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From the convergence properties of the expansion of the function f/>1 ex: r -I- 1 F1 in powers of the 
energy, we successively obtain the expansions of F1 and G1 as single series of modified Bessel 
functions I 21 + 1 + n and K 21 + 1 + n, respectively, as well as corresponding asymptotic 
approximations ofG1 for 1171---+ao. Both repulsive and attractive fields are considered for real and 
complex energies as well. The expansion of F1 is not new, but its convergence is given a simpler 
and corrected proof. The simplest form of the asymptotic approximations obtained for G1, in the 
case of a repulsive field and for low positive energies, is compared to an expansion obtained by 
Abramowitz. 

I. INTRODUCTION AND NOTATION lim el = - 2( - x/2)- 2l- I K 21 + I (x). (l.lOb) 

The usual Coulomb wave functions F1 and G1 satisfy 
the differential equation 

[~+ 1-!:!1._- /(/+ 1l]R =0, (1.1) 
dp2 p p2 

in whichp = kr, while 17 is the Sommerfeld parameter, i.e., 

17 = a/k, a= Z 1Z2e
2Mfz-2. (1.2) 

Let us also define the Gamov factor C1 (17), the polynomial in 
17- 2, u/(17), and the functions f/>1 and el by the equations I-S 

C1(17) = 21e-1M1
12 

X[F(/+ 1-i17)F(/+ 1 +i17)] 112/(2/+ 1)!, 
(1.3a) 

C0(17)= {21T77/[exp(21T77)-1]} 112, (1.3b) 

F(l + 1 + i17) (2/ + 1WCf 
ud17l= (i17)2l+tr(-l+i17) (217)2/c~ (1.4a) 

= (1 + [217-2)···(1 + 2217-2)(1 + 1217-2), (1.4b) 

u0(17) = 1, (1.4c) 

F1 = (2/ + 1)!Cd17J.o1+ 1tf>1, (1.5a) 

Gl = (217)21 + '/+I @1/[(2/ + /)!C/(17)]. (1.5b) 

Rewriting Eq. (1.1) in terms of the variable 

x = (817p)112 = (8ar)112, (1.6) 

i.e., as 

[~ + ....!!_ - 1 - 2/ + 1 )2 + ~] (~) = 0, 
dx2 x dx x2 16172 x 

(1.7) 

the latter equation is then satisfied by the functions 

(x/2)21 + 1 f/>1 = 217Co(17)-'ud17)- 112(2/x)F1, (1.8a) 

(x/2)21+ I el = Co(17)Ud17)'/2(2/x)GI. (1.8b) 

For 117 I = ao , Eq. ( 1. 7) is satisfied by the linear combination 
of modified Bessel functions 

a/ 21 + 1 (x) + bK 21 + 1 (x), (1.9) 

and Yost, Wheeler, and Breie·3 have proved that 

lim f/>1 = (x/2)- 21 - 1 I 21 + , (x), (l.lOa) 
7]= 00 

TJ = 00 

Since the modified Bessel functions In (x) and 
(- )n Kn (x) satisfy the same differential equation and the 

· same recurrence relations, Eqs. ( 1.10) suggest the existence 
of an expansion of F1 and G1 as single series of functions 
I 21 + I + n (x) and K 21 + I + n (x), respectively, with 
n = 0,1,2, .... Such expansions would be particularly useful 
for large 11· i.e., for large z,z2 and/or low energies, since 

17- 2 cx:E = rzlk 2/(2M). (1.11) 

Expansions of this type have been given by 
Abramowitz,6 the one for G1 being asymptotic only. Since 
Abramowitz's derivation of these expansions is not entirely 
correct, we rederive the expansion of F1 in Sec. II and simul
taneously obtain the explicit form of the polynomials in 17-2 

entering into the expansion. We obtain these results as a 
straightforward application of general properties we have 
recently established for the Kuhn-Ham expansion' of f/>1• 

The same method is then applied in Sec. III to obtain the 
corresponding (exact) expansion of G1 as a simple series in 
K 21 + 1 + n (x), but still as a double one in I 21 + 1 +; (x) with 
O.;;J<,n. For large 17 and appropriate values of arg 17, the 
asymptotic approximation of G1 reduces to a single series in 
K 21 + 1 + n (x) as it is proved in Sec. IV. This latter result is 
compared to that of Abramowitz, 6 which also appears in the 
Handbook of Mathematical Functions.7 An appendix gives, 
upton= 9, the polynomials in 17-2

, b ~ 1(17), introduced in 
Sec. II. 

II. EXPANSION OF THE REGULAR FUNCTION 

With the notation of Sec. I, the Kuhn-Ham expansion 
of f/> 1 reads 1 

f/>1 = L (- Y'11- 2
J.l L PYJ ~ oo J.l ( ) - 21 - I + 2p + A. 

J.l=O A.=O 2 
XI2I+ 1 +2J.t+A.(x), (2.1) 

where the f3 ~l are polynomials of degree J.L -A. in /. They 
satisfy a recurrence relation also given in Ref. 1. The expan
sion (2.1) is a power series of E, since 17- 2 ex: E. It is absolutely 
and uniformly convergent, both in its dependence on 17-2 

and x considered as complex variables. This property has 
been proved in the Appendix of Ref. 1 by obtaining a double 
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series of convergent upper bounds for the modulus of each 
( p,A, ) term under the conditions 

I7J- 2I<M < oo, lx2/4I<X < oo, (2.2) 
the only conditions where M and X are arbitrarily large but 
bounded. 

Consequently, we can rewrite the expansion of 4>1 as a 
sum over n = 2p, +A. and A. without modifying its conver
gence properties. It then reads 

oo (x)-21-l+n 
cpl = L - 121+ 1 +n(x)b~ 1(17), 

n=O 2 
(2.3) 

with 

b ~)(17) = ~( -?J2)(n-;. )/2 /3\~)-;. )/2,}. • (2.4) 

The latter sum extends to all integral values of A. satisfying 
the conditions 

(n -A. )/2~A.~o. (2.5) 

and having the same parity as n, so that (n - A. )/2 is an in
teger (by definition1 f31;1 = 0 when,u <0 or A. <0 or A. >,u). 

Accordingly, we can also write 
n• 

b ~ 1(1/) = L ( -17-l)m /3 ~n- 2m • 
m=n' 

(2.6) 

where8 n' = [(n + 2)13] and n" = [n/2]. We have, in parti
cular, 

bg1 = t, bV1 = o, (2.7) 

since /3 gJ = 1, while the inequality (2.5) cannot be satisfied 
for n = 1. Introducing the expansion (2.3) into Eq. (1.7), one 
obtains the recurrence relation 

biiJ(17)=- 2l+n bill (17)--1-biiJ (17) (2.8) 
n 4172n n - 2 4172n n- 3 ' 

for n~ 1 and b !!!(17) = 0 when m < 0. 
Abramowitz's6 proof of the absolute and uniform con

vergence of the expansion (2.3), given explicitly for I= 0 
only, is marred by the fact that he has erroneously deduced 
from the relation (2.8) that lb ~1 1-12111-". From Eq. (2.6), 
one rather has 

b~l(17)=0(17- 2"'), withn'= [(n+2)/3). (2.9) 

From Eqs. (1.8a) and (2.3), the expansion of F1 as a sin
gle series of modified Bessel functions reads 

F1 = (1/217)C0(17)ud17)112 

(2.10a) 

It directly applies to a repulsive field, i.e., when x is real and 
positive. For an attractive field, with the notation 1 

t=ei1T12 x (t>O), f!=e;1T17=1al!k, (2.11) 

we have C0(17) = C0(f!)exp(1ri)), and hence 

F1 = (- )1+ 1 (1/2f!)C0(f!)e"""u1(f!) 112 

oo ( _ t)n+ I 
xn-?0 -2- J21+n+l(t)b~ 1(f!), (2.10b) 

i.e., a series of Bessel functions of the first kind. 

Ill. EXPANSION OF THE IRREGULAR FUNCTION 

We have proved in Ref. 1 that the expansion of 8 1, 

corresponding to that of 4>1 as given by Eq. (2.1 ), is 
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@I =Ut(17){h(17)cJ>1- 1'~0(-'f'11- 21' 

X [ 2;.to/3~( ~x) -21-I+ZJ'+"'K21+ t +lJ'+;.(x) 

I' I' - s ( X ) - 21- I + 2( I' - s) +;. 

+ s~O(- )'b, ,~.?!~)-s,J. 2 

Xlz1 + 1 +2!~<-•J+;.(x)]}, (3.1) 

whereh (17) is defined in terms of psi functions [t/l(z) = F'(z)l 
F(z)] by 

h (17) = Htf!(1- i17) + t/1(1 + i17)] -In 17, (3.2) 

while the b, are defined in terms of the Bernoulli numbers9 

B2s by 

b0 = 0, b, = IB 2s l/(2s) (s~ 1). (3.3) 

The function h (17) has no convergent expansion in powers of 
17- 2

, but only an asymptotic expansion for 1111-oo. 
The series in Eq. (3.1) is absolutely and uniformly con

vergent under the conditions10 

117-2I<M < oo, larg xi<1T- E<1T, 
(3.4) 

Rearranging it by introducing n = 2p, +A. as we have done 
for 4>1, we readily obtain the desired expansions, namely 

{ 
oo ( )"+I G1 = C0(17)-

1
Ur (17)

112 
h (17) n?o ~ /21 + n + 1 (x)b ~ 1(17) 

oo [ ( x)" + 1 
- n~o 2 ~ K21 +n+dx)b~ 1(17) 

[n/2] (X)"+ l-2s + L b,17-2s -
s=O 2 

Xl21+n+l-2s(x)b~ 1-2s(17))} , 

(3.5a) 

for a repulsive field (a > 0), and 

Gr = ( - )r Co(f!)-te -riJut(f!)t/2 

X {h (f!) n~J ~tr+ 
1

J21 +n+ dt)b~ 1(f!) 
oo [ ( t)n+ I 

+ n?o 1T ~ Y21+n+dt)b~ 1(f!) 
[n/2] ( _ r)n + I - 2s - L b,17-2s _!:> 

s=O 2 

XJ21+n+ 1-2s(t) b~~2s(f!)]}, (3.5b) 

for an attractive field (a < 0). 

IV. ASYMPTOTIC EXPANSION OF THE IRREGULAR 
FUNCTION FOR LARGE 17 

For real and positive 17, Breit and Hull11 have proved 
that one obtains an asymptotic expansion of G1 for 11-oo 
when an asymptotic expansion is substituted for h (17). This 
remains valid for complex 17, provided one takes into ac
count the domain of validity of the expansion used for h (17). 
From elementary properties of the r/J function, 12 h (17) is easily 
given the forms 

(4.1) 

J. Humblet 657 



Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp

h ± (11) = '1/J( ± i11) ± (1/2i11) -ln(e ± irr/211) (4.2) 
00 

- L b,11-2s. (4.3a) 
s= I 

The latter asymptotic expansion holds when 1111-oo for 
both h + and h -, but, respectively, under the conditions 

jarg11 ± tr!2l<tr- E<tr. (4.3b) 

Since h (11) = [h +(11} + h -(11)112, we also have 
00 

h(11)- _Lb.11- 2', 
s= I 

for 1111-oo, but only when 

larg 111 <tr/2- E < tr/2. 

(4.4a) 

(4.4b} 

Rearranging the product h (11)4>1 such as it is given by 
Eqs. (4.1), (4.3), and (2.3), we obtain, under condition (4.3b), 

(x/2f1 + 2 h (11)4>1 - + i1r(e2
1T'TJ - 1) -'(x/2)21 + 2 4>1 

oo [n/2] (X)"+ I- 2s + I I b.11-2•-
n=Os=O 2 

Xlu+n+ l-2s(x)b~ 1 2sl11l· (4.5) 

Substituting this result for the first term in Eqs. (3.5), we then 
have, for a repulsive field (a > 0), 

G1-- C0(11)- 1u1(11) 112
[ ± i1r(e2

1T'TJ- 1)- 1 

x .. to( ~ r+ 1

12/+n+ Jix)b~ 1(11) 

+ 2 .. tJ ~x)"+ 'K21+n+, (x)b~ 1!11l]. 
(4.6a) 

for 1111-oo and under the conditions 

argke[ -tr±tr/2+£, +tr±tr/2-E]. (4.6b) 

Similarly, for an attractive field (a < 0), we have 

G ( )/c 1-l-1 -'"7 1-ll/2[- ·-~ 21Tf) 1)-1 ~- - o11 e U1 11 +Zu 1e -

-~ ~·-oo ( r)n+ 1 
x .. ~o -2- J21+n+d~)b,.(11) 

-~ ~~-co ( r)n+ 1 ] 
+trn~O -

2
- Y21+n+Jl~)b,.(11)' (4.6c) 

under the same conditions (4.6b). 
The results just obtained take a simpler form in the right 

half of the complex k plane, since (e2
1T'TJ - 1)-0 for 1111-oo 

in the domain (4.4b). Accordingly, we have 

Gt-- 2Co(11)-Iut(11)I/2 f (- x)"+ 1 
n=O 2 

XK2l+n+ dx)b~ 1(11), (4.7a) 

for a repulsive field and 

Gl-(- )/trCo(7})-Ie-rrf)ut(7})'/2 f (- ~)"+' 
n=O 2 

XY21 +n+l~)b~ 1(1}), (4.7b) 

for an attractive one, when k is real and positive, and more 
generally when 

larg k l<tr/2- E<tr/2. (4.7c) 

658 J. Math. Phys., Vol. 26, No.4, April1985 

Equations (4. 7) also result directly from introducing the ex
pansion (4.4) into Eqs. (3.5). The expansions (4.7) and the 
second series in the expansions (4.6) are divergent for 
11112 < oo, as are the asymptotic expansions (4.3) and (4.4). 

However, the expansions (4.6) and (4.7) are not asymp
totic expansions proper, since any term is not always of an 
order of magnitude larger than the one next after it. From 
Eq (2 6) . . . d d b • h b (1) b (I) (I) . . , lt IS 10 ee 0 VlOUS t at JN _ 2, lN _ 1 , and b JN 

are all 0 ( 11 - ZN ), so that the three corresponding terms in the 
divergent series of Eqs. (4.6) and (4. 7) should actually form a 
single term in an asymptotic approximation of G1• Accord
ingly, instead of Eq. (4. 7) e.g., we must rather write 

G1-2ui(11)112C0(11)- 1{( ~ ,21+ dx) 

- i [.±( -2x)l+3N+iK21+1+3N+i(x) 
N=O <=I 

Xb~,{,+;(11l]} (4.8a) 

and 

G1-(- )11TU!{7}) 112C0(7})- 1e-1ril 

{ ( ~) oo [ 3 ( ~)l+3N+i 
X - 2 y2l+l~) + N;;O i-?1 ~ 

. XY21+1+3N+i(~)b~k+i(7})]}. (4.8b) 

for 1111 = 17}1-oo and jarg k l<tr/2- E<tr/2. 
In the case of an attractive field and for real positive 

energies only (11 > 0), the expansions (4.7a) and (4.8a} must be 
equivalent to the one of Breit and Hull11 and Ham, 14 name
ly, 15 in the notation of Sees. I and II, 

Gt- - 2ut(11)1/2Co(11)-' i (- )1'·11 -2p 
!l=O 

~-' (I) ( _ x)2~t +" + 1 
X "L/3 f'A. - 2- K21 + 1 +21l+"(x), 

for 11-oo . Indeed, the very fact that the function 

G1/[utf11)112C0(11)- 1] 

(4.9) 

(4.10) 

has one asymptotic power expansion in Poincare's sense en
tails the uniqueness of that expansion. 16-

18 The expansions 
(4. 7a} and (4.9) only differ by a rearrangement of terms, the 
same that modified Eq. (2.1} into Eq. (2.3) and which we also 
used in Sec. III in absolutely and uniformly convergent dou
ble series. 

In this context, it is of practical importance that we now 
tum to the asymptotic expansion of G1 as given by 
Abramowitz, 4·6 also for 11 > 0 and 11-oo. With the notation 
introduced in Sec. I, it reads 

Gt-Al(11)(2l)!u1(11)- 112C0(11)- 1 

"" ( -x)"+l (1) X n~O -
2
- K2l+n+ ,(x)b n (11), (4.11) 

where the overall factor At!11) remains to be fixed. Compar
ing Eqs. (4.7a) and (4.11), the uniqueness of the expansion of 
the ratio (4.10) leaves no other choice than defining At!11) as 
being the polynomial 

- 2u1(11)/(2i)!, (4.12) 

or a function asymptotically equal to it. 
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Abramowitz6 proceedsdifferently. HefixesA.1(?J)byim
posing the divergent expansion (4.11) to satisfy a condition19 

verified by the exact (unexpanded) G1, namely 

{[(2l)lr 1ufl2C0I?J)(x/2)21 G1 }x=o = 1. (4.13) 

This necessarily introduces in Eq. (4.11) the inverse of a di
vergent expansion and he actually obtains A.1(?J) as 

A.1(?J) = - 2[ f (- r121 + n)!b~l(?J)] -
1

• (4.14) 
n=O 

But, if we introduce the asymptotic expansion (4. 7a) into Eq. 
(4.13), we then obtain20 

~ (- )n b ~)(1])(21 + n)! 
U,(?J)n~O 

12
/)! -1, (4.15) 

so that the two factors (4.12) and (4.14) differ only by a factor 
asymptotically equal to 1, i.e., equal to 1 + 0 (?J- lN) for any 
N>l. 

The former factor (4.12) is obviously much easier to use 
and normally more accurate in practice, since there is no 
need to expand or to approximate it. It partly reduces with 
the factor u1-

112 inEq. (4.11 ). 
On the other hand, it is worth noticing that, for l > 0, 

when only a few terms are retained in the denominator of 
Abramowitz's factor A.1(1J), one introduces poles in the corre
sponding approximate G1• Although, in principle, such ap
proximations are valid only for ?J>1, this can, in practice, 
reduce the range of 17's values in which the corresponding G1 

remains a good approximation of the exact one.21 For I= 0, 
A.1(1J) simply reduces toA.0 = - 2[1 + 0 (?J- 2N)] with N ar
bitrarily large. 

To conclude, we observe that the practical advantage of 
the expansions (4.6)-(4.8) over those directly deduced from 
Ham's expansion3

•
14 ofG1, such as the expansion (4.9), is that 

they come out as single series (rather that as a double sum 
over p, and A). Moreover, the polynomials b ~l(?J) can easily 
be obtained algebraically, by means of the single-index re
currence relation (2.8), up to any desired value of n. They are 
given in the Appendix upton = 9 [i.e., N = 2 in Eq. (4.8)]. In 
contrast, obtaining algebraically the {3 !!1 for any I and p, and 
for 0 <A < p, - 1 proved to be very tedious. 22 
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APPENDIX: THE FIRST POLYNOMIALS bf:J(?J) 

The polynomials b ~l(?J) given hereafter for n<;9, i.e., 
N.;;;2 in Eqs. (4.8), illustrate the increase with n of their low-
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est (n') and highest (n") powers in 17-2
• In agreement with 

Eqs. (2.4)-(2.9), we have 

b~)= 1, bVl=O, 

b!l)= __ 1_ 
3 121]2' 

b 1n_ (I+ 1)(1+2) b~l= 51+8 
4- 321]4 ' J 2401]4' 

b(/)- 1 (I+ 1)(1 + 2)(1 + 3) 
6 

- 2881]4 - 3841]6 ' 

b(l)- 351 2 + 1471 + 142 
7 - - 134401]6 ' 

b~)=- 51+ 11 + (l+ 1)(1+2)(1+3)(1+4) 
57601]6 61441]8 

' 

b (l)-
9 -

1 + 35P + 273P + 6641 + 496. 
103681]6 1612801]8 

Then b VJ and b W have terms in ?J-8 and 17- 10
, and bVJ has 

terms in ?J-8
, 1]- 10

, and 17- 12
• For any nand 17.-oo, the main 

term of b ~l has the sign of (- t'. 
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