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Binary nucleation of sulfuric acid-water: Monte Carlo simulation
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We have developed a classical mechanical model for §®&0/H,O binary system. Monte Carlo
simulation was performed in a mixed ensemble, in which the number of sulfuric acid molecules is
fixed while that of water molecules is allowed to fluctuate. Simulation in this ensemble is
computationally efficient compared to conventional canonical simulation, both in sampling very
different configurations of clusters relevant in nucleation and in evaluating the free energy of cluster
formation. The simulation yields molecular level information, such as the shape of the clusters and
the dissociation behavior of the acid molecule in the cluster. Our results indicate that the clusters are
highly nonspherical as a result of the anisotropic intermolecular interactions and that a cluster with
a given number of acid molecules has several very different conformations, which are close in free
energy and hence equally relevant in nucleation. The dissociation behavigS@j lih a cluster

differs markedly from that in bulk solution and depends sensitively on the assumed value of the free
energy f,, of the dissociation reaction 480,+H,0—HSQO, -H;O". In a small cluster, no
dissociation is observed. As the cluster size becomes larger, the probability of having an
HSO, -H;O" ion pair increases. However, in clusters relevant in nucleation, the resulting ion pairs
remain in contact; about 240 water molecules are required to observe behavior that resembles that
in bulk solution. If a larger value of,,, is assumed to reflect its uncertainty, the probability of
dissociation becomes negligible. A reversible work surface obtained for a condition typical of vapor
to liquid nucleation suggests that the rate-limiting step of new particle formation is a binary collision
of two hydrated sulfuric acid molecules. The ion pairs formed by dissociation play a key role in
stabilizing the resulting cluster. The reversible work surface is sensitive to the assumed value of
fhp. thus pointing to the need for an accurate estimate of the quantity eittadr ipytio calculations

or experiments. ©1998 American Institute of Physids$0021-96008)51716-3

I. INTRODUCTION ternal energy obtained at different temperatures from sepa-
rate simulations. This aspect renders the approach computa-
The theory of binary nucleation dates back to a paper b¥jonally demanding and, as a result, virtually all of the
Reiss! Despite successive modification accounting for tran-simylations are limited to a single component system. The
sie_ntszehaviors and paths in the vicinity of the saddlesjternative approach is to use statistical mechanical density
point”™" the theory is an extension of the classical nucleatiorynctional theory? first applied to homogeneous nucleation
theory _fl%r_ single component systems. While the classical,;, oxioby and Evan&® In this approach, the grand potential
thec.)r)? is presently the only practical approach for pre- ¢ yhe system is written as a functional of order parameters.
dicting nucleation rates, limitations of the theory, arisingrpa, the stationarity condition of the grand potential deter-

from its macroscopic nature, are well known. Thus, there ha?nines the order parameters for the critical nucleus and the

been a great interest in establishing molecular level apéorresponding grand potential follows from the functional.

proaches to nucleation. . When a cluster possesses a high degree of symmetry and the

One of the most important binary nucleating systems is . ; . . .
H,SO,/H,0, to which numerous papers are devoted on botﬁntermolegular potential is reIaungy S|mple_, this apprpach '.s
theoretica“lll‘ze’and experimental~*fronts. Comparisons of computationally far less demanding, allowing one to investi-

the classical predictions with experimental data forgate a much wider range of the parameter space. Thus, one

H,S0,/H,0 nucleation, while not extensive, yield conflict- usually employs model potentials that capture the essential
ing results as to the validity of the classical the%g,zg,sl,sz features of the molecules under consideration. When the re-

Thus, it is of great interest on both fundamental and practicaf!lts are compared against predictions from the classical
grounds, to seek a molecular level description of binarytheory, which uses bulk thermodynamic quantities obtained

H,S0,/H,0 nucleation. from the same theoretical framework, one can isolate the
There are two major trends in developing a moleculardeviations from the classical predictions arising from the
level theory of nucleation. One is a molecular level molecular level details. Although the approach is more ap-
simulation®*~*'which can be applied regardless of the com-proximate compared to molecular simulation, the theory is
plexity of the intermolecular interaction. However, the free extremely powerful in addressing the deviations in a semi-
energy of a cluster, the quantity of central importance inquantitative manner and has been employed to investigate
nucleation theory, is usually evaluated by integrating its in-several interesting systef{s®?for which no simulation has
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been performed. The theory was recently applied to a ternarively, important problem relates to the very foundation of
systent? the thermodynamics of interfaces. Unless a cluster is spheri-

In the present case of the,80,/H,O binary system, cal on average, the formalism loses its validity as the thick-
however, density functional theory does not offer any advanness of the interfacial region becomes non-negligible com-
tage over simulation, for the intermolecular potentials thapared to the size of the cluster itsffAs mentioned above,
can faithfully represent the system are very complicated anlowever, a small cluster is expected to be highly non-
as a result of the strongly anisotropic intermolecular interacspherical even after a thermal average is taken.
tions, a small cluster is expected to be highly non-spherical. ~ Given the limitations on the quality of the intermolecular
Consequently, we resort to a method of computer simulationpotentials, a sensible way to address the effect of the molecu-
in particular Monte Carlo simulation, since we are primarily lar level details is to compare the results from simulation
concerned with equilibrium properties of the clusters. To ouwith the classical predictions obtained by using bulk thermo-
knowledge, the present work is the first example in which arflynamic properties for the system with the same model po-
extensive evaluation is made of the free energy of clustetentials used in simulation. Computation involved in deter-
formation in a binary system. The lack of a simulation in amining these properties from simulation with the required
binary system is a result of the extensive computation in@ccuracy is demanding and beyond the scope of this work.
volved in the free energy calculation. Thus, one of our goaldnstead, we shall directly compare the reversible work sur-
in the present work is to establish a simulation technique thafiace from simulation with the classical predictions for a real
considerably reduces the computational effort. H,S0O,/H,0 system.

The intermolecular interaction potential is the fundamen-  This paper is organized as follows. The model potential
tal information prerequisite in applying a molecular theory.is developed in Sec. II. In Sec. Ill, we derive the expression
To reproduce this potential in a simple way, one usuallyfor the reversible work of cluster formation. In this section
represents a molecule as a set of interaction sites rigidly heléye employ a mixed ensemble, in which the number of water
together in its representative geometry. The interaction pamolecules is allowed to fluctuate while that of acid mol-
rameters are then optimized to reprodateinitio results for ~ ecules is fixed. As a result, a cluster is characterized solely
geometries and energies of small clusters or certain bulRY the number of acid molecules inside it. In Sec. IV, we
thermodynamic properties. The main concern in this apcharacterize a cluster by the numbers of molecules of both
proach iS the qua“ty Of the potentia| thus Obtained_ For exwater and aCid and derive the eXpreSSionS f0r the reVerSibIe
ample, the necessity of incorporating molecular polarizabil-WOfk and the equilibrium distribution for this cluster. The
ities or three-body potentials in accurately reproducing thdesulting expressions can be readily evaluated from the re-
energy and the geometry of a cluster is often stre&&&n sults of the mixed ensemble simulation. Section V describes
the case of a cluster of highly associative molecules, howeertain details of the simulation. Results of simulation are
ever, simulation must be performed for a very long period ofPrésented in Sec. VI, where a comparison is made between
time to sample faithfully the relevant parts of the phasethe rever§|ble work from molecular S|mulatlpn and that from
space. For a water cluster, for example, this is necessatj€ classical theory. The paper concludes in Sec. VIl with a
because the strong intermolecular interaction arising from aRef discussion on the implications of our work.
extensive hydrogen bond network hinders the evolution of
the cluster from one structure to another, even though very' MODEL
different structures have to be taken into account in evaluat-  Given the possibility of dissociation and protonation of
ing the thermodynamic properties of the cluster. In thethe molecules involved, conceptually the simplest approach
present case of the,80,/H,0 system, even stronger hydro- is to represent the $$0,/H,O system as a mixture of reac-
gen bonds are expected to be involvéas is suggested by tive species of water, sulfate ion, and proton. In the initial
the relatively high boiling point of the pure acid (330)2C stage of this work, we investigated this possibifitand en-
Thus, in order to perform a feasible calculation to obtain thecountered serious difficulties. Briefly, to take advantage of
free energy of the clusters, we must be content with simplghe existing models for watét and sulfate ioff® a proton
model potentials. was described as a unit chargg, wheree is the charge of

Nonetheless, simulation provides significant molecularan electron, with Lennard-Jones parameters that reproduce
level insight that is otherwise unattainable. Since the size oD-H bond energies of hydronium ion and sulfuric acid. Since
a typical cluster, containing a few acid molecules and severajoth bond energies are of the order of Kal/mol, how-
tens of water molecules, is smaller than the Bjerrum lengthever, protons rarely change their positions during a simula-
the distance at which the Coulombic interaction of a pair oftion. Consequently, the system becomes locked into a local
ions becomes comparable with the thermal energy, the digninimum dictated mainly by the initial configuration of pro-
sociation behavior of a sulfuric acid molecule in the clustertons. This behavior is in serious contradiction with the ex-
can be quite different from that in bulk solution. In the clas- perimental value of the activation energy for proton transfer
sical nucleation theory, however, the reversible work of clusin water, which is estimated to be about a few kcal/ftéf
ter formation is expressed in terms of bulk thermodynamic  An alternative model was proposed by Hale and
quantities. It follows that the reversible work estimated byKathmanrf® in which a partial charge less thag| is as-
the classical theory may not reflect the true dissociation besigned to a proton. Although the model cannot describe ei-
havior in the cluster, whose effect can be addressed only bther dissociation of acid or protonation of water, and hence is
a molecular approach. Another conceptually, if not quantitainapplicable for the present purpose of addressing the disso-
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ciation behavior in a cluster, it can explicitly incorporate TABLE I. Interaction parameters for water and hydronium ion.
internal rotations and vibrations of O-H bonds in a sulfuric

acid molecule. Such internal degrees of freedom can be im- Water Hydronium ion
portant. In a HSQ,-H,O dimer in vacuum, for example, the A3 [kcal A*mol] 0.62935¢ 10° 0.38931x 10°
potential energy barrier for internal rotation of the O-H C3 [keal A%mol] 0.62545¢ 10° 0.65328< 10°
bonds of the acid molecule is estimated to be 5.2 kcal/mol by ;: 52éi‘;1?e| &i’i%‘:pi(l?el

ab initio calculation at the MP2/3-214 level of theory?* f(O-H) [A] 1,000 0.973
suggesting a possibility of more than one conformation of ,H-o0-H 109.47° 111.6°

the dimer. Some of these conformations become unavailable
to the dimer as it is transferred from the vapor phase to the

bulk liquid solution simply because of the dissociation of the , e . .-
acid molecule. This indicates that the contribution to theStry- !t is well known that nonadditive interactions, arising

dimer free energy from certain conformations is not includeofrom mo_lecular polaringilities and three-b_ody interactions,
in the classical description which relies on bulk thermody—play an important role in both the energetics and the struc-

4,55 -
namic properties. Thus, the loss of an available conformatiofl’ o> of clusterS:® Nonetheless, the enormous computa

can contribute to an error in the classical free energy predict—Ional effort involved in free energy calculation and the lack

tion. of either experimental qr quantum m_echanical Qata indicate
Attempts to develop a dissociative model pose seriou$"® should adopt the simplest possible potential, namely a

problems. Note that a proton in a dissociative model musPa"ise additive potential. Even then, in th|s_ four. compo-

carry a unit charge ofe|. In reality, however, its effective nent system, there are as many as ten distinct interaction

charge certainly is less thae|, since a proton exists by pairs, while the available data cover only four of them. For

forming a chemical bond to an oxygen from water or sulfateexample’ in addition 1o the data on the two complexes men-

. . ioned above, various water-water interaction potentials are
ion. Moreover, when one of the O-H bonds is broken anoI P

. . . available. Protonated water clusters have been a focus of
another is formed, the entire electronic structure of the mol- . . . 76
. o extensive studies on both experimeftal® and

ecules involved changes. This is inherently a quantum me:- 1781 : . .
. : . theoretical fronts. To estimate the remainder of the in-
chanical effect, which, when reproduced in the realm of clas- ; : ) .
. : . . L : . teractions, however, one needs to invoke some kind of mix-
sical mechanics, requires fairly detailed interaction potentials

. . T R . —1ing rule, which in turn requires that all of the pair interac-
including explicit polarizabilities and three-body potentlals,tions be described by the same tvbe of function. In this work
as illustrated by a dissociative model for pure w&té To y yp ' '

q . L the interaction potential,; between moleculea and g is
evelop a dissociative model for the present system, a sub- ;

: : assumed to be the sum of Coulombic and Lennard-Jones
stantial amount of data on energies and structures of Su”u”fr:neractions
acid-water complexes is required. In this context, we note ’
that the three-body potential can be quite sensitive to the
exact environment. Thus, the dissociative model for pure Uaﬁ:i < e |\ T T 6
watef>®8is unlikely to remain valid in the present system. adonB AT Fij
However, available literature dealing with such complexes isvherer;; is the distance between sitesndj and the sum-
very limited. Apparently, only one such paper exfStshich ~ mation is taken over all intermolecular interaction sites.
provides interaction energies with partially optimized geom-  The model parameters are given in Tables I-Ill. The
etries of the neutral complex,80,-H,0O and the ionic com- notations for the interaction sites for sulfuric acid and bisul-
plex HSQ, -H30". The lack of necessary information pre- fate ion are defined in Fig. 1. The geometries for these spe-
cludes an effort to develop a detailed interaction potential. cies are given in Table IV and discussed below. Parameters

An ab initio molecular dynami@-"Lapproach, in which for water correspond to the SPC/E potentfalwhich is
atomic nuclei are treated classical mechanically while theknown to reproduce certain bulk properties of pure water
electronic degrees of freedom are treated explicitly by quanincluding the coexistence densiffésand the surface
tum mechanical density functional thedRappears to be an tension®># Parameters for the other molecules require ex-
interesting alternative. In this approach, no model potentiaplanation.
needs to be specified, rather it is calculated on-the-fly during As mentioned above, protonated water clusters have
the course of simulation. However, its application is cur-been studied extensively and various interaction potentials
rently limited to investigating dynamics that occur on thehave been proposéd:®® However, none assumes a form as
time scale of the order of picoseconds and is not yet practic@imple as Eq(1). Thus, it is necessary to develop a potential
in evaluating free energy. as follows. First, the geometry of the hydronium ion is taken

The approach adopted here is to treat the dissociated and
L!ndISSOCIated Sta.tes as dIStl.nCt' .Smce a protpn QXIStS pnm?ABLE Il. Lennard-Jones parameters of sulfuric acid molecule and bisul-
rily as a part of either sulfuric acid or hydronium ion rather ¢;;o ion.
than as a free ion, and the second dissociation of sulfuric acid

Zizj . A|A] N C|CJ

: ()

is negligible compared to the first, one can introduce water, Sulfur site Oxygen sites
h)_/dromum ion, sulfuric acid, aqd bisulfate ion as the con- A? [kcal A/mol] 040063 107 076351 10°
stituent molecules. A molecule is modeled as a set of inter- 2 [kcal Amol] 0.20016< 10° 0.78154¢ 10°

action sites rigidly held together at a representative geom
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TABLE lll. Partial charges on 580, and HSQ . TABLE IV. Sulfuric acid molecule geometry adopted in this work.
Interaction site BSO, HSO, r(Os-Hy) 0.97 A

r(s-0y) 1.574 A

S 2.8528| € 2.8272 €| r(S=0,) 1.422 A

(o)) —1.0325|¢] —1.2942 €| £ (Hy-0,-9) 108.5°

Oy —1.0325|e| —-1.1482 €| £(0,-5-0y) 101.3°

O, —0.9582| € —0.9615 |€| £.(0,=5=0,) 123.3°

O, —0.9582| ¢ —0.9615| €| 7(H,0,S0,)? 20.8°

H, 0.5643 €| e 7(P,P,)° 88.4°

Hy/ 0.5643 €| 0.5382 e

4 ooking down the @S bond. The KO, projection must be rotated clock-
wise by 20.8° to beis to the GQ-S bond.

PAngle between @80, and QSO,, planes. The small deviation from ex-
actly perpendicular planes brings @nd G closer to Q, and Q, respec-

from the accurate theoretical determination by Rodwell and;; g,

Radom®® Each atomic site bears a partial charge while the
Lennard-Jones parameters are assigned only for the oxygen

sites. Then, these parameters are tuned to reproduce the gjsuifate ion was obtained from sulfuric acid by removing
perimentally dgtermlned enthalpy of hydratlon of the ion hy-the proton H and shortening the bond lengtfS-0,) to
drated up to six water moleculésThe difference between 1 48 A In determining interaction parameters for these mol-
enthalpy and internal energy is ignored for simplicity. In ecylesab initio result§’ on the potential energies and geom-
parametrizing the partial charge on oxygen, either negativgiies of HSO,-H,0 and HSQ -H;0" were used. The ex-
or positive charge can b_e assigned, yielding a simi_lar OVeraH)erimentally obtained dipole moment of sulfuric afid
agreement to the experimental enthalpy of hydration. Howyoyided additional information. The information, however,
ever, the assignment of a negative charge resulted in interags simply not sufficiently extensive to determine all of the
tion parameters that are closer to the values for SPC/E watgfarameters. To further facilitate the parametrization, the
and is preferred on the basis that the protonation of a molp ennard-Jones parameters for these molecules were assumed
ecule should not significantly change its interaction paramsq pe the same as those of sulfate®fband only the partial
eters.. The resulting hydration energies are compgred WitEharges were adjusted. In addition, partial charges par@
experimental values in T_able_. V. Except for the first fewoz/ sites of bisulfate ion are assumed to be equal, though
hydrates, the agreement is fair. _ these two sites are not equivalent. The resulting interaction
The experimentally determined geometry is adopted fognergies and geometries are compared withatiénitio re-
sulfuric acid® as shown in Fig. 1 and Table IV. A partially gyits in Tables VI and VII for sulfuric acid and bisulfate,
optimized geometry for bisulfate ion was obtained by Kurdiyegpectively. In Table VI, other sets ab initio results are
and KochansK{ usingab initio calculation. In their calcula- shown. Judged from the level of the theory, the results by
tion, £ S-Op-Hy=114° was obtained. However, the value is \jorokuma and Mugurun?d are perhaps the most accurate.
probably an overestimate insofar as the corresponding valuggonetheless. we employ the results by Kurdi and
for sulfuric acid was overestimated by 11.5°. In the presenkchansié’ since the corresponding data for HS®1,0"
work, we simply use the same value as for sulfuric acid. Weyre ayailable only in their paper. Because of some model
also ignore the slight<0.5°%) deviation between the; axes  parameters left unadjusted, the model is expected to be suf-
of the angle @S-0,; and Q=S=0;,. In other words, ficiently flexible to incorporate additional data as they be-
come available.
] An iterative method similar to that suggested by Halley
C, axis et al® is used to find the optimum sets of parameters. First,
A simulation was carried out with some reasonable values of
the parameters, for which the difference between the calcu-
lated and “exact” energies and structures of the complexes
were evaluated. New sets of parameters were obtained by

TABLE V. Enthalpy of hydration from simulation and experimental values.

< a n—1n —AU,_y, [kcal/mol>? —AH,_1, [keal/mol[2©
O2/ % 01 25.35 31.6
1,2 23.74 195
2,3 21.98 17.9
3,4 11.42 12.7
4,5 10.92 11.6
5,6 10.43 10.7
AU,_1,=U,—U,_y, likewise forAH,_,,.
bThis work. Simulation performed at 298.15 K.
FIG. 1. Model of a sulfuric acid molecule showing notations &daxis. ‘Experimental data of Laet al. (Ref. 73.
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TABLE VI. Energy and geometry of $$0,-H,O neutral complex. Comparison between simulation and “ex-

act” values.

This workd  Experiment  Kurdi¢ Morokumd! Lay®
Energy[kcal/mol] —15.76 e —15.769 ~-10.00 —25.37
0-0, distancegAlf 2.662 . 2.656 ~2.696 2.553
Dipole moment of HSO, [debyd 2.718 2.72515 2.2989

&Simulation was carried out at 0.1 K.

bKuczkowskiet al. (Ref. 56.

Ab initio SCF-MO-LCGO calculation by Kurdi and Kochangief. 67).

dAb initio calculation by Morokuma and Mugurunief. 90 at the fourth-order MP4SDQ level with zero-point
correction. The values cited here are estimated from their figures.

€Ab initio calculation by Lay(Ref. 69 at the MP2/3-21t" level.

fO is on water while @is on sulfuric acid.

randomly perturbing the old parameters, which in turn wererelated density fluctuation that participates in the nucleation
used to generate the next trial parameters only if they reprocess at any instant is negligible, which implies that there
sulted in a decrease of the deviation. The process was rés at most one cluster in the system. Then, the reversible
peated until no further decrease of the deviation is achievedvork W'’ to form a cluster insid® from the reference state

is given by
IIl. REVERSIBLE WORK OF CLUSTER FORMATION —c
In this section, we derive a statistical mechanical expres- BW'’=—log :—r 2
sion for the reversible work of cluster formation from a =

H,S0O,/H,0 binary vapor. Since the vapor phase serves as @hereg=(kgT) ~* with kg andT being the Boltzmann con-
reference state in calculating the reversible work, its precisetant and the absolute temperature, respectivElyis the
nature has to be specified first. Most of the acid molecules ipartition function of the system constrained to be in the ref-
the vapor exist as hydrates so that the number of the sulfurigrence state, whil&°€ is evaluated under the constraint that
acid monomers is significantly smaller than the total numbethe system contains a cluster. Assuming the ideal gas behav-
of acid moleculeg*1>181922239n deriving the statistical jor in the reference state,
mechanical expression for the reversible work of cluster for- .. N
mation, it is most convenient to take a reference state in, 1 [ qguePrw v

=TTV o) = 2 2 ( Q)

which molecules exist as monomers forming an ideal gas” N =0 No=0 Ny! A@

mixture. Once the reversible work is obtained as a function

of monomer concentration of acid molecules, it is an easy 1 [qeePrs Na (Mt MOV

task, if so desired, to re-express it as a function of the num- XN_a! A2 Q) =eMieY (3
S

ber density of all sulfuric acid molecules calculated regard-
less of hydration staté"'822The same applies to the total where the subscripts ands refer to water and sulfuric acid,
number of water molecules if hydrate formation leads to arespectively. The molecular partition functions of daenol-
serious depletion of watéf:%? ecule are given by, andA3, the former arising from the
Inside the vapor phase, we take a system of volune internal degrees of freedom of the molecule and the latter
which satisfies the following two conditiof3.0n one hand, from the kinetic energy of translation and rotatiqn, is the
V is sufficiently macroscopic in the sense that its couplingchemical potential of thee component in the reference state
with the surrounding vapor is sufficiently weak. Then theand () arises from the integration over the orientational co-
statistical properties of the system are determined by therdinates of a molecule. Here, the symmetry number of a
grand canonical ensembl&On the other handy is small  molecule is absorbed ig,, . Finally, n, is the number den-
enough that the probability of finding more than one uncor=ity of the @ component in the reference state, where we
have made use of the fact that

TABLE VII. Energy and geometry of HSPH;O™ ionic complex. Com- q eBra()
parison between simulation amdb initio results. a:a—g (4)
Aa
This workd “Exact” value® _ _ o
In a single component system, a cluster simulation is
Energy[kcal/mol —136.39 —136.39 commonly realized by confining a fixed number of mol-
0-0, distancdAT° 2.380 2.326 L . : .
7 0,-H,-0° 174 6° 180° ecules, say, in a spherical container of volumeconcentric
/ O-H-0° 168.9° 180° with the center of mass df molecules. To the extent that
. . _ these molecules actually form a cluster and the thermody-
;Simulation was carried out at 0.1 K. _ namic properties of the cluster are nearly independent of
Ab initio SCF-MO-LCGO calculation by Kurdi and KochangRef. 67). |34

‘H and O are the atomic sites on hydronium ion,i©on sulfuric acid, and Ove,r a que range of, Lee et_a CharaCtenzed_ the cluster
H, refers to the position of the proton if the S-Bond is shortened to 1.48 _by Its sizel a_llone. _The exclusive use of a canonical ensemble
A without removing H from H,SO;. in cluster simulation stems from the fact that clusters are
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unstable with respect to change in their size. In theH,S0O,/H,0 binary system using the four distinct molecular
H,SO,/H,0 binary system, there are as many as 300 clusterspecies, we then have
assuming that the maximum numbers 0§, and HO

molecules in a cluster are 3 and 100, respectively. If a ca- . 1 [qvQ Ng Na 1
nonical ensemble is employed, expensive thermodynamic ifP(B.V, s N, Ng) = NTAEE o NC——N)'
tegration has to be carried out to evaluate the free energy of a s =0 (Na=Ny)!
each cluster. One can significantly reduce the computational NS—N; 1 Ni N
effort by devising a simulation that preferentially samples % s _(%) h
clusters relevant in nucleation, i.e. those found along the val- AS Nit1 A3 Nit

ley passing through the saddle point of the reversible work e Ny

surface. Unqer conditions typical of sulfuric amd—vyater bi- xS LJ d{N}e AUn, )
nary nucleationhs<n,,. Moreover, when the relative hu- Ny=0 Ny/!

midity is less than 100%, the sulfuric acid hydrate cannot . . .
grow indefinitely without acquiring more acid molecules. \évhere th_e SUbSC”pttb. alnd :lNreLer todb'?u”?fh'o? andizhy—
Thus, during the time period required for a cluster to either ;c\)/:/m:n; lo:azres?fﬁ 'Vr? 3(;} nie ma\i/en t? ined the fugactgs
acquire or lose an acid molecule, the cluster reactaisle ot water andzy ot the hydronium on by

partial equilibrium with respect to its internal degrees of 0, €5Hw qePHw
freedom and the exchange of water molecdféé:'*These zZy=—>— andz,=——5—, (6)
clusters instablepartial equilibrium are, in fact, those found Aw Aq

along the valley of the free energy surface. Thus if we emrespectively and assumed that tN& sulfuric acid vapor
ploy the mixed ensemble in which the number of water mol-molecules can be treated as an ideal gas to integrate out their
ecules is allowed to fluctuate while that of sulfuric acid mol- contribution in the configurational integral. As a resuk,
ecules is fixed, simulation will preferentially generate thestands forN¢+N;+N,,, whose translational and orienta-
clusters relevant in nucleation. In this approach, a cluster isional degrees of freedom are collectively denoted ¥y in
characterized only by the numbai of sulfuric acid mol-  the configurational integral. Note that in the definitiorzgf
ecules in it. For brevity, we refer to this cluster as 8¢  Eq. (6), the chemical potential of water is used since hydro-
cluster. Our goal here is to expreSs in terms of the parti-  njum ions are formed from water, to which the system is
tion function of theN§ cluster in the mixed ensemble. As we open. To clarify this point, Eq(5) is derived in Appendix A
shall discuss in Sec. IV, the free energy of the cluster charstarting from a dissociative model. Note that the configura-
acterized by bottNZ andN¢,, the latter being the number of tional integral is taken over all configurations consistent with
water molecules in it, can be easily obtained from simulatiorthe N cluster. This constraint is well-defined and presents
on theNg cluster. no difficulty in evaluating the integral. In fact, as we will see
Recently, we developed a new approach to cluster simuselow, the partition function to be evaluated by simulation
lation in a single component system using a grand canonicahvolves onlyN$ acid molecules. Moreover, the boiling point
ensembl€” The method is free of any arbitrariness involved of pure sulfuric acid is much higher (330 ¥ €han the tem-
in the definition of a cluster. Instead, it preferentially gener-perature of interest, where acid molecules are bound together
ates the physical clusters, defined as the density fluctuationegardless of the value of. This means that no explicit
that participate in nucleatioft, *° and directly determines consideration is necessary to impose the constraint that the
their equilibrium distribution without the computationally N acid molecules form a cluster. Finally, multiplyirdef® by
demanding free energy evaluation. In the present case @Brs(Na+N3) gnd summing oveN’, we can convertb® to
H,SO,/H,0 binary system, however, Monte Carlo moves to=c:
create or annihilate an acid molecule will rarely be accepted
since a hydrogen bond network will be seriously disturbed in= (8, V, s, ks Ng)
the process. The present approach of using the mixed en- o
semble can be regarded as an application of the grand ca- — Bus(Ng+NZ) @ C v NC
nonical ensemble approach to heterogeneous nucleation, in Ngzo © PBNV s Na M)
which a fixed number of acid molecules in the cluster, as a

whole, are regarded as a heterogeneous nucleation site. gePs Na Na N z\',\'vi
We first obtain the partition functio®® for the mixed =ensV 3 ) e o NT
ensemble under the constraint that the system contaifg an As Ni=0 (Na =N tNt
cluster. Onceb® is obtained = ° follows immediately. Since © Ny
ng is many orders of magnitude smaller than the correspond- X E W d{N}e_BUN, (7
ing value in the cluster, we can divide the acid molecules in Ny=0 Ny!

the system tdN; belonging to the cluster arld}, regarded as wherey is defined by

part of the vapor. Although no dissociation is allowed in the

vapor in accord with the choice of the reference state, pos- apGn AAS

sible dissociation in the cluster is an essential feature of the X— 90w AZAZ ®
system. We denote the number of resulting bisulfate ions and b=th

hydronium ions byN;. In our model representation of Clearly, —kgT log x is the free energy of the reaction
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H,S0,+H,0—HSO; +Hs0", (9)

Kusaka, Wang, and Seinfeld 6835

are interested in andy;, is the intermolecular potential be-
tween HSQ and HO". The thermal averagé---), is

where each molecule is considered to be isolated in vacuungyajuated at a fixed value &f which remains constant along

If the summation with respect tN; in Eq. (7) is to be

the integration path. The thermal averdge,,) is calculated

evaluated directly in a single simulation, it must be possible, ihe canonical ensemble of a single HS®,0" ion pair.
to repIape a sulfuric gcid—vx_/ater neut.ral pair with a bi§ulfate-fhb('3) is the free energy required to make the ion pair in the
hydronium ion pair via a trial move in Monte Carlo simula- system from sulfuric acid and water forming an ideal gas

tion. This trial move, however, will almost certainly be re- ~qnfined in the unit volume a8 and is defined through the
jected since it will seriously disturb the hydrogen bond  q|ation

network in the cluster, costing a very high energy. Instead,

each term in the summation ovidy must be calculated sepa-
rately. In particular, the simulation focuses on evaluating the

expression

o

N
Z w

EL(BV s NEN= 3 o5 f di{N}e™#n (10
Ny=0 w*

for each value ofN;, the number of the ion pairs in the

system. Except for the analytically tractable factdgs, is
the partition function in the mixed ensemble of ldf cluster
whose dissociation state is specified Hy. Equation(10)

e_ﬁfhb(ﬁ)E%f dle Aunptd), (14)

Whenn,, is expressed in A3, the distance in the integral of
Eq. (14) has to be measured in A so that Ef3) is dimen-
sionally consistent.

IV. REVERSIBLE WORK SURFACE AND THE
CLUSTER SIZE DISTRIBUTION

In the previous section, a cluster is characterizedNfy

cannot be evaluated in a single simulation. Instead, it musdlone. In the classical nucleation theory, however, it is cus-

be evaluated by means of a thermodynamic integrafiém
expression foE(B,V, uw,NS,N;) convenient for this pur-
pose is derived in Appendix B. Using E@6) in Eq. (7), we
obtain

EBV, w5 Ng)
NS N;

(ng+ny)V, NS z: w
=e\'s"w (n V) a
N; =0 N,'(Ng_NJI

N;
X _ ' B
X ﬁf d1e Aun(D) exp{—fBOKUN)nwo
log n,y
—Ni{upp)JdB+ flogn [(Ny)z—n,V]d log nw],
w0

13

which, when substituted into Eq2) along with Eg.(3),
yields
Ng
e AW BVt isiND = (nV)Na D @ BABV s NG N
Ni=0
(12

where we define

BQS(B!V!MW'Ng'Ni)

B n\',“vi B
=—log m+ﬁNifhb(IB)+ fﬁo[<UN>nW0

log n

"[(Ny)g—n,V1d log n,,,

09 Nyo

—Ni{Upp)JdB— JI

13

tomary to characterize a cluster by baj and N,. To
obtain the expression for the reversible work to form this
(NS,N¢) cluster, we must first specify how to defihg, for

a particular configuration of molecules in the system. Let us
consider an excess quantity defined by

NE*=N,,—nyV, (15)

which is zero for a uniform vapor. However, during a simu-
lation in the mixed ensemblgy,,, and henceNS", fluctu-
ates. For a macroscop¥, this fluctuation arises primarily
from that due to the vapor molecules. Fluctuations of this
kind have very little to do with the nucleation process and
should not be counted as part of a cluster. In the mixed
ensemble, however, their effect &if can be made negli-
gible by decreasing the volume until it satisfies

n,V<1. (16)

In this limit, the system contains, on average, no vapor mol-
ecule. In fact, the probability of finding at least one vapor
molecule of water in the system is, assuming the ideal gas
behavior of the vapor phase, given by-& "™/~n,V,
which is negligible as a result of Eq16). Thus, one can
attribute the non-zero value &f‘ to the presence of a clus-
ter, which suggests that one may define

NS,=NE*+N;=N,,+N;—n,V, (17)

where we include hydronium ions in the definition since the
ions are formed from water. In view of E¢16), we may
redefineN, by

NG=Ny+N;, (18)

namely, all the water molecules, whether or not protonated,
in the system can be regarded as a part of the cluster. The
(N$,NS) cluster thus defined is a physical cluster in the

where B, is chosen to be sufficiently small that the systemsense that it represents density fluctuations relevant in
can be regarded as an ideal gas composed of water, sulfuniticleatior®®

acid, and bisulfate-hydronium ion pains,,q is the smallest

We note that the clusters generated in simulation are

of the number density of water molecules in vapor that weconsistent with an intuitive definition of clusters. To see this,
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note that, except whelS,=0, N{, is always larger than that the entire vapor phase of volurvg,, is divided into

n,V(<1), the average number of water moleculesMn small cells of volumeV. Because of Eq(16) andng<n,,,

when filled with the uniform vapor. Thus, on average, anymost of the cells contain no molecules at all and those con-

attempted Monte Carlo move to create a molecule in thdaining a cluster or a monomer are on average spatially dis-

system will be accepted with higher probability if the newly tant. Thus, one can assume that all of the cells are statisti-

created molecule interacts more favorably with the rest of theally independent. Then, the average total number of the

molecules, while as soon as a molecule evaporates from th@&;,Ny,) clusters inV,, is given by

cluster, it is more likely to be removed from the system upon —_ T

its trial annihilation. ’ ’ P Viot 2B,V w457 Na Nu)
Some comments o are in order. Clearlyy has to be V E(BV, s 14s) '

larger than the spatial extent of a cluster in it. That the sySwhere= is the grand canonical partition function of the sys-
tem is microscopic does not affect the applicability of thetem of volumeV taken in the vapor. In calculatirg, all the
statistical mechanical description. It is sufficient to assume §ossible microstates consistent with the metastable state have
weak coupling between the system and its surroundihgs. tg be accounted for. However, since the system contains no

Both conditions are tr|V|a”y satisfied in the present case Oifno|ecu|es at all for most of the time, it can be approximated
vapor to liquid nucleation, where the molar volume in thezs jgeal gas:

vapor phase is considerably larger than a physical dimension _ _
of the cluster and the interaction between the vapor mol- E(BV pw s 1s) =E (B, s ) - (23)
ecules and a cluster can be ignored. When divided by,,;, Eq.(22) becomes

The expression for the reversible work to form an rew oo
(NS,NS) cluster can be easily obtained. In fact, the grand - R (B Vbt 15 1Ng Ny
canonical partition functiorE® of the (N3,N;) cluster is C(B: w5 Na, Ny) = \Y; '
obtained from Eq.(7) by keeping only the ternN,,=N¢,
—N; in the sum ovelN,,. Thus,

(22

(24)

where we used Eq2). As Eq.(2) indicates,e #V™ is the
probability of finding the NS ,N¢,) cluster in the system rela-
:C(B V . NC NC) . .

= APV fw s sy Na s Ny tive to the reference state. Since the cluster can be found

Bug\ NS NG N: N; _Ny anywhere in the system and the event of finding it at one
qse Ms a _a X i ZW ZW ) . *BWreU .
=g"sV — e place or another is mutually exclusive; is propor-
A3 Ni=0 (Ng—Nj)IN;! Nit Ny! tional to V, indicating thatc is independent of volume as
required.
Xf d{N}e AUn Finally, we address a consistency issue. Strictly speak-
ing, neither the(0,1) cluster nor theg1,0) cluster is a vapor
Buc\ NG NS N; Ni monomer of water or acid molecule, respectively, since these
—ensV Qse"* X W clusters exclude water vapor from the system of volihe
AS Ni=o (NS—N;)!N;! Nit because of the definition E418), while the monomers do
e c c . not. In fact, one can readily show that
><:w(ﬁivuu’w!NaiNi)p(IBleu“W!Na!NivNW_Ni)r v
19 c(1,0=ngse" ", (25
wherep is defined by where the term foN;=1 is ignored in Eq(19), and that
2, Mo c(0,)=n,e ™", (26)
fd{N}e*BUN o o )
c Ny! However, this distinction is completely insignificant since
P(B.V,pw:Ng,Ni,Ny) = — 7 Ny ' e ™V~1. Alternatively, one can consistently recover the
> %j d{N}e AUn monomer densities by setting=0 in Egs.(25) and(26).
Nyw=0 Nw:
(20)
L . . . V. DETAILS OF THE SIMULATION
which is the normalized probability of finding,, water mol-
ecules in the system Containiﬁgg acid mo|ecu|es]\|i of First, we briefly describe some of the details of the simu-

which are ions, and is directly obtained from a single simu-ation. The system is defined as a spherical cavity of radius
lation. Since Eq(19) differs from Eq.(7) only by a factor of 50 A. We studied the clusters bf=1,2,3. As pointed out in
p, one can obtain the desired expression from @&8): Sec. Il for a given value oRZ, there areN;+1 clusters to
be simulated separately corresponding to the different disso-

= BW'(B,V, sy 115 iNg Ny o . : )
e wsTanw ciation states defined ;. Thus, there are nine clusters in

NS total. For each of the clusters, the initial configuration of the

— (nVONS ~ BBV, NS N molecules is created as follows. The sulfur site of a sulfuric
(nsV) e : : S

Ni=0 acid molecule or a bisulfate ion is placed at the center of the

c c cavity and the rest of the molecules, including a certain num-
XP(BV, pw i Ng ,Ni )Ny = Ny). (2D ber of water molecules, are placed randomly inside the sys-

The equilibrium cluster size distribution tem. After sufficient equilibration aT=303.15 K andn,,

c(B, mw is,NS,NE) can be obtained as follows. Suppose =0.1048<10°% A~3, corresponding to a relative humidity
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TABLE VIIl. Conditions of the simulation.T=298.15 K, andn''=0.1
x10 B A3,

No. ny [A7%] n,VvV Relative humidity[%]?
s1 0.104%10°® 0.5487x 1071 13.65
S2 0.2<10°6 0.1047 26.06
S3 0.3<10°© 0.1571 39.08
sS4 0.383% 10 ¢ 0.2010 50.01
S5 0.5<10°© 0.2618 65.13
S6 0.6<10°° 0.3142 78.17

aSaturation pressure of water is assumed to be 23.71 m(Rkfy 96.

of about 10% if the actual vapor pressure of water is ¥8ed,

the configuration is used as the initial configuration for therig 3. A cluster withNS=2, N,=0 atT=298.15 K andn,,=0.5x 10

simulations at the nearby valuesDfandn,,. The processis A3

repeated to obtain the initial configuration of the whole range

of T and n,, studied. After equilibration, which typically ) ) ) o )

takes 16—10° Monte Carlo stepsN,, and U, are sampled Further technical details of the simulation is discussed in

for about 16—1C° Monte Carlo steps. Sampling is made Appendices B-D. In Appendix B,_a cnterlc_)n is dlgcussed on

every 16 steps for short runs and every“&teps for long the adequacy of the numbgr .of |ntermed|ate points gsed to

runs. Here, one Monte Carlo move consists(ipftrial ran- ev'alu.ate.the thermodynam|c integrations. In Appendix C, a

dom translation and rotation of molecules in the system an@'iterion in choosing the system volurieis discussed fr&m

(ii) one trial grand canonical move, namely a trial creation or® Point of view somewhat different from that of Leeal.

annihilation of a water molecule. Molecules to be moved ard inally, under a reasonable approximation, one can dispense

chosen randomly so that each molecule is picked up once pdfith the integration with respect ta,, indicated in Eq(13),

Monte Carlo step on average. The maximum displacemerWh'Ch results in the improvement of the computational effi-

for a trial translation and the maximum angle for a trial ro- ¢i€ncy by a factor of several. The method is discussed in

tation are tuned during the simulation so that the acceptancdPpendix D.

ratio, defined as the ratio between the number of accepted

trial moves and the total number of the trial moves, staysYl- RESULTS AND DISCUSSION

around 50%. As discussed in Appendix C, a molecule at the\ shape of the clusters

center of the system undergoes rotation only. @ o
To evaluate the temperature integration in Ef3), Snapshots of the clusters are shown in Figs. 2-7 ,

simulation is performed at 298.15 K and higher temperaVNere sulfur sites, oxygen sites, and hydrogen sites are col-

tures, the highest of which is chosen so that the integrang@'€d red, dark blue, and white, respectively. Figure 2 shows

[{(Un)n - Ni{uny)] is negligible at this temperature and de- a hydrate of a s_ulfurlc acid molecule_, in which a loop of

pends Vém the values of botS andN; . For example, it is hydrogen bonds is formed from the, Kdite to the Q site of

500 K for (N N3 = (10) 3vhile 2.4-00 e NC’N-) the acid with two water molecules, similarly for;Hto O, .

—(3.3). Also ; |—510,48>’< 105 A=3 In evaluati% tlhe In hydrates with fewer water molecules, the hydrogen bonds

- ) . y Hwo=— VY. . -

second integral of Eq(13), simulation is carried out at,, are formed preferentially from theHand H, protons to

—0.1048¢10°® 0.2¢10-® 0.3x10°5 0383910 ° oxygens of water molecules. One end of the hydrogen from a

65;( 10-6 and, 0 é<10*6 ,,&*3.as sum1mar.ized in Tai)Ie water attached to the jHsite, for example, forms a distant

V.III ' ' hydrogen bond to the LOsite.

FIG. 2. A cluster withN=1, N;=0 at T=298.15 K andn,,=0.6X 1076 FIG. 4. A cluster withN=2, N;=0 at T=298.15 K andn,,=0.6x 10°©
A3, A3,
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;IC;. 5. A cluster withN¢=2, N;=0 at T=298.15 K anadn,,=0.6x 107 ®

' FIG. 7. A cluster withNS=3, N,=0 atT=298.15 K andn,,=0.6x 10"

A~3 showing a ring conformation.

Figures 3, 4, and 5 show clusters with two sulfuric acid
molecules. Note that the acid molecules directly form two
hydrogen bonds in Fig. 3, while one of them is mediated bymolecules in the ring conformation tend to form hydrogen
a water molecule in Fig. 4. Around room temperature and aPonds preferentially with water molecules than among them-
all values ofn,, investigated in this work, these two configu- Selves in comparison to those in the linear conformation,
rations are representative of the connectivity of the acid molleading to larger clusters. Since both conformations are ob-
ecules. Since interconversion of these two conformations reserved in the simulation, the corresponding free energies are
quires one or two hydrogen bonds to be broken first, the&Xpected to be close, the difference being the ordé«dt
Monte Carlo lifetimes of the conformations are fairly long, TO understand its implication, we monitored the quantity
being of the order of 10steps. As the value af,, is in- (N, V)Nw
creased, configurations similar to Fig. 4 become more prob- BW=pBUy—log N
able than those similar to Fig. 3. The configuration in Fig. 5 w
can be regarded as an intermediate between those two. Noadich plays the same role gJ in a canonical ensemble in
thatNg,=5 in both Figs. 3 and 4. However, it is unlikely that that the statistical weight of a given microstate is propor-
interconversion between these two conformations occurs in ional to e #W. The data from simulation of X 10° Monte
canonical simulation since it would involve diffusion of a Carlo steps were divided into small blocks, each of which
water molecule over several angstroms on the cluster surfag@rresponding to 10Monte Carlo steps, and the average of
where no favorable interaction site exists. This shows a clea8W was calculated for each block. Figure 8 shows the varia-
advantage of the mixed ensemble simulation over a converiion of this block average oW for three values oh,,.
tional one in a canonical ensemble. This effectiveness iarger, i.e., less negative, values ¥ correspond to the
sampling very different relevant configurations has beedinear conformation while the smaller values W corre-
stressed in a simulation work that determines the solvatiospond to the ring conformation. Despite the large difference
shell structure of protein and nucleic adftfor example. in BW, both linear and ring conformations are observed.

Similar connectivity is observed in Fig. 6 for clusters This means that the ring conformation is entropically unfa-
with three sulfuric acid molecules. An additional complica- vorable since it attracts more water molecules, confining
tion arises in this case, however, since the acid molecules cdhem to a far smaller volume thawi. As these water mol-
now form a ring(Fig. 7). As is seen from Figs. 6 and 7, acid

(27)

0 1 2 3 4 5 o6 7
x 108 MC steps

FIG. 8. The change in the block average®V. The size of each block is
FIG. 6. A cluster withNS=3, N;=0 at T=298.15 K andn,,=0.6x 10 © 10" MC steps. The conditions of simulation for S1, S4, and S6 are given in
A~3 showing a linear conformation. Table VIII.
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TABLE IX. Heat of formation.

Molecule AH; [kcal/mol]
H,0? —57.80
H,SO,° —175.67-1.912
HiO™ 2 142+ 1
HSQO, ° —227.774.063

#Prigogine and DefayRef. 105.
bLias et al. (Ref. 108.

ecules evaporate, the cluster returns to the linear conforma-
tion. From Fig. 8, it is clear that additional Monte Carlo steps
are required to achieve good statistics. Nonetheless, qualita-
tive trends are already present. For example, the ring confor-
mation appears more frequently mg is increased.

None of the clusters shown here possesses a spherical or
an axial S.ymmetry' Given the fairly Iong lifetime of each FIG. 9. A cluster withN¢=2, N;=1 at T=298.15 K andn,,=0.6x 10" ®
conformation of the clusters, the same is expected to be trug-= é
even after the thermal average is taken. Thus, the thermody-
namic description of the clusters is no longer amenable to
Gibbs’ prescriptior?! In particular, the thermodynamic fl.p~19.85+6.99 kcal/mol. (32)

guantities cannot be classified into extensive and intens:iwlan what follows, we adopt 20 kcal/mol as the valuefgf

ones, which is a prerequisite in deriving the familiar Gibbs— n L L N
Duhem relation, for example. It seems hardly profitable toAt T=298.15 K, the indicated uncertainty in this quantity is

try to extend Gibbs’ interfacial thermodynamics to include @5 Iargde asb T Iflffects of this uncertainty will be ad-
such cases, since the quantities introduced into such a theo%;esse subsequently.
are unlikely to be subject to experimental measurement. This

in turn highlights the importance of the molecular level ap-C- Dissociation of H SO, in a cluster

proach. Snapshots of clusters containing a HSE;0™ ion pair
are shown in Figs. 9 and 10, in which atomic sites are col-
B. Estimate of the value of f, ored as before with the exceptions for the €ite of the

| h bl Kio f | bisulfate ion and the oxygen site of the hydronium ion,
To evaluate the reversible work to form & cluster or \ ich are, respectively, colored green and light blue. In Fig.

an (N3,Ny) cluster, from Eqs(12) or (21), the value offn, g 4 hydrogen from KD* forms a hydrogen bond directly to
defined by Eq(14) is required. Using the heat of formation the O, site of HSQ , while in Fig. 10, HO* forms hydro-

of the molecules given in Table IX and ignoring the entropicgen bonds to oxygen sites 08 and HSO,. In both clus-

effect, we obtain ters, however, there is no intervening molecule between the

—kgT log x~147.70-6.98 kcal/mol. (28)  ion pair. The same holds true for ion pairs buried in 97 water
molecules as shown in Fig. 11. The water molecules start to
intervene in the ion pairs as the number of water molecules
exceeds about 240 as shown in Fig. 12. Thus our simulation

To evaluate the remaining factor in E(.4), we introduce
the approximation

1 viw
5 f dle‘ﬁ”hb(“w%e‘ﬁ(”hb), (29)

wherev; and w; respectively denote the volume and the
solid angle over which kO can fluctuate with respect to
HSO, . We approximate their values as the cubic of the
maximum displacement and angle used for the trial Monte
Carlo move. Then

vi~0.25 A3, w~0.23. (30)

From simulation, (u,,)=135.04-0.01 kcal/mol at T
=298.15 K. Since A in v cancels out A2 of n,, in Eq.
(13), we can omit the unit of volume here to obtain

1
—kgT log f dle PunM~ —127.85-0.01 kcal/mol.

(32) FIG. 10. A cluster withN$=3, N;=1 at T=298.15 K andn,,=0.3839
Combining Eqs(28) and (31), we obtain X108 A3,
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FIG. 13. Free energy of the; cluster as a function of the dissociation state
defined byN; . N5=3 andT=298.15 K.f,,= 20 kcal/mol. The conditions
of simulation for S1, S3, and S5 are given in Table VIII.

FIG. 11. lon pairs forming a core inside the cluster wifj=97. N5=3, . )
N,=3 atT=298.15 K andn,=0.6x10 ¢ A~3. Water molecules are not Concentration. If 27 kcal/mol is assumed for the value of

shown. fhp, however, we find that dissociation no longer occurs for
this N cluster(Fig. 14). This change at the qualitative level
points to the necessity of a more accurate estimate of the

suggests that, as far as the dissociation behavior,8{is  valuefyy,.

concerned, at least about 240 water molecules are required to

attain a behavior that resembles the bulk solution. .

The fact that there is no separation of ion pairs in a smalP- Effect of hydration

cluster does not imply that dissociation is not important in In Egs.(12) and(21), ng represents the number density

the cluster. As an §80,-H,O neutral dimer dissociates to an of unhydrated sulfuric acid molecules in accordance with the

HSQ, -H;O" ion pair, its net dipole moment increases to choice of our reference state in calculating the reversible

attract more water moleculedf these dimers are placed in work. In reality, however, most acid molecules exist as hy-

vacuum, the dipole moment changes from 3.28 D to 12.0 Qyrates and one can specify only the total number density

at 298.15 K upon dissociationConsequently, the potential nfsot. Thus, we must express, in terms ofntsot_ The deri-

energy of the cluster decreases. Whether or not dissociatiopation given here is analogous to the corresponding one in

occurs in a givelN; cluster is determined by the free energy the classical theoryf18:22

#(Ng,N;), defined by Eq(13), of the cluster as a function Since a given acid molecule is either hydrated or unhy-

of Nj. The quantity is shown in Fig. 13 for the caseMdf drated regardless of its dissociation state, we have

=3 at T=298.15 K for three values dafi,. Clearly, disso-

ciation occurs for all cases. The mc_reaseﬁuzs is (_JESGI‘_VBGd nt= > > NS c(NS,NC). (33

as N; changes from 0 to 1 when,,=0.1048<10 6 A3, NE=1 NG

reflecting the fact that the ion pair cannot attract sufficient

water molecules when placed in vapor with such a low watef oM Egs.(21) and(24), we obtain

0 . . .
B 51 re—
Sg —_—
21 S5 re— |
$
-40 | ' § ]
: : ;
601 . B |
80l |
-100 L L .
0 1 2 3 4
N;

FIG. 12. lon pairs forming a core inside the cluster witf},=243. N$ FIG. 14. Free energy of the cluster as a function of the dissociation state
=3,N;=3 atT=298.15 K andn,,=0.6x10 ¢ A~3, Water molecules are  defined byN; . N:=3 andT=298.15 K.f,,=27 kcal/mol. The conditions
not shown. of simulation for S1, S3, and S5 are given in Table VIII.
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1 NS 40
PSS NS (IS e BN, (3 z
NS=1 Ni=0 g
where we have made use of the normalization condition T30t
2 p(IBIV!MW!NglNi !NW):l- (35)
Nyw=0 20
Assuming that the hydrates are dominated by those contain-
ing only one acid moleculeN5=1), we find that
n ! -t 10 g
Po=— ~| >, e AHIN) (36) 0 1 2 3 4
nS Ni:0 Ne¢

a

; tot _ —13 R -3
=0.1X . )
In the following, we assume thal,"=0.1x10 A, FIG. 15. Reversible work oNS-cluster formation aff =298.15 K. Calcu-

which is t2yp|cal of experiments in 3$0,/H,0 binary |3 withf,,=20 kcalimol. The conditions of simulation for S1, S3, and S5
nucleation are given in Table VIII. C1 shows the classical prediction under the condi-
tion S1. Similarly for C3 and C5.

E. Reversible work of cluster formation and

comparison with the classical predictions ) o ] o ] )
new particle formation is the binary collision of sulfuric acid

R.ecall that the cluster size distribution is given in the polecules. Note that the classical theory predicts that
classical nucleation theory by BWeEssicalincreases as,, is increased. This trend reflects the
c(NS,NE)=n,, exd — BWeassical NE N )1, (37) fact th_at a higher_value oh,, results in more significant
assical - ) _ depletion of the acid molecules and reversedlgbecomes
where We***%'is the reversible work of cluster formation |5rge enough so that the cluster is a critical nucleus. When 27
evaluated by the classical theory. Thus, rewriting @4 as  cal/mol is employed for the value df,;,, the results of our
c(NS,NE)=n,, ex — BW®’(NS,NS) —log(ny, V)1, simulatiqn 'become more or Ie_ss compqraple _With the classi-
38  cal prediction as shown in Fig. 16. This indicates that the
find that iol . . de bet large discrepancy between the molecular theory and the clas-
we find that a sensible comparison 1S made between our Mg, o5 ohserved in Fig. 15 arises from the difference in the
IeCL_JIar theory and the classical by comparing the quam'%ehavior of a cluster involving the HSOHZO" ion pairs.
defined by To obtain more detailed information regarding the clus-
ﬂWREV(Ng,Nsv)EﬂWreU(Ng'N\fliv)+ log(n,,V) (39) ters with ion pairs,_ we calculate_d_ﬂwREV of the
_ SSicar N C ~iCr ot - _ (NS, Ng,)-cluster formation for the condition S3. The results
agains{gw® (Ng.Ny). Similar quantities can be defined are shown in Figs. 17 and 18 for the casef gf=20 kcall
for an N, cluster by summation W'gs‘sigsl:’?d Mf, of Egs.  mol and 27 kcal/mol, respectively. Figures 17 and 18 also
(37) and (38). Thus, we compar&V"**°N;) defined by  compare the simulation against the classical prediction. For
eXF[_’BWcIassicatNg)] small values ofNg, the agr_et_ament_is surprising_ly good. Fig-
ure 17 shows a double minimum in the reversible work. The

o

= > exf— BWIESSINS NS ] (40)

c_
Ng=0

with wREV(NS) defined by

40

¢
@

)

WHEV(

exd — BWREVINS) 1= D) exd — BWREV(NE,NS) 1. 2
NG,=0 30 ¢

(41)

The upper limit ¢o) of the summation is only formal since
the summand decays quickly &, is increased when the 20
relative humidity is less than 100%.

Figure 15 compares the reversible woskvREY of the
N§ cluster formation obtained by assuming the value of 20 10 . . .
kcal/mol for f,,, with W@ gbtained by the classical 0 1 2 3 4
theory®® While the classical theory predicts that a 3-cluster Ne
s Sti”-S-chriticaL our Simma?t!on predicts that a 2-C|LéSEt$r isFIG 16. Reversible work oNS-cluster formation aff =298.15 K. Calcu-
the critical nucleus f_Oi‘ Cond.ltlccms Slto .8.4 and tjsat Iated wit.hfhb: 27 keal/mol. Thae conditions of simulation fo-r S1, 53, and S5
decreases monotonically witl; for conditions S5 and S6. e given in Table ViIl. C1 shows the classical prediction under the condi-
(See Table VIII) This means that the rate-limiting step of tion S1. This is similar for C3 and C5.
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— 1 T T T
b3 Po Simulation °
A 1 10-1F + Classical Theory + ]
£ 1072 F T ;
- +
+
107 F 1
4 10~4 b °* E
10—5 - ° -
0 . ) . . °
0 10 20 30 40 50 106 F o -
NE, ®
10—7 2 L ?
FIG. 17. Reversible work ofNg,NS)-cluster formation aff =298.15 K, 0 0.2 0.4 0.6 0.8
n,=0.3x10"% A3 andn'=0.1x10"*® A~3. Calculated withf,,=20 " % 106
kcal/mol. CT and MC denote the classical prediction and the results of w
simulation, respectively. FIG. 19. Comparison of the probability that a sulfuric acid molecule is

unhydrated. AtT=298.15 K andn'=0.1x10 ** A=3. Calculated with
frp=20 kcal/mol.

minimum for the larger values ™, corresponds to the clus-
ters with ion pairs, while the contribution to the minimum for
the smaller values dfl, arises from the undissociated states, it 104
since the HSQ-H;O™ ion pair has a larger dipole moment namic identit
than the HSO,-H,O neutral dimer and hence can attract I
more water molecule@s discussed in Sec. VI)GFrom Fig. _<Ni>E((9_M_
17, the dominant cluster for the case df=1 is the (1,4 '
cluster. If two (1,4) cluster collide without losing a water wherey is the grand potential anN;) is the average num-
molecule, the resulting2,8) cluster is already in the state per ofi-molecules in the system. The identity E42) holds
with one or two dissociated acid molecules, and hence cagnly at equilibrium where the grand potential is stationary
attract more water molecule to form a stable cluster. Figureyith respect to fluctuation in the density profile. In Fig. 17,
17 further indicates that, upon acquiring one more sulfurioye note that the most probable number of water molecules in
acid molecule, an even more stable cluster results, implying 3-cluster is comparable with that in a 2-cluster. This means
that binary collision is the rate |Im|t|ng step. This scenariothat some of the water molecules have to evaporate after a
does not necessarily conflict with the experimental re%JuIts 2-cluster captures an acid hydrate. Whh_m is increased
analyzed using the nucleation theoréli,*®which suggest  from 20 kcal/mol to 27 kcal/mol to reflect its uncertainty, the
that a critical nucleus contains about 15 acid moleculessesulting reversible work surface changes markedly and our
since application of the theorepresumeshat the rate lim-  simulation becomes more or less comparable with the clas-
iting step is nucleation involving a critical nucleus in equi- sical prediction. This sensitivity té,, again stresses the im-
librium with the Surrounding vapor. To appreciate this limi- portance of the accurate estimation of this quantity_
tation regarding the validity of the nucleation theorem, recall  Next, we draw attention to the distribution of acid hy-
drates, for whiciN;=1. Both Figs. 17 and 18 show that the
dominant hydrates contain four water molecules, which is
larger than the classical prediction of two hydrating water
molecules at relative humidity less than 1088%° To
identify the origin of this discrepancy, we calculated the av-
erage interaction energy of the,$0,-H,O dimer atT
=298.15 K and obtainee- 13.7 kcal/mol, which is 0.9 kcal/
mol lower than the classical prediction of the first hydration
enthalpy (12.8 kcal/mol estimated by Mirabel and
Ponche'? This difference of 0.9 kcal/mol is far from insig-
nificant. For example, Fig. 19 compares the result of the
simulation and the classical predication on the fraction of
. . . . unhydrated acid moleculgs, given by Eq.(36). Clearly, our
0 10 20 30 40 50 simulation predicts far more significant depletion of the un-
Ng hydrated acid concentration as a result of hydration. Thus,
) o ] the agreement between simulation and the classical predic-
Ev'v(i'ol_;'( fog\ge;_\sglfavxzfrl:tso?f:'%igvvl)(;fllgslt:\ejgforcrz?ctﬁgt:g;Vifﬁi-:f;, tion at small values oNy, is most likely a result of the -
cancellation of errors. Such sensitivity of the hydrates distri-

kcal/mol. CT and MC denote the classical prediction and the results o ! - U >
simulation, respectively. bution points to the critical importance of an accurate

that this theorem is a direct consequence of the thermody-

(42

T Vo4

w)

¢
a

!‘}H,REV( Are
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initio calculation to enable the accurate determination of thelassical theory, since dissociation behavior near the bulk
model potentials. We note tha is quite insensitive to the vapor-liquid interface also differs from that in bulk solution.
value of f,,, which indicates that no appreciable dissocia-Therefore, this agreement just mentioned is attributed, to a
tion occurs in hydrates with one acid molecule as seen alskarge extent, to a cancellation of errors, as discussed in Sec.
from Figs. 17 and 18. This in turn indicates that the impor-VI E. For larger clusters, for which dissociation occurs, the
tant interaction potential that determines the behavioppf status is different. When the,BO,-H,0 neutral pair disso-

is the HSO,—H,O interaction. In the present work, we ciates to form the HSP-H;O" ion pair, its dipole moment
adopted theab initio results of Kurdi and Kochanski. To  becomes nearly 4 times larger, thereby stabilizing clusters of
see the sensitivity of the hydration state of the acid moleculéarge N{,, which in turn results in a reversible work surface
to the molecular parameters, we tested a model of sulfuriquite different from the classical prediction, and suggests
acid molecule parametrized using the results by Morokumahat the rate-limiting step in stable particle formation is the
and Mugurum@ given in Table VI. The resulting acid mol- binary collision of two acid molecules, both of which are
ecule shows no significant hydration. This is a rather unreallikely hydrated. If a value of 27 kcal/mol instead of 20 kcal/
istic result and implies that the 80,—H,0 interaction is mol is assumed fof,,,, the reversible work surface appears
stronger than the prediction of Morokuma and Mugurumato be in better accord with the result of the classical theory

adding credibility to our original parametrization. which predicts a nucleation barrier at experimental condi-
tions typical of HSO,/H,O nucleation. This apparent agree-

VIl. SUMMARY AND IMPLICATIONS FOR THE ment, again, is most probably due to a cancellation of errors

CLASSICAL BINARY NUCLEATION THEORY in the latter since the assumed dissociation behavior of the

We have developed a classical mechanical model repres_ulfuric acid molecule in a water cluster in the classical
sentation of the b50,/H,0 binary system. The model has theory is very different from the dissociation behavior ob-

been used in Monte Carlo simulation to obtain a significantserved in our simulation. Because of the uncertainties in the

section of the free energy surface of binary cluster formationY2lUé Of fnp, We are unable to conclude which one of the

To our knowledge, this is the first time that such an extensivdW0 Scenarios, i.e., binary collision vs nucleation, represents
free energy calculation has been performed for clusters in }ghat occurs in reality. Therefore, caution must be exercised

binary system. The mixed ensemble simulation is effectivdl @PPlying our model results to real systems. Clearly, further

both in sampling very different configurations of clusters re|_stud|es a_re_reqwred. On the theoretical S|c_1Ie, the sen3|t|V|t_y of
evant in homogeneous nucleation and in evaluating the clu®ur Predictions to the parameters used in the model high-
ter free energy. When the method is used under the approxk'ghts the need for more accurate estimates of these param-
mation discussed in Appendix D, the required computationafte"s:

effort is further reduced, perhaps even to the point less than

that required in a canonical ensemble simulation on a singlg ckNOWLEDGMENTS

component system involving clusters of comparable size.
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the clusters relevant in nucleation, the resulting ion pairs
remain in contact and about 240 water molecules are re; )
quired to observe the behavior which resembles that in bulkAPpE,\lDIX A: DERIVATION OF EQ. (5)

solution. When the assumed valuefgf, is increased to re- Let N, denote the total number of sulfuric acid mol-
flect its uncertainty, the probability of having the ion pair ecules in the system of volumé Although no dissociation
becomes negligible. is allowed in the vapor in accordance with the choice of the

The reversible work obtained from simulation showsreference state, we take account of the possible dissociation
guantitative agreement with the classical theory for smalin the cluster. Thus, it is most convenient to start from a
clusters, in which dissociation of the acid molecules is un<lassical mechanical partition function of a dissociative
likely. This is rather surprising since the classical theory asmodel. In view of the fact that the second dissociation of
sumes the same dissociation behavior in a cluster as in bululfuric acid is negligible compared to the first, we can in-
liquid solution. Effect due to the difference in dissociation troduce a model composed of water molecules, bisulfate
behavior, in part, will be corrected by the surface term in theions, and protons. The patrtition function for the system is
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N N c ’
1ap) ® 1 [qp| Na) [ Na [Ny
c Ny = _— | P ) ]
DBV, sy, Na;NS) Na!(Ag) Na!(Ag N,! Nz ne—n g (A3)
i 1 [ q,efrw N is introduced here since the molecules must be regarded as
XN_O NIl A3 distinguishable in the configurational integral. In E43),
wo W W the factors
<[amre o

Na NS N/,
i Ll ()

where the total number of bisulfate ions and that of the pro- a a !
tons are both denoted WY, in accordance with the charge
neutrality condition,N'=2N,+Nj, is the total number of respectively denote the number of ways of chooshi
molecules, andy, is the interaction potential in this disso- Pisulfate ions out oN, to be protonated and placed in the
ciative model description, whose explicit form is irrelevant VaPOr phaseN; —N; bisulfate ions to be protonated in the
here. The subscripts andp stand for bisulfate ion and pro- cluster, and\; water molecules to be protonated in the sys-
ton, respectively. The translational and orientational degree€M- Then,N,! takes care of all possible permutations of
freedom of all molecules are collectively denoted{by} in  Protons among all protonated species. Defining the molecu-
the configurational integral. As discussed in Sec. Il, an accul@r partition functions by
rate representation &y is difficult to achieve. Instead, we

rewrite Eq.(Al) to reflect the fact that the main contribution Us  Opo B L
to ¢ comes from the configurations in which protons are FEWJ' dle Aupo®) (A4)
chemically bonded to either bisulfate ion or water. Nethe s pitb

the number of protons bonding to water molecules to form
hydronium ions. The remainingl,—N; protons bond to and
bisulfate ions to form sulfuric acid molecules. We assume

that N, acid molecules can be divided int} vapor mol- On  GpOw
ecules, for which no dissociation is allowed in accord with ~ ~5= A3A3f die™Aupwd), (AS5)
the definition of the reference state, aN§ molecules be- h priw

longing to the cluster. The assumption is reasonable sigce _
is many orders of magnitude smaller than the correspondin€ obtain Eq.(5).
value in the cluster. Then E¢Al) can be approximated by

.N\IC
BV, pw,NaiNg) APPENDIX B: EVALUATION OF E° BY A
NC - N N THERMODYNAMIC INTEGRATION
g 1(agp| *1 (0| *
~ 2 E NIl 73] Nalas A common procedur&to evaluate Eq(10) relies on the
N;j=0 N/ =N: a | A ar Ab . .
w= i p identity
1 eﬁl’“w w N NC N’ — -
X — Ow 3 Na( j)( c 2 v *:\?v(ﬁivrliw’Ng1Ni)::w(BO’V1MWiNg’Ni)
Nyt Ay Nz/ \Nz—N;/ \ N;
B
Na—N; X ex —f U dg|, (Bl
|- [
_Bug 1) Ni _8U where B, is chosen to be sufficiently small that the system
X| | dle "t d{N}e"""n, (A2) " can be regarded as an ideal gas composed of water, sulfuric

acid, and bisulfate-hydronium ion pairs. The subscxifor
whereN=N_,+ N;+N,, with N,, denoting the number of wa- {---), reminds us that the quantity is held constant in
ter molecules excluding the protonated ones, drdis the  evaluating the integration. The procedure implied in @&1.)
total intermolecular interaction potential excluding the in-is not particularly attractive since, if we are to obtain the free
tramolecular interaction denoted by, andup,,. The upper  energy of a cluster under various values of relative humidity,
limit of the first summation arises from the fact that disso-the integration has to be performed at each valug,ofEach
ciation of the sulfuric acid molecules is allowed only for integration involves quite a few number of simulations at
those molecules inside the cluster and hence the nuiper high temperatures, where the properties of clusters are not of
of hydronium ions formed by the accompanying protonationdirect interest. The disadvantage is prominent whén
of water cannot exceeNS. The lower limit of the second =N, where the bisulfate-hydronium ion pairs form a clus-
summation reflects the fact that the hydronium ions thuger even above 2000 K. These unphysical states, nhonetheless,
formed have to remain in the system as a result of the chargeave to be simulated if one uses ER1). It is more conve-
neutrality condition. The factor nient to take an alternative integration path:
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Eﬁv(ﬂ.V,Mw ,Ng N TABLE X. Consistency check by means of E&7).
B NS N; lhs of Eq.(B7)? rhs of Eq.(B7)*"
— = C . —
_Mw('BO'V’/‘Wo'Na'N')eXF{ JB (Un)z, 08 1 0 ~15.96+0.47 ~15.58+0.53
0 0 1 —61.21+1.01 —60.42+1.24
2 0 —39.91+0.74 —39.79+0.88

: (B2)

log z,,
+f (Ny)gdlogz,
I

0920 ®Evaluated afl =298.15 K andh,,=0.6xX10 % A~3. In kgT unit.

b, — —6 R -3
) . . . Nwo=0.1048<107% A3,
where, for an appropriate choice @f, in accordance with "o

the ideal gas state just mentionégl,(Bo,V, two,Ng,N;) is

given by For an accurate estimate of the free energy, each thermal
2(Bo.V NS N;) average in Eq(B6) has to be evaluated at a sufficient num-
=wiPos Vs Kwo, Na» i ber of points along the integration path. One way to verify if

N; this condition is met is through the identity:

=N,!(VQ)NagZwoV2 (B3)

| are-poman

U —Ni(upp)1d
whereN;! accounts for the possible number of ways of form- /30[< N>nW (Uno) 105

ing the ion pairs from the ions which are regarded as distin- p

guishable inZ,,(Bo,V,zy0,N5,N;). In applying Eq.(B2), = | [(Un)n —Ni(up,)1dB

the temperature integration involving unphysical high tem- Bo "o

perature states has to be performed only once at fugacity log ny,

Zwo- Unlike Eq.(B1), all the intermediate states betwegp —j [(Nw>/3—nwV]d log n,,, (B7)
andz,, as implied in the second integration in EB2), are log ny,o

of direct interest to us. In Appendix D, we introduce an ap-which follows from Eqs.(B1), (B2), and(B3). The identity
proximation that further reduces the computational effort.  gq. (B7) is checked for a few cases and the results are shown
It is convenient to rewrite Eq(B2) in terms of excess in Table X. Within the range of the error bars, the agreement
quantities. For this purpose, we rewrite the factors involvingis excellent, indicating that the numbers of the intermediate
zy0 and By in Eq. (B3) by means of the follow identities:  temperaturesn,,, and the Monte Carlo steps in each simu-
log ny, lation are sufficient.
QV _ anyoV —
o™V = g"wo —exp{ nWV—f n,Vvd log n,

log nyo

(B4)

APPENDIX C: CHOICE OF V

and Equation (2) shows thate #V'* is the probability of

Byl N ~Bouns(L) finding a cluster in the system of volumé relative to the
dle —&X p (Unp)dB| | dle ’ probability of finding no cluster. Since the cluster can be
° (B5)  found anywhere in the system and the event of finding it at
ne place or another is mutually exclusive by our choic¥ of

where the thermal average is taken in the canonical ensemb, & discussed in Sec. Ill. we have

of a single bisulfate-hydronium ion pair. Using E¢B4) and
(B5) in Eqg. (B3) and substituting the resulting expression in e AW ~ v, (CD

Eq. (B2), we obtain provided that care is taken to avoid the surface effect of the

ES(B.V, NG, N;) system boundary. One way to achieve this is to fix one of the
N acid molecules at the center of the system and take the sys-
Jdleﬁuhb(l)} ' tem boundary far from the molecules forming the cluster,
which imposes a lower limit oivV. Analytically integrating
P over the coordinates of the acid molecule thus fixed by ig-
xexp{ —J [{(Un)n,,— Ni{unp)1dB noring the surface effect, we obtain E¢1).
Po The upper limit onV arises from the condition E416)

=N, (VQ)NagwV

log ny, and the requirement thaE;, be evaluated accurately by
+f [{Nw)g—n,V]d log nw]- (B6)  simulation of a finite length of time. Combining Edg), (3),
199 Mwo (7), (10), and(C1), we obtain

At By, non-negligible interaction energies arise only from =C eV (C2)

the ionic interaction in each of the ion pairs. Thus, the first ~W ’

integral in the exponential is independent@y as long as it Using Eq.(C2) in Eq. (B6), we find that

is chosen sufficiently small. The integrand in the second in- 8

tegral is the excess number of water molecules over the ideal — J [{Undn,,~ Ni{Unp) 1dB=(1—Ng)log V+ const.

gas value. Hence the integral is independenV pprovided Bo

that the system boundary is far from the molecules in the (C3)
cluster. The volume dependence of the first integral is adwWhen the left-hand sidéhs) of Eq. (C3) is evaluated from a
dressed in Appendix C. simulation, one can address its accuracy by examining if Eq.
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TABLE XI. Proportionality constant of loy in Eq. (C3). insensitive to the exact choice ¥t Since the center of mass
of the cluster is fixed in this case, thermodynamic properties
¢ N; Simulation Eq.C3 L] . .
Na : a3y of the cluster evaluated from simulation reflect only the in-
2 1 —1.04-0.14 -1 ternal degrees of freedom of the cluster. It follows that if
2 0 —0.93+0.03 -1 such choice oWV is in fact possible, the cluster possesses a
3 0 —1.94+0.07 -2

well-defined translational degrees of freedom as a whole
when it is placed in the vapor phase, ande versaThis, in

turn, is necessary for nucleation theory to be formulated in
terms of the concept of cluster as in the classical theory.

molecules to form a single cluster with water molecules mus{Jnder an idealized circumstance where simulation can be

be dominant, namely, the cluster is stable with respect t(g)erformed for an indefinite period qf_nme, E@S_) can be
evaporation of acid molecules. On the other hang@gatthe interpreted as a necessary and sufficient condition for a clus-

probability that they form an ideal gas is dominant. Aroundt€r to possess a well-defined translational degrees of freedom

the temperature range where the acid molecules start fo° @ whole. This indicates that E(C3), when applied to

evaporate, both ideal gas vapor and the cluster have Compggnonlcal ensemble cluster 5|mulat||§)4ni,n|scr?§05i>;zl\l;:lt imple-

rable probabilities. Thus, for the thermal averages to be ednentation of the criterion by Leet a

timated correctly in this temperature range, the probability o
for molecules to collide has to be non-negligible even afteAPPENDIX D: THE FUGACITY DEPENDENCE OF W'

an evaporation event. Since simulation can be performed |n this work, independent simulations were performed at
only for a finite period of timeV must be chosen to be seyeral values of the fugacity, of water. Under a certain
sufficiently small, which imposes an upper limit h In reasonable approximation, however, the results obtained at
particular, we choos¥ so that Eq.(C3) holds for a certain  fygacityz,, can be used to estimad® at different fugacity
range ofV including the one employed in simulation. z,,. Since this offers an improvement of the computational

Note that the last integrand in EB6) is the excess efficiency by a factor of several, we shall briefly describe the
number of water molecules over the ideal gas value resulting,ethod here.
from the presence of the cluster and is independent bft The time scale for a cluster to reach the internal me-
is larger than its lower limit mentioned above. Thus, its in-chanjcal equilibrium is many orders of magnitude shorter
tegral is absorbed in the constant term. The particular forfnan that for the cluster to exchange a molecule with the
of V dependence shown in EGC3) is not surprising since yapor phase. Therefore, it is a common practice to assume
the integral in the equation is the reversible work required tGp5t the configurational integral of arNg,NS) cluster is

s Nw,

form a cluster from the ideal gas state by gradually turningngependent of the fugacity. Under this assumption, the first
on the interaction among water and acid molecules a”‘équality of Eq.(19) yields

hence reflects the change in the entropic contributions of the

acid molecules. Such terms @s,,)log V do not arise in Eq. EXBV, ty 1siNGNG)

(C3), since the system is open to water molecules. NC NG N NN
To verify that our choice ofV satisfies Eq.(C3), we TRy g\ "t G X Zy ' Zy "

calculated the |hs of the equation for four different values of AS Ni=0 (NS— NN Nit Ny!

V corresponding to the container radius of 25, 37.5, 50, and

(C3) is satisfied. Note that, g8, the probability forNS acid

64 A. Since Eq.(C3) is concerned with the change in en- < [ drnre AN

tropic contributions of acid molecules, simulation was per- (N}

formed in the canonical ensemble in the absence of water \E NC ¢ N N
molecgles for X10° MC_ steps. _The ter_nperatur_e corre- ey q.ePts aEa KN (ﬂ) NWZ_W'Z_WW
sponding to the upper limit of the integral in BEE3) is 400 AS’ NZo (NS—N;)IN;! Zw 1N,

K since, as the acid molecules form a cluster below this
temperature, the integrand in E§3) becomes independent U

of V, thereby contributing to the constant term in EG3). X f d{Nje 7N, (DY)
Also, in the temperature range involvegd,,) is negligible, ) )

again verifying the use of the canonical ensemble. The re-s'flce ENE‘-(DD differs from Eq.(19) only by the factor of
sulting values of the lhs of EGC3) were least-squares fitted (Z,/Zw) v, the desired expression for the reversible work
to a linear equation. The value of the proportionality constanfollows from Eq.(21):

of logV'is compared with the theoretical oner-Ng, in e AW (BNl NG NG

Table XI, revealing nearly exact agreement. Thus, our choic€e

of V, corresponding to the container radius of 50 A, is ap- NS NG
propriate in view of the number of MC steps involved in :(nSV)Ngz (_W> @~ BBV, 1y NG Ny
simulation. Ni=0 \ Zy

In cluster simulation in a canonical ensemble, a system
is commonly taken as a spherical container concentric with
the center of mass of molecules forming a cluster. Then, on&he reversible work of tha&l$ cluster is obtained by taking a
chooses/ so that thermodynamic properties of a cluster aresummation of Eq.(D2) with respect toN;,. For a direct

XP(B.V, pw NG, Ni NG —Np). (D2)
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FIG. 20. Comparison of the reversible work of cluster formation Xjr
=1 atT=298.15 K anch,,=0.1x 10" % A2 obtained through E¢D2) by

using other values dfi,, . The conditions of simulation for S1, ... ,S6 are
given in Table VIII. f,,,= 20 kcal/mol.

application of Eq(D2) to yield the reversible work of cluster

formation atz,, of interest, it is necessary that the range over“x.

which p(uw,Ny,) is non-negligible and that fop(u,,,Ny)
overlap in a wide range dfl,,. One can easily circumvent

this condition by means of the umbrella sampling, which wassy,.
employed in the free energy evaluation for a homogeneou@v

nucleation in a single component syst&m.
To demonstrate the utility of Eq.D2), we calculated

W'® atn;,=0.1x10 ° A, using the result of the simulations

performed at the other values of, as summarized in Table

VIII. The result is shown in Fig. 20, which indicates a re-

markable agreement of the calculated values\6f’. The

slight discrepancy arises because of the vapor contriblition 53\/

to NS, and the change in the dominant part pfas n,,
changes.
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