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Feedback control is expected to considerably protect quantum states against decoherence caused by inter-
action between the system and environment. Especially, Markovian feedback scheme developed by Wiseman
can modify the properties of decoherence and eventually recover the purity of the steady state of the corre-
sponding master equation. This paper provides a condition for which the modified master equation has a pure
steady state. By applying this condition to a two-qubit system, we obtain a complete parametrization of the
feedback Hamiltonian such that the steady state becomes a maximally entangled state.
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I. INTRODUCTION

The time evolution of a quantum state under Markovian
decoherence is usually modeled by a master equation in the
Lindblad form �1�,

d�

dt
= L� = − i�H,�� + �

k=1

M

D�bk�� ,

D�bk�� ª bk�bk
† −

1

2
bk

†bk� −
1

2
�bk

†bk, �1�

where H=H† denotes a driving Hamiltonian, and bk are the
Lindblad operators that generate decoherence. The dynamics
�1� often reduces the purity of �, where the purity is defined
by pªTr��2�. For example, a master equation that preserves
the identity operator is strictly purity decreasing. �Con-
versely, any finite-dimensional purity-decreasing dynamics
preserves the identity operator �2�.� Since loss of purity is the
most critical issue in many quantum information technolo-
gies �3�, we must exploit effective methodologies to prepare
desirable pure states even under decoherence.

Quantum control shows a high possibility to overcome the
problems of decoherence. In particular, quantum filtering
theory, which was pioneered by Belavkin �4,5�, enables us to
feed measurement data continuously back in order to control
quantum systems. Actually, in the framework of Markovian
feedback proposed by Wiseman �6�, a data-dependent feed-
back Hamiltonian is continuously added to the system, and
the structure of the corresponding master equation is modi-
fied. Markovian feedback method has been widely used for
several types of quantum systems. For example, a master
equation describing a two-level atom was modified by the
feedback so that any pure state becomes a steady state of the
dynamics �7�. Further, in the case of a system consisting of
two two-level atoms �qubits� coupled to a single-mode cavity
field that is heavily damped, it was proved that the entangle-
ment of the steady state was increased by the application of
Markovian feedback �8�.

However, the selection of the data-dependent feedback
Hamiltonian is usually based on intuitive observations. In

other words, there are no systematic guidelines to modify the
master equation to a desirable one. Actually, the above-
mentioned steady state of the controlled two-qubit system
was not a maximally entangled state but a mixed state.

Therefore, for finite-dimensional quantum systems, this
paper characterizes a feedback Hamiltonian completely such
that the modified master equation has a pure steady state. By
applying this condition to the two-qubit system, we obtain a
parametrization of the feedback Hamiltonian that causes the
steady state to be not only a pure state but also a maximally
entangled state.

II. A CHARACTERIZATION OF THE FEEDBACK
HAMILTONIAN

A. The condition for a pure steady state

The steady state of the master equation �1� is a quantum
state �0 satisfying L�0=0. Remarkably, the steady state �0 is
stable in the following sense. Let us define the matrix ele-
ments �ij�1� i , j�n� of an n-dimensional state � as follows.
Set �iiª�i ,�i�R for 1� i�n−1, which leads to �nn=1
−�i�i. For i� j set �ijª�ij + i�ij with �ij ,�ij �R. For i� j
set �ij =� ji

* . Collecting the real numbers �i, �ij, and �ij into a
vector x�Rn2−1, we can describe the master equation as an
affine equation ẋ=Ax+a, where the matrix A and the vector
a are uniquely determined by the above rule specifying x.
Then, all the eigenvalues of A have nonpositive real parts.
This implies that for an initial state �0+�� ��� implies a
small perturbation from �0�, we can always find ��t� suffi-
ciently close to �0 for all t�0. Especially in the case when
all the eigenvalues of A have negative real parts, �0 becomes
a unique steady state corresponding to x0=−A−1a in the vec-
tor form; eventually every trajectory that obeys the dynamics
must converge into �0.

By combining the above discussion with the fact that pure
states are the basis of many quantum information technolo-
gies, we aim to characterize a class of the Lindblad operators
bk and the Hamiltonian H such that the master equation �1�
has a pure steady state.

Theorem 1: The master equation �1� has a pure steady
state if and only if bk�k=1, . . . ,M� and iH+ �1/2��kbk

†bk

have a common eigenvector �	�. Then, the steady state is
given by �= �	��	�.*Electronic address: naoki@cds.caltech.edu
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Proof: Substituting �= �	��	� into the equation L�=0 and
multiplying by �	� on both sides, we have

�
k=1

M

���	�bk�	��2 − �	�bk
†bk�	�� = 0. �2�

Since the Schwarz inequality yields

�	�bk
†bk�	��	�	� 
 ��	�bk�	��2,

Eq. �2� is attained if and only if bk�	�=�k�	��k=1, . . . ,M�
holds for some �k�C. Thus, owing to bk�	��	�bk

†= ��k�2�	�
��	�, the equation L�	��	�=0 is transformed to

F�	��	� + �	��	�F† = 0, �3�

where

F ª − iH + �
k=1

M 	1

2
��k�2 −

1

2
bk

†bk
 .

By denoting the kth elements of �	� and F�	� by 	k and fk,
respectively, we observe that the �j ,k� element of the matrix
equation �3� is f j	k

*+	 j fk
*=0, which becomes

	 f j

	 j

 + 	 fk

	k

*

= 0, �4�

when 	 j�0 and 	k�0. Then, � jª f j /	 j satisfies � j +� j
*

=0. Thus, � j is a pure imaginary number, � j = i� j� ,� j��R.
Therefore, Eq. �4� yields � j�−�k�=0. This leads to the con-
clusion that � j is independent of the index j. Accordingly, we
obtain f j =�	 j by defining a constant �ª� j ,

∀j. When 	 j
=0, it immediately yields f j =0. Consequently, we obtain
F�	�=��	�. It is easy to verify the “if” condition.

The proof of Theorem 1 is very similar to the one found
in Ref. �9�, the theory of decoherence-free subspace �DFS�
�9–11�. We now consider a relationship between DFS and a
pure steady state. Let the system Hilbert space H decompose
into a direct sum as H=Hdf � Hdf

�, and partition the system
state, the Hamiltonian, and the Lindblad operators into
blocks as follows:

� = ��1 �2

�2
† �3

�, H = �H1 H2

H2
† H3

�, bk = �Pk Qk

Rk Sk
� .

Then, Hdf is called decoherence free if and only if �1 under-
goes �̇1=−i�H1 ,�1�. When we assume �2�0�=�3�0�=0, the
necessary and sufficient condition for Hdf to be decoherence
free is that the Lindblad operators and the Hamiltonian sat-
isfy

Pk = kI, Rk = O, H2 +
i

2�
k

k
*Qk = O , �5�

where k are arbitrary complex scalars �11�. �If �2�0� and/or
�3�0� do not vanish, in addition to �5�, Qk=O has to hold.�
We then observe that the DFS always includes pure steady
states. Actually, a pure state ���= �h� � �0��Hdf � Hdf

�, where
�h� is an eigenvector of H1 and �0� is the zero vector, is a
steady state of the dynamics because the unitary evolution
�̇1=−i�H1 ,�1� has a steady state �1= �h��h�. It is also ob-

served that the matrix iH+ �1/2��kbk
†bk is now represented

by

iH1 +
1

2�
k

�k�2 iH2 +
1

2�
k

k
*Qk

O iH3 +
1

2�
k

�Qk
†Qk + Rk

†Rk� � ,

and thus, the condition of Theorem 1 indeed holds; we have
bk���=k��� and

�iH +
1

2�
k

bk
†bk���� = �ih +

1

2�
k

�k�2���� ,

where h�R denotes the eigenvalue of H1 corresponding to
�h�. The above discussion indicates that the condition for a
DFS is more general than that for a pure steady state.

B. The modified master equation via feedback

The dynamical evolution of a quantum state under homo-
dyne measurement is described by the stochastic master
equation �4–6�,

d�c = − i�H,�c�dt + D�c��cdt + H�c��cdW ,

dy = Tr��c + c†��c�dt + dW ,

where �c denotes the quantum state conditioned on the mea-
surement data y�t�, and dW is the standard Wiener increment
with mean zero and variance dt. The superoperator H�c��
ªc�+�c†−Tr��c+c†���� represents the stochastic jump as-
sociated with the continuous measurement. It must be noted
that we consider only one decoherence term D�c��c here,
which is caused by the interaction between the system and
measurement apparatus.

In the theory of Markovian feedback, adding a data-
dependent feedback Hamiltonian I�t�F= �dy /dt�F, we can
modify the properties of the decoherence as follows: The
infinitesimal increment of the conditioned quantum state is
given by �c�t+dt�=eI�t�dtK��c�t�+d�c�t��, where K�
=−i�F ,��. This leads to the following modified stochastic
master equation:

d�c = − i�H,�c�dt + D�c��cdt + H�c��cdW

− i�F,c�c + �cc
†�dt + D�F��cdt − i�F,�c�dW .

The controlled master equation is obtained by simply drop-
ping the stochastic term in the above equation as follows:

d�

dt
= − i�H +

1

2
c†F +

1

2
Fc,�� + D�c − iF�� . �6�

Hence from Theorem 1, a pure state �	� becomes a steady
state of the modified master equation �6� if and only if the
two matrices iH�+ �1/2�c�†c� and c� have a common eigen-
vector �	�, where H�ªH+ �1/2�c†F+ �1/2�Fc and c�ªc
− iF. A direct calculation yields the following objective con-
dition.
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Theorem 2: The modified master equation �6� has a pure
steady state if and only if two matrices

A = iH + iFc + 1
2c†c + 1

2F2, B = c − iF

have a common eigenvector �	�. Then, the steady state is
given by �= �	��	�.

III. EXAMPLES

A. Purification of a single atom

As a simple example, let us reconsider the control prob-
lem for a single two-level atom �7�. The Lindblad operator
given by ��� /2��−= ��� /2���x− i�y�, where �i�i=x ,y ,z� de-
note Pauli matrices, represents spontaneous emission. The
feedback Hamiltonian and driving Hamiltonian are given by
F=��y and H=�y, respectively, where ��R and �R are
controllable parameters. Without the feedback control �i.e.,
�=0�, only the ground state �g�= �0 1�T can be pure when
=0. Let us compute the condition of the control parameters
such that the modified master equation has a pure steady
state. Since dim H=2, the condition in Theorem 2 is equiva-
lent to det�A ,B�=0, which leads to

2 + �	� +
��

2

2

−
�

8
�2

= 	�

8

2

.

Hence,  and � must satisfy the relations

 =
�

4
sin � cos �, � = −

��

2
�1 ± cos �� , �7�

where ��R is a real parameter. Then we have steady states

�	+� = � cos��/2�
±sin��/2� �, �	−� = � sin��/2�

±cos��/2� � ,

where 	± corresponds to the sign in �. It should be noted that
Eq. �7� is a necessary and sufficient condition for the master
equation to have a pure steady state, whereas it was derived
as only a necessary condition in Ref. �7�.

B. Dynamical creation of a maximally entangled state

The study �8� successfully applied the Markovian feed-
back method to a two-qubit system for the following setup.
The Lindblad operator associated with the measurement is

c = − i����− � I + I � �−� = − 2i��
0 0 0 0

1 0 0 0

1 0 0 0

0 1 1 0
� .

The feedback and the driving Hamiltonian are given by

F0 = �Jx, H0 = Jx, �8�

where � and �R are the controllable parameters, and Jx
ª ��x � I+ I � �x� /2. Then, it was shown that the entangle-
ment, which is measured by the so-called “concurrence”

�12�, of the steady state of the modified master equation was
larger than that without feedback. However, the steady state
was a mixed state for any of the parameters  and �.

Therefore, assuming that we can make any kind of feed-
back Hamiltonian F, our aim is to characterize F such that
the maximally entangled state ���= �1/�2���00�+ �11�� be-
comes a steady state of the master equation. The driving
Hamiltonian is given by H0 in Eq. �8�. First, from the con-
dition B���= �c− iF����=k��� in Theorem 2, the feedback
Hamiltonian F= �f ij� must satisfy

f11 = f44, f34 = − f13
* − 2�� ,

f24 = − f12
* − 2��, f14 = − � − f11, �9�

where we have defined �ª−ik�R. Due to the relations �9�,
the condition A���=���� in Theorem 2 becomes


���f12 + f13� + 4� + �2/2

i + ���f22 + f23� + ���

i + ���f33 + f23
* � + ���

− ���f12 + f13� − 4� + �2/2
� = �

1

0

0

1
� . �10�

Thus, from the second and third entries, we obtain

2i + ���f22 + f33 + f23 + f23
* � + 2��� = 0,

�f22 − f33� + �f23 − f23
* � = 0,

which implies that =0, f22= f33, and f23�R. Accordingly,
we have f23=−f22−�. The first and fourth entries in Eq. �10�
yield f12+ f13+4��=0 and �2=2�. As a result, the feedback
Hamiltonian that enables ��� to become a steady state is
completely parametrized by

F = �x1 + x2�I � I − �� + x1 + x2��x � �x + �x1 − x2���y � �y

+ �z � �z� + �x3 + ����I � �x� − �x3 + 3�����x � I�

+ x4��y � �z − �z � �y� − ����x � �z + �z � �x� , �11�

where xi�i=1, . . . ,4� are real parameters. Especially when
x1=x2=x4=�=0 and x3=−2��, the Hamiltonian �11� re-
duces to

F = − ����x � I + I � �x� − ����x � �z + �z � �x� .

Therefore, we need to add the global Hamiltonian repre-
sented by the second term to the local Hamiltonian F0.
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IV. CONCLUDING REMARKS

Although we could have found feedback Hamiltonians in
the two typical examples such that the modified master equa-
tions have a pure steady state, the applicable cases are lim-
ited. In fact, we cannot find such a convenient Hamiltonian
in the following two cases even under some ideal assump-
tions of the feedback scheme �e.g., negligible time delay of
the feedback�. The first is the case where there are uncontrol-
lable decoherence effects bk and they have no common ei-
genvector. In this case, obviously, we cannot find a common
eigenvector of bk and c− iF for any Hamiltonian F. The sec-
ond case is as follows: If the measurement efficiency, de-
noted by �, is less than 1, the modified master equation takes
the form �13�

d�

dt
= − i�H +

1

2
c†F +

1

2
Fc,�� + D�c − iF��

+ D��1 − �

�
F�� . �12�

From Theorem 1, the dynamics �12� has a pure steady state
�	� if and only if �	� is an eigenvector of F; this directly
indicates that �	� is a common eigenvector of c and iH
+ �1/2�c†c. Hence, if c and iH+ �1/2�c†c do not share a com-
mon eigenvector, we are unable to achieve our objective. In
other words, the feedback does not have any ability to pro-
duce a steady state. This leads us to conclude that we must
exploit basic designing methods of a feedback Hamiltonian
in order to obtain the purest possible mixed steady state.
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