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Calculated  Enhancement  for  lntracavity  Spectroscopy 
with a Single-Mode Laser 

H. J. KIMBLE 

Abstract-A semiclassical  description of the laser is  employed to cal- 
culate  the change in laser intensity  due to the small  perturbation of an 
absorbing medium  within the  laser cavity. The laser is  assumed to be 
operating in a  single-mode near its threshold of oscillation. An ex- 
pression is derived for  the  enhancement in detection  sensitivity of laser 
intracavity absorption measurements  over conventional  absorption 
measurements  and estimates of detection  sensitivity are given. 

I. INTRODUCTION 

T HE sensitivity of absorption measurements is greatly en- 
hanced by the  method  of laser intracavity absorption 

spectroscopy in which an absorption cell is placed inside a 
laser cavity. Since the first demonstration  of  this  enhancement 
by Pakhomycheva et al. [l] and by Peterson et al. [2] -[4] , 
the  technique has been successfully utilized in numerous ex- 
periments, including measurements of trace gas concentrations 
[5] , free radical reaction rates [6],  [7], and forbidden optical 
transitions [SI.  Enhancements in sensitivity over conven- 
tional single-pass absorption measurements as high as lo5 have 
been reported [9] . 

A  number  of  theoretical  treatments  of intracavity absorp- 
tion spectroscopy appear in the  literature [9] -[ 131 and are 
based on rate equation models for  the laser plus absorber sys- 
tem. While these treatments provide adequate descriptions for 
laser operation above threshold,  they are not applicable as the 
threshold of  the laser oscillation is approached since they  do 
not properly describe the effect of spontaneous emission. 

In  this paper, we investigate the near threshold behavior of  a 
single-mode, CW laser with  an intracavity absorber. The treat- 
ment is based on a simple extension of the well-known semi- 
classical theory by Risken [14] and deals with  the case in 
which the absorber represents a small perturbation to the  oper- 
ation of the laser. Above threshold, our result for  the  intra- 
cavity enhancement agrees with  the usual rate-equation ap- 
proach [9] -[13] , but very near threshold it is altered by  the 
contribution  from  spontaneous emission. While our attention 
is restricted to the case of a single-mode laser, we demonstrate 
that  the sensitivity enhancement  for single-mode operation 
near threshold  can be comparable to  that achieved with  intra- 
cavity absorption in multimode lasers operated  far above 
threshold. Intracavity spectroscopy with  a single-mode laser 
has the potentially  attractive  feature that the  absorption 
spectrum of the intracavity absorber can be probed  with high 
frequency resolution, unlike the case for  multimode  operation. 
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Fig. 1. Illustration of a laser cavity  with an intracavity absorption cell. 

We begin in Section I1 with  a simple model to calculate the 
enhancement in intracavity spectroscopy. In Section I11 we 
extend  the  treatment to include the  fluctuations  due to spon- 
taneous emission following Risken [ 141 , and in Section IV we 
derive an expression for  the  enhancement  expected near 
threshold. 

11. INTRACAVITY  ENHANCEMENT  FAR ABOVE  THRESHOLD 
An absorber placed inside a laser cavity, as shown in Fig. 1, 

and with an atomic  or molecular transition resonant with  the 
laser frequency alters  the laser intensity in a manner that can 
be understood as follows. In  the steady state  far above the 
threshold for laser operation,  the intracavity laser intensity is' 
determined by  the requirement that  the gain G equal the loss 1 
for one roundtrip  through  the cavity [15] . Since the gain of  a 
homogeneously broadened laser is a  function of the  internal 
intensity I ,  

where Go is the small-signal  gain and B is the  saturation pa- 
rameter for  the laser, we find  upon setting G = l and solving 
for I 

I =  L (5- 
B l  

A small  change dl in  the loss 1 due to the insertion of  an  ab- 
sorbing medium into  the cavity produces a corresponding 
change in laser intensity I given by 

d I = -  -dl Go 
Bl 

so that 
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with n E Go/ l .  If the same absorber were placed external to 
the cavity, the  fractional change in intensity dI/I would be 
simply -dl ,  which leads us to associate with the intracavity 
absorption an enhancement 5 

which from (3) is seen to be 

n 
= Z-. 

(4) 

An expression of this  form is well known,  both in the  context 
of  single-mode [ 121 , [ 161 and multimode [9] , [ 101 laser 
operation. It expresses the enhancement in terms of the work- 
ing point of the laser n and in terms of the multipass nature of 
an intracavity absorption cell, since the cavity loss I may be 
expressed in terms of the reflectivity R of  the  output coupling 
mirror 

Zz(1 - R )  

for  small distributed and diffraction losses within  the cavity. 
In  the region of the laser threshold, n approaches unity and 

the  enhancement [ as  given by (5) becomes arbitrarily large. If 
we are to correctly account  for  the laser  behavior near thresh- 
old, we must adopt an approach that includes the  effect  of 
spontaneous emission. Toward this  end we present in Section 
I11 an extension  of  the well-known semiclassical theory of the 
laser. Those readers uninterested in the details of this ex- 
tension can go directly to Section IV for  a calculation of the 
intracavity enhancement. 

111. LASER MODEL 
We wish to derive  an equation  for  the laser intensity  that in- 

cludes the  effect of an intracavity absorber as  well  as spon- 
taneous emission. For  the model of  the laser we follow the 
semiclassical treatment by Risken [14] and consider a ring 
laser supporting a single polarized traveling wave interacting 
with an  active  laser medium of N atoms,  each represented by a 
two-level system with energy eigenstates denoted  by I l)L and 
I 2)L and separated by an energy (E2 - E,) =%ao. In addi- 
tion,  the laser  cavity  is  assumed to contain an absorbing ma- 
terial comprised of NA atoms described by  the eigenstates 
I l)A and I 2)A with  the same transition frequency oo. Both 
laser and absorber transitions are  taken to be homogeneously 
broadened, and both groups of atoms  interact via an electric 
dipole interaction  with an electric field E(z ,   t )  propagating 
along the laser axis z ,  with polarization in the x direction,  and 
represented by [ 141 

where V is the cavity volume. The amplitude b(t)  of the elec- 
tric field is. assumed to be a slowly  varying function of time, 
such that b << o o b ,  and the normalization in (6) is chosen 
so that b*b gives the  intensity of the electric field in terms of 
a  photon number. 

The Hamiltonian H for an  atom in the cavity interacting 
with the field E is  of the  form 

H = Ho - exE (7) 

where Ho describes the  atom in the absence of the field and 
(-e2E)represents the coupling of  the  atom to the field through 
the electric dipole interaction. The equations of motion  for 
the elements pfj E ( i l p  lj) of the density operator p describing 
the pth atom  of  the laser medium or  the vth atom of the ab- 
sorbing medium are found  from  the relation 

i 
P = x [P,HI (8) 

and are  given by 

ie 
.Iti 

P $ $ )  = i o o p g )  t -x, ,~(p$$)  - pl';"') - y2p&)  (9) 

- = zex;2E(p$i '  - p g ' )  - 7; [pa:' - pi:) t 11 
f i  

(12) 
where x12 E (1 Ix I2)r. = ( 2  Ix I l ) ~ ,  and x i 2  E (1 Ix I 2)A = 
( 2 I x I l)A . As in Risken [ 141 , (9) and (1 0) have been supple- 
mented by  the  terms y2p12, which accounts for decay of  the 
off-diagonal elements of  the density operator, y1(p22 - pI1), 
which represents decay of the  atomic population difference, 
and (7, oo/N),  which describes the pumping process producing 
a  population inversion. Similar terms  denoted  by a prime have 
been  added to (1 1) and (12) to describe the absorbing medium. 
In (12), the inversion  is chosen so that in the absence of a field 
all absorber atoms are in the ground state. 

The laser and absorber atoms  interact  through  the field E, 
which is in turn determined by the polarization produced by 
these atoms by way  'of the wave equation 

where 2K is the rate of decay of energy in  the laser mode due 
to mirror reflectivities or  distributed losses within the cavity. 
For the polarization p(z, t) we have 

P(Z, t)  = &j ex12(p(l!?(t) + P i m  + c 1 

P v 

( P l a t )  + Pg'm (1 4) 

with  the summation extending over  all laser atoms p and ab- 
sorber atoms v within  a small volume Au located  at position z .  
Substituting  for E(z ,   t )  from (6)  into (13), summing over all 
volumes Au, and combining the resulting equation  with (9)- 
(12) and (14), we arrive at an equation for  the field amplitude 
b(t)  of the Van der Pol form 

d(t)  - b(t)  {y' - P'b"b}= 0. (1 5) 
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The gain parameter 7' and saturation parameter p' are de- 
fined  by 

with  the  coupling  constants g and g, given  by 

Equation (1  5) is derived under  the  usual  assumptions  that  the 
time variation in the  net  atomic inversion and  the polarization 
amplitude is slow compared to the  atomic  decay  times  and 
that the laser  inversion  may  be expanded as 

= (1 - -b*b) 4g2 
7,172 4g2 

(204 
1 t - b*b 

71 7 2  

with a similar expression  for the absorbing  medium 

1 

1 +;-b"b 
Y1 Y2 
4g: 

We thus restrict our  attention  to  the case  where saturation of 
the  absorbing species is  adequately  described  by a first-order 
expansion  in  the laser intensity.  To  treat  the  more  general 
case of a saturable absorber  in the laser cavity, a different ap- 
proach is required [17] , [ 181 . 

To account for spontaneous emission in the laser-absorber 
system, we supplement  (15)  by  the  addition of a noise term 
r(t) to produce the well-known Langevin equation [ 141 , [ 191 

b( t )  - b(t)  { 7' - P'b*b} =r(t) .  (21) 

Here r(t) is taken to be a delta-correlated Gaussian random 
process of  zero  mean  representing  the  effect  of  spontaneous 
emission into  the field mode  and is such that 

<r(t) r*(t')) = 2q'6 (t - t') 

<r(t)r(t)) = 0. (22) 

The  constant q' . is determined by the requirement that  the 
time rate of  change of  the  photon  number (d/dt)  b*b derived 
from  (21) correctly gives the  contribution  from  spontaneous 
emission and is found to be 

where (N2) and (Nf) give the excited  state  populations  of laser 
and  absorber  atoms,  and 2g2/+y2 is the rate of  spontaneous de- 
cay into one  mode  of  the field from  a transition of homogene- 
ous width  y2. 

As can be seen  from (21), the problem of  laser plus  absorber 
atoms has now  been  expressed in a  form identical to  the usual 
semiclassical treatments [ 141 , [ 191 but with a modification  of 

the constants q', p', y' to  include the presence of the absorbing 
medium in the laser cavity. We can therefore  proceed directly 
from the Langevin equation  (21)  for  the field amplitude b(t)  
to _the steady-state solution for the probability  distribution 
P ( I )  of the intracavity laser light intensity [14] 

~ ( 7 )  = pee- I ( 1 - a ) ' ~  I (24) 
with  normalization  constant p o .  The laser pump  parameter a 
is defined  by 

and the dimensionless intensity 7 is related to  the intensity 
I =  b*b in terms  of  photon  number by 

The first two moments of the light intensity 7 are found  from 
(24) to be 

(28) 

IV. INTRACAVITY ENHANCEMENT NEAR THRESHOLD 
With the above modification of the semiclassical theory of 

the laser, we can  now  address  the  question  of the  effect of 
changes in the absorbing  medium on  the laser intensity.  To- 
ward this  end we compute  the derivative  of the laser intensity 
(I) with respect to changes in the loss k 

where we have  used (26)  and where k -g:NA/yh  is related to 
the  attenuation coefficient aA and  absorption cross section 
uA for  the 1 + 2 transition in  the  absorber  atoms  by 

2k = aAc 

2k = cpA& (30) 

with pA as the density  of  absorber  atoms.  In the present  treat- 
ment, we are interested in the regime in  which  the  absorbing 
medium  represents a small perturbation to  the  operation of 
the laser. This  statement  implies  that  the losses associated 
with the absorber  should be  small compared to the  other 
cavity  losses, or  that 

72 
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and since K N (g2 uo/r2) in the region of threshold, we have 

13 1) 

Making  use of this inequality in performing the  differentiation 
in (29), we find that 

The second group of terms in (32) is associated with  a change 
in the coherence time of  the laser intensity  fluctuations and in 
the mean number of photons in the laser cavity at  threshold. 
Because we assume the absorber atoms represent a small loss 
[see (31)], these terms make a negligible contribution to the 
change  in  laser intensity, as can be seen by noting that near 
the laser threshold (d/da) <?) and (a(d/da) (7) t (y)) are com- 
parable, while the  ratio 

1 g: YlY; 

(33) 

as  is shown in the Appendix. In view of these observations, 
we may express (32) as 

which together with (26) yields the following expression for 
the fractional change in laser intensity: 

(3 5) 

The  change in the laser intensity due to the absorbing medium 
is thus equivalent to a change brought  about by varying the 
gain or  the  distributed losses of the cavity, to the  extent  that 
(20), (31), and (33) are satisfied. 

At  this  point we note  that although (35) is derived for  a laser 
consisting of  a homogeneously broadened medium in a ring 
cavity, the  equation is generally applicable to most single-mode 
lasers operated near threshold. With appropriate modifica- 
tions in the definitions of the laser parameters, the same equa- 
tion would describe the case of a standing wave cavity and an 
inhomogeneously broadened medium [20] as  well  as off- 
resonant operation [X] . 

Returning to the definitions of k ,  P' ,  and 4' [see (30), (17), 
and (23)] , we can cast (35) into  a form more directly related 
to experimental observations by taking one of  two approaches. 
In the  first, we use the  fact that l/m determines the time 
scale for  fluctuations in the laser intensity.  Therefore, if some 
information  about  the correlation time r, for these intrinsic 
fluctuations near threshold is available, the parameter 
can  be found  from  the relation [ 141 

where X, is  an effective decay constant derived from a solution 
of the Fokker-Planck equation associated with  the Langevin 
equation (21) and tabulated in the  literature [ 2 2 ] .  Equation 
(35) taken  with (30) and (36) gives 

The second approach makes use of  the  equality 

which is derived from (26) and  (27),  with qo defined to be the 
mean number of photons in the cavity at threshold (a = 0). We 
have from (38) 

(39) 

since 4' $K  ((N2)/oO)  from (16), (23),  and  (31),  for near 
threshold  operation.  Equation (35) can be rewritten with  the 
help  of (30) and (39) to give 

where we have expressed the decay constant 2Klc for  the 
photon  number in terms  of an equivalent attenuation coeffi- 
cient per unit length a representing the laser cavity losses. 

Equations (35), (37), and (40) represent an extension of (3) 
to include the threshold region of laser operation.  Far above 
threshold, these equations reproduce the result of (3), as can 
be shown from  (40),  for example, by  noting that 

d (7) 
da 1 1 

so that from (40) we have 

d (1) daA 1 
(r) a>>o  a (n - I) 

in agreement with  (3)  for  operation such that a >> 0, n = 1. 
However,  in contrast to (3),  the fractional change  in  laser in- 
tensity in  the region of threshold given by (40) does not be- 
come arbitrarily large but rather reaches a maximum value and 
then decreases, as illustrated in Fig.  2. Furthermore,  the mag- 
nitude of this  fractional change  is dependent  on  the particular 
laser system being considered, as is evident from (35), (37), 
and (40). Contrary to the prediction of (3), these equations 
suggest that  two lasers with  different geometries and  laser 
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Fig. 2. Nofmalized change (d(?)/da/(?) in the dimensionless laser in- 
tensity (1) as a function of the  pump  parameter a from (40) (solid 
curve).  The  dashed  curve indicates the corresponding  result  from (3). 

media but  with equal cavity losses and  pumping rates will not 
experience the same fractional change in intensity  for  a change 
dolA in  the intracavity absorber in the region  of the laser 
threshold. This result is a consequence  of  the  fact that in the 
region  of threshold the parameter qo enters the equations for 
the intracavity intensity change. 

Finally, we note  that  the change in laser intensity d (I) as 
expressed by (35) is not independent of the  working  point of 
the laser for a - 0. However, we find  that for a 5 5 

d I = - daA (constant) (43) 

independent  of  the  pump  parameter a ,  so that changes in laser 
pumping  should  not affect the  absolute sensitivity of  absorp- 
tion measurements far above threshold (a >> 1 , n 21 1) as has 
previously been  noted  [23] . 

The  enhancement E defined by (4) for a single-mode  laser 
operated  in  the  threshold region c q  be obtained  from  (40) 

so that 

(44) 

with d cavity length. The loss associated with  the  absorber 
is given by (AaA * d) .  Should  the  absorbing  medium fill only 
a fraction  of  the cavity, as in Fig. 1, this loss would be  given 
by ( A a r  - d l ) ,  with d l  E length of the  absorption cell. 

An estimate of the  magnitude of can  be  made  by  noting 
that  the loss a in  a cavity, exclusive of the absorber, is 

1 
a = a D - ; l n R  

LC 

where aD represents the distributed losses in  the cavity and  R 
gives the reflectivity of the cavity mirrors. If the cavity losses 
are dominated  by the loss through  the mirrors, we may  write 

The value of the  photon  number  at  threshold varies with laser 
geometry  [24]  and  with the laser material, but reasonable 

10 
0.998 1.0 1.W LOW 1.05 1.10 1.15 

UNSATURATED G A I N  

CAVITY LOSS 
n -  

Fig. 3. Intracavity enhancement calculated from (44) for the parame- 
ters qo = 2000, R = 0.9;and oO/(N2) = 1. The  abscissa  gives the laser 
working point and is related to the pump  parameter a by n = 1 + 
(a/J;; 110) ( ( ~ 2 ) h ) .  

values for qo suitable for  many lasers are on  the order  of sev- 
eral thousand  [25],  [26].  For qo = 2 X lo3 and  R = 0.9, we 
calculate the  enhancement .$ from (44). Fig. 3 shows that  it 
reaches a  maximum value of  approximately lo4. Alternatively, 
we may  use (37)  with  coherence  time T~ = 10 ps and with 
d = 1 m-a choice  of parameters that is appropriate  for certain 
single mode  dye lasers [27] -to  find  that Emax - 3 X lo3 in 
the threshold region. 
Tn terms of detection sensitivity for trace quantities of an 

absorbing  material inside the laser cavity, the present  treat- 
ment sets a limit on  the minimum  detectable loss Lmin given by 

(47) 

with (A(n/<n)min equal to  the smallest fractional change in 
laser intensity  that can  be accurately sensed within  the  mea- 
surement interval. This change in laser intensity might be 
brought  about  by  Stark or Zeeman  tuning of the  absorption 
line into resonance  with the laser frequency [7] or  by  modula- 
tion  of  the laser frequency.  For  the  choices (A  (n/(n) = -0.01 
and = lo4, we find 

L = (48) 

so that  for a 10 cm absorption cell 

( A C X ~ ) ~ ~ , ,  = lo-' cm-'. 

This detection limit will  vary with  the particular laser under 
consideration but, in general, a reduction in the cavity losses 
(or equivalently the threshold inversion) will produce a corre- 
sponding decrease in  the minimum  detectable  concentration 
through  an increase in  the enhancement. 

Of course, since the  intensity  of  a laser operated  near  its 
threshold  exhibits large fluctuations  on a microsecond  time 
scale [27]  -[29] , the  duration  of intracavity absorption  mea- 
surements  for  a CW single-mode  laser operating  near  threshold 
must be sufficiently long so that these intrinsic fluctuations 
average to a level below the absorption signal being  sought. 
Thus, the sacrifice for the increased sensitivity obtained  by 
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operating near threshold is a reduced time response capability 
for the  system. However,  since the time Trequired to reduce 
the  uncertainty in (1) to a level of 6 (1) is expected to be 

(49) 

where  is related to the laser coherence time T, by (36), 
and since the  enhancement C; of the system decreases only as 
l/a for a >” 5,  a  modest decrease in the enhancement results in 
a significant improvement in the  time response of  the system. 
For exainple, for the dye laser discussed by Abate et al. [27] , 
l/m - 50 ~ s ,  so that  for 6 = 5 X T(a = 5) - 1.5 s 
and T(a = IO) - 0.2 s, producing a sevenfold reduction in the 
time required for  the measurement, while the  enhancement is 
reduced only by a  factor of 2. 

V. DISCUSSION 
We have presented an expression for  the effect of  an  intra- 

cavity absorber on the  intensity of a single-mode CW laser 
operated near the laser threshold. The calculation shows that 
the range of validity of  the simple expression (3) extends to 
very near threshold,a 2 5, corresponding to (n - 1) 5 2 X 
for  the case illustrated in Fig. 3. Except  in  a very  small  region 
near threshold,  the  enhancement in laser intracavity absorption 
spectroscopy is set by the passive cavity losses (e.g., mirror re- 
flectivities) and not  by  the  contribution  from  spontaneous 
emission. However, care must be taken to consider the in- 
trinsic fluctuations  of  the laser intensity for small  values of the 
pump parameter when considering the time scale for  the mea- 
surements. Enhancements in detection sensitivity over con- 
ventional single  pass absorption spectroscopy of order lo4 are 
predicted for  a single-mode CW laser. 

APPENDIX 
We wish to examine the  ratio 

Substituting from (17) and (23) for p‘ and 4’, and with  the  in- 
equality (21), we find  that 

Now, 2gz/y, gives the rate of  spontaneous emission into  the 
laser mode by  a laser atom. The ratio of this rate to the  total 
spontaneous emission rate W into all modes of the cavity that 
lie under the homogenous linewidth is 

-=- ( 3  2 
w IrP 

where P is defined to be the  number  of cavity modes within  the 
homogeneous line. Likewise, we find for  the absorber atoms 

so that 

Assuming that the gain widths and spontaneous emission rates 
for laser and absorber atoms are comparable gives 

since W 7 yl. The value of P is dependent  upon  the particular 
laser system considered, but a conservative estimate is P - lo6 
[25] , so that 

Most lasers operate with  a very high loss rate from  the lower 
state, allowing us to estimate d m o  - d m 2  - 1. 
Hence, $I < as  was stated in (33). 
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Exact Solution of the Rate  Equations  for  the  Three 
Energy  Level  Laser 

EZIO MARCHI, LEOPOLDO MILLAN, AND EDGAR CRINO 

Abstract-The system of two nonlinear  differential equations  for a 
three-level laser is solved exactly. It relates the number of photons 
q(t)  in the laser  cavity and  the population inversion n(r). 

The  functions n( t )  and q(t )  are expanded in a  power series and  two 
recurrence  relations  are  obtained.  These are solved and  the solutions 
are  in  excellent  agreement  with  experimental  results. 

I. INTRODUCTION 
E considered a laser medium inside a resonant cavity 
with high reflectance mirrors and subjected to  an  ex- 

citation pump. We suppose that  the intensity field and  the 
population difference n(t) = n2(t)  - nl  ( t )  are uniformly dis- 
tributed in the cavity. Under these conditions,  the  time 
variation of the populations nz(r) and n, (t)  are related by  the 
equation 

dn -dn2  dnl 
d t   d t   d t  

- = W - 2Bnq - Bpon 

where n2 (t)  and nl  ( t )  are the  number  of  atoms  or molecules 
excited to  the upper  and lower level in  the  resonator, respec- 
tively; q(t)  is the field intensity in the  resonator measured in 
units of hv; t ,  is the characteristic decay time of  the cavity; 
B is Einstein’s coefficient; W(t) is the pumping function  de- 
fined as the pumping rate exceeding the  pump  rate necessary 
for equal population; and p o  is the  total number  of modes. 

The time variation of  the field intensity  in  the  resonator is 
related with  the balance between  the  spontaneous emission in 
p active modes, the  stimulated emission, and  the  resonator 
losses by the  equation 

dq 1 1 -=Bnq t - Bpn + - BNop- - 4 
dt 2 2 t c  

where No(t) = n l ( t )  + n2(t)  is the  total  number of atoms  or 
molecules in the  upper  and lower laser levels. 

Equations (1) and (2)  are the rate equations for  the three- 
level laser and up  to now do  not have an exact analytical solu- 
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tion.  In  fact,  they have been solved only in approximate  form 
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