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Coupling of phonons to a helium atom adsorbed on graphite 
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We compute the self-energy for a 4He atom adsorbed on graphite to second order in the phonon 
coupling. The phonon contributions amount to several degrees Kelvin. The imaginary part corre
sponds to a lifetime of some w- 11 s. 

I. INTRODUCTION 

The system consisting of He atoms on a graphite sur
face has attracted considerable attention in recent years. 1•2 
The very earliest theoretical treatments3 of this problem 
made three simplifying assumptions: (a) The atomic 
motion along the surface is confined to a plane; (b) the 
periodic component of the surface potential can be 
neglected; (c) the He-He interaction is the same as that in 
free space. Comprehensive studies by a variety of experi
mental techniques (atomic beam4 and neutron scattering,5 
thermodynamic measurements6- 8) have stimulated a suc
cession of calculations which relax these assumptions9- 13 

and a rather consistent overall agreement between the 
computed and measured results at low coverage has em
erged. 

One point of disagreement between theory and experi
ment is the specific heat8 in the temperature interval 
3 < T < 5 K. This region is particularly intriguing because 
band-structure effects are strongly manifest there. 10• 12 
Since the calculations based on the atomic scattering 
data3•4 have incorporated these semiempirically, it is 
somewhat disconcerting to find a non-negligible disagree
ment. 

A consideration omitted from previous analyses is the 
effect of substrate motion. It is evident that the rigid
lattice approximation will fail when the atom is strongly 
or closely bound or when the substrate is "soft." In fact, 
the He-graphite binding energy is small, with a well depth 
=15 meV.9 With respect to softness, there is a low
velocity branch (transverse acoustic, or T A) of the gra
phite phonon spectrum 14 which might couple strongly to 
the adatom. In this paper we examine coupling to this 
branch as a possible cause of the discrepancy cited above. 

The motion of a particle near a deformable medium is a 
member of a class of "polaron" problems, in which a sin
gle particle interacts with a continuum field. For a 
liquid-He substrate, the electronic surface polaron15• 16 and 
the motion of H atoms 17•18 have been studied. However, 
the graphite case is more complicated because of the ex
treme elastic anisotropy. The term "surfon" seems ap
propriate to the atom dressed by surface deformation. 

This paper reports results for a somewhat simplified 
model of the He-graphite surfon. We have treated the 
static potential as laterally invariant, so that the unper
turbed states for motion along the surface are plane waves 
rather than Bloch waves. Moreover, we have taken the 
substrate at zero temperature. Nevertheless, we find ener
gy shifts of the right order of magnitude to explain the 
specific-heat discrepancy, but without correct inclusion of 
the periodic surface potential we cannot do so. 
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II. CALCULATION 

We consider a single adsorbed atom on the planar sur
face of a homogeneous solid medium which couples to 
density fluctuations within that medium. Let 
W( I r-r' I )p(r')d 3r' be the potential between the atom 
at r and a volume element d 3r' of the medium, whose 
density is p(r'). The change in total atom-substrate po
tential due to density fluctuations Bp( ?') is 

BV<?l= f d 3r'Bp(r'lW< 1 r-r' 1 l . (1) 

For a displacement field u(r'), 8p(r')=- V·[pu(r')], so 
that19 

sv<rl=- f d 3r'V '·[pu(r'l]W< 1 r-r' 1 l 

= f d 3r'pu·V'W< 1 r-r' 1 l . (2) 

We now write the atom's position as r=(R,z), i.e., com
ponents parallel and perpendicular to the surface, take the 
substrate to occupy the half-space z < 0, and define the 
two-dimensional Fourier transforms 

W K' (z -z')= J d 2R'W[ I (O,z)-(R',z') 1 ]e-iK ·R' 

= f dzR'W([R'z+(z -z')2]112je-iK ·R. ' 

(3) 

(4) 

f o aWK(z -z') 
+ dz'pUKz a , ' 

-co Z 
(5) 

where the last line follows from the convolution theorem. 
Displacements of the substrate contribute to the self

energy of the surfon through the potential8V. Classically, 
the adatom carries a stress field with it, induced by its at
traction of the substrate; quantum mechanically, the ada
tom emits and absorbs virtual phonons. When the surfon 
speed is greater than that of sound in the substrate, the 
emission of real phonons is kinematically possible. This is 
analogous to Cerenkov radiation (a sonic boom), and arises 
naturally in our calculation as an imaginary part of the 
self -energy. 

The unperturbed eigenstates and energies of the adatom 
are 
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IP;n)=eiP·"R In) , 

E- =fi2P2/2m+En , P,n 

(6) 

where In) is a one-dimensional bound state of energy En 
in the stl!!ic potential V(z), which binds the adatom to the 
surface, P is the adatom lateral momentum, and m is the 
adatom mass. The intermediate states which enter the 
perturbation calculation are I P-K, n ', k), which consist 
of a virtual phonon of momentum Ilk= 17( K, kz) and ener
gy fzwk, and the adatom with momentum liP-IlK in 
bound state In'). To second order, the self-energy contri
bution is (in the limit 1]--+0+) 

(7) 

The phonon spectrum of graphite is characterized by 
both bulk and Rayleigh (surface) terms, the latter having a 
displacement field which decays exponentially into the 
substrate. Each of these modes contributes independently 
to the self-energy as does each bound state I n'). If we la
bel these terms in (7) A.E! and A.E!, and their numerators 
I M!-n 1 2 and I M/:;n 1 2, respectively, we can write for the 

bulk term 

B J d 2Kdkz B 2 
AEn =-.; (21T)3 I Mn'n I 

[ f?-K 2 ll2P·K 
X ------ +fzwk 

2m m 

(8) 

By lateral invariance, the matrix element Mn'n does not 
depend on the angle between P and K, so that we can car-

ry out the integration over this angle, 

A.EB=-~ J dKdkz K 1MB, 12 
n 7 (21T)2 nn 

X [ [ ~2;!2 
+fzwk +En·-En r 

- [ ll~K rJ -112 . (9) 

The expression for A.E! is similar, but without the in
tegral dk.I21T. Note that when Pis large enough for the 
energy denominator to be negative, A.E becomes imag
inary, due to transitions changing either the lateral kinetic 
energy, the perpendicular state, or both. The decay rate of 
the surf on is given by r Pn = 2 ImA.E Pn Ill. 

We now model the polarization and dispersion relation 
for the important parts of the graphite phonon spectrum. 
These are low-speed phonons, since the adatom speed at a 
few degrees Kelvin is only a few hundred meters per 
second. We assume that the graphite surface is in the 
basal or cleavage plane, and define an x axis in this plane 
parallel to the phonon lateral momentum K. Note that 
polarizations in the y direction decouple completely, as 
can be seen from (5). Let the phonon displacement field 
be 

u(r')=Re[< u,o,u.>expUK·R '+ik.z' +iwkt>) . 

Then, according to Ref. 20, the secular equation for the 
dispersion relation is 

[c 11 K 2 +c44k} (c44 +c 13 )Kkz][U] [U] 
(c44+c13)Kk. C44K 2 +c33 k} Uz =pw~ Uz ' 

(10) 

where the c;j are the graphite elastic constants,21 which are 
listed in Table I. There are two orthogonal polarizations 
and two sound speeds. In Fig. 1 we show wk/K and the 
angle cp=arctan(u./U) between the polarization vector 
and the surface for the lowest-speed T A mode. These are 

TABLE I. Numerical values of the parameters used. 

Symbol 

m 
p 
co 
C1 

c11 

c44 
CI3 

CJJ 

K/K 

Meaning 

Adatom bare mass 
Graphite density 
Minimum sound speed 
Sound speed change with K 
Elastic constants of graphite 
(10 11 dyncm- 2) 

Ratio wavelength to decay length 
for Rayleigh waves 
Energies of perpendicular states 
(meV) 

Morse potential parameters 

Value 

4.003 amu 
2.29 gcm- 3 

142 ms- 1 

599 ms- 1 A 
106 

0.40 
1.50 
3.65 
0.21 

-12.06 
-6.36 
-2.85 

-15.23 meV 
o.8o A 
2.10 A 
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Sound 
Speed 

{kms-1) 
10 

Polarization 
Angle</> 

-90oL_ ______ ~~~--------~~~~~--~d 
0 30° 60° 90° 

Angle to Surface, 8 

FIG. I. Speed of longitudinal- {LA) and transverse- (TA) 
acoustic phonons in graphite, and polarization of the slow T A 
branch. 

functions of the angle {)-=arctan( k% I K) between the pho
non momentum and the surface. The polarization of this 
mode is approximately normal to the surface for {)- < 80° 
and parallel for {)->goo. However, the linear relatio;- be
tween frequency a~ momentum k predicted by Eq. (10) 
does not hold experimentally: The sound speed changes 
with k for fixed{)-. Nicklow et alY have shown that the 
TA mode has a minimum sound speed of -140 ms- 1 at 
{)- =0, which corresponds to an adatom kinetic energy of 
-0.4 meV, while the value derived from the elastic con
stants is -1300 ms-I, corresponding to -35 meV. Fit
ting the Nicklow data for -3-=0, we obtained 

(11) 

with c0 ,c 1 given in Table I. We assume that all other pho
non modes, which have higher speed, are negligible. 

To compute the self-energy, we need to know both the 
phonon dispersion relation and displacement field. Since 
experimental data are only available for the dispersion re
lation at -3-=0, we suitably scale the linear elastic theory to 
determine the required quantities. Thus we put 

C33 r ] 
1/2 

«>k(-3-)=«>k(O) 1 + c
44 

tan2{)- . (12) 

For {)-~goo, the interaction with the ada tom is negligible 
since Uz""'O and K <<kz. 

To evaluate the required matrix elements, we assume 
that the adatom is bound to the surface by a Morse poten
tial 

V(z)=D(e2(zm-z)/5 -2e(zm-z)/5) ' 

which corresponds to19 

(13) 

W(r!=_Q_(2e -2(x-zm)/5 -e -(x-zm)/5) (14) 
1rpfix ' 

where p is the substrate density. By fitting the observed 
bound-state energies of the perpendicular states4 to the 
Morse energy levels, 

En=D+Iiw(n++)-li2«>2(n++)214D, (15) 

where «>2 =2DimF/, we obtain the parameters shown in 
Table I. 

The phonon normalization is such that the total energy 
of the displacement field is licok per unit volume (area) for 
the bulk (Rayleigh) waves. By the virial theorem, this en
ergy is equipartitioned between kinetic and potential ener
gy. Equation (5) therefore gives 

M:.n = 4D [-~~-] 1/2 [e2zm/5 (n' I e -K4z In) 
82 2p«>k K4 +ikz 

( I -K1z ) 
_.Lezm/6 n' e In 

2 K1+ikz 

(16) 

where K~=K2+48-2 and Kf=K 2+8-2• The expression 
for M:,n (Rayleigh waves) is similar, except that an extra 
factor K 112 appears, where the wave amplitude at depth 
-z' is proportional to e"z', and also ikz is replaced by K. 

Reference 21 gives K""'0.21 K. 
The matrix elements of an exponential between Morse 

states are easily evaluated. We calculated the integral for 
t:..E by first changing variables from K,kz to e -K5,{)
[ =arctan(kziK)], then integrating in 0< -e -KS < 1, and 
for the bulk-wave part also in 0::;; {)-::;;goo. We used a dou
ble Simpson's rule with a large mesh of 500X 500 points, 
since there is, in general, a line of inverse square-root 
singularity in the integrand. Even with this large mesh, 
the results showed fluctuations, which we have checked to 
be mesh dependent and removed. In Fig. 2 we show for 
adatom kinetic energy 1!2P 2 12m between 0 and 10 meV 
the contributions to - t:..E Pn and r Pn from a variety of in
termediate states I n' ) , with the notation n ---+ n '. These 
curves enable us to calculate the effective masses m: of 
the adatom, given by 

m [ dtlEpn ] - 1---m:- - dE E=O ' 
(17) 

which are shown in Table II with the same notation. 
It is also necessary to show that the continuum approxi

m~tion for the substrate is valid; i.e., that the integrand in 
Eq. (9) is negligible outside the Brillouin zone. This zone is 

0 _2 ,.-------Bu_lk ______ _, __ R_a:.._yle_:ig:.._h __ ~ 

-.6-En'n 
(meV) 

-0.050 5 

Parallel Energy (meV) 
10 0 5 10 

Parallel Energy {meV) 

FIG. 2. Contributions to the self-energy of the surfon, as a 
function of parallel kinetic energy. Left panels are bulk-wave 
part, right panels are Rayleigh-wave part. Solid lines are real 
energy; dashed lines are imaginary energy, corresponding to the 
probability rate on the right-hand scale. 
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TABLE II. Effective mass increases due to polaron effects 
for 4He on graphite for various initial and intermediate perpen
dicular state combinations. 

States Bulk Rayleigh Sum 

0-+0 0.25% 0.59% 
0-+1 0.02% 0.03% 
0-+2 0.00% 0.01% 

0.90% 
1-+0 0.01% 0.03% 
1-+1 0.15% 0.36% 

0.55% 
2-+0 0.03% 0.05% 
2-+2 0.07% 0.17% 

0.32% 

of mean radius 1.51 A parallel to the basal plane, and 0.94 
A perpendicular to it. The integral over the region outside 
the zone for all cases shown in Fig. 2 was less than 1% of 
the total. 

III. DISCUSSION 

Our calculation shows that Rayleigh-wave contributions 
to the self-energy and lifetime of the surfon are compar
able to the bulk-wave contributions, reemphasizing their 
importance in surface dynamics.22 The values of t:.E are 
small, but not negligible. For example, the ground-state 
shift is -0.3 meV, about 2% of the measured ground
state energy/ -12.27±0.17 meV. This shift does not in
validate the agreement with the band-structure result, 11 

-12.22 meV, because only phonon-renormalized energies 
are measured in experiments. The scattering data used to 
calculate the adatom band structure were taken at T""' 100 
K ""'10 meV and extrapolated to zero temperature, and it 
is the essential independence of our results to parallel ener
gy that explains the agreement. Furthermore, a. thermal 
phonon at 100 K has a wave number of K ,:::zO. 1 A- I, and 
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this range of k makes a small contribution to the integral 
in Eq. (9), so we can conclude that our T =0 analysis is 
sufficient for characterizing the single-particle ground 
state. 

Since the energy shift t:.E is almost independent of 
parallel energy, the specific heat of a helium film is un
changed by inclusion of phonons. Thus the discrepancy 
cited in the Introduction remains unexplained, although 
the inclusion of the periodic part of the surface potential 
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energy corrections are large enough compared to the 
thermal energy in the specific-heat experiments that one 
might be optimistic. A substitution of Bloch waves for 
plane waves in Eq. (6) is required, and we hope to use this 
approach in future work. 

The size of the calculated lifetimes r-t""' w-tt s is to 
be expected from the size of the self-energy. The decrease 
of r with increasing n arises from the weaker coupling of 
the phonons at larger distances. Such behavior has been 
seen in "selective evaporation" resonance patterns ob
served in scattering of He from LiF.23 The following 
values of rn were obtained: ro= 1.4, rl =0.9, rz=0.6, 
in units of 1011 s- 1• Roughly comparable values are seen 
in Fig. 2 for the relevant value 10 meV of parallel energy. 
Naturally, the different binding energies and elastic prop
erties obviate a detailed comparison. Note that at this 
parallel energy, the mean free path is 20-30 A. 

In summary, there is some prospect for a significant ef
fect on the specific heat, with incorporation of the period
ic potential. The scattering rate values are in agreement 
with expectation, and a measurement would provide a use
ful confirmation. 
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