiIN] dA 
a'll 

Balance of Momentum: Localization 

PRerA = PRerB + DIV P 

Euler Equations (Perfect Fluid) 

pv = pb - Vp 

(Euclidean coordinates only) 

Symmetry of Stress Tensor (Balance of Moment of Momentum) 
(J = (JT 

S= ST 
FPT = PFT 

Convected Stress Tensor 
1:: = FTa' F = pull-back of (J' 

Co-rotational Stress Tensor 

O.b = a ba 
SAB = SBA 
Fb ApaA = pbA Fa A 

6~ = R-l(J'R-T @JAB= (R-l)Aaaab(R-l)Bb 
6' occc RT(J'R @JAB = RaAaabRbB 

Cosserat Continua and Liquid Crystals 
S =.C~ [R3 X err =c body X director variables 
(B ~c, {(X(j''/o(X(j'))I X(Y c: (9}, wherefo: (9---> err is given 
(J= ((J(j', (Jm) (J ,~c (a~b, afl) a for [R 3 compo-

{
pa(j' = pb(j' -J. di:V((J(j') 
pam = pbm -i' dlV((Jm)~- 1C 

k' is symmetric 

2.3 BALANCE OF ENERGY 

nents, c for CR components 

{pa~ 7~ pb~ +- aab l b 
paffi =-, pbffil- a cb I b+ nC 

k ab ,,_c kba ,-"" a~b -- - na x~ 

The three sections that follow deal with thermomechanics, or the thermo
dynamics of continuous media. This section and the next deal with the balance 
of energy, or the "first law of thermodynamics," while Section 2.5 deals with the 
entropy production inequality, or the "second law of thermodynamics." 

Balance of energy gives important insight into the other balance laws. Box 
3.1 and Section 2.4 show how balance of energy can be used as a basis for the 
derivation of all the other balance equations. 
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Let (B be a simple body in S = [R3, ¢(X, t) a regular Cl motion of (B in S, 
and vex, t) its spatial velocity field. Let p(x, t) (the mass density) and I(X, t, n) 
(the Cauchy traction vector) be defined and let hex, t) denote the external force 
per unit mass. In addition to this structure, assume there exist functions with 
the stated physical interpretations: 

e(x, t), the internal energy function per unit mass; 
rex, t), the heat supply per unit mass; 
hex, t, n), the heat flux (across a surface with normal n). 

The function e represents energy stored internally in the body, which is a macro
scopic reflection of things like chemical binding energy, intermolecular energy, 
and energy of molecular vibrations. Directly, it is exemplified by the mechanical 
energy stored in a coiled spring. In Chapter 3 we use the results of this and the 
next section to establish a fundamental link between the internal energy and the 
stress tensor. The function rex, t) represents incoming heat energy, such as radia
tion. Like h, r is usuaIly regarded as "external" or "given." The function hex, t, n) 
represents the rate of heat conduction across a surface with unit normal n. It 
is analogous to t(x, t, n) and reflects the influence of one part of the material on 
its contiguous part. 

3.1 Definition We say that balance of energy holds provided that for every 
nice open set 'U c (B, 

: r p(e+t(v,v)dv= r p«h,v)+r)dv 
t J.p,('U) J.p,('U) 

+ 1 «t, v) + h) da. 
a.p,('U) 

This states that the rate of increase of the total energy (internal and kinetic) 
of any portion of the body equals the rate of work done on that portion (from 
the body forces and surface tractions) plus the rate of increase of heat energy 
(from the heat supply r plus heat flow h across the boundary). 

3.2 Proposition Assume that t(x, t, n) = O'(X, t).n for a two-tensor O'(x, t) 
(see 2.2). Balance of energy implies the existence of a unique vector field q(x, t) 
such that for all n, hex, t, n) = -(q(x, t), n). We call q the heat flux vector. 

Proof Apply the Cauchy theorem 1.7 with c = (t, v) + h = v·O'·n + h to 
establish the existence of a vector field c such that c = (c, n), and define 
-q = c - V·O'. I 

To reinforce the physical interpretation of balance of energy, we introduce 
the following terminologies with reference to a moving portion ¢,('U) of the 
body: 
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Sf = 1 tp<V, V) dv = kinetic energy, 
qI,('ll) 

@ = f pe dv = internal energy, 
qI,('ll) 

lID = f p<h, v)dv + f <t, v)da = mechanical power, 
\It('U) 8q1tC'll) 

a = r pr dv + r h da = nonmechanical power. 
JqI,('ll) J 8q1,('ll) 

The first law then reads: 

; (Sf + @) = a + lID. 

Now we shall obtain the local form of energy balance. 

CH. : 

3.4 Theorem Assume cPt is a C 1 regular motion and the following balance 
principles hold: conservation of mass, balance of momentum, balance of moment 
of momentum, and balance of energy. 

Then 
pe + div q = 0": d + pr, 

where e = aejat + v[e] = aejat + (aejaxa)va, div q = qala , d = t.cvg (i.e., dab 
= t(Val b + VbIJ), and 0": d 0= (Jabdab . 

Proof By localization of the spatial master balance law (see Equation (4), 
Section 2.1), balance of energy is equivalent to the following: 

p(e + t<v, v»)' = p<b, v) + pr + div (VoO" -- q). 

Notice that div (VoO" - q) = (va(Jab - qb)lb == Valb(Jab + Vp·b lb - qblb = 0": d + 
«div 0"), v) - div q, since 0" is symmetric. Using this, <v, v)' = 2<;;, v) (see 
Problem 4.7, Chapter I) and balance of momentum p;; = ph + div 0", we get 
the result. I 

It is useful to put balance of energy into material form. Let x = cP(X, t), 
E(X, t) = e(x, t), Q(X, t) = J P-lq(X, t)(Piola transform), R(X, t) = rex, t), 

paA = J(P-l)Ab(Jab (first Piola-Kirchhoff stress tensor), 

and SBA = paA(p-I)Ba (second Piola-Kirchhoff stress tensor). 

If we multiply the localized balance of energy equation by J, use PRef(X, t) 
= J(X, t)p(x, t), and the Piola identity DIY Q = J div q, we get 

PRef ~7 + DIY Q = paAPAdab + PRefR . 

From Section 1.4 and symmetry of JO'ab =, paA Fb A, we get Fa APbAdab =, PbAVbl aFa A 
= PbAVbl A- Now write PbAVbl A = FbBSBAVbl A- Using symmetry of S, we get 
PbAVblA = SABDAB, whereDis the material rate of deformation tensor discussed 
in Section 1.3: DAB = t(£bBVbIA + £bAVbIB). Thus we obtain: 
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3.5 Corollary Balance of energy in localized material form is 

aE 
PRerar + DIY Q = S: D + herR. 

Problem 3.1 Derive the material form of balance of energy directly from 
the balance principle in integrated form: 

it L her(E + t<V, V»)dV = L PRer«B, V) + R) dV 

+ 1 (V.P.N - Q.N) dA. 
a'll 

3.6 Example (The Rigid Heat Conductor) A motion <Pt is called rigid if 
FrF, = Identity and F, is independent of X E <B. Assume the existence of a 
positive function 0(X, t), called the absolute temperature, and numbers c (=spe
cific heat) and k (== conductivity) such that E = c0 and Q = -k GRAD 0 
(Fourier's law). Let R be a given function of (X, t). In this case D = 0 (since 
the motion is rigid), so by 3.5, 

where 

a0 
PRerC-a = PRerR + k110, 

t 

110 = DIY GRAD 0 = (::BGBA)IA 
is the Laplacian of 0. This is the classical linear heat equation. Exploration of 
the assumptions made in this example and its nonlinear generalizations are given 
in Section 3.4. (The equation for a0/at for nonrigid heat conductors will gen
erally be coupled with the equation for a v/an 

The following boxes investigate balance of energy a little more deeply. The 
first box shows that balance of energy. plus invariance under rigid body motions 
in [R\ gives all the earlier balance principles. This is due to Noll-Truesdell or 
Green-Naghdi-Rivlin, depending on the interpretation. The second box shows 
that the two approaches are mathematically equivalent. The next section 
modifies the arguments so they are covariant. 

Box 3.1 Energy Balance and Invariance Under Rigid Motions 
(Green-Naghdi-Rivlin Theorem) 

Let <B be a simple body in [R3 and <p(X, t) a fixed regular motion of 
<B in [R 3• Assume that functions e(x, t), p(x, t), b(x, t), t(x, t, n), rex, t), 
and h (x, t, n) are given and satisfy balance of energy: for all nice 
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'U c CB, 

dd 1 pee + ~<v, v»dv = 1 p«h, v) + r) dv 
t ,,;,('lL) ,,;,('lL) 

+1 «t,v)+h)da. 
a,,;,('lL) 

(1) 

Let C;,: 1R3 -----> 1R3 denote a motion of 1R3 and let x' = c;rCx). In this 
box we shall assume that C;, is either a translational motion, 

c;rCx) = x + (t - to)c, 

where c is a constant vector, or a rotational motion, 

C;,(x) = e('-'o)(1 x, 

where a is a 3 x 3 skew matrix. (The later is a steady rotation about a 
fixed axis in space-infinitesimal rotations are represented by skew 
matrices and one exponentiates these to get finite rotations; see Problem 
4.6 below). 

The composition ¢; = C;,o¢, defines a new motion of CB in 1R3 called 
the superposed motion. 9 The spatial velocity of the new motion is given 
by 

v;(x') = w(x') + C;,*v,(x'), 

where w is the velocity field of C;,. Explicitly, 

v;(x') = c + v,(x) = c + v,(x' - (t - to)c) 

if C;, is translational and 

v;(x') = ax' + e('-'o)(1v,(e-('-'o)(1x') 

if C;, is rotational. Let a'(x', t) denote the spatial acceleration of the new 
motion ¢'. Computing a', we have the equation 

a; = a; + c;,*a, + 2V ~,*v,w" 

where a; is the acceleration of the superposed motion C;,. For transla
tional motion this reduces to a;(x') = a,ex), and for rotational motion, 
a; corresponds to "centripetal force" and 2 V <,,*v,w, corresponds to 
"Coriolis force" as is described in elementary mechanics texts, such as 
Goldstein [1980]. (This formula is derived in a more general context in 
the next section.) 

9The following example may help fix ideas. Consider in 1R3, an elastic body in a (natural) 
unstressed state, so t = O. The body thus satisfies the equilibrium equations with zero body 
force and zero traction. If the body is subjected to a uniform rotation, particles in the body are 
accelerated and the resulting motion satisfies balance of momentum with a non-zero body 
force (centrifugal and Coriolis forces). 
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Associated with the motion ¢/, we define new functions as follows: 

p'(x', t) = p(x, t), e'(x', t) = e(x, t), r'(x', t) = rex, t), 

t'(x', t, n') = Te,·t(x, t, n), v' and a' as explained above, 

b' = b + at + 2Ve,*v,w,. 

Here n' is related to n as follows. Let k be a plane in 1R3 with unit 
normal n. Then k' = Te,(x)'k is the plane transformed by the defor
mation gradient of e, at x. We let n' be the unit normal to k'. If e, is an 
isometry, then n' = Te,(x)'n, but in general, this relationship need not 
hold. 

Problem 3.2 If the unit normal n is described in terms of a one
form 0(" show that n' is described in terms of 0(,' = e,*O(,. (Note: 
0(, and 0(,' need not be normalized; see Box 2.1 in Section 2.2.) 

These transformation formulas are all "natural" except possibly for 
the formula for the apparent body force b'. Indeed there is some 
controversy over how forces should be treated in continuum mechanics. 
However, in the present context there is little doubt that when one 
modifies a motion by superposing a steady rotational motion, then one 
should add to the forces given by Newtonian physics (in an intertial1R3 

background), the "fictitious" centrifugal and CorioJis forces. This is the 
content of the transformation law for b. Notice that b' is defined so that 
the identity 

b' - a' = e,*(b - a) 

holds. Further information on transformation of forces is found in the 
next box and in the next section. 

3.8 Theorem Let rp, be a given motion of CB in IR J and let balance 
of energy hold. Assume that for any superposed translational or rotational 
motion, balance of energy still holds. Then there exist 0' and q such that 
t = O'·n and h = -q·n, and conservation of mass, balance of momentum, 
and balance of moment of momentum all hold. 

Conversely, if these balance principles all hold, then balance of 
energy remains valid under the superposition of rigid motions of 1R3

, as 
defined above. 

The original derivation of Green and Rivlin [I 964a] proceeds slightly 
differently from ours. They deal with translations first, then simplify the 
balance of energy stement by eliminating b, and then assume a trans
formation property under rotations. This avoids the problem of trans-
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formation of forces mentioned above but has the conceptual problem 
of necessitating a hypothesis on a reduced energy equation in the middle 
of the derivation. This point has also been emphasized by Serrin [1975]. 
The proof, however, is not substantially changed by this modification. 

Proof of Theorem 3.8 First choose e,(x) = x + (t - to)c for a con
stant vector e. Thus p' = p, v' = v + e, a' = a, and b' = b (the 
primed quantities are evaluated at (x', t), while the unprimed ones are 
evaluated at (x, t». By assumption, 

d
d r p'(e' + ±<v', v'» dv 
t J¢,,('ll) 

= 1 p'«b', v') + r') dv + i (t' ev' + h') da. 
¢,'('ll) D¢,'('ll) 

Now use the transport theorem, the identity (f)' = (1')" for scalar fields 
J, and the identity <v, w)" = <v, w) + <b, w) for vector fields (from 
Problem 4.7, Chapter 1) to give 

1 (p' + p' div v')(e' + ±<v', v'»dv + 1 p'(e + <a', v'»dv 
W~ W~ 

=1 p'«b', v') + r')dv + 1 (t'ev' -+ h')da. (2) 
.p,'('ll) .p,'('ll) 

Next, set t = to and subtract identity (2) and the unprimed equation (1) 
for balance of energy for rp, to give 

r (p -+ p div v)«v, e) -+ ±<e, c»dv = 1 p«b - a), e)dv 
~~ .~ 

-+ 1 tee da. (3) 
D¢,('ll) 

Cauchy's theorem applied to (3) gives the existence of a two tensor a 
such that t = aen. Applying Cauchy's theorem again to (1) then gives h 
= -qen for a vector field q. Substituting t = aen in (3) and using the 
divergence theorem gives 

1 (p -+ P div v)«v, e) + ±<e, e»dv 
¢,('ll) 

= 1 <pCb - a) + diva, e) dv. 
¢d'U) 

(4) 

Substitute e = AU in (4), where u is a unit vector, and differentiate twice 
with respect to A to give f 91,("0) (ft + P div v) dv = O-that is, conserva
tion of mass. The left-hand side of (4) thus vanishes identically, so the 
right-hand side gives balance of momentum. 
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Next we let c;,(x) = e('-'o)Cx for 0 a constant skew matrix, so that 
at t = to, v' = Ox + v. Using conservation of mass, (2) at t = to 
becomes 

f pee + <a' - b', v') - r) dv = f (t·v' -I- h)da. (5) 
*~ ~~ 

Now using a' - b' = a - b and subtracting (5) from the corresponding 
unprimed version yields 

f p«a - h, O.x) dv -+- f t .(O.x) da = O. 
¢, ('IL) a¢, ('IL) 

Thus f <pea - h - div cr), a.x) dv + f cr: 0 dv = O. 
*~ *~ 

Applying balance of momentum gives cr: 0 = 0; so as a is an arbitrary 
skew matrix, cr is symmetric. 

The converse assertion may be proved by substitution of the primed 
quantities into Equation (2). I 

The same theorem is true if we replace translational and rotational 
motions by a general time-dependent rigid motion of the form c;,(x) 
= x + c(t) + Q(t).x, where c(t) E \R3 and Q(t) is a time-dependent 
proper orthogonal matrix. 

Problem 3.2 Prove a version of Theorem 3.8 suitable for Cosserat 
continua (see Toupin [1964]). 

Box 3.2 Energy Balance and Frame Indifference (Noll's Theorem) 

A different formulation of Theorem 3.8 may be given by viewing the 
superposed motion C;, passively rather than actively. Instead of regarding 
C;, as a motion of space, regard it as a time-dependent coordinate chart. 
(This is analogous to regarding a matrix as either a linear transformation 
or a change of basis. 1 0) In the passive context, the theorem was first 
given by Noll [1963]. 

To reformulate the result, we need some terminology. Let 'U = S 
x \R = \R4 denote standard Newtonian spacetime. A framing or slicing 
of'U is a one-parameter family of embeddings il : S --> 'U, where A is a 

10The reader may recall that a similar point was made by Dirac in 1928, who showed the 
equivalence between the Heisenberg and Schrodinger pictures of quantum mechanics. There is 
a similar relationship between the Green-Naghdi-Rivlin theorem and the Noll theorem. 
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real parameter, such that the map i: S X [R -> '0, i(p, t) = ilp), is a 
diffeomorphism. Let S;. = i,/S); see Figure 2.3.1. We think of the point 
PES and A E [R as giving space-time coordinates to the point i;.(p) in 
'0. A slicing will be called Newtonian if 7t2(iip)) = A for all A and p, 
where 7t2 : S X [R ---> [R is the projection onto the second factor. In other 
words, the whole slice i,\(S) lies in '0 at "time" A. A Newtonian slicing 
will be called rigid if for each fixed A, 7t 1 0 i : S---> S is an isometry, where 
7t 1 : '0 -> S is the projection onto the first factor. 

lR 

'0 

Figure 2.3.1 

Now let ,p, be a given motion of (B in S. Associate with this motion 
the mapping <1> : (B X [R -> '0, <1>(X, t) = (,p(X, t), t). The representation 
of this motion in a slicing i,\ is the map <1>': (B X [R -> S x [R given by 
i- 1 o<1> and we write ,p; for the map of (B to S defined by ,p;( X) = 
7t 1(<1>'(X, t)), and also call ,p; the representation of the motion,p, in the 
slicing i,\.11 

Given functions e, p, h, t, r, and h associated with the motion ,p" 
we assume that balance of energy (Equation (1) of Box 3.1) holds. 
(Note that the representation of the motion ,p, in the identity slicing is 
just ,pt again.) Given a slicing we obtain the representation ,p; and cor
respondingly transform the quantities e, p, h, t, r, and h to obtain new 
ones. For example, define e': S X [R -> [R, e' = eoi (actually e' may 
only be defined on the image of (B X [R by <1>, but we need not fuss with 
this point). Similarly, appropriately transform vectors tangent to the 

11<11 is sometimes called the world tube and ttl oi- 1 0<11: (B x IR -> S is the motion associated 
to <II by the framing. This terminology will all be expanded on in the next section. 
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images S;. = iiS) such as n (a unit normal to cf>,('Il) in S,) and transform 
t by Ti;. and transform h such that h - a transforms as a vector, as in 
Box 3.1. The velocity v' and acceleration a' of the motion in a given 
slicing are just the usual velocity and acceleration of the representative 
cf>; of the motion. 

The energy-in variance theorem of Noll can now be stated as follows: 

3.9 Theorem Let cf>, be a given motion of ili in IR 3 and let balance of 
energy hold. Assume that for any rigid Newtonian slicing ofU = S X IR 
the representative cf>: of cf>t still satisfies balance of energy. Then one 
can write t = (Jon, h = -qon, and conservation of mass, balance of 
momentum, and moment of momentum all hold. 

Conversely, if the motion satisfies these balance principles, then the 
representatives in any rigid Newtonian slicing satisfy balance of energy 
as well. 

Proof This follows from 3.8 by choosing e, = (1t 1 ·i,)-I. I 

We have formulated Noll's theorem this way to clarify the passive 
and active interpretations of e,. The actual history is complicated by the 
fact that Noll views forces differently than Green, Naghdi, and Rivlin. 
Our view of classical nonrelativistic forces (expanded upon in the next 
section) is just this: they are vector fields on spacetime given by physical 
laws in inertial frames; guided by the way accelerations are represented 
in different slicings, we obtain transformation laws for forces. The Noll 
scheme, which takes a different point of view, is sketched below (see 
Truesdell's text [1977] for further details). 

Box 3.3 Historical Remarks on Noll's Theorem 

To help understand Noll's approach to forces, we will use the 
method of representing the kinematics of a body in Newtonian spacetime 
relative to a given slicing, as explained in the preceding box. To this 
kinematic structure, Noll appends axioms on the specification of force as 
follows. 

3.10 Noll's Force Axioms Given a framing of (flat) spacetime, let 
cf>, be the representative of the motion 12 of ili and let iP be a part (subset) 
ofili. 

12 Noll's terminology would be: ¢, is the motion of (B relative to the framing; that is, you get 
a motion only after you pick a framing. We have made the notation fit with that in the rest of 
this book as far as possible. Our choice of terminology is influenced by standard practices in 
general relativity. 
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(a) The (total) force on (p due to its external environment is specified 
by: 

(i) a vector field<;S on (p along ifJ" that is, cn(X, t) E Tx IR 3 = 1R 3
, 

where x = ifJ,(X), and X E (P; 

(ii) a vector field ~ on a(p along ifJl> that is, ~(X, N(X), t) E T,1R 3 

= IR\ where x = ifJ'(X), X E (P, and N(X) = outward unit 
normal to a(p at X. 

One calls <;S and ~ the total body force density and the contact force 
density, respectively, relative to the framing. 

(b) Let ¢, be the representative of the motion relative to a different 
framing. Let §3 and !f be the body force and contact force densities 
relative to the second framing. If the change of frame is rigid that is, 
x = ~,(x) = Q(t)x + e(t), where Q is orthogonal, then <;S(X, t) = Q(t). 
<;S(X, t), and ~(X, N, t) = Q(t).~(X, N, t). 

Notice that <;S and ~ transform as vectors under a change of frame. 
Noll calls such vector fields materially frame indifferent. This transfor
mation law is apparently in contradiction to what we had before and 
seems to ignore centrifugal and Coriolis forces. Noll successfully 
reconciles this, as we shall see. (Secretly, Noll's forces correspond to the 
quantity we called B - A above, which does transform as a vector.) 

The power or working of the forces on a part (P of the body (B 

relative to a framing is defined by 

W(ifJ,) = r ¢,(X).<;S(X, t) dV + f ¢,(X)'~(X, N(X), t)dA J6' a6' 

3.11 Noll's Axiom of Working The working is frame indifferent; that 
is, W(¢t) = W(ifJt)for a rigid change offrame. 

3.12 Noll's Theorem If the two axioms above hold, then the force sys
tem is balanced: 

r <;S(X, t) dV + f ~(X, N(X), t) dA = O. J6' a6' 

(This holds relative to any framing.) 

The proof is easily given using the techniques we have developed in 
Theorem 3.8. A useful addition to Noll's theorem was given by Beatty 
[1967a], which parallels the version given in 3.9. 
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3.13 Beatty's Axiom of Energy Let a motion of (B in S be given. 
Assume that relative to any (rigid Newtonian) framing there are scalar 
functions E and H representing the internal energy and the nonmechanical 
working. Assume: 

(a) E and H are materially frame-indifferent scalar quantities 
(transform as scalars); 

(b) Noll's axiom offorce holds and W is defined in terms of'13 and 
~ as above; 

(c) E = W + H holds and is invariant under changes of rigid New
tonian frame. 

3.14 Theorem Beatty's axiom of energy implies Noll's axiom of 
working and hence (by Noll's theorem) the force system is balanced. 

Again the proof follows the usual pattern. The reader should write out 
the details. 

There remains the job of reconciling the Noll version of force with 
the version employed by Green, Naghdi, and RivIin. This, Noll does as 
follows. Forces are divided into a sum; the parts determined by a 
designated "great system" and the remainder. Each part is to be mate
rially frame indifferent. The body force becomes of the form '13 = P - m 
and the traction ~ = t + texternal' Assuming t and texternal are contact
type forces, zero unless boundary contact is made, a theorem of Gurtin 
and Williams shows that texternal is zero. Let A denote the acceleration 
relative to a rigid framing, let i = A - m, the "coordinate body force 
density," and let h = P + i denote the "apparent body force density:' 
Since A is frame dependent, so is band b - A = '13 - m. Substituting 
this into the balance of forces now gives the standard balance of mo
mentum equation. One also concludes from 3.10 that the traction T 
transforms as a vector. Noll now defines an inertialframe as one in which 
i = 0 and assumes as an inertia axiom that one exists. 13 For further 
details on this approach, see Noll [1973], Wang and Truesdell [1973], 
and Truesdell [1977]. 

13These definitions seem to depend on the initial choice of the "great system." It is not clear 
to the authors how this works in practice. For example, what if you are ignorant of electromag
netic forces and don't include them in your great system? Surely strange inertial systems can 
result! Another approach to inertial systems, based on the classic work of Cartan [1923] is 
explained in the next section. 
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Box 3.4 Summary 0/ Important Formulas/or Section 2.3 

Balance 0/ Energy (Spatial) 

: 1 pee + ~(v, v» dv 
t 1I,('ll) 

= 1 p«b, v) + r)dv 
1I,('ll) 

+ { «t, v) + h)da 
Jalld'll) 

Heat Flux Vector 
h = -(q, n) 

Localization 
pe + div q = a: d + pr 

Balance of Energy (Material) 

ft L PRef(E + !( V, V» dV 

= L PRee( <B, V) + R) dV 

+ ( «V.P.N) 
Ja'll 

-<Q,N»dA 

: 1 pee + tgabV•Vb) dv 
t 1I,('ll) 

= 1 p(gabbavb + r) dv 
1I,('ll) 

+ { (gabV·tb + r) da 
Jalll('ll) 

ft L PRef(E + !g.bV" Vb) dV 

= L PRef(gabB•Vb + R) dV 

+ 1 (GABNApaBVbgab 
a'll 

- GABQANB) dA 

Piola Transformations of Heat Flux Vector 
Q = JF-I q QA = J(F-I)Aaqa 

Localization 
aE aF 

PRefat + DIY Q = P: -at + PRefR aE + QA P A aFa A + R PRefat JA = a --ut PRef 

=-= S: D + PRefR 

Rigid Heat Conductor (Classical Fourier Theory) 

ae _ e ae _ ( AB ae) 
PRefC at - PRefR + kA PRefC at - PRefR + k G aXB IA 

2.4 CLASSICAL SPACETIMES, COVARIANT BALANCE 
OF ENERGY, AND THE PRINCIPLE OF VIRTUAL WORK* 

Any theory (relativistic or nonrelativistic) that purports to be fundamental 
ought to be generalizable so the underlying physical space is a manifold and 
not just Euclidean (or Newtonian) space. This is a basic message we receive 

*We thank Mort Gurtin and John Pierce for helpful discussions on this material. 
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from Einstein. In fact, he says more: when regarded as a relativistic theory, 
it should couple to general relativity and be generally "covariant" under all 
transformations, not just rigid body motions. 

Dyson's comments, which follow, apply just as well to a large body of 
continuum mechanics literature as to quantum mechanics: 

"The most glaring incompatibility of concepts in contemporary physics is 
that between Einstein's principle of general coordinate in variance and all the 
modern schemes for a quantum-mechanical description of nature. Einstein 
based his theory of general relativity on the principle that God did not attach 
any preferred labels to the points of space-time. This principle requires that 
the laws of physics should be invariant under the Einstein group 8, which 
consists of all one-to-one and twice-differentiable transformations of the coor
dinates. By making full use of the invariance under 8, Einstein was able to deduce 
the precise form of his law of gravitation from general requirements of mathe
matical simplicity without any arbitrariness. He was also able to reformulate 
the whole of classical physics (electromagnetism and hydrodynamics) in 8-
invariant fashion, and so determine unambiguously the mutual interactions of 
matter, radiation and gravitation within the classical domain. There is no part 
of physics more coherent mathematically and more satisfying aesthetically than 
this classical theory of Einstein based upon 8-invariance. 

On the other hand, all the currently viable formalisms for describing nature 
quantum-mechanically use a much smaller invariance group. The analysis of 
Bacry and Levy-Leblond indicates the extreme range of quantum-mechanical 
kinematical groups that have been contemplated. In practice all serious quantum
mechanical theories are based either on the Poincare group (P or the Galilei 
group 9. This means that a class of preferred inertial coordinate-systems is 
postulated a priori, in flat contradiction to Einstein's principle. The contradic
tion is particularly uncomfortable, because Einstein's principle of general coor
dinate invariance has such an attractive quality of absoluteness. A physicist's 
intuition tells him that, if Einstein's principle is valid at all, it ought to be valid 
for the whole of physics, quantum-mechanical as well as classical. If the principle 
were not universally valid, it is difficult to understand why Einstein achieved 
such deeply coherent insights into nature by assuming it to be so." (From Dyson 
[1972)). 

A number of prevalent concepts in mechanics cannot be fundamental in this 
sense. (This does not mean they are not useful in the context of [R3). For example, 
the total momentum or total force acting on a body do not directly make sense 
if the containing space S is curved. However, energy balance does make sense on 
manifolds and can be used as a covariant basis for elasticity. 

In this section we begin by giving the basic properties of classical spacetimes. 
Secondly, we present a covariant treatment of energy balance; the generalization 
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from rigid motions to arbitrary ones gives a richer structure to the theory.! 
As an application, we show in Box 4.1 how to obtain the principle of virtua 
work directly from energy balance in its covariant form. Box 4.2 discusses anothe 
approach to stress and equilibrium which is also covariant, based on the theor; 
of manifolds of maps. 

We begin then with a discussion of classical spacetimes. (Relativistic space 
times are discussed in Section 5.7.) The main features of classical spacetime! 
were first abstracted in the form we will use by Cartan [1923], and were late] 
extended by Trautman [1965] and Misner, Thorne, and Wheeler [1973]. Classica 
spacetimes that possess affine structures have been used in continuum mechanic! 
by Noll [1973], Wang and Truesdell [1973], and Truesdell [1977]. However, fOI 
our purposes here, this affine structure, while allowable, only confuses the issue~ 
under consideration. It is for this reason we go back and base our development 
on the older classic work of Cartan. 

4.1 Definitions Let 'D be a four-dimensional manifold and S a three
dimensional manifold. A slicing of'D by S is a diffeomorphism 

i: S x IR -> 'D. 

We write it: S -> 'D for the map i,(x) = i(x, t). Inversely, a diffeomorphism 
f: 'D -> S x IR is called aframing of 'D. See Figure 2.4.1. 

We caIl 'D a classical spacetime (based on S) if it has the following properties: 

lR 

Figure 2.4.1 

14Covariance may be explained in general terms as follows. Suppose we have a theory 
described by a number of (tensor) fields u, v, ... on space (or spacetime) S and the equations 
of our theory take the form F(u, v, ... ) = O. These may be partial differential equations, 
integral equations, etc.) The equations are called covariant (or form invariant) when for any 
diffeomorphism rp: S -> S, rp*(F(u, v, ... » = F(rp*u, rp*v ... ). 
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l. There is a surjective smooth map (called a universal time function) .: 
V ~ lR with nowhere-zero derivative such that for each t E IR, St = .-I(t) 
is diffeomorphic to S. 

2. There is a slicing i: S X IR -> V such that .(i(x, t)) = t for all XES 
and t E IR. (Such a slicing will be called Newtonian.) 

3. There is a symmetric connection V on V such that V(d.) = o. 
4. For each t E IR, V restricts to a connection V t on S,; that is, if v 1 and V2 

are tangent to S" so is V UIV2' Moreover, each St carries a Riemannian 
metric gt whose Levi-Civita connection is V,. 

A classical spacetime should be denoted by the quintuple (V, S,., V, gt), 
although when no confusion will arise, we will just denote it by V. 

The basic example of a classical spacetime is V = IR3 X IR with. the pro
jection on the last factor, V the trivial connection associated with the vector 
space structure of V, (so Vuw = Dw·v), and with g, the Euclidean metric on 
St = IR3 X tt} which is identified as IR3. We will call this the standard classical 
spacetime. 

Note that V is also the connection of the Minkowski metric on V; the thing 
that distinguishes classical from relativistic spacetimes is that in the former we 
select a time function and base constructions on it. In Minkowski space a basic 
point is that there is nothing special about the coordinate time •. 

Problem 4.1 Show that condition 3 in Definition 4.1 implies that V is 
restrictable. 

We will usually think of a slicing i: S X IR ----> V as being an "observer." 
Different "observers" will measure spacetime quantities, such as accelerations, 
in different ways. Two of the basic quantities associated with observers are the 
metric and connection. This idea leads us to make the following: 

4.2 Definition Let V be a classical spacetime and let i: S X IR -> V be a 
Newtonian slicing. The metric observed by ion S at time tis gf = i,*g,. Likewise, 
the connection observed by i at time t is V; = i:V t (defined by (i:V,hY = 
(V ,)(It.x}(i,. Y)). 

Problem 4.2 Show that vi is the Levi-Civita connection of g;'. 

Warning on Notation: The superscript i does not refer to tensorial compo
nents, but rather to the representation of the given object in the slicing i. 

If S has a fixed Rimannian structure g, then a Newtonian slicing i is called 
rigid if g; = g for all t E IR. 

Remarks In the literature, spacetimes are often restricted to be affine and 
slicings restricted to be rigid. To understand elasticity in the covariant context, 
such a point of view is abandoned. 
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If one wishes to construct classical analogues of Fermi-Walker transport for 
gyroscopes, then additional restrictions on the curvature of the connection V 
must be made. See M isner, Thorne, and Wheeler [1973] for details, as well as 
Section 5.7. For this section, however, this extra structure is not needed. 

Now we turn to the kinematics ofa body moving in spacetime. The spacetime 
version of a motion is called a world tube, defined as follows: 

4.3 Definition Let 'U be a classical spacetime and CB a reference manifold. 
A world tube for CB is a mapping <I> : CB x IR -> 'U such that 

(I) for each t E IR, and X E CB, -r(<l>(x, t)) = t, and 
(2) for each t E IR, the map <1>,: CB -> S, given by <I>,(X) = <I>(X, t) is an 

embedding. 

For fixed X E CB (a material point), the curve t ~ <I>(X, t) is called the world line 
of X. The velocity and acceleration of these curves define vector fields over the 
map <I> as follows: (a) fOllr velocity, 

V<I)(X, t) = :r <I>(X, t); 

(b) four acceleration, 

where Dj Df is the covariant derivative for the spacetime connection V. See 
Figure 2.4.2. (These are "absolute" concepts, independent of any framing.) The 
spatial velocity and acceleration fields are defined by v<l) = V<I)o<l>-1 and a<l) 
= A<I)o<l>-l ; these are vector fields on <I>(CB x IR). 

If i: S X IR -> 'U is a Newtonian slicing, we can view i as a world tube for 
CB = S. Its frame velocity and frame accelerations are the associated four 

Figure 2.4.2 
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velocities and accelerations; these are denoted Vi, Ai materially and Vi, ai 

spatially, so that 

The concept of world tube is the spacetime way of viewing a motion. In fact, 
if ifJ,: <B -> S is a motion of <B in S, the map <1>: <B x IR -> S x IR, <I>(X, t) 
= (ifJ(X, t), t) is an associated world tube if we choose '0 = S x IR. 

Problem 4.3 Show that the frame velocity of a Newtonian slicing satisfies 
d'Covi = 1. Use property 3 of Definition 4.1 to deduce that d'Coa i = O. 

Problem 4.4 Let a coordinate chart on S be given and let '0 inherit a 
chart via i: S x IR -> '0. If e, (j = 1,2,3) are coordinate tangent vectors 
on '0 corresponding to the chart on S, show that they are tangent to S, 
and that the fourth coordinate tangent vector is eo = Vi. Let IX, p, ... 
range from 0 to 3 and let rpy be the Christoffel symbols for V, that is, 
Ve .. ep = r~pe". Show that (I) nk = g:mr mjk are the Christoffel symbols 
for g" (2) rJke, = 0, and (3) nOel is ai, the frame acceleration. (Note: 
The interpretation of nk is related to Fermi-Walker transport. See 
Misner, Thorne and Wheeler [1973].) 

4.4 Definitions Let '0 be a classical spacetime, <1>: <B X IR -> '0 a world 
tube, and i: S X IR -> '0 a (Newtonian) slicing. 

The motion of <B in S relative to i is the motion ifJi: <B X IR -> S defined by 
<I>(X, t) = i(if>i(X, t), t). The velocity field of ifJI will be called the apparent velocity 
of the world tube <I> relative to the slicing i and will be denoted V~,I materially 
and V~,I spatially. 

We now relate the velocity of the world tube v~, the apparent velocity of the 
world tube V~,I and the frame velocity Vi (see Figure 2.4.3). 

lR 

Figure 2.4.3 
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4.5 Proposition Let X EO: CB, t E IR, and let p EO: '0 be given by p = <V(X, t). 
Let p = i(x, t) so that ¢/(X, t) = x. Then 

(a) v<1>(p) - vi(p) is tangent to S, at p 

and 

(b) I Ti,(x)·v<1>·I(x, t) = v<1>(p) - Vi(p)·1 

Proof (a) Since TpS, = ker d-r(p), we need to check that d-r(p). [v<1>(p) - vi(p)] 
= O. But d-r(p)·v<1>(p) = 1 = d-r(p)·vi(p) by Problem 4.3. 

(b) If we differentiate the defining relationship <V(X, t) = i(¢/«X, t), t) in t 
we get V<1>(x, t) = TicCx, t). V<1>·i(X, t) + Vi(X, t) by the chain rule. But V<1>(X, t) 
= v<1>(p), V<1>,i(X, t) = V<1>,i(X, t), and Vi(X, t) = vi(p), so the result follows. I 

In words, the result 4.S(b) says that: 

. (APparent velocity Of) (AbSolute velocity ) (AbSolute velocity) 
body relative to = of body in spacetime - of observer in 
observer i spacetime 

We can alternatively interpret this as follows: for p EO: '0, we can decompose 
Tp'D = TpS, EB span vi(p). The component of v<1>(p) tangent to S, at p is thus just 
v<1>(p) - vi(p). We can identify TpSt with TxS, where i(x, t) = p via Tit. Decom
posing v<1>(p) into its spatial and temporal parts then produces a vector tangent 
to S at x, Thus 4.5 says that this vector is just the material velocity of the motion 
relative to the slicing i. (In general, tensor fields on '0 can be decomposed into 
spatial, temporal, and mixed parts relative to any slicing. The various pieces 
may be regarded as tensor fields on S by way of pull-back by the slicing.) 

Given a world tube <V, its four velocity V<1> is well defined, independent of any 
(Newtonian) slicing. If i l and iz are two Newtonian slicings, we can compare 
the velocities relative to them in terms of the change of framing: e : S X IR -- S 
defined by i'2loil(X, t) = (e(x, t), t). Regarding e as a motion of S in S, let w 
be its spatial velocity field and write' e, : S --> S, erCx) = eex, t). 

4.6 Proposition (Transformation of motions and velocities under a change 
of framing.) Using the notation in the previous paragraph, 

(a) ¢>;, = etc¢>: and 
(b) V<1>,I,(X, t) = Tet(rp"(X, t». V<1>,h(X, t) + w,(e,w'(X, t». (Or, briefly, 

V<1>,i, = e,.v<1>,i1 + w. 

Proof ea) follows directly from the definitions and (b) follows by differen
tiating (a) in t. One may alternatively derive (b) from 4.5(b). I 

Problem 4.5 Regard i l as a world tube. Show that w is its velocity field 
relative to the slicing iz. 
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Thus, under a change of framing, the observed velocities in the two framings 
"differ" by the relative velocities of the two frames. 

Now we turn to acceleration. 

4.7 Definitions Let 1J be a classical spacetime, <I> a world tube, and i a 
Newtonian slicing. The apparent acceleration of <I> relative to i is the acceleration 
of the motion ifi of <I> relative to i, written AI!>,I materially and ai1>,i spatially. 
This acceleration is computed at the same time using the connection observed 
by i. (Thus, the coordinate formulas are the same as those found in Chapter 1, 
Section 1.2, except now the Christoffel symbols might be time dependent.! S) 

Again we wish to compute the relationship between the absolute accelerations 
aI!>, al and the apparent acceleration ai1>,i. The result will be of the following form: 

(
Apparent acceleratiOn) (AbSolute acceleratiOn) (AbSolute acceleratiOn) 
of body relative to = of body in spacetime - of observer in space-
observer i time 

+ (Ficticious ) 
accelerations 

The "ficticious" accelerations include the usual centrifugal and Coriolis 
accelerations one "sees" from a rotating frame (see Problem 4.6 below and 
Section 7 of Chapter 5 for more information.) 

4.8 Proposition Using the notation of 4.5, we have 

Proof By definition we have 

avi1>,i 
ai1>,i(x, t) = -rr (x, t) + (V~\I>,iVI!>,I)(X, t). (1) 

Thus, by definition of the observed connection and 4.5(b), (1) gives 

avl!>,1 
Ti,(x, t).ai1>,I(x, t) = Ti,(x, t)-rr(x, t) + (VCvl!>-v') (vI!> - vl»(p). (2) 

However, we claim that 
av i1>,1 

Ti,(x, t) -at (x, t) = [Vi, vi1> - vlJ(p). (3) 

Indeed, each side equals 

1 SThey will be time independent if the slicing is rigid. 
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where Fs: g, ----> gs is given by Fs,( = isoi,-l (the reader should fill in the details 
of this step). 

Since V on 'D is symmetric (torsion-free) we have 

(4) 

Also, we have 
(5) 

Substituting (4), (5), and (3) into (2) gives the proposition (observe that a 
cancellation of V",v<f> occurs). I 

Problem 4.6 Let 'D = IR 3 X IR be the standard classical spacetime and i 
is the rigid slicing i(x, t) = (Q(t)(x - xo), t), where Q(t) is a rotation, 
Q(t) = e,n, where a is a constant skew matrix. Let ro(t) be the angular 
velocity; that is, av = eo X v. Show that 4.S(b) and 4.8 reduce to the 
classical formulas for the velocity and acceleration in a rotating frame 
(Goldstein [1980], p. 177), namely 

Vr = Vs - eo X rand ar = as - eo X (eo X r) - 2eo X Vr' 

(Vr = velocity in the rotating frame, Vs = velocity in space, etc.) Modify 
these formulas for i(x, t) = (Q(t)(x - xo) + e(t), t), where Q,(t) is an 
arbitrary curve in SO(3) and e(t) is a curve in IR 3. 

Just as with velocities, we can compute the transformation of accelerations 
under a change of framing. 

4.9 Proposition Let i1 and iz be two framings of'D and let e: g X IR -> g be 
the change offraming, as defined preceding 4.6. Then at (x, t) E g X IR we have 

a<f>,I' - ~ a<f>,;, + a{,I, + 2Vio <f> I (w) 
- ':,t* ('t*V J I) , 

where ae,l, is the acceleration of' computed using VI,. 

The proof proceeds as in 4.8, so is left for the reader. 

Problem 4.7 (a) Prove 4.9. (b) For 'D = 1R3 X IR and i l the identity 
slicing and iz = i an arbitrary one, show that 4.9 and 4.8 coincide. 

Next we consider inertial slicings. 

4.10 Definition A (Newtonian) slicing i of a classical spacetime 'D is called 
inertial if the spatial velocity field of i is covariant constant: V Vi = O. 

The acceleration of an inertial slicing vanishes since al = V",v l = O. Thus for 
each x E g, the curve t ~ i(x, t) is a geodesic in 'D. From 4.8 we see at once that 
for an inertial slicing, Ti,(x)"a<f>,I(x, t) = a<f>(p). That is, we say the apparent 
acceleration equals the absolute acceleration. If this is to hold for any world 
tube, choosing <I> = i gives al = 0, and then in 4.8 v<f> - Vi is arbitrary, so 
Vv l = O. Thus we have proved: 
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4.11 Proposition A (Newtonian) slicing is inertial if and only if the apparent 
and absolute accelerations of any world tube coincide. 

The axiom of inertia states that an inertial slicing exists. We view forces 
as vector fields on S given relative to an inertial slicing. Viewing Newton's law 
for test particles in different slicings then allows us to deduce the transformation 
properties of forces. These will be stated and used below. 

Now we turn to our covariant treatment of balance of energy. Let us assume 
that a rigid inertial frame is specified io: S X !R ---> 'D and that g is the corre
sponding fixed Riemannian metric on S. Let tP, be a regular motion of CB in S. 
Ifwe wish, we can imagine that a world tube <I> is given and that tP, is the motion 
of CB relative to our inertial slicing io. The spatial velocity of tPt is denoted Vt 
and the spatial acceleration at, as usual. 

Let p(x, t), hex, t), hex, t, n), t(x, t, n), e(x, t), and rex, t) be given functions 
defined for x EO tP,(CB) and n EO TxS. 

As in the previous section, these functions are said to satisfy the balance of 
energy principle if, for all nice 'U c:: CB, 

d
d r pee + 1(v, v» dv = r p«h, v) + r) dv 
t J",,('U) J",,('U) 

+ f «t, v) + h) da, 
a</>,('U) 

where t and h are evaluated on the unit outward normal n of a</>,('U). 

4.12 Definition Let et: S ---> S be a one-parameter family of regular 
mappings of S (interpreted either as a superposed motion or as a change of 
Newtonian slicing). Define the primed quantities as follows: 

x' = et(x), dv' = e,* dv (i.e., J(e,) d'v' = dv), 

p'(x', t) = p(x, t), r'(x', t) = rex, t), e'(x', t) = e(x, t), 

where n EO TxS, and n' is the unit normal to the range of the orthogonal comple
ment of n under re'(x), 

h'(x', t, n') = hex, t, n), t'(x', t, n') = re,(x)·t(x, t, n), 

tP; = e,otPt, v; = spatial velocity of tP;, a; = spatial acceleration of </>;, 

h' = h + a1 + 2V{,*",w, ("the apparent body force"), 

where w, and a; are the velocity and acceleration of e,. 
Our transformation of forces has been arranged so that h' - a' = e,*(h - a) 

by 4.9. 
At this stage there has been no physical justification for the transformation 

law for the Cauchy stress vector: t' = e,*t. If e, is rigid, it is "clear" that this is 
appropriate for all continuum theories. However, for nonrigid slicings, it is less 
apparent. In fact, a few examples involving shearing will convince the reader that 
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it is reasonable for elasticity, but not necessarily for other continuum theories. 
Viscous or plastic materials might be characterized by different transformation 
laws for the stress. Thus, we are only proposing the following covariant treat
ment for pure elasticity. It needs to be modified for other theories. 16 This point 
will be explored further in Section 3.3 on covariant constitutive theory. 

One may be tempted to demand that the primed quantities satisfy balance 
of energy for every superposed motion. However, it will follow from the argu
ments used to prove Theorem 4.13 below that his can occur if and only if the 
Cauchy traction vector is identically zero 1 The additional object that must 
be transformed is the metric tensor. 

The first assumptions of the covariant theory are as follows. 

Assumption 1 Let (S, g) be a given Riemannian manifold and <p,: CB -+ S a 
motion ofCB in S. Let p(x, t), e(x, t), ... be given functions which satisfy balance 
of energy. 

Given a change of Newtonian slicings, we get maps e,: S ---> S. The repre
sentation of the old metric g on S in the new slicing is e,*g = g' and our "observ
er" does the calculations using the new metric g'. See Figure 2.4.4. 

Representation of the motion 
in a rigid inertial slicing 

(S, g) 

Figure 2.4.4 

Representation of the motion 
relative to a new slicing 

(S' ~t·g) 

16It is possible, however, that the use of "internal variables" will enable a single theory to 
be developed, valid for a larger class of continua. 
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Since changes of metrics on S from g to say g affect the accelerations of 
particles, the internal energy must depend parametrically on the metric g. 
Write e(x, t, g) for the dependence. The observer C;t also wishes to use-the correct 
internal energy associated with the "true" metric g on space; that is, e'(x', t, g). 
It is natural to suppose that e transforms tensorally: 

e(x, t, g) = e'(x', t, C;t*g). 
Thus we must choose 

e'(x', t, g) = e(x, t, C;:'g). 

The metric c;tg is "equivalent" to g in the sense that their Riemannian 
geometries are naturally related by C;( (i.e., curvature, geodesics, etc.). Let the 
collection of all metrics of the form 11*g on S, where 11: S -> S is a diffeomor
phism, be denoted f>g and be called the orbit of g; thus l7 

f>g = {11*g 111: S -> S is a diffeomorphism}. 

This discussion leads to our second assumption: 

Assumption 2 Assume there are functions e, p, ... depending on the variables 
x, t, g E f>g coinciding with those in Assumption 1 when g = g. Given a 
Newtonian slicing and associated maps C;t: S -> S, define the representatives of 
e, p, ... in that slicing by 

e'(x', t) = e(x, t, C;:'g), 

etc. Assume that for each such slicing, balance of energy holds. 

Using the methods of Chapter 3 one can prove that if e is a differentiable 
function of g E f>g, then e is a function only of the point values of g. That is to 
say, there is a function also denoted e, of x, t and symmetric positive-definite 
two-tensors at x, such that 

e(x, t, g) = e(x, t, g(x» for each g E f>g. 

Let us take this for granted in what follows (or make it part of Assumption 2 
if this is preferred). 18 

4.13 Theorem If Assumptions 1 and 2 hold, then the following hold: there 
exist (J and q such that t = (J·n and h = -q·n, and 

(i) conservation of mass, 
(ii) balance of momentum, 

(iii) balance of moment of momentum, 
(iv) balance of energy, and 
(v) (J = 2p(aejag). 

170ne can show that 0 g is a smooth infinite-dimensional manifold, although we shall not 
go into these technical points; see Box 4.2 below and Ebin [1970]. 

18The dependence of e only on point values of g (and not on derivatives) corresponds in 
general relativity to what is called minimal coupling of a field theory to gravity. In this more 
general context, g will be time dependent and e defined for all metrics, not just those in the orbit 
of a fixed one. (See Section 5.7). 
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Conversely, (l(i)-(v) hold, then balance of energy is covariant; that is, Assumptions 
1 and 2 hold. 

Equation (v) relating the internal energy and stress is the additional condition 
needed to relax the rigidity assumptions of the slicing. Some additional benefits 
of this point of view are described in the following box and in Box 3.3. 

As we shall see in Chapter 3, formula (v) is equivalent to formulas derived by 
completely different methods. As far as we know, a formula like (v) first appeared 
in the elasticity literature in Doyle and Ericksen [1956], and subsequently was 
overlooked. Doyle and Ericksen took a passive point of view, regarding points 
of eg as different representations of the same metric. (This situation is similar to 
the distinction between the Green-Naghdi-Rivlin and Noll points of view.) 
In general relativity this formula is commonly associated to variational principles 
and may be found in standard textbooks such as Hawking and Ellis [1973), p. 66. 

Proof of 4.13 Balance of energy for the primed and unprimed motions are: 

: J pee + -Kv, v» dv = J p«b, v) + r) dv 
t !I,('U) q)d'll) (1) 

+5 (t·v+h)da, 
a!l,('ll) 

!£J p'(e' + !<v', v'»dv' = J p'«b', v') + r') dv' 
dt !I,'('ll) q),('ll) (2) 

+ 5 (t'·v' + h') da'. 
a!l,'('ll) 

We shall evaluate (2) at 1 = to when eto = identity. The definition of material 
time derivative and the Lie derivative gives 

(e')' = e + ~;: £ .. g 

where w is the velocity of et (at time (0)' We also have (at t = to) v' = w + v. 
Using the transport theorem, 19 

dd J f dv = J (j + f div v) dv' 
1 q),'('ll) q),'('ll) 

and evaluating at t = to, (2) becomes 

5 (ft + P div v)(e +- !<v + w, v -+- w» dv 
q),('ll) 

+- J p(e + aae: .c .. g + <a', v -+- w») dv 
!I,('ll) g 

(3) 

=5 p«h',v-+-w)-+-r)dv+-5 (t·(v+w)+h)da. 
~~ ~~ 

19There is no div w term because dv', and not dv, is used. 
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Since eta = Identity, we have a' - h' = a-h. Substituting this in (3) and 
arranging terms yields 

f {(p + P div v)(e + -!(v, v» + pee + (a - h, v»} dv 
¢,('II) 

+ f (.0 + p div v)·-!(w, w) dv + f (.0 + p div v)«v, w» dv 
.00 .00 

+ r p{~e £,.,g + (a - h, w)} dv = r pr dv + 1 (tov + h) da 
JM'II) g J¢d'll) alfJ,('II) 

+ f towda. 
a¢,('II) 

(4) 

Subtracting (1) and (4) gives the identity 

0= f (.0 + p div v)·t(w, w)dv + f (.0 + p div v)«v, w» dv 
\6,('11) \6,('11) 

+ r p(~e:£,.,g+(a-h'W»)dv-i towda. JIfJ,('II) g a\6,('II) 

(5) 

Cauchy's theorem applied to (5) shows that tow = WoGon for a two-tensor 
G. Cauchy's theorem applied to (1) then shows h = -qon for a vector field q. 

Since w is arbitrary, (5) is equivalent to the two equations .0 + p div v = 0 
and 

0= -f p(aae: £"g + <a - h, w») dv + i tow da. (6) 
¢,('II) g a¢,('II) 

Applying the divergence theorem to the last term using 

div(woG) = (div G). w + G: co + G: k, 

where 

and 

(Dab = t(Walb - Wbla) (the spin), 

kab = t(Walb + Wbla) (k = t£"g), 

equation (6) becomes 

0= - r [p(aae - -!G): £ .. g - G: co] dv - r <pa - ph - G, div w) dv. 
~oo g ~oo 

Since 'U is arbitrary and at any point £"g, co, and w can be chosen independently, 
we have separately, 

2p ~~ = G, G is symmetric, and pa - ph - div G = O. 

This proves the first part of the theorem. The reader can prove the converse by 
similar methods. I 

Problem 4.8 Redo these calculations in material coordinates. 



168 BALANCE PRINCIPLES CH. 2 

Box 4.1 The Principle of Virtual Work 

The principle of virtual work is often derived in the following way. 

(1) Start with the integral balance law of momentum (see Section 
2.1). 

(2) Localize to give the differential equations in, say, material 
form: 

PRefA = PRefB + DIY P. 

(3) Contract these equations with a vector function W (over the 
motion), and integrate over the body: 

f(!3 hefA• W dV = f(\\ PRefB • W dV + t W· DIY P dV. 

In the classical literature, W is often called a virtual displacement 
and denoted c5¢. 

(4) Integrate the last term by parts: 

f(\\ PRefA • W dV = t P"RefB • W dV - t P : V W dV 

+ f W·P·NdA. 
am 

If w is the spatial form of W, and -rab = paB P B is the Kirchhoff stress, 
note that P: V W = t: Vw = !t: £",g, by symmetry of t. 

The validity of (1) for all variations W = c5¢ is called the principle 
o/virtual work. This principle must be modified, as we shall see in Chap
ter 5, if boundary conditions are prescribed. 

The importance of the principle of virtual work rests on three facts. 

(a) It is very useful numerically. (cf. Oden and Reddy [1976a].) 
(b) It is believed to remain valid under conditions for which 

differential equations do not necessarily make sense. 20 

(c) Equation (I) coincides with the weak form of the differential 
equations for which there are many relevant mathematical 
theorems. 

The paper of Antman and Osborn [1979] shows how to by-pass steps 
(2) and (3) above and thus show the equivalence of the integral balance 
laws and the principle of virtual work under conditions for which both 
are meaningful. 

In the remainder of this box we shall show how to directly obtain the 

(1) 

20For this purpose the material version is a bit simpler, as there is no convective term 
v·Vv in the acceleration. 
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principle of virtual work from balance of energy. In doing so it is 
crucial to use the covariant version. Indeed it has often been noted as a 
defect of the "rigid" version of balance of energy, that one cannot 
directly get the principle of virtual work (see, e.g., Sewell [l966aJ). 

First of all, one should carry out the program of Theorem 4.13 in 
material coordinates (see Problem 4.8). Conservation of mass now 
merely reads PRef = constant in time, and is derivable from Assumptions 
1 and 2. As in the proof of 4.13 (see Equation (6», the condition of 
covariance leads directly to the following: 

0= - L PRef(~:: .cwg + <A - B, W») dV + I'll W ·P·N dA. (2) 

Arbitrariness of'll gives the identity 't = 2PRef aEjag. Substituting this 
into (2) and choosing'll = CB, we obtain exactly (1), written in terms of 
the Kirchhoff stress. 

With an additional constitutive assumption (see Chapter 3) one can 
directly relate E and P, avoiding the necessity of using 'to The covariant 
approach is compatible with such assumptions, as we shall see in 
Section 3.3. 

Box 4.2 An Invariant Theory of Stress and Equilihrium21 

In this box we present an invariant formulation of some basic 
notions of continuum mechanics, including stress, equilibrium, and the 
principle of virtual work using the theory of manifolds of maps, which 
is summarized below. Manifolds of maps will also be useful in our 
discussion of Hamiltonian structures in Chapter 5. 

A basic concept in any physical theory is that of its configuration 
space: i.e., the set of all possible states of the system. If the configuration 
space is a differentiable manifold, a virtual displacement may be defined 
to be an element of its tangent bundle. A generalized force is an element 
of the cotangent bundle, and its evaluation on a virtual displacement 
has the meaning of virtual work. 

The placements of bodies in space are described by introducing two 
different mathematical models, the global model and the local model, 
and the fact that both ultimately serve to represent the same physical 

21 The material for this box was kindly communicated by Reuven Segev and Marcelo 
Epstein and is based on the ideas of Epstein and Segev [1980] and Segev [1981]. 
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phenomenon is accounted for by imposing compatibility conditions. 
The global model deals with configurations ¢: (B ---> S from the point 
of view of analyzing the space e of configuration as a whole. In ihe 
local model a fiber space is attached to each point of the body (B and the 
space S. These spaces provide a framework for the representation of 
the internal structure of the body. If these spaces are the tangent spaces, 
we recover the usual theory: the Piola-Kirchhoff stress represents the 
local force, and compatibility with the global force yields the equilibrium 

\ 
and boundary conditions. Higher order and Cosserat theories (see Ba.: 
2.3, Chapter 2) may be dealt with by suitable choices of fiber spaces. 

For each model we have a configuration space and corresponding 
sets of virtual displacements and forces. The local force is a generaliza
tion of the classical notion of stress field. The compatibility between the 
models is specified in terms of a map from the global to the local 
configuration space. This compatibility condition between local and 
global forces is a generalization of the principle of virtual work. 

We now summarize some results from the theory of manifolds of 
maps that are needed. Some useful references for this subject are Palais 
[1968] Eliasson [1967] and Ebin and Marsden [1970]. For this box the 
technical proofs of the following results are not needed, so are omitted. 

(i) Let ~ be a compact C= manifold (possibly with boundary) 
and ;y{, a C= manifold without a boundary. Then, the set 
Ck(~,;y{,) of Ck mappings ~ ---> ;y{" 0 < k < =, can be 
given a structure of a C= manifold modelled on a Banach 
space. (Similar results hold for other function spaces dis
cussed in Chapter 6). 

(ii) Let ¢ E Ck(~, ;y{,); then the tangent space to Ck(~, ;y{,) at ¢ 
is given by T¢Ck(~,;y{,) = {V E Ck(~, T;y{,)I't'o V = ¢}, ' 
where 't'm: T;y{, ---> ;y{, is the projection. 

This result should be plausible from our discussions of 
material velocity. 

(iii) The set e of Ck embeddings is open in Ck(~, ;y{,) for k > 1. 
This follows directly from the implicit function theorem. 

(iv) Let 7t: 8 ---> ~ and p: fr' ---> ;y{, be C= vector bundles where ~ 
and ;y{, are as in (i) and r < k. Then the set Ck(S, fr') of C' 
vector bundle maps of S to fr' covering Ck base maps has a C= 
vector bundle structure Ck(E, F) ---> Ck(~,;y{,) and the 
projection map assigns to each vector bundle morphism its 
base map. (See Verona [1970]). 

(v) For f E C~(8, fr'), Tfq(S, fr') = {g E q.(8, Tfr') I 't'fJog = f}, 
where 't'fJ: Tfr' ---> fr' and T p: Tfr' ---> T;y{, is the vector bundle 
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structure used on T5'. The tangent bundle projection is given 
by h f-c> 7: rr oh for h EO TCHS, 5'). In particular, the set of all 
Ck-l vector bundle morphisms of the tangent bundles is a 
vector bundle q-l(TmI, T';fL) -> Ck(mI, ';fL), and each h EO 
TC%-I(TmI, T';fL) is identified with a vector bundle map 
from the bundle 7:m: TmI -> mI to the bundle T7:m,: TT'J{, -> 

T';fL. 
(iv) Let AT: Ck(mI, ';fL) -> q-l(TmI, T';fL) be the operation of 

taking the tangent on elements of the manifold of maps; i.e., 
AT(f) = Tf Then AT is a C~ section of the vector bundle 
C%-I(TmI, T'J{,) -> Ck(mI, ';fL). The tangent map TAT: TCk(mI, 
';fL)->TC%-I(TmI, T';fL) is given by TAT(V) = (j)oTv, where Tv, 
is the tangent to the map mI -> T';fL with which v is identified 
and where (j) is the canonical involution P';fL -> P';fL: if (x, 
a, b, c) is the representative of an element in T2';fL with respect 
to a natural chart, then the local representative of (j) with 
respect to this chart is given by (x, a, b, c) f-c> (x, b, a, c). 

Since we are presently concerned with the geometric aspects only, 
we shall work with smooth maps for simplicity (see Chapter 6 for the 
function space setting needed for analysis). 

The global model consists of the following: 

GM 1 Physical space is an m-dimensional differentiable manifold 
S without a boundary. 

GM2 A body is an n-dimensional compact differentiable manifold 
(B which may have a boundary, with n < m. 

GM3 A global configuration is a (smooth) embedding rp: CB -> S. 
By the results above, the configuration space e is an infinite 
dimensional differentiable manifold. 

GM4 Let 7:e: Te -> e be the tangent bundle of the configuration 
space. A global virtual displacement is an element orp EO Te. 

GM5 A global force is an element f EO T*e. The evaluation 
f(orp) for f EO Tte,Orp EO Tq,e is called the virtual work of 
the force f on the virtual displacement orp. 

By GM5, forces are linear functionals on the vector space of vector 
fields (virtual displacements) over the image of the body in space. For 
linear functionals continuous in the Co topology, a global force can be 
represented by a vector measure over the image of the body (as in the 
definition offorces in general given in Truesdell and Toupin [1960] and 
Truesdell [1977].) In the more general case of the C k topology, a global 
force will consist of distributions. 
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In the local model, configurations, virtual displacements, and forces 
are defined independent of the global model. 

LMI In the local model the space is vector bundle p: it -> S. 
LM2 The body is a vector bundle 7t: B -> ffi.22 
LM3 A local configuration is a (smooth) vector bundle map 

F: B -> it such that the induced base map ¢: ffi -> S, is an 
embedding. By the properties of manifolds of maps, 
the local configuration space CR, consisting of all such 
embeddings, has a structure of a vector bundle 7te: CR -> e 
over the global configuration space. 

LM4 Let 't"(Jl: TCR -> CR be the tangent bundle of the local configu
ration space. The local virtual displacement is an element of 
of the tangent bundle: of E TCR. 
The relation between the configuration spaces and their 
tangent bundles can be represented by the following com
mutative diagram 

and when we make the identification of of with a vector 
bundle morphism from 7t: B -> ffi to T p: Tit -> Tm, we 
have 

1:(Jl(oF) = F 

T7te(oF) = o¢ 

7te(F) = ¢ 

1:e(oF) = o¢ 

such that F, o¢ and ¢ make the following diagram 
commutative. 

22For many applications, such as Cosserat continua, these should be fiber bundles. However 
we use vector bundles for simplicity. The generalization is not difficult. 
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~Tff 

S_ F ~ff71 Tp 

(8______ g 
¢~S 

LM 5 A local force is an element q E T*<R. The evaluation q(oF) 
for q E T;<R, of E TF<R is called the virtual work of the 
local force q on the local virtual displacement of. 

The link between the global and the local models is provided by the 
compatibility conditions. 

CCI Let A associate to each manifold ;nl a vector bundle A(;nl) 
over it and to each map between manifolds a corresponding 
vector bundle map. We write A(ffi) = &, A(S) = 5', and if 
fis a map offfi to g, AU) is a vector bundle map covering! 
We may thus regard A: e -> <R as a section of 'lte (assumed 
to be differentiable). We call A a compatibility operation. 

CC2 A local configuration F is called compatible with the global 
configuration ifJ if F = ).,(ifJ). 

CC3 A local virtual displacement of is called compatible with 
the global virtual displacement oifJ if of = T).,(oifJ). 

CC4 A global force f is compatible with the local force q if 
f = T* A(q), where T*).,: T*<R I A(e) -> T*e is the adjoint 
map of TX 

The last compatibility condition is a generalization of the equilibrium 
equations of classical continuum mechanics, as we shall see later. The 
compatibility of the global force f with the local force q implies f(oifJ) 
= (T*A(q))(oifJ) for all oifJ E Tif>e. However, by the definition of the 
adjoint map (T*A(q))(oifJ) = q(TA(oifJ)) and, using CC2, we obtain the 
equivalent form f(oifJ) = q(oF) for all compatible pairs oifJ, of, which, 
as we shall see below, is the statement of the principle of virtual work. 

Vector bundles are now constructed that allow us to relate the local 
configuration, the local virtual displacement, and the local force to 
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the classical concepts of deformation gradient tensor field, its variation, 
and the Piola-Kirchhoff stress. 

Given a configuration ¢>, consider the vector bundle £(e, ¢>*ff) --> CB, 
whose fiber over X E CB is £(e, ¢>*ff)x = £(ex , ff¢>(x», the set of linear 
maps of ex to ff ¢>(x). The space C~(£(e, ¢>*ff» of c~ sections of £(e, 
¢>*ff) can be identified with CR¢>. An element of C~(£(e, ¢>*ff» has the 
nature of a two-point field F, just as in Section 1.4. 

Recall that TFCR is the set of vector bundle maps c5ff : e --> Tff satisfying 
'CF 0 c5F = F. The elements c5F satisfying T p oc5F = 0 are called vertical, 
and this set is denoted TF,vertCR. We can identify CR¢> with TF,vertCR by 
mapping F E CR¢ to the tangent to the curve t ~ F + ti at t = O. Thus, 
vertical vectors are variations c5F of the values of F only, keeping the 
base map ¢> fixed. If the bundle ff has a symmetric connection, or we 
choose local charts, any variation c5F E TFCR can be split into the element 
Tp oc5F of C=(TCB, ¢>*TS) and a vertical variation, which we denote 
(c5F)vert. 

Elements P of C=(£(¢>*ff, e» may be regarded as elements of 
T1,vertCR by 

(I) 

The two-point field P is a generalization to bundles of the first Piola
Kirchhoff stress. 

Let us turn now to the case of tangent bundles and assume CB and 
Scarry metrics G and g respectively (and so have corresponding 
connections). 

By the local model of tangent bundles we mean: 

LMTI The vector bundle which models the space is the tangent 
bundle 'Cs: TS --> S. 

LMT2 The body is modelled by 'Cffi: TCB --> CB. 
LMT3 The local configuration space CR consists of vector bundle 

maps F: TCB --> TS. 

Choose A = AT by AT(;rr[) = T;rr[ and AT(¢» = T¢>. Thus the compati
bility conditions become 

CCTI The local configuration F is compatible with the global 
configuration ¢> if F = AT(¢» = T¢>: i.e., if F is the defor
mation gradient of cP. 

CCT2 The local virtual displacement c5F is compatible with the 
global virtual displacement c5 if c5F = TATCc5¢»: i.e., c5F 
= OJoTc5¢>, where m is the canonical involution. 
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CCT3 The local force (J is compatible with the global force f if 
f(~ifJ) = (J(~F) for compatible pairs ~ifJ and ~F. 

Let us write V = ~ifJ for the variation of ifJ, so V is a material vector 
field over ifJ. Then one can check that (CCT2) is the same as saying 

(~F)vert = V V} 
and 

(~F)hor = F 
(2) 

The second of these equations says we are not free to vary the 
horizontal part. Thus, vertical variations are the important ones. Con
sistent with this, suppose the local force is given by the element P in (I). 
Then CCT3 is the same as saying 

f(V) = t trace [P(V V)] dV (3) 

If f( V) = J (B B· V dV + J a(B 'C' V dV is the usual form for a given global 
force, then (3) is just the statement of the principle of virtual work for 
equilibrium solutions, which is equivalent to the balance laws, and 
boundary conditions if solutions are smooth enough (see the previous 
box and chapter 5). 

If yve work on spacetime rather than space, a similar construction 
yields the dynamic equations. If we chose different local bundles, one 
may obtain higher order or Cosserat theories. 

Box 4.3 Summary of Important Formulas for Section 2.4 

Slicing of a Classical Spacetime 'D by Space S 

i:SxlR-->'D, i(x,t)=p 

Velocity: vi(p) = ~ i(x, t) 

Acceleration: ai(p) = (Vv'Vi)(p) 

The inverse of a slicing is a framing. 
A world tube is a map CP: CB X IR --> 'D, <J>(x, t) = p. 

Velocity: v<l>(p) C~" It- $(x, t) 

Acceleration: a<r,(p) =.cc (V,,<I>v<l»(p) 

Motion of<P relative to i: ifJi = first component of i-1o<J> 

(velocity of cpi) =V<l>,i =c. apparent velocity 
(acceleration of ifJi) = a</),i c= apparent acceleration 
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Apparent vs. Absolute Velocities and Accelerations 
i,.V<1>,i = v<1> - Vi 

i,.a<1>,i = a<1> - ai - 2V v<1>-v,VI 

Transformation under a Change of Framing e,: S ---> S 
V<1>,i, = e,.v<1>,i l -t- w 
a<1>,i, = e,.a<1>,i l + ae,i, + 2V\~,.v<1>"I)W 

where w = velocity field of e and ae,i, is its acceleration field. 
Inertial Frame 

Vvi = 0, or, equivalently, i,.a<1>,i = a<1> for all world tubes <P. 
Covariance and Balance of Energy 

CH. : 

If balance of energy holds under all changes of slicings (or equiva
lently under all superposed motions, not necessarily rigid), then in 
addition to the usual consequences of the Green-Naghdi-Rivlin-Noll 
results we have the Doyle-Ericksen formula 

2 ae 2 aE ab 2 ae 
(J = P -a' 't = PRer -a a = P -a ' g g gab 

Principle of Virtual Work 

Sm PRerA • W dV 

= SmPRerB. W dV 

- SmP.VWdV 

+ f W·P·NdA 

t PRerAaWa dV = t PRerBaWa dV 

- Sm paAWalA dV 

+ f wapaANAdA 
am 

am 
for all variations W. 

2.5 THERMODYNAMICS II; THE SECOND LAW 

The second law of thermodynamics is frequently shrouded in mysterious physical 
jargon and less than adequate mathematical treatment. The authors' education 
was no exception. Our own frustration is consistent with the following quota
tion from Truesdell [1969], pp. 1-23: "The difference [between mechanics and 
thermodynamics] is that thermodynamics never grew up." 

The results we shall need are given a concise mathematical treatment below. 
We make no attempt at detailed physical justification. In addition to Truesdell's 
work, the reader can profitably consult the texts Malvern [1969] and Sommerfeld 
[1964b] in which entropy is regarded as a measure of disorder and its origins in 
statistical mechanics via the Boltzmann's equation are describedY 

23For more advanced mathematical treatments, consult, for example Ruelle [1969, 1978], 
Arnold and Avez [1971], Hermann [1975], and Souriau [1975]. 
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Let if>( X, t) be a C 1 regular motion of a simple body <B c:: S. In addition to 
the functions p(x, t), vex, t), rex, t), and hex, t) introduced earlier, assume there 
are functions ll(x, t), the specific (per unit mass) entropy and (J(x, t) > 0, the 
absolute temperature. 

5.1 Definition The above functions are said to obey the entropy production 
inequality or the Clausius-Duhen inequality24 if, for all nice 'U c:: <B, we have 

d 1 1 pr f h - Plldv> -dv + -da. 
dt q,,('U) - q,,('U) e pq,d'U) e 

This inequality is often called the second law of thermodynamics, although 
there is some controversy over this nomenclature. 

If r = ° (no heat sources) and h = 0 (no heat flux), we get 

dd 1 Pll dv > 0, 
t q,,('1I) 

that is, total entropy is nondecreasing. 

5.2 Theorem Assume if>t is a C 1 regular motion, r is continuous, hex, t, n) 
= -<q(x, t), n), where q is a Cl vector/ield, (J is Cl, and that conservation of 
mass holds. Then 

. > pr d' (q) pr 1 d' 1 < V(J) Pll- e - IV e = 7r - e IV q + (J2 q, . 

Proof This is a direct consequence of the master balance inequality; see 
Equation (4) of Section 2.1. I 

We call I' = pr, - pr/(J + div(q/(J) the rate of entropy production. Thus the 
Clausius-Duhem inequality asserts that I' > 0. 

To obtain the material form, let 

x = if>(X, t), 0(X, t) = (J(x, t), N(X, t) = ll(x, t), R(X, t) = rex, t), 

Q(X, t) = JF-l'q(X, t), and PRef(X) = p(X, 0). 

5.3 Theorem The material form of the entropy production inequality is 

d 1 1 R 1 Q.N d PRefN dV > PRef 0 dV + E> dA, 
t 'U 'U ft 

24There has been much controversy over how one should set the basic principles of thermo
dynamics. In fact, several criticisms have been lodged against the general use of the Clausius
Duhem inequality (see Rivlin [1977], Day and Silhavy [1977], and Green and Naghdi [1977, 
1978a]). For accounts of alternative theories not subject to these criticisms, and recent 
developments, see Green and Naghdi [1977, 1978a, 1978b], Serrin [1979] and Naghdi [1981]. 
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or, in localized form, 

aN R (Q) PR f - > PR f - - DIV - . 
e at - e e e 

The reader can supply the proof in routine fashion by employing the material 
master inequality of Section 2.1. 

It is convenient to recast the entropy production inequality into a slightly 
different form by using the internal energy e(x, t) introduced in the previous 
section. 

5.4 Definition The free energy is defined by IJI = e - 011, or, materially, 
'P = E - eN. 

Later we shall see how to interpret the transformation of e to IJI as a Legendre 
transformation and how to regard 0 and 11 as conjugate variables. 

5.5 Theorem Assum{; conservation of mass, balance of momentum, moment 
of momentum, energy and the entropy production inequality hold. Then 

P(118 + 1jI) - cr: d + ~ <q, VO) < 0, 

or, materially, 

( ae a'P) aF 1 
PRef NT! + at - P: at + e <Q, GRAD e)< 0. 

These inequalities are called the reduced dissipation inequalities. 

Proof From 5.4, 

IjI = e - Or, - 811; 

Combining this with 5.2 gives 

that is, Or, = e - 811 - 1jI. 

p(e - 811 - 1jI) > pr - div q + ~ <q, VO). 

From 3.4, pe = pr - div q + cr: d, so substitution gives the spatial result. 
The material form is proved in exactly the same way, using 5.3 in place of 

5.2. I 

Problem 5.1 Prove the identity 

~ <q, grad 0) = ~ <Q, GRAD e) 

directly in coordinates. Use it to prove the material reduced dissipation 
inequality by multiplying the spatial form by J. 
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5.6 Example Assume we have a system in equilibrium; that is, a0/at = 0, 
u'P/at = 0, and aF/at = 0. Since 0> 0, the reduced dissipation inequality 
becomes <Q, GRAD 0) < 0; that is, heat flows from hot to cold. 

5.7 Terminology Processes for which the following hold are given the 
accompanying name. 

(a) q = 0; adiabatic; 
(b) r, = 0: isentropic; 

(c) GRAD N = 0; homentropic; 
(d) e = constant: isothermal. 

Problem 5.225 (Covariance and the Second Law) Suppose that 1'/, r, e, 
and so on can depend on the metric g E eg , as in Box 3.3. Assume that the 
rate of entropy production I' transforms as a scalar under slicings of 
spacetime. Prove that aYJ/ag = 0; that is, YJ is independent of g. (Further 
discussions of covariance and thermodynamics are given in Section 3.3.) 

Box 5.1 Summary of Important Formulas for Section 2.5 

Entropy Production Inequality (Clausius- Duhem Inequality) 

(a) Spatial: dd r PYJ dv > r Per dv + 1 (q'en) da 
t J</>t('U) J</>t('U) a</>t('U) 

(b) Material: ; L PRefN dV > L PRef ~ dV + i'U < Q'eN
) dA 

Localized Entropy Production Inequality 

(a) Spatial: pi] > ':J - ~ div q + J2 (q, grad e) 

aN R 1 
(b) Material: PRef at > PRef 0 - 0 DIY Q 

1 + 02 (Q, GRAD 0) 

Free Energy 

(a) Spatial: 'fI(x, t) = e(x, t) - e(x, t)YJ(x, t) 
(b) Material: 'P(X, t) = E(X, t) - 0(X, t) N(X, t) 

Reduced Dissipation Inequality 

- . 1 
(a) Spatial: p(YJe + 1jI) - (J: d + 7f (q, GRAD e) < 0 

( 
a0 U'P) aF (b) Material: PRef Nat + at - P: at 

+ ~ (Q, GRAD 0) < 0, P: ~~ = S: D 

25Suggested by M. Gurtin. 


