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ABSTRACT. For the Schrédinger operator —A + V on R2? let N(V) be the
number of bound states. One obtains the following estimate:

NV 1+ [ V@I V@) ICnle =yl + Cal dudy
R? JR

where C7 = 7% and Coy = 1“22—;7 (v is the Euler constant). This estimate

holds for all potentials for which the previous integral is finite.

1. INTRODUCTION

On R3, there is a well-known bound for the number of bound states N (V) dis-
covered by Birman [3] and Schwinger [9]:

N s s [ [ ML,
47T R3 JR3 |§C_

The method of proof is the “Birman-Schwinger principle”, which states that for
a potential V' < 0 and for a number F < 0:

N o5 (—~A+V) = Ny ooy ((V['2(=A = E) 1|V |!/?)

where Nj(T) denotes the number of eigenvalues (counting multiplicities) of the
operator T in the interval I.
The operator (—A — E)~! has integral kernel

Gl 9, B) = g —yl e Pl
4
which converges when E 1 0 (for  # y). This implies that an estimate for N(V)
can be obtained by estimating N(_o gj(—A + V) first and then taking £ 1 0. A
detailed proof of this result can be found in [12].
This proof does not work in two dimensions since the integral kernel of (—A +
V)~ contains In(v/—E|x — y|) which diverges as E 1 0.
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Khuri, Martin and Wu conjectured in [5] the following bound for N (V') in two
dimensions:

NV)< 14 G /R2|V|*(x) (m‘% >+dx

Jr
+ 02/ V_(2)| <ln i‘) dor + 03/ V_(2)| da
R2 Zo R2

where xo #0 and |V|* denotes the symmetric decreasing rearrangement of |V|.
Our goal is to find bounds similar to using the “Birman-Schwinger princi-
ple” and a method discovered by Simon in [L1]. The idea is to write the integral
kernel of |V|'/2(—=A — E)~'|V|'/2 as the sum of a Hilbert-Schmidt operator and a
rank-one perturbation and then apply the Birman-Schwinger method.
The main results in this paper are Theorem [3.3] and Proposition 3:4] which give
two bounds for N (V) in two dimensions:

In2—
—1—|—//|V ) |V (y |'——ln|x—y|—|—n dxdy

(1.1)

and

B(V)=1 + Gs|VIIf + C4||VH1/]Rz |V (@)| [In(1 + |])]*

+ GVl [ V@) el xgaien do.

These bounds are similar to the one conjectured in [5] with the difference that
for large coupling constants, B(AV), B(AV) ~ A\? whereas the bound conjectured

by Khuri, Martin and Wu is ~ A.
2. ESTIMATE FOR NICE POTENTIALS
One can prove the following;:

Theorem 2.1. Let V € L*°(R?) be a real-valued compactly supported potential.
Then

V)< 1 +/ / V(@) V@)l [Cilnle —y| + Caf? dedy

where C; = ——W and Cy = 1“2 2= (v = 0.577 is the Euler constant).

Proof. Since V € L*°(R?) and supp(V) is compact, it follows that V € L%(R?). So
(=A+V) is a well-defined selfadjoint operator with cess(—A + V) = [0, 00).

Without loss of generality, one can assume V < 0. Indeed, if V_ = max(—V,0)
is the negative part of V', then

“A+(=V.) <A+ V.

So by the min-max principle, N(V) < N(=V_).
Now, from the Birman-Schwinger principle one gets, for £ < 0:

N oo,m)(=A +V) = Ny oo (IV[V2(=A = B)HV|'/3).
The integral kernel of (—A + E)~!is (cf. [1] and [2]):

(21) Ga(w,y, B) = 5-Ko(V=F |o — )
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where K is a modified Bessel function. In particular,
(2.2) Ko(z) = —(Inx)Ip(z) + h(x)

where the Bessel function I and the function h (defined on R) are real-valued
analytic functions with Ip(0) = 1 and h(0) = In2 — 7. Let ¢ € C§°(R?) be such
that ¢(z) =1 for [z| < 1 and ¢(z) = 0 for x| > 2. Then, for f(z) = —£ Io(z)p(z)
and g(x) = 5=Ko(x) — f(z)In(z), one gets

(2.3) %Ko(x) — (In2) f(2) + g(x).

The functions f and g are in C*°(R), with f(0) = —5= and g(0) = 1“22—7:”’ Fur-
thermore, f has compact support and g has exponential decay at infinity (since the
modified Bessel function K has exponential decay at infinity). Using (2.I) and

[B3) one gets
Gala,y. B) = [In(V=F |z = y])| F(V=F [z = y) + 9(vV=E |z — y)

—V=E [V o=+ 52| +Inle — 3l S/F o)
(2.4) + g(V=E [z —y|) + {—%m(\/ﬁ)}

One can write (|[V|'/?(—=A — E)~YV|'/?) = Ag + Bg where A and Bp are
operators on L?(R?) defined by

App(z) = /}R2 IV (z)|/2 [ln\/ﬁ <f(\/ﬁ z—y|) + %)
(2.5) +Injz —y|f(V=E |z —y|) + g(vV=F |z — yl)} V()20 (y) dy,
(2.6) Bpo(x) = |V(x)|1/2/

1
-5 OBV o)
R2 71'
Bp; is therefore a selfadjoint rank-one operator with range C|V|'/2.
Now, in order to estimate the number of eigenvalues greater than or equal to 1

of the operator Ag, the following lemma will be useful.

Lemma 2.2. Let V, E, f, g, Ag be as before, and let Fg be the integral kernel of
Ag. Then Fg € L*(R* x R?).
Proof. The potential V is compactly supported. So let R > 0 be such that
supp(V) C {z € R?,|z| < R}.

Since f and g are bounded, one immediately gets that, for any E < 0, the
functions In(v=F) (f(V=F |z —y|) + &), f(V=FE|z — y|) and g(v—E|z — y|)
are bounded on R2.

A simple computation shows that

/ / (In |z —y|)? dedy < 7TR2/ (In|z])? dz < 0o
lel<k Jly|<R 2| <2R
and therefore, since V € L>(R?), one can conclude that F € L?(R? x R?). O

From the previous lemma, it follows immediately that Ag is a selfadjoint Hilbert-
Schmidt operator. Therefore, one can estimate N oo)(Ag) as in the proof of the
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Birman-Schwinger theorem and, denoting by .S the set of eigenvalues of Ag, one
gets

Nitoo)(Ar) < Y INP = I Agl; = | Fall3
AES

= [ [ 1Fste )P dzy

(|Agll2 denotes the Hilbert-Schmidt norm of the operator Ag.) Since Bg is a
rank-one operator, the eigenvalues of Ag and (Ag + Bg) interlace. So

N(*oo,E](_A +V)= N[l,oo)(AE + Bg)
27) <1+ / \Fp(z, )2 de dy.
R2 JR2

Now, in order to obtain an estimate for N(V) one has to take F 1 0. The
following lemma shows that the previous integral converges as E approaches 0.

Lemma 2.3. Let V, E and Fg be as before. Then

li F 2
n%/]R2 /R2 |Fe(z,y)|” dzdy
In2—+~ 2

(2.8) 1
= [ V@I vl |5+ 22

dz dy.

Proof. Taking into account the definition of Fg, it suffices to prove the following
three statements:

2
1
i [ [ V@1 vl [n/=E) (J0E o s+ 5 )| dedy =0
ET0 Jp2 JR2 2
2
. 1
210) 1 [ [ V@IV ke -l (7/7F |x—y|>+—) dody =
10 Jr2 JR2
In2—
(2.11)  lim V()| |[V(y)| ‘ (V=E|z —y|) — — | dz dy = 0.
ET0 Jr2 JR2
Since V' is compactly supported and f and g are continuous with f(0) = —%

and ¢g(0) = h’;—;v, one gets (2.10) and (2.11)). As for ([2.9) one can write

(/=) (FV=F o ~al)+ 57 )

=In(V=E) V=E |z —y| f(\/\_/—]%xl; %r =

Let

k(z) = Lz); %

Since f € C°°(R?), it follows that k is continuous (and, in particular, bounded on
compact sets). Therefore (since x| < R and |y| < R imply |z — y| < 2R), there
exists an M > 0 such that

k( V—F |(E - y|) Xsupp(V)(x) Xsupp(V)(y) < M
for any E € (—1,0) and any x,y € R.
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Since

%IT% In(v—F) v—-E =0,

one gets (29). O

Using (2.7) and the previous lemma, one immediately gets

In2 -~
27

1 2
vwys e [ @i v g -+ 252 vy
R2 JR2 ™

O

The proof of Lemmal[2:2 also shows that for V € L>(R?) with supp(V') compact,
we have

1 In2—
@i [ [ ve@ivel | -gmle- o+ 25
R2 JR2 ™

21

2
‘ dedy < oo.

3. ESTIMATE FOR A LARGER CLASS OF POTENTIALS

The result of Theorem E] can be extended to any potential V' for which ([212)
holds. In order to prove this, the following lemma will be useful.

Lemma 3.1. Let V be a real-valued measurable function such that

L[ v@l vl cinle -yl + o dedy < .
RrR2 JR2

Then V € LY(R?).

Proof. Let V be a nonzero measurable function. Then there exists a > 0 such
that for M = {z € R?%,|V(x)| > a} one has A\o(M) > 0 (N is the Lebesgue
measure in R?). Furthermore, there exists a bounded open set N C R? such that
)\Q(MQN) =b>0.

Let € > 0 be small enough such that

b
(3.1) A2 ({z ER? |z| € [e7C/C1 — ¢ e C2/C 4 e]}) <3

For any = € R?, let N, = {y € R?, |y — 2| € [e7C2/C1 —¢,e7C2/C1 4 ¢]}. From (B1))
it follows that Ay(V,) < % for any = € R2.

Since Oy In |z| + Cy = 0 if and only if |z| = e=“2/C1 it follows that there exists
a ¢ > 0 such that for a fixed z € R?, one has
(3.2) |Ciln |z —y|+ Ca| > ¢ for any y ¢ N,.

Now, for any = € R?, since \o(M N N) = b > 0 and A\2(N,) < % one gets
A2(Py) > &, where P, = (M N N)\N,. So

/|V<y>||clln|x—y|+c2|2 dxdyz/ V)| |CIn e — y| + Caf? dudy
(3.3) '®* Py
ac’b

Z G/'CQ'AQ(PQ;) Z T > 0.

Let d = ac?b/2. Since

//|V<x>| V()| [Crlnfe — y| + Caf? dudy
R2 JR2
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-/ |V<x>|(/ V)| [Crlnfe — y| + Ca? dy> dr> d|V|,
R2 R2
one gets |V||1 < oo; so V € L'(R?). O

Proposition 3.2. Let V' be a real-valued measurable function such that

/ / V@) V)l [Cilnfe -yl + Cof? dedy < oo,
R2 JR2

Then V is a relatively form compact perturbation of —A that defines —A + V' with
Uess(_A + V) = [Oa OO)

Proof. Cy # 0 implies that |V (z)| |V (y)| |In|z —y|+ D> € L*(R% x R2?) where
D = C5/Cy. Since V € L*(R?), one gets

L[ @i v g -l dedy
(3.4) TEIE
<2 [ @IVl -yl + DP dedy + 207V < o,
R2 JR2

From previous considerations, the integral kernel of (—A + 1)~ ! is

1
5 Kollz —yl) = (In |z —y[) f (e —y]) + g(jz —y]),
and therefore the integral kernel of |V|Y/2(—A + 1)~ V|¥/2 is

K(z,y) = [V(@)|"?|V()["? [(In ]z =y f (|2 = y]) + g(|lz = y])] -
Since f and g are bounded, (34) implies that K € L?(R? x R?). Therefore,
[V|'/2(=A + 1)"Y V|2 is Hilbert-Schmidt. One can now write (—A + 1)~ =
(=A +1)"Y2(—=A +1)~'/2 and, using trace class ideals methods (see [10]), it fol-
lows that (—A 4+ 1)7'2|V|(=A + 1)~/? is Hilbert-Schmidt. This implies (cf. [8])
that V is a relatively form compact perturbation of —A and therefore V' has relative
form bound zero and dess(—A + V) = 0ess(—A) = [0, 00). O

Theorem 3.3. Let V' be a real-valued measurable function such that

1 1n2—'y2
B = ——1 — .
)= [ [ W@l vl |-gomie -+ 2522 deay < o0

Then

In2—+~

2
o dzx dy.

1
vw < 1 [ [ @IVl |5l v+
R2 JR2 ™

Proof. As was shown before, one can assume, without loss of generality, that V' < 0.
For any positive integer N, let

Vi (z) = max(V(z), —=N) x(-n~,n) ().

Obviously, Vy € L*™ and supp(Vy) C [—N, N] for any N. So from Theorem 2]
one gets

1 In2— v/

N(Vy) < 1+/ V(@) V() ‘—2—ln|x—y|+ 11 drdy.
R2 JR2 ™ 21

Since (—A+Vn)p — (=A+V)p for any ¢ in the domain of (—A)/? it follows,

using a result from [6], that (—A + Vx) — (—=A + V) in strong resolvent sense,
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which implies that N (V) < limsupy_,., N(Vn). Since |Vn| T |V| one gets, using
the monotone convergence theorem, that

N(V) < 1+/

R2 JR?

In2—~ 2
2

1
V@I V| |5l - + drdy,

O

Proposition 3.4. Let V € LY(R?) be such that V [In(1+ |z[)]> € L*(R?) and
[V |* [In |[]? X{z|<1} € L*(R?) where |V|* is the symmetric decreasing rearrange-
ment of |V|. Then the integral in Theorem [3.3 is finite (i.e., B(V) < oo) and

NWV) £ 1t GIVIE + GIVI [ V@) I+ o) do
(3.5) R
+ GVl [ VI @) Balal® xyuicn da

where C3,Cy and Cs are positive constants.

Proof. As in 34,

B(V) = V(@) [V(y)| [Cilnlz —y| + Cof* dxdy
(3.6) /Rz /Rz

<20t [ [ W@Vl e =yl dedy +2C3VIE

Let S1 = {(z,y) € R2 x R?)|z —y| > 1} and Sy = (R? x R?)\ S;. Then, since
|z —y| < (1+|z|)(1+ |y|), one gets that

Inje —y|* < 2[n(1+ [z])]* + 2 [In(1 + |y])}*
for any (z,y) € S1 and therefore

(3.7) V@) [V(y)l e y|l* dedy < 4HVH1/ |V (@)| In(1 + J2])]* da.
S1 R2

Now let A(z) = [In|z|[* X{|z|<1}- Using the Brascamp-Lieb-Luttinger inequality
[4] one gets:

L@ @iinge —y deay= [ [ v@Ivoiae -y ded
(39) < [ [ vF@VE @ e =y dedy
[ [ V@V @ = ) de dy
]RQ ]RQ

Since for any y € R?,

/ V(@) ln |z — y||? de < / V" () (1n |2])? dz,
{lz—y|<1} {lz|<1}

one gets, using (3.8),
39 [ V@IVGInle =3l dedy < [VEs [ VI (@) ool oy o

Combining (B:8), (37) and (33) one gets (35) with C3 = 203 = (In2 — v)? /272,
Cy=8C%=2/r? and C5 = 2C% = 1/272. O
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Remarks. 1. Since N (V) < N(—V_), one can improve the estimates in Theorem
and Proposition B4 by replacing (on the right-hand side) V' with V_.

2. As mentioned before, for large coupling constants, B(AV), B(AV) ~ AZ2.
Using the trace class ideals methods developed in [10], it should be possible to get
bounds ~ A'*€, for any € > 0. However, it is not clear how to get a bound ~ X as
conjectured by Khuri, Martin and Wu in [5].
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