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Homogeneous anisotropic turbulence consisting of a collection of straight vortex structures is
considered, each with a cylindrically unidirectional, but otherwise arbitrary, internal vorticity
field. The orientations of the structures are given by a distribution P of appropriate Euler angles
describing the transformation from laboratory to structure-fixed axes. One-dimensional spectra
of the velocity components are calculated in terms of P, and the shell-summed energy spectrum.
An exact kinematic relation is found in which volume-averaged Reynolds stresses are
proportional to the turbulent kinetic energy of the voriex collection times a tensor moment of 2.
A class of large-eddy simulation models for nonhomogeneous turbulence is proposed based on
application of the present results to the calculation of subgrid Reynolds stresses. These are

illustrated by the development of a simplified model using a rapid-distortion-like approximation.

I. INTRODUCTION

It is well known that the statistical kinematics of iso-
tropic turbulence, by which we refer to, for example, rela-
tions between the shell-summed energy spectrum and the
various one-dimensional spectra, can be developed in com-
plete generality, without the need for specific information
concerning the structure of the underlying vorticity field
(e.g., Batchelor'). This is apparently not the case for an
equivalent kinematic theory of homogeneous but aniso-
tropic turbulence, where, in general, some properties of the
vorticity structure must be known in order to derive kine-
matic relations.

In the present paper we study the kinematics of a
model of homogeneous anisotropic turbulence based on the
assumption that the small-scale vorticity consists of a su-
perposition of vorticity fields or “structures,” each with the
property that the vorticity is unidirectional, with no ex-
plicit dependence of the vorticity magnitude on the coor-
dinate parallel to vortex lines (Saffman and Pullin?). A
typical realization is a locally rectilinear vortex with an
arbitrary cross-sectional vorticity distribution embedded in
a three-dimensional, spatially uniform velocity-gradient
field (whose components may be time dependent), pro-
duced by larger-scale structures. Such vortices may be
characterized as “two dimensional,” although this term is
misleading, as it suggests that no stretching or rotation of
vortex lines by the large-scale field is allowed, which is not
the case for the present model. Evidence that structures of
this type are characteristic of the small scales of isotropic
turbulence is provided by the numerical simulations of
Kerr,® Ashurst ez al,* Vincent and Meneguzzi,5 and oth-
ers, based in part on the observed tendency for alignment
between the vorticity vector and the eigenvector corre-
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sponding to the algebraically intermediate principal rate of
strain. It has been shown by Lundgren® that a statistically
homogeneous field of strained spiral vortices that exhibit
this property can have a k~>* inertial range, where
k= k| is thc modulus of the wave number. Pullin and
Saffman’ have shown that this model can be used to cal-
culate the higher-order statistics of the velocity-gradient
field.

In Sec. I1, we specify the required vortex structure in a
general way and define the anisotropy in terms of proba-
bility density functions (PDF) of the orientations of the
structures relative to laboratory axes. An expression for the
Reynolds stress tensor is obtained by intuitive argument in
Sec. III. This result is used in Sec. IV in the formulation of
a class of large-eddy simulation models based on the idea
of local subgrid homogeneity for the unresolved subgrid
scales, and on a model equation, giving the response of the
orientation PDF to the fields of the velocity and the
velocity-gradient tensor of the resolved, nonhomogeneous
large-eddy flow. A feature of these models is that the vor-
ticity distribution inside the subgrid structures need not be
explicitly specified or calculated, provided one is prepared
to invoke Kolmogorov scaling for the inertial/dissipation-
range subgrid energy spectrum. When this is done, a model
containing two numerical free parameters is obtained.
These are the Kolmogorov constant and the skewness or
dimensionless cubic velocity derivative. In Sec. V, relations
for one-dimensional energy spectra in terms of the shell-
summed energy spectrum are derived, and it is shown that
from these, a formal proof of the Reynolds-stress result of
Sec. III can be obtained. An alternative proof is given in
Appendix A, while Appendix B demonstrates that the
large-eddy simulation models discussed in Sec. IV should
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reduce to the fully resolved Navier—Stokes equations when
the local Kolmogorov length scale is larger than the local
spatial resolution.

Il. VORTEX STRUCTURE
A. Cylindrically unidirectional vorticity

We take axes (ry,7,,r3) with corresponding unit vec-
tors (e;,e,,€;) fixed in space. The homogeneous turbulence
consists of a superposition of velocity fields from a large
collection of straight vortex structures. The orientation of a
particular structure will be defined by unit vectors
(e} ,e5,e3), with e parallel to the vorticity in the structure,
ie.,

o=o(r],7;,t)e;, 1)

where (#{,7},73) are coordinates in vortex-fixed axes with
ry,ry, lying in the plane of the cross section in the direc-
tions ef,e;. We shall refer to vorticity distributions like
(1), which show no dependence on r3, as cylindrically uni-
directional. The function w(r],r;,t) is arbitrary, but is as-
sumed to be compact. Nonexclusive examples may include
the Burgers® vortex, or the Lundgren® stretched spiral, or a
distribution corresponding to some complex fractal set. It
will later be seen that the precise details of @ appear in the
final result only through the shell-summed energy spec-

trum. An essential assumption is that any interactions be-
tween structures of different orientation, to be described
subsequently, or between the large scales and the struc-
tures maintains the cylindrical unidirectionality of (1).
Thus, for example, vortex stretching, compression, or tilt-
ing is allowed, but the twisting of vortex lines associated
with axial flow internal to the structures is not. Otherwise
o(r1,r5,t) may be supposed to locally satisfy the Navier—
Stokes equations, although we note that the present results
are essentially kinematic, and vortex/Navier—Stokes dy-
namics of the fine scales will only enter our arguments in
an implicit way.

We denote by E;; the rotation matrix describing coor-
dinate transformations between the (r(,7,,/;) and the
(r{,7,r3) axes systems. This is defined, such that a vector
v; and a tensor T'j; are transformed as v; = Ejv; and T;
= E,T,E,;, respectively. Except where otherwise speci-
fied, the Einstein summation convention will be used. The
components of E;; are expressible in terms of the Euler
angles, «, B, and ¥, describing rotation of the (r,r,,r;)
axes to the (r{,r;,r;) axes, where « is colatitude (the angle
between the r; and r; axes), S is longitude, and ¥ is spin
about the 7} axis (see, e.g., Jeffreys and Jeffreys’ Sec.
4.034). These are

cos a cos B cos y—sin B sin ¢ cosasinBcosy+cosBsiny —sinacosy
E=| —cosacosBsiny—sinfBcosy —cosasinfsiny+cosBcosy sinasiny |. (2)
sin a cos B sin a sin 8 cos a

B. Probability density of the Euler angles

We now utilize the the probability density function
P(a,B,y) of the Euler angles introduced by Saffman and
Pullin® and defined such that Psin a da dB dy/8x” is the
probability that (ef,e;,e3) lie in the range a to a+da, 8 to
B+dB, and ¥ to y+dy. In general, P(a,B,7) is expected to
be determined by the interaction between large scales and
the vortex structures, and we will return to this problem in
Sec. IV. The expectation of any function f(E;;) averaged
over the orientations of the structures is

1 T (27 2r
WE =gz [ [T [T rEpr@sy

Xsin a da df3 dy. (3)

The function P(a.f3,y) describes the anisotropy of the tur-
bulence. If P=1, the turbulence is isotropic. We will de-
note by P(a,) the probability density function of the
Euler angles in the special case when P is independent of 7,
and define the single angle bracket average over Euler an-
gles as
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1 T 27 2w n
SE) =gz [ [T [T rEP@p)
X sin a da dB dy. (4)

lll. REYNOLDS STRESSES

It is our aim to calculate the Reynolds stress tensor
Tui at a point in the fluid, where #; is the instantaneous
velocity in a fixed reference frame in which the mean ve-
locity is zero, and the double overbar denotes an ensemble
average or a volume average over a large box containing
the turbulence. We will use double angle brackets to denote
averages over the orientations in the sense of (3) and a
single overbar to denote an average over the #{-7 cross-
sectional plane of a single structure. We make the identi-
fication

=),

and assume that averages over the structure cross sections
are independent of the Euler angles.
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It is now assumed that P is independent of the spin
angle 7, that is, at fixed a,f3, which give the direction of the
vorticity, all values of spin are equally likely. This is nat-
ural physically since the vorticity within a structure will
tend to impart rotation. With this restriction we give the
following plausibility argument for the calculation of
u;. Consider structures with ej in da dB. In the primed
axis system, the Reynolds stresses produced by these struc-
tures, when averaged over the structure cross section and
over the spin angle ¥, must be given by

(3)

where Z;; is a diagonal tensor with diagonal elements G

u[,u}= (u,’n)zz,'j,

i(1—sin®acos’B) —isin’asin2fB

2

E'.Z.E=| —isin’asin28 }(1—sin’asin?p)

—%sin 2a cos B —isin 2asin B

are independent of ¥.
Using the standard result for homogeneous turbulence,

= 2 [§ E(k)dk, where E(k) is the shell-summed energy
spectrum and k= |k|, we can now obtain

?u]:zfo E(K)dI{EpiZ By

Equation (8) is our principal result. It is easily verified that

2
Uy

(8)

when P=1, (8) gives uu; = {L—F&, ;j» as required for isotro-

pic turbulence. If the turbulence is decaying, then um, and
perhaps P, will be functions of time. In Sec. V and in
Appendix A, formal derivations of (8) are given and it is
shown that this is an exact kinematic result for homoge-
neous anisotropic turbulence with the vortex structure
specified in Sec. II.

IV. A CLASS OF LARGE-EDDY SIMULATION MODELS
A. Equations for the resolved scales

We consider the large-eddy simulation of the Navier—
Stokes equations on a grid with typical cell size O(Ax) and
time step O(Az). While acknowledging the conceptual
problems associated with the derivation of self-consistent
equations for this purpose, and, in particular, terms in the
form of “Leonard” stresses, which we have omitted (see
Leonard!® and Germano et al.!! for a discussion of this
problem), we nonetheless utilize the following large-eddy
simulation equations:

au; o o
axi_ ’ ( )
au, o 55 P Ty U, "
797_*_55}( Uy == ax; ax, "ax,.axj’ (10)
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—isin 2asin B |,

£0). This is because the velocity field associated with the

structures, with mean square velocity (u ,’,,)2, must lie in the
r{,#; plane, and so when averaged over ¥, the off-diagonal
components will vanish and the turbulence energy will be
equally divided between the r{ and #; directions. Upon
transforming to (r,7,,7;) axes and averaging over the re-
maining Euler angles, we find

P (E
U= m

ZpgEaj)» (6)

where we note that the components of E,.Z, E,; (ie., be-
fore integration over any of the Euler angles),

—1sin2a cos B

(7

{(1—cos® )

where U;(x,t) is the velocity, P is the pressure, v is the
kinematic viscosity, and

T =) (11)
We remark that in (11) we have defined T';; with a positive
sign on the right-hand side for later convenience in relating
this quantity to the two-point velocity correlation tensor.
Equations (9)—(10) may be obtained heuristically by first
decomposing the velocity field as Uy(x,t) = Ug{x,t) +u;
(x,2:7), where the overtilde, by definition, refers to super-
grid or resolved scale quantities and u,(x,#:7) are subgrid
scale motions on the fast time scale 7, and then by taking a
volume—time average over a discretized region of x-¢ space
of size O(Ax Ar). In (10) and (11), T;; are the subgrid
Reynolds stresses arising from motions on scales smaller
that Ax. We have used x to denote supergrid coordinates
and will use r to denote cell-centered subgrid coordinates.

B. Subgrid Reynolds stresses

We now introduce a wave number cutoff £k =2m/Ax.
The subgrid stresses are modeled by first assuming that the
subgrid turbulence is locally homogeneous, so that T';; can
be equated to the right-hand side of (8), with the lower
limit of integration replaced by k&,

,,_zf E(k)dI{ EpZ pgEyy)- (12)

The shell-summed energy spectrum E(k) can be estimated
by invoking subgrid dynamics in the form of a model for
(1) [see (48) or (A8) of Appendix A}, for example, the
Lundgren®-stretched spiral vortex. The test of such a cal-
culation would certainly be that it gives agreement with
experiment, perhaps in the form of Kolmogorov and
inertial-range scaling for E(k). Accepting this and noting
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that the detailed vorticity distribution appears in (12) only
through E(k), we can sidestep dynamical issues if we are
prepared to assume first that &, lies in the inertial subrange,
and second, that it is reasonable to use a Kolmogorov-type
model for E(k) directly. Put another way, (12) gives a
point of contact between Reynolds stresses produced by
local anisotropy and the phenomenology of E(k) in the
inertial and dissipation ranges. Thus, whatever w(7,0,¢) is
present in the vortex core, evolving according to local dy-
namics, we tacitly assume that it will produce an E(k) [see
(48) or (A8); note, in particular, that E(k) given by (48)
is independent of P], agreeing with experiment. We there-
fore proceed by making a choice for E(k) based on Kol-
mogorov scaling as

E(k) = o3k~ [k <k, (13)

where J; is the Kolmogorov prefactor, € is the local tofal

dissipation, 7= (v*/€)** is the local Kolmogorov length,
and C'is a constant. Other choices, as suggested by physical
or numerical experiment or as calculated by subgrid dy-
namics, would serve equally well, but we use (13) pres-
ently for simplicity.

Equation (13) contains parameters ¥ and C, which
can be related via the Karmian-Howarth equation to the
skewness S3 for isotropic turbulence using equation
(7.5.15) of Batchelor’ as

160 -2
Sym=— [ = ,
} (3c8/335for(§))

where I['(--) is the gamma function. The choice
K =2.0, C=6, gives S3=—0.50. Using (13) in (12)

gives
T;=2C" % & 0T (=5, Chk)EpZyE,),  (15)

where I'(u,2) = [ 20"~ le™’dv is the incomplete gamma
function.

(14)

C. Response of the subgrid scales

To obtain closure we must now relate € and 2( a,fB) to
the supergrid velocity field U(x,t) and velocity gradient
tensor dU;/9x ;. Since k. lies in the inertial range, then the
local flux of turbulent energy to scales smaller than 27/k,
should be independent of wave number and determined by
local production. It is then reasonable to assume that the
difference between € and the supergrid viscous dissipation
is in balance with the local supergrid turbulent energy pro-
duction, which is the rate of working of the supergrid

strain against the subgrid Reynolds stresses,
e=2v(S)? =Sy Ty, (16)

where g,-j=%(6(7 /0x j—i-afj /0x;) is the supergrid rate-of-
strain tensor. Using (15) then gives

e=2v(S})2 —2C* K o/ *T (—4,Cken)

ZpeEqs?Siy-
In the limit v—0 with ¢ fixed, (15) becomes

(17)
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3K 3
11—773_ ( P9E4f>’ (18)
and (16) then has the solution
21573 3 \3 :
é‘:?— (—— (Ep,ququ)S,J) . ( 19)
Thus
2177} =~
T[j=7—— (<ELSZImEmr>SSI‘) <EPIZP qf>’ (20

from which it follows that 7';; scales as Ax% An alternative
route to (20) is found by putting C= 0 in (13).

In order to obtain an equation for P(a,B,x,t), we need
to address the central problem of the interaction between
the Iarge scales, represemcu here uy the Silpefguu field,
and the subgrid vortex structures. We suppose that the
subgrid structures are convected by the supergrid velocity
U; and at the same time are subject to, in a frame of ref- -
erence moving with the local supergrid velocity, rotation
and stretching (or_ compression) by the supergrid velocity-
gradient tensor dU;/dx;. Since we would expect that any
viable dynamical or phenomenological model for E(k),
k> k., must already have included, either explicitly in a
dynamical model or implicitly for a phenomenological
model, the process of vortex stretching by the larger scales
k <k, [for example, the inertial range present in (13) re-
quires the implicit assumption that € is independent of v,
which, in turn, implies stretching of the fine scales], then
we need only consider convection and rotation effects of
the supergrid field. We may then write

3P . 3b

a
E+Ujgj (U smaP)+

sin a da

1
a3 D=0
(21)

where U,,,Ug are the projections of the local supergrid field
r;0U/3x; onto the unit sphere. The third and fourth
terms of (21) give the contribution to the rate of change of
P from rotation L by av, /0x;. When appropriate boundary
conditions for P are spec1ﬁed (21) gives closure. The re-
sultant model is not of the eddy-viscosity type. It is per-
haps too complicated for the purposes of computation
(since P is a function of five independent variables plus
time), but is presented for completeness and as a possible
starting point for further work on the class of models dis-
cussed here.

While it may be possible to construct from (21) suit-
able transport equations for the required (E,Z, E,;} mo-
ments of P, we propose as an alternative a very simple
model that does not use (21) directly, but is motivated by
a rapid-distortion approximation based on the idea that the
subgrid structures respond on a fast time scale to the su-
pergrid strain. If it is assumed that the rotation terms of
(21) are dominant over the convection term, then it is easy
to show that asymptotically, for large time, vortices will
become aligned with the directions in space corresponding
to_the orientation of the attracting critical points of the
(Ua,UB) vector field on the unit sphere. These directions
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anals

1ua.y UC fuuuu IO an aucu_ymalz Ol th J}\J ClBCllhyb €in
corresponding to the dUy/dx; tensor., We simplify the

problem by considering only the symmetric part of
dU;/dx;. Let the local eigenvectors of Sy; be (ej,e3.€3),
with corresponding eigenvalues or principal rates of strain
(A1,45,43), such that A;+A,+A4,=0, and ordered as
A1 <A, <A;. When the eigenvalues are distinct, the critical
points associated with {ej,e},e) are a source-like node, a
saddle point, and a sink-like node, respectively. If we esti-
mate that the fraction of time that a structure spends in the
neighborhood of e) before moving toward e} is

max{0,4,}/|4,|, then we can approximate that, in our

rapid distortion model, the fraction of local subgrid struc-
tures tending to become aligned with e is
A3/ (max{0,A,}+A4;), and with e} is max{0,A,}/
(max{0,4,}+A;). This says that, on the average, the sub-
grid structures will become aligned with the directions of
the local extensional principal rates of strain of the super-
grid field. When calculated in the frame of reference de-
fined by the unit vectors (ef,e},ej) (the superscript s refers
to this frame), the moments (E,,Z, E; ) are then

100
(E Y= L 1
2 ZoEas T max{0,A,}+ 43 2 0
0 0 O
3 00
max{0,4,}
— = {0 0 O
+ max{0,A;}+4; ' (22)
00 3

from which the (E oipelg j) in the fixed axes can be calcu-
lated. In particular, from (22) and S%;=diag[4;,4;,45], the
contraction (E,Z, E,;}S; in (17) is given by

N max{0,A,}2+ 13
ZpEas)Sy=3 (m)

and is positive. This guarantees that € is positive in the
model. It is shown in Appendix B that the above model
reverts to the Navier-Stokes equations at the supergrid
resolution when 7 is large compared to the cell size Ax. It
is straightforward to construct alternative rapid-distortion
models based on the eigensystem corresponding to the full
dU;/9x; tensor, but these are more complex than (22)-
(23).

(23)

V. ONE-DIMENSIONAL SPECTRA
A. Kinematics

We calculate one-dimensional velocity spectra in terms
of k;, the component of k in the three-direction. We begin
with the two-point velocity and vorticity correlation ten-
sors for homogeneous anisotropic turbulence,

Rij(p)—u,(r)u,(r+p), (24)

Wii(p)=wi(r)o;(x+p), (25)
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x ln o +ha on
Wwiere P lb LLIC DU

and vorticity spect

atin o
1ULL. 1 1IGO0 dalv 1o

um tensors throug

"C:
o
-

R,.,.(p)zf'” f“’ J°° ®,;(K)e™ P dk, dk, dks, (26)

Wii(p)= Jw .ro f‘” Q;(k)e® P dky dk, dks, (27)
and
1 ® © ©
oyW=gs [~ [T [T Rypre e dpidpydps
(28)
Q,;(k)

(29)

The one-dimensional spectrum tensor is defined by
1 = .

®tj(k3)z'£; f—w Rij(O,O,p3)e“’k3p3 dp3, (30)

which, using (26) and (28), may be shown to be equal to

®;(k3) = f:o

The Reynolds-stress tensor R;;(0) is given by

_ ®y(k)dk, dk. (31)

Ry(0)= f“’ @ (Fey) dks

- f‘” f‘” f‘” @, (K)dk; dky dk;.  (32)
From (31) and the relation between ®;;(p) and Q;;(p),

Q5 (K) =@, (k) (K8 —kik ;) — k@ ,(k), (33)
where k2= k‘ + k5 —|—k2 may be obtained,
— (k) ]dk1 dk;. (34)

Using (1) to express the vorticity in (r,r,,r;) coordi-
nates as

@™ (1) =E30™ (¥],7},1),

Wij(P),

TN ol

X '™ (#],75,0)0™ (i + pl .75+ py 1) E3iEs;

(35)

we may write, for

X Pla,B,y)dry dr} sin a da df dy, (36)

where the sum is over all structures, denoted individually
by the superscript (), which are in the box of volume L?
containing the turbulence at time ¢, /,, is the instantaneous
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length of a structure, and (p1,p;) is the projection of p on

the (7{-r;) plane. Introducing the sectional Fourier trans-
forms,

(m) L™ sy
Cﬁ " (K]’K2)= f f (] (rlyrz,t)
4 )_., J_ s
X,e—iklrl—-ixzrz dr{ dré,
e e (37)
o= [T 7 a0 )
~ 00 —®©
¢ o +inyry dk, dy,

(36) may be expressed in the form (see Saffman and

Pullin? and Pullin and Saffman,” Appendix B, for an anal-
ysis of this procedure)

1 © © T (2T (Am
O DL I I N N

X |69 (i iy 1) | e~ 1P =P By By et By)
X dic; dic; sin a da df dy. (38)
Using

K1p1 1203 = (B + Eags) pys (39)

in (38), and substituting this equation into (29) and the
result into (34), gives

I
SRR I R I O Y O e

1 kik;

where we have used E3 Es,=1. The summation over g in
the exponential of (40) is noted.

The integrations with respect to py, p,, and p; may be
performed by making use of

1

% f E_i(kl-l-K)pl dp1=6(k1+K), etc.,

(41)

giving factors of the form &(k,~+E g +Eqp,) for
¢=1,2,3. This then allows integration with respect to k,,k,
to give

1 z © © T 2 2ar
®ij(k3)=§f§ o lmf_w J-_,n fo fo fo

1 kik
X Y™ (ky,k2,2) |2 2 (61']__]\:21_E3EE3]>

X O(ks+ Eyzx1 4+ Eysicy)
X P(a,B,y)dk, dx, sin a do df dy, (42)
where
k1+E11K1—|—E21K2=0, k2+E12K1+E22K2=O. (43)

B. Independence of the spin angle y

A significant simplification results when P is indepen-
dent of the spin angle 7. In this case the integral with
respect to ¥ can be performed by using the relation®

1792 Phys. Fluids, Vol. 6, No. 5, May 1994

—E3,'E3j)e_i(k‘7+ElqK1+E29K2)qu(a,B,’}’)dk1 dk2 dpl dpz dp:; dKl dK2 sin a da dB d')/, (40)

1
[ f(X)]=—7— 8(x—x0),

44
fl (XO) ( )
where f(x,)=0. This gives
f f fou O (k34 Ez1 -+ Epyiy)
X F(ky,k0,7)dry dicy dy
2
1
- (Z’l sin o
J‘Zw J‘w F(k cos Ok sin Oy,y,)k dr dby
){ N, . ’
0 | ky/sin a| (Kl—kg/smz a) 2
(45)

where y; and y,=27— (20;+¥,) are the two roots of

ky/sin a=k cos(y,+6y), (46)

in the range of integration, and where we have put
K=K c0s Oy, k;=k sin 8;. We note that from (43), (46)
and (2) we may obtain the useful simplifying result k=«?,
independent of the Euler angles.

The six independent components of ®;; may now be
calculated by using (43) and (45)—(46) in (42) and by
making use of (2) for the components of E;;. We give an
intermediate result for only one case, i= j =3 for which we
obtain, after some lengthy algebra requiring care in evalu-
ating the sum over the roots of (46), the longitudinal one-
dimensional energy spectrum in the form

D. L. Pullin and P. G. Saffman

Downloaded 16 Dec 2005 to 131.215.225.9. Redistribution subject to AIP license or copyright, see http://pof.aip.org/pof/copyright.jsp



® 1 2T 2T
w-p el J) ),
a3l 3 —I—'s | ky/sin e P

k‘% 1/2
A

A(m) : 2( .2
) K coS Oy ,k sin 6, ,¢ K
X| ( ks ot | ( T

X Psin® a d6, da dB dk. (47)

Using the result for the shell-summed energy spectrum,6

zﬂ: 'zn‘,lm J~02n-

this may be expressed as

Ounl 1 T (2T (o E(k)
w0 =g [0 [ f e

k% l/ZA
X(Kz—s.—mz—a) Psin’adadBdk. (49)

1 .
p ]a'i(’”) (k cos O,k sin Oy ,1) |2 dé,,
(48)

E(k)=

An essential part of the argument is the observation that
E(k) given by (48) is independent of P (Refs. 2, 6, and 7).

Results for the other components of the symmetrical
tensor ®;;(k;) are

O11(ky) =5 f"f"f‘” E(")l .
= ) cos” o
AT W 0 Jo | k3/sin a| K

k2 172
XCOSZB( s—u‘lj“&‘)
k2 k% —172 .
+sm BSl_ni_ (K2 m) Pda dp dk,
(50)

X 1 T 2w © E(k) )
®22( 3)=WJ.O J:) Lk;/sina] K cos e

k2 )1/2

sma

X sin’ ﬁ(Kz—

) k% k% —172 . ,
+-Cos BSTHT_& Kz—m) Pda dpB dk,

(51)

O (ky) 1 fﬂ J\?.qr J‘cc E(x)
1A —IT;E 0 Jo | ky/sin K-

kl’. 12
[COS a(ﬁ—m)

———3 | K*

~172
sl a ~ G a) ]P sin 23 da df dk,
(52)
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013(k3)

L0 S " esie)
= — K ——
4 o Jo [ ka/sin at] K sin® a

x Psin 2a cos B da dB dx,

(53)
Oy3(k3)

i 0 L " i)

% P sin 2a sin B8 da dp dk.

(54)

The components ®;(k;), ®,(k;) give the lateral one-
dimensional energy spectra in the 1 and 2 directions, re-
spectively, while the off-diagonal components give the
spectra of the cross-components of velocity.

Equations (49)- (54) cannot be further reduced with-
out information on P(a,ﬁ) and E(x). Isotropy corre-
sponds to P=1, and it is then clear that [ integration gives
®;;(k3) =0, izj. For this case the a integration in the
diagonal components can be performed by first introducing
the transformation u=k,/sin o followed by an exchange of
the limits of integration in the k-u plane (see Saffman and
Pullin,? Appendix B, for further details). This gives

E(x)

K2
©11(ks) =@ (ks) =7 f (1+§)dx, (55)

1 E(k) K3
®33(k3)='2" J; - ( _P)dk’ (56)
3

as required (see Batchelor,! Sec. 3.4).

The Reynolds-stress tensor for arbitrary P(a,B) may
be obtained by substitution of (49)—(54) into the first of
(32). The k, integration can be performed by exchanging
the limits of integration in the k;-x plane, and by making
the substitution k;=£k sin o in the k; integral. On per-
forming the £ integrations, the resulting integrands as func-
tions of a, B for i=1,2,3; j=1,2,3 are found to be propor-
tional to theA corresponding components of (7), and so,
noting that P is independent of y, the final expression for
the Reynolds stresses may be written in tensor form as

Ry(0) =Tm=2 [ * B BpZyayp, (ST

which agrees with (8). In Appendix A, an alternative der-
ivation of (57) is given.
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If E(«) exhibits power-law behavior in some range of
wave numbers, (49)—(54) can be expressed in more com-
pact form. We assume that there exists an inertial range in
which E takes the standard form, from (13)

22220 A2 LaAGs LAN0 23aQllall 10NN, ZRIAA R 22 ),

1

1
E(k) =% ok, I <<y (58)

[cos? & cos? B+ sin® B
A=sin?3 q| —3(G—-cos®B)sin 28

1 .-
—s5sin2a cos B

where the angle bracket in (59) refers to (4). We remark
that the k3> form of (59) depends on the pure k =373
power law in (58). When P=1 the bracket in (59) may be
calculated, and is found to be diagonal with elements (%,
%), as required for the one-dimensional longitudinal and
lateral spectra of isotropic turbulence. This may be verified
by using (58) in (55)-(56).

While we emphasize that in the large-eddy simulation
models discussed in Sec. IV, P(a,,B) is determined by the
action of large scales, we nevertheless show, for the put-
poses of illustration, a calculation for a special choice of P.
We take, as an example, a distribution of Euler angles
uniform on the half-cone a=ay=m/4, 3m/2<B <2m, 0B
< /2. This corresponds to a P given by

45(a—ay) 37 20 <77'
Sina » 2 <B< T <B 2)

P(ap)= (61)

3

0, 5<B<—2—.

This choice is perhaps typical of the legs of lambda vortices
in a turbulent boundary-layer flow for which the mean flow
is in the ry direction with »; normal to the wall (which lies
in the ry-r; plane) and r, in the spanwise direction. The
angle bracket in (59) can then easily be calculated to be

')

—— 4

2,”.1/21-\(%) i
B2 0 —(/m21~

= 0 Ln—4/3 0 , (62)
—(1/m)2~ 13 0 2~4/3

while, from (4) and (7) and (8), the Reynolds-stress ten-
sor is
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—3(3—cos? B)sin 28
cos? ¢ sin? B+3 cos? B

—1sin 2asin B

where L is the length scale of the large eddies. When (58)

is used in (49)—(54), the « integrations can be reduced to
scaling numbers by the transformation k=nk;/sin a, and
it is found that

/35, —5/3 Ll
0;;(k3) =F o k; m“iij ) (59)
—Lsin 2 cos B\
—jsin 2asinf |, (60)
sin?
|
i 0 —1/2m
R;(0)=%a,| O 3 0 (63)

X

—127 0

From (63), the ratio # s/, = —1/27 =~ —0.159. It
is well known that this ratio is approximately constant over
much of a zero-pressure gradient boundary layer with a
value (Hinze,!? Figs. 7-22) of near —0.16. If in place of
(61) we assume that all vortex structures are aligned with
a=m/4, =0, then this ratio is presently calculated as
—0.25.

VL. CONCLUDING REMARKS

We have considered a vortex model of homogeneous
turbulence that allows for statistically anisotropic proper-
ties of the flow. The model is based on the assumption of
vortex structures, with general properties like those of the
Lundgren—-Townsend models, the anisotropy being incor-
porated by the probability density functions of the orien-
tations of the structures relative to axes fixed in space. A
simple result is obtained when the structures have circu-
larly symmetric statistics, that is, the probability distribu-
tion of the Euler angles is independent of the spin angle v,
which relates the Reynolds stresses (i.e., the covariances of
perpendicular velocity components) to the turbulent ki-
netic energy and averages of the vortex orientation. This
allows identifying the contributions to the Reynolds stress
from different scales and suggests a subgrid Reynolds-
stress model for the evolution of large scales. An illustra-
tive example that may be appropriate for boundary-layer
turbulence strained by a simple shear predicts values of the
ratio of Reynolds stress to mean turbulent kinetic energy,
in reasonable accord with experimental data.

It is also shown that the formulation leads to integral
expressions for the one-dimensional velocity covariance
spectra in terms of the probability density functions and
the shell-summed energy spectrum. Comparison with ex-
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perimental data, when it becomes available, would allow
inferences to be made about the anisotropic nature of the
vortex structures.
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APPENDIX A: DIRECT CALCULATION OF R(0)
Substituting (40) into the first of (32) gives

oo Yol [ L L L ey

a8

The integrations with respect to p;, p,, and p; may be
performed by making use of (41), giving factors
8(k,+E g1+ Eypi), g=1,2,3. After integration with re-
spect to ky, k,, and k;, and following some algebra, we
obtain

R;j(0) =006;j— Q1 ({E3:E3;) ) — Qo EriEy ) )
— Q3 E B j+ EpEr j) ) — Qul{{EpiErj))s

o=0=2% St [ [

X | &Y™ (K cos O,k sin Oy,t) |* di dby,

(A2)

© 1
O= —;Z f f | &™) (1 cos By,k sin By,t) |2

XCOS Gk dOk dk,

417‘2 o 1 2T
Oy=—mr 2, l,,,f - f | ') (i cos B,k sin Oy,z) |2
L m 0o K 0

Xsin 8 cos 0y dO; dk,

Q4——3- Zl f f | & (i cos By i sin Oy,2) |2

X sin? 0, dk d6,, (A3)

where k; =k cos 0y and k=« sin 0. The integrals may be
treated using a method developed by Lundgren® (Sec.
III B) for calculation of the energy spectrum. Briefly, a
transformation to polar coordinates in the (7] — r;) planeis
made with 7] = »’ cos 0, r;, = ' sin 6, and the first of (37) is
written as

1 0 2T
& (ky,k7) =12 Jo J-o

Xw(m) (r’,G,t)e“"‘" cos(6—9k)rr dr' do.
(A4)

Next, a)("’)(r',e,t) is expanded as a Fourier series,

Phys. Fluids, Vol. 6, No. 5, May 1994

—EyFE, ) ~ kgt Ergr+Exg) Pop( o, B,y )sin a dk;y dk, dks dp, dp, dps dicy dicy do dBB dy.

(A1)

o0

oM (6= 2

—

wflm)(rr,t)einl?. (A5)

When (AS5) is substituted into (A4) and use is made of the
result

J‘21r eine——t'xr' cos(6—06y) do=(—i) n27TJn(K7" )einek, (A6)

0

where J, is the Bessel function, the integrations with re-
spect to both 6 and 8; in (A18) can be performed, and it
is found that

0y=0,=2 f: E(x)dx,
Q,= J; E(k)dk— L F(r)dk,

0i= [ G, Q= [ B+ [ 7 Frods
0 0 0

(A7)
where
E()=—73 2 Im( 116700 P+ 2 17 ) 12),
P = S, 3 RIPWLT 0], (A8)
Gu)=—3 2l 2 SILPGOLTS (6)],
and
I8 (k) = fw J (ko™ (r 07 dr, (A9)
0

where E(x) is the shell-summed energy spectrum and *
denotes the complex conjugate. An expression for R;;(0) is
obtained when (A7) and (AS8) is substituted into (A2)
When P is independent of the spin angle ¥, we can
replace the double angle brackets in (A2) by single angle
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brackets in the sense of (3)-(4). The integrals
(E\;E\;—EyE,;) and (EE,;+E)E,;), which arise when
(A7) are used in (A2) are then zero, and we obtain

P 1
R;(0)=2 J; E(x)dk <6,-j—'2" (Ey By j+ Byl

F2EE) ). (A10)

Note that there is now no dependency on F(«) and G(«).
The expression inside the angle brackets in (A10) may be
shown to be equal to E,,Z, E,;, and we finally have

R;(0)=uu;=2 f: E(k)dr{EpiZpgBy;),

which agrees with (8) and with (57).

(Al1)

APPENDIX B: ANALYSIS OF THE SUBGRID
STRESSES

Here we investigate the behavior of the model given by
(15), (17), and (22)—(23) in the limits where 1 is both
small and large compared with Ax. For simplicity, we con-
sider the case when only A, is positive. Using (23) (with A,
replaced by zero) in (17) gives

e=2v(A2 4 A2+ 12) + CV3F (e 24,

XF(_%:Ckc(V:;/e)l/‘t), (Bl)

where we have replaced 7 by ( v/e)*. With C, %, 0, and
v given, k, fixed by the cell size Ax, and (4,,4,,43) given
by the instantaneous supergrid flow, (B1) can be solved for
€ in each cell, which then defines the local Kolmogorov
length 17=(v3/e) 174 Our interest is the behavior of the
model when k.m<«<1, and k> 1, respectively. We first
make the transformations to dimensionless variables,

Ke
X=—y, Y=kpn, (B2)
A3
under which (B1) becomes
X2/3—23Y4/3—C2/3WOX1/3Y2/3F(~—-%’,CY)=0, (B3)
where
p=(b (Y 1 B4
‘(/13) +(/13) + (B4)

In what follows it is assumed that B is of order unity.
We first consider Y —0, i.e., n<Ax. Since for CY<1 we
have

(22 cr)= 3 Y-3.40(1) (B5)
3’ 2073 ’

then it is clear that the solution to (B3) is given to leading
order by a balance between the first and third terms, giving
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X 275773 2177343
= 3 or 6—“'@—,

which is equivalent to (19). From (15), it follows that the

ratio
A3
O = s
)

17l _

YISl
where ||--*|| refers to the component of maximum magni-
tude and A,/k%v is the effective supergrid cell Reynolds
number. When this quantity is large (B7) shows that the
subgrid stresses are dominant.

Next, consider Y large, i.e.,, 7»Ax. The incomplete
gamma function is then

L(—}CY) ~(CY) ™=, (B8)

and the leading-order solution to (B3) is determined by a
balance between the first and second terms. Thus

XP=2BY*? or e=w(A1+A3+A%), (B9)

so that the dissipation is dominated by the supergrid
stresses. A short calculation then shows that

1Tyl L\ c (i _1/2‘
—e= O | —— exp| ———— | 5 s
ISyl kv 2B \ kv

(B10)

which is small when A,/k2v is small. Therefore the model
reverts to the fully resolved Navier—Stokes equations in
this limit.
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