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Bose-stimulated scattering off a cold atom trap

H. David Politzef
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The angle and temperature dependence of the photon scattering rate for Bose-stimulated atom recoil tran-
sitions between occupied states is compared to diffraction and incoherent Rayleigh scattering near the Bose-
Einstein transition for an optically thin trap in the limit of large particle numberEach of these three
processes has a range of angles and temperatures for which it dominates over the others by a divergent factor
asN—x. [S1050-294®7)01602-§

PACS numbg(s): 03.75.Fi, 42.50.Gy, 05.30.Jp, 32.9&

INTRODUCTION useful reference level is given by the isotropic Rayleigh scat-
tering or fluorescence rate and a comparison with the even
The gquantum statistics of trapped atoms can drasticallprighter coherent diffraction at yet smaller angles is made. In
effect small-angle light scattering from a cold, degenerateaddition to the differential rates per solid angle, | also com-
cloud of gas. The scattering of an incident photon is accompare the total amounts of scattered light due to the various
panied by a transition between trap states of a recoiling atonprocesses, integrated over all angles.
At small enough scattering angle or momentum transfer, the There are many possible strategies for doing this concep-
final atom state may very well already be occupied. Fokyally quite straightforward calculation. | have chosen to fo-
bosons there is an enhancement of the transition rate propogys on the leading, largs-behavior of each possible con-
tional_to n¢+1, wheren; is the n_umber of b_qsons already i.n rributing  subprocess for temperatures such  that
that final trap state. For fermions, transitions to OCCUD'edT/TC~O(1). In particular, while the trap ground state is

states are blocked; the analogous factatyis 1. (This Fock treated explicitly, the other states are described semiclassi-

basis description IS the na_ltural one for the discussion of th%ally, e.g., with a continuous density of states and stationary-
phenomenon, particularly in the context of gaseous sysfems, hase evaluations of WKB wave-function overlaps. This al-

Considerable attention has been given to the consequent i . . X .
9 q ows analytic evaluatioifor at least estimatg®f the various

pact on resonant line shapg|: the scattered photon energy N : . ;
is shifted up and down by the differences in trap-state energontrlbutlons to the total scattering. It proves quite enlight-

gies, which are then averaged over the contributing process€&iNg because several subprocesses and regions of scattering
in the thermal ensemble. However, the enhancement of thangle scale differently with\ at fixed T/T.. An alternative
scattering rate itself and its angular dependence may alsgrategy of exact numerical evaluation would require consid-
prove to be dramatic and interesting effek2s3). erable detail over a great range ihto extract comparable
Reference 3] considered Born approximation scattering information.
per unit volume for a plane wave of light in a uniform me-  Laboratory detection of scattered light at very small
dium of bosonic atoms as a function of angle and temperaangles has already been achieved in the context of cold atom
ture. As the temperaturé drops below the Bose-Einstein traps. Dramatic images of condensation into a trap ground
critical temperaturel;, as a consequence of this Bose en-state have been obtained from coherently diffracted light
hancement, the scattering rate increases sharply for angl&ssentially, one diverges all small-angle light, blocks out the
corresponding to momentum transfe¥such that the num- unscattered forward beam, and then focuses the remainder.
ber of particles per#/8)% volume is large. While plane Both diffraction and Bose-enhanced scattering have the
waves and infinite, uniform media are physically unattain-properties that they are bright@oer unit solid anglethan
able, they represent a reasonable approximation to a beathe isotropic scattering and they do not contribute to heating
that is many wavelengths wide incident on the central regionhe gas. Hence they both make possible nondestructive ob-
of a cloud that is many times larger still. This paper ad-servation by allowing a greatly reduced illuminating inten-
dresses another limit: when the whole trap is illuminatedsity for a given detected signal strength. However, diffrac-
uniformly by the incident beam. In particular, | investigate tion is confined to smaller and smaller angles with increasing
the angle and dependence of the scattering rate for a planearap size. Thus, for larger traps of the future, clean diffractive
wave incident on an isotropic, harmonic trap containdig signals may be harder to extract. In contrast, while dimmer
noninteracting atoms. Again, | consider only the Born ap-than diffraction at the smallest angles, the Bose-enhanced
proximation, i.e., a single scattering, which is appropriate toscattering contributes over a much larger range of angles —
an optically thin trap(This may be realized by a combina- a range that increases with— and for much of this region
tion of low density and a sufficiently small basic cross sec-s considerably brighter than Rayleigh scattering.
tion, e.g., achieved by sufficient detuning from resonanke. In an infinite, uniform medium, diffraction cannot be ad-
dressed. It is of infinite intensity but relegated to zero angle.
In contrast, the present analysis allows an explicit compari-
*Electronic address: politzer@theory.caltech.edu son of diffraction and Bose-stimulated scattering. This cal-
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culation also underscores the fact that the latter occurs onlwherem is the particle mass and, is the oscillator funda-
to the extent that the recoil from a photon can knock an atonmental frequency. Also, measure temperatlirén energy
from one occupied state to another and is proportional to thenits (i.e., the trap level spacifgo that Boltzmann’s con-
product of the two occupation numbers. As will become apstantkg=1. | will use Cartesian coordinates throughout the
parent, alN—o only a vanishing fraction of the total num- analysis. So the single-particle stationary states are labeled
ber of particles actively participate in the Bose enhancemenby a triplet of integersn=(m,,m,,m,) and the energy of
As a consequence, the total luminosity from Bose-stimulateduch a state can be taken to bg=m,+m,+m,. (As is
scattering, integrated over angle, is significantly less thamvident from the form ok,,, m is not a vector with respect
that from diffraction. On the other hand, diffraction reflectsto spatial rotations.

the overall particle density and its angular distribution scales Divide the total number of particlesl as N=Ngy+ N,
inversely as the size of the system. In contrast, the BosawhereN, is the expected number of particles in the ground
enhanced scattering depends on the momentum of particlesate(also written agng)) andN, is the expected number in
in the occupied states. This momentum and, consequentlgxcited trap states, i.e., the remainder. Fbe, such a

the typical scattering angle grow with increasing temperasystem has a critical temperature given by
ture.

This paper is organized as follows. Section | contains the T=N"¢(3)71%, (1)
thermal preliminaries. Section Il contains the kinematics and _ . .
the reference Rayleigh scattering. Section IIl discusses difvhereZ(3)=1.202 is the Riemann zeta functifl. [In Eq.
fraction. Bose-stimulated scattering is evaluated in Sec. Iv{1), @nd throughoutT is measured in units of the trap level
first for transitions to and from the trap ground state and thei§P2cing; hence, to see a transition at fixed, finite, physical
for transitions between excited states; these are the onfgMmperature, one must increase the trap sizd-as<.) For
“new” formulas of this paper, but they make the most sense! = Ic. No is & macroscopic fraction d,
in the context of and in comparison with the other material. _ _ 3
The qualitative lessons are summarized in Sec. V. No=N(=(T/Tc)%). @)

The division of the scattering physics into various subpro-This can be deduced from the following evaluationNyf.

cesses and the nomenclature used for them have been choggRe begins by noting that the expected occupation of any
to emphasize what is different in this situation and to facili-gtatem is given by

tate the order of magnitude estimates of the various pieces

and their dependences dhandT. This gives rise to some 1

terminology that is at variance with what is often used in (Nm) = elem WIT_q

optics, but the motivation is to enlighten rather than confuse.

For example, “stimulated transition” refers traditionally to where u is the chemical potential. It follows that

the light from an atom in response to the presence of other

photons. In the present case, it is the motion of an atom in e HT—14 i

response to the presence of other atoms. Other variances N No

arise because | focus on the dramatic angular dependence of

the scattering rather than on the frequency spectra. Procesddence, for all excited states we can takgT=0 for
in which the scattered photon retains its energy are tradition <T.. Thus, forT<T,,

ally referred to as “elastic.” In the present context, | call

them diffractive because it is the physics of diffraction that = 3 m?dm 3
determines their angular dependence. “Inelastic” processes Ne= fo e_m/ﬁ:-r ¢(3), 3

are traditionally labeled variously depending on the source

and magnitude of the energy exchange. The closest analog {ghich, by consistency, implies E@2). The integral in Eq.
the present situation is often called Brillouin Scattering, Wlth(3) is obtained by approximating the sum over states
the Stokes and anti-Stokes processes referring to photon eghose degeneracy i §+1)(ey,+2)/2 for largeN by an

ergy loss and gain. In the present case, atom transitions btegral overe,,, (now calledm). One can also deduce that
tween two trap states make the same contribution to the phgmposingN,=N for T=T, implies

ton angular distribution irrespective of the direction of the
transition and the sign of the energy transfer. Hence they are MT=T, 182(3) (T—T.)

treated here together. However, it is very useful to make a SR T +O([(T-T)IT]? .
distinction between processes that involve atoms in the trap ¢

ground state from those that do not. This distinction is often  Thea rate for a boson transition from a particular initial
not very relevant in other optics situations.

state i to a particular final statef is proportional to
n;(n;+1), wheren; andn; are the actual occupation num-
bers. It is this product that then must be thermally averaged
if the system as a whole is characterized by an equilibrium
It is convenient to use the natural units of the three-temperature. Hence, in principle, one needs to know the two-

dimensional isotropic harmonic oscillator. In particular, takelevel correlationgn;n) as well as the occupation expecta-
tions N;=(n;). For the purposes of the present calculations,

it suffices to use the replacememt;n;)=N;N; because the
m=wy=%=1, corrections to this form lead to changes in any final result

I. THERMAL PRELIMINARIES
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that are down byD(1/N). (Here, “final result” refers to the the N atoms must be added coherently and then the sum is
result after the thermal average over all possible initial andsquared to get the rate. When the struck atom changes state,
final N-atom states is performedlhe reasons are discussed even if unobserved, the rates for all the different possible
at length elsewheré], but, briefly, the issues are as follows. processes are adddihcoherently. As mentioned above,
Fori=f+0, the fractional fluctuations in the occupation of these rates are proportional tg(n;+1). Then;1 piece is

any substantially occupied state are lafge., O(1)]. How-  what is traditionally identified as Rayleigh scattering. It is
ever, for fixedN, the differenti’s fluctuate almost indepen- independent of the occupation of the final state. Ty
dently. So, for example, the variance associated Witlvan-  piece is what | mean by Bose-stimulated scattering. It is an
ishes relative tdN, asN,— . Also, fori#f, the fixing of  analog for bosonic atoms of stimulated emission for photons.
N induces a correlation between occupations, but it is like- In all cases, the key transition matrix element that deter-
wise negligible asN—«. Finally, fori=f=0, fixing N en- mines the scattering connecting the trap statéo f is
sures that the fluctuations i, are microscopic, even for an (i|e'®"|f). This can be visualized in momentum space as the

ideal gas withT<T,. overlap of the initial momentum wave function shifted by the
momentum transfed with the final-state momentum wave
Il. GENERAL KINEMATICS function. However, many of the calculations are easiest to
AND RAYLEIGH SCATTERING evaluate in position space.

The problem at hand is separable, e.g., in Cartesian coor-

A photon of momenturk; is incident on a trap. The goal dinates. Hence the stationary-state wave functigtiy are
is to estimate the differential cross sectida/d() for scat-  products of three one-dimensional harmonic-oscillator wave
tering the photon to momentuky directed in the solid angle functions. Furthermore, the potential and the thermal distri-
Q) (and also the total cross sectiaf). In particular, | inte-  bution are isotropic. For convenience, we can choose one of
grate over the final photon frequentyr, equivalently, over our axes, e.gX, to point alongé and then
k:). In the natural units defined above, the unit of velocity is
of order the rms zero-point velocity of an atom in the trap (M| | m"y=(m "X m)) 8 S m - (5)
ground state. In these units, the speed of ligkt very large. 4 zz
If Ae is the change in the struck atom’s energy in a particu-
lar collision and, therefore, minus the change in the photon’s The one-dimensional wave functions of interest are the
energy, therk;=k: —Ae/c. Hence the scattering cross sec- ground state
tion do/d3k; is approximately proportional té(k;—k;). If
the final goal is angular dependence, integrated over final <x|0>=77*1’4e*’(2’2
photon energy, one can use the virtual equalitkcand k;
to simplify the kinematics.

Let the momentum transfer be defined @sk— k; . At and the WKB wave functions fom>1. For example, for

small angles, using;=k;, & is proportional to the scattering =0
angled, 12
5 (x|m>:<5> (2m—x?)~ V4
0= k—i, . _
sin f V2m—xdx+ —| for x<a
and y M 4
1 X
dQ =65 dé de/k?, 4 Eexr{—f \/x2—2mdx) for x>a,
a

where ¢ is the azimuthal angle. No information is lost by
making the trivial simplification of ignoring the effects of wherea=\2m is the classical turning point.
photon polarization on angular dependen@d.issue is po- Rayleigh scattering serves as a convenient reference com-
larization in the scattering plane at large angles; if this wereyarison for the other processes. The Rayleigh differential
of interest, it could easily be accounted for correg¢thiith  cross section is the total Rayleigh cross section for a single
this simplification, the photon angular dependence iade-  atom times the expression
pendent and totally determined by the magnitude of the mo-
mentum transfer to the atod Conversion to actual labora-
tory scattering angles involves knowing the incident photon > NPT f)P=N .
momentum or frequency. However, the discussion of atomic L
trap physics is simplest and clearest in termsSof

Born approximation scattering separates naturally intdHence Rayleigh scattering is independentToind & (i.e.,
three types of processes: diffraction, Bose-stimulated scattersotropig and proportional toN.
ing, and Rayleigh scattering. By “diffraction” | mean the For the sake of simplifying all formulas and facilitating
collisions in which the struck atom remains in its original the comparisons of the various processes, | suppress the fac-
trap state. Hence thd-atom final state is the same as thetor of the one-particle cross section and write all differential
N-atom initial state, irrespective of which atom is struck.and total cross sections in units of that fundamental area.
Therefore, the amplitudes for photon scattering off each oHence | write
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(-‘JO'Raerigh= N ﬂ — i Z_Ne
dQ ’ s* \8°T) ¢(3)°
ORayleigi=4TN. Also, if the characteristic linear size of the diffuse cloud of

atoms in excited trap states at temperafiis calledL, then
To reiterate, the displayed “cross sections” are not areas in.2~O(T). The corresponding, characteristic momentum
the natural trap units; rather, they all have a single commotransfer supported by diffraction from such a clouy,,
factor, the atomic physics one-particle cross section, supwould be O(1/L); so 5ET~O(1). Thus the two terms in
pressed. dogimraciion/ d) have a clear interpretation. The diffraction
cross section is nominall@(N?); however, theN3 part has
Ill. DIFFRACTION support only for6<0(1), i.e., the inverse of the spatial
. ) o extent of the ground state. The excited-state part has power
The diffractive cross section is given by falloff in & and is only O(Ng) or larger for
) 5<O(T Y ~0O(N~Y6), where the latter estimate applies
for T~O(T,). Of course, in the square of the amplitudes,
there is also a cross term between the two.
[For completeness, | note that fpr<O thez integral in
Theith term in the sum is jUSt the Fourier transform of the Eq (6) can be expressed as a sum of two “modified Bessel
position space density of thiéh one-particle state, weighted functions of the second kind” of ranks 0 and 1 and argument
by the occupation number. Hence Born approximation dif-5./=2 . However, the qualitative and asymptotic behavior
fraction has a very classical interpretation, independent ofs easijest to extract from the integral representation iself.
the particle statistics: it is always given by the square of the Tg integrate over angles, one must recall Ed) for
Fourier transform of the densityOf course, that density and g, The excited-state part of the diffractive cross section
its thermal behavior may themselves be very dependent ognpears to be singular @-0. However, that is a reflection
quantum statistics. o _ _ of the inappropriateness of representing the discrete states as
For largeN andT~O(T,), it is appropriate to single out 5 continuum when considering very small shifts in momen-
the ground state and treat the excited states semiclassicallyym . If one simply excludes the vanishingly small forward
In particular, the normalized position-space density for claszone agN— = in which the diffuse cloud diffraction contrib-
sical one-particle states of energyin a three-dimensional ytes, the remaining diffraction is dominantly off the conden-

do giffraction S QS
St _| 5 nyile i)

isotropic harmonic potential is sate:
(r)y= ! J2m—r2 2w,
Pm °m? O diffraction™ FNO . (8)
|

for r’<2m and 0 otherwise. In addition, the ground-state

Lo Alternatively, one can estimate where the discreteness of the
density is just

spectrum would cut off the integral. For excited states with
 apo2 energies of0(T), the difference in the rms momentum from
po(r)=m ¥, one level to the next iI©(T~ 9. Using that as an estimate
for the smallest meaningfub in integrating Eq.(7), one
learns that the integrated cross section due to excited states
alone isO(N>¥/k?), which does not compete with E() for
T<T.asN—o».

So the largeN diffractive cross section is

dO'diffraction: f &3 57| Nopo(r) The explicit appearance of the incident photon momen-
dQ oPo tum k; is inevitable herdand also belowwhen considering
total cross sections. While the Rayleigh differential cross
1 24 2 section is genuinely isotropic, diffraction and Bose-
= pmdam stimulated scattering are only significant at small angles.
+ fo mpm(r) Within those ranges they can be much larger than the Ray-
leigh rate, as indicated by the formulas. However, the extent
2w AT (edz oo 2 of those ranges is governed by t.he ratio of the acceptable
=|Noe "7+ — | —ze e (6)  struck-atom momentum transféwhich depends on trap ge-
0 ometry and temperatur¢o the incident photon momentum,
4T|2 which is typically much larger.
=‘Noe52’4+ = for u=0. (7)
IV. BOSE-STIMULATED SCATTERING

[The z integral in Eq.(6) is an approximation to an exact = The Bose-stimulated rate has two sources: scattering at-
infinite sum that arises in the evaluation of the precedingpms into and out of the condensate and scattering atoms
line; the integral representation is valid f6fT>1.] Note  between excited trap states. For each of these classes of pro-
that cesses, one first determines the square of the matrix element
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of €'%" between initial and final states. Again, it is conve- can integrate down té~O(1) for which these approxima-
nient to used to define one of the Cartesian coordinate di-tions are sufficient and estimate

rections, e.g.¢= dx. Then the relevant overlap is an integral A7N-T

over one-dimensional oscillator wave functions. Also, only ggg;e( 5=1)= 20 In(2T) .
states that share the sagandz quantum numbers contrib- i

ute, as indicated in Eq5). So the thermal sum over occu-

pations of possible states involves first a projection onto the B. Between excited states

contributing states and then a sum over the thus-projected

) ) - ) : The excited statesm and m’ must be related by
occupations weighted by the nontrivial one-dimensional ma-m:(m m,.m,) and m'=(m’.m,.m,) to get a nonzero
trix element squared. My, Tz My, M, 9

overlap withe'®". The relevant one-dimensional matrix ele-

ment is
A. In and out of the condensate

. .- G(m,m’,8)=|(m|e'"X|m")?.
With the choice x=4/5, only states labeled by ( J=Kmle™|m)]
m=(m,0,0) have nonzero matrix elements@f" with the  This is to be summed against the thermal occupations pro-
ground state. The one-dimensional overlap of relevance foected onto the one dimension:

transitions between the trap ground and excited states is

F(m,8)=[(0[e'*m)[? . P(m,m’,T,u)EmEm [(eMFmytmemmlT—1)
y iz
For largeN and T~O(T.), only m>1 is of interest.F is X(e(m’+my+mz—m/T_1)]—l

sharply peaked aroungk+2m, the maximum classical mo-

mentum of a one-dimensional harmonic oscillator of energy —TZP( m—u m' —M)
m. Its width in § is O(1), which is vanishingly small on the B T ' T )
scale of the typical value ofm. Hence it suffices to repre-
sentF as aé function whose normalization can be deducedwhere
by integratingF over 8. The result is . 7dz
P(a,b)Efo (ez+a_1)(ez+b_l)- (9)

52
F(m,é)zﬁ(m— ?) .
Thus, in terms of the functions so defined,
This behavior has a simple classical interpretation. To dg™m
bring an energetic particle in a three-dimensional harmonic =
potential to rest with a single impulse and have it remain at dQ
rest, the foIIowmg must be true: the energetic o_rblt must pass P(a,b) can be expressed in closed form in terms of ex-
through the origin, the impulse must be applied when theg

fdm dmG(m,m’,8)P(m,m’ T, u) .

article passes throuah the origin. and the impulse must b onentials, logarithms, and dilogarithms. Again, though, its
grecisel)[/)that requireg to bring%he: particle to rF()-:'St ualitative and limiting behavior is easiest to see from the
The Bose-stimulated differential cross section is obtaineéjeflnlng integral, Eq(9). P(a,b) is symmetric ina andb

by summing ovemn the equal contributions of transitions and itisO(1) when botha andb are themselve®(1). If
Oy—>m o n?_>0_ q b<a<1, it is O(In(1/a)). In addition, it isO(exp(a—b))

when a,b>1. [Recall, also, thaju/T is 0 for T<T. and
do0m - dm O((T—Ty)IT,) for T=T,.] _ _
Bose_, Of ——F(m,) G(m,m’,8) can be evaluated by stationary phase using
oe™ -1 ' the WKB wave functions. For eaain, m’, and § (all three

positive, there is a single position-space point of stationary

2
2Noe’2§T for 62=2T phase in the overlap integral, corresponding to the unique
_ 2No - classical position where an impulse of magnitudecan
edl(2T) 9 I 2 change a particle of energyn to one of energym’.
4Ny for 6°<2T. X L . "
o G(m,m’,d) is symmetric inm,m’. The following simple

form is form=m’:

For 6~0(1) this is O(NoNY3), while the diffractive cross
section isO(N3); however, the latter then falls off exponen-
tially with &2, while the 0—m stimulated rate falls only as 1 52\ 2112
1/6%. Note also that this stimulated rate is much larger than Z—[Zm’b‘z—(m—m’— ?) }
the Rayleigh rate as long as<O(T¥?). When §°>T, the m
0+ m stimulated rate falls off exponentially with?/2T be-
cause of the falloff in thermal occupation of appropriately
high momentum states.

This analysis is again inadequate for very sn#&llvhere  Unlike F(m,8), the support ofG(m,m’,s) for mm’'>1
the discreteness of the spectrum is relevant. However, wextends over a non-negligible regiondrrelative to the typi-

G(m,m’,d)

52 2
0 for 2m’62<<m—m’—?)



55 BOSE-STIMULATED SCATTERING OFF A COLD ATOM TRAP 1145

grable square-root singularity on its boundary in then’ 03521;~ 2

plane. That singularity occurs when the point of stationary !
hase is the origin in position space. The stationary-phase, . , . .

gvaluation takesgaccouﬁt not onIS of how likely it is t)c/) ﬁ‘)ind which is dpwn by a factor of Iff) relative toagbn;e 'at Ieagt

the particle at the point of stationary phase, but also how'nen No is comparable toNe, because thze dlffgrentlal

rapidly the phase begins to change as one goes away frofi— M’ Cross section does not grow |iKe/6” as 6° de-

that point. It is this latter aspect that is optimized by applyingcréases below.

the impulse when the particle is at the origin, and that is

where the maxima oG (m,m’, §) occur. V. SUMMARY AND CONCLUSIONS

Combining these factors, one finds, e.g., Tee T,

cal thermal values ofmn andm’. G(m,m’,8) has an inte- (N‘e}B)
O 1

| have chosen units and notation to emphasize the angle,
mm’ temperature, and number dependence of light scattering off
dogise :sz de”“ dm'G(m,m’, 8) an optically thin cold atom trap. The angle is best repre-
dQ 5218 (V- 6142)2 T sented in a general discussion by the momentum tragster
have focused on temperaturEsiear the Bose-Einstein con-
densation temperatuf®, . In addition, | have used semiclas-
T3 (o M o sical analytic techniques to evaluate the leading Iadgar-
= —f dxf _dyf zd4(e*™*—1)71 ticle numbey behavior of each type of contributing process.
Tlal4 Jxta-2ax - Jo Rayleigh scattering or ordinary fluorescence corresponds
ZHy _ayv—liy_y_ -1/2 to the n;1 term in the factom;(n;+1) that characterizes
x(e Dly=x a+2\/5<) boson transition rates. Hence the sum over all possible initial
X(x+a+ 2\/5_3/)—1/2}, (10) and final atom trap states gives a factoiNofor the Rayleigh
rate. Because all final states are weighted equally, there is no
where dependence o#.
Diffraction reflects the particle density. The characteristic
52 6 of each subprocess is the inverse of the density’s charac-
=57 teristic length scale. In a harmonic potential, using natural
units, the ground state has si@¥1). Thermally occupied
- o, U states have siz®(T~?). Hence the most prominefiargest
Hencedoggs/dQ) is T° (remember tha=Ng") times a  anglg feature of diffraction occurs foF<T, due to scatter-
function f of the ratioa defined above. Whea~O(1),  ing off the condensate. The condensate diffraction rate is
f(a) is O(1). Whena>1, f(a) is O(exp(-a/4)). In addi-  proportional toN? for the regions<1 (in the natural oscil-
tion, whena<1, f(a) is still O(1). To ascertain this last |5t0r ynits used throughoutFor largers, this term drops off
feature, note that the range of integratgdvanishes as yith an exp(-6%2) because there just is no more probability
a—0;y can be estimated asin the z integral, yielding a g find condensate particles at larger momenta. The relevant
In(1/x) integrable singularity upon integrating while the n; is indeedn; — 1. One must also, in principle, add all pos-
singularities in they integral itself are also integrable, yield- gjple struck atoms coherently. However, the diffraction from
ing approximatelyr/2. Hence the apparent divergence of thethe (diffuse, thermal cloud corresponding to excited trap
z integral (as x,y—0) is not realized, even foa—0. A states has support only fé-—0 asN— . Because diffrac-
summary of these estimates can be represented as tion is limited in 8, in contrast to theS-independent Rayleigh
scattering, the diffraction contribution to the total cross sec-

XP(m,m’,T,0)

a

UE‘JS"é 2 tion has a factor of §/k;)?, whereé is the mean momentum
"‘O(N e 5 /8T) i ) >
do e transfer for the process arlq is the initial photon momen-
tum.
for all . “Bose-stimulated scattering” is used here to refer to the

This is the crudest of the explicit determinations of theNiNt term, where coherence among tiiebosons in the final
coherent processdsimply because Eq(10) is the furthest ~State leads to an enhgncement of the rate rela'_uve to the to-
from a closed form in terms of elementary functibridow- tally incoherent Rayleigh rate. This is a dramatic feature of
ever, it is also the only coherent process whose differentig#@ses of Bose-condensed atoms Tet T, when several of
rate never exceeds the Rayleigh rate by a divergent factor 48€ lowest-lying states have large occupation numbers. The
N—c. So there is no range of angle or temperature fO,charactenst@ is of order .the typical thermal particle mo-
which it is the overwhelmingly dominant process. A numeri-mentum. This momentum 8(T*?). However, the sum over
cal determination off(a) is certainly feasible, but the de- | andf doesnotgive cross sections proportional kN, or
tailed result would shed no light on the present, general disNe, WhereNe=N—Np, even when integrated over all pos-
cussion. It would be needed, though, in the context of ible 8. Instead, it was shown explicitly that on@(NZ?) of
particular trap potential for a particular experiment if onethe N, particles in excited states have an overlap with the
wanted to account for all the light at each angle to better thaground state after absorption of the photon recoil momen-
a factor of 2 or 3. tum. The reason that thg (or n;) factor does not lead to an

From the estimated behaviors given above, one can estiN in the final result is that the typical excited-state particle
mate them,m’ contribution to the cross section: has an orbit or wave function that is inherently three dimen-
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sional. The 1/3 power comes just from the reduction from tharansferé to effect a transition between occupied trap states.
three-dimensional ensemble to the one dimension of contribfhe details of the transition matrix elements will depend on
uting, active participants. Transferring a particle from onethe explicit trapping potential. Whatever the potential, the
typical occupied excited state to another with a single im4niegration over allé is two rather than three dimensional

pulse from the photon proves to be, if anything, a bit harderpecayse of the constraint of overall energy conservation.
Again, only O(N.") of the N, possible final particles con-  Thjs implies that even integrating over all kinematically ac-

tribute. cessibled cannot produce a Bose stimulation factor that is a

The scattering rate from the<@m processes grows like i .:c ; o : -
. . . significant fraction oN. Instead, it is generically a fractional
T/ 6% for angles corresponding t6°<2T, and thisT/ & is rpgwer g y

the enhancement factor over the Rayleigh differential rate i If one observes the photon energies with high resolution

tr:\ei(frc:rriz\?vzn\?vlirt]r?Nans?rﬂerrf?\:?’2. -.::EZ ?:?:I?(r)nst'rzaitogoth'%instead of integrating over them as done in the calculations
gion g ' e presented hejethere will be a strong angular dependence to

diffraction from the condensate, which is limited to the line shape. In particular, the different processes discussed

6~0(1). Them«—m’ rate, though monotonically increasing .
with decreasing, is never substantially bigger than the Ray- here produce dlffgrent _photon spectra. At the smallest angle_s,
the dominant diffraction leaves the photon energy un

leigh rate. Also, both Bose-stimulated processes fall off ex . .
ponentially with? for 62> 2T again because of the absence ¢hanged. The Bose-enhanced scattering, dominant at some-

of particles with higher momenta. what larger angles, occurs with photon energy shifts of
The heart of the calculation of the Bose-stimulated pro-O(T). while Rayleigh scattering has a characteristic, larger
cesses is the estimate of the efficacy of a photon momentuift due to atom recoil.
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