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Relativistic Quantum Mechanics and Field Theory ------ ---- ----- -- - ---
Lecture notes from Ph. 234 taught by Dr. Murray Gell-Ma.nn; vritten by ... 
William G. 'Hagner. 

September 30, 1958 

We shall first reviev rapidly the topics ve covered in the Spring term 

last year. 

No. 1. Relativistic Quantum Mechanics of a Spinless Particle 

• • 0 + · - 0 0 Many examples of such a part~cle eXlst in nature: n , n , n , K
1

, K2, 

K+, and K-. We proceeded by generalizing the Schroedinger equation to take 

into account the relativistic kinematics of a particle. Tvo modifications 

vere made immediately: the energy zero point for a free particle is changed, 

and there is a nev normalization. Our relativist~c vave function will be 

~(x,t). If ve set 

X = {'2m eimtcp 

then in the non-relativistic limit X reduces to the ordln.J.ry ~r of NR quantum 

mechanics. (Please note that ~e have adopted units such that ~ = c = 1.) 

To obtain the relativistic equation for ~' we follov the familiar 

prescription: 

- -p - .?> -i 9 = p 
~ . 2 2 

vhere E denotes E operator. Remembering E = Vp + m we write: 
1\ 

I 2 2 
i~ = V m - 9 ~ 

This type of operator is to be interpreted in momentum space (by Fourier 

transforms): <Jl(~,'f) = ff(i<.,t) €~!S·~ J3~ 

f '15 .( J i.f<t'X ~m'l- V1. fci<J ~ . ir< - fCK) Vm'2.+K1. e - - elK 

- (-rrl'-- v~ J f<i<: I (ml.+ K 1.jr ~ t ~ ·~ d3K 

where the latter form is employed in case the first does not converge. 
I 

This vave eque.tion is the square root of the Lcitentz invariant Klein

Gordon eqt:.a.tion 0 2 
- m2)~ = 0. As is expected, ve chcose cp to be a 
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world scalar. vle take the positive square root in the wave equation, 

which corresponds to choosing only positive frequencies. This procedure 

is relativistically invariant since if i p is the fourth componen-t of a 
-2 0 

four-vector (p, i p ) ~or which p - p 2 < O, the sign of p is invariant 
0 0 0 

under the restricted group of Lorentz transforms. 

Normalization : Non-relativistically we can require 

since 

a i at ( w **) - 2m v ['if* w - 11r 11r *) = o 

Correspond~.ngly we note that the four-divergence of 

<P = -i(tl)*cp - cp* cp) 
v ,v_ of'v . 

also vanishes. (Note that r,v =ox where x1, x2, x3, x4 are x, y, z, ~t). 

That is:~ = 0. (Summation convention is use~ where it is appropriate). v,v . 
This equation tells us that the integralJ'~4 d3x is a world scalar and 

that it is a constant in time. Thus we can define the normalization to be: 

since the root operator is hermitian 

(NR) 

This integral is positive definite as can be seen easily by examining it in 

momentum space. But its integrand is not~ Hence we cannot call the integrand 

a probability density. If the particle is charged, jv = e ~v can be taken 

as a current density fcur-vector. last term '.Te constructed a positive 

definite quantity which we could interpret as a spatial probability density, 

namely 

Ho\-rever the significant thing about particles is 11 how they interact 11
• No 

particle appears to interact through a coupling involving this 11 posit.ion 

density11
, so it is not a fruitful concept. 

Particles interact through their current densities and their 

stress-momentum-energy (SME) tensor among others. The non-symmetrized 

tensor T u v = ~ v. v ( rn ~ q>* q:> -t cp)~ ~ r) - 2 q;: ~ v can be symmetrized to 
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c ( 2 * *) {*- * ) Th . i i form a = 0 m <p <p + <p <p - <p <p + ~ <p • e symmetr~zat 0::1 s uv uv ,r ,r ,u ,v 1,v ,u 
done so that angular momentum will be conserved. The 4-4 component of this 

tensor is the Hamiltonian density: 

cv e «n 7. CD* (f) + "' ([) *. v ({)' + 
l'f:J = 44 ::= I I I 

. 
Thus, using the equation for <p and integrating Qy parts, the total energy is 

E= Jeq~d1x = z. fcp*(,.,.., .. -vt)cp d
3
t: 

An alternative way of obtaining this is just to insert the energy operator into 

the normalization integral. 

f'K = J·l eK4 d3;( 

Hence, we see also that the momentum must be: 

f '* t -a tl'> 3 == '2. cp v('t(l·- "'1. r ();lK 't d x. 

It is this tensor which interacts with the gravitational field; the coupling 

term in the Lagrangian being auv huv where huv is the gravitational field tensor. 

Plane \>laves: Let v- be the volume of the box representi.ng all space. Then 

a normalized wave function will look like 

-1/2 i(k·~ - ~t) 
\ = (~V) e -- • 

No . 2: Field Theo~ 

vle now have to consider the possibility of creating and destroying particles. 

Thus we have to be able to superimpose states with diff~rent numbers of particles. 

vle will consider the case of a particle which is its own antiparticle, 

(e.g. n°). A complete set of states for any number of such particles is: 

the vacuum ~0 
(1) 1/2 i(k·x-Ekt) 

one particle state_s <ilk, = (~ V)- e - - -

states <n.(2) . = _L t<n.(l) (X) <n.(l) (Y) + <n.(l) (Y)<n.(l) (X)} 
'.K k' .fYr '.k: - '.K' ' - '.K - ' Jc' -_,_ ~~ - - - -two particle 

etc. 

Each wave function is totally symmetric in accordance with the postulate that all 

particles with integral spins obey Bose-Einstein statistics. (The 11proof11 of 

this is that nature has never violated this assignment and no one has yet been 

able to construct a consistent theory violating this assignment). 

A general state may be represented by an array (following Fock) such as . 
cpo ( t) 

I 
<p('f,-tJ 

cpt(~)'t,-f') 
• 
• 

where all entries are totally symmetric in the 

spatial variables. Alternatively we may simply 

list the expansion coefficients of the given state 

in terms of normalized n-particle states. The 

normalization condition is then~ !coeffic~~ntsl 2 = 
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That is, we first list all the one-particle states (called levels) in our box: 

k1, k2, k3, •••. Then lt<N1,N2,~3, ••• ~ is a normalized state with N1 
particles in level k1, N2 particles in level k2, etc. The wave function associat

ed with a state \ 'l!f(l,O,l,O, ••• )) is for example: 

~ ( <p, c~> cp~ cr l + <p, (~) q:>3(~)) 
A general state is a linear combination of our basis states: 

1 v) = g0 \~(o,o,o, ••• )) + gllt<l,o,o, •• ->> + g2\w(o,l,o, ••• )) + ••• + 

gh11lf(2,o,o, ···t> + g~ \~(l,l,o,o, ••• )) + •••.• 

This may be represented by an array: 

The normalization is then just: 

1 ~0 1
2 

+ B t ca' c ~~d.,_ + 'S t 11. ( ~·, ~~·) \2. -r - .. • = 1 

K -..< !S" 
\ole cill N. the occupation number of the i-th level. 

~ 

jo 

~· ( ~) 
'tf~>~'') 

0 

Let us now introduce creation and destruction operators for each level: 

a+ and a , a+ is the hermitian conjugate of a • Example: a
3
+ operates only on 

n n n t ) n 
the third level: a. 3 I ~ ( N, , 1\1.._ J N.., J ' • • ) ::= \/ N 3 + 1 I ~ ( N, J /\( 1 J /II 1 +I J • • • ) ) 

also 

= 0 if N3 = 0 (This zero is not the 

vacuum state). 

The operator a+ a has as its eigenvalues the occupation numbers N of the n-th 
n n n 

level. By extension of the simple harmonic oscillator treatment, we obtain 

the following operators: 

and 

H = ~ free n 
+ E a a n n n 

p = 

N = 

+ 
~ k a a 
n -n n n 

+ 
~ a a 
n n n 

(total energy) 

(momentum) 

(total number of particles). 

He find that within this framework we may construct quantities which behave 

like classical fields in the classical limit. For example, if we define: 

+<~,t) = ~nan ~n(~,t) + a: ~:(~,t), and 

n(~,t) = f<~,t) = ~n -iEn an ~n(~,t) + hermitian conjugate. 

He will see that they behave like fields. 

solve for each a and a+ in terms of them. 
n n 

the Hamil tonia:1 in terms of 

For these operators are sufficient to 

If one does this, we may then write 
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+ + a a + a a 

H = ~ E n n n P - ~ E 12 
free n n 2 n ~ 

= ~J { (v+)2 
+ m2~2 + n2} d~3, - (infinite constant). 

This is exactly the Hamiltonian for a classical field +, with a Lagrangian 

density: ;;t.:: ~ ( ~) y- ~' r +trill. ? J ' whence It ::: a~ = f is the field 
momentum conjugate to T· 0 9 

So let us compute the commutation ~n, ~} by making use of the known 

commutation rules of a and a+. l-Ie get as expected, n n 

1 11(x -t) 6(;(' -tJ] =-- i ~ ('){.- ~') L 1 
-) j I ) 

Furthermore, we see that the field operators f and n have matrix elements 

only between states whose number of particles differ by 1. Thus it is the 

existence of states with different numbers of particles, but the same energy, 

which give rise to a non-zero expectation value for the fields, and hence, more 

broadly to the existence of classical fields in nature. States which behave 

like classical fields cannot be eigenstates of the operator N. This is analogous 

to the situation in the case of the N. R. harmonic oscillator potential, where 

states may be formed which behave like packets oscillating as a classical 

particle, but these states are not eigenvalues of the total energy. 

The equations of motion of the field operators may be obtained by taking 

the commutator of the operator with the Hamiltonian. (l-Ie already know the 
o ' I ~ ~ res~t from our definition of n = f' and the fact that 0 ? = flNl 1 ; 

namely, 1j-= ~ • , ~nd -fl-= ~· ~ (\ll.- ~2)? ·) 
Now if A is any operator, its equation of motion is A= -i [A, H]. 
Therefore: :t. 3 J 

<f == -i [ <}(!.,+J , ; j { ( v c?tL-tJf· + Tt2.(1,-t-J + ~l. <? (t -t)] d 1 
= li (~)-(-) 

and similarly 

Historically the field operators were not obtained in this way; rather, a 

classical field Lagrangian was written down, and then quantized. 

Problems. 1. Calculate [~(;,t), ~(~',t')] (e.g. as a Fourier transform). 

Find explicitly the case of m = 0. Also compute the vacuum 

expectation values of the anti-commutator, and the time-ordered 

product (earliest time on right, latest on the left): 

(vac l [~\>(;, t), <t><~', t • )]+ I vac) 
<:mel P(4>(J!,t), ~(~',t')) \ vac) 
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E1.:9-lli~· vlhat is the un-normalized amplitude in the vacuum 

state that Hx,t) = f(x), this being an e..rbitrary function? 

oct .. 2 
lle want to investigate the interaction of nucleons and pions, where we 

will assume the elementary interaction is the Yukawa process N ~ N + u. 

vle have already a theory for n°, a particle which is its own antiparticle, 

providing we simply set m = ~ = mass of n° in the foregoing. Now we must 

generalize our field formalism to consider charp;'3d ~.icles u + and u-. ~le 
will first do this in the manner we constructed the u0 field, and then I want 

to go back and re-derive everything from the lagrangian field formalism. 

Recalling our list k1,k2, ••• of the possible momenta, in this case we wa~t 

t~ include states which have occupation numbers for either negative or positive 

particles. He may write the basis states of the charged pion field as: 

I' (N~, N;, .... ; N~, N;, ••• }> ; 
+ and - particles are distinct, so their individual ~~ve functions are in~epende~t. 

vJe need not symmetrize between the positives and negatives. 
- + our creation and destruction operators for r: : h and A\; vie will introduce 

+ + 
arxl for u : ~and Xk" In terms of these the free Hamiltonian for charged 

particles becomes: 

Next we define our charged operators: 

!c = \ (~ ~ + ~ ~) creates positive charge, while its 

He~utian conjugate~ 

~;(x,t) 
" defines uc = ~·~ and 

" "c 
commutation rules: 

If one now ( + ~ 
=+~ ~~k + Xk~) creates negative charge. 

~c = ~c' then an easy calculation gives the fundamental 

~c (x, t), !c (y, t)] = -i b(x-y), and the hermitian conjugate: 

~;(x,t), t;(y,t)} = -i b (x-y). Thus we get the commutation rules for 

conjugate field variables. Also, in terms of our field operators, we can get an 

expression for the Hamiltonian: 

Hf = cons t. . + ( ( n + TT + V ~ + • \7 ~ + 
ne ; ~c~ ~ Ac 

2 ~+ ~ ) d2x. 
~ "c 1\c -

Using this Hamiltonian and thP- commutation rules~ one can go back and construct 

the equations of motion for the operators. These turn out just as expected, 

yielding the Klein-Gordon eque.t. :!.on ~ 
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We could use an identical formalism for neutral spinless part icles which 

are c1"!.stinct from their anti-particles. An example is afforded by K
0 

and K
0

• 

An alternative approach to this theory, and the historical approach is to 

quantize ~ classical field generated Ez ~ Lagrangian density. In the quantiza

tion, if the particle to be represented is its own antiparticle, the field 

operator will be Hermitian, and we speak of a real field . If) on the other hP..:.1d, 

the particle has a distinct antiparticle, the hermitian conjugate of the f ield 

oper~tor will be a different operator, and we talk of a complex field. 

Real Field: Such a field is generated by the Lagrangian density: 

cL = -~ ( ~' r t' r +~ ,_ ~ 'l ) 
From this, we immediately get the conjugate momentum 11 ~ ~ 
which we construct the Hamiltonian density: 

% = ¥11-1 == ~ v1. f·+ (v~r- + ~'-) 

I• 
= <P 

I , with 

vT3 now quantize by replacing the classical Poisson bracket rela.tio;.1s by connnat.ato~ 

relations; t hat is 

r~ (x) ~ ( 't ) J =- - i ~ (x - y) 
- ) J\ 

The resulting equations of motion clearly follow: 
£ c~e> -=- - ;_ r 4> tx) ') H } --n c x.) )._ l .,._ A -"' 

&nd -fi'cx.) =- - ;_ [ 11 w "~ H J = (\71..-~ 2.) + = f·cl( >f.) 
A " · " ,. "" 

Thus we see that 

our field operators obey the Klein-Gordon equation . 

The next thing we d.o is to find a representation '::f ~(x,t). He hav~ twv 
" conditions which determi ne it: namely the fact that it is Hermitian, and its 

commutation rule with n(x) = <!>·(x). If we Fourier analy3e ~(x,t), ve wri+,e: 
,, I\ • " 

J.. ('X t) _ \' I ( Q. t ( I~·X - f Kt) QT -..t(K·X-EI<t)) 
~' -u "e- + Ke 
A 1<. v 2 E K -v- 1\ " 

vfuen we substitute the fourier sum into t he momentum commutation, we find, to no 

one's surprise, that these conditions are fulfilled if: 

- + 
\o-, 0... ·] ( 
L..'' ~ ' "~ = () ~ ~' 

anJ 

If we now substitute our expansion for ~ (x, t. ) into the Hamilt onian, and 
1\ 

adjust the energy zero point, we find that 
H =I; E~ ,, 

+ 
<}I( ~K 

1<. 
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Comp:'.e:r- Field. \•le do this one almost the eame way. 

qf a.; inC:ependent variables and write down a lagrangiar : 

c ;;!_- ~* ~ "Lb*~ 
- - 'fc..~t- ,,/ .. - r 1 c r(.. 

7hen: bl and ~* bL 
II~ = ~f: -

Thus~ 

8 

He treat cP and c 

To quantize we introduce the canonical variable coremutators: 

[ 1 r-+ + -J ( 
r. ,.{x), ~ (y) = l n (x), ~ (y) = -i b (x-y); etc. Then we seek a repre-
"~ "c ~ c ~c 

se~tation of these operators; one such representation being that fotmd prP.-

v:tously. He could then compute the equations of motion for t~e operators 1)y 

taking the commutator with the Hamiltonian. In this marmer we are led age.~.n to 
+ + 

operators ~' ~' ~' ~' which have the properties of creation and destru~tio~ 

operators of independent harmonic oscillators. As an exercise it nay bb ~erified 

There is another way of locking at the co~plex field which is of some 

utillty. Suppose we resolve cP into its Hermitlan and anti-Hel·mitian par;;~~ c 

!c = (~X + i Ty)/ v~ 
n = < n - 1 n ) I \12 "c ;.X 11Y 

7hen our commutation rules reduce to: 

-l nx' ~ ] = L-1T , ~ J = -i b (x-y), with all othe-.:- basic commutators be in~ 
" "y A X ,..y 

zero . 4> and ~ are rw1v Herm~ tian o·pera to~s~ and t h:y represent re<=J.l field s . 
"x "y 

In terms of these we can write the Hamiltonian, which is: 

1;:! ~ cons+ -t}: j( ~~ + (ll~,)' + !' ~~~ )d 't+ l:} C!:i; + (Y!v) + /"'-t~) d3;< 

Thus the complex field looks simply lLl{e a convenient v.s.y of -..,rid tin~ the 

C':l!llbine.tio::t of two independent real fields. In fact thi s if: true, t•ntil w.~ p:.: ·::; 

in iateractions. 

t-fi-'jh the apparatus available at this point, I can only describe crudely 

how the nature of the inte:-actions determine which of t!1ese t-vro methods o.f 

description is rel).lly appropr.L:J.te. Suppose we 3 ":'0 ~ 9aJlng w:: ·::.h a cP..i:!'ge~ 
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+ pa.rtie!le pai r 1~-::e rr an:l n • Then in the important in-teractions, '9~g. 

' - - + N ~ P + n , we must create e. n or destroy a n • So in the interactions, 

the operators which enter are ~+ o~ ~ • So it is clearly the complex field 
"c "c 

1mich is relevant to a description of phenomena involving such interactions. 

In contrast, we might have the case of two real fields, the particles of 

each being their antiparticles, which happened to have the same masses. In this 

case the pattern of interactions is quite different. vie have no existing 

example of this, but we do have one that exhibits both sets of properties. This 

is the case of K and K . In their production, for example when n ---jA , 
0 0 

on 
-o 

account of the conservation of strangeness, a K0 must be created or a K des-Groy:;..i . 
-o 

Ljkewise when a 1\ ---i n, a K must be created or a 0 K destroyed. Hence in 

these strong interactions where strangeness is conserved, the interactions 

involve the complex field. 
0 However, when the K decays, it does so b-,r means of the weak interaci:ions 

which do not conserve strangeness. (Such a situation cannot occur in the ~ase 

of charged particles, whe!'e che.!'ge is conserv·ed ezactJ.y.) For these weak lnter

act ions it is most convenient to work in terms of t\.ro real fields. For in the 

decay, the particle described by the $ field, K~, goes into two pion~, while 
0 ;.:x 

that described by the ~ field, K2, goes into three pions with a different 
"y 

lifetime.* 

~Te see that in the case of the K0 particles, there are two types of intGr

actions: one which respects the rule separating K0 and K0
; and another which dce1 

not. In the case of charged pairs however, all the interactions respect the 
..L 

conservation of charge. Now, having just observed that for the rr- ~nd n', th~ 

r €al field~ are not meaningful, we shall proceed to discuss t hem anTway. 

For all three pions, n°, n-, n+, we have the Hamiltonian, where we call 

the 

H 

Now at this point one should object that we have ~Titten the same mass 

for all the pions, whereas in fact M(n°) / M(n+) = M(n-). It is believed by 

many today tnat this mass difference is purely electro~~gnetic in crigin. So 

in th9 discussion of t he nt-:.clear interactions, we shall ta.ke all tnree masses 

to be equal. 

If we now describe the complex field in terms of $ and ~ , we can 
"X IIY 

*See Gell,Mann and Rose"!J'eld, Annual Review of 1·\::::e13.r 3cienc:3, Vol. 7 - p. 4.'20, 
1957. 
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shorten the notation and write the three fields as a vector field. \ole notice 

that the Hamiltonian: 

H = _!_ !( i .:rt t v ~: v ~ + /'1. ~ · ~ ) d3
x. 

" 2. ,, f\. 1\ " " ,... 

is rotationally invariant in the abstract 3-space. This space is called the 

isotopic spin space. The introduction of this space is useful if the rotational 

symmetry of the Hamiltonian persists when the interactions are considered. This 

symmetry is the symmetry associated with charge independence, which apparently 

is valid for nucleons. 

Let us now discuss the rotation operators in this isotopic spin space. 

r.et I be the generator of an 
1\Z 

infinitesimal rotation. Then we have 

..:..1-z.£. + -i.l ( 
1\. e "7.-e x 

" or, 

~ 

vie see that I generates the rotation. 

lz. = f ( cV't lly - Tt)' crv) d>X 
"" ",.. 

We can rewrite I now in terms of our creation and destruction operators. If 
"z 

this is done the result becomes simply 

+1 for each rr+ particle 
0 0 for each rr particle 

-1 for each rr- particle. 
+ For example, the average value of I in a state gives the average number of rr ,..z 

minus the average number of rr- in the field state. In the case of the pion 

triplet, the isotopic spin component I is identical with the operator for total 
/\Z 

charge. This identity is not always true however. The reason is that the pion 

triplet is symmetrically distributed above zero charge. For nucleons this ls 

not true. 

No. 3: Nucleon-Pion Interactions 

We now shall begin an approxilnate disc'lssion of the interactions of pions 

with n11cleons. To do this we shall suppose the nucleon to be moving slowly so 

the Dirac treatment can fte neglected, and we shall ignore complications induced 

by a nucleon structure due to mesonic interactions other than those of the meson 

we are looking at. By this approximate theory we may treat rr-nucleon scattering 

and rr photoproduction at low energies fairly we!l. We can also get a plausible 
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nuclear for0e between two nueleons at rest. But in doing so, we must "cheat'' 

a. litt le bit, because it is wrong to suppose the nucleons to be at :-est. 1·le 

I:lUSt introduce "non-local" interactions - the interaction term must be spr.ead 

out around the nucleon by at least its Compton wave length. This spreading is 

a smearing of the nucleonic core; the cloud of virtual mesons surrounding the 

core yields an additional smearing of the nucleon. This is "cheating" because 

all relativistic theories use only local interactions. The non-local nature 

results from a high-momentum cutoff in the interaction. 

This core itself we will assume distributed about the "position" x by a n 
source function 

p(x - x ) = (2n)-J 
n 

where v --7 1 for small \ kl and 

f v(k) eik(x-xn) dJk, 

v -~ 0 for large lkl. vle have a great variety 

of things to try as couplings between the n-nucleon fields. However fortunately, 

the choice is narrowed by experiment. The fact that pions are emitted in P

states requires that the pion be a pseudo-scalar particle. He will suppose, 

following Yukawa, that n's are emitted in elementary nuclear acts singly. This 

bas not been completely confirmed by experiment however, This implies tha~ the 

coupling term in the Hamiltonian will b~ linear in ~- The coupling will be 
1\ 

proportional to t evaluated in the region of the nucleon positio~s xn. We nave 

to arrange it so that charge is conserved, also it has to be right "··ith reflpect 

t ·1 spsce synn:netry and symmetry in isotopic spin space. If we let the spin 
th (n) (''1) 

operators and isotopic spin operators of the n- nucleon core be a; and Lz 
then the expression looks like: 

~ fo ~' ~' ( c<J-· (X)/( ~( .... 1 
I. - \ 1 . J\4. .)(-)( ) L 
L-1 .!"' 0 L-.J ) "' l.. 
h t-:: I j-::t Q l(_; 

o~t. 7 Nature of the Interaction Hamiltonian 

In the last lecture we set up the Hamiltonian for mesons without inter-

act;_ons: 3 ( ( , 1.. 3 
~~fr~~ = 'f, I) ~~ + l~!J + /~ ~~

2

) d X 
T (CVI S t . 

-" 

Yle then said that the interaction Hamiltonian would be linear in 4>(;.::) E'.nd 
" p(\~1), the form factor for the nucleon. We decided that Hcoupling would be 

of the form 

LJ"~- (lxl) J '":\ 4:>· (x) 

ox· f 
j 

} c-. d· d x.. 
( ) 
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for a single nucleon at the origin of coordinates. The Fourier transform of the 

nuclear cou?ling density p(}~\) has a cut-off for high momentum values; we shall 

take the cut -off to be of the order of the mass of the nucleon, that is roughly 

6.75 ~· 
To determine the exact form of the interaction Hamiltor..i.an we have to 

study its dependence upon the charge. \ole should like it to be invariant under 

rotations in isotopic spin space. We discussed the ro~ation operators in I-spin 

space for pions; they turned out to be represented by r ~ = J ~ )( -: d3:i 
1\ " " 

put these into a form involving only the destruction and creation 

operators. When we do this In turns out to be represented simply ~ 
+ + ) "z n 

We can also 

~ (~ ~ - ~ ~ • \-Ia see now that }z simply measures the total charge of each 

state. For a single pion there are three charge states; thus we want to repre

sent the pion by a triplet in !-spin space. In order to have rotational invari

ance in !-space we have to apply this concept also to all other fields and 

particles to which we couple the pion field. It is clear that for the nucleon 

we want a doublet to represent its charge states p or n, so we take !N = 112. 

For the proton we define r: = 1/2; for the neutron, ~ = - 1/2, and we see 

that the charge in units of e is given by the operator ~ + 1/2. An irreducibJe 
1\Z 

representation of degree 2 of the isotopic spin matrices is given, as we know, 

by the Pauli matrices, which, in this case, we designate by (ex., C'y J Yz. ) • 

It i~ evident that cz operating on a nucleon state does not change its charge, 

whereas both 'C- and ?::; interchang9 the proton and neutron states of the nucleon. 
X y 

Frequently it is converdent to employ 
-r- _ '2-.:c +- l c-..., _ (0 l) and 
L-'- - ' - 6 0 . 2.. 

(: = 
_; cy _ (o 6) 

- I 0 z. 
as raising and lowering opera tors respectively for the nucleon char1~e . Beside~ 

the t.wo charge states of the nucleon, it should be kep·t in mind that "'e ha,,e two 

spin states of the nucleon. For this degree of freedom we have an~ther set of _,. 
operators, the spin operators ~/2. Our complete set of stetes for a system 

conr-isting of a stationary nucleon and a meson field can be represented as t~: 

direct product of a complete set of states for t~e stationary nucleon: 

\ J.-... P1'") .. 1\JJPJ..>J lll,ltl.~~o.> 
.; T r I ) and 

} 
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and our complete set of states fo~ the meson field; as follows: 

II..] j( N) ( .S J ( ~- + o o - - )~ 
I tt, 1Nl.

1 
••• ;N,,N,) ••• ; N1 ,Nz,···v 

N 
With this choice of basis states, the I operators act only upon the (N) index; 

_,. A 

the spin operators ~ change only the (s) index; while the field operators 

affect only the occupation numbers Ni. 

Our entire theory is tc be invariant under rotations in isotopic sp:tn space. 

The situation here is analogous to that in non-relativistic QM uhere we consider 

rotations in physical space. In that case our complete set of states could be 

taken as the direct product of a complete set of states for a spinless particle 

with a complete set of spin states. The unitary transformation yielding a 

rot ation was then represented by the product of two unitary transformations, one 

of them affecting only the spin states, and the other acting upon only the states 

of a spinless particle. That is, if we consider a rotation about the z-axir by e, 
the unitary transformation is: 

1.eJ ieL 
"Z "z e 

ies 
l'Z 

; 
" 

e e 
-> ~ -

and hence J = L + S. = 
Now in this NR case the theory is to be invariant under rotations, atd hence the 

~ 

Hamiltonian ~ust commute with the generator of the rotatlcn l ' the total ~1gular. 

momentum. Now in our case, the Hamiltonian must be in~.ria~~ under . ~otaticns . !n 

isospin space, where the generator for a rotation is the total isotopic spin: 
~ -.)TT ~N 
I = I + r·· 
,.. " " ' 

and the tL~itary transformation for a rotation a:o~G, fo= example, the z~s in 

just: 
i6I 

e "z = 
~ 

i61'~ 
e " z. 

lie must aiTange the coupling Hamiltonian so that it is an invariant ,_n 

I-spin space. \-le have only two sets of operators which act in this spe.ce: ~ for 
~ " 

the meson field, and 1:' for the stationary nucleon. Under rotations these trans-
" 

form like vectors. The only invariant we can form from them which i s linear i:-1 .... 
~ i s obv-iously 
1\ 

~. 1 - ").. ),.. + ?: ch ~ t y ), = 1-'z <P?. -t" ~ G ~: + \Jz l' ,.}_ 
L j - (. 2 'fz.. X 1 -,c. 'fy ' - 'f<: 

Let us look at what each of the terms in the latter expressicJ allow. The : irst 

term allows the neutron both to emit or absorb a 'iTo \..rith a relative amplit-:1d.e ~1, 

and permits a proton core to emit or absorb a TT
0 with a relative amplitude +1. 

~he second term gives the following two processes both with amplitude ~ 

n ~ p + TT -, and n + TT +~ p. The final term ·.'."!.J~uces t~•e tx·ansitio:ns 
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+ p ~ n + n, and p + n ~ n: these also have a relative ~plitude of~ 
Thus we have eight elementary processes in vrhich a meson is created or destroyeo , 

The relative amplitudes of these processes are characteristics of a theory of 

meson-nucleon interactions. 

The ratios -1: 1: 'J2: 'J2 are characteristic of the charge independence of 

meson-nucleon interactions. (It may be noted that only three of these co

efficients are independent since the hermiticity of the Hamiltonian requires that 

the third and fourth numbers be equal.) Since we are going to spend some time 

working with this theory of nucleon-meson interactions, it is perhaps appropriate 

to look brief~ at some of the evidence for this concept. The original idea was 

generated in the .3G 1s by an inspection of some data in nuclear physics, principally 

by t he similarity in p-p and p-n scattering and the observation that the lew 

energy spectrums of mirror nuclei are quite similar, and the difference in mas9es 

can be accounted for by the difference in electrostatic energies. However, 

physicists wore not entirely convinced of the validity of the concept until after 

the war when meson-nucleon scattering began to be studied. 

In 1952, several groups were investigating n~~ucleon scattering. I~ was 

found that the results of the experiments could be analyzed qttite well under the 

hypothesis of charge independence, or isotropy in isotopic spin space. It was 

soon found that the scattering could be analyzed in terms of only two amplitudes 

which are functions of space and spin. Let us lock at ·:;he processes which ::r.ight 

occur in th~ scattering of pior.s on nucleo~B~ The~a a~e eig3~ of t~~se a~ low 

energies : 
+ + 0 + - no + 0 

tT + p ~ tT + p tT + p ~tT + n tT + p <---? tT + p n ~n + n 

0 + 0 0 + + 
tT p -f-4. tT + p tT + p~n + n tT + n ~n + n tT + n~'i7 + n. 

Hovrcver, of these eight only three are experimenta:ly observable: 

+ + 
TT +p~n +p - 0 

TT + p __....:;. n + n. 

Assumi~ isospin isotropy, it is almost obvious that there ar e only two inc~pendcr.t 

ampl itudes for all the processes, since there are only t1.;o different cases -co 

cou3ider: the case when the system tas I = 1/2, e~d the case of I = ~/2. 
Charg~ independence was not complete1y believed until the results on scatte~ing 

experi.I!lents were in, which confirmed this statement . \>le shall now look into the 

technical evaluation of the amplitudes, and in th~LS process we shall show how t ho 

~~plitude for each ~s just a lin~ar combinat ion of t wo b~~ic e~plitudes . 
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For reactions involving only a single meson and a nucleon cc~e we are 

interested in matrix elements of the follo"t-ring form: 

< _N _N ITT ITT _k I H I s IN _N • ITT ITT k > 
sf 1r l~f; f zr-f "interaction I i i 1~1' i zi -i • 

Such a matrix element can be expanded now in terms of a complete set which are 
:2 -

eigenvectors of I and I , and becomes just: 
" 1\Z 

~··~~~l:~;r~ 1:11 o~xs1.o~. ~~-\ ~j'ls~ .1'; r:, ~ )<r: r~ \17 (; 1-: r:) 
1. z 

Now it should be realized that since the H' is inva~lant in isotropic spin spaces, 
" the center matrix element vanishes unless I 1 = I" and I 1 = rn, and furthermore, z z 

for a given value of I' the matrix element is independent of the value of I'. 
(I) z 

The center matrix element is proportional to f ,the scattering lengths for the 

isOtopic spin states. The f(I) are of course functions of the initial and final 

values of both the nucleon spin and the meson momentum. 

All that remains is to calculate the matrix ele~ents of the form: 

<1 l llNltJ. 14 117
'\ 

) z ) 1..) ' 1..1 
These are identical to the Clebsch-Gordan coefficients for the addition of 

ordinary angular momenta. There is only one complication: to employ these we 

must adhere to a sign convention (Condon, Shortley). Under this convention wo 

have: \1\ ...... _+ ) I Ill ~- C> \ f (I.,. . I it) + I ". t- l \. .... 'J z.. + \1 ~ I =-.rz:. X. t l )' ~~ VA(/ :::: - s.k. VA C.; 

and 

'
--> I -;ii J,..._ o, II K :::. -::= t II '\. -=... 

- \Jz. - K./ 

We can now write down all the eigenstates of I and I of a meson-nucleon 
" 1\Z 

system. vle shall write 

I i);: ) I ) I ) = I 1\ ~ \' '> "V - (+-I q; JA<.) 
\-Te write ,..._,instead of = since the latter represents a bare proton a!ld a meson, 

. + whi::t.e the former is to signify a real pro't.on and an extra TT • Our table of 

coefficients then gives: 

( See next page for table ) 
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II, Iz) =\I~)= \l"" ]" .,r. l" '\-I.!. 1.1 l) = IL)~ ) l )l } t./- 2_ 1 4.) I 

1
3 - 3)' - \ 1 ' \ l~ "i) z - li:.> --z; ~- lj 

1 i) ±)~-~l~J t; 1)o)-+ \/IIt;-i~ 1)) = -VIIr"o) -r vJ l-n"+) 

\~ )-~)=-~ )i_J) L-1) +J11~)-i; l,o)=-Yf\r"-)+'ifl-nlla) 
T3e amplitude for any of the eight scattering ~eactions indicated evidently 

depends linearly on only two scattering lengths f(~), and f 1
/

2
• vle now have set 

up the machinery to get those coefficients. As an example vte can "-"!."i te down the 

amplitude for the charge-exchange process: - " 0 n p ~rr n. It is: 

f (· - 0 ) 0: + 'Jz.. It \ l-1 f3/-.. rT 'J ' (-f3J~ f 1}..._)· 
\.ll P~11 n =--\Iff Y3 + V3 V3 =-~ -

Note that if f3/2 = r12, the scattering t·rould be independent of the is-:>topic 

spin of the system, and hence there would be no charge-exchange scattering. 

Analogously, there is no NR spin-flip scattering if there is no difference be

tween the scattering lengths for 2
P
3
; 2 a~d 

2
P112 • As another eY£mple, we may 

write dovm by inspection the scattering amplitude for the elastic scattering 

proceBs: ;r •• ? --1 'iT -p. \ole may finally write dOYn i.he 

of the physically observ~~le processes: n+p ~ n+p. 

amplitude for the third 

'l'~1ey a.re: 

J()l-p--->- TI-p)=- ~ t'h- + ~ t~/1. 
and f (1tp-'> IT-t P) = f'h 

--~. 2 --l. rr ~N 2 
PR03LEM J: Consider I = (I + I ) • Show explicitly 

" " /1 1' (--IT It r) +\IT lii"n)) = ~ (- $111-f) +~ IN"h)) 
0 Before the correct theory o~ mesons was hJaown, i.e. bofore tha rr was 

f ound, a 11meson-pair11 theory was popular, which e:x-plainej nuclear forces a s 

being due to the exchange of a pair c f fermion mesons , so that ~ mesons cotlid be 

used. However the theory predicted strong nuclear scatterL~g of ~'s, and had 

to be abandonGd becaus e, as is well known, the coupli:og between ~ 1 s £md nucler.~s 
is very sma 1_1. 
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In response to a question: 
0 If we had not found the rr experiment ally, 

assuming that the coupling woula rerrAin linear, we could not have represented 

the rrt states of a pion by a spinor in isospin space, and formed an i nteraction 

which would preserve the number of nucleons. For there is no operator in isosu:n 

space acting on the nucleon ,.,rhich transforms like a spinor. 

There are two other theories which do not correspond to nature but are 

nevertheless interesting. Suppose that only the neutral pion existed; then we 

would have the coupling Hamiltonian of the form { ~ • On the other hand, if . z z 
we had only charged pions, the coupling would be of the form: 

'\[2 (-r+ ~~ + t- <f~) 
The theories are wrong, but it is convenient to try out mathematical procedures 

on them as exercises because they are simpler than a correct theory. 

So much for the charge dependence of the theory; now we want to discuss 

the space dependence of the interaction, i.e. the sca!arity or the pseudo

scalarity of the coupling. Originally the chief piece of evidence for the fact 

that the spin of the pion is zero came from the ratio of the statistical weights 

for a pair of inverse reactions: 

p + p ~ rr+ + d 

... + + d ---3 
II I p + P• 

The original experiment gave S = -0.2 ± 0.4. But today the evidence is overrr 
whe~tng that the pion is spinless. 

A rather abstruse ques·tion remains: 'vlhat is the intrinsic parity cf 

the pi on-nucleon coupling? Is it scalar or pseuc}.)-scalar? The best way t •) 

under .Jtand 'the physical significance of the fact is to ~ ook at the experime:rt. 

which deterre:l.ned the answer. It was observed tha·~,; the reacti on rr- + d -j n + n 

occurs quite often when the rr- is bound by the deuteron . What must be the nature 

of the coupling fur this proceos to occur? 

We assume that the rr- has fallen to an atomic S state before it ls 

captured by the proton in deuterium. The C!.euterium is known to be a triplet 

state with J = 1. Its ground state is mostly 
3
S1 with a smal l admixture of

3
D1; 

so the deuteron has parity (+), assuming that a nucleon has an intrinsic parity 

( +) . The pi.on-deuteron S-state has ( +} parity, so that if t i:e pion-~ucle..:.:1 

coupling Hamiltonian does not change the parity of the sys tem, then the two 

neutron system must have (+) parity. 

But, assuming the conservation of angular momentum, the two neutron can 
nl ( \ 3 3 

o Y be in the fol:!.owing two s~ates if the par ity 5.s + 1 ~ s1 or n1• 3ut s·.1ch 
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But such states are totally symmetric, and two neutrons are forbidd:m to occupy 

them. With the Pauli principle in mind, it is see::J. at once that the two nautrons 
'l 

must be in a ""P1-state •rhich has parity (-). Hence the coupling Hamiltonian 

changes the parity of the initial and final states. Thts result can be expressed 

slightly differently by saying that the pion has intrinsic parity (-) and that 

parity is conserved in any nucleon-meson interaction, i.e. the pion is pseudo

scalar. 

However it is necessary to go back and check our asslli~ption that the 

absorption of the 'IT- occurs frc-m an S-state and not an atomic P-stata . This 

was checked by getting the strength of the pion-nucleon interaction in a P

state from low energy scattering experiments. With this strength it was then 

sho'l-m that X-ray emission was strongly favored over absorption in t he P-state . 

Hence almost all of the absorptions occur from S-states . The reaction can also 

go to n + n + 0, and n + n + 'IT
0 with almost equal probabilities, but with very 

small probability compared to n + n. 

It is a direct consequence of the pseudoscalarity of the pion-nucleon 

coupling that a single pion is always emitted into a p-state. That is, in the 

process : N ---) N + 'IT, the 'IT is in a p1/ 2 state. This holds as long as wa do 

not consider nucleon pair production. 

This tells us w~at we need to know about the form of the meson-nucleon 

coupling Hamiltonian in isospin-space and physical space. 1·le kno"' how the 

epatial coupling must be pseudo-scalar. Hence we must introduce an axial vector 

into ~he coupling. This vector 
~ 

nucleon. \~e could take tr • \1 
operator would be the spin operator for the 

limit of local interactions, 

HamiltOnian i .s: 

~-..:.. 

or fY • r , but the latter would vanish in the -so we take the form 0'" • \l Hence the coupling 

-
( qj_Q) p(t { 1) d

3f 
) O~j / I 

The f is the bare coupling constant in this theory, later on we shall get 
0 

another f. 

Let us r ecall that He have a mathematically interesting charged scalar 

theor:; of 'IT+ and 'IT-. 

H.£' 
".~.ree 

H 
"cpupling 

= f (-o~ "'- + <J +~. v~'- + r~ ( +~ )d3x 
= ~o { cJ ~~ (~) Jli>.l) d'~ -'r [_ j cj>< OJ yO~I) d'~} 

Now as ~ continuing problem, I would like you to carry out all the developments 

we make on the psei.ldoscalar theory for this chargeCl. scalar theory also. 
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Qctober 9, 1958 

No. 4: Low Energy n-N Scattering 

\ole have set up a charge-independent, pseudoscalar theory of the inter

action of mesons with stationary nucleons. Let us now start to calculate with 

t his theory. In particular, let us now consider problems involving only one 

stationary nucleon. We shall calculate, for example, the scattering of a single 

meson by a nucleon. later on, we will consider problems involving several 

nucleons, including the problem of nuclear forces. 

last time we saw that in the elementary act, N t----i N + n, the pion 

involved must be in a p-state. This result comes simply from the conservation of 

angular momentum and of parity in the Yukawa process • It is of course a direct 

consequence mathematically of the form . of our interaction Hamiltonian. Let us 

demonstrate this fact. 

The total Hamiltonian is: H = M + H + H where M is the 
,.... f\O "coup. Afree n' o 

11ma.ss of the bare nucleon" • last time we set up H : 
"COUp 

H • = fo} oj (;_ () ~i ..? ex) cJ
3x 

A couphng _)J- a X • 
.) 

Now we had been expanding the field operators in a complete set of functions 

representing levels with definite energies and linear momenta k= 
LJ5· 5 

J.. ::= 0 C:£.1< e + H. A. r.. K "- r=,2E V " - vc. I< 

However, we can equally well expand our field operators in terms of a complete 

~et of functions which are eigenvalues of the energy, angular momentum t, and 

its z-component m: 

~{_ (x) + H.A. 
A 

If we do this and substitute our expression for the field operators into the 

coupling Hamiltonian, it is mathematically immediately evident that, in this 

theory, only the terms with t = 1 do not yield zero upon doing the integration. 

Therefore only p-wave mesons are coupled. In this theory all the mesons with 

val~es of the angular momentum other than 1 behave as if they are free. This 

is false physically. Experimentally the p-wave scattering is dominant at low 

energies, but there is also a small amount of s-wave interaction. \.Je are not 

accounting for the s-wave scattering in this model. The s-wave scattering has 
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has not yet been completely accounted for by theory. Hhen anti-nucleons or 

pair-formation is taken into account, one gets s-wave scattering. However, no 

one hes been able to account for the observed amount up to now. 

We can describe the elastic scattering, in this theory, by just four 

numbers, the four phase shifts corresponding to the four sets of allowed values 

of the total angular momentum J and the total isotopic spin I. The standard 

notation for these numbers is due to Fermi; they are: 

~33 ) b3 I ) S,3 ) ~II ) 

where the first subscript is 2I and the last 2J. In our particular model, though 

not in general, two of these are equal: 531 = 513 • This can be made plausible 

by observing that essentially the interaction Hamiltonian is invariant in a 

certain sense under the interchange of ~t and ~~· It turns out that all the 

answers in this formalism are unchanged if you interchange the values of J and I. 

This is not a proof, but the result may be verified in the perturbation calcula

tions we shall make. The phase shifts are real as long as the scattering is 

elastic, i.e., at low energies where nothing else can occur. For the time being, 

~e s~ll restrict ourselves to this case. 

\ole will calculate the scattering in terms of the R-matrix: 

However, all the experimental results are expressed in terms of phase shifts. 

He therefore want to be able to convert our answers to phase shifts. In terms 

of the phase shifts: 

where f(k,e) is the scattering amplitude. In the NR approximation, we found last 

year that 

He can generalize this now to a relativistic expression by using the Golden Rule: 

IRI 2 
Zlr -v z. 

'!w (2.1i)3 

1(2.d K 

dw 

IRI~ Y 2 w' 
(z.u)J. 

since the Einstein relation gives ~ d~ = k dk. Thus the relativistic generaliz~tion 
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is obtained simply by replacing m by w: 

f(k)e) = - RK~k 

The R-matrix is determined in form by the parts available for construct

ing it. If we are considering the scattering of a meson with initial momentum k 
and charge index (i) to a final momentum k' and charge index (t), on the energy 

shell, the R matrix will take the form: 

R .f . ~ F ( K ) ( d. i< .. d. K Cf c-() 
K ;t<t- I 

+ Fi C~<J (5-. ;z ~. i< .. t(7::. -r 6'· t<' c;. g s· t:;) 
+ G (k) ( r1· K ;-.,<' Cc_ Cf) 

Due to that symmetry between the interchange of spatial and isospin subscripts 

in our model, it turns out that there are only three arbitrary functions F(k) in 

t he R-matrix. In a more general model, one surmises that there will be four 

functions F(k): One for each of the four possible orderings of the relevant spin 

and isospin operators. 

In the absence of nucleon spin and isospin, the form that the R-matrL~ 

can take involves only one function F(k). '!tle will have 

1\: 1 •k = F(k) [ 1 
·[. - ,_ 

In t his case it is easy to write down the phase shift by •.o~riting out the scatter-

ing 

from which we have: 

'2. 
c.os e K 

:~,yi-n s = - w 1<3 -v- ro<) 
e - r &:. -;r-

P.roblem 4: Show that, taking into account spin and isospin, the phase shift 

relations are: 

_ (w K
3 Y_A.r.) ( Lf f3) 

=-- (wK3 "'Y/bn ) ( (:, F2 - 2 F3) 

-(~k3V/bli ) ('1 F; - b G + f3) 

One notices readily that the sums of the coefficients of the F1 s is 

o.J.wa.ys four . This is to be expected, since if the F1 s a!"3 all equal, the 
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R-matrix contains no spin nor isospin operators (except unit operators) and 

simply reduces to 4 F1 (k) k' • k· 

Perturbation Calculation of n-N Scattering 

Last year we derived the formalism of calculating scattering by means 

of the R-matrix. In field theory, however, things are more complicated, and we 

will have to modify the theory of using the R-matrix. He can use what we know 

to get the lowest order term in the perturbation calculation, and let us proceed 

now to do this. Later, when we come to calculate higher order corrections, we 

shall put in the necessary modifications. 

For the time being we will take the H' occurring in the perturbation 
" expansion of the R-matrix to be the coupling Hamiltonian: H (This choise 

"coup 
will be modified later.) Then it is easy to see that the first order term in 

t he R-matrix is zero, since H is linear in ~i and therefore creates or 
ACOUp A 

destroys one meson. But the initial and final state both have one meson, hence 

(H' )f. = 0. The second order term though does contribute, b,y way of 2 or 0 coup 1. 

meson intermediate states. Indeed, it turns out that, when the correct H' is 
" employed, only the even orders give non-vanishi.ng contributions. 

Let us expand ~. in plane waves. Then by FOurier transform, the coupling 
Al. 

Hamiltonian is: s/~ce ?F(I<) = 11(/k/) i.s ~f:: a (J 

I \' \{(KJ (-> ~ ~ ~ . + ) 
H : _To LJ a-. 1< ..C.. l:: C I< - (S • t< h 2""~ C m K 
"coup ..)--'- ~ rn \Jz C.J"' V " " 7n ,., '" - ,. A " -

In calculating it is convenient to represent our matrix elements by 

~iagr?ms . Since in the matrix elements we write the initial state on the right 

~nd the final state on the l ef t , we shall draw the diagrams with time proceeding 

from right to left also. Thus the R-matrix to second order is diagrammed: 

\t f·ki = -· '-

Or analytically, 

I~ • 
J K ...t. 

I .I + 

p., , . ::: fo ..._,.lt<) l- i.J ;. Kf.L- ..L fo "'!_f.K);., d-. :i. ?j_ {o 1f'O<);. tt · K l;; _!_ {:: 'if(J<.) (-.J.) (R·;:'cf 
~ fj ~~, ~ vz(Ai rc. -v- f ~K/'{2wKv 1..r{zwl(-v _wKYvzG()~v 

No~ by comparing this expression for R with the standard form, we can read off 
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the 

And using the usual approximations which are associated with lowest order pertur

bation calculations, we can write the phase shifts as: 
/hn ( · ( • f r ....:.. 4{ fo2 K3 11"~(t<.)) _ 2. "t-e .s in 0 .J 3 = l)J 3 = ~ '1 0 J 3 - 3\.411 wK.. .?-.... - 0 

; ~11 . r • ..:.. _?.. ( s • -e ) = - '"1t. e s•., OJ/ - - - - 3 \ tJ 

~ ~, . 
e si)!, ~, = 

.:__8( 
- ..3 

H ._..e._ ) :::. - 4 ~ 

where y = ~ (~/4n) ?(k)k~/ll2 ~-
In the rationalized units we are using, f 2/4n is analogous to the fine 

2 0 
structure constant of electrodynamics: e /4n = 1/137. 

These expressions are not to be compared with experiment, since the 

higher order corrections are very important. Indeed experimentally, both o31 and 

o11 are small compared to o33, which contrasts sharply with our second order 

'33ti!:lates. However, we can make it plausible that the corrections will improve 

t he agreement with experiment. 

In NR quantum mechanics, an attractive potential, in the absence of a 

QOund s tate, gives a positive phase shift which is enhanced in higher approA~a

tions. This is so because the wave function is sucked into the potential region. 

(Such a statement is not valid when there are bound states because of interference 

effects.) Thus we may well hope that o33 will become larger when higher approxi

mations are calculated. 

In contrast, in NR QM, a repulsive potential gives rise to negative 

phase shifts (if the repulsion is not too strong) which are decreased in magnitude, 

because the wave function is pushed out of the potential region. \ole have some 

r~ason to expect better agreement for ~3 when higher orders are computed. In t he 

ca:::e of o11, we have a bound state, namely the nucleon. Non-relativisticall y 

t his is analogous to a bound state just below zero energy. 

Modification of the R-Ma~rix Theory 

\ole shall proceed now to calculate the fc.u.rth-order terms in the R-ma·i..:!.':l.x , 

Incidentally, in a perturbation calculation, all terms of order higher than the 

first non-vanishL~g term are called radiative corrP.ctions. In electrodynamics 
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these corrections are small, but in mesodynamics they are quite large. In this 

particular case, since the perturbation series does not converge rapidly, the 

fourth order corrections will still not indicate the true behavior of the scatter

ing. 
But before we can calculate radiative corrections, we must modify the 

R-matrix theory. There are three subtleties: (1) wave function renormalization, 

(2) mass renormalization, and (3) masonic charge renormalization. 

Wave-Function Renormalization. In NR perturbation theory, if we were 

dealing with a scattering problem with a Hamiltonian H = H0 + H', we would choose 
1\ .1\ 1\ 

. ~ito represent an eigenstate of the total Hamiltonian with energy Ei. If we 

expand ~i in terms of eigenfunctions ~j of ~0 , we have: 

~i = ~i + (Ei + ie - ~o)-1 ~' ~i 

~i = ~i + ~j (Ei + i€- Ej)-l ~j Rji' where Rji = (~j'~'*i). 
Non-~elativistically, Rji is of order 1/V so when we pass to the limits 

V --) oo , we need not renormalize, providing the passage to the limit e ___) 0 

is done in such a way that 1/eV ~ 0. * 
Relativistically, however, R .. will be of order 1/ y V, and we will ha·re 

J1 
to renormalize our expansions. As an P~mple, let us compute the first order 

P.xpansion of a state representing a physical nucleon. 

'P ::: C [ ~ + \' ~~tn H~m Jb~r~ } 
{.:.JWI r· ~lAC.. bt.r~ LJ E E 

I< n. -
- b~r~ IS n, 

From this calculation we see that to lowest order, the relative probability that 

t~ere is 1 meson in the nucleon cloud is: 
_r'l. :1. i' , :1. 'l. 

\::: w 1 1. - dl A 3 " 1<.:1. Jo 1f(~} 3 o ) . f<. .,r(t<) .3k 

~ wk. .J"4 2 w1, \( { 211 p _/-)-~ 2. w ~ 
2. I 

C=ltf\ 
In field theory, corrections of this nature are of order (1) and not of order 

(1/V). In our cut-off theory, such corrections are finite numbers, but they 

dftpend upon the cut-off. If there was no cut-off, this correction would diverge 

* See Gell-Mann, Gold~erger. Phys. Rev. 91, 398 (1953). 
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quadratically . 

More generally, we will define a number z2 by the relation: 

lf~on"lp. = \]l:_ 2~:2~e + M-1 H~(l-ftb-.r•)H' lfc.or77r· 
" I' 

where P~ is the projection operator onto q,ba , i.e. 
"'*'bare re 

He have just computed z2 to lowest order: 

3 t: J K'l. ,.~(~<-} d\< 
-:z -=- I - A = l - (-J3 -~ 3 L.....z. - 211 ~ 2 WK 

Hass Renormalization. This second subtlety in the theory of the R-matrix again 

appears in NR QM as a correction of order 1/V, and is thus dismissed. However, 

in field theory, because of the different order of the R-matrix, we have mass 

(or energy) corrections of order (1). We have a uniform energy shift of all the 

states. If we define 6K as the mass of the complete nucleon: M, minus the mass 

of the "bare" nucleon M , i.e., 6M = M - M , and t.E as the energy shift of any 
0 0 s 

we have: f 
6M(2) = t.E (2) =-~ ~ v2(k~ k2 d3k + 0(1/V). 

s (2n) ~ 2 ~ 

state, 

Now in the theory of the R-rnatrix, our expressions are derived under the 

assumption that the unperturbed Hamiltonian has the same energy spectrum as the 

complete Hamiltonian. We can satisfy this requirement easily by splitting up the 

Hamiltonian as follows: 

H::M +H +H 
" o ,. free ,. coup = (M + M<! + Hf ) + 

o " ree 
= H0 + H'. 

.... " 

(H - taM) ,...coup 

'llith this simple choice H0 has the same spectrum as H, and we can calculate finite 
1\ ~ 

radiative corrections. 

It is interesting now to note that in drawing diagrams of second order 

scattering processes, we left out a diagram in the case where the initial meson 

state is the same as the final meson state: 
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But now we see that when using the correct H1 in the R-matrix, this term is 

cancelled exactly (to order (1/V) ) by the following matrix element: 

Cb~rge Renormalization. The renormalization of the coupling constant f is a 
- 0 

convenient but not necessary change when calculating. He shall discuss this 

more fully later on. 

October U. 

In the last lecture, we saw that two modifications were necessarJ in our 

calculations. One of these is due to a change in normalization, represented by 

z2, of the states representing a real nucleon plus free mesons. We saw, by 

perturbation expansion, that this change in normalization is the same for all 

states, to terms of order 1/V. The other is needed because all the real states 

are shifted by an amount !4\1 compared to the states with a 11bare11 nucleon. He are 

familiar with energy shifts in discrete states non-relativistically when an 

interaction is turned on, for example, the Zeeman shift. However the shift of 

the energies of the continuum levels also had not been investigated Jast yeer. 

Last time we found the lowest order terms in the expansions of z2 and 

~M. z2 can be described as the probability that a complete nucleon is a bare 

nucleon. 

ThE'! energy shift llM appears as a shift of the spectrum of the comp2.ete Hamiltonian 

ss compared to the spectrum of the uncoupled Hamiltonian. 

AM - - 3 fo'- f K.' ?f"l..( k) c) 3K + • . • 
.Ll. - • ?. 1.. 

... A ... / ("'Lti') 2 w-" 

To employ the theory of the R-matrix, we saw that we must take 

H' = H - llM. llM can be calculated by means of the perturbation theory of ·:.i:-.e coup 
energy shift of a bound state: the Rayleigh-Schroedinger perturbation formula. 

:t of course eomes out in pieces of various order, and we use only those pieces 

which are of order not greater than the order to which we calculate Rfi" The 

second place where care must be exercised is taking z2 into account. We obtained 
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the perturbation expansion 
l 

Rf~ = H~ l 

f rom the iteration of the equation 

tL. -'1.. -
t. 
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Hfrn H~ ~ + ..... 
E· + i.. € - E t'h 

(. 

\ole see that we should multiply that expansion of Rfi by a constant in order to 

correct for wave function renormalization. If \-Te are very careful, later on 

we will see this constant cancel out if we maintain some care about the energies 

in the denominator. In any physical problem we are interested L~ the R-matrix 

only on the "energy shell", that is, where the final energy equals the initial 

energy. It turr.s out that if we are careful and do not identify the final energJ

"'ith the initial energy until the end of the problem, we will not run into any 

problem with wave function renormalization; the constant will cancel out. 

The K-Ma tri.x Formalism 

Another convenience in calculating is to employ the K-matrix instead of 

the R-matrix. There is a very simple algebraic relation between these two 

~~trices, which enables a simple conversion of one into the other. The R-matrL~ 

is: 
+ • - -Hfrn H:n~ 

E ~ .. i.E - E.,.., 

while the K-matrix is defined similarly except with the prescription that any 

term in the sum is dropped if the energy of any intermediate state equals the 

energy of the initial state. That is, if we turn these sums into integrals, 

we drop thee and take the principal values of the integrals. 
' t • 

~1 Hf,.... H.,..,n Hni 
+ Li _('..:...: .... = i...:-_-E-...,....__;.)_( E-~----E-,--:-) 

IY?,"P 

+ ••• 

\o!e can see the relation between the K- and the R-matrices from their series 

expansion. The relation is verJ simple on the energy shell, which is where we 

are interested in R and K. H • Lj' , 
I , "\'I ( J IT'Ill~">l Rf{:::. Kf• -ili'}.H b(E:i-E....,)H •- ~~~ L..t HfmD(£;-E"" E· _ E 

'- '-' '{ tn rnL ,.. .., (. n 
~ T / 

' r 

- ~ jj £ ~ :~: rhn J (£~-En) H~ i. · +(-~li J" L' Hf-111 ~(£~-Ern) H~., b (EcEn) Hn ~ 
1"")

1
n t ,..._ t-n,rt 
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Now one will notice that the ttird term is just the first order correction to the 

second which arises when H'i is replaced by K .; similarly the delta function in 
m n1 

the fourth sum tells us the E. = E in all the terms of that sum, and hence that 
1 n 

the -fourth term is the first order correction to the second term which arises 

when H£m is replaced by Kfm. The fifth term can be viewed as the zeroth order 

term obtained when all the H' matrix elements are replaced by K matrix elements. 

Indeed, further terms in the expansion all can be compressed to yield the follow

ing expansion for R in terms of K: 

If we now define Kfi = Kfi o(Ef-Ei), and Rfi = o(Ef-Ei)Rfi' 1:Te have 

- - - 1 R = K (1 + inK)- • 

Now the scattering matrix S becomes: 

- -
S = 1 - 2ni R = (1 - inK)/(1 + ir.K) 

From the series expansion we see that K is Hermitian, hence the S-matrix is 

unitary. Because Sis unitary, its eigenvalues must be e2ib. Thus we get for 

the eigenvalues: 

R ----1 -(ei6 sin6)/n 

9.nd 
-
K~ 

1 -- tan 6. 
TT 

tfuen we consider scattering states of definite angular momentum and isotopic spin, 

the S-ma trix is diagonal and the 6' s are just the phase shifts. \·Te will find it 

most convenient to work in terms of the K-matrix for we can throw out any term 

for which the energy of an intermediate state equals the ener~J of the initial 

state, being careful, however, not to identify the final state energy with the 

initial energy until the end of the problem. Hhen we calculate with the K-mat rix 

instead of the R-matrix, everything is the same in our answers except we get 

tan 6 instead of ei6 sin 6. 

Thus we can rewrite the results of pro~lem 4: 

I f K_ 
-K I f·ki - ,_ 

then 

= G, c k > ( ~ • K I ~. T< --r :r c,') 

+G'll~<) (?·i< d·i<''tf"t: +tf,J<' ;;, ·;c:t-fJ 
+ (,3 ( 1<.) (?. 7< Ci. K I 't.:_ c f) 

L~~ S33 = - (w k"'Vj~~:) ( 4-G3 ) 

t:2~ b;l-=- ( II ) (C:,G2.- 2G;;) 
-b,., h I I = - ( I I ) ( 9 G I - b G} + G 3 ) 
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In the lowest order the K-matrix and the R-matrix are the same, so we can 

write down the second order results for the scattering of a meson in the K-matrix 

formalism. \ole had four diagrams, of which the last two were cancelled by each 

other. In none of these d1a~s is an intermediate energy equal to the initial 

energy. '\ 

hence: 

' ' ' 
. , 
, 

tan 033 
tan 031 
tan 0:1.1 

= 2y + 

= -y + 

= -4y + ..... 

... 
' 

-AM h-) 

X 

= + y (_2[_'; G = 0 
2 wk?V ' 2 ' 

Fou:-.· th Order Corrections to n-N Scatteri<g 

To calculate these corrections, we will first diagram all the possible: 

uncrossed n:a trix elements. 11Uncrossed 11 ma t::-ix elements are those in which the 

initial meson is destroyed before the final one is created. The matrix elements 

!~r the crossed diagrams are easily obtained from the corresponding uncrossed 

m~trix element by simply reversing the sign of ~ in the energy denominators, 

interchanging k and k 1 and interchanging ~f and ~1 . 

' I \ 
I , 

', I \ I 
I ~- -.._. 

A ', I ---.;..---: _ _.:..._ 

.. , ..... 
I \ 
I 

' I 

' I 
, -I 

' ' 
D ', 
----~----._ __ _ 

G ,'.. •• 

K 

' j 

N 
' , 

' A..._.,.(]..) I 
' -._,,-. I 

'· X r 

B 

E 

H 

L 

0 

I ' \ 
I 

' 

I 
I " ' ' A,--' I 

I ' I 

----- -- -- -
,..--,,_ -- . 

" , ' . 
I I ' . 

- -- -- ------
-ol"lc4 > 

-~ 
M(2.) 

X )( 
I 

' / , 
- Ar••(h>'' 

, , 

* ' I 

' I 
' ' 

' 
I 

,-~ , c ' ' ' I 

' 

' I 

' I 

' 
, 

F 
~,.. 

- -- - - -
, 

J 

' I 

' 
, 

' I 
-e.M(l..) I 

M ' ' I X 

--- -- - - - --
-L\M (2..) ; 

p I ' 
' ~ :X 
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R 

+ crossed diagrams corresponding to: A,S,C,D,E,F.M.N.O. 

Of these matrix elements we can forget about A, G, L, M, P, Q, zince in each of 

them there is an intermediate state with the same energy as the initial state. 

Next we will show that the sum of all the diagrams, in which the initial 

meson just passes by without interacting, vanishes (at least to order 1/V) . To 

do this we will have to get an expression for ~~ good up to at least the fourth 

order. This can be generated easily by the following argument . Remembering 

that~= ~0 + ~', and defining z2 as the probability that a complete nucleon is 

a bare nucleon, I can formally write the state of a real nucleon i as: 

i = -..fZ2 <Poo.re + (M - () - l (1 - ?4) ~'t, pro~Tided only that 

it be required that P_ H'J. = 0. This last condition, namel y that ~q> A l 

(cpba I H - Lll·i j~) = 0 determines for me the mass shift tJ-1. re ,.. coup 
This is the same procedure which determines the level shift of a bound state 

non-relativistically w~en a perturbing potential is applied to a system. 
11This is the most convanient ,-re,y of writing the Rayleigh-Sc!1roedinger perturbation 

formula." If ,,e iterate the equation for f and plug this i r.to our condition, ve 

have: 

0 = {Z2 ( (cp I ~I lq>) + (cp Pi' ~==0 11' I cp)+ • . . • .) ,.. 
"Te can now use this series to determine ~ to any order in the coupling 

constant 1,:e are interested in. One at this point should keep in mind that 

H changes the number of mesons by one 1,1hen it acts. Remembering this, the 
·"-COUp 

expansion yields immediately: 

0 = -6M(2) + / o j H l-P H I cp) to second order. 
, _ Acoup M- Ho Acoup 

, r A 

This is exactly what we found for 6M(2) in the last lecture . Now a litt le 

thought will convince one of the significance of this formula. Since the forwula 

holds for any eigenstate of energy (at least to order 1/V), the formula says 

that the sum of all the diagrams of a given order (and a fortiori, the sum of 

all diagrams) in which no intermediate state energy equals the initial energy, 

and in which no intiial or final meson interacts with the nucleon, is ~.!ll:Q~ 

On account of this fact, we can now cross out diagr~s H, J, K, and R. 

We are thus left with only the seven follo~lng diagrams and the 
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corresponding crossed diagrams. 
I 

I ' ',.::- .... ' \ , 2 ·~...;..___.__...___ __ 

' 
5. ,-- .... ' ' ' , ' 

' ' ,-- ' 

/ 
/ 

; 

I 
I 

G , .... ' 
• J ---'~~--~--

' 

' 
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/ 
/ 

3 ' , , - 'I'' . ______ ._~--~~'---

/ 
I 

/ 
I 

I 

The last four diagrams in which we eithe~ have two intermediate states 

of the same energy or an intermediate state with the same energy as the final 

state have to be treated carefully because of the form of the energy denominato~s. 

Otherwise it is very easy to calculate the matrix elements . 

~be_r 16, 1958 

In the last lecture we eliminated all the diagrams of the fourth order 

which either a~e to be omitted in the K~atrix or are cancelled oy one another. 

Our task now is t o evaluate the remaining diagrams. 

VIc start with the st:m; 

-- (>_~·. , \ / - -~M(z..) r_\_'......._ ...... ,::_'_~_~-~ .. J + ,_..,_r .. ~(· ('.,,_ 1/\ 
--:x~_,.__..__ + /--.' '' / - w.._ - w..... \.: ') - :;· """:.... ~ ~~_L___) 

1-rhe~e 

Now usine: our 

. 3 f o'- J 11"2.~),) n L. i'n 
I = {l.iij~ p.,_ 2 oJ.., (!Jk. -WK.' - W,.,) 
integral for AM(2): 

( ) 3 f~ Jt.r,_<,) 11.,_d3t7 
C....M 1... - -r: :=. - (2.ii) :;:,1.. 'l.. 'Z.. w..., 

end dropping t er::ns of order (Cil. ..(I) 
1 

) since we are 
k k 

the K-matrix on the energy shell, we have: 

s67 = -A (_',_...'.--4-'-' -7) 

) 

concerned at the end only with 

One should notice that -A is the lowest order term in the perturbation expansion 

of Z2: i.e., z2 = 1- A+ ••• • It should also be noted that the singularities 

in the t wo diagrams when Cll. = w cancel one another. This is just an example of 
K k' 

a general t heorem which states that: 

Thi s theorem i s obviously the same regardless of t he nature of the primary process 

to the right of the jup~. 
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If we now defi~e 

But the application of the commutation rules gives: 
4

_ ~ 
llh I 

f • d() - --- b'•K t5" n 0"· ;< o-'•h ~ - ,., - 3 

( 
~ I' ,'// J 

s2 = B- ~ )3 (wl('-J !\-, _',~'--=--11 
It proves convenient to define the constant B, although B = A/9. 

The mirror image diagram s3 gives the same result,as a little thought wiJ~ 
verify. Hence the sum of these two diagrams is just: 

' / ' -_, s - ' - /' 
32.- - ' ( ' + 

on the energy ~hell. 
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The net result of the six diagrams in ~hich no virtual meson crosses bo th 

real mesons is just a multiple of the second order diagram. Clearly the same 

result ~ill hold for the ~um o! the corresponding crossed diagrams. I should like 

to point out a few things about the situation as ~e have it so far. Including the 

second order uncrossed diagram, at this juncture we have: 

('\'. _.-') 
(1- 2A + 2B + § ~(w)) ~ ~ " J 

To this order, z2 corresponds to 1 - A. If ~e consider higher order processes, 

it ~ill be found that 1 - 2A corresponds to the first term in the expansion of z;. 
\ole get a factor of z2 from junk added onto the left end, and in addition a factor 

of z2 from junk in the middle. But ~hat about the 2B? Each factor of B arose 

f~om complicating a single vertex of a real meson. We can imagine adding up all 

t he diagrams corresponding to junk encumbering a single vert~x of a real meson. 

The r e::ult will just be a function of the real meson energy F(w) times the un

encumbered vertex. Then if ~e define z1 = 1/F(O), the generalization of the te1~ 
2 1 + 2B to all higher orders is l/Z1 • Accepting the fact tha t these generaliza~ion~ 

can be made, the net result of our computations so far is: 

\ofuy is it that ~e chop up the matrix elements by factoring out (Z2/z1)
2

? 

The rea~on is that this factor ~ill contain all the quantities ~hich are quadrati

cally dependent on the cut-off point. (Note that ~(w) is only linearly depende~t 

on the cut-off point.) In the relativistic theory, thi ngs are improved, for 

once one factors out the corresponding (z2;z1
)2, the remaining quantities are 

finite and independent of any cut-off. 

In a general process, the number of times the factor (Z2/z1) appears ~~ 

equal t o the number of times an unencumbered vertex is present. It ls P.~~dent 

t hat. the number of times the factor z~z1 appears is equal to the number of tiffies 

t he coupling constant f appears. For this reason, it is convenient to define a 
0 

new coupling constant f 1 = f
0 

z2;z1, and calculate our corrP.ctions to a given 

orcle:t- i~ f 1 • 

value> of f 1 • 

He may consider therefore any experiment as one determining the 

This procedure is called charge renormalization. I should like to 

emphasize that this renormalization is not a necessary procedure in this type of 

t heory. In this respect it is unlike the other t~o Yenormalization processes, 

wave function and mass, ~hich we carried out previously. We have not proved here 

t hat this procass can be carried out to all orders, but v e [..ave shown +.hat it ca~1 



be done in fourth order. Later on in the year ~e ~ill come ba~~ to this and 

construct a proof. An elegant, but concise, proof that charge renormalization 

can be carried out was given by Ward (Phys. Rev. 84, 897 (1951). 

This renormalized coupling constant has the significance that if one 

extrapolates the results of experiments do~ to estimate the effect mathematically 

of 11 zero energy mesons11
, one will get a value for ~/4r-. This can be done for 

several types of experiments, and one can compare the results. Experiments on 

scattering, photoproduction, and nuclear forces agree ~ell iL this matter, and 

yield a value for ri/4n of about .08. 

Resuming our calculations, ~e ~ill consider no~ the crossed diag.:~ we 

hs.·;,e already considered. We found in the last lecture that t he crossed matrix 

elements are obtained from the uncrossed ones by reversing the sign of w in the 
k' 

energy denominators, and interchanging k,;and ~f' ~i. Then if ~e define 

y(w) = p (.-w)' 

we have the total matrix element of K up to the fourth order in the form; 
' .I 

'- - - I , ' ), + _'_,'.....___.....;..'~(i- ZA +ZB + ~ j3(w)) 

+ '', .. < .. :,- (\- 2A-+ z.B -t- ~ 6{w)) 
Now in the evaluation of the remaining two diagrams, ~e shall replace f

0 
by r1 t0 

~epresent the effect of charge renormalization ~hich is to be performed in each 

successive term. Again this is not necessary here, for these remaining matrix 

elements will be only linearly dependent on the cut-off point, but we do so fo~ 

convenience. 

\·le have: 

' / '-- -; ,, ,, 
' / I 

( VC!"I) G'· h 'Cct:. 6'· K.tf-6'd< 1:-: if,l( c-~ d:;, 
r 2. Wh {- L<~n) (vJI<.-W~'""~) (-Wn) 2w1(\r 

The only problem is to evaluate the sum Be~. coL ( f ?-; l« and the integral 
J~·h ~·K.'d·l< a'·n dS1.., To accomplish this we write: 

cf 1-;. -=- I t Cr l-~ + cc: rJ + t-rf ri- q_ 1-f }= i {o~/i.~~-~tl~~here ~f' -r.i, 11<:' are in 

·-, -.:.· ·--· . cyclic order. 

~ C.t c:~- ?-t c~ ~ ~ ~ cf Ci + t-, }f j- ;}_ [ c-f 1: - c, 2-f) 
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A similar result holds also for t he spin operator s: 

f ~ h 6'• I< I ~I K d • ,., d Q_ h = 4 ~ h ~ { c>: KId, K + 2 if, I< tl, K I} 
1 -h}· f1r"L(h) n l. d3n __ ~ )1.3 (w •~) 

Noting that~ 3- 2. ( )3 3 ( ) .]--A- 1. ~ 2.. LJ'I-) LOI< -Wh 9 WK. 

we obtain sl in the foro: 4 

I .._j3(0AJt<.) fo VL(H') { 2 r } 
sl = "f WK. r"2. z.wlt. -v- Cf ~ -t z. ti c-f J {a'· I< I (5'. J< + 2 (f, I< (f', K I 

Now we can compare the results of a fourth order charbe-renormalized 

expression for the K-matrix with the second order expression . To the second 

order we had: 

;; iJ
2
(1<) { 1:F 1:1 ~t~<' d· J< , 7:(rt o· K e/. K'} 

K, -~ I 
~'f;ki - .JA-4 z.cv~<-y t.AJI<. -L-<.JK 

The total effect of our corrections was to change f to f 1, introduce the factors 
7 7 ° (1 + 9 ~ 1(w)), · ~1 + 9 Y1(w)), where to the lowest order 

~l(ro) = (::}2 p(ro) 

and similarly for y1(w), and add the two irreducible diagrams: 

...... > - - _ ..... ::: 
; ~ < \ and 

\-19 obtain: 

) 
fi,lw) + (?:(r,· -+ z. c-~ rf-)(cr·J<' d·K +'Z.G'·~< r:J.t<' 9 w 

+ (c-c:c-f+z rf rc.}(rt·J< Ci'·J<'+2G'·t<'Ef·1<) -~~;] 
Next time we shall convert this to phase shifts and show that our 

\\ · ~ .,. 
expectations are fulfilled. The 33 phase sh~ft is indeed enhanced, while the 

magnitudes of the 31, 13, and 11 phase shifts are reduced. Thus we get more 

too:.:trds the experimental situation, where the 33 phase shift is the dominant 

feature of the rr-5 scattering at low energies. Of course, we wi:l have to do 

something bett er than perturbation theory since it does not glve rapidly ' 

converging results. 
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To complete our fourth-order calculation of n-N scattering, we have 

nov to express our result in terms of the three independent phase shifts. 

If we imagine the K~trix in our standard form, then: 

G1(k) = (f~ v2(k)/2 ~2 w
2 

V) [1 + ~ ~1(w)- ~ y 1(w)]. 

G2(k) = (~ v2(k)/2 ~2 w
2 V) [~ ~1(w)- ~ y1 (w)J. 

G3(k) = -( ~ v2(k)/2 ~2 w2 V) [1 + ~ y1(w) - ~ ~1(w)]. 
By application of the results of problem 4, we then obtain the phase shifts: 

where 

( 8 ~ ) 
tan ° 33 = 2Y1 1 + 9 Y1 - 9 ~1 ' 

tan 0 31 = -y 1 ( 1 + ~ n + ~ fJ 1) ' 

tan o 11 = -4y 1 ( 1 - ~ y 1 + ~ 131) , 

Interpretation of the Results 

Experimentally, the dominant feature of the scattering is that the 

33 scattering is much greater than those of the 31, 13, and 11 states. This 

is the feature that we are hoping can be made plausible by our fourth-order 

correction to the scattering. We can not expect that our perturbation 

calculation will tell us very much quantitatively for the following reason. 

At the lowest possible real meson energy, namely w = ~' we see that the 

ratio of the fourth order charge-renormalized phase shift to the second order 

charge-renormalized phase shift is of order 

fJs (~) :::::: (~/4n) (M/~) :::1/2. 

With the importance of higher order terms being of this degree, we cannot 

expect that our fourth order calculation will te~l us much unaided. But we 

can force some answers out of our analysis if we can guess the nature of the 

contributions of the higher order terms. Let us make our guess after we 

take a glimpse of the situation experimentally. 

The 31 and 11 phase shifts are in reality too small to give us the 

type of information we now want. However, data on the 33 scattering 

indicates the following relationship, which is almost linear at low meson 
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kinetic energies: 4- t'( 'l <.. o "t £
33 } .f!t w 

,.,..... 

According to our theory, since f31 (0) and y1 (0) are zero, the extrapolated 

intercept of the curve with the axis w = 0 gives the value of the coupling 

constant <ri/ 4n) • (Actually the extrapolation is made to w = ~2 /2M to 

correct for recoil.) But the important piece of information we are going 

to pull out of this diagram is that taking out the factor (k3 /w), tan o
33 

goes like the inverse of a linear function of w, for small meson energies. 

Now for small kinetic energies, f3 1(w) and y 1(w) are both almost linear 

functions of w. Indeed we may put: 
(2. 

8 (w) ~ - 0' (w) ~ - GJ_1-, ~ = - C w for t:.J <..<. M 
/-I I 4ii' )J'-"l. 

Now then we set tan o33 = 2y1(1 + 4Cw/3). But the clue from the experimental 

data indicates that 4Cw/3 may well be the first perturbation term in the 

expansion of something like: 

1 

(1 - 4Cw/3) 

Now suppose we follow through on this guess. Then we would estimate that 

near w = ~, Coo~ 1/2, if we are bold, we might scribble that: 

tan o 33 ~ 2y 1 / ( 1 - ~ ~) ~ 6y 1• 

tan o31 ~ -y 1 / ( 1 + 0) ~ -y 1 · 

tan o11 ~ -4y 1 / ( 1 + ~ ~) ::::: -2y 1 • 

Now nobody in his right mind is going to claim that the numbers have much, 

if any, validity. They are set down only to demonstrate the importance of 

how higher order corrections may be expected to contain the feature that 

they make the 33 scattering dominant at low meson kinetic energies. 

Charge Renorma.lization 

Let us consider in a little more detail the process of charge 

renormalization which we carried out for our convenience. Consider the 
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sum of all diagrams of the following form in which there is a bare nucleon 

line between the two real vertices separating the junk: 

'"'"' ~ 
~~~ do~, !"d..W\ S 

of +h: s tarw> 

' ' 
' 

' 

~re !'lac-e r 

/ 
I 

I 
I 

I 

, - --/-;;--"' 
( 

I "' ., t ' \ 
I l , X I • 

Any diagram of this nature is reducible to the basic second-order diagram 

/ 
/ 

/ 

/ 

and ~thermore we may consider this sum as the product: 

(. • 0 I I L ' . J ( . . 'I ( 0 

0.. /

11. f ,:'1fS, ·~:-.... ·:'·)l~ .. >~;,' ...... lf·· .\ ,,.,f(: :.j l~:;_ . _',_ . .rt;~'j 
where the light dotted lines are added to show the relative position of the 

j unk. ' ' ,_-
( , ... ~- ... ', 

l''~a ' • on a vertex means the junk must be entwined with 

the vertex. The junk includes AM crosses in addition to virtual mesons. 

\ole notice that we exclude all junk which is separated from the first vertex 

and sitting on the far right segment of the nucleon line, since such terms 

are ~xcluded from the K-matrix). 

Each of the four sums is just a function of the relevant energies 

times the basic second order d~agram: 

' ' / .... ,~ ... , 
~ • • • ~ ' )(I ' ,, 

' 
' t(w~c.-u~e.'lw)() . 0 0 __ -'~- . 0 •• __ • _ 

0 0 

--- o o • oo oo 

I 

0 - - - • 0 0 l • - • - - 0 - 0 --'--

I 
I ' ' , 

I 

since at the end we put ~ - wv, = 0. 

I 

I 
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A similar argument holds for the crossed diagrams which are reducible, 

and it yields: 

..... / 

....... // 

/ ' 
/ ..... --

,-~~' ,-- ..,. -·-. , ...... X' I ,-*'' {( ._-,,, 

/ .... 
" ' / .... , ,. .... 

' 
Now in our theory it proves convenient to examine functions of w 

like (3/4) (w~2/k3 ) tan o
33

, because the range of these functions can be 

extended down to w = 0. If we construct perturbation expansions of functions 

like this, near w = 0 our expansions will be exact if we include all terms 

which come from diagrams reducible to the two basic second-order diagrams . 

For to get the exact limit near w = 0, we need include precisely those 

diagrams which have an energy denominator of w. But these are just the 

diagrams which are reducible to second order diagrams. (In all other dia

grams, there is always a virtual meson present, and since this meson "likes 

to have a rather high energy", the energy denominator behaves like 

w - w ~ -w . ) But the result of including all diagrams of this nature is n n 
just a multiple of the second order diagram. vle therefore will get the 

second order approximation to be exact in the limit w = 0 if only we multiply 

the coupling constant f~/4w by ~(0) f~(O,O). Now we had previously defined 

f 1 (o,o) to be l/Z
1

,and I stated that f 2 (o) = z2 • This procedure is equivalent 

to renormalizing the mesonic charge: 

fl = fo(Z2/Zl). 

Hhen we extrapolate our scattering data down to w = 0, it is a value 

of ~ that we measure. The same thing is true in electrodynamics; the 

charge that is measured in experiments is not the 11bare11 charge, but rather 

the effective value at ve~J low frequencies. For the pion, this extrapo

lation procedure used in measuring the coupling constant is not too bad, 

since the pion mass is not too large. Results of several different types of 

measurements, e.g., n-N scattering, n photoproduction, and theories of 

nuclear forces give good agreement on a value of (f~/4w) ~ .08. 

Let us now take a look at an irreducible diagram, e.g. 

' ' ,_ ,, -- ' / y 

/ 

/ 
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diagram: 

This sum 'Will just equal a multiple of the basic fourth-order diagram: 

L fl.(wK- wk,) f, (wK-t.IJK.' J'-Jk- wk.- w ... ) f"l.(wk -w,<'- wh) 

h ( t.ok.- wn J- w,.,) 
....... _- / , ......... , ..... 

I < '> ' 

It proves convenient again to factor out ~(0) . ri<o,o) = (Z2/z1)4 

from this expression and absorb it into the coupling constant, since the 

coupling constant appears in the irreducible fourth-order diagrem exactly 

four times. It turns out that when this is carried out, the remaining 

functions of 6nergy, e .g. 

f2(w)/f2(o) 
depend only linearly on the cut-off point. 
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I suggested some time back that it would be a good exercise to carry 

through our calculations using the charged scalar theory of mesons. The physics 

is very different, and the mathematics is much simpler. One may notice that 

after the charge renormalization is performed in this false theory, everything 

else is independent of the cut-off. This is due to the absence of the gradient 

coupling in the theory, which gave us always a factor of k2 
in our integrals. 

Improved Methods of Calculation 

~le must try to obtain results on 1T-N scattering which are in closer 

agreement with experiment by using more sophisticated schemes of calculation 

than perturbation theory. The total number of methods available for dealing 

with a Hamiltonian such as we have consist of strong coupling methods, by which 

it is possible to evaluate exactly what happens in the limit of a very large 

coupling constant, and weak coupling methods, which start with perturbation 

theory and get more sophisticated. Strong coupling methods are not too bad, 

but weak coupling methods are closer to applicability. Actually the experi

mental situation is somewhat mid-between, so that both of them give fairly good 

ideas on what is going on. However, in scattering, weak coupling is better, 

so we will explore some of the improvements on perturbation calculations. 

I want to state the latest improvement first, because it is very 

simple and improves the value of any perturbation calculation enormously. It 

is applicable to any problem involving a p@rturbation calculation, not just 

field theory, and I want to strongly encourage its use. I won't justify it 

particularly; if we have time later on we may return to it and give an exhaustive 
analysis. 

In the Born approximation, with the K-matrix, we generate a series 
for tan 6: 

tan o = B(2) + B(4) + 

But in the lowest app~oximation it does not matter whether we equate the B(2) 

to eio sin o, sin o, or just o, if B(2) is very small. But as B( 2) gets larger, 

it matters a great deal how one uses the series to get the phase shift. In 

general, we stated that the best thing to do was to employ the series as an 

expansion of tan 6 . But the point is, that a better way of proceeding from 

the perturbation series to the phase shifts has been found. ~fuat was lacking 

in the Born approximation was an estimate of the enhancement or"·or· the 
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reduction of the wave function in the vicinity of the potential region. For 

instance in the 31 case there is a repulsive potential. Cn account of this 

there is a great diminution of the wave-function in the potential region, \-!hir.:1 

results in a substantial reduction of the magnitude of o31 . Nevertheless, the 

fourth Born approximation does not particularly take this diminution into 

account. The fourth Born approximation has a piece of this in it, but it i~ 

a rather feeble attempt at correcting for the d~inution . 

A formula has been found which takes into account a great deal of 

the effect of the enhancement or diminution of the wave function. It is: 

( ) f(oo) 
tan 5 w = 

1 
+ 1 (jP f( 001 ) d~ , where f signifies the 

n T w - oo 1 principal value. 
~ 

The procedure to be used is to employ the Born approximations for tan o to 

calculate a perturbation expansion f or f(oo), and then plug that perturbation 

expansion for f(oo) back into the formula to calculate tan 5· Because of the 

form of the denominator, this procedure brings in partial contributions from 

terms of higher order than the perturbation calculation. 

Let's try this procedure out now on our n-N scattering problem. 

First we shall look at what it does to our second order calculation. He had: 

Since we know the behavior of tan o near w = 0, it is convenient to modify our 

formula by defining 

( ) f(oo) fl (I) = ---~00~-=..i..------
1 - 1 / f(oo 1 )/w' doo 1 

1T 
~ 

If we do this and write 1/(w-w') = -l/oo 1 + oo/oo 1 (oo-Cil 1 ), then our "magic" formula 

can be expressed as: 

tan o = 
1 + ~ ;I m f 1 ( Cll I ) doo I 

n ~ oo 1 (oo- oo 1 ) 

~le do this because we know the exact behavior of tan6 near w = 0 from our 

theory, and it is much easier to expand f 1 (oo) near where we know tan o best 

because the integral term vanishes at this point. Proceeding now with the 

computation, we find: 



Ph 234 
00 

w f ..;...f,_(w_· )_c::k.,_· 
1i' w' (w- w') 

.P 

Therefore, our improved es•:.:..ma.tes for tan o are: 

Paga 43 

If we compare this improved 2nd order calculation wi-th our results fret\ 

~th order perturbation theory, we notice that the fourth o~d~r corrections 

involving ~l (ro) are included in our present results. The , .... ly fourth order 

correction not included involves y1(ro) which does not have a singularity in 

its integ~and. But in addition, since ~1((1)) is r-egative at low energies, we 

notice also that our improved calculation indicates the possibility of a 

r esonance in the 33 scattering. In the last lecture we calculated that for 

small ro9 

~1(ro); -m/2~ ~ -Y1(ro). 

The improved calculation indicates that for not too ).e.rge w/~: 

= 4
n (1 - 2ro/9~), 

f 2 
1 

I 
3.3 resofla,.,<.-e 

vie obtain the linear plot observed experimentally, and we get a resonance at 

ro :: 4·5J.L· This value is too large; the observed resonance in the 33 scattering 

occurs at (I)~ 2.~. Let ·~s now take a look at the ratios of the phase shifts 

nesr (I) = ~· A little ar:ti..nme7.ic gives: 
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tan o
33 

: tan o31 : tan o11 ; 18/7 -9/10 -36/13 . = 2.6 : -.9 -2.8. 

This is an improvement over our result from second order perturbation theory, 

but is still in poor agreement with experiment. 

We have carried out our perturbation calculations to fourth order, so 

let's use the 11magic 11 formula to improve them also. Our fourth order results 

indicate that: 

( 16/9) 

are: 

= 

\

-2/9 "( 1 ( 00) 

16/9 

The fourth order pertur

bation terms in _?,Ct.....J) 
do not appear here because 

they are part of the . improvec 

second order. 
oo oo "( 1 y 1 doo' 
n f 001 ( oo-oo 1 ) , then our improved !'i·,l.rth order estima. tes 

~ 

( 2(1 + 8y 1/9)/(1 + 4131/9 + 16e:l/9) 

tan o. = y1 (oo) 1\-1(1 + 2Y1/9)/(l - 2131/9 - 2e:.1;'9) mproved 

.-4(1 - 4yl/9)/(l - 8131/9 + 16e:l/9~ 

Note that for small oo, e:1~)looks like a negative constant times oo. This will 

tend to bring the resonance energy down closer to where it really is. 

PROBLEM 5: Examine the phase shifts for small val ues of w, 

and the location of the 33 resonance . 

A similar approximation was arrived at many years ago by Tamm and Dancoff 

independently of each other. This method, however, is much more complicated. 

Essentially, the method consists of considering a limited subset of the possible 

atates, and diagonalizing the Hamiltonian with respect to the subset. The 

higher approximations are c&lculated by taking larger and larger subsets in a 

p~ysically significant fashion. This is the same procedure which is employed 

in many problems in atomic physics dealing with the changes in bound states 

due to the application of a perturbing potential, for example, the Zeeman and 

Stark effects. In essence, we neglect states which are far removed in energy 

from the states we are interested in. 

In the application of the Tamm-Dancoff method to meson scattering, the 

initial approximation consists in considering only that subset of states which 
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have no more than one meson in them. We calculate the sum of all diagrai11S of 

the following nature: 

I I \ \ 

I \ 
I \ I 

' I ' ' ...1.. \ I + ' I ... -
' T \ ,-- ,- -, , \ 

We include all diagrams corresponding to the a rove which have mass renormalization 

X's in place of a bubble . Essentially, the first order Tarnm- Dancoff approxima

tion adds to the lowest order uncrossed diagram all the diagrams which are 

iterations of the bubble on the bare nucleon. 

This first approximation excludes the fundamental crossed diagram which 

is of the lowest order in the Born approximation. The second Tarnm-Dancoff 

approximation sums all diagrams which have states with no more than two mesons . 

In so doing, we include the fundamental crossed diagram of second order and 

the fourth order diagrans except this one: 

" / ' / ,,.. - ...._/ 

"' ' / ' / )4 \ 
I / '>. \ 

In the ~amm-Dancoff approximation, the iteration of bubbles gives rise to the 

same type of term in the denominator as we get in the 11 improved 11 perturbation 

calculation. However, because the Tamm- Dancoff approximation of a given order 

does not include a piece of the Born approximation of the same order, the results 

are not quite as good as the 11improved11 Born approximation. There have been 

numerous attempts to fix up the Tamm-Dancoff approximation by putting in some 

extra pieces, like the omitted crossed diagram. These have been moderately 

successful in obtaining results which agree with experiment . 

vfuether these approximations actually indicate what the theory predicts 

is a matter which is not to be dismissed lightly. It is a very dangerous thir.b 

in theoretical physics to take a Hamiltonian, which you dream up and are not 

absolutely sure if it's right or wrong, and then find an approximation method 

and ~ind out approximations until you get agreement with experiment, and then 

conclude that the theo=Y is in agreement with exper~ent. For you do not know 

for sure that, maybe because the Hamiltonian is wrong and the approximation is 
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bad, you may reach agreement with experiment on account of cancelling errors~ 

In our perturbation calculations we have not shown that if one calculates the 

sixth, eighth, and higher orders the agreement with experiment will not be 

destroyed. We hope it will not, but we are not sure about it since the con

vergence of the Born approximation is so slow. 

An approach of a different nature has come into wide use in the past 

three years, which is not based on solving the problem in approximations . 

Father, it derives from the theory a set of exact relations among experimental 

quantities, which must be satisfied precisely if the theory is correct. This 

is the method of Low, and is related to the theory of dispersion relations 

employed in relativistic theories. It was a great advance to derive from a 

very complicated theory a se·i. of exact relations which could be u~ed to check 

the theory. The first i~~ling we hac of such a possibility vms the theorem 

that the lowest order Born approx~tion with a renormalized mesonic charge 

gave the exact phase shifts L~ the limit of zero energy mesons. This is the 

~tatement that if the observed phase shifts are extrapolated down to zero energy! 

they should have the characteristic ratios 2:-1:-4. We would be in a position 

to get a decisive check on our theory were it not for the fact that in the 

physical region, (w > ~), the 31, 13, and 11 are too small to allow such an 

extrapolation procedure. However, we still have something of value for there 

are other problems also. From the extrapolation of the 33 phase shift we get 

a rigorously correct value for Jil 4n on our theory. '\.Te then can consider 

photoproduction, where we will see a similar exact prediction of the theory. 

A similar extrapolation of photoprorluction data 

ril4n which can be compared with the scattering 

of nuclear forces can be made to yield the same 

results for ril4n agree. Thus we see the first 

gives a 

value. 

thing. 

example 

rigorous value for 

In addition, a study 

The fact is that these 

of a set of results 

which do not depend upon an approximate calculation. The dispersion relations 

or Low equations are another example of a set of rigorously correct relations . 

We shall take up this topic in the next lectures. 
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Cb ev-Ioy l·1ethod 

An excellent reference to this method of calculating meson scattering 

is the paper by vlick (Rev. Mod. Ph. 27, 339 (1955)). In this paper low's 

derivation of the method is presented, and we shall study it in a little while. 

However, there is another approach to the Low equation, which relies on the 

concept of causality. This latter approach is better heuristically, and can 

be exploited in the relativistic theories. Therefore, we shall begin our 

discussion of the Chew-Low method by investigating certain dispersion relations 

which are a result of the principle of causality. 

The relations we shall derive are consequences of the assumption that 

effects follow causes in time. This statement at first seems obviously true, 

but actually it need not be true. In the future we may have to admit that 

the principle of causality is violated over very short time intervals, or that 

the times associated with causes and effects are smeared out a little so that 

one cannot precisely define a temporal sequence of cause and effect if these 

are too close to each other. However up to now, all our successful theories 

have been causal and we shall proceed under this assumption. 

In the theory of special relativity the principle of causality has the 

consequence that the upper limit on signal velocities must be £· For if there 

existed a signal which propagated ~aster than £, then one could find a 

Lorentz frame where the receipt of the signal occurred before the signal was 

sent. 

There are simpler applications of the principle of causality than 

those of special relativity. For example, in electrical networks, the 

principle requires that the response of the net\-rork, F( t), must vanish for 

times earlier than the application of the disturbance, say t = 0. Let us 

look at some mathematical consequences of the simple relation: 

F(t) = 0 for t < o. 

This condition can be exploited by looking at the Fourier transform of the 

r esponse function: 

f(w) = (2n)-l 
ro 

/ F(t) eiwt dt. 
-oo 

Assuming that F(t) is a bounded function, since F(t) = 0 for t < 0 , f(w) is 

an analytic function which has no poles in the upper half plane of w.* 
1Ti tchmarsh, Theory of Fourier 
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Indeed for real u, v, f(u + iv) ~ 0, uni£ormly. Therefore, ve may write: v co 

f(w) ::: i 
lT 

co 
;{ f(w 1 ) dw'/(w- w1 ). 

t This relation is a typical dispersion relation. We may reYrite it in several 

I 

~ . 

r 

t 

forms: co 
Re f(w) ::: 1/n I Im f(w 1 ) dw 1/(w1 - w) 

-co 

Im f(w) ::: 1/n 
co 

:f Re f(w') dw/(w- w') 
-co ro 

f(w) ::: Lim 1/n / Im f(w') dw 1 /(w1 
- (I) - i~). 

€-....,0 -<D 

In our static model, because the nucleon is smeared out (i.e. v(k) I 1), 
ve cannot say that the theory is causal. If it were not for the v(k), ve 

vould expect that the scattering amplitudes,fa(w) where~ ::: 33, 31, 11), 

would obey dispersion relations, since they indicate the response when an 

incident meson is scattered by a nucleon. It turns out that we may get 

around this by writing a dispersion relation for fa(w)/k2v2(k): 

f (w) oo f (w') 
a - 1 / dw 1 (w' - w - iE )-l !mag -'a--. __ 

k2v2(k) n -co 1Pv2(k 1 ) • 

This turns out to be the ~onte~i_~~ ~he ~w ~~~~on_fQF_~eson s~ttering. 

Of course, we will have to rewrite it in a different form, but this mathematical 

statement concerning the principle of causality is the essential reason why 

the LovT equation is true. 

Now this equation is deceptively simple, and ve will have to scrutinize 

it carefully to get a useful form for it. The first thing one notices is 

that 
fa(w)/k2v2(k) ::: eioa sino -a/k3v2(k) 

is supposed to be defined (analytically continued) for all values of w, at 

least in the upper half plane of complex w. The important question is what 

do we put into the equation for non-physical values of w'; those are w' < ~· 

It would be very nice if ve could reYrite the relation so that it involved 

only physically real values of w. It turns out that this can almost be done, 

but not quite. The integral over negative values of w' can be converted into 

one over positive w' by means of the "crossing theorem", vhich is a relation 

betveen f(-w) and f(w). This theorem enables us to rewrite the integral so 

that it runs only over positive w. This still leaves a contribution from 
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the non-physical region 0 < oo < ~' which turns out to be representable simply 

by an additive term, which can be integrated out. ~ve will be left with an 

integral over only physical values of oo, t.e. LJ ~ • 

We now can proceed further and find a relation which gives us the 

imaginary part of the scattering amplitude as a bilinear form in the scatter

ing amplitude. vie are familiar with such a relation, since last year we 

derived the optical theorem in non-relativistic QM: 

_it![ ( ) O"'tot. - k !mag. ~ k, e = 0 . 

This relation can be generalized very easily by setting down the req?frement 

that the S-matrix must be unitary in order that probabilities be conserved: 

= oa~ - 2ni Ra~ o(Ea - E~) 

= o + 2ni o(E -E )(R+ -R ) ay a y ay ay' 

+ 4n2 
L R B R:y o(E -E0 ) o(E -E ) 
~ a 1 ..,., a .., a y 

o = L S 
ay ~ a~ 

Now if we agree in the following to consider matrix elements of R only between 

states of the same energy, i.e. on the energy shell, we have: 

(R - R+ ) = -2ni L R 0 R:vo(E -E
8
). 

o.y ay ~ a..., .., , a , 

In particular this equation yields the generalization of the optical theorem: 

!mag R = -n L R R:a o(Ea-E8) 
ao. ~ a~ .., 

which indeed is a relation between the imaginary part of the forward scattering 

amplitude and the total cross-section. 

Now we can substitute this bilinear form for fa(w') into our dispersion 

relation. The bilinear form amounts to adding up the cross-sections for all 

possible reactions, which are energy conserving. If we start from a state 

where there is one free meson and a complete nucleon, what are the possible 

processes? Now since we are considering only real processes, we may expect 

that in the range 0 < oo < ~' the only term in !mag f (oo) will be a term a 
proportional to o (oo) coming from the R-matrix element representing the 

process in which a zero energy pion is absorbed by the nucleus. In the range 

of physical energies, the only process that can occur for ~ < oo < 2~ is the 

elastic scattering of the pion. However, above oo = 2~ we can have processes 

in which additional pions are created. J,.le can write : 
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for ~ < w' < 2 .... Imag fa = const. If 1
2 

a 

for 2._., < w' Imag fa = const. 1fa1
2 

+ higher terms from n -~ 2TT, etc. 

Low employs the approximation of neglecting all the cross sections for processes 

representing the production of additional pions. Hence, his method is called 

the one-meson approximation. 

To recast our formula, we now note the non-physical process for a zero 

energy TT contributes a term like 1/w to the scattering length, and it is the 

only place from which such a singular term can arise. He can therefore omit 

the integral from 0 to .... and add in: 

(~) (2/3) (ri/4n~2 ) (1/~). 
The proportionality factor between Imag fa(w) and 1fa(w)j

2 
can be obtained 

quickly by writing 

and noting that o a 
ioa 

Image 

i.Oa 
= e sino a 

is real for elastic scattering. Hence 

sin ~ · 2 
S>. ua = s1n ua 

i6 2 
= 1 e a sin oa 1 • 

Therefore, we 

f (w) 

get as a dispersion relation: 

a 
f (w') 
a 

+ crossed term for integral -co to -.... 

2 

dw' 

+higher terms from the processes n ~2n, etc. 

To be consistent with our heuristic derivation we should put 1/(w + i€) or 

(1/w -in o(w)) instead of 1/w in the first term; but we do not do so since 

this minor change cuts no ice anywhere the formula is employed • 

Let us now look into the method of relating the integral over negative 

values of w' to an integral over positive values of w'. Remember that in 

computing the K~trix for the meson elastic scattering, for every uncrossed 

diagram there existed a crossed diagram whose matrix element could be obtained 

simply from the uncrossed one by (1) interchanging ,;f and ,;i' and (2) by 

interchanging K and!', and (3) changing the sign of win the energy denominators. 

Hence if we perform these three operations on the K-matrix, the matrix must be 

unchanged. Since the only place that w appears outside an energy denominator 
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is in the normalization factor for the free meson wave functions which 

produces just the factor 1/~ in the K-matrix, the following relations must 

hold: 

G1 (-<l.l) = -G/w) 

G2(-<l.l) = -G2(w) 

This is called a crossing theorem*. We have just shown that on the energy 

shell the operations of replacing w by -w, ~i by ~f and K' by! just changes 

the sign of the K-matrix. Now since the K-ma.trix is Hermitian, and 

- - - 1 R = K (1 + irrK)- ; 

we see that if we apply the same operations to the R matrix on the energy shell, 

we get just 
- - -1 =+ -K(l - irrK) = -R • 

Therefore, the following relations hold: 

F1(-<l.l) = -~(w) 

F2(-<l.l) = -~(w). 
From these crossing relations we may deduce the corresponding crossing 

relations for the scattering amplitudes in the 33, 31 and 11 states. We will 

obtain: 

Imag fa(-<l.l) = ~ AaJ3 Imag fJ3(w). 

Problem 6: Find the 3 x 3 matrix AaJ3" 

'1-fi th the aid of this matrix we may rewrite the integral from -co to -~ 

as an integral over positive frequencies: 

(: ) 

f 2 1 1 oo !mag fa (w') dw' 
2 ~ 1 - - / :! 3 4rr~2 w +rr ~ (w'-<l.l-it)k' 2v2(k') 

00 
1/ _LA !mag 
rr w 1 +w af3 

~ 

As this equation stands, it is an exact prediction of the theory, based upon 

the application of a causality principle and the crossing theorem. Chew and 

Low then write the imaginary part of the scattering amplitude as a bilinear 

form involving the cross-sections for all possible processes at the given 

energy. Then to get a set of equations which they can attempt to solve, they 

employ the one~eson approximation which neglects all processes other than 

* Ref . M. Gell-Mann and Goldberger, Phys. Rev. ~' 1433 (1954). 
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elastic scattering. As a result they obtain the following three non-linear 

integral equations for the scattering amplitudes: 

f (w) 

~!) 
f 2 

1 co 1Pv2 (k'} f (w1) 2 
a _1_ ~ (1) + a dw1 

v2 (k)k2 = 1T / w'-w-ie v2 (k' )k 12 4 2 3 (I) 1TIJ. ll 

1 cok13v2(k 1) f~ (w1) 2 
-- / Aaf3 

v2 (k' )k12 
dw 1 

1T ll w' + w 

This system of equations in which the higher processes are neglected 

gives a pretty good account of the features of 1r-N scattering at low energies, 

including the 33 resonance. However, we are still subject to the same bugaboo 

of not being exactly sure of what the theory predicts, since we have made an 

approximation without knowing that the neglected part can truly be neglected. 

We cannot claim therefore that the agreement with experiment validates the 

theory, but certainly we hope that the agreement indicates that the theory 

may be OK. 

There may exist a connection between the Low one~eson approximation 

and the method of the "magic formula" for improving the Born approximation. 

It must be kept in mind that the following is a conjecture and may very 

possibly be false. 

Recall our magic formula: 

tan c5 (w) = a dw 1 

(I) I 

As we have seen in the application of this formula to the second order per

turbation calculation, the effect of the integral is to add up certain higher 

order terms. The improved second-order perturbation calculation includes all 

those fourth order terms which yield a term containing 131 (w). Forgetting 

certain complications due to the mass renormalization, these terms are 

precisely just the terms which are iterations of the second order terms which 

we feed into the "magic formula 11 
• For example, this fourth order diagram 

........ 

' ' ").--

~ ' ', I 
/ 

/ 
/ 

can be regarded as the iteration of these two second order diagrams: 
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In addition, all of the terms involving ~1(w) come from 11uncrossed11 diagrams. 

Now it appears promising that one can say that the magic formula sums all 

those diagrams which are iterations of any set of the diagrams fed into it. 

Furthermore, it may be true that all the higher order diagrams which are 

iterations of lover order diagrams are 11uncrossed11 diagrams. 

If these conjectures be true, then a very easy method of calculation 

suggests itself. (1) Take the results of a perturbation calculation to some 

definite order, (2) use the magic formula to generate a piece of the next 

higher order, (J) use the crossing theorem to generate that part of the 

higher order which arises from the crossed diagrams corresponding to those 

which are generated in the 11magic formula", (4) repeat the cycle. Does this 

procedure succeed in accounting for all the terms? If one starts with the 

second order, it will be found that this procedure includes all the fourth 

order perturbation terms in the sum. (Incidentally, it would be a good 

exercise to carry out this prescription for an order or so.) But when the 

prescription is carried out in the sixth-order, apparently some of the diagrams 

are not included, e. g. 

.... 

' ' 
/ 

/ 

If this diagram is sliced in half, the right half corresponds to the process 

rr -~ 2rr. This is just the type of term which is not included in the low 

one-meson approximation. Our final conjecture is that the approximation 

generated by the prescription presented may be the low one-meson approximation. 

A final warning; the above is only a guess and there may very well be some

thing wrong with it. 

The derivation of the Lov equation based upon the causality condition 

bas not been a proof, because we have not shown explicitly that fa(w)jk2v2(k) 

must satisfy a dispersion relation, nor have we treated carefully what happens 

in the region -~ < w < ~- The derivation has nevertheless been presented in 

considerable detail because it is more fundamental than Low's derivation. 
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We shall now take up a rigorous derivation of the Low equation; essentially 

Wick's reformulation shall be presented. 

To facilitate reference to Wick's paper we shall introduce some of his 

notation. He always writes: the coupling Hamiltonian in terms of 

V fo ~ / ( ) 01, ( ) d3 fo i tr'•k v(k) >.. = -.,; (f • p x v... x x - 't - - for momentum states, as 
A p ~ "'>._ " p ll A >._ v 2~ V 

v 
l'p>.. 

+ 
+ c >.. .,p 

Throughout the derivation of the Low equation, constant use is made of the 

following commutation rules: 

0 + + [H , c \ ] = +w c \ 
A API\ p,pl\ 

[H', c\] V 
,. 1\ PI\ = " p>.. • 

He constructs a scattering theory Q1 analogy with the non-relativistic 

potential scattering theory, in which one employs the equations: 

and 0 H cp.=Ecp., 
J\ 1 1 

to write a solution ~i which represents an incoming plane wave plus outgoing 

spherical waves: 

1 1 
*·+ = cp. + E=-~H~+~i-£ V cp. = cp. + o V •. • 

1 1 ~ 1 1 E-H +i£ ~ 1+ 
~ ~ 

In the application of this procedure to scattering problems in field theory, some 

care must be exercised because of difficulties due to wave-function renorma1ization. 

~i is not to be taken as an eige~ction of the uncoupled Hamiltonian, for we 

do not want the initial state as a free meson incident 6nto a "bare nucleon11
• 

Rather we wish to take as the initial state one which corresponds to a free meson 

incident onto a real, complete nucleon. Therefore, the states ja)are introduced, 

which symbolize the four states of a complete nucleon. These have M as their 

energy eigenvalue. 

By the construction of wave packet states for the incoming meson, it can 

very easily be shown that the quantity analogous to cpi is: 

I p>..a) = c \ I a) • 
4 PI\ 

The construction of the proper scattering state, which equals the initial state 

plus a sum of states representing outgoing free mesons, proceeds as follows: 

(H- w - M) c+\ Ia) = {c+\ (H- w - M) + (H0 + H', c+\ J}la) 
/'. p A PI\ ,. PI\ " p -4 A A PI\ 

= V \ ja) 
""PI\ 
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From this relation, we see thato/p~a+ = :;~ I a) + -w--'+ 
1
=-M-c------:H.,--+-i-t ,Yp~ I a) 

p ,. 
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must be the correct sc~ttering state. 

November 6. 1958 

In order to get the Low equation, all that remains is to get an expression 

for the R-matrix, and to transform that expression so that we obtain an equation 

for the scattering. 

The R-matrix can be written in the following form 

But what is to be inserted for/{'? In this formulation of the scattering problem, 
1\ 

1b' is not H' = H - 6M, because our unperturbed Hamiltonian is not 
,. - 1\ ACOUp. -

H0 = M + Hf • Rather we have taken as the unperturbed Hamiltonian the 
"' .... ree n 
Hamiltonian operator 1;:-Lo which is such that: 1"0 jp~a) = (M + wp) \ p~a >· 
Therefore, since ri 1 = H - '}-k0

, 
/\ A. A 

Thus, one can write the R-matrix element as 

and since the operator H + w - M has a well defined inverse, 
1\ p 

(H J I !:I f;)o<) = <J I {vrA M-"-'r- ,,_ ~ ~> {r M +"r+<•- ~ Yr·1]io~.) 
If the form of the R-matrix is examined, the crossing theorem becomes obvious. 

For the R-matri.X is invariant under the compound transformation of complex 

conjugation, interchanging ~ and q~, and re~ersing the sign of w. Note that 

the t 's which are a nuisance, can be dispensed with in the first term, since 

the lowest value that H can take is defined as M, and thus there is no pole in 

the first term . The second term just is an implicit formula for the sum of all 

the uncrossed diagrams as can be seen by expanding the second term in a perturbatio~ 

series. Likewise, the first term represents all the crossed diagrams. 
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This is the formula Low employs to derive his integral equation for 

meson scattering. To put it into the same form as was deduced heuristically 

from causality relations, a set of ~igenstates of the total Hamiltonian H are 

introduced, which represent waves incident onto the nucleon plus outgoing scatter

ed waves. : For our purposes we will only specify these with the symbols In+)· 

In this complete set of states, for example jO+) are the four complete nucleon 

states Ia), and the set \l+:>is the complete set of states of the form jp~a+), 
and so forth. Then 

<~IV.~jn+)(n+jV+ Ia) (~IV+ /n+)(n+IV ~Ia) 
< a 1 Rl ~ > L 1 ~ a~ + L a~ P 

qp..., " p a :: n M - C.t.l' - E n M + w.... - E + iE 
p n ·~ n 

We shall abandon the algebra at this point and concentrate on showing 

the features of this equation. If one recalls the Low equation as we had set 

it up in the last lecture: 
2 

a - 1 - - --- + - / k' v (k' ) f (oo) ~ 2) 2 fl 1 1 00 3 2 
v2(k)k2 - :4 3 4np.2 w n ~ 

- 1- LA 
w+w' ~ a~ 

f (w') 
a 

21 
) dw' + higher terms. 

It becomesevident that the term in 1/w comes just out of the sum over the inter

mediate states jO+) which are the complete nucleon states with no free mesons. 

To see this, it is necessary to remember that the scattering amplitudes fa(oo) 

are equal to some constant times -wR. 

There exists a vital difference in general between the Low equation and 

the equation resulting from dispersion theory. However, in the case of the 

static model which is being used here, this differenc' is non-existent. Only 

the matrix elements involving l1? as intermediate states are employed in the 

one-meson approximation; in general these matrix elements 

<~I vq~l n+) 

cannot be identified as matrix elements for the scattering amplitude, for the 

matrix elements are not on the energy shell; that is wn =f. wq. However, in this 

simple static theory, we can fix this up very easily so that we can equate 

these matrix elements to constants (dependent on w) times R-matrix elements 

which are on the 

+ 
(~ jV /n+) = qp. 

energy shell. 

a n 
(

-f (w ) 
const. 00n 
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With this trick in mind it can now be understood why the Low equation is 

written in terms of the (somewhat) unexpected combination fa(w)/k2 v
2

(k). 

This trick can only be pulled in a simple theory such as this where the energy 

dependence of the matrix elements is so trivial. In the relativistic theories 

such a maneuver cannot be employed. \.fuere this procedure is impossible, the 

equation generated from dispersion theory differs from the Low equation, for 

clearly the Low equation is a relation between matrix elements which are off 

the energy shell, while the matrix elements occurring in the dispersion :t · · 

equation are on the energy shell. In the static theory, Low's method leads to 

the interesting set of equations, but in the relativistic theory the interest

ing equations must be obtained in another way, namely by the method of dis

persion relations. 

The reason we have gone through all the troub~e of deriving the Low 

equation is that it has been used to describe r. meson-nucleon scattering. 

The equation has been solved numerically by iteration, and with a cut-off at 

about M and a coupling constant of around .08, results have been obtained in 

the one-meson approximation which are in quite good agreement with experiment. 

The one-meson approximation is slightly better than· the fourth-order improved 

approximation which we have derived in this course. He could go on and work 

out numerically this one-meson approximation, but since we would not obtain 

substantially different results, we will instead just refer the~ interested 

reader to the literature.* What the effect of the higher terms which are neglect

ed in the approximation may be has been estimated only crudely; it looked as 

though they would not contribute very much, but this hasn't been checked too 

well. However, it is not clear that this static theory is good enough to 

warrant beating it to deatht So we will leave the problem of meson scattering 

at this point and go on to other problems where the static theory gives a 

reasonably good approximate description of the phenomena. 

* Chew and Lair, Phys. Rev. 101, 1570 ( 1956) 

Castillejo, Dalitz, and Dyson, Phys. Rev., 101, 453 (1956) 
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No. 5· Photoproduction at Low Energies 

Two other interesting problems which can be treated in the static theory 

are the phenomenon of photoproduction, that is y + N----? N + n, and nuclear 

forces. Of these, we shall now discuss the interaction of a photon with a 

fixed nucleon in which a pion is produced. 

We have to introduce the quantum field theory for electromagnetic fields, 

photons. Such a theory was constructed last year for free photons by choosing 

the guage in which the fourth component ~ of the electromagnetic fields vanish. 

Also the ! field was chosen so that V • ! = 0, that is, the photons are polarized 

transverse to their momentum. Under these conditions, the free photon field can 

be treated quantum mechanically by just carrying over our formalism for a 

neutral spinless particle but making ~ into a vector field ! with two polariza-
~ A 

tion degrees of freedom . It is clear that we are not setting up a manifestly 

covariant photon field theory, but the theory will be sufficient for our present 

purposes. In the presence of charges, we should have to introduce the fourth 

component of the electromagnetic field, or else longitudinal photon states to do 

the theory correctly; however, we shall neglect the coulomb interaction between 

charged particles here. 

In the absence of an interaction between the nucleon-meson system and 

the Photon field the Hamiltonian is: ~ = M + ~free n + ~· + ~free y' where we 

are familiar with the first three operators, and the fourth is: 

H = L q a'±.... a- .... 
1\ free y q e " q e "q e 

To fix the notation, the levels of a photon will be designated by its momentum q 
+ 

and polarization ~; the destruction and creation operators by a and a , "qe 1\qe 
respectively; and the field operator by 

i(q ·x-qt) 
A(x) = L a~ ~ e e + H.A. 
~ - <r' e q e - 1/ 2q v 

The problem now is to write down the coupling term between the photon 

field and our nucleon-meson field system. To repeat, we are neglecting the 

terms representing coulomb interactions between mesons and bare nucleons. We 

are going to neglect any other coupling of order e2 also. The reason is that 

in our cut-off theory of static nucleons, it is just not worthwhile to worry 

about higher order electromagnetic effects when we have to use only an approximate 
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theory of the much stronger masonic interactions. 

There will be a coupling Hamiltonian between the stationary nucleon and 

the free photons. For a "stationary" fermion this will consist of the two terms 

e2p//211 and +e/211 a; • ] (where ]2 ::: V x ~). The first term will be disregarded 

because it is of ord;r e2; it is, of course, just the term which gives the 

Thompson cross-section for the scattering of photons by a free nucleon in 

analogy with electrodynamics. The second term just represents the interaction 

of the Dirac magnetic moment with the magnetic field. It is often an ambiguous 

task to decide when to keep or drop a small term in making an approximation. 

Since the Dirac term is linear in e, we will carry it along. (Since it goes 

like 1~1, however, we may also feel free to drop it for convenience.) One should 

notice that only the Dirac moment is put into the coupling term between the 

bare nucleon and the photon field. The anamolous part of the real nucleon 

magnetic moment presumably arises from the interaction of the meson cloud current 

of a complete nucleon with photons, so that it should be a quantity which may 

be calculated from the theory, and not an arbitrary number which is to be fed 

into the theory. 

When an attempt is made to set up any electromagnetic interaction term, 

it must be done in such a way that the coupling is gauge invariant. Gauge 

invariance does not determine the interaction, but does specify the presence 

of certain terms in the coupling Hamiltonian when other terms are known to be 

included. Any interaction term involving the field strengths is automatically 

gauge invariant. Up to the present time, however, it has been possible to 

account for phenomena involving electromagnetism by just taking the coupling 

to be as simple as possible consistent with the requirement of gauge invariance. 

It appears that although gauge invariance allows the presence of terms involving 

any function of the electromagnetic field strengths, only the most simple term 

in the potentials actually exists in nature. This principle is fondly called 

"the principle of minimal electromagnetic interaction". 

The minimal interaction which is gauge invariant and which couples the 

electromagnetic vector potential is simply to replace every p in a 

Hamiltonian by {p - eA) or 7 by V - i~. It can be seen that this combination 
A ~ A 

is gauge invariant in the following way. Suppose a gaqge transformation is 

given: 

A1 ::: .! + VX., 

then if one performs a unitary transformation on the wave functions: 
U ::: e+ieX. 
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we have: 

e +iXe ( V - ie!) e -ieX = V - ie!' • 

The introduction of this substitution of course modifies the Hamiltonian for 

free pions. This produces just the term representing the meson current. vfuen 

we do the same to the Dirac equation, we get just a term for the nucleon 

current, plus a term representing the Dirac moment. But it does much more, 

for there is a gradient in the interaction term between mesons and nucleons. 

In this way we get a "direct photoproduction term" 

-ief ~ ...... 
--

0 
d' • A -; • ~(o) 

tL " ;:: " " 
This direct term is characteristic of a theory in which there is gradient 

coupling between mesons and nucleons. There are two relativistic meson theories; 

one of these involves gradient coupling, while the other, the y
5 

theory, does 

not. However, in the static or nonrelativistic limit of both these theories, 

we get the gradient coupling and thus also the direct photoproduction term. 

November ll, 1958 

In the next two lectures we are going to give a brief introduction to 

the theory of photo-production using the static model. However, we shall not 

be able to treat this phenomenon in as much detail as was put into the discussion 

of meson scattering. One of the principle goals of this discussion is to 

demonstrate how the renormalized meson-nucleon coupling constant can be obtained 

from data on photoproduction. 

It was asserted last time that the proper way to put in the electro

magnetic interaction term was to replace p by p - eA. This, however, leads to 

many complications because we are employing a theory with a cutoff, that is, a 

theory in which the interactions are not local. A non-local interaction can be 

expressed as one which depends on all powers of the gradient operator, there

fore ambiguities arise when one starts to make the substitution of p - eA 

for p. Since we are not interested in results which depend in a complicated 

way on the source function, these complications will be ignored. People have 

attempted to use elaborate hypotheses concerning currents in the source, but 

none of these calculations are reliable. It just is not worthwhile to attempt 

to put that much detail into the static theory; one should wait until a correct 

local relativistic theory is developed. 

When the electromagnetic interaction is inserted into our static theory, 
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certain terms can be correlated ,.rith the thr~e parts of the TT-N Hamiltonian as 

follows: 

Term of TT-N Hamiltonian 

H free TT 

H 1. coup ~ng 

Hf N (in Dirac theory) ree 

Electromagnetic Interaction 

Meson current interaction 

Direct Photoproduction term 

Dirac :t'..agnetic Moment 

The first task is to write down the expressions for these interaction terms. 

As we said last time, we shall include only terms which are linear in e, and 

consequently omit the coupling with the time component of the electromagnetic 

field which carries the coulomb interactions between charged particles. I 

should like to point out explicitly that the introduction of the electromagnetic 

coupling destroys the invariance of the Hamiltonian in isotopic spin space. 

Thus the total isotopic spin can change under the influence of electromagnetic 

interactions, although Iz remains a good quantum number. 

Now to first order in e, the meson current operator is: 

j = ~ {~+9 ~ - ~ 9 ~+} • i ~ ,.c ... c ,..,c 

Since the i~teraction term is ~ / Jj · 7{d3x, the following expression results: 

H" = +ie/ (A~+· V ~ -A~ • V ~ +) d3x. 
TTy ""C ,C ,.. "C J\C 

Next, disregarding the complications due to the cutoff, the following part 

of H 
coup. f f 

{2 ...Q./;; · 9('t ~ + 't <\>+) d3x ~ {2 ...Q-;. • 
Jl ,. -" c "'+ ,.c ll 

yields the direct interaction te~: 
_fo 

H11 = -ie ..J2-direct Jl 

__:.. --.:. + ~ _... 
{'t ~ (O)cr • A(b) - 't+~ (0)0" • A(O)}. 

... - ,.,C f\ .'\ A ,..c J\ A 

And, finally, the Dirac moment of the nucleon gives rise to this interaction term: 
l+'t--:. _.. 

H" = 2Me 2,..z cf • B(O). -"Dirac 

The experiments on photoproduction are usually analyzed according to 

the multipoles of the radiation. Since angular momentum and parity are both 

conserved (treating the TT as having a negative intrinsic parity) by virtue of 

the symmetries of the interaction, from a given multipole, pions can be 

produced in only a few states, and vise-versa. Keeping track of the parity and 

angular momentum, the following table can be constructed.* 

*For a complete discussion of vector multipole expansions, see Blatt and Weisskopf 
Theoretical Nuclear Physics, page 796 ff. 
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The meson partial wave 8
1/2 

with Jn = 1/2- comes from El photons. 

pl/2 II 1/2+ I\ Ml ,, 

p3/2 I I 3/2+ 'I Ml, E2 '\ 

D3/2 3/2- \I El, M2 
,. 

'\ 

For the present, we are going to investigate the production of mesons 

only near threshold. Thus we are concerned today only with S-wave mesons, and 

accordingly only the El part of the radiation. Consider for the moment the 

production of an S-D-F-G- ••• wave meson by a photon. As we have repeated many 

times, in our processes we shall restrict our calculations to be of first order 

in e. With this restriction, once such a meson is made, i1 1§ ~· Only P 

wave mesons are coupled in the static theory, and thus we need not worry about 

any higher order corrections in f due to S-D-F ••• wave mesons. (However, this 

does not bold in a correct relativistic theory, because recoil effects produce 

an effective S-wave interaction.) 

Let us now treat the production of S-D-F-G ••• wave mesons; in the 

following lecture we shall take up Chew and Low's treatment of the production 

of P-wave mesons. Clearly the Dirac moment interaction involves only the r11 

component of the phot.on and thus gives rise only to P-wave mesons. Therefore, 

it need not be considered in the current calculation. Consider now the term in 

the R-matrix due to the 11direct photoproduction term 11
• Since we take the value 

of the A operator at a point, we will get only S-wave mesons. For the process 

y + p ~ n+ + n the first order diagram (in e) fo~ the direct term is 

S-wav~,' ',/ 

Analytically the corresponding term in the R-matrix is: 

+ ef 
(ns'n I H!!. lyps) = (ns' l-i 1[2 __Q. 't_ 

-~1rect ~ 
(-l) if·~ _L_J ps) 

y' 2~ V \j" 2qV 

= 

Recalling that the renormalization constants were defined in such a way that 

r (nsf I-t <r. -e1 ps) = f /cp (ns') I-t <1-·e'lq,(ps) > 
o - 1'-' bare - care ' 
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the following simple result is obtained: 
f 

+I I I~ ..... , ~ e l. 1 - I <ns 1n HE yps) = <s' <r•e s) ~-- = <ps'n IRE. yns'-. 
-""Direct .[2v IJ. JO\.q !hrect '/ 

It is easy to trace through the calculation and verify that the same matrix 

element is obtained for the process y + n---~n+p. You will notice that in the 

production of non-interacting mesons, (those are S-D-F-G ••• ), this theory 
0 0 indicates an absence of n 's. The theory indicates that only P-wave n 's are 

made, and then only by a charge-exchange scattering process. Experimentally 

the S-wave n° 1s are quite scarce; this is in agreement with the experimental 

evidence for small S-~ve scattering phase shifts. 

The next step is to compute the R-matrix element (in first order) employ

ing the meson current electromagnetic interaction. The diagram is the same: 

but there is a diffe~ence analytically. Since the matrix element will be comput

ed for convenience with a plane wave meson wave function, we will get a piece of 

the P-wave amplitude in the following calculation. In a more detailed calcula

tion, this piece may be ext racted, since the P-wave part must be treated 

differently due to the interaction of P-wave mesons with nucleons. However, we 

shall not bother with this now, since our aim is to look at the photoproduction 

near threshold where the P-wave part of the amplitude vanishes. (In the follow

ing algebra, there are two subtleties. First, with the operator ~ we must 
+ Ac 

create only a n with momentum k, and thus we may do the integral quite easily. 

Second, remember that in our original notation In+)= -c+ lvac).) 

(ns •11 +J ~;Y \psy)= (ns •\ ;;rk { ie ;?f• j eiq .x_+~\1t.,d3x + HA }I y p~ 
_/_ t \ • e. 2V(-l )-ik ~~~ (g-~) - ~11:+ (k-; )) "I· :> -\__ns 1en-;::;; ,~ J2 V ps 

..rq • .J'.wk. ~-q __ .... 
iek•e i h I \ ~ 

= ~2qwk~-qV 'f:8 '1 ~+11:i q-k) - ;,1l:+(k-q) P/' 

These two matrix elements have a simple approxil'IB.te physical interpretation. 

For e~mple, <ne 1 jc+_ jps) is roughly the amplitude that a neutron is dissociated 

virtually into a prgton and a n-. Similarly, <ns'l c +Ip s) can be thought of as 

roughly the amplitude that a neutron is virtually a ~roton and an+. The 

interaction can then be thought of as the interaction of the photon with the 
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Virtual meson current in a physical nucleon. However, it is simpler to 

calculate these matrix elements exactly. One only has to recall the r el ations 

c I 1 + I ~n+(k-q) ps) = M- w - H J +( ) ~s) 
k-q " n k-q 

(ns 1 lc + = (ns 1 IV 1 

"n - (q-k) An -(q-k) M - wq-k - ~ 

which were used to de~ive the Low equation. Employing these, the answer is 

obtained quite easily 
~ ~ 

+ f 
(ns' lc - c Ips)= _Q, 

"n -(q-k) , n + (k-q) I.L 

i J2 't C1' • (q-k)v(q-k) 
(ns' I -

\/2w kv (-w k) 

i \!2 -r;_if • (~)v(k-q) 
<~-q) V2~-q v 

q- q-

+;? fl ~ __ ... 
Ips)= -=--- - ( s' I if • (k-q) Is). 

WJ/ 2 I.L 
q-k 

It may again be verified that the matrix element for the process y + n ~ n + p 

is the same as the one just calculated. Collecting our results, we now write 
+ the R-matrix element to first order in e for t he process y + p ~n + n or 

y + n ~ n + p. This is the prediction of the static model for the photo

production of S-D-F-G--· •• wave mesons. (Remember that t here is a piece of the 

P-wave amplitude in here also.) 
~ ~~ 

{~ 2k • e(k:q) 
e- 2 -} 

wk-q 

At threshold, in this static model, k = O, and the dominant contribution 

to the photoproduction amplitude comes from the direct term, which produces only 

S-wave charged mesons. In computing the cross-section, the final nucleon spin 

states will be summed over and the initial spin states will be averaged, since 

the experiments have not yet been done with polarized nucleons. Therefore, at 

threshold, w = I.L, ~ the Golden Rule : 

But 

? 
dO" V 2n V k- dk 1 z z I R'l2 
dg = (2n)3 k dk/w 2 initial f inal 

spins spins 

1 z z /. T I_,:, _...! 2 = 
2·-initial fitlB.l ~ (J • e s; 

spms spms 

1 _.. - 2 2 Trace (o' • e) 1 (-"' ~) = 2 Trace e • e = 1 . 

And thus, 

= _g_ {:e2) (fl2) k 
I.L2 ,4n 4n q 

<:rTot.(threshold) = 8; 1~7 ( .08)f3 ~ .JOf3 (millibarns) 
I.L 
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where ~ is the velocity of the meson. The experimental value for t he cross

section is a little less than .JO~; it is about~- The analysis can be improved 

by keeping track of recoil considerations; that is, if one just puts in the 

relativistic kinematics, the calculation can be improved by JO% or so. 

Excellent agreement with experiment near threshold can then be obtained, and 

the determination of the renormalized coupling constant gives a result which is 

quite compatible with the result from meson scattering. 

Thus, having determined the renormalized coupling constant from scatter

ing data, we can make several predictions on the behavior of the photoproduction 

cross-section at low energies. Namely, the static theory gives a prediction of 

the threshold cross-section. It says that the energy dependence should go as 

k/q. And there should be no neutral pions produced, while the threshold cross-
+ sections for the processes y + p --? n + n and Y + n ~ n + p should be the 

same. All of these predictions agree reasonably well with experiment. 

If we extract from our scattering amplitude only the S-wave part, we 

have included in our calculation all the first-order terms which produce S-wave 

mesons. Thus we have a valid prediction of the theory for the production of S

wave mesons up to energies of a couple hundred mev. This prediction is not borne 

out as well as the threshold predictions. The S-wave cross-section follows more 

or less the behavior predicted by the static model, but cuts out eventually at 

higher energies. All along the range in energies, there are relatively few 

neutral pions produced. 

The interesting and complicated question now is to calculate the P-wave 

amplitude. Part of the P-wave amplitude we have already obtained, but this is a 

trivial part of the problem. Likewise we will get another piece of the P-wave 

amplitude from the Dirac moment term, but that also is an easy part of the cal -

culation. The important part of the P-wave problem is to put in the higher order 

corrections which come from the meson-nucleon interaction in the P-wave state. 

This will be sketched roughly according to the methods of Chew and Low and a 

simple physical picture of what is going on. It will be found that by this simple 

argument we will pick up the lion's share of the P-wave amplitude. 

For the benefit of those who are not familiar with the experimental 

results on photoproduction, the following two graphs 

theory should be able to predict. ~oT 

1 + f ~ 11+ t- 11 

0 1+ f ~11 -t p 
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November 13, 1958 

Last time we calculated the exact matrix element (to first order in e) 

for the photoproduction of S-D-F-G-••• wave mesons, using the static theory. 

At threshold, the only important term is the S-wave term, and thus the cal

culation gives an exact prediction of the cross-section near threshold: This 

prediction is in fairly good agreement with experiment, especially when recoil 

kinematics is used to improve the calculation. However, as soon as we go to 

higher energies, the effect of the production of higher partial waves has to 

be included. B1 far the most important of these is the P-wave. Unfortunately, 

the very factor which makes it so important, also makes it extremely difficult 

to calculate. That factor is, of course, that P-wave mesons interact strongly 

with nucleons. 

The best calculation of the P-wave photoproduction up to date has been 

made by Chew and Low. In this lecture a sketch of the method and its results 

will be given. The mathematical arguments for the justification of the approx

imations employed will not be repeated here. The interested reader will find 

them in the original paper.* After the mathematical sketch of the method has 

been given, a few physical arguments will be advanced on why the approximation 

is as good as it appears to be. 

It was shown that the direct term gave only S-wave mesons, the Dirac 

term gives only P-wave mesons, and the meson current term produces mesons in 

all of the partial waves. The exact amplitude for the S-D-F-••• wave 

production in the static theory was found to be the S-D-F-••• part of: -~ ie f C1' • 

(k>-131 HB rq_-ea > = <131 \ t:!!- v 
V2'\q 

In these partial vaves, there are no neutral mesons predicted. Now in 

calculating the P-wave production, corrections of higher order in f 1 have to 

be included, due to the strong coupling. The P-wa.ves are produced through 

both the Dirac moment term and the meson current term. They are produced only 

by the M1 and E2 components of the incident photon. Now Chew and Low have 

given what they believe to be the principal term in the R-matrix element for 

P-wves. They allege that the~ inportant ~ effect of the~ 

current term can be taken into account by adding to the Dirac moment the ---------- - --- -
anomalous nucleon moments. That is, the principle contribution to P-wave 

* Chew and low, Phys. Rev. 101, 1579 (1956) 
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photoproduction comes through the coupling of the observed magnetic moments 

with the Ml radiation. 

In calculating the R-matrix for P-wave photoproduction they say that 

it is a good approximation to take the P-wave amplitude we obtained in part 

term resulting from last time and add the 

f 
0 

Hn =- {- ~ 
(l+tz) (1-,;z) } - -:loo. 

2 ~n 2 c) • B ( O), ....-y fl p 

where ~ and ~ are the observed proton and neutron magnetic moments. We p n 
can rewrite H11 in the following manner: 

f o ir (~p +~n) (~P ~n) J __,. __.... 
H11 = - - - + - - 't rf' • B ( 0 ) = H11 + H" • 
~ fl 2 2 z s v 

The term involving 't' , that is H", is very simple to calculate; in fact, it z v 
turns out to be eA~ressable as an elastic scattering matrix element. On the 

other hand, the term not involving a nucleon isospin operator, H~, is quite 

difficult to calculate. However, since ~ = 2.79(-e/ZM) and ~ = -1.91(-e/2M), p n 
the term which is difficult to compute is roughly 1/5 as large as the term 

with 't'z• (To understand the signs in some _places, it should be remembered 

that in these notes e = - I e I . ) He will disregard the smaller term in the 

following because of the 1/5 factor and because it does not have resonant 

behavior as does the term kept. The fact that it does not participate in the 

resonance is easy to see. The initial state has I = 1/2. Since there is no 

isospin operator, there is no way we can pass through the resonant I = 3/2 

state. 

Thus, according to Chew and Low, it is a good approximation to set 
.....-::. .-:..~ ~ ~~ _;a. .... ~ 

<k>-f31Rphotojqea)= <k>-f31Hslqea) + <k>-f3 - IH;Iqea) 

(The minus sign is to signify that the state has only incoming waves in 

addition to the plane wave.) 
. ....... ~ I Now let us def1ne q = qk1 q and make use of the fact that energy conservation 

demands that q = ~· Then, employing the same trick as in the Low derivation 

of Low's scattering equations, we write 
..... -""" q tL -tL n _. if o ~ 

(k~f3 -IH 11 jqea) = - 1L - :...lL:.!! <k>-f3 - 1- 't' a • v fl k 2 ~ z 

and notice that the matrix element is just the elastic scattering R-matrix 
0 .... ~ ~ 

element representing an incident n with momentum m = q 1 X e being scattered 



..::. 
into the meson state k, ~. That is: 

~ ~~ q p. -~ ~ t 
\_K~f3 -IH" lqea) = - JL- :..lL..n (k~f3 IRsea I mza). 

v fl k 2 

At this point, still another approximation is employed in the evaluation 

of the scattering matrix element. By transformation theory, one can write 
_. scat ~ L ~ 

(k~13IR I mzct) = l.I· JJ (k~J3 
z z 

scat By far the largest of the R kJI 

It proves admissible to write 

I scat ~~ kJJ II ) R kJI (kJJ II mza ). z z z z 

scat 
is Rk,J/2, 3; 2, especially near the JJ resonance. 

, 

/'C~ 1 scat _.. ) L (~ I l :l scat .l l 1 ~ "-~ f3 R mza ~J I k~f3 k 2 J:a2 Iz)Rk J/2,J/2(k 2 Jz 2 Iz mza). 
z z 

With the expansion and neglect of all except the JJ scattering matrix elements, 

it is easy to make an important statement. Consider the process y+p - n+N. 

Under these approximations, we say that the process goes through the I = J/2, 

Iz = 1/2 scattering state. Now, a glance at the Clebsch-Gordan coefficients on 

page 16 shows that the amplitude for the production of neutral mesons isJ:2 

times the amplitude for producing charged mesons. The same statement holds for 

the process y + n~ TT + N. Thus, whenever it is possible to neglect the part 

of the amplitude from HB, e.g. at the ]1 resonance, the theory predicts that the 

cross-section f2! producing n° is double the cross-section for making charged n 1s. 

Indeed this statement has been verified experimentally. 

For the production of neutral pions, we have an estimate of the total 

amplitude in the single term due to the moments, for the term in as does not 

yield rr1 s. It is an easy arithmetical task to invert the formulae on page 21, 

to relate the R-matrix for scattering to the JJ phase shift (neglecting the 

other phase shifts). io 
JJ "in s.. 

~ scat ~ 2n e · s v3J __.-> _,..., - ~ ~~ 
(kzs'piR lmzsp);:::;- T 

3 
(s' la·ka•m + Ja-ma·kls). 

'\ k v 
In computing the cross section, we will sum over the final nucleon spins, and 

average over initial nucleon spins. Therefore we want to compute 

~ s;l<s I o•io•k+Jcr·ko.ml s I> <s I I o•ko-i+Jo·mo·k Is) 
1 ...J...a.. - ~~ ~ ~ "'""' ... ~ 

= 2 Tr 4{2m•k+ia•(kxm)}{2m•k-ia• (kJOD.)} 

= 2 Tr {4(~·k)2+(kxm)2} = 4{k2m2+J(k·~) 2} 
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Unless the photons are polarized, it is appropriate to average over the photon 

polarizations. This amounts to averaging over the angle ~· Therefore the 

cross-section for the production of neutral pions is 

1 2 (~p~n)~ 2 ( 2 
= --~ ~ sin 033 5-3 cos e) 

18 f 2 k3 
1 

Our calculation also yields a prediction for the charged cross-section, 

which 

is !ia:_ = L (e~ (f12) k + 1 ~ + 
dQ ± ~2 4;} 4n ~ 2 dg 

0 
Tr Tr 

interference terms. 

The prediction for neutral mesons is in good agreement with experiment 

in that it gives very .beautifully the resonant behavior of the cross-section, 

gives the correct angular distribution, and gives the magnitude of the cross

section at resonance to about 15% or so. As was mentioned previously, the 

charged cross-section gives the correct S-wave production near threshold. It 

also gives the observed ratio of charges to neutral mesons at the resonance. 

However, the interference behavior is not described well. This is attributed 

to the critical influence of small terms, such as were neglected, on inter

ference effects. 

Now, the interesting question is why does this series of approximations 

give such impressive agreement. Physically, the important point is that a 

meson is produced virtually in a state in which there is a very strong inter

action with nucleons. By far the strongest interaction is in the 33 state, 

in which there is a strong attractive potential. There is a tremendous 

enhancement of the correct meson wave function near the origin. This en-
2 /k3 hancement is taken care of by the factor sin o

33 
• This is the physical 

reason for the overwhelming importance of the 33 state. 

The remaining question is why were Chew and Low able to get away with 

considering only magnetic dipole transitions rather than including also 

electric quadrupole transitions. The reason here is that the quadrupole 

matrix element gets its principal contribution from relatively larger 

distances than does the magnetic dipole. But the enhancement is a big 

consideration only over short distances. Thus, the nature of the enhancement 

discriminates against the E2. Now the sharply localized effect of the meson 

current is to produce the anomalous magnetic moment. Hence the principal 

modification for the P-wave scattering is to put in the effect of the observed 

magnetic moments. 
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IDn the static theory, we have seen that the threshold ratio of n- ton+ 

production is 1. vfuen the relativistic kinematics is considered, that ratio 

becomes 1 + 2~/M = 1.3. This ratio comes out of any approximation used on the 

relativistic meson theories, and can be obtained classically from recoil 

considerations. 

We are now going to leave this static theory, and go on to investigate 

relativistic theories. By this time, its generally unsatisfactory character 

should be evident -- the fact that neglecting recoil and putting in a cutoff 

we never know quite what we're doing, and that when we get disagreement with 

experiment, we don't know whether to attribute it to the crudity of the model 

or to the poorness of the approximations. The relativistic theories, as 

applied to meson-nucleon interactions,is even more unsatisfactory because, 

although they can be formulated in very beautifUl wa~·s, nothing at all can be 

done in using them to calculate answers except to employ perturbation theory. 

But as an expansion in powers of 15, perturbation theory is worthless. However, 

we do have a relativistic theory of photons, quantum electrodynamics. This 

theory is in very beautiful shape, thanks to the fact that the expansion 

parameter is 1/137. The expansion can be performed very well (actually it 

is an asymptotic expansion), and we get perfect agreement with experiment. 

This theory is therefore very satisfactory, and we shall take it up in the 

next lectures. 
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November 18, 1958 

No. 6 Relativistic Quantum Mechanics of ~ Spin 1/2 Particle 

We have learned how to treat spinless bosons relativistically. We 

saw how to write the relativistic wave equations, how to introduce the 

statistics into the theory, and how to couple the boson field with other fields. 

The problem still remains of how does one treat fermions relativistically. 

lt!e shall treat this problem in the same way as we treated the relativistic 

wave mechanics of bosons. First, we will discuss one single uncoupled fermion, 

then we will take up the many-particle formalism and put in the statistics, 

and finally we shall couple the fermion field to other fields. All elementary 

fermions that we know of have spin 1/2, and so we shall not bother to demonstrate 

the possibility of constructing a wave mechanics for particles with spin 3/2, 

5/2, etc. This can be done, but it is very complicated. All the known fermions 

of spin 3/2, 5/2, ••• are regarded as composite particles. 

Since for a free particle, we still desire that the Einstein relation 

~ = k2 
+ m2 should hold, and since in quantum mechanics, we want the operators 

for E and k to be represented by i ~t and -iV respectively, we must find a way 

to take the square root of the free particle second order equation 

a2 2 2 
(- - 2 + V - m )1jf = 0. 

at 

When * was a world scalar, we could take the square root of this operator 

equation directly, and we obtained just the Schroedinger relativistic wave 

equation for spinless particles. This way of taking the square root ob\~ously 

won't work for spin 1/2 particles, where we need a many component wave function 

to describe the spin degree of freedom, and for which the square root operator 

must involve something that operates on these components. 

Dirac took the square root of the second degree equation in what turned 

out to be the right way. He was led to do it by a number of erroneous arguments 

which we needn't enter into. It is really a quite straightforward procedure 

to take the correct square root. We want to find an operator which is linear 

in ~t' that is, of the form 

. a H 
~at-

such that H2 = p2 + m2 = -if' + m2, and such that H involve-s something which 

acts upon the components which describe spin degrees of freedom. It occurred 

to Dirac that one could form a square root operator which was linear not only 
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in o/ot but also in p = i9. To Dirac, this appearsJto be the most likely ,. 
way to set up a relativistically covariant theory. So he wrote down the 

following square root equation 
_,. ~ 

Ew = <~ . p + ~m)' 
4 /\ " 1\ A 

where ~ and ~ are operators which act only on the components of w and which, 
1\ A 

being independent of~ and p, commute with the position and momentum operators. 

(Note: In these lectures, we are going to use the coordinates x1, ~' XJ' x
4 

= 
x,y,z,it to preserve the simplicities inherent in a Euclidean metric. We shall 

use the symbol ~ to denote four vectors.) Dirac was motivated in part by 

the classical equation 

E = ~ • p + J1 - v2 m 

and was led to write down a formal operator expression of the same kind. we 
-->. 

will see later that the expectation values of the operators a and ~ are just 

v and J1 - v
2, but it is best just to r~ard this analogy as" a useful 

_,. 
psychological piece of motivation, because, as I want to emphasize, a and ~ 

-+ _,. " "' 
are not functions of p. The a and ~ are n by n matrices which act upon the 

" A ..Jo. 

n component wave function and which commute with p. 

What are the properties of these operators a1, a2, a
3

, and ~? Well, 
A """- /"- J>o. 

the determining factor is that this equation really be a square root of the 

second order equation, that is 

This single requirement determines that 

and 

ajai = -o.iaj 

~a. 
1 

a.fJ = 
1 

2 
a. = 

1 
~2 = 1. 

2 2 = P + m . 

for i I j, 

Now, if we consider the group ring generated by these four n by n matrices, 

we see that there can be at most 16 independent matrices in the group ring, 

because the algebraic properties determined above make it possible to simplify 

every product containing two identical matrices. Our problem is to find the 

irreducible representations of this group ring. There certainly exists no 

representation of degree 1 (i.e. n = 1), for all matrices of degree 1 commute. 

vie are very familiar with three anticommuting matrices of degree 2, viz. the 

Pauli matrices a , a , and a . But there are only four linearly independent 
X y Z 

2x2 matrices: 1, a , a , a . Since the unit matrix commutes with everything, 
X y Z 

there exists no representation of the group ring of second degree. It is very 

easy to show that there exists no representation of an odd degree. For, consider 
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the determinant of the following product 

Det aip = (Det ai) (Det p). 

But since the determinant of any of these four matrices cannot vanish (they 

are their own inverses and hence their determinants are± 1), the following 

identity 

Det a.p = Det (~a.) = (Det- I)(Det ~)(Det a.) = (-)n(Det ai)(Det ~) indicates 
~ ~ ~ 

that n must be an even number. 

Perhaps the simplest way to prove that there exists a representation of 

degree 4 is to exhibit onel We find it convenient to write 4x4 matrices using 

2x2 matrices as elements in another 2x2 matrix. 

f3 = (
I o\ 
0 -I} 

~ 

a = ~) 
We have shown that a representation by 4x4 matrices is possible. It may be 

verified also that the 16 possible products of ai' f3 are represented by 16 

linearly independent matrices. It then follows that the hyper-complex number 

system, of which the sixteen possible products are basic elements, is iso

morphic to the complete matrix ring of all 4x4 matrices. Because of this iso

morphism, theorems from group theory and the theory of rings and ide~ls can be 

applied. These theorems guarantee that, up to equivalence transformations 

(which in quantum mechanics are always unitary transformations), ~ is only 

one irreducible representation, and that every reducible representation can be 

decomposed completely into irreducible ones, which are all equivalent to the 

one exhibited. 

It may now be remarked that we might have set the requirement that 

matrices n and f3 are to be Hermitian in order that the free fermion Hamiltonian 

be hermitian. Since we have exhibited a representation in which the matrices 

are hermitian, and since all the representations may be obtained from the 

given one by compounding them and performing unitary transformations, all the 

representations are automatically hermitian representati~s. 

For the most part, it is best in working with the Dirac equation to just 

use the algebraic properties of the matrix operators, rather than to do a lot 

of matrix arithmetic. However, when we are forced to use a definite representa

tion, it will probably be the one displayed above. This will be called the 

standard representation (SR) in these notes, because it is the one commonly 
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employed in the literature. There is one other representation which is 

commonly employed in problems dealing with charge conjugation. He will 

discuss it when the need arises. 

Momentum Eigenstates 

We now want to consider the physics of a spin 1/2 particle. The best 

way to do this is to solve problems, of which the simplest is the problem 

of a free particle. What are the eigensolutions of the Dirac equation which 

represent free particles with a definite momentum and energy? 

The solutions will be the product of a four-component spinor and a plane 

wave: .......... . 
i(k•x-wt) + = u e • rv 

From the consideration of the squared equation, it can be seen easily that 
2 2 2 
~ = m + k • The first order equation which must be satisfied by the spinor 

is: 
~ __:,. 

oou :: (a • k + f3m) u. 

The best way to 

look at the case 

find out t he nature of 

of a particle at rest, 

the solutions of this equation is to 

i.e. find the solutions fork = O. 

In this case, we have two solutions for oo = m. 

.' 1 \ 

u -{ 0) 
Of -\ g 

\ole expect that these two solutions will represent the two possible spin 

states of a spin 1/2 particle. Indeed, this is true; we will show this 

later when we come to discuss the angular momentum operator. 

There is an easy way to construct the solutions for a particle in motion. 

If we define E = J m2 + k 2 and consider the identity 

E + (t • k + Bm E - ~ • k - @m 
w = 2E w + 2E w :: u + v 

we see that an arbitrary spinor w can be split up into two parts u and v-

in such a way that the spinor u is a solution of the Dirac equation for a 

particle with momentum k and energy oo = ~· For, 

(~ - ~ · k - f3m)u = 2; (Ef - k2 - m2)w = 0. 
. + E If we normalize the sp~nor u, so that u u = ;' then we can generate the two 

solutions for w = E: 
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and 

-> -"' 

+Pm (n c·m j E +a· k 

v~(Fmrl) ~. ~~. = = -· ~2m(E+m) 
k+ik 

_ E + a • k + Bm 1 _ ---;:::1:=:==:_ .... ...... (. 0) 
'\~ - .J2m(E+m) g - V2m(E+m) 

X y 

~ E~m '·) 
k -ik 

X y 
-k z 

Page 75 

Also, it may be verified that there are only two solutions for w = Ek of the 
_, -" 

eigenvalue eq~ation by noticing that (E + a • k + ~m) operating on the remain-

ing two basis spinors 

yields just a linear combination of the two spinors ~f and ~~ • 

It should be noticed that the v spinors which are generated above also 

satisfy the Dirac equation, but for w = -~· There are two additional solu

tions of the Dirac equation for a given momentum k· In the case of a particle 

at rest, these solutions may be taken to be 

VO "' = (g) ' 
- ! 1 

0 

and 

The two spinors for k with negative frequencies may be obtained in the same 

manner we obtained the positive frequency spinors: 

E -a • k - ~m 

,)2m(E+m) 

1 
v_ot = -::=:::::::::::... 

{2m(E+m) 

1 = ---=---
-kx+ik~ 

kz ) 
\[i.m<E+m) 0 

E+m / 

(-::1 '{ y 
:.. ·m 

\ 0 ' 

It is an easy exercise to verify that the four solutions for a given 

value of. the momentum k are orthogonal to one another, and thus form an 

orthonormal basis for the four dimensional spinor space if u+u is taken to be 1. 

This is another way of normalizing these spinors, which is widely used . 

However, our method has the advantage that it is relativistically invariant. 

We normalize so that u+u = E/m. 



1 

I 
I 
I 
l 

Ph 234 Page 76 

Thus for each momentum k, there are four solutions of the Dirac 
equation. Two of these are for a positive frequency, that is, ro=E, while 
there are two also for ro = -E. This, of course, was very traumatic in the 
days of Dirac. To eliminate the possibility of endless transitions to electron 
states of lower and lower energies, Dirac created the famous "hole theory". 
In this theory, it was imagined that all the negative energy states were 
occupied for the most part, and that this 11sea11 of negative energy electrons 
did not give rise to observable fields, etc. Thus a positive energy electron 
was prevented, in general, from making a transition to a negative energy state 
on account of the exclusion principle. However, the possibility remained that 
an electron in a negative energy state could undergo a transition to a positive 
energy state. The hole in the sea would behave· in every respect like a 
particle with a positive charge, the positron. By this mechanism, the Dirac 
hole theory could explain pair production, and pair annihilation was envisioned 
as just the inverse process. 

But today, we don't have to go through this mystici sm, although it is 
still perfectly correct. You can, if you wish, use Dirac's concepts to inter
pret the negative frequency solutions. However, I think it is much more 
sensible these days to say we know what to do with these equations which have 
positive and negative frequency solutions. We've seen what to do in the case 
of Klein-Gordan equation, the Maxwell equation, and so on. Namely, there are 
two distinct classes of particles in nature. Particles in Class I have distinct. 
antiparticles; examples are n-. K-, and e-. On the other hand, the particles 
of Class II are identical with their antiparticles; examples aren° andY· In 
both classes the solutions with positive frequencies are associated with the 
destruction of something, while the negative freque~cy solutions are associated 
with the creation of something. In Class I, the pos~ .ive frequency solutions 
are correlated to the destruction of the particle, and those with negative 
frequencies are correlated to the creation of the anti-particle. The complex 
conjugate of a positive frequency solution then is associated with the 
creation of the particle, and the complex conjugate of a negative frequency 
solution with the destruction of the anti-particle. In Class II, the situation 
is a little simpler, for the positive frequency solutions are associated with 
the destruction of the particle, and the negative frequency solutions, which 
are the complex conjugates of the positive frequency solutions, are correlated 
to the creation of the particle. 

Exactly the same situation holds for the solutions of the Dirac equation. 
However, no fermions have been discovered which are their ow~ anti-particles. 
In all the cases of fermions we know of, the particle and anti-particle are 
separated not only by being two distinct degrees of freedom, but also by an 
absolute conservation law, which forbids particles from turning into anti
particles, and vise-versa. You remember in the case of bosons, this was not 
always so; for the gamma ray and the no, the particle and the anti-particle 
were the same. In the case of the KO and the anti-K0 the particle and the 
anti-particle were distinct, but the law which prevents one from turning into 
the other, the law of conservation of strangeness, is not absolute, which 
means that K0 and K0 can turn into each other -- weakly -- and that, therefore, 
it is sometimes worthwhile to consider linear combinations of them, which are 
their own antiparticles, Kl and K2· In the case of fermions this has never 
occurred. 
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Another way of describing what is to be done, which is applicable 

to one particle phenomena, is that the positive frequency solutions are to 

r epresent the particle, and the complex conjugates of the negative frequency 

solutions are to describe the anti-particles. Thus, if we want to look at one 

electron or positron, we say that, starting arbitrarily with the notion that the 

electron is the particle and the positron the anti-particle, the positive 

frequency solutions of the Dirac equation will describe the electron, free or in 

an external field. The negative frequency solutions, complex conjugated, are 

t he positron solutions in the same field. (Actually, depending upon the repre

sentation, we may have to shuffle the spinor components a little also, but this 

i s a trivial complication here.) This is the same procedure we used in the case 

of the charged pions, and it works here just as it worked in that case. So 

there is no need to construct an elaborate "mystic 11 for the Dirac equation. 

Thus we have constructed the two possible solutions for an electron 

with momentum k, which represent the two possible orientations of the spin degree 

of freedom. They are: 
i(k • X - Et) e ·- -

On the other hand, i(k • x + Et) 
e - -

and 

and 

i(k • X - •t) e - -

ei(k • ~ + Et) 

vkl fi 
except for a shuffling of components, are the complex conjugates of the 

solutions for a positron with momentum -k· In this way the extra set of two 

solutions are seen to be useful in describing a positron, just as in the Klein-
+ Gordan equation, where the extra solution was useful in describing the n • I n 

the case of the free particle where both positrons and electrons behave alike, 

t his is not very instructive. But as soon as an external electromagnetic field 

is applied, the positive and negative frequency solutions behave quite differ

ently. 

We will come back later to the form of the solutions, gaining practi ce 

i n manipulating them, when we come to solve problems in electrodyn~ics. 
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Relativistic Invariance of the Dirac Equation 

The next obvious theoretical question is what are the relativistic trans

formation properties of the spinor quantities. As the Dirac equation stands, it 

doesn't look terribly Lorentz invariant. Pauli suggested that ~t was possible to 

write the equation so that it 11 looked11 Lorentz invariant. This is done by 

multiplying the Dirac equation by~ and defining a new set of four matrices Y~· 
__:. ~ 

y = - i~a y4 = ~. 
Then the Dirac equation becomes simply 

(~ a + m)* = o where a = 
_a_ 
ax . ~ ~ ~ 

~ 

One should notice that all the y's are hermitian, and that the following 

relation holds: 

y~ Yv + Yv y~ = 25~v 
Suppose we consider a given Lorentz transformation as specified by an 

orthogonal, not unitary, transformation of coordinates: 

where 

x' = 
~ 

= L 
V}L 

L X 
~v v 

~ Under transformation, we exp~ct that the components of the spinor wave function 

v will be shuffled as, for example, the components of the electromagnetic field 

tensor undergo a shuffling under a LJrentz transformation. That is, in the 

primed coordinate system, the new wave function t' will be obtained from l by 

a linear transformation S: 

v' = s,. 
The transformation matrix S is to depend only upon the elements of the Lorentz 

transformation L. 
The condition which serves to pick out the S is that ~ 1 must satisfy 

the Dirac equation in the new coordinate system, i.e., 

(y at + m)1jt 1 = o. 
v v 

By multiplying the Dirac equation" 1!f by S, and writing t = 
tor 

equation for t' may be deduced: 

(Sy: s-1a + m)1!f 1 = O. 
· ~ ~ 

In order that these two equations may be identical, 
Sv S-l = v L 

·~ 'v VlL' 

since a' = L a . v V}L !J. 

-1 S t', the following 
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Finally, by making use of the orthogonality condition ~~Ld~ = o~o' it is possible 

to write the condition on the S as: 

-1 S yS:L y. 
~ ~v v 

We shall now construct the matrices S for the Lorentz transformations 

which belong to the restricted group in which the direction of time is left un

changed, that is, L44 > 0. All of these transformations are either proper 

Lorentz transformations, that is, ILl = ~ 1, and L44 > O, or can be obtained as 

the products of space reversal and the proper Lorentz transformations. 

The proper Lorentz transformations can be built up from infinitesimal 

Lorentz transformations. We may thus consider the problem of determining S for 

an infinitesimal transformation, realizing that the S for the full transformation 

C8n be constructed easily by exponentiation. Suppose the infinitesimal Lorentz 

transformation L = 6 ~ s is given. 
~v ~v ~v . .- .. Then s must be antisynmetric, since 

~v 

L T. = o \ to first order. Now write 
~vt..v ~/\. 

s = 1 ~ e, 
where 9 is of first order. Then, to first order, 

-1 s =1-e. 
- 1 The equa.tion S y~ S = L~v Yv then yields: 

[y~, 9] = s~v Yv· 

Our problem is to determine the operator e. Now it clearly must be linear in 

~p' and quadratic in the y matrices. Also we expect that it depends on a 

systematic correlation between the ypy~ and sp~· The only thing that fits the 

bill is 

const.(sp~ Yp y~). 

In trying this out, since the y's obey anticommutation relations, it is convenient 

to employ the identity 

Hence, 

[y~,sP~YPY~J = 

since s~ = - s~v. 

[A, BC] = {A, B} C- B {A, C}. 

2s \ o y\ - 2 r: .; \ o \ 
PI\. ~ P 1\. P PI\. ~/\. 

If, for convenience, we define cr~v = 2~ (y~yv - yvy~), then 

i e:-
4

1:' a. 
"'~v ~v 
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By examining the form of S for an infinitesimal spatial rotation, we can 

find the form of the spin operators: 

0 de -de 0 z y 
0 dO 0 

~~v = X 
-de 0 0 

X 

0 0 0 

s = 1 + -2i (a dO + a de + oxy yz x zx y de ) • 
z 

Let us now concentrate on a rotation about the z-axis. The generator of the 

rotation matrix is then the z-component of the angular momentum operator Jz. 

In this discussi on, we have not considered the change in the wave function due 

to a infinitesinal c!r:t:::.ge in the position under the rotati,·;: . As we know, that 

is generc:::ted by Lz. R~nce, 
1 

J = L + S = L + 2 a • 
/'. z /'-z /'z _,....z "'xy 

But Ia 
= ( z 

\ 0 
= L • z 

Since ~ = 1, we see that the Dirac equation does indeed r epresent a particle z 
which has spin 1/2. 

As examples of the exponentiation technique for getting the full trans

formation from the infinitesimal one, we will obtain the matrices for a rotation 

about the z-axis by an angle a, and the transformation for the switch to a 

system moving with velocity v = tanh ~ along the x-axis. First, however, let 

us identify the a~v· 

a = llV 

0 

-~ z 
~ 
y 

~ 
z 

0 

-~ 
X 

-a y 

Then, for the spatial rotation, 

s(e ) = exp(ie ~ /2) = cos a /2 + z z z z 

( 
0 0 

0 0 
~~v = ( 0 0 

And for an infinitesimal 

velocity transformation: 
I 

\-id~ 0 

Thus: S(T)) 
T1 • rl = cosh 2 - ax s1nh 2· 

-~ 

:n 
y 
~ 

X 

0 

-a. 0 I z I 

i~ sin a /2 . z z 

~ i~~ 

~) 0 

0 
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Finally, we consider S transformation matrix for a spatial inversion of 

the coordinates. It is required that 
-1 __J. ....>. 

S · y S = -Y, and 

Evidently, S = ~ fits the bill. 

It should be observed that the transformation matrix S is not unitary 

whever we deal with a transformation to a moving system. This is so for the 

space-time components of the Lorentz transformation tensor L are imaginary. 
~v 

Notice, however, that ~ commutes witn tlie space-space components of a . , and 
~v 

anticommutes with the space-time components. Therefore, if 

s 1 i = +-.; a 
4 ~v ~v' 

s-1 1 i 
= .,. 4 .;~v a~v' 

and s+ = 1 - i.;* ·a+ = 1 i * 
4 ~v ~v - 4.;~VaJ.l.V 

i -1 
: 1 - 4 ,;}lV ~ aJ.l.V 13 : j3S f3 • 

Since ~2 = 1, this relation holds also for the full transformations which are 

obtained by exponentiation. It also is valid for the reflection transformation . 

As will become evident in a moment, it is very convenient to deal with 

a slightly different quantity that the hermitian adjoint of*· We introduce 

the Dirac adjoint~ =1lt+f3. 

All observable quantities in quantum mechanics are constructed from bilinear 

forms in*+ and 1jt. Due to the simple relation between*+ and*' these quantities 

can be constructed from t and 1!f. Now a very important question is how do these 

bilinear forms transform under a Lorentz transformation. Considering only 

bilinear forms which do not involve derivatives, there are but 16 of them~ which 

may be arranged in the following groups: 

'¥ 1jt 

1ltY1if 
- ~ - 1 
1lt a~v * = * 2i (y~yv- YvYJ.l.)l!f 

*" t YJ.l.YvY}.. ' ~f. v f.},. f.~ 
all 4 subscripts different. 

Let us now find out how, for example, ' 1jt transforms. 

- + + + + -*' *' = * '13 ~I = * s f3Sl!f = * 13, = ' V· 
Thus, v + is a scalar quantity. Similarly, let us look at V y~ W· 
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w'Y ~· = *+s+~Ys, = i s-
1
Y St = 1 w"' 

~ ~ ~ ~v v 

Therefore, ty ~ t transforms like a four-vector. In exactly the same way, it can 

be verified that ~ cr ~ transforms like an antisymmetric tensor, that 
~v 

~ t y~ Yv Y~ 1jr (all indices different) is a completely antisymmetric tensor of 

the third rank, and that f y y y y, ' (all indices different) is a completely IJ. v p 1\. 

antisymmetric tensor of fourth rank. Now, it is well~own that a completely 

antisymmetric tensor of fourth rank transforms like a pseudoscalar, and that a 

completely antisymmetric tensor of third rank is equivalent to a pseudovector. 

If we introduce the Levi-Civita tensor dens1-'.. .. - e , , so defined that 
. ~V/\.p 

e~v~p = +1 if (~,v,~,p) is an even permution of (1,2,3,4), 

= -1 i:f e~v~p 

e~v~p = 
then 

(~,v,~,p) is an odd permution of (1,2,3,4), 

0 otherwise, 

(where y
5 

note that 

1 -
41 'f e~v~p Y~YvY~YPW 

= y1y2y
3
y

4
) transforms 

1 -
i3 t 'f e~v~p Yv"'\ Yp l 

transforms like a paeudovector. 

- 1jry 1jr - 5 
like a pseudoscalar. Finally, we may 

y
5 

is an interesting and important matrix. One should remember that its 

square is unity, and that 

i~:n:icommui::Iwit::jl' 
(SR) 

Current-Density Four Vector 

To ir.troduce the coupling with electromagnetism, we want to define a 

charge current density for fermions. This quantity is a four vector. We can 

form a four vector by taking gradients, or by using the set of matrices Y~· 

The choice between these is made by looking for a conser;~ed four vector, that 

ls, one which satisfies the equation of continuity. Evidently 1jr a~ v does 

:cot fit the bill, for a~ 'f a~ 1lf J O, in general. However, if the equation for 

the Dirac adjoint t is constructed: 

(y a .. m)w = 0 
~ ~ 

+ + 
a~ v ~By~~ + m * ~ = o 

a~ ty ~ - m w = O, 
-it can be seen easily tbB.t 1jr y l!r forms a conserved four vector: 

~ 
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"""'"" --
1- \ -

a It y *l = m t w - ' m * = o. 11\ 11 I 

Therefore, the current-density four vector is taken to be j : ie'y W• 
In the three dimensional notation 

+ 
p = e t 1!1 

+~ 

j = e t a W· 
The same result can be seen in an easier way, if ve just take1the Dirac 

equation and follow the familiar prescription for inserting the electromagnetic 

coupling. That is, just replace a by a~ - ie A • Then the Dirac equation 
11 ..... ~ 

becomes 

(y~ a~ - ie y~ A~ + m)t : 0. 

Thus ve identify the current density operator with ieY~· 

\ole can nov go ahead and solve problems involving the interaction of an 

electron with a classical electromagnetic field. The two most famous are the 

problem of an electron moving slowly in an external magnetic field and the 

problem of an electron in a coulomb field. In the first of these, it will 

become apparent why the electron has a magnetic moment of 1 Bohr magneton 

instead of 1/2 as is expected classically. iofuen Dirac solved the second of 

these, he found the energy levels of the hydrogen atom. Both of these agreed 

perfectly with experiment, and thus people were very impressed by the theory 

despite the fact that the negative frequency solutions weren't handled too 

well. Actually Dirac immediately came up with the idea that the negative 

frequency solutions would be associated with anti-particles, although he said 

this in a rather complicated way involving "seas" and "holes", and so on. 

He predicted therefore that there should be an anti-particle with the opposite 

charge but the same mass. However, he didn't go so far as to say that because 

it seemed so absurd to predict the existence of another particle. There were 

already enough musterious particles around, namely the p~oton and the electron~ 

And it was certainly going too far to suppose that there would be still m0re~ 

So he didn't. say an~~hing like that, instead he tried to interpret the proton 

as being this anti-particle, arranging in some way for the difference in mass 

and the fact that protons and electrons don't annihilate each other. After a 

year or so, l.rhen Anderson here discovered the positron, it was no longer 

necessary to go through this mysterious finagling, and e verybody was completely 

satisfied with Dirac's equation. 
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November 20, 1958 

For convenience, I wish to introduce the symbol t = ~ A ~ • (The 
il J.l. J.l. 

components A commute with theY. matrices). Then, in this shorthand notation, 
il J.l. 

the Dirac equation is simply: 

(p + m)f = 0. 

Likewise, the equation satisfied by the Dirac adjoint is easily expressed as: 

.(p - m) = O. 

There are many int~resting algebraic relations between such quantities, which 

we shall employ from time to time. Perhaps the most important is: 
.... + i t ~ = A • B + -

2 
a (A B - A B ) • 

J.I.V J.1. II V J.l. 
~ -P 2 

Using this relation, which says 1 1 = a • a = [} , it is trivi~l to pass to 

the squared equation: 

('I - m)(p + m)t = ( !_1
2 

- m
2

)* = 0. 

I now w~nt to show why the normalization u+u = E/m was adopted in these 

notes. If you recall, it was show that 'ljr 1lf was an invariant under Lorentz 

transformations, while t+l transforms like the fourth component of a four 

vector. Consider now the equations satisfied by the momentum spinors for 

electrons: 

Employing 

But, 

Therefore, 

(}l - im) '\ = 0· 
' 

and '\(-}{ + im) = 
-r-

(k,iE). where k = 
these, the following relation is obtained: 

yJ.I.}l + }tyJ.I. = 2kJ.I.. 
ik 

o. 

\\: y, '1c = - -;;; uk~' and as a special case: 
- J.l. - --ik E 

u+u = u y u = -~ uu = ~ uu. 4 m m 

Now we desire that the spinor '\ may be obtained from the "rest" spinor u0 ~ 

an appropriate Lorentz transforMation. Since we follow the almost universal 
-+ -custom of normalizing the rest spinors such that u u = u u = 1 , we 

0 0 0 0 

normalize such that u;'\ = E/m. 

Let us now carry out the process of obtaining ~ from ~ by the 

appropriate Lorentz transformation. He knO\oT the answer from our earlier work. 

The electron spinor is given by: 
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E+m+a ·k E + a • k + 13m 
~= . u_o= 
- V 2m(E + m) V2n( E +m) uQ. 

Nov to get an elect ron with momentum k from one at rest, we have to transform 

to a nev system of coordinates which is moving with velocity -k/E relat ive to 

the rest system. Therefore, the transformation matrix S is given by 
_., ~ 

T) k·a .U 
S = cosh 2 -~ sinh 2 (see page 80) ; 

vhere 

h 
T) I cosh 1) + 1 

1
1 E + m 

cos 2 = \J 2 =v ~ 

and 

sinh R = _, r: = ----:=k=---
~ .j2m(E+m) 

Hence, 
-' 

S E + m + a • k 
uo= u -u. o_ - J<:_' 
- J2m(E + m) 

which demonstrates explicitly how these transformations work. As an exercise, 

you may like to vork out the same thing for the negative energy spinors for 

momentum k: vk. There is only one subtlety. The negative energy spinors for 

momentum k are associated with positrons of momentum ~· So we mus~ transform 

to a system moving in the opposite directiont 

Projection Operators 

In the course of many problems ve have a problem of finding the sum of 

the absolute square of a matrix element over the initial and final spin states 

of the fermion. In the non-relativistic Pauli spin t heory, this could be 

done quite easily by just taking the trace of the product of the spin opera tor 

and its hermitian adjoint. It is not possible to do this in the same way in 

the Dirac theory, for we want to sum, for example, over statP.s of positive 

energy only and not over all four spinor states. It is possible to accomplish 

the summation, however, by employing appropriate projection operators. 

First, let us take note of the fact that 

( f a q>) * = ( cP e 1!t) where a = 13 a+ 13 • 

Now our problem is to compute A= sptns (~ e ~)(~ 1 a ~) where, for 

example, t he u's are the two positive energy spinors. Recall t he Dirac 

equation 

Hen~e, ~ the use of projection operators, we mey write the sums as being over 
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all four spinors 'Wk for a given momentum : 

A= zw+ - (\~~·k'+~m) + (:k~·k+~m)w. 
k ~ e 2\ ' wk ' wk , P e 2\ k 

But, since wk spinors are orthogonal to each other 

+ \ 
Z wk wk = ~ I • 

Therefore, ~ -" ...... ..... E + a • k' + Pm \ +a • k + Pm k' A = Trace <a 2m 
pe p); 

A = Trace 
( . m - i¥!1 
e -

2m 
m - ill) e 2m . 

In general, we see that 

z ~uk 
m- ~ = 2m . 

spins 

It is left as an exercise for the reader to verify that 
- m+i){ ~ 

(k, iE). z where k = v k vk = ' spins - - 2m 

~ Hagnetic Moment 

To find what magnetic moment is predicted by the Dirac equation, we 

examine the non-relativistic approximation to the Dirac equation when it is 

coupled to an electromagnetic field. To facilitate the notation, let us 

define n = p - eA • And let us recall the definition of the electromagnetic 
All ,...tl- ~ 

field tenser F 
lJoV 

F = a A - a A = .,a.v t1- v v .,a. 

Then the D~rac equation becomes simply 

B 
z 

0 

-B 
X 

iE 
y 

<-J - im)w = o. 

' ' 

-B y 
B 

X 

0 

iE 0 z 

It is easier to get the non-relativistic approximation from a squared equation 

(~ + im) (-J - im)* = 0; 

-;,2 + m2 + _2i a [ n ' n J)-t = 0 .,a.v p. v (see page 84) • 
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But [TT , TT 1 = i e F , so that 
~ v' JJ.V 

(;2 + m2 - _2e CJ F )t = 0. 
lJ.V lJ.V 

Let us now consider a time independent problem, using the non-relativ

istic approximations E - m = W, m >> VI, eA, e<p. 

Then: 

( , 1 ->2 e ) 
!-11!f ~ ecp + 2m TT - 4m a JJ. v F JJ. v \lr • 

Let us rewrite this in terms of the field strengths: 
1 ~2 e ~ -'- _. 

W "' ~ ( ecp + 2; TT - 2m ( 2: • B - ia 
- ..>. The term in a • E should also be dropped because it is of order v/c compared 

~ -'> 

to the term in a • B, since a oonnects the small and large components of l· 
What is left is just a Schroeainger equation for a charged particle with a 

magnetic moment of 1 Bohr magneton. This was the first triumph for the Dirac 

theory, and persuaded Dirac that he was on the right track. 

Electron ~ ~ Coulomb Field 

The second thing that encouraged Dirac was the fact that he got the 

Sommerfield fine structure formula for the hydrogen atom, just as Schroedinger 

was convinced that he was on the right track when he obtained the Balmer 

formula. So the next thing we are going to do is look, very briefly, at the 

coulomb field problem. I will just skim over it; if you want to look at it ~n 

more detail, you might look in Dirac's book or in any of the other texts on 

quantum mechanics. 

The Dirac equation is: 
..... 'V 

Ew = (a • - + i 

We proceed by looking for the constants of the motion. It is clear 

that the Hamiltonian is invariant under the group of spatial rotations, and 

also unde~ the inversion of space. Therefore the anguJAr momentum is a 

constant of the motion, as is the parity. The angular momentum operator is 

J = L + .1 2:· 
A ,.. 2 ,..' 

and the parity opera tor is: P = ~~, where R is an operator which changes the " ,.. ,. 
sign of the spatial coordinates x, y, z. 

each other so that the energy eigenstates 
2 taken to be eigenstates of J , J , and P. 

/' ,._z "' 

These two operators commute with 

of the Coulomb field problem can be 
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2 
The quantum number 1 is not a constant of the motion, because it is not 

? 
possible to make a four component spinor which is an eigenfunction of J-, P and 

12 • This is so because 12 determines the behavior of a wave function under 

the operation R. But because of the ~ in the P operator, the upper and lower 

components of the spinor must behave oppositely under R. If we agree to speak 

only of the upper (or of the lower in the case of positrons) components of the 

spinor, we can, however, talk about the spatial angular momentum of the electron 

in an approximate way. This we shall find most convenient to do . In this 

mode of description, we can say that a positron of a given angular momentum 

has the opposite parity as a similar electron. 

From the non-relativistic Pauli spin theory, ~-re know that t here are just 

two states for each given value of the radial quantum number, J
2 and J • In z 

the non-relativistic theory, these correspond to t = j ± 1/2. This dualit y is 

taken into account exactly by the two parity possibilities in the relativistic 

enumeration of the bound states. Thus, in the hydrogen atom, we can expect to 

find the following states for each value of some radial quantum number: 

. . ·.+ 
J P- 1 +· =1;2-_ 1 2 ' ' 

or, if we like to talk about orbital angular momentum, these correspond to 

51/2' pl/2' DJ/2' PJ/2' D5/2' ••• • 
Fbr each of these states, we know what the spinors must look like from our 

considerations of parity and angular momentum. For example, the spinor for 

any state vrith Jp = 1/2+ must be: 

:: 
~/2\ 
~/2)' 

where the ~/2 is a non-relativistic two-component spinor, so composed that 

( 1 )2 ~ l m ( 1 ) ~ m ~ + 2 ~ ;:;1; 2 = 4 s1; 2, and ~z + 2 ~z ;:;1; 2 = m s1; 2 • \ole are familiar 

with these things from our general discussion of angular momentum last y0~r. 

As another example, the J/2- spinor must be: 

(

F-
nl = 2 

G
\nl 

2 

The problem now is reduced to that of finding a two-component "spinor" 
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, which remains afte~ the angular dependence has been removed. 

We will just outline the procedure. It is conventional to make use of another 

operator K instead of P. Consider the operator 
A 

__.. ...... 
o • L + 1 = J2 - 12 - 1 02 + 1 

" "' 4 ,.. 
= j(j+l) - t(t+l) + 1/4 

= r j + 1/2 fort= j - 1/2 1 
( -(j + l/2)for t = j + l/25 

= (-)t + 1/2- j (j + 1/2). 

But recall the R = (-)t; thus we can define a new operator K which is a constant 
~ 

of the motion: 
..>. ....... j 

K = ~(o • L + 1) = ~R(-) 
A 1'- 1'-

1 
- ~ (j + ~) = ~ (-)j-l/2(j+1/2). 

K thus replaces P in our enumeration of the states. Note that it is an integer 

which can take all values except zero. It is positive for the smaller of the 

two possible t values for a given j. 

1/2+, 

term 

K 

1/2-, 

pl/2' 

-1, 2, 

In terms of the eigenvalues of the operator K, the equation for the 

"radial spinor" 1p can be put into the following form: 
2 

E.t = I a p + 1 a ~K + ~m - L Ze ) -m 
T \ r r r r 4rr r T 

(

/ 01 
~ = 

where: 

p =1(2...+1) r i ar r 

This is a pair of linear differential equations for the two unknown functions 

~.(r) 
nJ 

and 

The standand procedure is to eliminate one of the functions by forming second 

order equations, and then to solve these by power series methods or othen.,rise. 

(There is a certain select group of individuals who are familiar with coulombic 

wave functions, and who know these functions t o be hypergeometric functions.) 

Houaver, we will just accept the results of somebody else's labor. The 
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fUnctions are normalizable to unity only if the energy has certain values. 

The eigenvalues are: 

( 
~ = / 1 + 

l 
z2 a2 1 -1/2 

n + J K2 - z2 «2 ) m 

where the radial quantum number n = 0, 1, 2, 3, ••• for positive K, and 

n = 1, 2, 3, 4, •• for negative K. 

Since K2 appears as the energy formula, there is a complete degeneracy 

between levels of +K and -K according to the Dirac theory. For example, the 

s1; 2 and P1; 2, P
3
; 2 and n3; 2, etc. levels should have the same energy. But 

this is an accidental degeneracy; it is not due to any fundamental symmetry 

property. Hence, ye would expect that the degeneracy would be broken by some 

correction which has not been included so far in the theory of the hydrogen 

atom. In fact, the degeneracy is destroyed by radiative corrections due to 

the vacuum polarization and other virtual photon effects. 

If the total quantum number N = n +\Kiis defined, the formula can be 

expanded in powers of a, thus yielding the familiar Balmer formula and the 

fine structure corrections: 

(l_ 1 ) 
8N - 21 Kl - • • • • 

One final interesting point. The functions F{r) and G(r) start out 
-Zct like r for S-electrons. This is OK as long as Za~ 1, for althoug~ the 

solution is infinite, the functions are still no~lizable. If Z > 137, the 

particle falls in toward the origin until it reaches the nucleus where the 

field behaves quite differently from 1/r. For the Klein-Gordan equation, a 

similar situation occurs when Z > 137/2 ~ 68.5. This Z actually occura in 

nature, and in fact, for heavy nuclei, the n- is confined within the nucleus 

before it is eaten by the nucleons~ 
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Charge Conjugation 

He asserted some time ago that, outside of minor shuffling of the com

ponents, the complex conjugates of the negative frequency solutions of the 

Dirac equation were the positive frequency solutions for positrons. Let's 

check this out. 

It is a trivial fact that the complex conjugates of negative frequency 

wave functions are positive frequency wave functions. 

In general, we define the positron wave function as: 

t(p) = ct* 
where the C is the charge conjugation mat.rix for the given representation of 

the y matrices. We wish to choose C in such a way that if 

[y (a - ieA ) * m]v = 0; 
~ ~ 1.1 

then t(p) satisfies the same equation except the sign of e is reversedJ 

[y (a + ieA ) + m]t(p) = o. 
1.1 1.1 ~ 

To cut down on the wide range of possibilities for C, and for convenience, 

we stipulate that 

C C* = 1. 

(Remember *denotes complex conjugate; + indicates the hermitian adjoint.) 

Multiplyinf the complex conjugate of the Dirac equation for t by C, 

writing t* as C~ p), we obtain the following equation for t {p): 

(Cr'C*(a* + ie A*) + m)t(p) = o. 
1.1 1.1 ~ 

and 

In order that this be identical with the Dirac equation for a particle of charge 

-e, it is necessary and sufficient that: 

- _... or CY* = "(C 

In the standard representation, the elements of y2 and y4 are real, 

while those of y1 and y3 are imaginary. It is evident that y2 fits the bill 

of particulars for C in the standard representation 

0 0 0 -1 

c = y2 
0 0 1 0 (SR). = 
0 1 0 0 

-1 0 0 0 
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In dealing with problems involving charge conjugation, it would be very 

convenient to work in a representation of the y's such that C can be taken as 1, 

In such a representation the elements of y1, y2, y3 must all be real and those 

of' y
4 

must be pure imaginary. }/ajorana constructed such a representation; it 

is simply; 

Yl :: (o"x o) Y2 
-a 1 

X 
=(: ~) z u y - y _ 

(
a o) (o._ 0) 
o -az ,4 - o -ay 

(MR). 

No. 7. Field Theory of' Fermions 

We now have the Klein-Gordan equation and the Dirac equation on the same 

footing; in each case we encountered the existence of negative frequency 

solutions, which could be interpreted as complex conjugates of solutions for 

anti-particles. At this point we can quantize the Dirac theory just the way 

we set up the field t!leozy of the Klein -Gordan equation. There are a couple of 

differences in the procedure, but these are simple and obvious. 

The first difference is that in the ease of the Klein-Gordan equation 

which describes particles of sp5~ 0, we could consider with physical application 

two cases: one in which the particle and antiparticle are distinct, and the 

other in which the particle and the antiparticle are identical. There are even 

some ambiguous cases, like that of the K' s, where from the point of view of 

their production it is convenient to treat the antiparticle as being distinct 

from the particle, but when studying decay it is wise to consider linear 

combinations 

and IO- lio:> 
12 

which are their own antiparticles. But in the ease of f'ermions, nothing like 

this has ever arisen. We do not know of any fermions for which the particle 

is the same as the antiparticle. For all the fermions, the particle and anti

particle are not only distinct, but also preveneed from turning into each 

other by an absolute conservation law, of which no violation has been observed. 

All the fermions that we know are either baryons, such as the proton and neutron, 

or leptons, like the electron and muon. The corresponding absolute conserva

tion laws are the conservation of baryons, and the conservation of leptons. 

Thus we don't have to deal with the two cases; we deal only with the case 

analogous to the charged scalar particle, in which we quantize with two degrees 

of freedom. In other words, we use the complex field formalism. 
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The major difference is in the statistics which ve build into our field 

theory. The Fermi particles, all those with half-integral spin, obey the Pauli 

exclusion principle, vhereas the bosons obey the anti-exclusion principle. The 

proof that the fermions obey Fermi-Dirac statistics, like the proof that bosons 

obey Bose-Einstein statistics, is twofold: (1) experimentally all the fermione 

that ve knov do in fact ob~ the exclusion principle; and (2) if one tries to 

vrite the field formalism vith the vrong statistics, one vinds up vith some

thing haywire like negative energies or negative probabilities! I hope ve vill 

have time later on to go into this point. It was made first by Pauli in 194~ * 
vho quantized the vrong way and found negative energies. Seven or eight years 

later Feynman tried to do the same thing a little differently, and he vound up 

vith negative probabilities. One is presumably as bad as the other. Thus, ve 

have to construct our field theory for fermions embodying the Fermi-Dirac 

statistics. 

Let us recall the major s t eps in setting up our complex scalar field 

theory. We bad a set of levels with wave functions~ (x). Next the creation n 
and destruction operators for the particle and antiparticle corresponding to 

+ + each level, a , a and b , b ver a introduced in such a vay that the occupation 
,. n An Ml ,,n • .a. + b + 

number operators for each level could be taken to be ~ = a a and N = b b • ,,n 1-n•\n ,.n /lnAn 
The commutation rules for these operators vere taken to be: 

[a , a+] = 1 = [b , b+] (all others commute) 
An ~n "'n ~n 

vhi~h guaranteed that the occupation number for aru level could be any non

negative integer. The natural choice for the Hamiltonian operator we 

H = t E (a+ a + b+ b). 
"free n n "' n ,. n .. n "n 

The equation of motion of any operator in the Heisenberg representation could 

be obtained by employing the relation: 

e = i [H, e). 
" " " 

Furthermore, it was eho\m that if the field operator ~and its hermitian 
+ ~ 

adjoint ~ vera defined as: 
" + ~ = t!a ~ (x) + b ~ *(x)) 

, n "n n AD n 

~+ = Z(a+ ~ *(x) t Q ~ (x)) , 
,... n ,.n n W! ':'ll .. 

* W. Pauli, Pb.ys. Rev. 2!!, 716 (1940). 
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a Lagrangian density could be constructed from these two operators, from which 

one could get a conserved SME tensor. Also the equations of motion could be 

obtained for ~' and it behaved in many respects like a classical field. 
" Let us now set up the fermion field theory by analogy. The only change 

we must make is in the statistics, which state that the wave function of two 

particles must be antisymmetric. Consequently, the occupation number for each 

level can assume only two values, 0 or 1. As we well know, the spectrum of 
+ + eigenvalues of a . s for bosons comes from the commutation rule [an' an] = 1, 

,.n "n " " 
and the total symmetry of the two particle wave function is assured by the fact 

tha~ everything else commutes. Let us examine this latter point. In momentum 

space, the wave function of a two particle state IW(2))is given by: 

q>(kl' k2) = (vac l!k
1 

!it
2
1 W (2)). 

Since the two a's commute the wve function is totally symmetric: 
A 

q>(k2,kl) = q>(kl'k2). 

Now we don't want either of these two consequences of the commutation rules for 

the fermion field theory. In the 1920's, it was a popular puzzle how to 

quantize the fermion field so as to build in the exclusion principle. The 

quantization of the electromagnetic field had been carried out using Bose

Einstein statistics, and when the Dirac equation came out, the problem was to 

quantize a system using Fermi-Dirac statistics. The problem was solved by 

Jordan and Higner, who saw that it was possible to write down an exactly 

analogous set of anticommutation rules which would have the desired consequences. 

That is, fgr fermions the fundamental re1ations are: 

{ + - + + 1 {b b+} a ,a } = a a + a a = , . = 1 "n "'n "n ..- n "n ""n .. n An 
and everything else anti conmnxtes. It is evident immediately that these rules 

guarantee that the wave function will be completely antisymm.etric. And, they 

guarantee that N can take on only the values 0 and 1. For, by the rule 
n 2 

{a , a } : O, we have a = 0. So we also have 
~n ~n An 

N (N - 1) = ~- N = a+a a+a - a+a = a+(l- a+a )a - a+a = 0 An 11n .. n "n ,.p .. n"n"n ,.n .. n ~n .. n"n .. n ""n"n 

Thus there are only two states of each level. If we only had to consider one 
+ 

level, we could take the(~e~\entatives• of('} 
0 
and 

1 
a) to be: 

~ = 1 o} ~ = 0 '0 
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However, this is not the vhole story; Jordan and \-Tigner had another 

tricky problem in setting these operator representations up. The matrix 

elements have to be defined in such a way that, for example, a and am (~n) 
"n "' 

anticommute. Jordan and l:ligner did this by a simple trick. First, by agree-

ment the levels for particle and antiparticle are ordered, so that we can 

correlate a positive integer uniquely to one of the particle gt antiparticle 

levels. Then one simply defines the matrix elements as in the following 
enmple. 

(!(NiN2 ••• ) ~~ml ,(NlN2 ••• )) = (-)~~'N ••• ~1 0 ~ l ~~ N ••• 
1 1 m m m+l m+l 

m-1 
where'= k Nj. 

j=l 

Let's show explicitly how this works for one example. Suppose m ,. n. Then 

each of the following matrix elements is zero or they both have the values 

show. n-1 
k N. 

(V(N'N' ••• )Ia a I V(N1N2 ••• )) = (-)j=l J 
1 2 ,.nNn 

(v(N1
1N2

1 ••• ) 1 a a J ,.m .. n 

Hence, the two a's anticommute. 
f\ 

m-1 
+ k Nj 

j=l 

So there exists a mathematical trick for finding a representation of the 

destruction and creation operators. Having once proved this, we can forget 

about the representation, for it is not necessary to worry about a detailed 

representation. In the old days, people used to make use of this representation, 

but I don't think we will have any use for it. You can always use just the 

algebraic properties of the a's and b's to calculate what you want. 
.... " 

Of course, it is desired that the Hamiltonian should take the customary 

form 
H = Z E. (a.+ a. + b.+ b. ) • 
" ks K AXS "'XS ... -xs Ales 

If the Dirac field operator ~ is nov defined as 
.... 

where ~8~ vhen 
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momentum eigenstates are chosen as the basis• the anticommutation rules take 

the form: 

{~m(x). ,~(~)} = omn o{x~). 
A ~ ~ 

One should bear in mind that V is an operator with four spinor components v (:c). 
A ~~ 

In the case of the scalar boson field, we could set up a Lagrangian and 

a Hamiltonian formalism, which was directly analogous to the classical formula

tion of field theory, and from which one could get the equations of motion of 

the field operators and also define naturally a conserved S-M-E tensor a 
J1V 

whose 4~4 component was the Hamiltonian up to a constant. Then, using the 

lagrangian or Hamiltonian the coupling with other fields could be put simply in 

such a way that the conservation laws associated with the interaction were 

clearly evident. This can be carried out similarly for the fermion field theory, 

and we shall proceed according to it. 

For the complex scalar field, the free Lagrangian density can be taken 

to be 
~ = - (J12~+ +a ~a ~+). 

JH\ V,..V,.. 
(It should be kept in mind that whenever we set up the operator equations ot 
motion9 we are ~rking implicitly in a Heisenberg representation.) The 

lagrangian is, of course, the spatial integral of the Lagrangian density 

L: / 1:_ d3x. 

The classical Lagrangian form of the equations of motion are 

a" ( ~~~) - :{ = o 

which yields the result that ~ and ~+ must satis~ the Klein-Gordan equationa 
)\ " 

(D2 _ ~2)~ = O = (02 _ J12)cf>+. 
I' 

The lagrangian formalism has the advantage that it is covariant all the way. 

Nevertheless, most of quantum mechanics is built upon the non-covariant 

Hamiltonian formalism. The latter is constructed by defin~ canonically 

conjugate momentum densities: 

... ll_ i+ 
~ = '~· = '¥ 

The Hamiltonian density is then 

and 

Jl = - L + "' + ,+~+ = J12~+~ + 
"' A "" ,..,. /\A 

+ • 
" : SL = 4> • 
" E4>·' ,. 

+ 
+ n " 

1\ A 
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and the Hamiltonian is H = J}ld3x + const. The equations of motion are obtained 
• • A I' • 

by emploting the commutation rules and the familiar quantum mechanical pre-

scription for the time derivative of any operator in the Heisenberg representa

tion. We know the results for the case of the scalar complex field, for 

example: 

~ = i (H, ~] = w+ w+ = i [H, n+] = (V2 - ~2)~. 
" " " " A " A " The final field equations are identical with those obtained on the classical 

Lagrangian formalism. 

In the case of the fermion field, the free Lagrangian density can 

be taken as 

J:: = - ~(p + m)t. 

With this Lagrangian there is only one non-zero canonical momentum density, 

namely, Q1 + 
w = o-f = i\11 

and thus the Hamiltonian density is 

J( = -~ + w. = -in(~ • i + ~m)' = t+(~ • r + pm),. 

H = J.Jf d3x + const. 
A A 

As with the boson field, the operator equations of motion are obtained by 

taking commutators with the Hamiltonian. However, the fundamental quantum 

mechanical relations are exPressed in terms of anticommutators: 

{V, lf} = o, {V\ v:} = O, {V, '¥ +} = O(x - (). 
A A II A .t 1\ 

Nevertheless, by making use of the handy relation 

[AB,C] = A{B,C} - {A, C}B, 

we can evaluate commutators and find the equation of moMon for y: 
" i' = - (H, 'Y] = (~ • li + ~m)V. 

II .A II II 

This is just the Dirac equation for the field operator '¥. Again we get the 
" same equation for 'Y as we would have obtained classically using the Euler-

" Lagrange equation. So in quantum mechanics, anticommutator relations work 

just as well as commutator r elations. This is somewhat remarkable, and leads 

one to wonder whether all the possible ways of setting up quantum mechanical 

systems have been exhausted. Certainly there should be no new kinds of 

statistics. But the fact that there is more than one way of getting back the 

equations of motion may i!Xiicate that, within a given type of statistics, more 

subtle procedures for getting the equations of motion exist. The classical 

quantization procedure of replacing the fundamental Poisson brackets by 
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commutators is here broken. It doesn't lead to any harm at all. Maybe it can 

be broken in still more serious wayst 

No. 8: Relativistic Nucleon~eson ~ Theory 

This is the basis of the field theory of a Fermi-Dirac particle. All 

that remains to be done in setting up a general field theory of a fermion 

interaction -with a boson is to write the Lagrangian density as the sum of the 

free Lagrangian densities for the fermion field and the boson field plus a 

coupling term. The commutation and anticommutation rules are carried along and 

we need only specify that the boson field operators commute with the fermion 

field operators. The question arises as to which field theory we should develop 

here: quantum electrodynamics, a relativistic meson theory, or a general field 

theory. The latter would be very nice, but there are too nany special difficult

ies in some types of fields to make a general treatment profitable. The great 

advantage of quantum electrodynamics is that the expansion pe.rameter, 1/137, is 

quite small, and so calculations can be made vi th the theory. These agree 

perfectly with the experiments today, and thus quantum electrodynamics is the 

most admired branch of theoretical physics at the p~esent. Thus we will want 

to do many of the calculations of quantum electrody:wnics which can be compared 

with experiment. However for deriving the rules of calculation, I don't want 

to use quantum electrodynamics as the example. It has a few minor difficulties 

'Which are not at all general features of field theories. That is to say, the 

initial equations are very simple for quantum electrodynamics, and the final 

Feynman rules for perturbation calculations are also very simple, but in the 

intermediate steps of deriving those rules there are some peculiar difficulties 

which I don't want to go into. The relativistic meson theories do not have 

these special difficulties. Therefore we shall deal with a meson theory and 

derive the Feynman rules for calculating. We shall see how they reduce to our 

old rules in the non-relativistic approximation for nucleons. Then we shall 

pass over to quantum electrodynamics to perform our calculations. 

In discussing the pion-nucleon field theory, it is convenient to regard 

the operator V as havi~ eight components: the first four are the four spinor 
A 

components of the proton field; the last four being those of the neutron field. 

The Lagrangian density for an uncoupled system of pion, proton, and nucleon fields 

is: 
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If this is regarded as the complete Lagrangian, the canonical formalism leads 

to the Dirac equation for the nucleon fields, and the Klein-Gordan equation 

for the meson fields. The problem is to put a coupling term into the 
Lagrangian density which reduces to the same coupling that was successful in 

the static theory. Therefore, we wish to insert a pseudoscalar coupling term. 

We can construct a suitable coupling term using gradients as in the static theory, 

However, gradients have the obnoxious feature in relativistic field theories 

that they lead to higher order divergences which are not removed completely b,r 

the various renormalization procedures. An obvious way to introduce a pseudo-

scalar coupling term is t~ y ~:l:y (:e :)rix 
in the term tr

5
l which we saw behaves like a pseudoscalar under Lorentz trans

formations. Ir we use a coupling which does not involve gradients, we get the 

pleasant consequence that all the terms in the perturbation series are finite 

after the renormalizations have been performed. Thus we have a special moti

vation for considering such a theory. Since the Hamiltonian is to be hermitian, 

an ! bas to be put into the coupling Lagrangian density: 
:)':_/ .... .... 

coup : - goft • iy5f<\'• 
This complete Lagrangian density is the basis for our consideration of relativ-

istic pion-nucleon interactions. 

It is appropriate to show explicitly how this relativistic coupling 

Lagrangian density reduces to the coupling put in on the static model. For 

this, we regard t as a one-particle spinor wave function and pass to the non

relativistic limit. The coupling Hamiltonian density is: 

J{ coup = goiif. iy5t~· 
Non-relativistically, the four component spinor 1 describing a fermion with 

momentum t can be constructed from a two-component spinor X in the follo~ng way: 

t = u ~k X) (NR). 

In terms of the two component spinor X the NR limit of the coupling Hamiltonian 

can be written as 
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(NR) • 

Thus the y5 coupling assumed above does indeed reduce to the coupling of the 

static model, and the relation between the expansion parameters is: 

2 (~2 i. 2 !;r = -;-} 41T ~ (13.5) (.08) :;:::, 15. 

So the coupling constant g2/4n which is appropriate to the relativistic Hamil

tonian is about 180 times as large as the expansion parameter in the non

relativistic static theory. For consideration of P-wave scattering, the ex

pansion parameter has a factor (!l/2M)2 in addition to g2/4n and so the work 

we went through is a good approxinLqtion to the content of the relativistic 

theory at low energies. However, when one considers other phenomena such as 

S-wave scattering, the g2/4n comes in with its full force of 15 and renders 

a perturbation treatment of this theory impossible. But before we see that 

it is impossible, we shall develop the Feynman rules for perturbation cal

culation for this lagrangian. Then we shall pass over to quantum electro

dynamics and perform some calculations using the Feynman rules. 

December 2, 195S 

In the last lecture it was shown that the field theory of nucleons and 

pions generated from the Lagrangian density 

~ =- ~ (llo
2 'i~i + ~i,!l~i,ll) - i<1 + Mo)t- igot~5~i•~i 

is a relativistic generalization of the model of nucleon·pion interactions 

which has been successful in predicting some low energy phenomena. By the 

standard procedures, the Hamiltonian density 

.}/ = ... 2
1

<ll 
2~1Ti + <v¥1>2 

+ nini) + f*(~i • v + PM )f + g fiy5~iHi 
1\ 0 ,._ " 1, 1- A 1\ 0 "- 01\ A# 

can be obtained from the lagrangian density. It is possible to carry out the 

mesic charge renormalization in such a way that the relation between the 

renormalized coupling constants is 

g12/4w = {2M/!l)2 rl2/4n, 

which is identical to the relation between the "bare" constants that has been 
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deduced. The theory is quanti2ed by the application ot the following rules: 

At a given time, 

<!•(x), t<~ )} = o(x~), rti'~i] = 1o(x-J}, 
any othe~ product o_f __ ~_wo _f~on field operators anticommutes, while all other 

products of field opera~~rs~~~te. In the Heisenberg representation, the 

equations of motion of the operators are obtained by calculating the commutator 

of the operators with the Hamiltonian, vhich is 

H = / /l d3x + oonsta.nt. ,.. " 
The constant is to adjust for the zero point on the energy scale. The quantum 

mechanical equations of motion are the same as those obtained classically from 

the Euler-Lagrange equations: 

( 02 - ~'o 2)!1 = 1 go i "(;5'ti I 
~ ~ ~ 

(1 • M )f : -i g Y,5 'ti ~i !· 
0 ~ 0 ~ ~ 

The physical meaning of t hese equations is evident. The Dirac equation 

holds for nucleons except for a term vhich permits the nucleon to emit or absorb 

a meson. The meson is coupled through y
5

, vhich reduces to a .. V /2Mi in the 

non-relativistic limit, and through the proper isospin matrix 'ti. On the other 

hand, the Klein-Gordan equation governs the meson field except for a nucleon 

source term. These equations are much richer than the corresponding equations 

for the static theory because the motion of the nucleons is taken into consid

eration, and beoause the possibility of nucleon pair production is included in 

the theory. If it were just a question of putting in recoil, the Chew theory 

would not be appreciably changed. Indeed, this can be done by truncating the 

relativistic theory and looking only at the positive frequency solutions. This 

procedure leads to another theory which, although it is not perfectly consistent 

because of causality difficulties, can be examined, and which looks very much 

like the Chew theory. Recoil is included, and so there is a little mixing of 

the pion angular ll'lomentum states. There is a little S- and D-wave scattering, 

but this arises only on account of recoil considerations. And, also due to 

recoil, there is an automatic cutoff at around (j) = M. So the explicit cutoff 

which we had to put into the Chev theory need not be inserted in such a fashion 

into the truncated theory. However, this truncated theory is not completely 

~elativistio, in that it is not full7 causal or local, and nobody would ever 

take it too seriously~ because the possibility of pair production is so import

ant in determining the nature of the solutions. The possibility of making 
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anti-nueleons leads to a tremendous change, -- such a large change that nobody 

knows how to solve the equations in the presence of pair produetion ·with the 

coupling constant as large as it is. However, for the derivation of formal 

methods of solution it doesn't matter whether the coupling constant is large 
or small. 

Representations 

In quantum mechanics there are three different elasses of representa

tions which are commonly used. These are the classes of Schroedinger, Heisenberg1 

and Interaction representations. Each of them has certain features which makes 

it particularly vell suited for some of. the problems of quantum mechanics. The 

Schroedinger representation is usually employed in the discussion of eigen-

values and eigenfunctions. The Heisenberg representation contains time-dependent 

operators vhose equations of motion are very similar to the equations of classical 

mechaniosr and thus the Heisenberg representation is frequently used in setting 

up a quantum mechanical system. And thirdly, the interaction representation finds 

application in problems dealing with transitions, scattering, and the like. 

Therefore, it is common to pass from one type of representation to another as 

the nature of the specific problem at hand varies. Up to now, no explicit 

discussion of these changes in representati on has been given, but it is necessar,y 

to go into these matters in order to present the derivation of the S-matrix. 

The Schroedinger representation is familiar to all from the study of 

non-relativistic quantum mechanics. A fixed orthogonal basis is chosen, and 

the state of a system is described by a state vector ~8 (t) rotating as time 

progresses, whose components describe the expansion of the vector in terms of 

the basis vectors. The dynamical variables, such as the position, momentum, 

current, energy, etc. are all represented by time-independent operators in the 

Schroedinger representation, except if some interaction with a classical 

oscillating field is put int o the lagrangian as is done in semi-classical 

radiation theory. The fundamental equation is the Schroedinger equation 

i dg_t t (t) = H t (t), 
s "s s 

where, non-relativistically, the lUuniltonian is a function of the position and 

momentum operators: 

and, relativistically, 
H 
"s 

~s = ~s(~s'~s)' 
it is a function of the field operators: 

= / .11 (q, ,1T ) d3x + constant. 
"s "s As 
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A formal solution of the Schroedinger equation exists in the form 

fs(t) = exp(-i~8 (t-t0)) f
8
(t

0
), 

Page 103 

and the major problem is to diagonalize H so that this solution may be used • 
.o\S 

Suppose one considers a time-dependent change of basis which is given 

by the unitary transformation T = exp( iH ( t-t ) ) • The description by means of 
" "s o 

this new basis is called a Heisenberg -representation. The nev state vectors do 

not change with the time, for 

fH(t) = ~ fs(t) = fs(to). 

In other words, we have chosen to describe a state by means of a basis which 

rotates along with the state vectors. In the Heisenberg representation, the 

things that change with time are the operators, for 

!Us(t-t0 ) - i~s(t-t0) 
9H = e 9 e • 
/{ AS 

Clearly, for any operator 9 whioh commutes with the Hamiltonlan, eH = 9 • 
/\8 1\ AS 

The time derivative of any operator in the Heisenberg representation, which is 
time-independent in the Schroedinger representation, is given by 

• 
9H = i [H, 9g]. 
II 1\ I' 

Using the commutation (or anticommutation) rules, one can set up all the equaticns 

of motion for the operators. These equations are very similar to the equations 

of classical mechanics, and therefore people usually construct quantum mechanical 

theories by working in the Heisenberg representation. Unless all the equations 

are linear, however, it is a much more difficult task to solve these equations 

compared to the Schroedinger equation. For an example of such a case where 

the Heisenberg representation yields soluble,:operator equations, let us consider 

a problem in the quantum mechs~ical theory of the linear harmonic oscillator. 

(The subscript H will be dropped, and t will be taken to be 0.) The Hamiltonian 
0 

is 
H = (p 2 + m2 ~2 x2)/2m. 
,.., ,.. 1\ 

The commutation rule (x, p) = 1, is used to obtain 
A 1\ 

• • 2 
x = i (H, x] = p/m; p = 1 [H, p] = - m ~ x. 
A ,. " A ;. A ,.. " 

These equations are identical in form to the classical equations, and because 

they are linear, they may be solved as if the operators were classical variables. 

Setting X = x(t ), P = p(t ), the solution is simply: 
" A 0 1\ A 0 
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x = X cos ~t + P sin ~t; 
~ ~ ~ m ~ 

p = P cos ~t - m ~ X sinQt. 
~ ,.. ,. 

Suppose it is desired to ask for the amplitude that a particle at x' at 

t=O is at x" at t. In the Schroedinger representation it is quite easy to 

write the answer formally: 
-iE t 

(xnle-i~tl x') = ~ cp (x") e n cp*n(x'), 
n n 

but it is also a fairly involved task to perform the sum, which is over the 

eigenfunctions of the harmonic oscillator and thus includes products of Hermite 

polynomials. However, in the Heisenberg representation it is quite easy to get 

the answer up to some factor which is a function of t only. vfuat is the formal 

answer in the Heisenberg representation? Well, define the state IX) such that 

x ( t) I X) = x"l X), and the answer is 
• fl. 

(xlx'). 
The practical problem is to find an explicit formula for the answer. Consider 

the desired matrix element as a function of x'. Let us call it X(x'). Then, 

making use of the defining prope~ty of IX), 

x"X(x') = x' cos wt X(x') + i sin~ _g_d.x' X(x1 ). 
m~ 

The solution of this linear differential equation which fits the boundary con

dition must be unchanged under the product of these three operations: 

(1) interchange x" and x 1 , (2) complex conjugation, and (J) reverse the sign 

oft. These conditions determine X(x') up to some factor f(t): 

X(x') = f(t) exp {1 2 :i: ~t (xn2 cos ~t - 2x'x" + x12 cos ~t>}. 
Notice that in the limit of t--~ 0, this reduces to the free particle Green's 

function 

and also in the limit: 

ft) im(x"-x')
2
/2t g , e 

(XIx')~ f(t) eiS, 

where S is the classical action. (In this special case of the harmonic oscillator 

this correspondence with the classical action holds for finite time intervals 

also.) 

Enough of this digression! We now return to the consideration of 

problems in relativistic field theory. The theory, if you like, is specified 

by the Heisenberg operator equations of motion, and the commutation relations 
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at a given time t. This is all that is necessary to fix the theory. That the 

theory is derivable from a Lagrangian assures us that it will possess the desired 

invariants and conservation laws, and enables us to construct a conserved S~-E 

tensor. The problem is to solve the equations of motion. '.ole can do this only 

formally because the equations are not linear in the operators. However, in a 

series in gt these equations can certainly be handled. Therefore, we are going 

to set up a formal solution which leads direct~ to a series solution. 

For the time being, the problem will be simplified somewhat in that re

normalization questions will be ignored. Later on some corrections for renorr~l

ization will be put in. From our work on the simpler field theory, we are 

familiar with the nature of these corrections, so they shouldn't cause any 

trouble. 

In the consideration of any scattering problem, the essential step is to 

divide the Hamiltonian into two parts 

H : H0 + H' = ~H(t) + !i~(t), 
1\ Jl s I\ s " .i\li 

where ~ is called the 
" 0 

"free" Hamiltonian, and H1 is the interaction Hamiltonian. 
"' If H were the complete ... Hamiltonian, then the fields would obey the "free" field 

equations. The presence of H' induces transitions. In order to construct the 
r. 

S-matrix, we are interested in comparing the results of the complete equations 

with the results of the "free" equations. The S-matrix description of scattering 

tells us how the complete equation takes us from one solution of the free 

equations to another solution of the free equations Therefore, it is desired to 

compare the time dependence of the Heisenberg operators with the time dependence 

of the free operators which act as if there were no coupling. 

To do this, it is very convenient to introduce a new type of representa

tion called the Interaction Representation. Essentially, we change our basis 

continually in time so as to eliminate that part of the rotation of the state 

vectors due to the free Hamiltonian H0
• Starting from the Schroedinger repre

sentation, the Interaction Representation is reached by means of the unitary 

transformation T': iH0 (t-t ) 
Tl _ "S 0 - e • 

The operators undergo the customary transformation: 

1 iH0 (t-t ) -~(t-t ) 
e T' e T'- = e ~s 0 e e AS 0 
"int = " s " s • 

At t = t , 9i t = 9 = eH. Also for all operators A which commute with 
o " n I'S " Js 

0 
~ 

6
, ~ int = ~ 

8 
• The opera tors ~ int change vi th time like free field ope-ra tors. 
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Since they are related by unitary transformations to the Schroedinger operators 

and Heisenberg operators, the commutation (or anticommutation) relations are of 

identical form in all three representations. The unitary transfor~tion which 

carries you from the Heisenberg representation to the interaction representation 

is calle!U(t,t
0
); it is simply: 

I ilf(t-t ) 
U(t,tJ = T' T-l = e "'s 0 e 

-iH (t-t ) 
1\S 0 - "'~' (t•to} 

t 

It relates the rotating state vector in the interaction representation to the 

stationary state vector in the Heisenberg representation: 

\wint(t))= U(t,to)l'fH(t >), 
and also the operators 

e. t(t) = u(t,t ) eH(t) u-1(t,t ). 
A1D 0 A 0 

Several properties of U(t,t ) are worth noting. It is unitary, and 
0 

u-1(t,t ) = u(t ,t), 
0 0 

and U(t st ) = 1. 
0 0 

A differential equation sat,:isfioo · by the transformation operator U( t, t) is 

easily obtained from its definition: 

i ~t U(t,t0 ) = ~lnt(t) U(t,t0 ). 

One cannot immediately write a formal solution for U(t,t
0

) in terms 

of an exponential series, because ~'int(t') does not in general commute with 

~'int(t"). But this difficulty can be bypassed formally by making use of the 

"P-bracket" - the time-ordering operator. This operator arranges the terms of 

a product so that those associated with later times appear on the left. Then 

we may write the solution as: 
t 

U ( t, t 
0

) = P( exp - i ( ~ '!nt ( t 1 
) dt' ) • 

The trouble with field theory is that exceeding~y little is known on the proper

ties of such functions. The only way it may be used practically is as a series, 

which is acceptable in electrodynamics, but most unfortunate in mesodynamics. 
t t 

U{t,t ) 
0 

t 
= 1- i / 

to 
H'. (t') dt' _l // P(H' (t'),H' (t")) dt" dt 1 

" 1nt 2 t t ,.. int 1\int 
0 0 

... 
t t t' 

= 1- i / H' (t') dt'-/ / H' (t')H' {t") dt" dt' 
t J\ int t t " int " int 

0 0 t!) 

+ • • • • 
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The essence of scattering is the following. Suppose at a time t
0 

in the 

remote past, the state of a system f~int(t0))ds such that it is governed 
es~entially by the "free" Hemiltonian If. Then, as time progresses, the state 

vector in the interaction ~epresentation rotates under the influence of H'. 

Arter a sufficiently late timet', the state vector is again assumed to be 

governed only by the 11free 11 Hamiltonian. The relation betveen the two state 

vectors is given by the U operator: 

I "fint ( t')) = U( t• 'to) I "fint (to)), 

since lva(t')) = l"fn(t
0
)) =f"fint(t

0
)). Now, suppose we let t

0 
tend to -oo and 

t 1 to + oo. In doing so, however, we wish to pass to the limits in euoh a we.y 

that we smear out t
0 

and t' a lit tle to get rid of any transient behavior. 

Then we have the solution to our problem, the S-ma'l:irix, which is the operator 

which tells us how a given state of the free Hamiltonian becomes transformed 

into other states of the free Hamilt onian due to some interaction. 

Thus the formula for the S~~tri.x is simply: 

<X> 

S = U(m,-oo) = P(~xp -i / lfint (t) dt ). 
-oo 

This type of expression is quite satisfactory, for H' is a spatial integral of 

essentially a scalar Hamiltonian interaction density, and thus the formula for 

the S-matrix is a manifestly covariant expression. 
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He have sketched a derivation of a formula for the S-matrix by introducing 

an inter action representation in vhich all the operators ~int(t) -~b9Y free 

field equations, and in vhich the rotation of the state vectors is induced by 

only a portion of the total Hamiltonian, H! t(t). In such a representation, at 
1\l.n 

equal times the operators obey the normal commutation rules, and H~ t(t) together 
1\l.n 

vith all those operators which commute with it are time-independent. 

We did not take up the question of how the limiting processes were to be 

carried out in the transition from U(t,t0 ) to U(oo, -cQ. Nov there is another 

approach to the S-matrix theory vhich embodies a particular method of passing to 

the limits. Also this alternate approach permits us to verify easily the identity 

of the manifestly covariant time-dependent formula for the S~trix. 

00 

S = P(exp -i / ~~t(t) dt), 
-oo 

with the customary time-independent formula, 

where 
-+ 1 -+ 

If- = ~ + LimO n1 ,-. 
m m T) _,. E + -t.... _ Ho m 

m- ...,, 

In this alternate approach we take the Heisenberg representation to 

coincide with the Schroedinger representation at t=O. To the complete Hamilton

ian H. we correlate an unperturbed Hamiltonian H0
, and we assume that the set of 

eigenstates of H which obeys a given set of boundary conditions can be correlated 

in a one-to-one fashion vith the set of eigenstates of H0
• This implies that 

sufficient mass renormalization has been carried out in the definition of H0 so 
0 that the spectrum of H matches that of H. The eigenstates of the complete 

Hamiltonian H will be designated by l'qln)and their corresponding eigenstates of 

H
0 

by l~n)· (This correlation cannot always be accomplished, however, if there 

are genuine bound states. The existence of bound states requires a substantial 

modification of this procedure which has not yet been completely vorked out. 

Thus we shall assume that ve are working with a system which has no genuine 

bound states, such as quantum electrodynamics.) 

In working with a complete set ofj'q!) we have at our disposal the choice 

of the boundary conditions. For example, a set of eigenstates of H exists 

which represent incoming plane waves plus outgoing spherical waves, and another 

set of incoming spherical waves plus outgoing plane waves also exists. To 
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obtain an orthogonal set of eigenstates, it is desired that a set be chosen with 

the same boundary condition throughout the set. Furthermore, to obtain the non

covariant expression for the S-matrix with which we are accustomed, it is ex

pedient to work with the states containing outgoing scattered stuff. 

In this calculation, it is convenient to define two new functions, O+(x) 

and o_(x), which are respectively the positive and negative frequency parts of 

o(x). 

00 
.c:. (x) = .1. I e-i'wx du - Lim 1 - 1 .c:.(x) + P - 1-
u+ 2n 

0 
" - Tl---+ 0 2ni (x - ill.) - 2 u 2nix" 

o_(x) = (o+(x)J* 

These functions have a useful property: k~ro e-ikx o+(x) = o, and the complex 

conjugate relation k~~ e-ikx o_(x) = 0. 

To demonstrate the validity of the property, we apply e-ikx o+(x) to a function 

f(x) and integrate over the range of x. It is assumed that the function f(x) is 

bounded or smooth enough so that the integral of its fourier transform F(w) 

converges • 
00 00 00 00 

Lim {(2n)-l I I e-iwx e-ikxf(x) dx dw = I F(w+k) dw = / F(w) dw} = 0. 
k ->ro o -oo o k 

With the aid of o+(x),a compact expreeeion for(~ !~)can now be written: m n 

(~ ~'I'+) = o - 2ni o (E -E ) R , where, of course mn mn +mn mn 

What we are trying to do is to introduce a time-dependent formalism so 

that we may get a manifestly covariant formula which agrees with the usual 

formula for the S-matrix. For this purpose, we have to define two operators, 

Q and U(t). 2 is defined as the operator which transforms the state vector 

l~n> intoi'I':>· It is a unitary o~erator provided that the l'I'~) have been 

normalized. Relative to the basis of~ the operator Q has the matrix elements 

Q = o - 2ni o (E -E ) R • 
-"mn mn + m n mn 

Then Q has the vital property that it transforms H0 into H, that is, 

Q Ho Q-1 = H. 

Now, the Heisenberg operators are related to the Schroedinger operators 
iH t just by the transformation e s , that is, 
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( ) eiHt 9 e-iHt 
~H t = " 

we· wish to define 11in11 operators with a time-dependence which differs from the 

Heisenberg operators. These are defined as follows. The operator U(t) is • introduced as 
U(t) = eiHt Q e-iHt, 

which is analogous to the U(t, -oc) in the previous formalism. Roughly speaking, 

the transformation U(t) changes the time dependence of the fields so that it 

involves ~ instead of a. 

can 

ein(t) = U(t) eH(t) u-l(t) = eiHt Q e g-1 e-iHt. 

To find a formal expression for U(oo) which is manifestly covariant, 

compute the time derivative of U(t): 

i U(t) = eiHt [Q, H) e-iHt = eiHt QH' e-iHt =HI (t) U(t). 
in 

one 

With this behavior of U(t), it is quite evident that the 11in11 operators obey 

free field equations, for 

i ein = [Hln' 9in] - [Hin' 9in] = (ein' H~]. 
The equation for U(t) is the same as the one we obtained for U(t,~) in our 

previous derivation. To complete this derivation of the S-matrix, we have only 

to show that U(-<D) = 1, and that 
<D 

U(oo) = P(exp- i / H~n(t) dt) = S. 
-<D 

For this demonstration, we need onl~ to calculate the matrix elements of 

U(t). The unusual feature of this formalism is that the matrix elements of U(t) 

are to be taken between the exact states lv:>. Hence, we compute 

+. i(Em-En)t + + i(Em-En)t + 
<v:l U(t)l 'J!;> = e <vmiQI'J!;> = e <4>mllfn); 

i(E -E )t 
= e m n (o - 2ni o+(E -E) R ). mn m n mn 

Recalling the theorem concerning o+(x), and the fact that o+(x) = o(x) - o (x), 

it becomes evident that 

u (-a:)= 0 , mn mn and U (+ oo) = S • 
mn mn 

We thus have the same result as before in which the S-matrix is expressed 

covariantly in terms of operators which obey the free-field equations. The • peculiar thing about this approach is that the S-matrix elements or U-matrix 
··; 
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elements are taken between exact Heisenberg states. We can underst&nd this 

peculiarity if we ask what the unperturbed Hamiltonian is in the 11in11 repre

sentation. Since the time derivative of operators in the 11in11 representation 

is given by the commutator of the operators with H~n' 

H~n(t) = H~n(o) = g H
0 

g-l = H. 

Thus the eigenstates of H~ are indeed just the eigenstates of H. That is why 
ill 

the initial and final states in the S-matrix formalism just presented are taken 

to be the exact Heisenberg states -the true particle states. In the 11 in11 

language, the creation and destruction operators produce or eliminate real 

particles, while the Heisenberg creation and destruction operators work between 

the 11bare 11 states -the fake particles. The exact states 1'¥-+:> can be expanded 

in terms of the statesl~) , e.g. a physical nucleon can be expanded in terms of 

the I~) states representing a bare nucleon, a bare nucleon plus a bare meson, a 

bare r.ucleon plus two bare mesons, etc. Those I~) states correspond to creation 

and destruction by the Heisenberg operators in this way of doing things, whereas 

the I'¥~ states correspond to creation and destruction by the 11in11 operators, .. 
ai and a. • 
" n "~n 

The two approaches are the same mathematically; the difference lies in the 

physical interpretation of the formalism. The common feature of the two 

approaches is the same answer for the S-matrix. In either approach the operator 

S is evaluated between eigenstates of H0 in the representation in which one is 

working. 

Substantial difficulties arise in carrying through this 11in11 formalism 

when there are bound states, because the spectra of Hand H0 no longer coincide. 

Numerous papers have recently appeared on this problem, and currently the 

experts are trying to handle it by introducing a new 11 in11 field for each bound 

state, i.e. a separate field for the deuteron, one for the ground state of cl2
, 

16 0 , etc. The problem then is to calculate a connection between the "in" fields 

and the Heisenberg fields. For example, roughly, the 11in11 field of the ground 
16 state of 0 might be the product of 16 Heisenberg ~(x.)'s times some function 

of the 16 relative x{s, which would be analogous to th~ wave function of o
16

; 

this relationship is, however, extremely complicated. This idea is all right, 

but the point is that the bound states are intrinsically different from other 

things in that their energies and strengths are calculable. '~en we introduce 

the pion in the Yukawa way by a separate field describing particles of mass ~ 
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and with a coupling strength g, ~ and g are specified at will. However, the 

deuteron is different from that; the weight of the deuteron and the strength of 

its coupling are calculable from the theory of nuclear forces involving the 

nucleon-meson interactions. It has not yet been made clear by the experts on 

bound states how one is to determine the masses and coupling strengths of these 
11in11 fields for bound states, except by going back to the other formalism, the 

Schroedinger formalism, calculating these parameters, and then plugging them 

into the 11 in11 formalism. It has already been shown how one would express these 

separate 11 in11 fields in terms of the Heisenberg fields, but it has not yet ·.been 

demonstrated how to determine the parameters of these fields in a satisfactory 

way. 

This is completely a formal question, for we know how to solve problems 

involving bound states in the Schroedinger representation. The interest that 

is attached to this question is concerned with the fact that certain formalisms 

may suggest new theoretical ideas, and people hope that maybe in the process of 

working out the theory of bound states in the 11in11 formalism a parallelism may 

arise between the deuteron and the pion, so that possibly the pion may be treated 

as a bound state of a nucleon and an anti-nucleon. It would then be .possible, 

in principle, to calculate the mass of the pions and the coupling strength be

tween the pion and nucleon fields. Nobody has any idea whether this is possible, 

but people hope that such new ideas may be stimulated by working with formalism. 
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From either approach, one obtains the same covariant expression for the 

S-matrix. Our problem now is to show how Feymrnan 1 s rules for calculating can 

be obtained by using the free field equations, the ordinary commutation rules, 

and a specific form of H' in the perturbation expansion of the S-matrix . 1,/e 

shall go through an example of the reduction procedure here. The general theory 

of the reduction is treated in a paper by G. C. vlick (Phys. Rev. 80, 268 (1950)), 

in which careful attention is given to all the logical points. 
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2 
For the example, let us consider the lowest order g scattering of a meson 

by a nucleon. The second order term in the S-matrix is 

- ~// P(?j~nt(2);,xo), ?j~t(z,yo)) d4x d4y. 

However, this expression is a little misleading. It is certainly true that the 

H 1 . is expressible as a spatial integral of a Hamiltonian density I'COUp l.ng 
~ li , but H is not H'. Various renormalization terms have to be 
I,J> coup ng ~'Coup. A 

introduced into ~ in order to make the energy spectra of the free and complete 
" 

Hamiltonians identical . The renormalization terms must then be subtracted out 

of H'. The following three terms are necessary: 
" 

~ = H + ~ + &'1 fi'¥ d3x + -2
1 6~2_{ t · ~ d3x . 

"' "free vac /'" A A 

In a theory where pair production is possible, the vacuum acquires an enormous 

self- energy. It is desired, of course, that the energy zero point be chosen 

so that the energy of the vacuum be zero. We recall that in the static theory 

we had to put in a constant to make the energy of the vacuum zero . Here, how

ever, the possibility of pair production makes the situation a little more 

complicated . The point here is that the vacuum of the free fields and the 

vacuum of the coupled fields seem to have different lowest eigenvalues and thus 

we must introduce a term 6E into H0
• The next thing is that every fermion 

vac " 
also acquires a self energy when the coupling is introduced . This term is just 

like the term in the static theory; ~ d3x just counts the number of spin 1/2 
"" particles . And, since the pion can turn into a nucleon-antinucleon pair, it 

also has a self- energy which has to be added into H0 and removed from H' . As 
" . 1\ 

a result of all this manipulation, H0 is just like Hf ' only the bare masses 
A " ree 

are replaced by the physical masses, and the energy of the vacuum is adjusted 

so that it is zero . 

Thus H' = H - (several self energy terms), such that every time true coup 
self energy diagrams appear in scattering, for example, they are cancelled by 

6E , 6M, or 6~ 2 terms • vac 

The g
2 

contribution to the S-matrix coming from ~coup is : 

- 1 lj A"p"j P{N~ . (x), 7-6 . (y)) I k 1 p 1) d4x d4y = 2 .1. "- .... c,1nt ,.. c,1nt 
2 

= g2 //(k
11 jP(~r(x), ~J.(y))l k')(p 11 jP(?-(

5
'tr'¥(x),'W-f51;.1f{y)1 p)d4x d4y . 

f\ A " " 1\. JA 

Now we have an initia l meson and a fin2.l meson. Thus if ::me of the <P 1 s creates 
"' a meson, the other ~ has to annihilate a meson. Now the P-bracket is perfectly 

" 
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symmetrical in x and y. We can therefore evaluate the expression by assuming 

that a meson is created at x and a meson is destroyed at y providing we multiply 

the resulting exp~ession by a factor of 2. Notice that the factor of 2 just 

cancels the factor of 2~ in the perturbation expansion . This is a very general 

property; indeed, in a nth order term, there will be a 1/n~, which will be 

cancelled by the nl ways the specific creation and destruction functions of the 

meson field operators can be assigned to then variables x, y, z, • • •• There 

is one exception to this rule which arises in the consideration of the vacuum 

self- energy where a 1/n remains; we shall meet this later. 

Consider now the meson matrix element above . If there really is scattering, 

i.e. the final meson state is different from the initial meson state, then the 

P-bracket cuts no ice because c. k' commutes with cf+ k"' and the meson matrix 
~~, ~ ' 

element can be evaluated immediately. (i designates the charge state of the 

initial meson, and f that of the final meson.) 

(k11 jP(4> (x), <f>.(y)) jk 1)=6. 6. ei(k' • y - k" • x)/ . f4v2'k. 1k 11 • 
/\r AJ r.l Jf V' 0 0 

Often terms of the form W(x)r ~(x) are encountered. 

" " form are interpreted to mean that the antiparticle created 

Expressions of thi~ 

by ~(x) can not be 
" of the bilinear form annihilated by ~(x). In other words, in the terms 

1\ 

~(x)r ~(x), all the creation and destruction operators for the same state are " ,, 
ordered by commuting them so that the creation operator stands to the left of 

the destruction operator. The c-numbers which arise from the commutation are 

disregarded . This ordering, which is sometimes called the normal product, 

guarantees that the expectation value of ~(x)r ~(x) in the vacuum state vanishes. 
" " (r represents a Dirac matrix.) 

(vac I ~(x)r '¥(x) I vac )= 0. 
" " 

This ordering is necessary in order that the vacuum be such that its mesic 

charge, electromagnetic current-density, and any other kind of charge is zero. 

He are free to do this ordering because it is not specified in the classical 

Lagrangian. We have not said until now what the ordering ~~s going to be in 

the quantum mechanics which is the only place the ordering is important. 

With this ordering restriction, there are now four possibl3 cases of what 

the ~and ~operators can no. These can be represented by diagrams in which the 
" " time ordering of the internal fe-rmion J_ines is important. 
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I. y{y) destroys initial nucleon; ~(y) creates intermediate nucleon which is 

destroyed~ ~(x); ~(x) creates~final nucleon . 
1'\ )\ 

X 

..-

y 

II . Y(x) creates final nucleon; Y(x) creates intermediate antinucleon which is 
~ ~ 

destroyed by j(y); !(y) destroys initial nucleon. 

III . y(x) destroys initial nucleon; Y(x) created intermediate nucleon which is 
~ ~ 

destroyed by Y(y); W(y) creates final nucleon. 
~ ~ 

y -
------------------~ - -

X 

!V. ~(y) creates final nucleon; ~(y) creates intermediate antinucleon which is 
~ ~ 

destroyed by ~(x) ; ~(x) destroys initial nucleon . 
~ ~ 

y 

- X 

It is apparent that III and IV are just the corresponding crossed diagrams 

for I and II . 

The great simplicity in the Feynman rules is that I end II are both 

~ncorporated into a single matrix element and hence can be represented by one 

diagram. In such Feyrunan diagrams no meaning is given to the time ordering of 

the internal nucleon lines . In the Feynman method, one has many less diagrams 

to consider, since all the various time crderings within a diagram are included 
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in one analytic matrix element. He shall now write down the five possible 

diagrams for the complete matrix element under consideration, .paying no heed to 

the time ordering of the points x, y. 

A 

D 

B ------e-
y 

----- -

< 

E -0---
The last three of these are connected only with the amplitude for forward 

scattering. In the lowest order matrix elements, they are cancelled exactly by 

the self energy terms of order g2 • C is cancelled by the g2 term in ~Eva D c. 
is eliminated by the lowest order term in the nucleon self energy, and E is 

annihilated by a corresponding term in the meson self energy calculation. 

In the calculation of the analytic matrix element corresponding to a given 

diagram, certain of the 'Y and 'l' operators are doomed in that we know that only 
" " a single fourier component is going to be effective in the computation of the 

matrix element. In the rearranging of these doomed operators we do not have to 

worry about the fact that a single destruction or creation operator does not 

exactly anticommute with a fermion field operator which is not "doomed", be

cause the difference amounts to changing the value of a function at a small 

number of points which is going to be integrated over a large region. There

fore, when rearranging these doomed operators, only the number of changes of 

sign due to commuting these things needs to be taken into account. The other 

fermion field operators which are not doomed are quite different. In rearrang

ing them, the non-vanishing of the anticommutators can not be ignored, because 

of the infinite number of degrees of freedom involved. 

It is now possible to evaluate the fermion part of t he mat~ix element for 

diagram A. We shall write out everything completely in terms of the spinor 

components (greek subscripts) and isospin components (latin subscripts) this 

one time to make perfectly clear what is involved. 

element is that for diagram I, namely, 

\.Jhen x > y , the matrix 
0 0 
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~ 
ip' • y 

e 
U I • 

P, /E V/M 
p' 

The minus sign appears because three permutations involving 11doomed 11 field 

operators are carried out in order to evaluate the matrix element. 

Thus if we define a new function which is a Dirac matrix by 

= i e(x-y) (vac I P(W (x) WQb(y)) lvac) 
1\Cla "~ 

where t (x-y) = 0 0 

[
+1 if X > y } 

-1 if X < y 
0 0 

the fermion matrix element for diagram A can be expressed simply as: 

i M 

v JE ,E II p p 
In a similar way another function DF(x-y) will arise when one computes the 

meson part of matrix elements for diagrams in which internal mesons are present 

in addition to external ones. This function contains no e(x-y) in its defin

ition, because there are no sign changes when "doomed" meson field operators 

are rearranged. It is 

F 
oij D (x-y) = i (vac I P(~i(x), ~.(y)) I vac ). 

1\ 1\ J 

These are the two fundamental functions in terms of which all matrix 

elements will be expressed. A convenient way to think of how the analytic 

matrix element arises is the following. For the initial meson we put in its 

wave function. At y an interaction takes place, and igy
5 
~i is put in (to

gether 'With the meson wave function). A fermion propagates from y to x under 

the influence of a "propagator" -iSF(x-y). At x another interaction takes 

place and i g y5 ~f is put in along with the final meson "rave function. One 

then integrates over all possible interaction points. In this procedure we 

follow the fermion line and no attention is paid to the internal time ordering, 

i.e. whether the fermion is a particle or antiparticle. Thus, the complete 

matrix element for diagram A is: 



r 
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\r'l i(k' • y + p' • y - k" • x - p11 
• x) ( F( >) 

Y5 "tfr e ~- iS x-y 

d4x d4ay5 "'1 uJ . 
If the Fourier transform of SF(z) is defined as 

then the above matrix element is just: 

2 ~ t ~ g M - . F 1 1 
,;. U II "(.5 "tf - ~ S (p +k ) "(.5 

2 yE E k'k" p 
p' p11 0 0 

If we do everything in momentum space we can write down a rather simple answer 

quickly, realizing that the Fourier component of the propagator is chosen which 

gives momentum and energy conservation at every vertex. All one has to know 

are the Fourier transforms of the fermion and boson propagators in order to 

calculate the matrix element for a given diagram. For example, using the rules, 

the matrix element for the crossed diagram B is: 

-- k 
B. 

~f·- k " 

~ ( 
.>-----t---=--

g2 M f-
_2 U II 

2v- JE E "' k 11 p p' p'...,..o o 
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December 9, 1958 

We have illustrated in a simple example hov the Fe)'DI!Bn rules for 

perturbation calculations come out of the field theory formalism. The essence 

of the Feynman method is that the matrix element for any process in a given 

order of perturbation theory can be obtained by writing down the relevant dia

grams and then substituting the two functions a SF ( x-y) alld DF (x-y), which 

are essentially the vacuum expectation values of the ordered product of two 

field operators. 

As we have defined them, these two fUnctions are Green's fUnctions for 

the Dirac and Klein-Gordan equations, respectively. 

<1 + M) sF = o4(x-y) ;: 63(x-Y) o(tx-ty) 

(~2 - D2)DF = o4(x-y) • 

Let us first prove these assertions, and then it will be quite easy to find 

the Fourier transforms of these functions, which were seen to be the important 

entities in the actual calculation of scattering matrix elements. 

If SF(x-y) = i (vac fP('f(x), V(y)) lvac) t(x-y) is substituted into 
1'\ " the Dirac equation, 0 is obtained except for the discontinuity at tx - t

7 
= 0 

where a contribution arises. 

(1 + M)SF = - itl b,SF !>(t -t ) = tl ({'f(x\, t(y)}). o(t -t ) 
XY 1\ A 0 Xy' 

= o3fi-7) o<t -t ) = o4<x-y). X y 

Similarly, DF(x-y) : i (w.c I P(~(x), ~(y)) I w.c) clearly obeys the K-G 
~ " 

equation except for a discontinuity at tx-ty = O. 

(t~-2 - o2> rl = o(t -t ) A !DtF = i o(t -t ) ([ ::ex>, ~(y)])0 = o4(x-y). 
X y' X X y X 

Thus these two functions are indeed Green 1 s t'tmctions. They are Green's 

functions, however, with rather peculiar boundary conditions. 

Consider the set of Green's fUnctions for the Dirac equation. There are 

an infinite number of these with different boundary conditions. AU of them 

have the property that 

A S(x-y) = i tl o3(~- y) = i ~ t (x) t (y). 
- n n n 

Ot the unlimited number of these things, only a tev are of particular interest. 

For example, if ve were dealing classically with the equation 

<; + M) t(x) : - 1 g y5 ~ 'r t(x), 
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we would choose the retarded Green 1 s function ~ 

S ( ) ~ 
~ tn (x) Tn (y) for tx - t,. > 0 

x-y :: 
ret o for t - t < 0 

X y 

Page 120 

in setting up an integ~~l equation for f(x) from which a perturbation solution 

may be obtained. 

t{x) = tin(x) + / Sret(x-y) { - ig y5 'tr cp/y)} f(y) d4y. 

In quantum mechanics, when we solve the Heisenberg equations of motion, pre

cisely the same typ~ of integral equation my be used to generate the pertur

bation solution. But the lack or commutation in the quantum mechanics requires 

that a different Green 1 s function be used in place of the retarded one. In 

quantum mechanics it is required that SF(x-y} be used. The formula for SF ma7 

be deduced quite easily from its definition as a vacuum expectation value. If 

ve designate by n+ (n-) a positive (negative) frequency solution or the Dirac 

equation, 

SF{x-y) = i ;+ tn(x) fn(y) for tx > t
7

, 

and SF(x-y) = - i :E t (x) f (y) for t < t . n- n n x y 

SF(x-y) is retE\rded for the positive frequency solutions of the Dirac equation, 

but advanced for the negative frequencies. Thus the positive frequency solutions 

are required to propagate forward in time, while the negative fioequeney eolutiona 

must propagate backward in time. Feynman developed an interpretation of this 

in which the particle is said to be going forward in time, and the antiparticle 

is said to be a particle traveling backwards in time. 

The point of view just advanced helps to clarify why the tw cases 
...... -...... -

and 

can be treated as a single Feynman diagram: -



[ 
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In the language of field theory, the second time-ordered diagram wuld be 

described as follows: The vacuum first creates the final meson and a nucleon

antinucleon pair. The antinucleon then propagates forward in time until it 

meets up with the incoming meson and nucleon, where everything is annihilated. 

On the other hand, Feynman would describe it b,y saying that the nucleon and meson 

interact and the nucleon is scattered so that it travels backward in time. 

Finally the nucleon reverses its direction, emits the outgoing meson, and again 

travels forward in time. From Feymman' s point of viev the two processes are 

quite alike, and thus one expects only a single matrix elelilent for their sum*. 

A similarly simple evaluation of the vacuum expectation value yields the 

result: 
F * D (x-y) = i ~+ ~n(x) ~n(y) 

n 
and 

The similarity of the quantum mechanical solution with the classical 

iterative solution of an integral equation is very useful for keeping traek 

of certain factors embodied in the Feynman Rules. The actual development of 

those rules can be found in the article by G. C. Wiele on normal products. But 

a simple trick for getting the right factors -- it is not a derivation of the 

rules, of course -- is to think of solving a classical problem with the Feynman 

Green's function. This mnemonic device gives the right number of i's, g's, etc. 

in a n·th order matrix element, and also indicates there are no factors of n 

or n! (When ve get to closed loop diagrams, there will be a few n's, but 

otherwise there are no n's floating around.) For example, up to second order: 

t(x) = tin (x) + / SF(x-y) d4y {- ig Ys'ti~i (y)} tin (y) 

+ // SF(x-y) d4y {- igy5'ti~i (y)} SF(y-z) d4z {•igys-tjcpj(z)} tin (z). 

In this expansion, if ~i(y) and ~j(z) are associated with the creation and 

absorption of a virtual meson, they are replaced by oij(-iDF(y-z)), the meson 

propagation function. 

Our major interest is the form of these propagators in momentum space. 

Since they are Green's functions, we can assert immediately that: 

F __l__ ip•x 4 F 1 eiq•x 
S (x) = 4 / Ii":+M d p, and D (x) = 4 / 2 2 . (2w} (211) ~ .. q. 

* R. P. Feynma.n, Phys. Rev. 7,2, 749, (1949). 
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All Green's functions differ only by the prescription at the poles where 
2 -2 _.? 2 ... 2 2 h F 5F P. = p + W, and q = q + lJ. • T e pole prescription which yields D and 
0 0 

is the relativistically invariant procedure of regarding the masses involved 

as having a slightly negative imaginary part. This prescription can be made 

self-evident in the following way. 

A glance at the fourier decomposition of these Green's functions as 

exhibited in terms of the t (x) and ~ (x) reveals that the characteristic 
F F n n 

feature of S and D is that for positive t = tx only positive frequency compon-

ents are included, while for negative t only negative frequencies occur. Now 

the time dependence of any component, eip•x, of these functions is obtained from 

arr integral /e -ip0 tf(p
0

) dp
0

, where f(p
0

) has two simple poles, one on the 

positive real axis and the other on the negative real axis. Since the integrals 

may be evaluated by closing the contour by a loop in the lower (upper) half 

plane for positive (negative) t, it is clearly desired that the contour simply 

JliSS above the pole on the positive real axis, and below the pole on the negative 

real axis as shown: 

--------~----------~~~---------~~ 

This route is guaranteed if the mass is regarded as having a small negative 

imaginary part. Thus : 
F( ) 1 5 P = i ~ + M - ie' and 

F 1 
D (q} = 2 2 • 

~ + q - i£ 

All the factors are now available for the explicit calculation of S

matrix elements in momentum space corresponding to a given Feynman diagram. 

Let us now consider a few examples of meson-nucleon scattering matrix elements 

before we pass over to electrodynamics. 

Example 1: It f- ... 

kl. - ~ 
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1 ( -igy 5'ti) u 
p' 4 JJQ 7M(2n) X 

i (p' +j') +M-ie ./21<~ v 

o4(p'+ k' 
~p' 

- p"- k"). 

The common ~trix element for this process is just: 

Rfi = g2(2YI./v2) (2EP"·2k~·2k:~·2EP,)-i iipnYs'tf i(Pt;17) + M y5'tiup,. 

If one takes the absolute square of the R-matrix element and multiplies it by 2n 

times the density of final states, one gets a transition rate, and if one 

divides that by the incoming flux of particles, a cross section is obtained. 

For unpolarized nucleons, one then bas to sum the cross sections over the final 

nucleon spin states aDd average it over the initial nucleon spin states. 

Example 2: k" f 1 k' .i 
' I 

,. 
f 

' I 

' ' 
' 

/ 

-

< f r 

The corresponding R-matrix element is the same as the one obtained bf inter

changing 'ti and 'tf' and replacing k' by -k". Therefore, there is alsoa cross

ing theorem in the calculation of the R-matrix in the relativistic theory. 



Pb 234 Page 124 

These are some of the diagrams involved in the relativistic calculation 

of meson-nucleon scattering. Renormalizations must be performed here as in 

the static theory, and we still must investigate how these go through. We now 

have most of the Feynman Rules; the only tricks ve haven't got are the Pauli 

principle, which comes into play vhen we consider diagrams vith two fermions, 

and the rules for closed loops, which are essentially similar but for which a 

little care 'Will indicate a factor of n oomes into play, and finally the renorm

alizations. In these relativistic theories, the renormalizations remove all 

dependence upon cutoffs. This property .pf a theory is called "renormalizabili ty". 

"Renormalizability" means that if one performs the necessary energy and 

mass renormalizations, and then, for convenience, renormalizes the coupling 

constant, and perhaps one or two other things, then, in the limit of high cut

offs, the resulting theory is ·independent of the cutoff. Electrodynamics has 

this property as does this y
5 

meson theory. This property is not in any way a 

required property of a correct theory, if you believe there really is a cutoff, 

as everybody does. Hovever, in electrodynamics the results are independent of 

a cutoff, and electrodynamics stands today as a correct theory. The results of 

the y 5 theory are also independent of cutoffs, but we have no evidence of their 

correctness. Thus I vish to warn you against believing that renormallzabili ty 

must be a necessary property of a correct theory. 



Ph 234 Page 125 

December ll, 1958 

This final lecture of the term w.s devoted wholly to various topics 

raised by quest,iona from students. 

We have indicated how the Feynman Rules can be derived from the field 

theory of a pseudoscalar meson with pseudoscalar coupling to nucleons, where 

the coupling term in the Lagrangian density is: 

L = - i g i Ys 'ti • ,i. coup. (PS-PS theory) 

Equally well, ve could have concerned ourself with pseudovector meson-nucleon 

coupling in which 

;(coup • = - i t t y 5 y v ~i l 8 v cp i ( PS-PV theory)' 

for both of these yield the same coupling in the static 1~ t. People always 

use the PS-PS theory when they calculate, because after the renormalizations 

are performed, the results are independent of a cutoff in the limit of a high 

cutoff, whereas the PS-PV theory has gradients in it, which introduce extra 

powers of the momenta of virtual mesons into calculations, so that the results 

depend heavily upon the cutoff, even after renormalization. The introduction 

of a cutoff as a physical parameter is somewhat of a nufs&nce, and thus most 

of the attention bas been directed toward the PS-PS 1t meson theory. This is 

not, however, an argument that the PS-PS theory is more correct than the PS-PV 

theory, as many people allege. 

The point of interest nov is concerned vi th a technical problem vhich 

arises when one derives Feynman's Rules for the PS-PV theory from the field

theoretic formalism; it is independent of the lack of "renormalizabillty" of 

this theory. The coupling Lagrangian for the PS-PV theory contains a gradient, 

which is not serious, but also for the fourth component a time derivative of 

the meson field operator. This implies that the momentum conjugate to cpi is 
• not just 'i' but rather 

. r -
ni = <Pi -; t Y5 Y4 'tit• 

Thus when the coupling Hamilt onian density is computed, it turns out to be not 

the negative of the coupling Lagrangian density, but rather has an extra term 

which cancels a term in the coupling Lagrangian density; 

j/coup. = i ~ (f Y5 Yv 't1 t 8v <Pi - f Y5 Y4 -tit 84cp1). 

We must use both of these terms in calculating the S-matrix according to the 

conventional Hamiltonian formulation of quantum mechanics. 
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But Feynman t s Rules for calculating the S-matrix are stated only in terms 

of the interaction Lagrangian density, and contain no special provisions for 

cases where the inte~ction lagrangian contains a time derivative. However, it 

turns out that there are two effects which exactly cancel each other in the 

derivation of the rules for perturbation calculations in such a theory. One of 

them is the extra term in the coupling Hamiltonian density, and the other is 

that when one encounters expressions of the form 

(vac f P(at ~(x), ~t .+(y).) - J vac > ~ 
x"' y n ' • 

these cannot be equated to 
a2 F -2 D (x-y), 
et 

X 

because of the discontinuous definition of DF. Not only in this theory, but 

also in any theory you write down, it turns out that the effects of all terms 

in the coupling Hamiltonian density bey'nd the negative of the interaction 
lagrangian density are cancelled exactly in a similar fashion. This is a rather 

disturbing result, for it 5hows that a rather poor formalism is being used to 

derive a simple answer. 

In regard to these cancelling terms, the original situation in the 

literature was somewhat more involved, for people introduced general wiggly 

time-like bypersurfaces in four dimensions, instead of slicing space-time per

pendicular to the time axis in a fixed reference system as we have done. This 

procedure is very general and leads to the same results, but introduces into 

intermediate steps terms dependent on the curvature of the surface, etc. 

The PS-PV theory has been somewhat neglected, because its results depend 

heavily upon a cutoff, even after the usual renormalizations have been performed. 

If one believes that there really is new physics above 1 or 2 BEV/c, i.e. there 

is a cutoff, then that is no reason for preferring the PS-FS theory over the 

FS-PV theory. Both of them are incorrect for high energies, but the question 

remains as to which one explains low energy phenomena more completely. Although 

in the static limit they reduce to the same theory, they are really different, 

as is evident from a perturbation expansion. 

Meth9ds 2! Calculftion 
The strong coupling calculations are the only calculations which are not 

really perturbation calculations. All the rest of the methods are "glorified" 
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perturbation calculations in thAt one looks at the perturbation series and 

sums what appear to be the most important diagrams for a certain phenomenon. 

We gave some examples of this in the "magic formula" and the Tamm-Dancoff 

methods. The dispersion equations are totally' independent of perturbation 

theory. However, the dispersion relations do w determine the answers for a 

given problem. 

In discussing available methods of calculation in field theories, we 

must distinguish between static theories and relativistic theories. In the 

static theories, a wide variety of things have been tried. First of all, there 

is ordinary perturbation theory. Also the Tamm-Dancoff approximation has seen 

vide use. The "magic formula" is the latest improvement in perturbation cal

culations. Then there is strong coupling, which is an expansion in 1/g. Ir 

one puts enough restrictions on the dispersion theory equations, the ansvers 

are then determined. Low's one-meson approximation is an example of such a 

"restricted" dispersion theory. Tomonaga has developed an interlllediate 

coupling method to bridge the gap between the perturbation calculations of 

weak coupling and strong coupling. 

If one looks at a static theory, say at one ve examined this term, then 

the "glorified" perturbation methods indicate the existence of resonances, 

such as the 3•.3 resonance. If one looks at strong coupling then it tells us 

that there is a set of bound states betveen the nucleon and nucleon + pion 
2 energies, the number of vhich increases as g increases. Such bound states 

would be called true isobars of the nucleon. As far as the meson field is 

concerned, these states would be absolutely stable; if th~ existed in nature. 

they vould decay by photon emission. And sure enough, the lowest of these is 

.3/2, 3/2. The next one is 1/2, l/2. * A comparison of the extremes makes it 

evident that as the coupling constant increases, the virtual states vhich start 

out with energy + CD come down and dow until they become true bound sta tee. 

The method of Tomonaga pro~':les a mathematical bridge, a sort of interpolation 

formula, vhich enables one to see the continuous change of behavior as the 

coupling constant goes from one extreme to the other. If one does it right, 

such a method will give rigorously both limits correctly and provide a formula 

for in between. 

* Iandovi tz and Margolis~ Phys. Rev. Lett. 1, 206 (1958) • 
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. The physical basis of Tomonaga • s method is that in the cloud around 

a nucleon, in either very v eak or very strong coupling, the following situation 

obtains. There is,of course, in the weak coupling approximation, only a small 

amplitude for having one meson in the cloud, and a still smaller amplitude for 

having two mesons in the cloud, etc. But that's not a feature that holds in 

strong coupling, so ve forget it. We look for a common feature. Such a 

common feature is that the total number of meson wave functions, independent 

meson states, that contribute to the cloud is very small. In the first order 

of perturbation theory for weak coupling only states with one meson contribute 

and thus there is only one meson wave function involved. In strong coupling, 

there is a large amplitude for states with many mesons, 2, 3, 6, 12, 15, etc., 

but tbe total number of independent meson wave functions in the cloud is quite 

small. So Tomonaga t s idea vas to assume that there are just a few meson 

states which are populated. However, they may be populated by any number of 

mesons. Thus, ~e vas led to define nev creation operators: 

~~ = / ~ fi (k) d~. 
In our static theory one needs about four of these, i.e. i = 1,2~3,4. In 

simpler theories, one needs less of them. In the charged scalar theory only 

two are required, one for positive mesons and one for negative mesons. Any

way, one nov uses a variational method, and attempts to find a minimum of 

vhere I~) is allowed to be formed from the bare nucleon state by allowing any 

number of these nev creation operators to act upon it with any coefficients, 

and vi th the f i (k) to be varied. This may souna. · like a lot, but actually 1 t' s 

not very mueh, for actually one is wrking vi th only four of the infinite 

number of field degrees of freedom. The probl~ is thus tremendously simplified 

and soluble. For the charged scalar theory, one can solve it in five minutes, 

while for the PS-PV symmetric static theory one obtains differential equations 

which are solved with a computing machine. One can then calculate,in weak or 

strong coupling, vbat this variational principle tells about the state vector 

of a nucleon, and one finds that the weak and strong coupling limits are both 

given rigorously by this method. It also gives something in between, vhich 

can be considered as an approximation to the correct ansver. Also if this 

method is applied to meson-nucleon scattering, fairly good agreement with 

experiment is obtained. 
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The trouble is that all of these methods run into difficulty when one 

tries to use them on a relativistic theory. The only hopeful method now in 

sight consists in trying to restrict the relativistic dispersion equations so 

that answers may be obtained. This suffers from certain difficulties in that 

the relativistic dispersion theory requires certain subtractions, that is to 

say, there are some constants in the dispersion equations which are not given 
by disper~ion theory, they have to be fed in from some other source. However, 

since nobody knows what to do with the constants, this method is likewise 
awkward. Thus we are left with zero as far as methods of calculation in 

relativistic meson theory. The dispersion theory, however, with its subtract

ions -- ~ot the restricted dispersion theory, but the actual dispersion equations 

with the real part of the amplitude on one side and the imaginary part on the 

other -- have enjoyed tremendous success, and this is essentially all we have. 

It provides the only information on the relativistic meson-nucleon theories 

which is really reliable. 

~~Model 

A few years ago Lee invented an abridged field theory of three particles 

which is so simplified that problems can be solved exactly. It is chopped up 

so much that the Dancoff approximation is rigorous, and thus all the results 

of the Dancoff appro'tbnation are the exact results of the theory. Having 

solved the mathematical pe.rts of the theory, one can examine the qualitative 

results and specul&te~s to whether the qualitative features are characteristics 

of common field theories. 
Lee Is theory designates three particles as v, N, and e t and allows the 

single reaction: V ~> N + e. This differs from usual field theories in that 

ordinarily the e would have an antiparticle, perhaps itself, and that the -inverse reaction V + e +--:> N would also oo allowed, because any common field 

theory associates positive and negative frequencies together. If you leave 

the e out, this means that you are leaving out the negative frequencies. Now 

a field containing only positive frequencies cannot be local or casual, because 

the operation of coupling only positive frequencies involves performing an 

integral over all time • The positive frequency pe.rt of a function is 

f + ( t) :: / 0 + ( t - t 1 ) f( t 1 ) dt I o 

So in the Lee model, the V and N at a given ~ime t is coupled ·to the e field at 

all times. The interaction is tremendously non-local, and in this sense is the 
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uztjthesis of our ordinary field th~retic interactions. 

A more familiar notation would be that of p, n, and w+,; Because of 

the limitation to just these three particles, the static meson-nucleon theory 

is easily worked with. Consider the construction of the physical nucleon 
states on the Lee model. 

can do nothing by itself. 
diagram 

The bare neutron is the complete neutron for the n 

The physical proton has a structure due to the 

'\r+ 
.,.. - - ..... 

, "' ' , ' 

p 

but the only other proton self-energy diagrams are simply ; i ter.ations of the 

above like 

, 
-+ 1\ 

' ' 
, ' 

' 
r 11 f' 11 r h f 

Thus a physical proton is part of the time a bare proton, and part of the time 

a bare neutron plus a single meson in soJne definite state. Because of this 

obvious simplicity, the theory can be solved exactly. 

This theory bas some rather remarkable properties, and controversies 

have raged concerning whether the properties are characteristics of field 

theories in general. They involve renormalization results. In this model 

there are four arbitrary parameters: the (p,n) mass difference, the meson 

mass, the bare coupling constant g
0

, and the cutoff. From the theory it 

is possible to calculate the renormalized coupling constant in terms of the 

initial parameters, and the answer is something like 

gi = g;;(l + x2 g~) 
where, say, X is proportional to the log of the cutoff. Thus if we plot the 

result, 
small cutoff 

large cutoff 
------------------------~ 



I 

.. 

Ph 234 Page 131 

and the important result is that for any given value of the cutoff, there is 

a maximum value of the renormalized coupling constant. 

Now in a physical situation, one observes the g~ and adjusts the cutoff 
2 to give agreement with experiment, and lets the g fall where it may. The Lee 
0 2 

Model raises the following interesting question. What if, for the required g
1 

and cutoff, there exists no value of g2 ? Many people believe that this is a 
0 

property of the static theory we have investigated this semester, and that thus 

this theory is internally inconsistent. They believe that the cutoff around 

the nucleon mass is so large that no possible value of the bare coupling 

constant gives the required renormalized coupling constant. They assert, 

therefore, that the static theory is rubbisht And then they go on to present 

a more trenchant criticism of relativistic field theories. In relativistic 

theories, having renormalized, we remove the cutoff entirely, keeping the 

renormalized coupling constants at a given value. For example, in electro-
2 

dynamics, g1 is kept at 1/137. If relativistic electrodynamics has the re-

normalization property of the Lee Model, this process of removing the cutoff 

to + co is total rubbish. 

However, one may ask where the trouble is introduced as the cutoff is 

removed in electrodynamics. If one does this, it is clear that introducing a 

cutoff at about that point won 1 t disturb anything very much. Since the 

divergences in electrodynamics are logarithmic, a cutoff is necessary at about 

A ; m exp(4n/e2) : ~O Mev. 

Nobody vould quarrel 'With a cutoff up there t Thus if the Lee Model property 

does obtain in electrodynamics, things are easily fixed up. But if one lo:>ks 

at relativistic meson theories, the problem is much more serious. There the 

cutoff vould have to be at 1/2 BEV. So the criticism of relativistic meson 

theory is a quite serious one, if itts valid. 

Now nobody knows whether this property of the Lee Model is at all a 

general property of field theories. Therefore, these criticisms may be wrong 

or may be right. It would be nice if they were right, for that would provide 

the necessary impetus for dumping field theory as we know it, and looking for 

some radical new idea. As long as we don't know, the field theory may be the 

correct formalism, and it is difficult to discard something that has had some 

successes and could have some more. On the other hand, we do knov that 

probably these theories must be thrown away. Otherwise, how are we to introduce 

some new physics, say at 10 .. 14 em., which will lee.d to the existence of 31 or 
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more particles? 1lle properties of the particles must be determined by some 

new physical principle. It is, of course, possible that a new principle, when 

added to the present formalism, will lead to an understanding of the particles. 

That is, you write down a field theory with 31 or so fields, and this pri~ciple 

just tells you what masses, coupling constants, and spins to put in. But this 

is very unlikely! It seems to many of us. that there is new physics at 0.1 

fermis which replaces field theory by something else, and that the new theory 

will contain enough in it to determine some of the things which are now put 

into field theory ad hoc. 
There is a second thing that people have looked at in connection with 

2 
the Lee ModeJ.,which is to fo_)llow the c~~es down to negative values of g

0
: 

. 01 

I ~ 

' 2 Thus, if you are willing to take a negative value of g , you could get any value 
2 2 ° of g1 you desire with a given cutof f. But g

0 
negative means that the coupling 

Hamiltonian is antihermitian, the S-matrix is not unitar,y, and probabilities 

are either not conserved or not positive-definite. People have tried all sorts 

of schemes to make sense out of this region, but so far sense appears to come 

out only at the price of microscopic causality. But until somebody really 

succeeds with one of these schemes, the only thing we can say is that field 

theory is in great trouble if the property of the Lee Model is general. 

NatU~e of the Perturbation Series 

It seems clear that the perturbation series of', for example, quantum 

electrodynamics are not convergent. The folloving proof, due to Dyson, wile 

not absolutely rigorous, is fairly convincing. Suppose we calculate something 
. 2 

to all orders, getti ng a series f(e ). Then if' the series is convergent for 
2 some positive value of e , it must converge in some circle of the comple1 

2 z=e plane centered at the origin. Thus the series must converge on some 

interval of the negative real axis. 

Consider now the calculation of the polarization of the vacuum, in 
a power series in e2, where diagrams such as 
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2 arise. If the series converges for positive e , it must also do so for nega-
. 2 

tive e , and so it must be possible to describe, in a convergent ~y, the 

series of physical processes vhich vculd go on it electrons attracted each 

other and repelled positrons. No\.1 a physical argument is presented to show that 
2 what happens for negative e is not a convergent phenomenon, that is, the contri-

bution of higher order diagrams to the series is much more important than that 

or lower order diagrams. If e2 vere negative, the vacuum vculd break dovn, for 

states in which there are large numbers of positron-electron pairs, with the 

positrons clustered together in a region of space, and the negatons clustered 

together 1n another region of space far removed, would be of lower energy than 

the vacuum if the number of pairs were large enough. The vacuum state vculd 

thus be unstable relative to such states; the more particles in. the state, the 

more stable it would be relative to the vacuum. This increasing importance of 
2 many particle.·states for negative e means that the series could not be con-

vergent. 
2 Although the series probably does not converge, for positive e it 

may b~ an asymptotic series in that the first few terms give a better and 

better approximation to the true result, ani if you go ou.t far enough in the 

series, say at the 1.)7th term, the series begins to diverge. This is 

entirely possible and gives us a varning as to what may happen in relativistic 

meson theory expansions. There the series might start to diverge in order 

1/15th1 
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No • 9 Electrodynamics 

· In going over to eleetrodynamiea to perform calculations, ve may use 
the following "dictionary" • 

Meson Theoz:z 

N 

J'2 

g~41T :: 15 
M 

%1 
-i g "(5 'l;i ~i 

) 

) 

Electrodynamics 

e 

y 
disappears 

y v (summed over for virtual 

photons). We work in a Lortnez 

gauge where k•e=O, e being the 

polarization four vector. For 

real photons, e4=o, i.e. "trans

verse" gauge. 

0 

ei/41T = 4 = 1/137 
m 
A 
1\Y 

i e f. 
" 

Using this dicti6nat"Tt· we shall give some examples of perturbation 

calculations in electrodynamics. This facet of relativistic field theory is 

very satisfactory, for one starts with a well-defined theory, calculates some

thing physical, and finds perfect agreement between the answer and the experi

mental result. 

First we shall consider the interaction of an electron with an external 

field. The external field is taken to be weak; in Feynman 1 s language, the 

electron interacts only once with it. Although the external field is considered 

only in the first order of perturbation theory, we still have to expand in 

powers of the radiation field. 

In the lowest order of perturbation theory, for true scattering, only 
this diagram 1\~l\) 
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contributes, and the first order R-matrix element is: 

vJE;E; (1) -
Rfi = - i e (A {pi.-pl)) (u y, u ) • 

m Jl P2 Jl P1 

In the third order, the following diagrams are involved. 

(a) LAp 
r~~r· 

(b) (c) 

(d) (e) 

X 

Diagram (e) gives no contribution, since it is cancelled by a vacuum self-energy 

term. Diagram (d) is essentially the same no matter what transition the external 

field induces. It is connected with vacuum polarization, and charge renormaliza

tion. In the vacuum polarization terms, there should be contributions from 

virtual pair formation of nucleons, mesons, etc., but these are quite small 

compared to electron pair effects because of the high masses involved. 

A careful treatment of renormalizations yields the prescription that one 

should take only half of diagram (b) plus half of diagram (c) in the calculation 

of the R-matrix. For our present purposes, we may just take only one of these, 

say (b), and forget the 1/2. 

Whenever ~ or />2 occurs in one of our matrix elements, using the 

commutation rules we can slide them over to the right or left side, respectively, 

of the group of Dirac matrices, so that they operate immediately on correspond

ing free spinore. There they yield just the factor im. With this in mind, 

consider the possible final form for the matrix element under discussion summed 

to all orders in the radiative corrections. Factoring out the A , the reeult . 
Jl 

must be 6 vector, and not, for example, a pseudo vector or pseucosealar. 
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2 The only invariant in the problem is (p2-p1) and the only vector matrix elements 

are those of: 

y~, and 

Next consider the matrix element corresponding to some diagram like 

for such a matrix element in the sum there is also a corresponding matrix element 

in the sum obtained by reversing the order of the ymatrices and interchanging 

p1 and p2 • It b-elongs to a "mirror" diagram like 

Therefore, the complete sum must be unchanged under those two opera~ions. Hence, 

the only vector matrix elements which will appear are: 

(pl + P2) ~· Y~· and ~v(p2 - pl) v· 

As a result of these identities, the final matrix element summed to include all 

radiative corrections must be of the forms 

Rfi =fie A~(~ y~ul)F((p2-pl)2) + ~ A~ (~o~Yul)(p2-pl)liG((p2-pl)~ (V ~J 
Prom a non-field theoretic approach, we can say that the electron thus 

acts as if its charge were 

eF( (p2-pl)2)' 
and as if 1 t had an anomalous magnetic moment of 

(e/2m) G((p2-pl)2). 
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The f\.nwtions F and G of the squaJ"e of the invariant momentum transfer are call-ed 

respectively the charge and magnetic moment form factors of the electron. 

Corresponding entities are of considerable interest in the study of nucleons. 

The charge form factor F(q2) is a very weak form factor for the electron; it 

starts out at 1 when q2=0, and its frequency variations are of order 1/137 over 

a large range. For the nucleon on the other hand, F(q2) and G{q2} vary quite a 

bit over a few hundred MEV due to the strong meson effects. G(O) for the 
electron is the Pauli anomalous moment due to virtual photons. G(q2

) is, of 
course, strictly of order 1/137, and thus its frequency variation is not drowned 

out by a zero order term. 

We shall now calculate the anomalous moment of the electron to order 1/137. 

Apart from the effects of charge renormalization, a contribution arises only 
from diagram (a)t 

The R-matrix element corresponding to this diagram is: 

vKf~ (J)(a) 3 / d\ {- 1 . 1 
"tn Rfi = i e A~ ik2(

2
rr)4 u2 Yv i(p

2
-){}+m Y~ i(~1-)l)+m Yv ul} 

Rationalizing the denominators, the matrix element becomes: 

., L _ (-i(p
2

-){)+m) (-i(p
1

-J{)+m) 
i e~ A / d-:k { u_ y Y. y u

1
} • 

._., ik2{2rr)4 ;.:: v k2 - 2P2•k ~ k2 - 2pi • k 'IJ 

In the evaluation of such matrix elements, certain identities are of 

considerable use. 

~~ + 'U = 2a • b 

Y._., r .... = 4 
y .... ~ y .... = - 21. 

y~ I.~ y~ = 4a 0 b 

r .... ~ ~ I r ~ = - 2tU 
The verificat~on of these identities is left as an exercise tor the reader. 

Employing these and also the facts 

p1 u1 = i m u1, ~ f,2 = ~ i m, 

one can reduce the matrix element as follows' 
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-ie3Ail/1 f ~{1m [p2(x-y)+ply]J.L + [p2(x-y)+plYJ [p2(x-y-l)+pl(r-1)]u}ul dy dx 

err4 
0 0 2 2 2 

-m [x + fl y(x-y)] 

Further reduction is expedited by noting that ~p2u1 = Ui1 ~ = ~1m u1 • 

Bence, we get 

-e3A {1 x p2J.L[x{x-y) - y] + pl¥[xy-(x-y)] ~ 
Tu:2 II 2 2 --- dydx~ 
4n m o o x + fl y (x-y) 

The breakthrough in the evaluation of the integrals is made by exploiting 

fully the symmetry under the change of variables y ~ x-y. Judicious use of 

this device produces the following for.m: 

3 l X ydy 
+ f {~All (p2+pl)J.L ul} I (l-x) I 2 2 dx. 

4n m o o x + fl y(x-y) 

Let us call the number generated by the above double integral, which is a 

function of A2, g(ll2). It i~ quite eagy to see that g(O) = +1/4· If one makes 

the substitution y = tx, then 

1 1 
t dt 

g(z) = I (l-x) / 1 + z t(l-t) dx = 
0 0 

Remembering that the matrix element of shown to be equivalent 

to the matrix element or 

2 i m YJ.L + i oJ.Lv (p2-pl)v' 

we see that the radiative corrections gives rise to an anomalous Pauli moment 
2 for the electron, and that to the lowest order in e , 

G(q2) = ~ 4g(ll2). 
Thus, to lowest order, the Pauli anomalous moment, G(O), is ~12n Bohr magnetons. 

It would be nice if we could calculate the nucleon magnetic moments 

similarly, but, of course, the magnitude of the relativistic coupling constant 

makes this impossible. But this is supposed to be the physical basis also of 

the structure of the nucleon; it emits virtual mesons, and if you were to sum 

all orders in the meson coupling, you hope that you would get the nucleon 

magnetic moments and their shapes. 

Due to the minuteness of the variation in the magnetic form factor over 

the range of momentum transfers observed experimentall7 up to now, this shape 

factor has not been checked. In fact, the behavior or quantuia electrodynamics 
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for momentum transfers higher than a few MEV has never been cheeked. This is a 

shame, for electrodynamics is the only quantum mechanical field theory in which 

exact calculations to a desired accuracy are available, and thus one could tell 

from experiment exactly where the modifications apparently necessary begin to 

show up. For this reason the most exciting experiment that has been proposed 

recently is the colliding beam arrangement or O'Neill and P.anofSk7, which may 

probe small enough distances to find a discrepancy with quantum electrodynamics. 

January 8, 1959 

In the last lecture, the discussion of the scattering of an electron by 

a weak external field was commenced, and it was shown that the matrix element 

for this process including all radiative corrections must be of the forms 

2 i elA!J. - 2 m 
Rfi : { -i e1 AJ1 { ~ y ~ u1} F(q ) + 2m { ~ aJ1V u1} ~ G(q )} r;;-;;-V 

V ElE2 

where q = p2 - p1• The magnetic part of the interaction comes, in second order, 

only from diagram (a), and it was possible to compute G(q2) to that order. '!he 

existence of such a term in the matrix element can be described by assigning to 

the electron an anomalous magnetic moment, G(O) ~ ct/2Tr, together with a shape 

for the magnetic interaction, G(q2)/G(O). Similarly, the existence of F(q2) is 

described by saying that the electron has a charge, F(O), together with a shape 

for the charge interaction, F(q2)/F(O). Unlike G(o), F(O) is not a consequence 

of the theory. The real charge e1 is a constant which is fed into the theory, 

and thus F(O) = 1. 

To continue the discussion, we shall investigate the contribution to F(q2) 

in second order from diagrams (a), f.b), and (c), temporarily omitting the effect 

of the vacuum polarization diagram (which gives rise to the actual charge re

normalization in electrodynamics). 

Whereas in the calculation of the magnetic moment, there are no divergences, and 

thus the existence of an anomalous magnetic moment might have been predicted 

many years before the advent of the renormalization program, the computation of 
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the charge form factor involves many terms which are strongly dependent upon a 

cutoff. However, even this might have been done many years ago, except that the 

arithmetic was so hard in the days before Feynman developed his methods, and 

! thus people used to drop terms which should have cancelled out many of the div

ergences. The improvement in the methods of calculation has really been a 

great boon for quantum electrodynamics. 

When we look at the effects of diagrams (a), (b), and (c), it will be 

found that the divergences in each diagram cancel each other. Thus there is no 

reason to renormalize the charge due to the fermion self-energy and vertex 

corrections (in second, and in all orders.) Unfortunately, in the calculation, 

divergences appear in various ste~e at the infrared end of the photon spectrum, 

which are due to the vanishing rest mass of the photon. These divergences, 

however, are not serious in the theory, since if one adds up all the higher order 

terms in the series, the divergences will cancel. Also, in any practical calcu

lation, one has to compute a total cross-section which includes the possibility 

of soft photon bremstrahlung in addition to elastic scattering, and to a given 

order in e, the infrared divergences in both these cross sections cancel each 

other. As a result, a practical calculation of a radiative correction will 

result in an answer which is logarithmically dependent on the minimum detectable 

photon energy. So we shall not worry henceforth about the divergences in the 

infrared. 

Let us consider now the effect of a self-energy correction such as appears 

in diagrams (b) and (c). The effect of such a bubble on an internal fermion line 
is a correction to the fermion propagator SF(p) = (ip + m)-1• If one considers 

the effect of all self-energy corrections to an internal line 

+ < <: + ••• 
p 

It is apparent that a new propagator S0 (p) = (ip + m + ~*(p))-l should be 

inserted tor S(p). To the second order, 

S0(p)~ S(p) - S(p)~(p)S(p) 

where ~(p) = ~*(2)(p). Analytically, 
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l:(p) '"= ..i..l / 6 y i(p-}l)-m y - Am (2). 
(2n)4 k2 v (p-k)2+m2 v 
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The Dirac matrix fUnction l:(p) is a scalar analytic fUnction of the scalar 

variable ip + m. Therefore, it is possible to write 

l:(p) =constant+ A(ip + m) + (ip + m)2 l:f(p). 
It is important to realize that the Am (2) is chosen so that the constant term in 

this expansion vanishes. That is, Am is defined implicitly by the relation 

l:*(p) = 0 when p = 1m. Thus, to second order, 

S0 (p) = (1 -A) S(p) + l:f(p). 

Now if one calculates the values of Am, A, and l:f(p), it will be found that tun 

and A are logarithmically dependent upon a cutoff, whereas l:f(p) is independent 

or a cutoff. Therefore, in the absence of knowledge of what happens at high 

momenta, we must reformulate the theory so that A and tun do not appear in the 

answers. This is, of course, the renormalization program. Am is just the 

electron mass renormalization, and the factor (1 - A) ~ z2 is associated with 

the wave function r enormal ization. The wave fUnction renormalization is carried 
through by defining a new propagator S'(p) by the relation S0 (p) = z2 S' (p), and 

by absorbing the factor of z2 in the charge renormalization. In this way, tbe 
remaining propagator, S'(p), turns out to be independent of a cutoff in the 

limit of a high cutoff. 

We must now pass over to the vertex correction from diagram (a). Again, 

let us first consider the effect of all possible vertex corrections 

+ + . . . 
• 

f' r 
The result of all the corrections is the replacement of y, by a more complex four-

o ~ 
vector Dirac matrix function, r (p' ,p). Now in .the lowest order, aside from 

~ 
the charge renormalization effect from vacuum polarization, 

r'Ar ~ rAr + r~r 
r" ~ (p' ,p) ~ y~ + A~ (p' ,p) • 
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Analytically, 2 'it 
A (p', p) = ...1L / g_ y S(p'-k) Y. S(p-k) y • 
-l-L (2w )4 k2 v - ~ v 

On inspection, it is apparent that A (p' ,p) is logarithmically dependent on the 
~ 

cutoff. Therefore, it will have to be modified so that it does not appear ex-

plicitly in calculations. We can do this by writing 

A~(p',p) = A~(p,p) + {A~(p 1 ,p) - ~(p,p)}. 

The first term is lograthmieally divergent and can be absorbed in the charge re

normalization, and the second term converge~. Let us look at the term which now 
f .J. f contains the divergence. ~(p,p) = By~+ ~(p,p)(ip + m). The~ term is 

convergent, and thus to second order, 

~(p' ,p) ~ (1 + B) y~ + (terms independent of the cutoff). 

One now factors out the term in fP(p',p) which is logarithmically dependent on 
. ~ ~1 

the _cutoff, and defines in this way the renormalized vertex, l~(p',p)=Z1 r~(p',p), 
and also absorbs the 1/Z 1 in the charge renormalization. However, in electro

dynamics, a rather unexpected thing happens. To all orders, z2 = Zl' and the 

contributions to charge renormalization from the wave function corrections and 

from vertex corrections exactly cancel one another. (There is still charge 

renormalization from the vacuum polarization diagrams.) 

We can easily verify this fortuitous cancellation of the divergent terms 

in the second order. To this order, l/Z1 = 1 + B. Now 

( -~/~ ~ 1 A~ p,p) - (2n)4 k2 Yv i( )+my~ i(~-~)+m Yy 

1 a 
=rap~ 

1 a ~ 
= i ap~ ~(p) = Y~ d(i~m)• 

From this identity, we see that A=B in electrodynamics, and thus there is no 

charge renormalization in lowest order from these corrections. Indeed, it is 

not hard to see that the cancellation of divergents is complete to any order, for 

it is clear that actually 

A:(p,p) = + y~ ~), 
and thus that since 
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0 1 s (p) • , 
(i}6+m)(l + ~~\P) ) 

d l.f}+m) 

the cancellation occurs at a vertex with no four-momentum transfer. This cancell

ation is due directly to the vector nature of the electromagnetic interaction, 

which gives rise to the identity between the vertex and wave function corrections. 

Considerable simplification occurs in the actual problem at hand, that of 

computing the second order radiative corrections to scattering by a weak external 

field, because there are free particle spinors at the ends of the matrix elements 

and thus (ip + m) can be set equal to zero whenever it occurs at an end of a group 

of Dirac matrices. Thus, in the present problem, Zf(p) andAf(p,p) do -!lot give 

any contribution. Therefore, the total effect of dkgrams (a), (b), and (c) is 

This correction obviously has the value zero when q • p2 - p1 • 0, but it does 

have a non-zero value when q2 f 0. Consequently, there is a 11shape" associated 

with the electron's charge, in addition to a magnetic moment. This charge shape 

or form factor, is not too difficult to compute, and plays a crucial role in the 

Lamb shift. 

Problem 7: We have compute.d-.tbe ~v (magnetic) part of this 

second order correction in order to get the electron's anomalous 

m:lgnetic moment G(O) and the magnetic form factor G(q2). Complete 

the calculation by finding F{q2) to this order, neglecting again 

the charge renormalization effect from vacuum polarization. 

At the beginning of this discussion, it was stated that the proper pro

cedure was to take only half of diagrams (b) and (c). It will be evident that 

this gets rid of an extra factor of A, which, entering from every electron line, 

would foul up the ·charge renormalization. There is no really clean way to justify 

this, but it must be done to get the correct answer. In the field theory of the 

static model, we got rid of the extra term by discussing the K-ma.trix, and a 

similar D'.aneuver could be undertaken also in electrodynamics. However, there is 

perhaps a more convincing plausibility argument for this procedure. A factor z2 
arises from each contraction of two spinor. operators. But when only one spinor 

operator is effective, such as at free ends, only a factor · of .['Z; should be 
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introduced. But to lowest order ~ • 1 - ~, and thus in thts order, the pre

scription is to take half of the end bubbles. 

We have considered the consequences of diagrams (a), (b), and (c), which 

are finite, and thus are predictable from the theory of quantUJU electrodynamics. 

The theory also says that there is an electromagnetic mass &n, which is heavily 

dependent on the physics of high energies, or small distances, but is unable to 

give its value other than in terms of an arbitrary cutoff parameter A. Never

theless, let us make an approximate calculation of the dependence of Am upon 

the cutoff point. Now, /lm is determined by the condition: I*(p) • 0, when 

(i,5 + m) -= 0. Therefore, 

llm(2) • 1e
2,r/ ~ {u Y: 1,! ' - ~ .. m Y: u } 

(2n) k~ p v (p-k)2 + m2 v p 

• -2ie
2r/ d~ 1 {U. (2m + 1,5 _ i}() u } 

(2n) k2 (k2-2k·p) P P 
21 2 ~ 1 {u ( m - ~) u } 

• ~2n;4J' d ~ dx [(k:xp)2 + m2x~)2• 
At this point in the evaluation of the integral, it appears that the right 

step is to change the variable of integration from k to kl • k - px. However, 

t the cutoff should be a function vf the invariant k2 and not k• 2, and thus one 

cannot just blindly shift the origin of the integration variable, when the 

integral diverges. A careful manipulation of the integrand yields the result 

that the variable can be shifted in a linearly divergent integral provided a 

constant is added to the resulting integral. In the case of a logarithmically 

divergent integral, it is not necessary to tack on a constant ~en the variable's 

origin is shifted. Having stated that there is a little hitch in changing 

variables, we shall proceed, nevertheless, as if there were not. OUr result, 

therefore, will be correct only to within a constant independent of a cutoff, 

i.e. we shall get only the dominant term in llm ( 2) in the limit of a high cutoff. 
1 

llm(2) ..._ ~ { / dx /d~' (1 + x) } 
....... 2n o in2[ k'2+m2x2]2 

since the term in ~· vanishes upon symmetrical integration, and ., • im between 

the spinors, and up up • 1. The problem now is to assign a value to an integral 

of the type 

/ d~ [k2 + r 2 - 16]-2 

by incorporating an invariant cutoff in the integrand. There are many ways to 
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.torn.ulate the cutoff, and it is not particularly worth while to worry about 

actually carrying out the integral in a particular way. A rough result is that, 

it the integration is carried out only over the region lk2 1 ~ A. 2 , the integral 

is 1 w2 log >.. 2 /r2 • We can check this answer partly by remembering that 

/ d~ (k2 + r 2 - it)-3 • in2 /2r2 , 

and noticing that the new integral formula gives this result: 

irr2/r2 • - ~2 / d~(k2 + r 2 - ie)-2 • 2 / d~(k2 + r 2 - ie)-3. 
dr 

The rest of the canputatian is quite simple. 

(2) am 1 >..2 
lim ~ 2n / dx ( 1 + x) {log 2 - 2 log x} 

o m 

~ { 3am log~ } ,., 2tf m 

{ (We drop the constant term here also since we have neglected such terms many 

times ~uring the calculation.) Thus in electrodynamics, the seli' mass is posi

tive, proportional to m, and logarithJnically dependent on the cutoff. The 

proportionality factor, 3a/2n, is quite small, being abo,:::t 1/300. The higher 

order corrections yield a series in (a log >../m) 1 which has only been partially 

summed. The partial sum resulted in a small power of a log >../m times the mass 

m. At any rate, it is apparent that if one should want the electromagnetic 

mass to account for all the mass, a cutoff would have to be really high -

about e300 MEV. Actually, the theory of quantum electrodynamics has been 

veritied up to manentum transfers of about 10 MEV/c, and it appears quite 

likely that field theory requires modification around l1lD MEV/c. Thus, the 

attributing of the electronic mass to electromagnetic interactions exclusively 

is a somewhat doubtful proposition. 

Problem 8: As an exercise in computational techniques, 

calculate the value of the wave function renormalization 

constant A, the only other divergent quantity we have yet 

encountered. 
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To complete the discussion of the radiative corrections to scattering by 

a weak external field, the effect of the vacuum polarization diagram (d) will 

now be investigated. '} 

(d) 

It is evident that the essential part ot this radiative correction is inde

pendent of the spec~fic scattering process being described, i.e., it is the 

same no matter if jt were an electron, muon, or proton, etc. t hat was being 

scattered by the electromagnetic field. This correction cons :ts~s or a modi

fication or the photon prop?. gator • 

The total me.t~ix ele:ilent for scattering by a wea...l{ external field is a 

product or the square roots of the complete f ez-mien propag:ato:r.:; applied to the 

external lines, the complete vertex, and the coreplete photon propagator applied 

to the external photon being absorbed· Diagrama.tieally, the complete matrix 

element takes this fcrm: 4 Ap 

~ 

rl r· 

while analytically, it becanes: 

A 
Rfi • - i(u2\/ z2 eo rz.3 ~p.*' zll r' p.(p2,pl) .JZ2~) m/ JE2El V. V -~ l+q 7f ( q) I 

The blobs on the fermion lines and at the vertex were discwssed previously', 

and it was indicated why the renormalization factors z2 and z1 were necessary 

to make the theory yield results :independent of a cutoff. Our task now is to 

see why the third renormalization constant z
3 

must be introduced, and in so 

doing, the effect or vacuum polarization diagrams such as (d) • 
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A weak external field can be thought ot as a virtual photon, i.e., an 

external field, treated in first order, interacts in every way like a photon, 

except that it is not transverse, and doesn't have q2•0 like a real photon. 

In the consideration of an external tield, we, therefore, are led to investi

gate the propagator of photons, which is the propagator of any electromagnetic 

disturbance in the vacuum. Were Maxwell's equations completely exact, that 

propagator would be just l/q2 in momentum space. However, the tact that a 

photon can create a positron-electron pair leads to a moditication ot the 

propagator, and thereby to a modification ot Maxwell's laws. 

At thia stage, it becomes necessary to look at the gauge invariance of 

the theory and the Lorentz condition. In the theory of a vector meson field, 

it is correct that 

i(P(~.;nt (x), !~t{y)))o • 6v~ DF(x-y). 

However, in the case of the el ectromagnetic field, the application of the 

Lorentz condition, a~ A~ • 0, requires that the propagator 6v~/q2 be replaced 

How since this modification has been hitherto neglected, the question arises as 

to what changes are necessary in our previous work. The &JUrWer is that no 

changes are required, as we shall now proceed to demonstrate. 

As an example of the etfect of the change, consider the simplest diagram 

in t~e scattering of an electron by a · weak external field. 

r;w .. 
FL~r, 

The R-matrix element .for this diagram, using the modified propagator, is pro

portional to u2yv( q2
6VV. - Clv~) A~ ~. The change in the matrix element is 

proportional to 

u2 11 ~ '~ ~. 

This matrix element clearly vanishes, for u~ • u2(y/2-;l)~ • o. (In the 

Lorentz gauge, it also vanishes because ~A~ • 0). 
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Similarly, it one considers the sum of all diagr&m8 of a given order, 

one will find that the extra terms in the photon propagators give a zero 

* contribution to the matrix element.. This general result must have some 

symmetry consideration as its basis. The symmetry is the 1nvar1ance under 

gauge transformations, which is the invariance of answers under the transfonna

tion of the photon momentum wave functions from A ( q) to A ( q)+c:t_X( q) 1 where 
I..L jJ. l.L 

X(q) is an arbitrary scalar function. The replacement of 5 - o q_jq2 by 5 
Vi..L ~l.L Vj.J. 

amounts to the neglect of a term invol v1ng two factors of ~ in a matrix element. 

But such a term corresponds to a change in the matrix element for another 

physical process when a gauge transformation is made. For example, the neg

lected term for this diagram 

is 

or equivalently, 

~(i(p2-~)+m]-l J[i(,l-~)+m)-1 ~. 

But such a term is just like the extra term arising when the added external 

tields A( k) in this diagram A(~J 

undergo a gauge transformation A(k) -7 A(k) + kX· Since the theory is gauge 

inn.riant, this term yields no contribution. Another way to understand the 

result is that the Lorentz condition need not be forced explicitly by using 

5 - a qjq2 because all the sources of the electromagentic potentials A 
Vj.J. ~l.L jJ. 

obey the Lorentz condition, i.e. the current j obeys the equation of con
IJ. 

tinuity, atJ.jtJ. • o. 

* R. P. Feynman, Phys. Rev. J.§., 769 (1949); see pp. 780-1. 
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Consider now the complete photon propagator D0 (k). It is a tensor, 
v~ 

made from the four vector k. Thus it must consist of a linear combination of 

the two possible tensors k k and 6 with coefficients that are functions of 
2 v ~ v~ 

the invariant k • Since it must be gauge invariant, the two coefficients are 

not independent, and thus we can write D0 (k) in terms of one unknown f\lmction 
v~ 

rr*(k): 
(5 - k k /k2) 

Do (k) • v~ v ~ • 
v~ k2 + rr*(k) 

,- 2 
It is this change of the form of the photon propagator, i.e. from 1/k to 

l/(k2 + n*(k)), which modifies Maxwell's laws. For static charges, therefore, 

Coulomb's 1/r law is not exactly valid for the field of virtual photons is 

modified at small distances by the fact that they can dissociate into negaton

positon pairs which are polarized by the field. This polarization manifests 

itself at large distznces by changing the value of the charge from e
0 

to e1 , 

and at small distances by actually changing the spatial dependence of the 

potential. At distances of the order of 386 fermies, the electron's Compton wave

length, there will be a correction of order I/137 'from electron pairs, as the · 

distance decreases to 1 or 2 fermies, the correction from muons and pions will , 

also rise to order 1/137, and so on for the heavier charged particles. 

0 
Let us now calculate this propagat~r. Dia amatically, 

D (k)• ~ -t~ + 
v~ "1) jJ- 1) r v ,/' -+ 0 

. + ~ -1-··. ~ l ~ + ..• } 
and to lowest order, A~ 

• (5 _ k k /k2) r~ _ .!..2IT(k) ~1 . 
v~ v ~ k~ k k' 

Since the photon has a rest mass of zero, rf(o) must have the value zero. The 

question arises as to how to arrange this, aJ'¥i the answer is that two ways are 

available. 

The most obvious way to wipe out any constant term in n*(k) is to do it 

* in the same way that wa.s employed to wipe out the constant term in E (p). 

That was done by saying that the particle bas a bare mass, which is different 

from the observed mass, but which appears in the Lagrangian, so that when we 
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set up a scattering tormalism using the real mass, a tena bp.2 will come in so 

that it just cancels the self-energy bubble of a real particle. We can do the 

same for the photon. We can say that the photon has a bare mass ~ , and that 
0 

the interaction of photons with the charged matter fields produces a change in 

the square of the mass 412 such that the observed Jll&ss is zero: 

~ 2 + 6~2 • t,J.2 • o. 
0 

This is, in a way, a sensible procedure. Many people, however, do not follow 

it, and say that it is wrong. And perhaps it is. What they do, though, sounds 

a little peculiar also. Namely, they get the value of rf( 0) in terms of an 

integral, and claim that it is zero, even though it looks like it equals a 

constant times the square of a cutoff. Nevertheless, they claim that the 

integral is obviously zero. If you look at it very hard, and add to it, sub

tract from it, and interchange orders of integration, etc., you can put it 

into a form so that it's zerot I offer you your choice between these two ways 

of' proceeding; the point has never been settled. 

Some people claim that theory ought to be gauge invariant from the 

beginning, which means that the bare mass as well as the observed mass has to 

be zero. Therefore, they insist that this integral must be zero. A much more 

rational argument for saying that this integral really ought to be zero, in 

other words, that the formalism should be set up in such a way that the 

integral is zero, is the following. In no other case in nature do we have a 

situation in which it is the real mass that is simple, and the bare mass which 

is complicated. Zero is an extremely simple number for the real mass 1 In all 

other cases, it appears that the bare masses are simple but that the inter

actions give rise to complicated mass spectra. For example, charge independence 

tells us that the neutron and proton bare masses are exactly equal, and that's 

simple. The observed masses are then unequal due to other interactions, pre

sumably electromagnetic in this case. The same holds for the pions, and the 

other charged multiplets. In the case of the neutrino, since the neutrino is 

apparently always longittldinal, the bare mass as well as the real mass is zero. 

You just can't tolerate any kind of a mass for an object which is polarized 

100 percent. Therefore, it would be very peculiar if the photon was consider

ed to have a bare mass, which was corrected precisely back to zero by the 

interactions. For this reason, I agree with the people who say that the 

formalism ought to be set up as if that integral actually is zero. The way to 

do this is to force gauge-invariance at every step of a calculation which 
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involves quantities dependent on some sort of high-energy cutoff. Therefore, 

Wherever ambiguities arise, we will impose gauge invariance in order to get rid 

of certain terms. 

Now we can look at I1( k) • .Analytical~, 

ll(k) (5 - k k /k2) • + ie
2 

Tr{ /d4p Y. i(pt:~)-m Y. ~} 
~~ ~ ~ (2w)4 v (p+k) 2+m2 ~ p +m 

1 [~2]( 2)(5 -k k /k2) 
v~ ~ ~ 

which is the contribution from this closed loop: 
f+k 

This integral is quadratically divergent in appearance. The easiest way to 

evaluate ll(k) is to contract the indices ~ and ~· 

Whenever one encounters closed loops, one has to evaluate the traces of 

several products of Dirac gamma matrices. There are a couple of useful rules 

which greatly facilitate this job. We leave their proofs as exercises for the 

reader. 

Tr { l} • 4 
Tr {~} • 4 a.b 

Tr {~~} • 4(a.b c.d- a.c b.d + a.d b.c) 

and, in general, 

Tr {~1~2 •••• ;ln} • o, if n is odd; 

Tr {~1;{2 .••. ~n} • 4 Z 5 a •a a •ap ••• a •a , 
P P P1 P2 P3 4 Pn-1 Pn 

if n • 2m, 

where the sum is taken over all different ways one can dot the vectors into 

each other, subject to the restriction that p1 < p2, p3 < p4, ... ,and 

5p •! 1 depending on whether p~p2 ••• Pn is an even or odd permutation of 

l, 2, ••• n. (There are (2m)J/2~l terms in this sum.) 

Y. "f. • 4, one 
~~ 
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Now assuming a suitable cutoff 1 we can expand rik) as a power series in the 

variable k
2

• By gauge invari.ance, or by mass renormalization1 n(O) • o, so: 

IT(k) • 0 + C k2 + k
4

rt(k). 

The C term is logarithmically dependent on the cutoff, and the rf ( k) term is 

independent of a cutoff in the limit of a high cutoff. A similar expansion 

can be carried out for rJ*(k): 

n*(k) • o + c*k2 + k4 n*O(k) ~ 
where, however, the n*O(k) does contain terms dependent on the cutoff. One 

then has the complete photon propagator in the form 

Do(k) • 1 
(l+d)k2 + k4 n*O(k) • 

By defining a renormallzed propagator Dr { k) through an equation 

D
0
(k) • ll+CK D'(k) • z

3
Dt(k), 

one creates a new propagator with the rather nice feature that it is independent 

of a cutoff in the limit of a high cutoff. To remove the renormalization 

constants from the theory, one defines the renormalized charge 

el • [Zj Z2/Zl eo 

and identifies it with the real charge. 

The renormalized photon propagator D'(k) • l/(k2+k4 Dt1
(k)) must be 

inserted everyplace the bare propagator would come in, and the charge is to be 

identiJ."ied with the renormalized value. For a real photon the only ,effect is 

that the charge is renormalized since k2•0. For virtual photons, however, in . 

addition vacuum polarization effects manifest themselves because of the 

additional factor l/(l+k2 ti*1
(k)). These effects have been observed in the 

study of the Lamb shiJ."t, where they account for 27 of the 1060 megacycle shift. 

Let us now calculate the first order contribution to z3 in terms of the 

cutoff we used for the calculation of the self-energy of the electron. We 

desire now the coefficient of k2 in the expansion of 

2 h (-(2m2+p2)(2p·k+k2) + p·k(p2+m2)] 
IT(k) •- ~./ dJ> -~~~--:~~---="'---

6irr" (p2+m2) 2 (p2+m2+2p•k+k2) 

Ilk) • -ie2 / d4p p•k(Jm2+p2) + k2(p2+m2) • 
"6;4 (p2+m2)2 (p2+m2+2p•k+k2) 
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At first glance, this integral appears to be linearly divergentJ however, the 

postulate of symmetrical integration renders the integral only logarithmically 

divergent. Because the coefi'icient of k2 is divergent, we shall keep only 

the dominant part in evaluating it. The cutoff dependent part of c is 

The second part of the integrand can be replaced by 

-p2/2(p2-tm2).3 

when it is noticed that 

/ f(p2) Po?~ d4p = t oa~ /f(p2) P2 d4p. 

Using this trick, and assigning to an integral like 

/ d4p (p24m2) -2 ~ i n2 log (>.. 2 /m2) 

a cutoff dependent value, one obtains the following expression for C/ 

e2 >..2 
C ~-::; 2 log 2· 

12 n m 2 2 e >.. 
To this order, z3 ~ 1- C ~ 1- 2 log m2 • 

12 lT 

By incorporating the z3 into a renormalization of the charge, one 

simply modii'ies the interaction so that instead of the product of the two bare 

charges Qb, Q~, it is the product of the renormalized charges 

2 ).,2 Qi o~ = Q' Q" (1- e 2 log--2 + .••.• } 
~ 0 0 12 n m 

1du.ch enters. Any bare charges suf'fer a reduction by this amount, and, in 

tact, in any diagram e2 should be replaced by ei, since in any photon line, 

which gives rise to a factor e2, one can insert the bubbles of fermion pairs 

which give the renormalization of the charge. The second order result we 

have obtained indicates that e~ is less than e2• 
• 0 

The reason why the real charge should be less than the bare charge is 

clear. physically. Suppose one starts with a bare charge Q
0

, assumed positive 
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for definiteness. Virtual pairs are always being produced in the vacuum, and 

normally they annihilate again and contribute to nothing but an unobservable 

vacuum self-energy. But in the presence of this charge, the positrons are 

repelled to infinity, and the virtual negatons are draw in close to the 

charge. So when one includes vacuum polarization, the bare charge Q is 
0 

surrounded by a very weak cloud of virtual negatons, and the virtual positrons 

~~~ ~ 
-- --- + + 

++ 
• )00 

Qo + 
t - -- - + + 

Thus, what one actually sees at large but finite distances is a charge Q
0 

minus the charge of the cloud. This is Q1, and clearly should be les ~ than 

Q
0

• As you go in closer and closer, though -- as you do experiments which 

probe at smaller and smaller distances -- you should begin to see the charge 

at the center. As you do experiments involving higher and higher fre<N9nc~es, 

or momentum transfers, in the limit of inf~ite frequencies, one will measure 

the bare charge. (This can be shown mathematically, and next time we shall 

state the mathematical basis for this assertion.) At low frequencies, on 

the other hand, which is where the charge is defined -- by Gauss' law at large 

distances -- one sees only the charge plus cloud, or the renormalized charge. 

This argument makes it extremely reasonable that z
3 

should be less 

than one. Of course, in the limit of large cutoffs, this second order term 

makes it appear that e~ is less than zero. SUch a result indicates strongly 

that a cutoff is necessary in the theory before e2 goes negative. However, 
0 

it is not clear that this is true though, for the higher terms in the series 

might invalidate that conclusion about the sign of e~. This point has never 

been settled; it is the .r same question as is raised by the Lee Model. 

The place where such a cutoff would necessarily have to be introduced 

to circumvent such a conclusion is at a very high energy, e.300 Mev. Physically 

tbel"efore, this is not an interesting question, because we lmow that a theory 

developed for low and intermediate energies must surely go wrong far below 

such fantastically high energies. For the meson theory the question is 

interesting, for the place where such a cutoff might be necessary could be 

of order 1 BEV, and thus the physics of the cutoff would play a decisive role. 
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We can now go on and compute the cutoff independent terms of rt k), 

in other words, rf ( k) • This is what really leads to a change in the nature of 

electromagnetic interactions, i.e. to a change in Maxwell's laws. For a 

slowly varying external field, we would just want to continue this expansion in 

powers of k2; if we have a rapidly varying electromagnetic field and we want 

to calculate the finite effects of vacuum polarization, we would have to cal

culate the entire function If(k). 

Let us now calculate rf(o). 

rf<o> = -~ I d4p {-Cp2+2m2) + 4(p·k)2(p2+2m2) 
6w4 (p2~2)4 k2(p2 + m~)5 

- 8(p·k)4(p2+Jm2) + 4(p•k)2(p2+3m2)}· 
k4(p2 + m2)o k2 (p2 + m2)5 

Now employing these two consequences of s.ymmetrical integration: 

2 4 1 2 2 h 
lf(p ) PJ'~ d p = 4 5a~ lf(p ) p d--p, 

I f(p
2

) PrJ>~P-.1v d~ = -h (5a~5yv + 5a.··/)~v + 5a.v5~y) I f(p
2

) p4 d~, 
that integrand can be reduced to the following form 

J . 2 4 2m6 
rr( o) = - :J; I d p - 2 2 6· 

6n (p Till } 

Integrals of this nature are quite easy to evaluate by differentiating 

/ d4p {p2-tm2) -3 = in2/Zm2 

with respect to the parameter m2• IX>ing this, one finds that 

ld4p (p2-tm2)-6 = in2/(20m8). 
2 

thijrerore; nt(o) ~ - e 2 2. 
60 n m 

We shall stop at this point, and pass on to another topic in relativistic 

field theory. It is strongly urged, however, that the student consult the 

literature for a more complete discussion of problems in electrodynamics. In 
particular, for an excellent discussion of the Lamb shift, one should consult 

pysonts notes.* More information on renormalization questions can be found in 

Jauch and Rohrlich, and this text as well as Akhiezer and Berestetsky are good 

sources of standard calculations in electrodynamics. 

PROBLEM 9: Compute the cross section for Compton scattering to 

lowest order, and compare your answer with the Klein-Nishina formula. 

Also verify the gauge invariance of the second order R~trix element 

explicitly. 
* See also Fried and Yennie, Phys. Rev. 1J2, 1391, (19~8). 



Ph 234 

Janllil.ry 15, 1959 

No. 10. SPECTRAL REPRESENTATIONS OF PROPAGATORS 

It is possible to make some general statements concerning the eomplete 

propagators, which limit their possible forms. In sett ing up the mathematical 

formalism for such a discussion, one also can see the reasons for the assert

ions that the renarmal.ize'tion constants should be less than unity and that in 

the limit of high frequencies (momentum transfers) it. is the bare coupling 

f constant that comes into play rather than the renoi'il18.lized coupling constant. 

f 
l 

j 

' ( 
( 

We will set up the formalism for meson fields to avoid complications due to 

gauge invariance, etc., but the major results can either be carried over 

directly for other fields, or have counterparts for other fields. 

In the interaction c:;: nin" representation, where the fields obey the 

free-·:tield equations, the propagator :O,(x-y) is simply 

-i 11-(x-y) = (P(~int(x), ~int(y)))o = x ---- Y· 
A 1\. 

S:iJr~.arly the complete propagator ~(x-y) is directly related to the Heisen-

berg fie "!.ds: 

-i ~(x-y) =(P(~(x), ¢g(y)))0 A 1\ 

=x---- 'j + ~---0-- ~+ x.-- -0---(+· ·· 

Let u.s now start to evaluate the propagator, by introducing a complete 

set of states between the two field operators. For Dr(x--y) lie could take the 

intermediate states to be eigenstates of the free Hamiltonian and of the 

moment um. (For definite:1ess, the case x
0 

> y
0 

will be taken.) 

-i DF(x-y) = Z (oj ¢int(x)lno> (n0 1¢int(y) IO) 
no ~ ~ 

where 

Since the f our-vector momentum operator !o is the generator of infL~iteslir.~l 

space-t ime displacements, the following relation must hold for any oper ator 

in the interaction representation, and in particular for ¢int (x): 
14 

. a~int 
-~ (P~·' ~int(x)] =ax 

A-t"" 1\ ~ 

An<i si.':lc\3 t j.e s tlltes In;) are taken to be eigenstates of ! 
0

, as is, of course, 

the vacuum, the relation 



Oh 234 Page 1$8 

-i <ol [~OJ.L·' ¢int(x)] ln0 ) = i Pn J.1. <ol¢int(x) ln0 ) = ~x <ol¢int(x) bl0 ) 

1\ 0 " ~ 1\ 

holds. One can integrate this simple differential equation, and obtains: 

~·x 

<OI¢int(x)jno)= e . o 
1\ 

/o I¢. t< o > In >· " ":ll1 0 

In the calculation of 17(x-y), only the intermediate states of one 

bare meson make a contribution, because the only thing that can communicate 

with the vacuum by ¢. t are the single bare meson states. Thus the effect
"m ive intermediate states are specified by one parameter, the momentum of the 

bare meson. Hence, the propagator for a bare meson can be written simply as: 

I I
n I 

1
2 ik· (x-y) 

-i ~(x-y) = ~ <o ~int(O) _!) e . 

Now, these matrix elements are between states which are Lorentz transforms of 

each other, i.e., the vacuum jo) goes into itself under a Lorentz traneforma

tion, and by a suitable change of frame the state 1.!) can be made to go irlto 

a state IQ)representing a bare meson whose moment~~ vanishas . Under ar.y 

such transformation, the field operator¢. t(O) goes into itself, b~cause it 

ie a pseudoscalar. Therefore, the coeffl~ent of eik· (x-y) is determined 

entirely by Lorentz invariance; it depends only on the square of ·1;:,3 rest 

mass, JJ.2, and the momentum~, in a manner specified completely by Lorentz 

invariance. 

Thus the propagator can be written so that it is a sum over states of 

different moment:1 and energies representing the same physical object, the 

dependence on mo~ntum being given by Lorentz invariance, and the sum is 

definitely identifiable as one known function, the Feynman propagator for a 

boson with given rest mass J.1.
2 • On the basis of this analysis, we can 

calculate an expression for the complete propagator ~(x-y). But in this 

case, the intermediate states are taken to be eigenstates of the complete 

four-momentum operator P. Then the propagator assumes this form: 
A 

2 iP • (x--y) 
-i n;(x-y) = z l<o I¢H(o) I n)l e n 

n A 

For th5 int eraction operators, we knew that the intermediate states were only 

one bare mesen states. However, now the intermediate states r~ich contri

bute ca..'l be almost anything since the Heisenberg field operator can connect 

the vacuum to any state with the same symmetry quantum numbers. For example, 

stat~s of one me:scn, scv3r.?~ mesons, pairs o:f :rn.cleonz i.'l addition to mesons, 
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all give contributions to the sum. Nevertheless, we are going to be able to 

get a somewhat similar formula for the complete propagator. 

Let us now classify all the intermediate states by dividL~g them up 

into groups of states which are Lorentz transforms of one another. For 

instance, among all the states with fourteen pairs and eleven mesons, we can 

distinguish subclasses in which one can go from one state to another by per

forming a Lorentz transformation. In other words, we distinguish the internal 

variables of a stat.e which have nothing to do with translations, from the 

variables describing the translation in a fixed frame. The intermediate states 

are now specified by two indices: a, which really distinguishes one state 

from another, and a momentum~, which just tells you how fast the system is 

moving past some observer. Each of theee states a has a mass m which is 
a 

indn::;>endent of ~' for it is defined to be the energy when~ is zero. Then 

for each a we can perform the sum over k, and since the dependence on k of the 

coefficient of eik·(x-y) is determined ~ompletely by' Lorentz invarianc:, 

that sum over k will yield just a multiple of the Feynman propagator for a 
2 -

mass m • 
a 2 

m 
-i D~(x-y)= Z Z j(OI¢.H(O)j~)l 2 eik·{x-y) 

a,! 1\ 

= -i Z p ~a( x-y) • a a -.f:.' 

In fact, by writing 
Z Z j(Oj ¢ ( ) I ak'-12 eik· (x-y) a.! ~H 0 ~ 

as 

one can identify p and see that it is a positive number: a 
2 

pa = ZmaV j(Oj¢H(O) ja .2)1 . 
.1\ 

So the exact pro?agator D~(x-y)is simply a sum~involving probabilities 

p .. of Feynman propagators for particles with various n:asses m , where these 
a' a 

l'IICI.sses are the masses of the various configurations that can be cmmected to 

the vacuum by the Heisenberg field operator. One of these masses is the mass 

of a single meson itself. Then, in pseudoscalar meson theory, there are the 

masses of all the possible three meson states, representing the various 

configurations of three mesons relative to one another. Then come all the 

rest of the possible W.3.Gr.>e3 fur states with pairs, and so O:'l , in ;r~ious 
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states of relative motion. Each one of these states has a certain energy when 

the total momentum of the configuration is zero -- that's m -- and a certain 
a 

probability that the field operator ¢H will connect it to the vacuw~ -- thatts 
.... 

Pa· 
That these really can be called probabilities follows from the fact that 

.Z p = 1. Even though none of these p can be computed individually in meson 
a a a 
theory it is quite ea~ to prove this relation. The time derivative of 

TIL(x-y) = i (P(¢ . t(x), ¢. t(y))) has a certain discontinuity at t -t = 0, 
-F "lil "\J.n o X y 
which is independent of the mass m • Also the time derivative of 

o a 
DF(x-y) = i (P(¢.H(x), ¢.H(y))) has a di~continuity at t -t = 0. In both cases 

'\ " o xy 
the di scontinuity is determined by the commutation rules. But since the 

Heisenberg fields are related to the interaction or "in" fields by a unitary 

transformation, the commutation rules are the same at equal times. Therefore, 

at t = 0, 

and thus, 1 = .Z p • So these are really probabilities. They are the probi:!.bili-
a a 

ties that a masonic disturbance in the vacuum leads to the various states. 

There is a certain probability that it leads to one meson, a certain probability 

that it leads to three in some internal configuration, a certain probability 

that it leads to 15 mesons and 27 pairs, in a given configuration, and so forth .• 

In meson theory, this spectral representation of the complete propa

gator has one isolated point at m29J.2• There is. no other contribution until 

m2 gets up t o ~2, which represents a state with three mesons at rest relative 

to each other. (The pseudoscalarity of the meson field prohibits a contribu

tion from two meson states.) At 9~2 there begins a continuum of contributions 

from states representing various possible configurations of the motion of three 

mesons relat ive to each other. The contribution of the states with pairs and 

more mesons starts at still higher values of m2, but still belongs to the 

continuum. Therefore, we c~ write the complete meson propagator as: 

D~(x-y) = P1 meson ~(x-y) + ~ P(m2) D;~x-y) d(m
2
), 

l-There 

= 1, and the pta are posit ive. Orin 
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This is called th e parametric or spectral representation o£ the complete meson 
propagator. 

For electrodynamics, one can obtain a similar result: 

p a) 2 
no(k) = ..LJ2hoton + / P(m ) d(m2) 

F k2 O k2+m2 . · 

only sjnce the photon is massless, the continuum begins at m2 = 0. (The P(m2)rs 

are different, of course, for meson theory and electrodynamics.) In electro

dynamics, we have given the number P1 h t a name already; that is, we have 
o t r p o on 2 

defined IJF(k) = z3~(k), where ~(k) contains the term 1/k in its expansion 
in k2

• Therefore 

and, if we 

then 

and 

p - z 1 photon - 3 

define 2 2 
p ( m ) = P( m ) /P 1 h t , p o on 

D~(k) = 
1 Ql) ail Z3( ~ +/ k2im2 k 0 

l/z
3 

= 1 + /
00

p(m2) d(m2). 
0 

d(m2)), 

Instead of using D~(k), however, one normally uses Dr(k), ~d incorporates 

the factor z
3 

into the product of the renormalized charges, one 

the propagator. So in a matrix element wherever something like 
0 II 

Qb np;Ck) Qo 

on each side of 

appears, we replace it by Q~ Dp(k) Qi , where D~(k)is independent of a high 

cutoff. However, for Dr(k) to be really convergent, the same thing must be 

done to all the products of charges which occur in the computation of D~(k); 

every time an e2 occurs, it occurs multiplied with Z3' and this factor of z
3 

must be incorporated into e2, making it e2
1 • This can be seen in the spect:::-al 

representation; we had to renormalize the probabilities of going to the various 

states by employing p(m2) in the expansion of D~(k) rather than P(m2). 

In this mathematical formalism, z3 is interpreted as the probability 

that an electromagnetic disturbance in the vacuum makes one photon. Thus, it 

is evidently less than unity, and thus, the renormalized charge is less than 

the oare charge, vThtch is what we demonstrated physically in the last lecture. 

AJ.so, this mathematical formalism gives substance to the allegation that at 

high momentum transfers, it is the bare charge rather t!Aan the renormalized 
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charge that becomes effective. For 

2 Lim n;.(k) = ~ (1 + / p(m
2

) d(m
2

) ) = z;1 I k
2

, 
k ~.. k (J 

t· and therefore, e1
2 

DF1(k) -> e
2

1k
2

• Th in t ad f th li d har d us s e o e renorma ze c ges, 

~ -

1. 

l 

one sees the unrenormalized charges if he explores ve~- closely. If you have 

an external charge - a classical body with a charge on it sitting in a vacuum -

and measure the effective charge distribution by examining the Laplacian of the 

potential, then a~ large distances one will see Q1 times a delta function of 

positions, while if one goes in very close -- to distances of the order e -l37 

times the electron·~s Compton wavelength -- it is Q which one sees. This 
0 

integral representation of the propagator is, of course, usefUl in itself 

besides being useful to demonstrate such properties of the renormalized theory. 

It is a very considerable restriction on the form of the propagator. In meson 

theory where we can·t t calculate, and hence have to talk exclusively on the 

basis of general properties, any such relation is quite valuable. It is just 

one example of a relativistic dispersion relation (remem"Jer that m2 j_s regarded 

as having an infinitesimal negative imaginary part), so that the real and 

imag~ parts are related to one another. 

To put this spectral representation into the usu<:<~ !om of a disper~ion 

relation, let us look at the imaginary part of n;.(k). Since p(M2) is real, 

Imag ~(k) = rr { 5(k2) + p(-k
2

) } for k
2

< 0; 

= 0 for k2 
> 0. 

Thus the imaginary part of the propagator is directly proportional to the 

probability of making a real system of particles ty an electromagnetic disturb

ance in the vacuum. When k2, that is the wave number squared minus the fre

quency squared, is greater than zero, the disturbance cannot create a real 

system of particles. But when the frequency squared is greater than or equal 

to the wave number squared, i.e., when the vjrtual photon has a real mass, then 

there is an imaginary part and the disturbance has a real probability of 

::na."<ing a physical system with that mass. 

We n~tice now that the whole propagator can be expressed as an integral 

over the imaginary part 
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which is a standard form for a dispersion relation. This is the first 

discovered example of a dispersion relation in relativistic field theory. 

Actually not only the propagator of the photon, but also the propsgator of 

the electron, and not only propagators but also vertex functions, and in 

1. fact any of these functions of field theory obey dispersion relations some

what like the above. These dispersion relations are interesting for two 

reasons: ( 1) they are exact consequences of field theory, and so if we ever 

find that they are violated experimentally, field theory will either have to 

be discarded or modified substantially; and ( 2) they may lead to new " 

methods of approximation which are needed co work with the strong couplings. 

HOwever, they are not equations which determine solutions to a given problem. 

All kinds of solutions to all kinds of problems satisfy si~ilar dispersi on 

relations, so additional constraints are needed in addition to the disper

sion equations. So far, such additional constraints have not beon dis

covered. 

Consider now the lowest order approx~~tion to the spectral repre

sentation of the renormalized photon propagator. In second order the ocly 

states contributing to the continuum will be those of a positro:::l~"'legatron 

pair in various configurations. Therefore, in second order the continm.nn 

will sta.....-t at M
2 = 4m2

• 

nr (k)2) = .L + /CI) J2~M2 ) d(M2). 
F k2 2 k2 + M2 

4m 
!'Ji.~..JQ: Show that 

2 2 ~--~~~ 

p(2{M2) = ~ ,1
2 

(l + ~ ) \/I _ 4m2;~2. 
12tr M M 

For this pro'.Jlem, Feynman r s parametric integral 

technique will be found very useful. 

On the basis of the result of this problem, and the relation 
Cl) 2 2 

l/Z3 = 1 + / p(M ) d(M ) , 
0 

it is quite easy to see that to second order, keeping only the leading 

term, 
e2 ).2 

Z ......, 1--- log-3--- 2 2. 
12tr m 
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The spectral representations can be obtained for el~ctrone and 

nucleons also. They are slightly more complicated, but ca.11 be proved in 

much the same ~~y the parametric representation of the complete meson propa

gator was proved. For the fermions, the Fourier transform of ths complete 

unremormalized propagator takes the form 

1 .., g(M) dM -m ~ 
i ~-+m-ie + / i ""-fM-ie + / i e o m ~' _... 

SF(p) = ---_...;.:.:..-.----------
1 + J g(M) dM + /m h(M) dM 

m 

The normalization in this propagator, that the sum of all the probabilities 

is unity, comes from tha. fact that, at equal times, the ant icommutation 

rules for the Heisenberg field operators are identical with those of the 

interaction or "in" operators. The major difference between the boson propa

gator representation and the fermion propagator representation j _s that extra 

int-egral containing h(M). These integrands g(M) and h(M) are directly 

proportional to the probabilities that an electronic or nucleonic distu=b

ance in the vacuum will make a real system. Now the g(M) terms a":"ise from 

intermediate states which contain an odd number of nncleons or electrons, 

while the contribution to h(M) arises from interm~diate stntes cO'ntain:ing a."l 

odd number of antinucleons or positrons. For example, in t he lowest order 

of meson theory, a contribution to g(M) comes from this diagram, 

~-~--
while a contribution t o h(M) comes from this diagram. 

In mesodynamics, the p(m2), g(m), and h(m) are always positives, ·and 

thus we can really call them probabilities. In electrodynamics they are not; 

we still call them probabilities, although sometimes they tre negative. The 

reason l ies in a very peculiar f eature of electrodynamics, which we have no~ 

gone through, because it is such a mess and not too importa..Tlt. If all f our 

pol:u-izc:.'iions of the photon are t reated on an equal footing, as ria have ~one, 

then thP!'e are ret\lly negat ive probabilities in the t heory. The fourth, o!· 

time component of the polari zation gives a negative probability, while the 

transverse and longitudinal components of the pol arization give poeiti ve 
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probabilities. In this way of doing things, the difference between the time 

like polarization effects and the longitudinal polarization effects is what 

gives rise to the coulomb field. This peculiarity of a negative sign is the 

reason why in electrodynamics, unlike all other theories, two like particles 

~ repel each other. 

From the spectral representations, one can get not only the z•s, but 

also the mass shifts. From the form of the propagator, clearly 

CCI -m 
l/Z2 = 1 + / g(M) dM + / h(M) dM. 

m -

It can be shown that the mechanical mass m
0

, the "bare" mass, is given by 

CCI -m 
m+ / g(M) MdM+ / h(M) ( -M) dM 

m -mo =-
CCI -m 

1 + / g(M) dM + / h(M) dM 
m ....., 

This relation states that the mean mass over the probability distribution 

given by g(M) and h(M) is equal to the bare mass. Thus the mean mass is 

another adiabatic invariant of the theory, like the sum of the unrenorrnal

ized probabilities. In other words, these two quantities do not change as 

the magnitude of the coupling constant is changed. The same thing is true 

in meson theory for the mean of the squared meson mass: 

ll2 + / p(M2) M2 dM2 
2 -

llo -
. 1 + / p(M2) dM2 

Such a relation cannot be proved for any theory, but it can be proved v-.-rl1en 

the theory does not involve high powers of gradients in the coupling. In 

mesodynamics, p(m2) is always positive, so that this relation also tells us 

t hat the bare meson ·mass is greater than the real meson mass; in other lvords , 

that 6lJ.2 is negative. 

The corresponding relation for the photon reveals the source of t he 

fake photon 11bare11 mass, which one keeps getting if he just calculates in 

a straightforward fashion. Gauge invariance prohibits such a t r ... ~ng, 

nevertheless one keeps ra~g into itl The usual prescription is to cRl

culate in a gauge invariant fashion, putting i.--: enough of the k k /k2 
\1 lJ. 

everywhere, and it will vanish, because it cannot exist. However, it keeps 

cropping up, a.T\d we can identify in this formalism just w:1Rt keep~ appearing. 
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j 2 2 2 It is z
3 

p(M ) M d(M ) • In the lowest order, we can drop the z
3 

and 
0 

since p(N2
) goes like l/M2 at large M2, the fake "bare photon mal'3s" will be 

a positive constant times the log of some cutoff squared. It must not be 

there, and has to be zero, and so on, but if necessary we can look and see 

what it is! This is a peculiar thing, and it is satisfying that we can 

identify just what tries to foul up the gauge invariance. The t heory keeps 

trying to preserve the condition that the mean of the squared mass is an 

adiabatic invariant, but in electrodynamics gauge invariance doesn't allow 

it to do so. It is actually not very difficult to prove t he equality of the 

mean mass with the bare mass, so letfs do so. Again to si.'llplify matters we 

will look at mesons. Consider the equation of motion of the Heisenberg 

field operator ~: 
;\ 

Let us look at the time derivative of 

(02 
- ~~) D~tx): 

~-t; (0 2-~~) D~(x) ::: i ~t <P<'fJx)ig y.5'I'H(x), ~( 0) ))0 - ~t o4
(x). 

A 

At t:::O, there is no discontinuity in this time derivative, besicos that of 

the delta function, since at equal times the commutation rules of the 

Heisenberg operators are the same as those of the 11 in11 operators, and t hus 
. - a . a -

at t ::: tx ::: o, ~H( 0) commutes Wl.t h ~H(x), ~x), at J'n(x) ~ and. at !HEx). 

But sine~ 2 2 
[] 2 D~ (x) ::: ~2 D~ (x) - 54(x) , 

F F 
we must have: 

2 
(0 2-~L;)D~(x) = z3 { -[ o4(x)-+64(x) / p(m

2
)d(m

2
) ]+ (~2-~~)D~ (x) 

2 2 2 m2 2 
+/(m -~0) p(m) DF (x) d(m )}. 

Therefore, there can be no discontinuity in the time derivative of 

2 
and since the magnitude o.f the discontinuity of the time derivat~ve of n; (x) 

i s indepencent of the value of m2, it follows that 

must be zero. 



1 

r 
f. 

... 

Ph 234 Page 167 

Therefore 

Such a relation cannot be used to demonstrate the sign of the self

energy of fermions, as it does for bosons, since the sign of the contri

bution from h(M) is opposite to that from g(M), and we don't know the 

relative magnitude of h(M) and g(M). The sign of the fermion self-energy 

can thus be either positive or negative, depending on the interaction; 

for instance, in second order, the fermion self-energy is positive in 

electrodynamics, in scalar meson theory it's negative, ll1 pseudoscalar 

meson theory it's positive, and so on. 

January 27, 1959 

No. 11. NUCLEAR FORCES 

Before we c~ider nuclear forces, we can well mention how the 

customary electromagnetic interaction arises from the theory of quantum 

electrodynamics. For this purpose, let us consider the lowest order 

diagram in the scattering of an electron and a muon. tt; A 

$~ 

The co"ll."llOn R-matri.x element corresponding to such a diagra."ll ir,: 

m m 
~__!.l.-

2 I , , V 1 E-E_;.E.E. r_ 11 

If the ~ts from the adjoint are taken out explicitly, then this matr~x 

element becomes 
2 + +1

( - ~ ) I e uf uf 1 - a·a' ui ui 

( L\p) 2 _ ( L\E) 2 
, 

which j~ exactly what one expects to arise in the first Born approximatio~ 

on the basis of the classical electromagnetic interaction between charged 

particles. For, if the particles were moving slowly, one would expect just 

the Fourier transfc~ of the coulomb potential e2/4rrr, which is e2/(hp) 2• 
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When they become relativistic, two corrections become important: the magnetic 

interactions, and the effect of retardation. In classical electrodynamics the 

magnetic interactions are accounted for by a factor (l - vv'/c2), ~hose quantum 

mechanical analogue is clearly ( 1 - a . a'). The retardation correction in 

momentum space amounts to replacing the square of the spatial momentum trans

fer by the square of the four-momentum transfer. Thus the expression obtained 

from quantum electrodynamics is just the Fourier transform of the relativistic 

transformation of the coulomb interaction. If we are interested in two· slowly 

moving particles for which we want to use the Schroedinger equation, some kind 

of an adiabatic or static potential must be employed. That potential must 

obviously be such that in the Born approximation calculatio~ of scattering it 

yields the non-relativistic limit of the field theory expression. Following 

this prescription one can construct the adiabatic potential by calculating the 

scattering amplitude from relativistic field theory. 

If you wish to use the relativistic matrix element, and put it into 

the equivalent of a Schroedinger equation, in other words, iterate it, you 

must put it into something more sophisticated than the Schroedinge:::· equation. 

For, obviously, if you want to include relativistic corrections to the 

potential, you must also include the relativistic corrections for ~he dynamics 

to the same order in v/c. This you may do if you like; such a relativistic 

iteration :_ procedure has been developed, and the resulting equation is called 

the Bethe-Salpeter equation. In the case of the coulomb force, you should 

notice though th&t the non-relativistic approximation t.o the dynamics is 

connected to the expansion of the potential in powers of e2 for a bound state. 

For example, in a hydrogen atan, the velocity is around e2/4rr~c, so expa..'"lding 

in ~, / c and expanding in e 2 really amounts to expanding in the same parameter, 

and one must use considerable care to include every term of a given order. 

If you use something like the Bethe-Salpeter equation to generate the ~1~mical 

part of an equation good to a certain order in v/c, you must include the 

higher order terms in the potential also. However, if you don t t have a bound 

state problem, but rather a high energy scattering problem, then there is no 

need to compute a potential to plug into an equation, for you just have to 

J. compute the sequence of Born approximations directly from the field theory 

expressions. 

Now if you are going to use the field theory scattering fomalism to 

compute the adiebatic potential for electron-electron or nucleon-nucleon 
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interactions, you ought to remember the rule for what to do rThen y.)n have 

Feynman diagrams with two identical particles. The rule can be obte.ined very 

easily as follows. If you have identical particles, you must use cot?letely 

anti symmetrical wave functions. Thus, instead o£ computing this ma~;ri.x element, 

<~f(l,2)IRI~~l,2)) it is necessary to compute 

(illr(l,2~- illr{2,1) Jal ill1{1,2) -;;1{2,1)) 

~hich, since the 1 and 2 are dummy labels, is just equal to 

Thus the rule is just to compute the matrix element fo~ scat~ering of two 

labeled particles, and subtract the matrix element with the two final states 

interchanged. The physical basis for this is that if two identical particles 

scatter, you cannot tell which of the two incident particles is going out in 

a particular direction. 

Now we are in a position to look at the nuclear force problem. In 

doing so we shall shift back and forth between the relativistic PS-PS theory 

2nd the static model. There is no obvious a priori reason why these two 

t heories should agree, .rut we will look sometimes at one and sometimes at 

the other and just see what can be done in the way of describing experiments. 

Fj..rst of all, we shall consider the second order, and it will be fmmd that 

the h 10 theories give the same result in second or der. In hi gher order, 

how~ver, there are complications which we shall have to discuss in detail. 

Rel~tivistically, the second order contribution to nucleon-;;~cleon 

scattering comes from this diagram 

and is 

~· 
:~ 
I 

~ 
2 ~ ..... 

g Y5 Y_5 or • ort 

q2 + j.L2 

\V.hen we pass to the non-relativistic limit, the matrix elemen:~s of yS approach 

· 0 · <Pr-Pf) P 2 2 
those of 2M , (see page 100), and since dE = E dp -~ ~ dp, q ~ (6;>) - . 

The non-relativistic limit of this diagram is thus 
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~ -.:.~ ~...> -
a •q a1 • q ~ - ~~ 

-q2 + ~2 

This is to be the Fourier tral'lsform of the adiabatic potent~ which therefore 

must be 

Consider now the static model. If we want the adiabatic potential., we 

must compute the energy of two fixed nucleons at the positions Q and £ minus 

their self-energies. There are two sources of the meson field, each of them 

independently has an energy M
0 

plus a self energy, but together there are 

additional terms coming from the exchange of mesons; sum up all the additional 

energy and you get a potential. If the two sources are then allowed to move, 

one puts that potential into the Schroedinger equation. This procedure is 

called the adiabatic method. 

Let's do thatl There are now two diagrams, since the time ordering of 

inte: ·nal events is i111portant. 

------r--1 , 

/ 
and ' ' 

Each of these two diagrams yields the same contributio~ to the energy, which is 

2 ~ 2 ---~ _,.~ _... _. __,. (!) / d ... k v ( k) a • kg t • k "' • ~~ eik • r 
• 1-L ( 2n) 3 2£,.,k -ook 

~ ...... 
:Jle factor eik·r arises because we have to put in the -;-alue of the meson field 

at the po:nt where the nu:::leon is located. This never arose before, bece:t1se 

w-:e dealt with one-nucleon problems, in which the nucleon was fixed at the 

origin. The two diagrar..s give the same term, because one can be obtained fro:n 

the ot.her by reversing the sign of .!:· But since the integrand is even in~' 

we can just reverse the sign of ~ also, and thus nothi..11g is changed. 

The only difference between the static potgntial and that obtained from 

t he relativistic theor,y in second order is the presence of the cutoff factor 

,.._.2 (~). This cutoff is important even though the integral converges without it. 

!t should oe realized that there is also an effective cutoff in the relativist~c 

formula, even though it doesn't appear explicitly. That implicit cutoff is 

due to recoil effects, and is hidden because we have ca.lculated in an absolutely 

adiabatic limit. Therefore the validity of the relativistically derived 

formula is destroyed as soon as the momentum transfer becomss anywb.·.!:-e nee.r 
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the magnitude of the mass. T'nis adiabatic calculation breaks down a.~ distances 

smaller th~n the Compton wavelength of a nucleon. Hence, it is not so stupid 

that a cutoff appears explicitly in the static model calculation, even though 

the integral can be calculated without one. 

So we have from both theories, effectively the same second o~der nucleon

nucleon potential. It is substantially the Yukawa potential,~ modified by the 

fact that the pions are pseudoscalar, and by the inclusion of isotopic spin. 

If one defines --y (r) = (2rr)-3 / v2(k) (k2 + ~2)-1 eik·r d3k, 
s -

( the 11 s 11 stands for the "smearing out" of the potential caused by the cutoff 

v2(k) ), then the potential is 

V( 2) = ( ! ) 2 ;; • -;;a cr • 'V cr' • V Y ( r) . 
nucleon ~ s 

(By the way, we remem1:>er that we must equate f/~ and g/2M so that the two 

theories agree in the static limit of the relativistic theory.) Y (r) clearly s 
satisfies the following equation: 

~ _, 

(~2 - r/-) Y (r) = _!.__ / eik·r v2(k) d3k = o3(r), 
s ( 2rr)3 - s-

where o3(r) is like a delta function, only that it is spread out in space by s-
a nucleon's Compton wavelength. In the limit of no cutoff, i.e., v2(k)=l, 

Y (r) tends, of course, to the Yukawa function 
s 

Y(r) = -~ e 

Let us now discuss the physics of such a potent ial. Obvio~sly, the 

second order potential is not enough to describe nuclear forces, but it does 

contain several interestL~g features which are characteristic of nuclear 

forc(·)S. First of all, we must evaluate 

Introducing the unit vector in the radial direction 1', one finds that 

Y (r) = cr•V s 
c-t.~ y' = 

8 

yr 
8 /'\. cr•crr - + o~ r 
r 

yr 
~ ., s' crt •r\ Y' - - 1 • s r 

It is customary to define a new operator s12 = 3 cr~ crt G-- cr•cr' and to 

write the nuclear potential in terms of cr•cr' and s12: 

( ) ( )2 - ~ (2Y-1 ) Y' 
V 2 = l~ ~;~' {cr·cr• rs + Y: + sl2 (Y; - ~ )} . 
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The operator s12 has a pure tensor character with respect to £ or ~.th rt-:spect 

to a. The operator s12 ther afore carries two units of spin angular momentum 

and two units of orbital eJ:~ar momentum. Since s12 cummutes with the total 

angular momentum J, it therefore must transfer two units of angular momentum 

from the spatial part of cha wave function to the spin part of the wave function. 

For example, acting upon ~ 3s
1 

state, s
12 

will prod~ce a 3n
1 

state. s
12 

is 

called the tensor force operator. 

~em 11~ Show explicitly that [ J , s12] = ( s2 ,s12] = O, 

where S = 2 (o+a1), and that [P,s
12

J = 0, where Pis th~ 

parity oparator. 

Neglecting ~he concept of isotop~c spin, the Pauli principle simply 

states that two icentical .:'ermions must have a completely anti-symmetric wave 

function. vlhen the conce.p::, of isospin is int:;:-oduced, we can generalize the 

Pauli principle by r eq_uiri..TJ.g that the wave function be completely antisymmetri c 

under the intercha.l'lge of spntial coordinates, spin, and isospin. This means 

that we are treating the neutron and proton as two s t.::.tes of ~ fe:::-mion, the 

nucleon, and that in field :.heory, the neutron part of the nucleon field anti 

cpmmut es wi~h the proton p::.r:. . 

In addition to the rec:ui.rement that isotopic triplet states have an~.- isymra·e;;,ric 

space-spin functions, which follows from the or~ Pauli principle, t he 

generalized Pauli principle also requires that all isotopic singlets have 

symme-tric spac~-spin wave functions. Actually, the genaralized Pauli principle 

does not re~trict the stat e of a neutron-proton sy3tem, if the neutron and 

protvn are reg:u-ded as distinct particles, although it may appear to do so. 

For then, the generalized Pauli principle just tells you th~ total isotopic 

spin corre~ponding to the symmetric and antisymmetric parts of the space-spin 

function. 
~ - 2 2 Since Y

8
(r), 0' • a•, -r • -rt, and s 12 all commute with S, and I, 

effectively, we have to consider four potentials: one for I=O, S=O; anotha~ 

for I=l, S=O; a third for I=O, S=l: and one for I=l, S=l states. Given the , 
spin wave function therefore, there is a definite potential for each value of 

t.he parity, since, by the generalized Pauli principle, the parity and the 

c:1aracter of the spin function determines the isotopic spin of the state. 

We consider first the potential in the singlet even states. Since 

I=l, -r·-r• = +1. In a singlet state, rJ' =-at effectively, and thus 
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o' • cJf = -J 
Jet , ~ cfl ; ""?" = -3 

and consequentlY, s12 = 0. (It is perhaps just as easy to see that s
12 

= 0 

when applied to a singlet state, if one remembers that s12 ca-rries two units 

of spin angular momentum, but doesnrt change s2, and that you cantt add two 

units of angular momentum to a singlet state and still have a singlet state.) 

- ( ! )2 vf Y (r) 
l-1. s 

If the delta function in this potential weren't spread out, it would be 

q_uite embarassing, for then the potential would have too st rong n singularity 

for the solution of the Schroedinger equation. This is a general feature of 

all the potentials in such a theory without a cutoff. However, the presence 

of the cutoff in the stat~c theory, or of recoil effects in the rela ~ivistic 

theo~r leads to a smoothing out of the potential. This means that the nature 

of the cutoff is a quite impo=tant feature for the determination of t he 

s~lutions of the Schroedinger equation. 

This delta function always used to be discarded, on the basis that it 

"'a!> meaningless and led to an unsolvable Schroedinger equation. It was first 

~1oticed by Levy about nine years ago that if one included recoil effects :.."1 
some a_:-praximate way in a relati vistic calculati c!l, then the d1'3lta function 

wotlid effecti vel y be spread out, as in the static model. ~"ld so it was not 

mPaningless, but should be retaL"led. What it represents is a strong repulsive 

force of very short range, which is called the repulsive core or the hard core 

of the nucleon. At about the same time it was noticed phenomenologically th~t 

ouch a t hing would help quite a bit in the understanding of certain scattering 

a"q>eri.'n'3nts. So the hard core is both theoretically and experimentall y a 

useful thing to have, and is presumably actually there physically. There may, 

however, be other reasons for the hard core in addition to this simpl e calcu

l~tion. It is essentially something which depends on t he physics of small 

d:i_stances, of which at present nobody has any knvwledge. 

This second order potential, using f 2/4rr = .08, is by no means 

~~1fficient to accottnt for t he scattering in the singlet even states. Experi

mentally this potential should be almost strong enough to p~oduce a bound state , 
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and to explain such a condition one needs either a stronger potential, or one 

that is much more singular at the origin. The higher order correcticns go in 

the right direction to give agreement with experiment, and, in fact, the second 

and fourth order potentials give good agreement. Why the corrections beyond 

the fourth order don It seem to be necessary is not very clear. But when we 

calculate the fourth order we will see that the attraction in the singlet even 

states is immensely increased, just about by enough to give agreement with 

experiment. 

For the singlet odd states, we-ar~ considering an isotopic singlet, 

I.::O, so that the only change is that 't"•'t' = -3, and thus 

v< 2) = -3 v< 2). 
1- 1+ 

The hard core now becomes an attractive hole, and the attractive Yukawa poten

tial changes into a repulsive one three times as strong. The predictions of 

meson theory for these states are still not easily checked by experiment, for 

the data on the odd states necessarily must come from higher energy scattering, 

and the analysis there is much more difficult. 

As we go on to the triplet states, the evaluation of the potential be

comes considerably more involved because of the presence of the tenaor force. 

Since s12 commutes with J, and P, each eigenstate of character triplet even 

must be constructed only from states in cne of the following groups: 

(3sl,3Dl); (3n2); (3D3,3G3); (3G4); (3G5, 3I5); (3I6); ........ ' 
Ji' :>r these st ates a·a'=l, and .,;•.,;1 = -3, since we are dealing with an isotopic 

singlet. But now vre have to look at s12 • s12 is not a number usually, but a 

matrix, which connects the states in the groups listed above. S~1ce the 

evaluation of the matrices for each group is not an entirely trivial task, c>.nd 

since the experimental data is good only for states of low orbital angula1· 

:ar.omentum, we shall const~ct only the first of these matrices. 

First we look at ( 3s1 !s12 13s1). The expectation value of rirj/r2 
in 

a sphe:!'ically symmetric S stateis just '3 6ij' and so 

( 3s Is 13s ) = (3s l3a o' 1 6 - o·o1 13s ) = o 1 12 1 1 a p 3 ~ 1 · 

Now since the matrix involves only two states, it must be that 

a sl213sl) = 13Dl), 

~here! can be chosen to be real by adjusting the phase of 13~1). a can be 
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computed by means of the normalization condition: 

But 

<3s
1

1 si
2

13s
1

) = ~s1 19( cr~) 2~ ~) 2 
- 30·o 'cr·~cr' ~cr~cr ·~o·a1 )+( cr·cr') 

2
j
3s1) 

= 9 - 6(1/3) + 1 = 8. 
and therefore, 

Finally, we have to compute 

This one is a little more involved! 

= - 7 - 9 = -16. 

Therefore, ( 3n
1

1 s
12

!3n
1

) = -2, and for the first group of states: 

If one wa..11ts to investigate states of higher angular moment'J!ll, then the s12 
matrices have to be computed l'lhich involve the states in question. There is 

a definite matrix for each value of the total angular momentum J, and the 

parity P, which we may call S
1

/ J, P) . Accordingly, the investigation of the 

triplet states is considerably more complex than for the sjnglet states. 
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Since again the experimental situation is such that the data for stntes of 

hi~'l angular momenta is hard to get accurately, it would not pay us to look noww 

at the potentials for the higher triplet even states, or the potentials for 

the triplet odd states. But in general, we can write the potential for the 

triplet even states as: 

V
(2) 2 6 s(r) = - f {Ys(r) - ~---+ s12(J,+)(Ys(r) 
3+ ~ 

and t he potential for the triplet odd states 
( 2) f2 6 (r) 

V =-- {Y - e + S (J -)(Y (r) 3- 3 s ~2 12 , s 

as: 

6 (r) 
s 

6 (r) s ------
~2 

3YI (r) 
~ . )} ' 
~ r 

3Y1 (r) 
s )} 
2 

P· r 

If we consider those triplet even stetes 1-.-ith J=l, ive see t nat we have a 

central force potential, and a tensor force potential. The tensor force 

potential acts as a transfer potential between the 3s
1 

and the 3n1 states, and 

gives a potential in the Jn
1 

state. The tensor potential is the same as the 

central potential except for an additional term 
f2 Y~(r) 

3 2 r ' 
~ 

which is quite singular in the absence of a cutoff, and thus which depends 

quite heavily upon the nature of the cutoff. In fact, without a cutoff, the 

additional term is 

1,1lich is so singu~ar as to make it impossible to find solutions to the 

3chroedinger equation. The cutoff chops off the highly singular potential 

at a distance of the order of 0.2 fermies. The character of the tensor force 

as given by the second order potential is apparently consistdnt with what is 

kno;;:l e..'(J)erimentally. The f o·..u-th order corrections do not change this 

character very much; they affect mainly the description of the si!1glet 

potentials. 
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January 29, 1959 

Letts look once more at the generalized Pauli principle, this time 

from the point of view of the charge independence of the nuclear forces. We 

start with a situation in which there are two different particles, the neutron 

and the proton, and the neutrons separately obey the Pauli principle, as do 

the protons. We then notice that for the description of the forces between 

nucleons it is very convenient to introduce the concept of isotopic spin. 

And the question arises as to what to do about the Pauli principle, because 

when the isotopic spin is introduced, the neutron and proton become just two 

different states of~ particle, the nucleon. The answer is really very 

simple. Previously we had just the following possibilities: 

:} with anti.synunetric space-spin wave fUnction! 

pn with symmetric space-spin wave function. 

From the point of view of charge independence, we observe that the three 

systems pp, pn, and nn in an antisymmetric space-spin configuration are 

exactly the same, i.e., neglecting the charge, all the properties of the 

three states are identical; for example, the energy, phase shifts, etc. are 

all the same. So upon introducing the isotopic spin, one would say that 

these three systems form a genuine isotopic triplet. And one would similar

ly want to designate a np state with a symmetric space-spin configuration as 

an isotopic singlet. Since the isotopic triplet has symmetrical isotopic 

wave functions, and the isotopic singlet state has an antisymmetrical iso

topic wave function, we see that we can take care of the Pauli principle 

requirements upon the introduction of the isotopic spin just by the statement 

that the total wave function is antisymmetric under the interchange of 

position, spin, and isospin between the two particles. Thus the generalized 

Pauli principle doesn't tell us anything new, but is just a consequence of 

the introduction of isospin. There is no new physics in it; it simply 

regulates the mathematics of isospin. It is, of course, a great convenience 

after the introduction of the isotopic spin formalism to regard the two 

distinct particles as being actually two states of one particle which obeys 

the generalized Pauli principle. 

IVhen people first started to consider baryons which obeyed the Pauli 

principle, but to which one would like to assign an integral isotopic spin, 

there was a question of whether one could again consider the dist:'nct 
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particles of an integral isotopic multiplet to be just different states of a 

si..l'lgle particle by generalizing the Pauli principle in the same way. 

Clearl~., this can be done for isotopic singlets of which the A particle is 

an example. For, a combination of two I=O states again yields a synnnetric 

I=O state, and the generalized Pauli principle just tells you that the space

spin configuration of the two A•s must be antisymmetric, which is exactly 

what the Pauli principle requires. As a simple exercise, the reader may 

verify that the same thing works also for the Z isotopic triplet. So the 

generalized Pauli principle introduces nothing, but just allows us to consider 

a group of particles as different states of a single particle. 

In the last lecture we derived the second-order nuclear potential, 

which is typical of all orders of a nuclear potential obtained the way we 

got the lowest order. We did it by two ways and got the same anmrer: we 

took the Born approximation for nucleon scattering in the relativistic PS-PS 

theory and reduced it to an equivalent potential in the adiabatic limit; and 

we considered 2 fixed nucleons in the static theor-3 and calculated their 

interaction energy. A general characteristic of the nuclear forces was 

exhibited when it was shown that there are four different forces, one for 

each of the following types of states specified by the spin character and 

the parity: singlet even, singlet odd, triplet even, and triplet odd. By 

virtue of the generalized Pauli principle, two of these occur only for iso

topic triplets, and the other two only for isotopic singlets. The triplet 

even and triplet odd forces are of two origins, a central potential, and a 

tensor potential, which connects S states to D states, or P to F, etc. and 

also gives a contribution in a single angular momentum state if the angular 

momentum is not zero. So in a triplet nuclear system, there is a limited 

lllixiflg of orbital angular momentum states. Altogether we need six potentials, 

a central potential for each of the four types of states, and a tensor 

potential for each of the t wo kinds of triplet states. All of this appl ies 

only to the calculation of an adiabatic potential. 

If we wish to consider higher energy nuclear phenomena, vTe have to 

modify this notion of an adiabatic potential. Many relativistic effects 

must be accounted for in so doing. First of all, the equation would no longer 

be the Schroedinger equation, but would have to involve kinematical v/c 

corrections. But besides this, in the dynamics you would have to put in 

velocity dependent terms as corrections to the potentials. In particular 

the first non- adiabatic correction would be a term l inesr in the velocity; 



Ph 234 Page 179 

the simplest form this correction could take would be a term like s.L V(r), 

a spin-orbit potential. And in fact, a generalization of an adiabatic po

tential including such a spin-orbit term has helped greatly in t he phenom

enological understanding of nuclear forces up to fairly high energies. But 

if we leave out such a term and all other non-adiabatic velocity-dependent 

corrections, we must restrict ourselves only to low energy phenomena. 

The fourth, sixth, and higher order terms in an adiabatic calculation 

just correct the six potentials obtained in second order; they do not change 

the general structure of the forces. If we were to calculate to higher order, 

with what finally would we compare the answers; what kind of experimental 

parameters are available to test such a calculation? Restricting ourselves 

to quite low energies so that non-adiabatic effects do not enter in, there 

are only a limited number of experimental parameters. The "classical" 

experimental results that have always been used to discuss the low energy 

nuclear forces are the triplet and singlet scattering lengths and effective ~ 

ranges for the even states; these are concerned almost exclusively with S 

states. The odd state behavior is still poorly know.n experimentally, except 

within a framework of analysis which involves scattering at fairly high 

energies, and 1vhich thus involves non-adiabatic effects. So we can compare 

only the even state adiabatic potentials with experiment. 

The triplet states include a bound state, the deuteron, whose pro-

perties can also be examined to yield checks on the calculation. The most 

obvious parameter of the deuteron is its binding energy. However, it is so 

small that the combination of scattering length, effective range, and bind

ing energy are not independent parameters. So the binding energy of the 

deuteron doesnt t tell us anything new. However, there are other properties 

of the deuteron which come into an analysis of the triplet state, its quad

rupole moment and magnetic moment. If the deuteron were a pure 3s1 state, 

it would have no quaarupole moment. But the tensor forces introduce an 

admixture of 3D
1 

into the deuteron state, and thus it can have a quadrupole 

moment. The amount of admixture is quite closely related to the quadrupol~ 

moment, although you do have to know something about the radial wave function 

to get the relation. Thus the quadrupole moment of the deuteron is an 

additional triplet even parameter. The magnetic moment of the deuteron is 

known very accurately, but is nearly equal to the sum of the proton and 

neutron magnetic moments. A theory of nuclear forces such as is being con-
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sidered now would determine only the difference between this sum and the 

observed moment. But because this difference is quite small, the effect of 

relativistic non-adiabatic corrections is almost as important as the effect 

of the static potential, with the result that the deuteron magnetic moment is 

- not a very good test of adiabatic nuclear potentials. 

In the early days a great deal was done trying to fit these parameters 

with phenomenological potentials. The earliest attempts involved the use of 

three square wells to describe the even states: one for the singlet poten

tial, another for the triplet centrAl potential, and a third square well for 

the triplet tensor potential. Each of these has a depth and a range, and 

the six parameters were fitted to agree with experiment. As of a few years 

ago, the most sophisticated thing that was done was to calculate as well as 

possible a nuclear force from meson theory, in particular the sum of the 

second and fourth order meson theory potentials, with certain arguments 

here and there as to what you should take and what you should leave out, 

which we shall go through. Having got such a potential, one wiggled the 

relative strength of the potentials by a little bit, presumably to simulate 

the effect of the higher orders. Then accurate agreement with all the experi

mental parameters was obtained. The potential obtained in this manner is 

called the Gartenhaus potential.* This paper is presumably the closest 

anybody has yet come to the descriptionof the adiacatic limit of nuclear forces 

from meson theory. 

The more recent work, which is of a non-phencmenological nature, is 

concerned with the dispersion theory approach to the problem, and in par

ticular with the fact that the diagram 

- 2 2 2 
which we considered last time, has a pole when (M) = ( ll£) + 1-1. , and that 

it is the only diagram in all orders which contributes such a pole at that 

point. Any diagram in the higher orders which gives a pole there merely 

contributes to the renormalization of the coupling constant, and thus it 

has already been included by using gi. So if you could extrapolate the 

*see S. Gartenhaus, Phys. Rev. 1QQ, 900, (1955) 
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experiments to the neighborhood of the pole, which can never occur in the 

physical range, then the first Born approximation would absolutely dominate 

everything else. As you go to higher and higher energies, the pole moves 

closer and closer to the physical domain, and so you begin to see the effects 

of the pole at small forward and backward scattering angles. And by extra

polating to this pole, it is possible to measure its strength, which is the 

square of the coupling constant. It comes out accurately the same as the 

result from the two other methods, pion scattering, and photoproduction. 

The most modern analysis of the two nucleon problem proceeds along 

the following lines. The scattering anq:>litude is first expressed as an 

expansion in phase shifts plus the Born approximation. This makes it un

necessary to include in the expansion phase shifts for very high angular 

momenta, because most of the contributions to such phase shifts arise just 

from the Born approximation term. The number of phase shifts to be determined 

is thus greatly reduced. From a complicated analysis of polarization ex
periments, double and triple scattering experiments, etc . , these phase 

shifts can really be determined as functions of energy. Then these results 

are conq:>~.red with the predictions of a slightly fudged second plus fourth 

order adiabatic meson theory potential to rmich some sort of a phenomeno

logical spin-orbit potential has been appended. By adjusting the spin-

orbit potential, it is found that the scattering can be fitted up to fairly 

high energies quite well.* At the present this fit can be made up to 150 

MEV, and there is some hope that the data may be understood up to 300 MEV 

without the use of non-adiabatic correction terms depending on a higher order 

of v/c. ** 
The outstanding problems include a refinement of t he phase shift 

analysis to remove any ambiguities in their determination. Also a hall

way decent detennination of the adiabatic potential is needed, rihich 

doesn't depend on taking just the second and fourth order, since at the 

present we have no justification for the hope that higher order corrections 

cause just a slight jiggling of the potentials, as is being assumed. This 

may possibly be done with the aid of dispersion theory. And thirdly, the 

* Signell and Marshak, Phys. Rev. 109, 1229 ( 1958) 

** Signell, Zinn, and Marshak, Phys. Rev. Lett. 1, 416 (1958) 
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most challenging problem is to find the physics of the spin-orbit potential, 

i.e. to derive the spin-orbit term from meson theory the way that the 

adiabatic potentials have been derived. This last problem is reelly quite 

a challenge since the spin-orbit term is so important. A spin-orbit potential 

determines to a huge extent the structure of nuclei, and it is now fairly well 

agreed that the effective spin-orbit potential in nuclei arises largely from 

the true spin-orbit potential between two nucleons. For many years this was 

a subject of confusion because an effective spin-orbit potential can be 

induced by the tensor force; a tensor force taken among several particles 

and iterated a fev-1 times can lead to an effective spin-orbit potential. Thus 

there was considerable controversy over the origin of the effective spin

orbit potential in nuclei until a two-nucleon spin-orbit potential was found 

to be so useful in the phenomenological understanding of scattering. The 

nucleon-nucleon spin-orbit potential appears to be of about the right size 

and · of. the-~right sign to give rise to the nuclear term, and thus many now 

feel that it probably does account for the lion's share of the nuclear 

effective spin-orbit coupling. 

Fourth-order Nuclear Potentials 

Now that we have an idea o.f where things fit in, let us examine the 

work of Gartenhaus, by calculating a fourth-order adiabatic nucleon-nucleon 

potential, and looking up how it was necessary to fUdge such a second plus 

fourth order potential in order to get agreement wit:1 experiment. We ought 

to again calculate the fourth order in both ways: by passing to the adiabatic 

limit from the relativistic theory, and by using the static theory. These 

ought to agree in fourth order as they do in the second order, if the physics 

is reasonable for each of them. But they don•t agree at alll JL~d therefore 

I must digress to describe what it is that must be done to the relativistic 

theory in order that it may agree with the non-relativistic theory or with 

experiment, and whether that is reasonable or whether it simply means that 

the relativistic theory is wong. If you're calculating with the relativistic 

theory in perturbation theory, you must change it radically in order that it 

looks like the static model or like experiment. The higher order effects 

in the relativistic theory may do this, so what you are doing thereby is 

merely to simulate the higher orders, or the relativistic theory may not 

do this, in which case what yourre doing is throwing away the relativistic 
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theory and replacing it by something quite different. 

We are interested in the low-energy limit of the relativistic theory, 

and thus let us examine the non-relativistic limit of the PS-PS theory in 

the same way that we examined the non-relativistic limit of the Dirac 

equation with electromagnetic coupling. The nucleon field operator satisfies 
~~ 

the equation (~ + M + ig y
5 

't·~)'!' = o, which we multiply on the left by 
-. ..... " A. 

(~ - M + ig y5 't·~), in order to get a squared equation 
" 

{ o 2 
- M

2 + ig Y. Ys :;. ca ~) - ir} , = o 
~ ~1\ A 1\ 

from 1'lhich the passage to the non-relativistic limit is quite easy: 

a 'I' .j ig Y 5 ~ ... 2 ~ 
i at = { M - 2M + 2M 't ·(~<},) + ~ ~ } 'I'· 

,., 1\ 

To complete the derivation, we must realize that in the non-relativistic 

limit: 

and 
Ys Y4~ o. 

Thus the PS-PS theory in the NR limit looks like a static theory with the 

following coupling Hamiltonian density: 

- 2-2 
J( coup ~ ( ~ a• 'il ;.~ + ~ ~ 1 • P (x) • 

A t\ 

There are two distinct terms in this density. One of them is the 

familiar static model term, giving a P-wave interaction with a coefficient 

g/2M = f/lJ.. The second term, however, is fantastically embarassing, because 

it leads to an extremely strong short range repulsion between s--v1ave pions 

and nucleons which is independent of isotopic spin. In fact, the term 

indicates a delta function potential, but we knol'T that this really has to 

be spread out a little. Well, what do we do with this term? Is there such 

a thing in practice? Certainly no particularly large s-wave scattering is 

noticed in the pion nucleon interaction; in the first few hundred MEV the 

S-wave scattering is small and strongly isotopic spin dependent. But does 

such a very strong short range repulsive potential give rise to a lot of 

scattering? Although in first Born approximation it does, in the higher 

approximations the wave function is pushed out of the potential region, 

and therefore the scattering becomes smaller and smaller as the potential 

becomes infinitely strong. Thus the ~2 term in Born approz imaticn produces 

" 
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tremendous isospin independent s-wave pion-nucleon scattering, but alto

gether very little -- so little that it might be just a small piece of what 1s 

actually observed. You can see this damping by actually doing the problem 

of scattering by a potential due to 
g2 .:.2 

-JI = -2M <\> p(x). coup A. ,_ 
In the static .theory this problem is an exactly soluble problem.n 

So we come to the interesting conclusion that the PS-PS theory gives 

this tremendous bilinear S-wave interaction in the NR limit between p~.ons 

and nucleons, and that all Born approximations which involve it are hJ..ghly 

suspect, because if you were to sum all orders in the static model you would 

find that it actually gives almost nothing. People therefore say that they 

hope that if you could consider all orders in the relativistic theory, the 

effect of this term would again be damped out. This is not clear because 

whereas you can solve things exactly in the static theory and verify the 

hope, the recoil in the relativistic theory couples S-waves to P-waves, 

P--waves to D-'\oraves, etc., and makes everything unsolvable. Therefore, tt 

is only a supposition that the relativistic theory behaves the rray the non

relativistic static theory does. Suppose we accept this hope that the 1>2 

"" term wherever it occurs damps itself out. Then what shall we do? We should 

examine any higher order calculation of the relativistic theory and pluck 

out those pieces which come effectively from the 12 and discard them. Then 
;. 

we will get agreement with the static model and rough agreement with experi-

ment. Nobody knows, however, whether this is a way of simulating the higher 

order corrections of the theory, or whether it is just a way of completely 

altering the theory so that it looks like experiment. 

In regard to the S-wave scattering, another point deserves mention. 

There is another parameter in the relativistic meson theory besides the 

coupling constant and the ~~sses of the particles, and it comes about L~ the 

following way. When the renormalization program was first carried through 

for quantum electrodynamics, it was shown that after renormalization of the 

mass and the charge, which were the only parameters originally present in 

the theory, everything was finite in perturbation theory. It was a tremendous 

advance to understand this. Immediately people began to look at all other 

* See G. Wentzel, Phys. Rev. ~' 8o2, (1952) 
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theories of the couplings of particles, to find out whether they possessed 

the same remarkable property. It was soon discovered that almost all theories 

were violently unrenormalizable. Almost anything one writes down with non

linear coupling, gradients, or something fancy, doesn r t work. Even some 

things that look particularly simple also do not work, such as a point 

contact coupling of two fermions, which is used nowdays to describe the weak 

interactions. Only a very limi~ed number of theories worked, and people 

began to examine these. It was found that the only other things that carne 

close to being renormalizable and were physically interesting were the 

coupling of scalar and pseudoscalar particles to the electromagnetic field, 

and a coupling of scalar and pseudoscalar mesons to nucleons. 

This is of some interest because there are pseudoscalar mesons coupled 

to nucleons and to the electromagnetic field. It therefore looks as if 

nature might have chosen only couplings which fall into the renormalizable 

class. But then it was discovered that each of these theories after the 

usual renormalization still possessed one primitive divergence. This div

ergence arose from a diagram appearing in the scattering of two mesons by 

each other, both in the electrodynamics of pseudoscalar particles and the 

nucleonics. 

The same divergence almost appears in the case of photons as well, but gauge 

invariance rushes in at the last moment and saves everything! 

Tr~s divergence means that the meson theory at one juncture has to 

include a cutoff dependent term explicitly. However, the enthusiasts c_' 

the renormalization program argue in the following way, which could well 

lead to a correct result. They say that the divergence is an indication 

that originally some of this meson-meson scattering should have been intro

duced into the Lagrangian density. If that was done, then the divergence 

would j ust be another renormalization, and tnen after the renormalization of 

the meson-meson scattering parameter, the whole theory would be finite in 

the perturbation expansion. Therefore; in setting up the PS~~s theory people 

introduce not only the terms we have used, but also a term A. ~4. Then the 
0 
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divergence can be lumped into a renormalized ).., ~. If' there wer3 fift een 

of these things, or a constantly increasing mnnber of them as you go to 

higher and higher orders, this would be a ridiculous point of view. But 

since there is only one, there might be something in it. And therefore it 

is extremely popular to say that there may be a fundamental interaction of 

this nature, which is renormalized, and that this ~ is a parameter of 

physical interest. 

Nobody has been able to test this hypothesis so far, since nobody 

has been able to scatter a pion from a pion. This is not necessarily a 

permanent state of affairs. By means of dispersion theory, it is possible 

with experiments on reasonable particles to test the scattering of pions by 

pions, at least to some extent. For example, a contribution to the production 

of pions by pions 

- --

comes from diagrams like 

-
-- --=®---- ---

' 

----~ 
which have the structure of pion-pion scattering in them. This blob can be 

measured by looking at the case where the relativistic four-momentum 

transfer squared .~quals -~2 • Again an extrapolation out of the physical 

dow..ain is necessary, but at high energies this is not too bad. The co-

' ef~icient of the pole as a function of the other variables tells you all 

about the blob. And so pion-pion scattering is not inaccessible to 

experiment, and is now being studied. 

Pion-pion scattering also makes an important contribution to many 

other things, not in a way that can be separated experimentally, but 

possibly in a way that can be separated theoretically. There are important 

diagrams in the S-wave scattering which look like 

-- -~ --- ---
" \ / \ 

----~--~ 
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The meson-nucleon scattering occurs through the incoming meson being scattered 

by a meson in the cloud, through meson-meson scattering. The meson-meson 

scattering arises in part from the fundamental meson-meson interaction, and 

in part through the nucleon-antinucleon loops. In particular, the ~4 term 

contributes to S-wave scattering, and in computing, therefore, the S-wave 

scattering not only the 4>2 term from the yS has to be included with its 

possible damping, but also the ~4 term, and its possible damping. So the 

problem is considerably more involved than it first appeared. 

In electrodynamics, the coefficient of the coupling is e and e is a 

dimensionless number, i.e., you dontt have to specify a length to establish 

e. The same is true of PS-PS meson theory, g and A. are both dimensionless. 

It is interesting that these theories require only dimensionless coupling. 

This is not true of any theorJ; for example, the PS-PV requires a length to 

def.ine a coupling, as does a scalar meson theory in a ~ interaction term 

necessary for the removal of diagrams like 

-

by renorma.lization. Maybe something is at work which restricts the 

funda"!lental inte:-actions to those with dimensionless coupling! It may 

not be accidental. 
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February 3, 1959 

In the last lecture, we began to investigate the fourth-order nucleon

nucleon adiabatic potential. In the second order, the result of the static 

t heory is essentially the same as that of the relativistic PS-PS theory, but 

this does not hold true as we consider higher orders. To force the relativistic 

theory to yield results like the static theory, which gives fairly good 

agreement with experiment at low energies, it is necessary to chop it in half. 

This can be done by going to a second order equation for the nucleon field: 

and 

t he 

(1) 

... 
2 2 2 2 ~ ~ 

( 0 - l1 - g <I> - igy~{1~) )'!' = 0 

eliminating all diagrams containing a ~2 \nteraction. Experimentally all 
2 ~ 

effects of the ~ term are absent, which can be for two reasons: Either 

the relativisti~ PS-PS theory is completely wrong, or (2) the ~2 damps 
" i t self out if all higher orders are accounted for, just as it does when it is 

the only interaction present in the static theory. 

If just the pseudovector interaction is kept, i.e., if one adopts the 

equation 
2 2 ~ _.. 

(0 -M -igy,...'l;•(~)'¥=0 
:::> ~ "' 

to calculate low energy phenomena, then one gets something very much like the 

static theory, only the relativistic kinematics are included in an unambiguous 

way. Notice that although the interaction appears pseudovector, this chopped 

~p theory does not have the serious divergence difficulties which plagues the 

PS-PV theory. The raason is, of course, that the nucleon propagator one would 

employ here is l/(p2
-+M

2), and not 1/(iftM) as in the PS-PV theory. All the 

divergences are, therefore, only logarithmic as in the PS-PS theory. However, 

it is suspected that they may not be removable from the theory by a simple 

re~ormalization program. Nevertheless, the theory is valuable for treating 

1 ~w-energy problems with some relativistic kinematics. 

Let us now calculate the fourth-order potential using the static model; 

if we have time we may also actually use this chopped up relativistic theory 

to calculate the fourth order. Proceeding in a straightforward fashion, we 

would expect that the fourth-order adiabatic potential is just the energy of 

t wo sources at 0 and r minus the two masses M, calculated in fourth order. - -
~e will have some reason to challenge this statement later, but it is a good 

pl ace to begin. 

The formula for fo~rrth-order perturbation theo~J can be derived quite 
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easily in the folloWing way (see page .30). Let E be the total energy of the 

complete state with two sources with specified spins and isospins at Q and L· 
Then we define 

H0 = H + E 
" .,..free rr ' 

and H
1 

= H - H
0 = H - (E - 2M ) • This definition assures us that r ,.. ..... "coup. o 

(q, I H I') = 0, where ~ is that state of two bare sources, and V is the complete 
" 

state. (It should be realized that E is a function of the total spin S, and 

:.sospin I of the state.) Since 

(E - H
0 

- H
1 
)f'f)= O, 

" " the following equation can be written for '!', which leads easily to an iter-

ation scheme: 

(P = I~> <~I) ,.. 
Any order in the Rayleigh-Schroedinger perturbation theory can be 

obtained by substituting the iteration solution for 1' into the formula 

~. (~IH 1 l'I') = o 
which gives: 

LIE = (1>IH I~>+ <~IH l-P H I¢)+ <~IH l:f._ H' 1:f.... H l~> + 
c c E-Ho c c E-Ho E-Ho c 

In particular, since He creates or destroys a meson, all the terms are of an 

even order, and thus: 

(6E)(4) = - <~IH 1.:f H 1::'! H 1::'! H jd>)- <~IH l-P (6E)(2) 1::'! H I~>· 
c Hrr c Hrr c Hrr c - c Hrr Hrr c 

This derivation sh01-1s that the Rayleigh-Schroedinger perturbation series 

consists of the usual terms where you have a matrix element of H , then an 
c 

energy denominator, matrix element, energy denominator --- the energy 

denominators always forbidden to be zero --, matrix element, etc. plus some 

peculiar t erms. If the first order perturbation is zero, then the peculia:

term::> start in fourth order; if not, they begin at the third order. Now we 

~_ll be quite concerned with the distinction between the fourth-order terms 

arising from the first part of the formula, and those from the (6E)( 2) part. 

Therefore, we will be careful not to mix them up. 

Let us consiaer now the computation of 

1-P 1-P 1-P 
- /~ IH ·- H - H - H /<P)· " ' cH cH cH c rr rr rr 
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There are 32 diagrams for this part of the fourth order. To simplify matters, 

we shall consider that the first meson is emitted by the unprimed source. Near 

the end of the computation, the remaining diagrams can be included by adding the 

contribution obtained by interchanging the primed and unprimed operators. The 

16 diagrams are: 

(1) 

' ' 
' ' ki 
' '\. 

k' . ' J ' ' ' 

(5) 
\ 

' ' _,, 
' 

' 

(9) 

' ' ' 
' ' ' 

(13) 

-- '- -" " \ ' 

{Note) The 

(2) ( 3) 

' ...... I ,, 
't.... ' l 1 X' ki I 

{ J ' ..... k'. - J L 

(6) (7) 
' ' 

' ' ' , ;. 

(10) (11) 
'>. .... . -" 
' .... .... .... .... 

.... -... ' ' ' 

(14) (15) 

-- - ..... , / 

(4) 

,ki -k' j ,. 
/ 

' / 

'>. 

(8) 

' 

(12) 

...... , 

.... 

(16) 

' - -
~ ' 

'" " ' 

_, ' 

I 

'ki 

' 

' 

- -' 
' 

I . 
, 

- - - .... 
' 

diagrams with an intermediate state equal to t h e 

initial state are omitted from the perturbation theory . They are: 

\ 
\ + 

\ 

\ -:- . . . 
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We are interested only in bE(4)- 2&~(4) . Therefore, we need not compute 

diagrams 13 through 16, which give contributions only to liM(4). Diagrams 9 

through 12 give wave function renormalization corrections to the second-order 

potentials, and diagrams 5 through 8 yield vertex corrections correspondingly. 

Both of these sets of diagrams are sets of reducible diagrams. Their major 

effect is a renormalization of the mesic charge, w.hich we include from the start 

~ employing fi instead of f~. Even after the charge renormalization, there 

are contributions from 5 through 12; these are called fourth-order radiative 

corrections to the second-order potentials. It is alleged by everybody that 

these are quite small, ~~d thus we shall not bother to compute them. 

The analytic terms from diagrams 2 through 4 are: 

(! )4 1 ''/ d
3
kd

3
k' ei(k+k' )·r v2(k)v2(kt) ['t.'t.'tl'tl.)[a·k•o·ko'·ka1 · k 1 ] 

~ ( 2n)6JJ 2oo 2oot J ~ ~ J 

X r~2(.:.) + =· ~r.>iol. il 
Now we have to do a little 11 epinology11 1 

cyclic order) , it is clear that 

2 Since 't. = 1, and 't.'t. = i'tk (i,j,k irr 
~ ~ J 

and 

Also, we know that 

'tj't.'tl't~ = 3 + 2't•'t• 
~ ~ J 

't.'t.'tt'tt 3 2 1 J ~ J ~ = - 't· 't 

a·k'a·k = k'·k + ia·(kt Xk). 

Thus the spin and isospin part of the above integral is 

(3 + 2't·'t' ) {(k'·k)'+ (k'·k)i(o-o•)·(kt)({) + a·(kt~)-at.(k'.><lc)}. 
Remembering that we must add to this the corresponding expression vr.ith the 

primed and unprimed nucleon operators interchanged, (a -----:> a', 't--) 'tr) we get 

the following contribution to the nucleon-nucleon potent ial: 

~ (f)41 i1+2 't·'tt~J' d3k d3kt ei(k+k•)·r v2(k)v2(kt) {(kt ·k)2 + 
1-'· 2 (2n) 6 oo2oo•(oo~t) 

The term from diagram 1 is 

(! )4 1 J'J' d3kd3k! ei(k+k 1
) •r v2(k) v2(kt) 

~ (2n) 0 2m 2oo 

I I 
('t.'ti't.'t.] {a•k'a·ko'·kl aT·k} 

J J ~ 

1 
(COO)l (w-f~ I)) • 
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It should be noted that the integrand is unchanged by the interchange of k1 and 

k, which fact we shall employ to eliminate a term in the following reduction. 

Using the same tricks, the spin and isospin parts become: 

(3- 2-t•-tl) [(kt•k) 2 + ikl·k(o+ot)•(k'Xk)- O"·(k'~)o1•(k1Xk)]. 

Dropping the term odd under the interchange of k' and k, and adding the con

tribution from the interchange of the nucleon primed and unprimed operators, 

we obtain: 

f 4 (3 2 I ) ,. A3kd3kl i(k+k') ·r 2(k) 2(kt) 2 - (-)- 1:61: 1;-
2 

9

2 
v v ((k'·k) - o·(ktXk)ol•{kiXk)]. 

~ 2(2tr) ro rot (ro + oor) 

1 1 oor 
If we make use of the identity: ~ = 00 - ro(ro-k.o') then the net result of 

our computation is: 

- (f)4 1 . II d3kd3kl ei(kt+k) •r v2(k)v2(kt) 
~ (2rr)6 3 

1 00 00 

3(kt ·k)2+2-r·-r• o•kl~ot •kt~ 2-r •-rt (k' •k)~30·kt~or ·'!{~ , k 
X { 00 I + 00 + 001 --} 

Strangely enough, this is the Gartenhaus potential, (except for the slight 

~~ount of fudging necessary to get perfect agreement with low energy nuclear 
·, 

physics experiments). Yet a sizable term has not been included! So what we 

h~ve to look at now is the extra term, and then we will consieer the arguments 

people have frantically concocted purporting to show that perhaps it should be 

left out. If the extra term is put in, the potential gives results which 

disagree rather badly with experiment. So obviously, the nchallenge" was to 

invent arguments as to why the second term should not be used. 

The left-over term is 
!1E(2) 

- <~IHc 2 He !~) 
H rr 

and is essentially a wave-function renormalization effect. Now there seems to 

~e some confusion even on how to compute this term. According to the time

independent perturbation theory, which we have been using, 6E( 2) is a number 

depending only upon the specification of the state of the two static nucleons. 

~eating it as such, we can remove it from the interior of the matrix element : 

(2) 
- <~IH M_ H I~>= - l1E(

2
) <~IH ...L H I~>· c H2 c c H2 c 

T1 T1 

It is now quite easy to compute this extra term. Using the e29ression for 6E( 2) 
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which we obtained on page 170, we find the term to be: 

f 4~~~ I i.kl• r] [ ..d3k I i.k·r] (-) ~ (.P -t•-t' <Pk' a' •k'I<P) e 1- (.P 't·'t1 a·ka' ·ki:P) e 
J.1. oo I 003 

1 

(2n)6 

We choose the states ~ to be eigenatates of the isospin; in ffilch a representation 

't•'t' is diagonal, and we can put the term in this form: 

1 

(2n)6 

This is not the term which Brueckner and Watson, Henley and Ruderman 

allege to be the additional contribution. Theirs is of the form: 

d~ld3k 
/ a·ktal·k' a·k at•k 

(1)3 (I) t 2 

which, however, is precisely equal to ours if one forgets to treat the o•k' o~· l: ' 

as a number defined 1dth respect to the initial st~te. If a·kl ot ·kf were a 

diagonal matrix then our term would be identical to Brueckner and Watson's. 

We shall see, in the next lecture, that the additional term arises from 

a recoil correction to the iterated static second order potential. When a 

correct interpretation of the pieces in a nucleon-nucleon scattering matr~ 

element is made, one finds an extra term arises of the form 

+V(2) it v(2). 
1T 

A sensibly defined potential must give agreement with the R-matrix calculation 

of the scattering amplitude. In this case, v<2) is to be treated as a matrix, 

a...."ld thus it would appear that, dynamically, the o•ktot•kt should be treated as 

do Brueckner and watson. 

Brueckner and Watson claim that further investigation of t heir term 

shows that it gives a very strong repulsive central force in t he triplet even 

states, and leads to rather unacceptable results for the deuteron ground ~tate. 

Now that we see the magnitude of this term and how it radically modifie~ 

the potenti~l, the question arises as to why people argue that it should be 

excluded. The first answer is obvious: if you put it in the agreement with 

~eriment is destroyed. If it is left out, Gartenhaus shows in his paper 

that it works very nicely. A couple of years eariler, Br~eckner and Watson 

(Phys. Rev. Jg, 1023 (1953)) showed that a similar potential can give the 

deuteron binding energy, quadrupole moment, singlet and triplet scattering 

lengths and effective ranges quite well. The difference between Bru.""ckner and 
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and Watson in 19.53 and Gartenbaus in 19.5.5 is only that Gartenhaus took seriously 
2 2 2 the v (k) v (k') cutoff factors. Recall that in the second order the v (k) 

spread out the delta function, and made it into a rep,.llsive core. ~usa it 

1 smoothes out any highly singular behavior in the tensor potential. Well, it 

does the same thing in fourth order, and thus potentials are obtained which 

can be put into a Schroedinger equation. Brueckner and Watson were forced to 

say that they believed their potentials only down to a certain dista~ce, at 

which point they put in a boundary condition, which was essentially a repulsive 

core boundary condition. So the only thing new in the work of Gartenhaus is 

that he noticed that the cutoff, if taken seriously, would automatically put in 

a repulsive core. 

In any case it is clear that the second and fourth order potentials 

should not be trusted below a certain distance. Higher order corrections must 

be i."lcluded at sw.aller distances where they become appreciable. Also when you 

ee·:·. in close enough the effects of the cutoff become crucial, and we certainly 

have no idea of the details of pair-formation effects, recoil corrections, etc. 

which are treated by a phenomenological cutoff. 

The question still remains, however, whether a good reason ex.~!3ts why 

the term which fouls up the experimental agreement should not be included. 

February .5, 1959 

Let us now examine the arguments advanced by those who think that the 

llE( 2) term appearing in the energy of two sources should not be included in 

the ar~iabatic potential. They argue that one is interested primarily in 

nucleon-nucleon scattering or in the solution of the Schroedinger equation 

for tl~e deutsron, and not interested in what has been calculated, that is, the 

energy of tvTO fixed sources of the meson field. So it is worthwhile to look 

~> directly at a scattering problem, and see how these two parts of the energy 

appear in a calculation of the scattering in the fourth order. It will be 

found that although both parts appear definitely, they do so in somewhat 

different roles, and the difference in how they arise will be used to justify(?) 

t he omission of the second part. 

Consider now nucleon-nucleon scattering. The second order term in the 

scattering comes from t he second order potential in first-Born approximation, 

or from these two diagrams: (The time-ordering of internal lines is dis-
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tingt .. :ished here. ) 

~ 
I 

+ ' ' -----------
The fourth order scattering comes from two sources, however. The first is the 

fourth order potential in first-Born approximation, represented by diagram3 

like: 

... + . , 
' 

/ ' 
' ' + .. ' 

~~ 
and the second sm~ce is the second order potential in the second-Born 

approximation, which appears graphically as: 

\ + 

The scatteri.'lg c.iagrams associated with the fourth-order potential in tbe 

first-Born appraxima:ion have t he property that there is never an inter

mediate state of two bare nucleons, whereas the iteration of the second ord~~ 

potential is correlated with those diagrams containing an intermediate 

state with no mesons . 

Let us now designate the potentials to be used in these calculatio~ 

of the scattering as vC2) and vC4). Then the scattering complete to fourth 

order would resPlt from the matrix element of 

vC2) + v<4) + vC2) 1 v(2) 
O(p2/M) ' 

where the energy denominator of order (p2/M) is that energy of the two bare 

nucleon intermediate state, which is only a few MEV. 

If the enE"~rgy of interaction o:f two fixed sources of the meson field 

complete to fourth order is called 

uC2) + u (4) + u ( 4) 
1 2 , 

whe:re 1:-h~ U,., (4) is th;:~.t pu.,:·+ in fourt!_ ordP-r a~ising from ·';~~e ll.E(2), +.hen 
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upon looking at the diagrams, one would ident:Lfy vC~) with uC 2), a.11d vCl.~) 
l-ri.th ui4), neglecti?g the recoil term in v(2 ) and vC4). Thus one might 

readily conclude th~t u
2

(4) does not appear in an actU£~ problem, and hence 

its inclu.sion into the adiabatic potential is wrong. 

However, in the camputatio:::t of the VJ s and i.1 part1.cular iJ( 2 ), an 

energy denominator appears, 'Cthich is not 1/oo but inst ead 1
2 , 

miO(p /M) 
when the non-!'ela~j_r_,_stic nucleon recojl is included. I.~ the energy 

denominator is expanded, one finds that 

vC 2) = uC 2 ) +1 uC2 ) o(p2jM). 
(J) 

A si.rn:ilar c0nsideration h0lds for v(h), etc. t-:01-1 these r'-' t:·:)f: co.::-rect~,:·:':l.'3 
to the V"" s cut no ice, except in the i tl3rr3. '1~.on of the potentials, whe1·e t,he 

smsll_11ess of the intermediate state energy denominators cancels the smal l

ness of the correction to the vrs, leaving a sizable term. Therefore the 

scattering complete t o fourth order comes from a matrix element of the fo7!n 

uC2) + uCL). + u(2) 1 u(2) + u(2) _ _2.__. uC2), 
1 (J) -. 2 '"") 

u~~) /!:'! 

and it is clear that the term of the fo~ 

u(2) 1 u(2) 
(J) 

is ubat is called u~h). Thus we have finally identified --me::-e u~4) appears 

in the scatteri-'1g, and thus we nsve shown that it is a part of the adiabatic 

potential. ' ur~: ~omes from taking the non-static par t of the second order 

potential, iterating it, and then noticing th~t the non-static piece can 

be used to cancel an energy denominator, and t hereby givi.,g a static 

fourth-order contrib'J:Ijion to the potential. 

Everything is consistent with the result of the static tre"\tment, namely 

that both pieces should be included in the fourth ordsr ad~abatic poten

ti'3.l, except that looking at the problem in this way, 1fe see that the tr:o 

pieces ~~~e slightly differont roles. And therefore it is posiible,(~y~e ), 

to weasel out of including the second piece by arguing that t he approxi 

mation that is being made should be stated differently. Thus the7- prescribe 

that, in order to calcQl ate the potentials, all the cattering dia~.ms 

should be added up with the recoil corrections ~o the masonic ene~gy 

denominators completely neglected. Following ·chis prescription, it will b·:; 

fcwd tha.7- all the terma cc'Td.ng from !JEts on tb~ static model hav:- been 
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thrown away. 

Brueckner and Watson, and Gartenhaus throw away the u~4) term on 

the basis that it arises from a calculation of iterated non-static effects, 

and that this calculation is poor. They, of course, believe that the 

iterated non-static effects have to be included eventually, but they believe 

that calculating them on the basis of perturbation theory is very bad, and 

thus they would rather employ the estimate of zero for these effects in 

preference to the perturbation estimate. They propose to calculate just 

the static part, which is u<2) + ui4), and in sixth order a lot of other 

diagrams are discarded, and they say that they believe that this expansion 

is good in perturbation theory. Brueckner and Watson claim that the reason 

that the perturbation treatment is so terrible for the non-static effects 

is that the largeness of the correction u~4) is due to the fact that v< 2 ) 

is so singular that it brings into the wave function very high momentum 

components, and that these high momentum components would not be nearly as 

important if we used the correct behavior of V at small distances. Whereas 

the vC 2) diverges like l/r3, the correct potential is by no means that 

singular. They claim to have calculated an analogous quantity using a 

modification of a vC 2) due to non-static effects, together with a complete 

smoothed-out potential, and in this case the result for u~4) is much 

smaller. 
The trouble with such a claim is that Gartenhaus showed that the 

potentials are not nearly as singular as claimed in low orders, so that 

the u~4) should not be overemphasizea·by tremendously high momentum com

ponents of v< 2). So Brueckner and Watson's argument is not nearly so im

pressi.J ve as it might be. 

In the paper following that of Brueckner and Watson, Henley and Ruder

man refute this approximation by examining the neutral scalar theory. They 

shol-T that if the argument is carried over intactly, nonsense results. The 

neutral scalar theory does not contain highly singular potentials in any 

order; however, neither does the static theory with the cutoff. In the 

neutral scalar theory the potential between two particles can ~e computed 

exactly to all orders, and it is found that the second order potential be

tween two particles is the complete potential. There are no higher order 

potentials. The argument of Brueckner and \-Tatson then begins to look very 

foolish when applied to this theory, because ui4) = -u~4)' etc. If you 
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now claim that these two parts of v(4) arise from quite different effects, 

and claim that perturbation theory is good for u~4), but not for u~4), and 

for this reason drop u~4), and similarly in the higher orders, you wind up 

with a potential which has huge contributions in the higher orders , whereas 

the actual one has none. So that makes the argument look very suspect, and 

any defense of the procedure has to rest on the fact that in the particular 

coupling theory one is working with, the v<2) is really completely unrep

resentative of the complete potential, and drags in effective singularities 

despite the cutoff which invalidate the perturbation treatment of the non

static effects, while retaining the validity of the strictly static part of 

the potential. 

No. 12. THE STRONG INTERACTIONS 

Global Coupling of rrt s to Baryons 

We have no idea of what .the strong couplings among the strange 

particles are. There exist several types of baryons: the nucleon doublet, 

A singlet, Z triplet, and the 8 doublet, plus perhaps others which have 

not been discovered; and two types of mesons are lmown: the rr triplet, 

and the X doublet. The pions couple particles of the · same strangenesB, 

whereas the four K's carry a unit of strangeness, and hence couple particles 

which differ in their strangeness quantum numbers. Now it is a simple thing 

to imagine the coupling pattern of all of these baryons with all of these 

mesons follows the Yukawa picture. This may, of course, be completely false, 

but since the Yukawa picture works for the pion-nucleon coupling pretty well, 

there is no reason why you shouldn't try to generalize the scheme to include 

the whole system of strong interactions. 

Thus, apart from intrinsic meson-meson interactions which saems to 

be necessary in a pion-nucleon system and may be necessary here also, we 

try a Yukawa coupling scheme, which means that the interactions are of 

this form: 

gl N N 1l 

g2 A z 1l + H. A. 

g3 z z 1l 

g4 8 8 1l 

and 
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gNA N 

gNl: N -
g/8 A 

-
g13 2': 

A 

z 
.... .... 
8 

K 

K 

K 

K 

+ H. A. 

+ H. A. 

+ H. A. 

+ H. A. 
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in the meson fields which conserve strange

ness and isotopic spin. So if a Yukawa theory is tried, there are eight coupl

ing constants which can come in. 

These are the only couplings linear 

The. question arises as to what inkling can '\ve get as to these constants 

and the forms of the couplings from the experimental information. The forms of 

the couplings are not obviously all the same, because the relative parities of 

these particles could be different; for instance, the n is known to be pseudo

scalar from the NNn coupling, but the n could be coupled in a scalar fashion to 
~ 

AZ if the A and Z have opposite intrinsic parity. For the K meson there are 

various possibilities. If the NAK interaction is pseudoscalar, we could 

aribtrarily assign a negative relative parity to the A and N. It would be 

only for this purpose, for in the decay of the A, which is the only other place 

you can detect the relative parity of the A and N, parity isn't conserved! The 

only meaning to the relative parity of the A and N is precisely in the strong 

interactions, and the K can be either pseudoscalar or scalar. If we would 

continue to look at the other interactions, we would find that there are all sorts 

of possible complicated couplings. The global coupling scheme is one 

( suggestion as to how they might go, and it is a suggestion which is tied up 

( somewhat with the experiments. 

It is known that A particles bind to nuclei, to make hyper1'ragments, 

which are stable except for the disintegration of the A, which takes lo-10 sec. 

The binding energies are somel-Jhat weaker for the light nuclei than that of 

regular nucleons. For the heavy nuclei, this is undoubtedly not true, for 

the A is not excluded by the Pauli principle from cascading down to the 

lowest energy level in the nucleus. However, heavy hyperfragments have never 

been studied experimentally, because the recoil is insufficient to separate 

the fragment decays from the stars in which they are produced. But for the 

light hyperfragments, the pattern of binding energies has been extensively 

studied, and it indicates a force slightly weaker than the nucleon-nucleon 

force and considerably spin-dependent, and, so far as anybody can tell, 

charge independent. So there exists an attractive A-N potential. 

What gives rise to such a potential? Certainly, there are a tremendous 

number of things. On the Yukawa scheme, we might consider two different 
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contributions to the binding due to lT exchange and K exchange, in the low 

orders. The simplest examples we may consider are: 

I , 
''ir 
' ' 

• 

So if we look at the situation from the Yukawa point of view, we would say 

that one of these or the other or a combination of both of them is re~ponsible 

for the strong A-N attraction. What information do we have on the K particle 

interaction? Well, no one really knows yet for sure whether the K is scalar 

or pseudoscalar. However, regardless of whether it's scalar or pseudoscalar, 

the relativistic coupling constant does not appear to be fantastically large, 

because of the synchrotron experiments here and at Cornell, which investigate 

the low energy photoproduction of the K particles. It appears pretty much 

that for either scalar or pseudoaalar K's, a coupling constant arouund l.S or 

2 is appropriate. If the Xts are sealar we should probably be able to cal

culate the s-~~ve scattering of the Kts on nucleons, but the theoretical 

es:timate doesn tt look anything like the actual S-wave scattering. It there

fore seems reasonable to suppose at the moment that the coupling is pseudo

scalar, and I will assume so. (This, however, is a very weak conclusion.) 

If the K' s are pseudoscalar, then some fairly substantial conclusions can be 

drawn. 

The K particle force then appears too weak by an order of magnitude to 

account for the strong attraction. (If the Kts are scalar, the potential is 

repulsive.) Therefore, it looks strongly that non-vanishing Yukawa couplings 

of the form ZAlT exist, and if one inquires as to the magnitude of g2 necessary 

to account for the observed binding, one finds g~/4n :::::: 15. So one begins to 

speculate as to l-Thether there might be a lot of symmetry in the tt couplings, 

and whether the couplings might all be of the se:me form, like perhaps 

g1Ny5Nn + g~ySZlT + g3ZySZlT + g4§yS8lT + H.A. 

with the · same g' s. But what exactly does 11the same 11 mean in this case? For 

example, how do we know whether to put a plus or minus sign in the front of 

each g? The minus signs are not entirely vacuous. Whether you attach a minus 

sign to g1 and/or g2 is of no importance at all, because that amounts just to 
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a change in the definition of the sign of the pion and A fields. However, 

once the signs of g1 and g2 have been chosen, it then matters what the signs 

of g3 and g4 are taken to be. Also, how do we know that all the constants 

should be of relative magnitude one? Maybe the symmetrical thing to do is to 

make some of them of relative magnitude equal to .[2? Exactly what pattern 

corresponds . to physical symmetry? 

Well, there's a physical criterion which suggests itself. All the 

baryons have similar masses. They're not as similar as the masses of the 

neutron and proton, or the masses of the members of any other isospin multiplet, 

the differences of which are attributed to the electromagnetic interactions 

which are comparatively rather weak. Suppose though that we have an analogous 

situation. We have the rr forces, the K forces, and the electromagnetic forces. 

The strong forces together give isotopic spin multiplets, which are broken up 

by the weak electromagnetic forces, with splittings o£ the order of a few MEV. 

Maybe the pion interactions give still greater symmetry. If' we could ignore 

the K forces and the electromagnetic forces, perhaps all the baryons would 

have the same mass. The splittings among the multiplets, of order 100 MEV, 

might be due to the K particles. 

This is in essence the theory. It states that when the couplings 

constants for the pions are chosen, they should be taken so that all the 

baryons remain degenerate, and that the K couplings, which are weaker, are 

reaponsible for ·the splitting of. the isospin multiplets·. This is a very . 

r estrictive criterion for the four grs. There are only a couple of solutions, 

which amount to 

by a convention as to the relative sign of the A field. There remain 

several possibilities as to the relative signs. It looks, however, that all 

four are the same in sign as well as strength, and this is the hypothesis of 

global symmetry. (This can be changed at will, however, without changing the 

basic symmetry assumed.) Under this hypothesis, it is essential that the K 

couplings be asymmetrical, otherwise nothing would split the multiplets. 

It is, of course, possible that interactions are not responsible for 

the splittings. In the case of the nucleon, we like to believe that the 

photons are responsible for the neutron being heavier than the proton. It is 

conceivable that in this case there is no interaction which completely accounts 

for the splitting; they just differ. 
If' this interpretation of the mass differences as being due to K inter-
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actions is correct, then to the lowest order a sum rule can be found which 

states: 

~ + ~ - MA +3Hz 
2 - 4 

This is not true experimentally, but is not very far from being true. Experi

mentally, 

~ ; ~ = (940 + 1320)/2 = 1130 MEV, 

and 

MA + 3Mz 
4 = (lll5 + 3•ll90)/4 = 1170 MEV. 

It is therefore not completely idiotic to suppose that this formula is succeed

ing, and that the difference in the mean masses is due to higher order effects 

in the K couplings, which are neglected in the derivation of the sum rule. On 

the other hand, you cantt conclude from this that the theory works. The only 

important things about such a hypothesis are the experimental tests, otherwise 

it is just a pure speculation. The first experimental test, which helped in 

the formulation of the hypothesis, but which is nevertheless a test of the 

idea because the idea has a simplicity apart from the argument which led to 

it, is the A-N force; that is, is that g2 really is the same as g1? Th.is is 

r something that can be answered experimentally, and the agreement is fairly 

' ( good. Now that a symmetry principle is available, you don't have to rely 

just on the fourth order estimate, but rather you can say that the A-N 

force due to nts is the mean of the n-p force and the p-p force. The second

order potential disappears in that average, and only the fourth, and higher 

orders are left. But you can make that statement in terms of the potentials 

themselves, so that any phenomenological potential can be used to check the 

hypothesis. 

In the absence of K particle effects, it is possible to predict the 

magnetic moments of the hyperons due to the symmetry, and the conclusions are 

that: (1) the magnetic moments of A and Z0 vanish, but there is a 

transition magnetic moment from A to Z0 or back, which 

equals the neutron moment; 

(2) the moment of z+ is equal to that of the proton; 

(3) the moment of z- is equal t -o minus that of the proton; 

and so forth. These predictions, however, cannot be checked so easily. 
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The most attractive hypothesis for the K couplings at the moment is 

that the second order splitting of the A and Z is zero. That can be arranged 

by making gNA = -gm, and gl\3 = -gzs· Then the A and Z split first i.n order 

~g~, while the 8 and N split in order gi if jgNAI "f jg&\j. But again, 
this is only a speculation. 

The trouble so far is that the predictions which are fairly reliable 

have not been able to be checked. Nobody has measured the magnetic moments 

of the hyperons. And the other predictions having to do with K- absorption 

have not been tested thoroughly. Another conclusion is that the pion-hyperon 

system has a resonance in it like the pion-nucleon system at about the same 

energy, and with the same angular momentum, but different isotopic spin. Now 

a pion and a hyperon cannot be scattered directly from each other, but in 

K- absqrption, a pion and a hyperon are made, and so the investigation of 

it should reveal whether that resonance is there or not. 
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February 10, 1959 

Application of Invariance Properties to the Determination of 

Selection Rules 

Letts examine sooe of the conditions under which it is possible to 

conclude that the matrix element for a given process vanishes to all orders. 

These statements are based on invariance properties of the Lagrangian 

density and upon the possibility of constructing various tensors from the 

parameters specifying the initial and final states. In the following, 

whenever we discuss parity, or charge independence, or something else, it 

will be assumed that we are working with a Lagrangian which has the corres

ponding invariance pro]!rerty. Since there are so many considerations vrhich 

can in general be applied, we shall only illustrate the techniques by 

specific examples, rather than construct a long list of them. 

Suppose we have the following process: .. ~ 
. . . . P, 

~ p) . ... . .. -~ ~_· 
- -it p1. 

where the ¢ is a scalar field, and the n is a pseudoscalar field. This 

process can never occurl l~ Well, the matrix element for this process 

is the Fourier transform of 

(P(¢H(x), nH(y), ¢H(z)))o 
A .1\ 1\ 

which is a pseudoscalar. Now there are only two independent parameters in 

the problem, which can be taken to be p1 and p2, the two four-vectors 

specifying the initial momenta. But a pseudoscala.r can be constructed from 

four-vectors only if there are at least four of them available; i.e. 

e v' p q r s, is the simplest relativistic pseudoscalar that can be mad~ 
!J.V "'II. IJ. \1 1( II. 

from four-vectors, and the four-vectors p, q, r, and s must be linearly 

independent. Since it is not possible to construct the required pseudo

scalar from p1 and p2, that matrix element must vanish. 

Similarly, the matrix element for this process 

4> p 3 . • • • . • .• ~;V".rv ~~ F. 
---- 1\ p'l. 

must vanish, where A is a vector field. The matrix element must be a 
1-L 

pseudovector, which is impossible to construct with only two four-vectors. 

The simplest pseudovector, made from four-vectors, is e , a r s,, where 
1-L \11<11. -v 1( 1\. 
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agajn q, r, and s must be linearly independent. Assuming that the G and tr 

fields are real (i.e. particle= antiparticle), and that the vector field 

A~ is the electromagnetic field, then this kernel vanishes for still another 

reason. Any non-vanishing kernel like this must be even under charge con

jugation C. But the real spinless fields are even under C, while the electro

magnetic field is odd under c, (i.e., C A (x) C-l = -A (x)), and thus this 
A "~ " A ~ 

matrix element is identically zero. 

Since the rr0 field is real, any process involving rr0yy is even under 

charge conjugation and therefore allowed. It is also allowed, (as it must 

be, since the process n° ~y +y occurs rapidly!) by relativistic invariance 

considerations . The kernel is a pseudotensor, which is e ~ p q~ if p and 
~Vl</\ l< 1\ 

q are the two independent four-momenta involved. However, it should now be 

clear that the invariance of the theory under charge conjugation forbids the 
0 0 0 process involving tr yyy, tr rr y, involving a kernel lL~e 

with only an odd number of photon lines emerging from a blob. This last 

assertion is called Furryls theorem. 

The processes symbolized by rr rr n do not occur, because the matrix ele

ment must be a pseudoscalar, which cannot be constructed from two independent 

four-momenta, but those represented by rr rr rr n are allowed by the invariances 

we have considered. Likewise, rr tr rr rr n would appear to be allowed, sL~ce 

there are now four independent momenta involved, but in fact it is forbidden 

by Gl 

Invariance under G is nothing new; it is merely a result of invariance 

under cha.rge conjugation and under rotations in isospace. If we designate a 

rotation in isospace about the 2nd axis by the angle rr as r2(n), then 

Now r 2(rr) transforms 

Or "'·le can state that 
- + rr ~ - rr ; 

and 

G = I 2(rr) C. 
tr into -n and rr into 

X X Z 
-rr ; and n into p, and p i.ht o -n. z 

I 2(rr) is the charge synnnetry transformation, under l-Jhich 
0 0 rr --7 -n ; n+ ~ -n-, 

n ~ p; p -~-n. 

Jow, if we assume we are working in the Majorana representation to avoid the 

shuffling of spinor components, under C 
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- -p ----?- p; n~n 

and 
- + o rro,. 11'~11'; 11'~ 

+ -
11'~11'. 

Therefore, under the operation G = I 2(rr) C 
- -

rr~-rr; n ~ -p; and p ---7 n. 

Therefore,anyprocess involving only the strong interactions, which has a 

diagram containing such a structure 

-
~--®----
- --- --

with only an odd number of pions emerging from the blob, is forbidden. This 

G is a very useful operation in dealing with problems involving pions. 

You can consider the G operation, if you want, as a reflection in 

isotopic spin space. This is the only meaning that anyone has yet been able 

to assign to a reflection in isospin space. The pion is then a regular 

vector in isospace, because under rotations it transforms like a vector, and 
under reflection it changes sign. N~ is likerdse a vector, so that the 
interaction N ~ N • Tl is a scalar in ·isospace. · ·· 

You may argue even, although it might be stretching the point a bit, 

that this is a more natural interpretation. The reason that charge conjuga

tion invariance is a property of the strong interactions is simply that the 

nuclear forces are invariant under both reflections and rotations in isospace. 

From this view, C = I 2(-rr) G. It is rather mysterious why C should be con

served. The experience with the weak interactions has taught us that the 

real spatial reflection operation under which all of nature is s~rnwetrical 

is not P but CP. Nature is completely left-right invariant, and the mani-~ 

festation of that symmetry is the invariance of all interactions under CP. 

Why then do the strong interactions have this invariance under C and P 

separately? They also have the peculiar symmetry of charge independence. 

From the point of view that G is the isospin space reflection operator, 

these two questions reduce to the follo-vrlng. Why are the strong interactions 

invariant under the full group of orthonormal transformations in isospace? 

Given that this supercharge independence is a property of the nuclear forces, 

it then follows that one has C invariance, and from CP invariance, P in

variance follows. The flaw in this point of view as to the origin of 

separate C and P invariance would seem to be t he fact that for those particles 
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l~ich have no strong interactions, the electron and muon, there is still 

electromagnetism to consider, which does conserve C and P sepnrately. How

ever, this may not really be a flaw. Apparently, the rule for constructing 

electromagnetism, i.e. arrange everything else and then replace p by p - eA, 
automatically insures separate invariance under C and P. In fact, it is 

extremely difficult, and essentially impossible, to find any scheme for 

electromagnetism which is invariant under CP, but not under C and P individu

ally. 

Thus the conservation of P in the strong and electromagnetic inter

actions might be looked at as the consequence of two things: (1) the strong 

interactions are characterized by super charge independence; and (2) when 

electromagnetism is turned on, C is not disturbed. Out of the complete group 

of rotations and reflections in isospin space, only certain symmetry operations 

are unaffected by the electromagnetic coupling, which are rotations about the 

z-a.xis and C. The next thing that is remarked is that the free Lagrangians 

for the electron and m~on are evidently invariant under charge conjugation 

and parity, and that again when you turn on electromagnetism, this situation 

is not altered. This may actually be the way to look at the invariance 

under P, but we 111 never know until we understand more about the charge 

independence of the strong interactions. 

Consider the following process: 
,.__..L. 
II , 

,._,o 
II 

- -
-

Do the symmetries we have explored so far forbid it? Well, it is not for

bidden by relativistic invariance· considerations, because the matrix element 

must be a pseudcvecto.r, and this we can form from the three independent four

vectors involved. Indeed, the kernel must be of the form 
- + 0 ( - + 0) 

e~VKA Pv Px PA F p ,p ,p 

where F is a scalar. An inspection of the behavior of the kernel under 

charge conjugation yields the information that 

( - + 0) ( + - 0) F p ,p ,p = F p ,p ,p , 

in other words, the n+ and rr- must be in a state of odd relative angular 

momentum, or the final state is odd under the interchange of n+ a~d n-. 
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If we look at the isotopic spin dependence of this process, we can 

deduce a little more information about F. Because the photon interacts 

through 1 and Iz' the photon brings either isospin 0 or 1 L~to the system 

each time it acts. Thus to order 1/137, the final state of three pions must 

have isospin 0 and/or 1, and to all orders I = 0. Now it is possible to z 
show that in the final state, I = 0. For, consider the matrix element in 

its general form 

~ e~V~A p~ p; p3 FI(pl,p2,p3) X~(l,2,3), 
where X~ are the isotopic spin functions for Iz = 0, and I = 0 or 1. There 

are three of these for I = 1, which can be taken to be: 

_L_ { 3(-fO-) + 3(0+-) + 3(0-+) + 3(-0+) - 2(+-0) - 2(--+0) - 4(000)} 
V&J 

~ { ( -fO-) - ( 0+-) - ( 0-+) + ( -0+) } 

~ { ( +-0) - (000) + ( -fO) } 

and one for I = 0: 

h { ( -fO-) - ( 0+-) + ( -f()) - ( +-0) + ( 0-+) - ( -0+ )} • 

Now we have deduced that the amplitude must be odd under charge conjugation. 

A little inspection will serve to confirm the fact that all _t he isospin •-mve 

functions for I = 1 and Iz = 0 are even under charge conjugation and thus 

.:::annot appear in the kernel since they are linearly independent. On the 

other hand, the isotopic wave function for I = 0 ~ odd under charge conjuga

tion, and hence the process is not forbidden to occur for the I = 0 final 

state . 

You will notice that the isotopic 1~ve fUnction for I = 0 is completely 

antisymmetric. The generalized Pauli principle for bosons therefore requires 

that the spatial wave function be also completely antisymmetric. In this way 

1-1e may conclude that F(p1 ,p2 ,p3) is completely symmetric under the inter

change of 1, 2, 3, and thus trAt: F(p-,p+,p0
) is a completely symmetric 

function of the three four-momenta. 

Because tho photon brings i..'rl only I = 0 for this process, if lve were 

to try to compute it, we would only have to compute the isotopic scalar 

part of the electromagnetic interaction. 
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Now "'ve ought to compute an estimate for this process, becaus'9 some 

question has arisen whether there might not be a good experiment 1.::1at could 

be done at the synchrotron, which involves this diagram. It would be very 

nice to have some information on this, because this diagram is suspected of 

making the major contribution to the isotopic scalar part of the nucleon's 

electromagnetic form factors. In the symbolism of dispersion theory, this 

diagram would contribute in the following way: 

-----~ - ----
- - ----

The isotopic scalar part of the wAgnetic moment is not understood, and it 

Hould be very nice if we could find out this part of it. There are lots of 

barriers to calculating it; we have to calculate this part 

------

which is very hard, or impossible; and compu;te also ·this process, 

whose attributes are similar I To do an experiment which tells you the value 

of the ynnn diagram at one or two points will not be very useful to get the 

form factors. However, such an experiment may be useful because if some

body does make a crude computation of this diagram, it would be nice to have 

an experiment which would test the theoretical estimate. Tne second diagram 

also could be estimated and compared with a measurement of the production of 

pions by pions 

to which it is intimately related. 

The way in which the ynmr diagram might be examined experimentally is 

by the popular technique of looking at poles. One searches for a point, 

which must lie outside the physical region, where all the pions are real. 

At this point the amplitude will have a pole. You hope that by "1-Torking as 

near the pole as possible, you can observe the cross section heading off 

to infinity. By extrapolation, one then tries to measure the residue at 

the pole, which has a simple relation to the desired amplitude. The expe~i

ment which has been suggested for investigating the yrrnn diagram is the 
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There will be a simple pole in the amplitude due to the following diagram 
~~~----~----~~ 
l"i'----- '"0 

r 
at an energy where the rr0 is real. 

r 
This diagram can be split in half; the 

upper half is the yurrrr diagram, while the lower diagram is just the process 

used to define the renormalized coupling constant. The value of that re

normalized vertex is ( uf g1y5 ui). So we can calculate the bottom half rigor

ously, knowing t he renormalized coupling constant which has been measured in 

many experiments. We are assured that there will be no other isolated pole, 

s ince the other singularities due to the exchange of several particles lead 

to branch lines. 

The question the experimental physicists are asking before going 

ahead with such an experiment is how likely is it that the contribution 

from the pole will be a dominant feature in the cross section in the 

physical region of energies and angles. Thus they would like an estimate 

of . the cross section for the process due only to the diagrams contain-

ing the pole. If one can compute this and compare it with their estimate 

of the background, one would have some idea of whether the experiment would 

be vrorthwhile • 

Unfortunat ely there is no way to compute the ytrTTTT diagram that is 

anything like reliable. The only thing we could try is perturbation theory, 

1vhose deficiencies are well known. Furthermore, there is the additional 

contribution that not only a nucleon can occur in a closed loop, but also 

some of the hyperons. So _ even in the perturbation theory there are four 

t erms, of which we know only one, the other three we can only guess. So 

it is very unclear hou to estimate this process, but perh_aps we can say the 

f ollowing. Suppose we use perturbation theory in lowest order, and make 

the most favorable assumption about the behavior of the hyperons, then it 

i s quite likely that we shall overestimate the cross section. The correct

ions to the perturbation theory, it seems, would be very unlikely to make 

it larger, because the perturbation series is in the huge gts, which are 

unrealistically large for most processes - at best they are a correct 

estimate. Once in a long 1vhile, sl!ch as the 3/?., 3/2 resonance, something 

occurs which raises the physical cross section above the perturbation 
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estimate., but this must be a peculiar phenomenon and is probably ·Qrilikely 

to occur in such a complicated process as yrrnn. 

Regarding the other baryons, it turns out that the most favorable 

assumption is that of global symmetry, which makes the amplitudes add con

structively. Let's examine that scheme in more detail, so that we can see 

why the various baryons would give contributions which add. The most general 

pseudoscalar n co~ling scheme one can set up among the baryons which is 

charge independent would be of the form, with the iy5 supprP.ssed: 

g1(p p n°- n n n° +{2 p n TT+ +f2 np TT-) 

+ g2( i;+ Arr+ + z- A TT- + "z0 A TT0 +A Z0 n° +A z+ n- + ;\ z- TT+) 

+ g
3 

[ (z+ z+ - z- z-)rr0 + (z- Z0 
- Z0 z+) rr- + (Z0 z- - z+ z 0 )rr+} 

+ g4 ('il 8° TT0 - 8- 8- TT0 + \]2 8° 8- TT+ + ~2 8- 8° TT-). 

The global s.eheme consisted of choosing the four gts in such a way that if 

no other interactions are introduced, the TT coupling would leave the eight 

baryons degenerate if they were originally degenerate. It was stated that 

the way to do this was to have I g1 j :;:: I g2 j = I g
3

j = I g4 ~ and by a convention 

as to the sign of the A field, ~ = g3• 
If g

2 
= g

3
, 1-re can put the couplings in a form that is quite symmetrica.l, 

and which indicates immediately the complete degeneracy of the baryons if 

the coupling strengths are the same. For this purpose, it is convenient to 

d~fine: 

and 

Then the above coupling scheme becomes: 

gl (p p tr
0 - n n TT0 + \[2 p n n + + \J2 n p TT -) 

•$-g
2
(? z+ rt0 - Y0 y0 tr

0 + \[2 z+ Y0 TT+ + ~ Y0 z+ TT -) 

+g
2

(z0 Z0 tr0 - Z- Z- TT0 + ..{2 Z0 z- TT+ + J2 z- Z0 TT -) 

g
4
(t> :f' TT0 - 8- 8- TT0 + .J2 8° 8- TT+ + J2 8- 8° TT-) 

It is evident with jg1 j = !g21 = lgw that the baryons will remain degenerate. 

The sic~ of g1~g4 relative to ~ are not dete~ined, but the specific 

hypothesis of global symmetry assumes them to be both positive. 

The latter form of the rr-couplings on the global scheme is much more 

convenient for certain problems. In our present problem, that of computing 
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this process '\\~-- ----~\1 
\1 - - - - - - ~ 

- --- U}.J. ., - I \1--

it is clear that we need only multiply the matrix element for the case in 

which the photon interacts with the proton by a factor of four to account 

for the other baryons. For, in the latter two couplings, the change of sign 

due to the opposite charge of the baryon in the photon absorption is compen

sated ty the change of sign in the interaction which gives the final n°. 
We shall now produce a crude estimate of this process by using per

turbation theory in the lowest order for the N-rr interaction, and then 

multiplying the matrix element by four to include in a most favorable way 

the effects due to the other baryons. Next this estimate will be combined 

vdth the n° absorption diagram to produce the cross section for the proposed 

experiment. By comparison with the background, some idea may be obtained as 

to Hhether the experiment is likely to be fruitful. 

Consider the kernel for this loop: 

p*-- -
0 p - - -

p------

It is an axial vector and must be of the following form, sjnce the particles 
+ 0 -inYolved are all real , and k = p + p + p : 

e + 0 - F(k 0 k +) IJ.VA<J p\1 ~ p 0 •p ; -p • 

The computation of F is quite a chore, and since the appraximatio~ made 

so far are crude, it would not pay us to do it. The momenta involved are 

of the order of a fraction of a BEV, and we shall treat them only in first 

order. In other words, we will compute only F(O;O). 

The matrix element for the loop is: 

Tr( 1 1 1 1 
.- .Y~ ip?-fM Y5 1JA+)ofM Y5 i(~--lfi+-p""J#i Y5 i(~-}?~,_-~.,...0--p.,..._ ...... )-fM--} 

+ 0 -Treating p , p and p as small quantities, and keeping only the f irst order 

terms, the matrix element becomes: 

-2e~ /d4. Tr { 1 ·.,/.. 1 . (~ ~ ) 1 
(2n)4 p YI-LY5 p2-+M2 

1
tJ.Y5 p2-R-12 

1 + o Y5 J'-fM2 
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Collecting terms, and noticing that since yS is the product of fo~~ y 

matrices and the trace of an odd number of y matrices is zero, the ) term 

doesn't contribute, and we get: 
2ieg? 4 Tr { y sY H:.P+ ~iFf~) ~ -i;P~)~)} 
(2n) / d P (p2 + M2)4 • 

But since we have already seen that 

d4D 

' 
by C.i.fferentiation with respect to 1-12, we ca.'1 obtain the following integral: 

.4 .2 
/ a p - l.t1 

(p2iMc. )4 - ;t· 
Tr { YsY'tJ.i>J,j_ } is a pseudovector, and thus must equal 

(constant) e '\ _ p +n.?p-. 
IJ.V 1\() V6 /1:. C1 

By inspection of the case where 1-L = 1, p+ = (0,1,0,0), p0 = (O,O,l,O), 

p = (o,o,O,l), it is obv~ous that the constant is 4. 
Therefore, F(O;O) = -eg3/12n2M3, and to lowest order in the 

momen'va: 

We have to include the other two possibilities: 
0 + 

+<)---- -~ 
0 

Both of these give ~he same result as above, since in each of them there are 

two changes of sign 1-1hich cancel: (1) a minus sign from rearranging the 

terms in constructing the pseudovector; and ( 2) a minus sign from the fact 

that a proton emits the n°, rather than a neutron. 

Multiplying the result by 4 to accotL'1t for the other baryons 

in t he global scheme, one obtains 

for the estimate of the ynnn part of the diagram. 
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Using the estimate 

-e~ + o -
rr2M3 e~vAOfvPAP~ 
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for the loop, it is clear that the contribution to the common R- matrix element 

from this diagram 

is : 

M 1 . 3 + 
i - (u gv

5
u.) -1. ,:.Qg: 0 -

I f , • 2 2 2 3 ell"',.... PvP"'Pa · 
~EfEi \18kro-ro+ 1. p0 +tJ. rr M ~""'"1\v 1\ 

Using this estimate for Rfi' the differential cross- section for the photo 

production of two pions from a nucleon at rest, i . e., p. = (O,O,O,iM), is: 1. 

d3Pr- / I 12 c + - ) 3 - . 3 + d(J' = (
2
rr)5 Z R o4 pf+p +p -k-pi d. p d p 

IP' IE 
drr = f f / ztR! 2 o(E- k-M) p-+2 d lt+jdQ+ 

d~dEf (2rr)s 

~ 4 4 ~ ~ ~ + - . where p = pf - pi= k - p - p, and E = ro +ro + Ef =total energy, and 1.s 

considered as a fctn of It+"! and the angle a+ between p+ and lt-pf" cp + Hill 

denote the angle of p+ measured around ~-pf. It is simplest if we use the 

5-fctn t.o perfoi1Jl / d cos a+ and then do the/ dlt"l, rather than do the 

integrals in the other order . We are also to sum over the final spin states 

of the nucleon, and average over its initial spin states and the polarizations 

of the photon. The sum over the nucleon spins amounts simply to calculating 

the follovr.ing trace: 
- 2 1 H-i~f 

~p!Xs lufgy.Suil = - 2 Tr {gy.S 21'1 

-rr
2 Tr 2 - g2 2 = ~ - {M + ~ p.} = - (M + p • 

2M2 4 f 1. 2M2 r 

Collecting the various pieces and introducing the two polarization 
s vectors e for the photon, one can express the cross section in the folloHing 

form: 
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ro is the only term in E l·lhich depends on cos a+, and since 

Thus: 

(ro-) 2 = ~2 + p+2 + (lt - pf) 2 - 2jpi"j lit - Pf I cos a+, 

.L. d cos a+l _ _;:1~--
ro dE - rrl lit-pf I . 

d q _ e 2 i IP'fl (Ef-M) 

~dEf - lT41'16 (4rr)5 k rtt - Pfl [~2 + ~ - (Ef-M)2 ]2 X 

IP"I d!PI c1<p + 
/ 
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The range of integration ~s determined by the requirement that a+ must be a 

physical angle. In terms of the relation for ro- given above this requires 

thus 

[~2 + (jt-pfl- IP'+I)2]1/2 :5-k +H- Ef- UL2 +P2Jl/2 :5_[~2 + (jit-tfl+lt"D2Jl(2 

This clearly gives no restriction on ~+. 

To actually evaluate this integral is not an easy task, and in vieH of 

the negative result as to the relative magnitudes of the cross sections and 

the experimental background, which we shall anticipate now, it would certainly 

not be profitable to get involved in such a messy computation. Since l·le are 

. [ 2 ~2 ( ) 2 -2 4> looking for the pole of ~ + pf - Ef-M ) , we are interested in P.f small 

(to be close to Pi z -~2). For k z M, let us put an upper bound on 

e s + 0 - . es 
avAa ea Pv PA Po = ~ • 

The first and third terms are linear in I'Pfl' whereas the second term contains 

(Ef-H) z P'i/2I1 and will be neglected. For an upper bound take IP'+I and IP"-1 

large and approximate ro + z 1r1 and ro- :::: I'P-1. Thus 
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S
!l leavAcr e~ P~ P~ P~l ~ Pf2 p+2 p-2 [Pf X(p-- p+)/ , . 

.L to k 

Maximizing jp+l lpil subject to 1p+1 + 1p;1 ~ k gives (~) 2 • The cross product 

part can apparently be as large as (2] 2~ but this would require p+ and p- in 
~ ~ 

opposite directions and thus pf z k~ which is not the region of pf we are 

interested in. Rather p+ and p should be almost in the same direction, 

which makes the cross product part small. As a gross over-estimate, therefore, 

we can justifiably take 

-2 
[ ,,2 -+2] -4 

z t'"' + Pf ~ ~ ; 

1-+-rl' + p 1 ro ~ 1 ; 

and the range of integration over d!p+l is certainly less than k. 

Therefore we conclude that: 

dcr ..,. 1 e ( 2) 
d~ dEf ' 1t4 4rr 

I ~ I 5 4 
1 1 ( 15) 4 ( PMf ) ( * ) 

z 16tr3 137 t'"' 

-13 2 2 (0.2 XlO em) _ 0 3 10-31 .9!L 
3 - . x HEV 

10 Mev 

for IPfl = 100 MEV. 

Before we state the order of magnitude of the experimental background, let 

us just notice that any rise due to the pole in the denominator is obliterated 

in the physical region by the vanishing character of the pseudovector piece 

of the matrix element as the momentum of the virtual pion tends to zero . 

Thus, even if the background were to be lowered quite a bit below the cross 

section for the process, it is very unlikely that one could separate out 
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that part of the cross section due to the diagram we have estimated, and so 

the outlQok is very discouraging. 

The background quoted from the synchrotron is of the order of 

2 x 10-Jl cm2/MEV, and so we would not expect the contribution from diagrams 

containing a pole to be observable because even our fantastically favorable 

estimate comes out less than the background. 
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February 17, 1959 
No. 13~ The Character of Field Theories 

We have often mentioned in passing some of the conjectured features of 

present-day field theories . In so doing, the conclusion that they are wrong 

physically, below some distance or above some energy, has arisen many times, 

although at present there is no real evidence for this conclusion. In electro

dynamics, the .fornrulae seem to agree perfectly with experiment; in meson theory, 

we do not lmow what the formulae are, and to the extent that we do, i.e., 'Jy 

ml'3ans of the dispersion relations, there again appears to be good agreement 1-Ti"th 

experiment. So we have no compelling reason to believe that field theory breaks 

down anyt.Jhere; itts only that we think it ought to. Why do we think that? 

One reason is that there is so much complication among the particles that 

it is felt that there nrust be some machinery which generates t his complexity, 

ccncealed somewhere, say at sme.ll distances. And it's a sort of intuitive feel

ing that if there is some sort of machinery 1vhich governs the mass spectrum and 

spin assignments, it should have some visible manifestation other than simply 

assigning these properties to the particles; it oug!lt also to affect cros::>

sections, decay rates, etc. !n other words, if we have to introduce new physical 

ideas in order to derive the basic properties of the particles, these new 

physical ideas should also influence the formulae somehow. However, although 

this sounds convincing, it is obviously not an argument free of loopholes. 

The other reason that people feel that field theory breaks down, is that 

they believe it doens r t mean a..Tlything because it is internally incom:;istent. 

These people in turn fall into t.wo groups: some believe that the theories are 

bad because the sel.f-energies are infinite; while the others, v7ho are willing 

to forget the necessary renormalizations, claim that the theories, even with 

r enormalizations, are inconsistent. It is to the last set of questions that 

this lecture will be devoted. 

Although it is not necessary to do so, these questions will be discussed 

with reference to a particular quantity in a particular ::-enormalizable theory. 

For convenience, let us consider quantum electrodynamics, and in particular, the 

rel ation between the bare coupling constant and the real coupling constant. We 

hP.ve sh.own by a physical argument, and also a mathematical argument, that 

:~3 = ei/e; < 1. And if you calculate 
2 
it, to the lowest order: 

e_ 
J.. 

z3 = 1 - ? log "co" + . . . . 
12 Tl 
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To pursue this discu~sion, we put out of our minds any question of 

Hhether the theory agrees with experiment; we concern ourselves now only •with 

the mathematical properties of the theory. If electrodynamics does go wrong of 

itself, it does at such small distances that we could never find this out ex

perimentally, and thus we would have to find this out by a mathematical argu

ment. (We must remember, however, that the corresponding distances in meson 

theories can be probed e..-"":perimentally, and that. the electro dynamical formulae 

may be modified at these distances.) We restrict ourselves to the mathematical 

q~estion: What does the theory say if one takes it perfectly seriously? It 

is worthv7hile to i..""lvestigate the internal consistency of such a theory even 

if we believe that the theories are wrong physical:...y because if the present 

theories fail to make sense logically, we tvill at least see something we ought 

to correct when we construct ths nert theory. 

There are three possibilities for the value of 1/2
3

: 
2 

el 
a) 1/2

3 
= 1 + ~ log rr...,n + ... = + ...,; 

l2'iT 

b) 1/2
3 

is finite; 

c) 1/2
3 

is negative, or "the theory contains ghost states". 

Let us see just v.rh.a·t "Ghese possibilities mean. For tP..is, we return to 

' our spectral representatior- of the renormalized complete photon propagator: 

D'(k2) = _+_ + /= p(M2) d(M2) 
F k2-ie o k2 +M2 - ie' 

where 1jz
3 

= 1 ~· J' .... p(M2)d(M2). Instead of working with Dt, let us consider 
0 

Then R(O) = 1, andR(m) = l/Z
3

• 

Ordinarily, p(M2) is computed in perturbation theory by slllllllling all the 

possible diagrams to a given order. There is, however, a second way of con

structing the propagator which attempts to take into account the damping. 

Often we split all the diagrams into irreducible diagrams like 

' 
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and reducible diagrams like 

If we sum up only the irreducible diagrams, we get not R, but a quantity A. 

However, these are very closely related: R = 1/(1-A). 

Now, how do people become convinced of which of the three alternatives 

for l/Z3 is true? Any conviction that they have is, I think, based partly 

upon falsehoods; it is impossible to say at the moment which of these three is 
right. 

First of all, suppose we look at the p(M2) in an ordinary perturbation 

expansion. In the lowest order 

2 <X]_ 1 
p (M ) 2 ' JTT 2' 

M ~CD M 

and thus: 

R(k2) ~ 1 + ~ log {k2 /4ri) + . . . . 
If you look at this result, and consider it as just the first term in the 

perturbation expansion, it appears as though the perturbation expansion is 

pointing to a definite case, case a): l/Z
3 

= R(oo) = -fa>. As one probes 

smaller and smaller distances; the charge squared, starting at ei, keeps in

creasing without limit, and at zero distance which is an infinite momentum 

transfer, it becomes e~ which is infinite. Another way to express this is to 

say if you take two classical charges and measure the force between them, it 

will be eif4nr2 at large distances, and as the distances get less and less, 
. 2 2 

the force will become more and more than e1/4nr ; at zero separation, the 

singularity will be stronger than l/r2, say like r - 2 log (1/r). There t s 

nothing terribly unphysical about this possibility; it simply means that the 

Coulomb law, including vacuum polarization, which looks like a 1/r potential 

at large distances, does not look like 1/r at the origin, but rather something 

slightly more singular, so that the coefficient of 1/r at the origin is +CD. 
There is no violation of the theory in this possibility; it is perfectly con

sistent with having real positive probabilities in the spectral density 

function. The theory may perfectly well be of this character. It does mean, 

of course, that it is not useful to talk about the bare charge; the bare 

charge is a figment, and we should always work from the low energy - large 

distance end of the theory. This is how some people become convinced of 

alternative a). 
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Now what sort of argument induces some to believe in possibility c)? 

Those who argue for c) do so by including the damping. For large k2 , in the 

lowest order, A is obviously the same as the lowest order correction to R(k2), 

i.e.' 
~ 2/ 2 A ~ 3rr log (k 4m ) • 

Thus in lowest order, this damped perturbation theory yields for R(k2): 

R(k2) = ---..::1;.._ ____ _ 

'1. 2/ 2 1 - 3rr log (k Lm ) + ... 

For those who believe that this damped perturbation theory gives a better idea 

of the solution than ordinary perturbation theory, alternative c) is indicated. 

For unless a cutoff is introduced, l/Z
3 

becomes negative, and there is a contra

diction with the spectral representation of l/Z
3 

as an integral of a positive 

probability density. If the theory is written consisten~ly, there must be 

states of negative probability, with negative cross sections for p~oducing them, 

etc.; these states are called 11 ghosts 11 • 

And finally if you want to believe alternative b), you can also construct 

a kind of perturbation theory which leads to conclusion b). It is quite similar 

to the "magic formula 11 analysis. To do this we look at the analytic properties 

of R and A. The equation 

R(k2) = 1 + ~ k2 p(M2) d(M2) 
( M2 + k 2 - ie 

is a dispersion relation, describing the analytic properties of R(k2). It 

says that the function R of the complex variable k2 is 1 at the origin, and 

is analytic in the k2 plane except for a branch line along the negative real 

k2 axis, where there is a discontinuity in the function upon passing from the 

lower half plane to the upper half plane of amount: - 2rri k2 p ( -k2). Also 

since p(M2) is positive, for Im (k2) 1 0, Im R(k2) # O, and thus R(k2) does 

not vanish. The sign of p(M2) also guarantees that R(k2) 1 0 for k2 on the 

real positive axis. Therefore, A = 1 - 1/R = (R-1)/R is analytic also in the 

k2 plane except for the cut along the negative real axis. Hence A obeys the 

same type of dispersion relation that R does: 

We can easily compute iJ (M2) in terms of known quantities, because -2TTi k2J0( -k2) 
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is just the discontinuity in A as we go across the cut, and since A = 1 - 1/R 

and the average value of R(k2) on the real axis is real, the discontinuity is: 

- 2rri k2 p(-k2) 
IR(k2}J2 

2 p (M2) = p(M ) • 
jR(-M2)j2 

Therefore, 

These relations lead to a kinl of 11magic formuld' perturbation calculation of z
3

. 

One calculates p(M2) by ordinary perturbation theory, uses it to calculate 

R(k2
), and then feeds this back into the dispersion theory relation in order to 

calculate an improved estimate of R(k2). If things are done in this way, then 

th~ lowest order of perturbation theory looks like case b). 

The procedure is simple, and let r s carry it through roughly. From our 

perturbation calculations, we estimate that: 

~L 
PcM2)~ --T.-.rr.......,M_2 __ _ 

~ :t-12 2 

and using the dispersion relation: 

(1 + Jtr log~) 
4m 

1 ~ z3 az 1/R(co) = 1 - A(oo)z 1 - --:::: Jtr" 
1 + ~ 

)lt 

Thus, in this form of calculating, a
0 

= ~;z3 ~ 3tr, a number independent of ei. 

(Note well that this is ~ a demonstration that the theory behaves like this, 

but merely an example of an approximation scheme which might indicate case b) • 

Even at this, it is pretty poor, for it is blatantly inconsistent. We have used 

the divergence of R(k2) to generate a finite R(co); conversely, if we plug the 

f initeness of R(k2) into the dispersion relation, we get a divergent expression 

for R(co).) This possibility had been suggested back in 1954, when it was claimed 

that if case b) occurred, then e~ l-TOuld be independent of ei. 
We might look very briefly at how such an argument was made. The actual 

argument was highly mathematical, but the physics of it goes something like this. 

It starts with the assumption that the theory is renormalizable, which is known 

to be true at least for the perturbation expansion. Physically, the renormaliza

bility means that all the changes at very high frequencies in the theory amount 

simply to changes in the bare coupling constant relative to the real one, or the 

bare mass relative to the real ~ss. Therefore, all scale changes, changeR ~ 
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the cutoff, :in the theory at very high moment<j., can be compensated by changes 

:in the coupling constant or the mass. As applied specifica.lly to the coupling 

constant, it says that t:i.1e function: 

2 2/ 2 2 e
1 

R(k m , e
1

), 

(which is a sort of running coupling constant) because of the 11renormalizability11 
~ 

of the theory, has the property that a scale chan~e in the momenta can be made 
2 ( 2 2 2 up for by a change in .the coupling constant. That means that e
1 

R k /m , e
1

) 

has the following functional form: 

k2 2 F( -::) p( e
1

) ) • 
m' 

Hence in case b), e~ = R(~) ei = ~(~), and is independent of ei. This assertion 

about e 2, which is claimed to be a prediction of the whole theory, is verified 
0 

by that calculation we performed in second order, (if one forgets the incon-

sistencies!). 

Let us examine now more carefully where we expect significant changes in· 

electrodynamics to be generated just by quantum electrodynamics itself. L"l 

other words, how high up in momentum transfer do we have to go before R(k2
) 

differs significantly from 1. Obviously no interesting singularities or big 

changes are going to occur until we get to a region where R(k2 ) begins to get 

off the ground. We roughly answered this question many times. The corrections 

in second order of ei become of order 1 when 

~ k2 
-log_....., 1,· 
3tr 2 "' 4m 

that is, when k ~ (2m) e&:JO = e&:JO MEV. 

Now, is this a good estimate? We have to remember that electrons are not the 

only charged particles in the world, and that the vacuum polarization due to 
2 other types of charged matter must be reckoned for values of k greater than 

the square of twice tbair rest masses. At such tremendous energies, all the 

charged particles should contribute: muons, pions, kaons, nucleons, the hyperons, 

and whatever other fundamental charged particles may exist. In addition, we 

must also say that we don't really know the difference between a fundamental 

particle and a composite too well, and it should be inquired carefully to what 

extent pairs o:f deuterons, uranium nuclei, etc., should be included :in the 

vacuum polarization. We will someday arrive, 

does separate clearly the particles which are 
. 1 . Li++ . such as deuterons, uran1um muc e~, ~ons, 

I think, at a point of view which 

considered fundamental and others 

etc., which are not, and which 
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will make it very plausible that the effect of the fundamental particles should 

be added in one by one, whereas the oxygen nuclei, etc. should be considered as 

minor objects arising merely from the interaction between fundamental particles, 

and should not be included explicitly. 

However, given only the fundamental particles, at large momentum transfers 

the vacuum polarization is much larger than just the electronic contribution. 

So what might happen if we include all the known charged fundamental particles? 

To estimate this, letts forget the fact that some are bosons, and just compute 

Z n. ~3 log (k2/4mi2), 
i l. 1T 

for k = 500 BEV, which is not a completely impossible energy to be obtained in 

a future accelerator. 

Electrons: n. = 1 k2/~ = 1012/4, log (k2/4nl) = 26.2; 
J. 

Muons: 1, 107/1.6, 15.6; 
Pions: 1, 107/2.9, 15.1; 
Kaons: 1, 106 , 14. ; 

Baryons: 4, 105/1.6, 11 ; 

and that sum comes out to be of order: 

1~0 ( 26 + 16 + 15 + 14 + 44) = 10 % , 

which is four times the electronic contribution. This accounting is probably 

not too bad, for what we might have included in the way of more complex states 

(baryon pair plus five mesons, for example) is likely to be compensated by the 

decrease in the baryon form factors. At any rate, such a calculation gives 

substance to the idea that electrodynamics probablY changes of itself at not 

too unreasonable energies. 

Such a possibility makes it even more interesting to investigate what 

kind of a theory quantum electrodynamics is, under the assumption of case b) 

in which we take the theory completely seriously and suppose that it does give 

sensible results. If b) is true, we can make some assertions about the behavior 

of other quantities in electrodynamics. The following argument was first given 

by !(allen about seven years ago, and is the first example of a dispersion theory 

argument. 

Let's consider p(M2), which is the renormalized probability that an electro~ 
magnetic disturbance in the vacuum makes a real physical system with a rest mass 

M, and let us notice that p(M2) > pY(M2), whero pY(M2) is the renormalized 
- e e 
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probability of making an electron-positron pair system of rest mass M by t he 

electric interaction. (The interaction of a photon with a real e:ectron pair 

can always be split into an electric interaction y and a magnetic interaction 
~ 

~~v' and in the total probabilities these do not interfere.) This latter 

probability density we can construct by examining the relevant graphs, which 

are of this form: 

Recalling the form of the complete vertex, (given on page 136), one can see th~t 

and thus that 
p (I~) ~ P (2) 0 012) IF( -r~2) 12. 

Now, z
3 

= 1- JCZ)'f'(H2) d(M2), and for large M2, p( 2)(M2) goes like l/M2, 
0 ° 0 

so that if case b) holds, 
2 > 0 

M -:>co 

sufficiently rapidly so that 

I is convergent • 
• 0 

This means that the assumption that case b) holds for field theory, (the 

same things can be shown for meaon theory as well as electrodynamics), leads to 

the conclusion that the form factors must go to zero at infinite momentum trans

fers, which means that the no-subtraction philosophy for the dispersion rela

tions must be correct. The results of model calculations in dispersion theory 

show that F(~12 ) does vanish sufficiently rapidly to make that integral convnrge, 

and so it appears that a consistent picture may be possible in case b). The 

kind of functions obtained in these model calculations also have the property 

that they-contain essential singularities at M2 = 0, so that if you expand them 

in powers of e2, all the coefficients diverge as functions of M2 as M2~CZ), 
even though the sum of the series goes to zero. For example, a s~le function 

like (M2/4m2)-a, which goes to zero for large M2, has a power series expansion 
2 

1 - a log(M2 /4m2
) + ~ (log M2 /4m2

) 
2 

- ••• which !las many of the features of our 

perturbation expansions, in that every coefficient diverges as M2 ~a). All of 

these considerations raise one's hopes that field theory may not be internally 

inconsisten~,, and that case b) actuall:,- applie~. 
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February 19, 1959 

No. 14: The Weak Interactions - ~ llicay 

To begin, let us first review the known particles and then we can discuss 

the weak interactions with respect to the whole framework of the fundamental 

particles. The known particles are: 

Graviton 

Photon 

Mesons: 

Baryons: 

-K 

1T 

8-

-z 

-o K Ko -- K+ two isotopic doublets 

rro TT+ isotopic triplet 

'if 
zo z+ 
A 
n p + antibaryons 

Leptons: e , v , iJ. + antileptons • 

Altogether there are 31 of these, and they fall rather nicely into families. 

The first three groups are all bosons, and of these the first two are 

massless and neutral,one -of. ·them carrying the gravitational interaction, 'tlh:ile 

the other carrying the electromagnetic interaction. The mesons carry charge, 

and tlediate the strong interactions. The baryons are fermions with spin 1/2, 

are heavier than the mesons, and all of them possess stro~g interactions. 

We observe, but do not yet understand, that the number of baryons is 

conserved, as is the number of leptons. Neither do we comprehend why the strong 

interactions should apply only to the heavy group of fermions. No fermion is 

observed like the Majorana neutrino, which is its own antiparticle. These so

called elementary particles all bave the charge +1, 0, or -1, so there is only 

one unit of charge. Only the strong interactions possess the peculiar property 

of charge independence. The electromagnetic interactions possess the remarkable 

universal property that they occur through a conserved current, so that strong 

interactions do not disturb the equality of the charge of the baryons and leptons . 

All in all, there are a large number of these simple laws of nature con

cealed in the framework of the particles which we know about, but do not under

stand why nature must be that way. The point is that this pattern of simple 

features should prepare us for the existence of similar things among the weak 

:L'lteractions. We should be prepared to find that they exist for some particles, 

but maybe not for all, that there is perhaps a universal law, with a bare couplin£ 
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constant that might be the same for all the particles involved, and which may or 

may not be affected by the renormalizations due to strong couplings, and that 

the interaction might involve something analogous to charge independence, which 

would give it a certain symmetry. 

The above list contains all the fundamental particles that are known at 

present. An important question is how do we know that there aren't more of them. 

One of the things that can be said on this point is that the known decay modes 

of almost all of the known particles account for all the decays up to a fraction 

of a percent, and thus there are no particles coupled in among the particles we 

observe. There could be, of course, a lot of heavy particles not interacting 

strongly, and these would not have been detected. The question arises as to how 

we would ever observe them. vlell, if they were coupled to the photon, they 

should be produced in pairs by a high energy machine, but the evidence on pair 

production of heavy particles is not very good yet. 

Goldhaber has suggested that there may be heavy baryons corresponding to 

the baryons just as the muon corresponds to the electron. The muon and the 

electron, unlike for example two of the known baryons, differ in nothing except 

their masses. They have exactly the same strong interactions, namely none, 

exactly the same electromagnetic interaction, and identical weak interactions 

as far as we know. Yet the muon is 207 times as heavy as the electron. Tf 

analogous brothers exist for the baryons which do not interact with the sam~ 

photon or mesons, then we shall never see them at all. But if they do interact, 

then they should b e made in pairs in the large machines and people should bG 

on the lookout for them. They might share the weak interactions with the known 

particles, in which case they would decay into known particles. What we do 

know is only that there are no other particles which the known particles decay 

into; this is the strongest statement that can be made concerning the existence 

of more particles. 

There also could be baryons with strangeness -3 or +1 which could easily 

have escaped detection. Indeed there could be many baryons ~r.ith the same 

strangeness and strong and electromagnetic interactions. These would be 

metastable, like the Z0
, decaying very rapidly. 

Nobody can say that there are not additional mesons, for instance, with 

str angeness T 2, which would connect nucleon to the 8. And again, further 

metastable mesons with strangeness ± 1, or 0 could exist, which would decay very 

rapidly into the K's or n 1s. 
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Further possibilities: The lepton family may not be so "leptn. We have 

no good reason to believe that there are not heavier members of the electron

muon group. Indeed there could be many of these, so that the mass spectrum of 

the leptons might overlap that of the baryons. But there is an indication that 

there is no lepton between the muon and K. If there were, the K should decay 

into it, and this is not observed. Only in this limited l·my have we searched 

for more leptons. Another way to look would be by examining for pair-production. 

This is not terribly practical, however, at the moment; the muon pair production 

has been seen, but just barely. At Stanford, part of the range from 0 up to the 

muon has been scanned for charged leptons, and none has been found. For neutral 

leptons there isn•t much to test. If the weak interactions couple them ln, 

they will show up in decay schemes; otherwise, they will never be detected. 

The possibilities that remain among rapidly decaying particles of all 

kinds are tremendous. To detect these is just a question of looking fo~ 

striking angular correlations among the known produced particles which indicate 

sort of isobaric states. For instance, two pions might form such a state and 

it might be called a particle, but it would be obscure whether to call it so or 

not. The J = 3/2, I = 3/2 nucleon isobar might be called a short-lived 

particle, or just a resonance. The reason we think of it as a compound system 

and not a short-lived fundamental particle is that we assume that it is possible 

to take a theory without it, like the pion-nucleon static model we studied, and 

predict its existence as a compound. So there seems to be no need to put it 

into our theory as an entity to begin with. This is really the only crit'3rion 

for separating thL~gs that we have at the moment, and it is not clear how much 

of a criterion it really is. There remains the possibility that there are such 

isobaric structures which do not come out of our equations, and then we would 

have the choice of calling them resonances and saying tha·t our equations are 

wrong, or of calling them fundamental particles, whose existence must be in

corporated into a theory from the beginning. Since the equations of field theory 

are so rich that we cannot solve them, it is not understood what the distinction 

may be of a short-lived particle from a resonance. It is a very interesting 

theoretical problem to find a language in which the distinction can be clearly 

drawn, or to set up a theory in which such a distinction doesn't matter. 

The form of gravity as we understand it -- we don't understand it very 

well, but we have a perfectly good theory of it~ Einstein's theory of general 

relativity -- which is so intimately tied to t he equivalence between inertia 

and gravitat:.on, very strongly suggeEt s that, everything gravitate :.~ in exactly 
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the same way, and very strongly rejects any suggestion that some of the particles 

don't gravitate, or that antimatter has antigravity or similar ideas. These are 

totally inconsistent with anything we know about gravity; they could be right, 

but if so they would require a total throwing out of everything we lmow, and 

replacing it by some different theory of gravity. 

How do we unify gravitation with the rest o.f all this stuff? Einstein 

spent the last thirty years of his life by saying that most of the interactions 

did not exist, except for the electromagnetic interaction, which he included by 

treating photons classically, and by trying to incorporate this classical 

electromagnetism into the same picture he had built up for gravity, which was 

that the geometry was basic. He had shown that a correct theory of grav:. ~y 

was geometric in character, and so he concluded that all of physics ought to 

be geometric in character. He therefore tried to incorporate electromagnetism 

into a more general geometry with more dimensions, compl·3X variables, etc. 

That's one way to try to unify things; however, it leav8s you in the dark as 

to how you are going to bring in all the other interactions. Another, and 

probably a more fruitful, approach to the problem of unification would be to 

say that maybe gravitation fits into the pattern of the other interactions. 

One would start with a quantum mechanical graviton, write down its field 

equations, and then notice in the classical limit one obtains gravity, just as 

when one l.Jrites down the equations for the photon, one gets electromagnetism 

in the classical limit. O~e would use a boson with spin 2, since spin 0 does 

not give agreement with what we know about the way mass gravitates, and spin 1 

gives a repulsion between like objects. If the equations for a massless spin 2 

particle are constructed -- they are perfectly reasonable but a little compli

cated -- one then tries to couple the graviton to matter. Because it's a tensor 

field, it is to be coupled with a tensor, which is conserved so that the 

supplementary conditions can be obeyed. The obvious candidate is the symmetrjzed 

S-M-E tensor, but when the graviton is coupled in this "r1ay, you notice that the 

equation is nonsense, because once the coupling is put in the S-M-E tensor 

isn't conserved anymore. So you add in a correction term to fix it up, and 

it does so to one higher order. The process can be repeated to yield a suitable 

interaction as a series of terms more and more non-linear, and if you look at 

it in the classical limit, it yields the Einstein theory. This was pointed out 

by Gupta in the Physical Review some years ago, and is indeed a very reasonable 

approach to gravity. 
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This does not mean that we can unify gravitation with all the other things, 

but at least we can talk about them at the same time. Of course, gravity is 

different from all the other interactions, because the theory is the only one 

with a geometric interpretation. Once we write down the theory of gravitation, 

and get Einstein r s equation, it is then obvlous that gravitation has this 

geometric interpretation in terms of curved space, anci so on. What happens is 

that there is a gauge group, lL~e for electromagnetism, and that gpuge trans

formations correspond to changing the coordinate system. Thus gravity retains 

its peculiar character, but does fit into the scheme of the other interactions. 

Unfortunately, the quantum mechanical nature of gravity cannot be tested. 

Gravity is so weak -- GM2/~c :=::J 10-39 -- that no experiment can be designed to 

detect the radiation o.f graYitons. In fact, even the classical gravitational 

waves have never been detected. Since there is no hope to test the quantum 

mechanical nature of gravity, most people don't lL~e to talk about it. On 

the other band, it seems to me that in the absence of any knowledge, the 

simplest thing is to assume gravity is quantized like everything else. Th-=n 

the problem is unified into that of understanding the pattern of particles and 

interactions, which underlies all of phySics. 

February 24, 1959 

Last time, some of the patterns among the particles and interactions 

were presented -- all of them completely mysterious -- to prepare us for the 

notion that there may be patterns a!llong the weak interactions. The first 

pattern was the universal law of gravitation. Everything gravitates with a 

coupling proportional to the mass. Then there is the universal coupling of 

electromagnetism, and there seems to be some kind of a simple Yukawa coupling 

yielding the. strong interactions. Now what kind of patterns do the weak 

interactions present? 
The first weak interaction to be investigated was ~-decay. A neutron, 

free or bound in some nuclei, decays into a proton, an electron, and, it was 

early discovered, some other object, This other object was assumed to exist 

L~ order to fix up the conservation laws of energy, momentum, spin, and 

statistics. Although it had to be a spin 1/2 particle, it was not known for 

many years whether it was distinct from its antiparticle or not. It is known 

now that it is very distinct, and the particle occurring in the ~-decay of 

the neutron is defined to be the antineutrino, so that 
-

n~p+e +v. 
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From general symmetries, it then follows that when a proton decays in a nucleus, 

a neutrino is created: 
+ p~n+e +v. 

A theory of these processes was first constructed by Fermi. He had 

been studying quantum electrodynamics, and proposed to describe ~-decay in a 

similar fashion by writing down fields for all the particles involved, and 

inventing a suitable coupling. Since he had electr odynamics so much in mind 

he wrote dmm a vect or interacti on, and thus proposed a coupling of the form: 

C¥ y, t )(f y, f) + H.A. 
"p "'_..n ~~,e "'"" 

Actually, he diQ~tt do it quite in this way; in those days people employed 

the Dirac matrices -:and ~' and wrote things out in components. Fermi wrote 

dmm his interaction as a bilinear form in terms of all the field components, 

and in doing so he ended up with different conventions for the leptonic ~'s 
" and for the nucleoni c ~'s, so that he actually wrote down a vector term for 

A 

t he nucleons, and an axial vector term for t he leptons: 

(~p y~ fn)(ie YA. Y5 ~") + H.A. 
" 1\ 1\. 1\ 

It doesn't matter, of course , whether one has a 1 or a y5 in that position, 

because the neutrino wave function, represen·i:,ing a massless particle, satisfies 

t he same equation as y5 times the neutrino wave function: 

~ y = 0 implies 
" 

~(y5 i) = o. 
A " 

Therefore one cannot tell the difference between an interaction with vector 

dotted into vector and an interaction with vector dotted into axial vector . 

But it is curious that the first interaction written down was formally parity 

non-conserving as well as vector. 

The addition of the Lagrangian density 

~ = G(~P YA. !n) (fe y"- Ys ~) + H.A. 
A J, A. A 

to the Lagrangian density for the rest of the world would bring in ~-decay. 

At Fermi's time, the only thing really worth comparing the theory to was the 

spectrum of Ra E, which fitted it very well. This was a trifle fortuitous, 

because subsequently the Ra E spectrum was one of the hardest to understand; 

i t was not re~lly resolved until just a few months ago! So it was a combinati on 

of luck and bad experiments which made the theory work. The main thing, though, 

was that with the Fermi t neory, one gets a characteristic feature of any 

quantum mechanical theory, which is the dens i t y of states factor, and this is 
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principally what determines ~-ray spectra in the lowest approximation. 

Fermi's theory was correct in that it contains no gradients, and thus the 

shape of the spectra does come mostly from the density of states. Gradients 

could have occurred in the interaction, in which case the spectra would be 

quite different. Indeed, for a while in the 1930's the experiments strongly 

suggested that gracients t·rere needed, but t hJ.t was due to poor measurements 

with thick s ~'"'urces _, and was finally cleared up about 1949 by C. S. Wu . 

Now F.3rm.i himself was net sure uheth3r the interaction given above was 

a fundamental inter::~.cticn, or H~'lether the t!"~e0ry might be regar0ed as sort 

of phenomenological. This question is still with us in exactly the s~me form. 

The ir..teracti on ammmts ·~o a four-fermion pcint interaction by means of a 5-

funct:..on potential, betrTE:en a nllcleon and a lepton. Thus the inter&ction is l:L'~t: 

Essentially therefore, since one always works in first Born approximation, the 
- ..., 

theory amounts to ~ speci~:Lcation of a scattering length, or of/ V(r) d ..... r . 

Now if you examine ~he theory from this point of view, i~ is clear that no 

commitment need be made as to whether V(r) really is a 6- function, but only 

that the experiments concern distances much larger than tha structure of the 

potential. As we st ady the weak interactions in relation to all the other 

particles, in which higher momentum transfers become involved, we may find a 

structure of non-zero extent. Nothing yet, however, has convinced us that 

the pot ential is more ela~orate than a 6-function. However, we can speculate 

about it, and later on we shall discuss a deeper mEaning for the interaction: 

that it may be the scattering length li.'lrl.t of some interaction uith more 

structure. We do not know whether there is any meaning in this idea or not. 

We can continue to work with the point contact interaction just as 

it was formulated original ly, except for some slight variation in t he form of 

t he coupling, and use it to understand ~-dec.3y. We shall do this later on; 

now let us s1 ~-vey some of the other weak interactions. 

The mnon, which l-."aS thought for many years to be the Yukawa meson, was 

shown not to ~ when, after the war, it was stopped and didn't interact 

strongly with matter. The problem then was what t he muon was and how i t inter

acted. It was soon discovered t 3at it had two types of interaction: 1) it 

decayed into an electron plus neutral objects in about 2 microseconds; and 

2) in sufficiently large nuclei it would destroy itself, but in light nuclei 

it woulcb't, thus i:ndtcating an extremely weak absorpt 5.<:n interaction. 
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was established tnat the muon decays into an electron and two very light neutrals, 

presumably neutrinos . It is nmv lmuwn that one of them is a neutrino and the 

othe~ an antineutrino, so that 
± ± 
1-L~e +"+"· 

Since the absorption predominates only for large values of Z (say greater than 

11 or so), the absorption interaction was clearly as weak as the decay. 

-lJ. +p~n+'V. 

This picture was clarified around 1947-48,wben about that time a lot of 

people, the first of which was Puppi, suggested that the three processes could 

be considered as being analogous, and had a number of common features. They 

all involve four fermions, two charged ones and two neutral ones, and if you 

lvrote them all as Fermi int eractions, the G's were all the same. We shall 

see this when we calculate with the theory, from t he absorption rate f or muons, 

the decay of the muon, and ~-decay. Nowadays the question of equality is a 

mat ter of a percent or so; then it was clear only that the equality was vrith~~ 

a factor of two or four. But when the G' s differ in so many orders of magrn 

tude from other physical parameters, it was a remarkable fact that they wore 

the same to within say a factor of four. This is the genesis of the idea of 

a universal Fermi interaction, that these three processes, and perhaps ethers, 

~re tied together by a common origin, which corresponded to some sort of law 

of a universal weak interaction, just like the universal law of electromagnetism, 

and the universal law of gravitation. Everything that we have learned since 

tends to bear this out. 

Puppi proposed a triangle to describe this universal Fermi interaction: 
np 

Since that time the experiro~nts have become more and more accurate, and the 

t heory has been worked out in greater detail, and this system gets better and 

oetter all the time. 

Before we start with the mathematics, let us explore briefly what the 

more general pattern of the weak interactions might be. Since the discovery 

of the stra!1ge pa!'tj_cles, Ulc-'mY more examples ;:,f wer'.k interactions are lmo-....-r. 
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besides the three "classical" ones. The strange particles were called "strange" 

because, although they are produced in great abundance, they take a fant asti

cally long time to decay, 1013 on the nuclear time scale. This was understood 

when it was realized that the strong and electromagnetic interactions would 

respect the strangeness number. If the weak interactions didn't, then the weak 

interactions would lead to strange particle decays. The strange particles 

would be produced two at a time by the strong interactions. This meant, howev3r, 

that every single strange particle decay mode had to be explained by the weak 

interactions, except for z0 ---;> A + y, so that the list of weak interactions 

grew tremendously. For example, a few .of the nel-l ones are: 

K+ ___,. 1-L++v 

K+~ 1-L + + rro +v 

K+ ~ n+ + rr0 

K+ ~ n+ + n- '"t" tT+ 

A --4 n + n° 

A --4 p +n 

A --.p+e + \1 

Could the ~ppi tria~gle b8 modified so as to simply encompass all the 

new weak interactions? An exampl e of how that might be done would be to convert 

the triangle jnto a tet~ahedron by adding a Ap vertax, which by the strong 

interactions is equivalent to a K vertex, just as the np vertex is equivalent 

to a tT vertex: 

This i s just an example, and doesn't necessarily work as a theory of the weak 

interactions, but qualitatively it is absolutely capable of explaining every

thing here. For example, we can understand directly the decay modes 

A~ p + 1-L + v, and A~ p + e- + v. The K decays and the tT decays can be 

understood as involving both a strong interaction and a weak interaction, for 

example 
K+---+ p +X-+ 1-L + + \1 

s w 
+ - - + 0 K ~p+A-+p+n-+tT +n 

s w s 
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tl~p +n --4-IJ.++" 
s w 

as can some of the A modes and E modes: 
- 0 

A~ n + p + p -)n + tr 
w s 

z+ --)A+ tr+---} n + p + p + tr+--4> p + tr0
• 

s w 

Thus in order to understand this tremendous number of new processes connect ed 

with the weak interactions, we do not necessarily have to violate grossly the 

idea of simplicity which we get from the I-uppi triangle. They can possibly be 

interpreted in a relat ively simple way. When we get to the details, though, of 

understanding the rates, and the angular correlations, polarizations, etc. of 

all of these reactions, t he subject becomes much more complex and is not fu~_ly 

r esolved. So the qualitative features of the strange particle decays can be 

understood in terms of t he same sort of interaction as for the 1-L" and ev and 

np , but one gets into quantitative complications we l-1e will have to discuss at 

length. 

In the meant ime, let us look further at the weak interactions given by 

t he Puppi triangle. As was mentioned, the pion dec;ay can be understood quo.li

tatively in this simple pattern of couplings by the mechanism: 

Tl'+~ P + n---+IJ.+ +" s w 

tr+-+p + n__,).. e+ + v. 
s w 

T'.ne second process should occur since the first does, and it has nm'l been 

observed to do so at a branching ratio predicted by the theory. There are t wo 

difficulties in calculating such decays, however. One difficulty is that to 

describe the process by this kind of a die.gram 

~---=-+-
e -n " 

is wrong because of the strong couplings. There are lots of other important 

di agrams also, for example: 

--+ 1\ 

So with the strong interactions involved, it is ve~ hard to calculate a rat e. 
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Secondly, there is no reason to believe that the loop could be only a np l~op. 

There could also be a z+zo or a z+A loop involved. Insofar as these complica

tions are forgo·t.ten, the 1T decay is essentially underst ood . As we shall see 

the ratio of the n-~ decay to the n·e decay can be cal cuJ.ated since it is 

independent of such complications, and this ratio agrees very 1-1ell now with 

experiment. 

Another thing which is very beautiful and which pertains just to the 

Puppi triangle is the poseibility of inverse ~-decay, which led to the direct 

detection of the antineutrino: ; + p ~ n + e +. The antineutrino is made when 

a neutron decays, and in an atomic pile, quite a huge flux of antineutrinos 

are generated, but very few neutrinos. Theseantineutrinos are of such an 

intensity that one could hope to detect them. The cross-section comes out 

to be of the order l0-20 barns, but with the flux available it turns out not 

to be impossible to detect inverse ~-decay. Reines and Cowan, workL~g at 

various government install ations, used a ·coincidence technique where the 

neutrons liere detected via the gamma rays emitted when they are captured, and 

the positronB were detected by means of their annihilation gamma rays. By 

using tank cars full of scintillator material, they finally observed the 

process in about the right amount. The matter was ~omplicated, however, by 

the fact that their results were off by a factor of six or so, but this can 

be traced to the crucial problem of correctly calculating the flux and spectrQn 

of antineutrinos from a pile, which involves a lot of pile engineering. For 

this reason, such an experiment is not a very accurate quantitative test of 

a theory. But it does show that the neutrino is distinc·::. from the anti

neutrino, for the process v + n--+ p + e is not found, although the results 

are very poor due to the difficulty of doing the experiment. 

-~d finally we can interchange the particles in another way to disc~ss 

the process e + p ~ n + v, which is electron capture, which is an alterna

tive form of ~-decay occurring in some nuclei. These reactions are all part 

of the same problem, and are predicted by a simple coupling Lagrangian density. 
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We shall now take up some of the details of the weak interactions. The 

approach will be pseudo-historical; we shall rewrite history so that it makes 

sense! 

After Fermi proposed his vector theory of ~-decay and after the rain of 

theories with gradients had subsided, people considered the most general 

combination of Lorentz invariant, parity conserving, four-fermion point inter

actions, which did not involve the momenta. As we know, there are five possible 

types, and thus the most general interaction of that nature is: 

:J( int = Gv {(py;.,n)(ey;.,v)} + H.A. 

+ < -GA) { <P.Y.;., .,.5n)(ey;., y5v)} 

+ G5 {(p n) (e v)} 

+ Gp {(p Y5 n) (e Y5 v)} 

1 - -+-2 GT {(p a n)(e a v)} 
~v . ~v 

+ H.A. 

+ H.A. 

+ H.A. 

+ H.A. 

vrhere we employ the convenient shorthand of n jnstead of if ' etc. Then the 
"'n 

question was to determine the~e co~stants for the ~-decay interaction, ass~-

ing the interaction is of this form. 

For that purpose, we can simplify matters by making the non-relativistic 

approximation for the nucleons, because the nucleons in nuclei are moving with 

a speed which is perhaps c/10, and not anywhere near c. And so the relativ2.st:.c 

part of the interaction as far as the nucleon is concerned can be approximately 

neglected, providing that the non-relativistic part of the transition matrix 

element does not vanish. This reduction amounts to throvti.ng out all those part s 

of the interaction involving nucleonic matrices which are odd. Since 
~ . 
'Y'Y$ = i~Z, the apprc:dmate interaction is: 

p+e {l(Gv~' +Gs ll) +a•(GA ~I Z' +GTZt) } nv +H.A •• 

The nucleon spinors have two components, while the lepton spinors remain rela

tivistic; the unprimed operators act on nucleon spin:ors ,while primed operators 

act between lepton spinors. As far as the nucleons are concerned, the scalar 

and vector interactions are exactly the same in the non-relati~Lstic limit, as 

are the axial vector and tanso:n. The difference comes only in the leptonic 

part of the interaction. 'ibis is the general inte:·action we are left 'nth for 

discussing the. allm\ed trr:.nsitiJons. 
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Let us consider a n:J.clear transition. To do s c we ha-ve to e:nploy some 

sort of model for a nucleus, and we take the nucleus to be dee~ribed by a 

many-particle wave function. Actually .• as we know, a nucleus is much more 

complicated because of the meson cloud, but roughly He can look at it. as a 

system of particles moving about more or less non-r elativistically according 

to a wave function. With such a model, we rTish to construct the R-matri.x to 

describe the transition. This is fairly simple because the interaction is a 

point interaction, and thus the R-matri.x must be: 

inal final 
ucleus; lepton 
tate state 

+ 

initial 
lepton ; 
state 

initiaJ\ 
nucleu/;}. 
state 

th where Tr is the isotopic spin operator for the r nucleon, which takes a 

neutron into a proton, or vice versa, depending on •rhet!:er we are considering 

electTon or positron decay. If the coulomb corrections to the final stat3 wavP. 

functions are neg:ected, the R4matrix element reduces to the following fo~:~ 

....:.. 
l-Jhere k is the total spatial momentum of the outgoing l Eptons. This shouldn 1 t 

surprise us, for it is exactly analogous to what we ceal witt in the emission 

of light. 

As in the case of light, vm !'ace the problem of what to do with the 
-fr·X 

retardation factors e r, and the solution is the same. The factor kx is 

small -- k ranges up to say 5 MEV for most nuclei, and the nuclear distances 

are of the order 1/50 (MEv)-1, and so we may neglect the retardation in most 

cases providing that the resulting term does not vanish, just as we neglected 

the terms in v/c providing we got something. An allowed transition is one 

t~1at can go if v/c and kx are both neglected. Allowed transitions are th'3 

only ones tr.at can be analyzed simply. The forbidden ones are t he ones where 

powers of v/c and/or kx must be included in order to get a non-vanishing matr~~ 

element. Since v/c and kx are both roughly of the same order, people speak of 

nth order forbidden transitions when the first non-vanishing matrix element 

involves n powers of v/c and kx in any miA~ure. 

We shall deal with only the allowed transitions. In this case, the V 

ahd S transitions involve only the nuclear matrjx element of bhe + or -

component of the total isotopic spin. rhese two types of transitions are 

called Femi transitions; wherea;1s tbe A a~d T couplingr are P..amed after Grunow and 
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Teller, who suggested that the situation might be more complicated than just 

vector. The G-T nuclear matrix elements for the allov1ed transitions are 
+ ....... 

those of Z -r:- o , a more complicated operator, for Hhich simple statements r r r 
cannot be made. But you can say what its selection rules are: the operator 

carries a spin and isospin of 1 unit, and thus the "allowed" G-T selection 

rules are 

G-T: . 

! fli = o, ± 1 
\ 

~ 6J = o, ± 1 
i 

OfO; 

0 -1-> o. 
t No (i.e. initial nuclear parity same 
' .aQ change) • 

as final, 

The allowed Fermi rules a.re 1nuch simpler, within the accuracy of charge 

independence, you can go only to the 11brother11 state; i.e. 

F: 

r 6I = 0 

< flJ = 0; 

lNo. 

o-;-:.o; 

The ~-decay experimentalists had the task of determining the intP~

action by seeing which of the four types had to be present and in what 

amount. (They could not detect a P interaction except by examining for

bidden transitions.) They could first of all solve the problem of how 

much Fermi and how much Gamm'I-Teller, and then they could find out wha c 

mixture of V and S was the Fermi, and what mixture of A and T V~ras the 

Gamow-Teller. The problem of finding how much F and how much G-T there 

is in a transition is affected by the consideration that, whereas the F 

matrix element is very easily evaluated neglecting electromagnetic effects, 

the nuclear G-T matrix element isn't known because it involves the spin 

wave function of the nucleus, which can be very complicated. To decide 

hm·T much G-T must be present, the most rational thing that could be done 

would be to look at the only case for which the matrix element is lmmm 

exactly, the neutron. Tne lifetime of the neutron involves both G-T 

coupling constants and F coupling constants, and, in fact, is inversely 

proportional to ( 1Gvl
2 + !G8 !

2
) + 3(jGTj

2 + I3AI 2
), since V, S, A, and T 

do not interfere in the total rate. The neutrcn decay rate thus tells us 

F + 3 G-T, but it doesn't tell us either one separately. On the other hand, 

we can easily find F by looking at J=O ~J=O transitions, between brother 

states, for lvhich there is no G-T contributi .. m. 
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A typical example is o14~ Nl4* + e + + v • The s~_tuation looks like 

this: 

0.155 MEV o+ 

cl4 
I = -1 z 

I=l 

5.1 MEV 

2.3~~ 
Nl4 

I = 0 z 

I=O 
014 

I = +1 z 

I = 1 

The three members of the I = l multiplet do not have the same · energy bec~.use of 

the electromagnetic effects. If the n-p mass difference~ and coulomb 8nergy is 

subtracted out, the levels have the same energy. Apart from small corrections 

to the wave function due to electromagnetism, the evaluation of the Fermi 

nuclear matrix element is quite trivial: 

(I = l, Iz = Oj I_! I = l, Iz = l) = j2i. 
" 

Therefore, the decay rate comes out to be a kn own number times 

(jGvl 2 + jG5 j2) =F. 

This 0---+0 transition has the nice feature that it accounts for 99.4 % of 

the decays. This is a little surprising since the transition to the ground 

state of N14 would appear to be an allowed G-T transit ion. However, the nuclear 

matrix element almost vanishes accidentally, a quirk which accounts for the lor.g 

life of a "brother" state, the ground state of c14, which makes c14 useful for 

dating things. 

Now that we see the point of studying these two p~rticular decays, let 

us actually compute the transition rates. In so doing~ He can examine some 

other features of ~-decay, such as the spectrum, and the ~~gular correlation 

between the electron and neutrino nhich appears experimentally as an angular 

correlation between the electron and the nucleus. First we consider o14 as a 

typical case of a 0 ~0 allo1ved Fermi transition. The R-matrix element is 

simply: 

/f; 
p 

and we vrcmt I R 12 sunnned 

( see page 85-86): 

+ e 
u ' p 

over the final neutrino and electron spins, which is 
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-ii 2 Trace{ 2k 

since for neutrinos: 

~ , . :r uk = ~ v v- - .:2! 
spins '-:.. spins -k -k - 2k · 

Using the rules for traces (given on page 1$2), 

~ ....:> t ~ 

where ~ = p/E , and x = k/k. p 

Page 241 

This formula has two striking features. First cf all there is a part 

which comes from the squares of the coupling constants, and then an interference 

part. Then there are two isotropic terms, plus a correlation term between the 

positron and neutrino, l·Thich gives zero when we average over neutrino d~:.rcctions, 

a procedure done explicitly in any experiment where one does not examine tee 

positron-nucleus angular ccrrelation. So the electron spectrum is proporttonPl 

to 

'E ' P\ !'' 

wbere p(Ef) is the density of final states. There is a normal spectrum term 

plus a peculiar spectrum term lihich, in addition to the density of states 

factor, has a 1/E energy dependence. This peculiar term is not very important 
p 

at the upper end of the spectrum in high energy transitions, but when E getis 
p 

down close to m, the term would show up. Such terms were searched for, and 

have never shm-m up. And there:fo::-e, people becazne convinced that Real ~G~ 
vanished, at least to Hithin an accuracy of 10 percent. Notv here I must tell 

you that in-v2riance under +,ime reversal or CP forces the coupling constants to 

be real. (We shall discuss these invariance properties more fully in a couple 

of lectures.) Thus, the vanishing of the ode spectral term, callsd a Fierz 

t~rm, leads to the conclusion that either Gs or OV is zero. To find out 

whether the interaction is V or S, t~e thing to do was to examine t he angular 

correlation. 

I:f the interaction is vector, the positron and neutrino go off in the 

~ame directon preferabl;}·, 1·rhereas they tend to go o:ff in opposite directions 

ii' it is S. Since the interaction is either V or 3, the angt:G.ar correla ' ... ion 

p·;:periment imm~<.l:i ately determines the nature o:f the Fermi transitions, if it 

is done rightL Unfortunately it took 3ome years to get this straightened out, 

but 1.re r re rewriting history, so what happened was that the experiments "\-Tere 

'!_uickly pE'lrformed, c-.nd it was i.!:Jn1.ed~.:ltely obrious t.:h,~·G t he Fermi in+,~r:lction 
I 
I 

- - - - -- - -- - ___ ;,j 
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is vector! 

We shall see when we look at the axial vector and tensor terms that 

precisely the same situation occUl·s. There is a ncrmal spectrum involving 

a! + ai, a correlation term with coefficient ai - a!, and a Fierz term due to 

a A aT. Again the experiments showed the absence of a Fierz term, and thus the 

G-T interaction is either A or T to at least ten percent or so. The angular 

correlation experiment, once more rer~iting history a littl e bit, demonstrated 

quickly that it is axial! In thiE straightforward fashi on, the nature of the 

~-decay interaction was determined! 

Having noticed the tv1o striking facts about the spectrum and the angula.=

correlation, and seen their implications, we can go on and compute the d~cay 

rate of o14, and get a;. The transition rate is just: 
~ 

f=2rr•2G2 l / dJp /d3k6(6-k-fp2+m2 -T .), 
V ( 2rr)6 Nl4 

:1here 6 is the rnax:imum positron energy. We shall neglect T 14, the nuclear 
N 

recoil energ.:r, since it is so tiny. Then 

G2 65 1 1 
r = 2 v t? F(m/ 6) / P

2 
dP / ~ dK o(l - P - K) 

2 0 0 

where P = p/6, K = k/6, and F(m/6) is a number which is unity when the energy 

of the transition is large compared to the mass of the electron, because then 

the mass doesn•t count. On the other hand, as the mass becomes a huge fraction 

of the energy release, F(m/6) goes to zero. F(m/6) represents the fraction of 

phase space blocked out by the mass of the electron. The integrals are quite 

easy, and one obtains: 

5 
2~r = 2 ~ '3o F(m/6). 

The blocking factor F(m/ 6) can be found in closed form, and is: 

F(x) = 1 1 
/ p

2 dP / K2 6(1 - P - K) dK 
0 0 

F(x) =Jl - x2 (1 - ~ x2 - 4 x4) + ~.5 x4 log(1 + 1- X

2
). 

F(O) = 1; F(l/4) = .746; F(l/2) = .292; F(3/4) = .0375; F(l) -r - ~ . 

- - - -~- - -- -- - ~ 
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Near x=O, F(x)=l- 5x2 + ..• ,while near x=l, F(x) = 6.5(1- x)7/2• 

1 

F(x) 

0 
0 0.5 1 X 

We have considered the positron in the final state to be a free particle, 

whereas actually it is subject to the coulomb field. Therefore we should have 

used for the positron wave function a negative frequency solution of the Dirac 
.., I 

equation for an electron in the field of N•4 • This introduces a coulomb 

correction factor into the spectrum tvhich becomes more and more i..mportant as 

the electron's energy gets closer tom. To within a few percent, the rate i s 

proportional to f, where 

f(4rr)2 m5 = jd3p }(zf, /P2 + m2) Jd3k 6(6 - k - JP2 + m2) ' 

where J1 
( Zf,E ) ---...,. 1 as E gets very large, or Z .__... 0. By suitably defining 

- p p J ( Zf' 6/m), the transition rate for the decay is 

2 1 65 1(. I 2 1 5 r = 2 GV -"i 30 J(Zf, 6/m) F(m 6) = 2 GV 3 f m • 
211' . 2rr 

Now the ~-ray spectroscopists quote as their result the ft value for a 

given transition, where f is as defined above, and t = 1o! 2 is the half lifa . 

Fr 
2~ log 2 _ 

2 02 
om 5 - ·v, 
· ft m 

transition in o14, 

J. 

and the measured ft value of 3088 ± 56 sec. for this 

(1.01 ± .01) lo-
5 

I Gvl = _2__.;=----
M proton 

vle can run ~~oug!I t~e same ca~c~ation for n~p ~ e- + '\L.: 
~ .. 

= ((a~ +. u~) + c~ - a~rt-~ + ~ a~5 J 
p 

+ a;i"!) ·· -~ (GA~'Z' + a7') ], + Trace (m - ~ (G ~fZ' 2.t:; A 
p 
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since the Fermi and Gamow-Teller parts of the matrix elements do not interfere 

when we perform the sum over the nuclear spins. The only change in the Ferni 

part, besides the absence of a factor of 2 from the o14 Fermi part, is the 

reversal of the sign of m, because in this case we employ the projection 

operator for the positive frequency states of an electron. The evaluation of 

the trace is a straightforward exercise for the reader, the result of which is: 

~IRI 2 = [(~ + G~) + (~- G~)"f3·k + ~ GvG8J 
p 

2 2 1 2 2_..l' 2m + 3 ( (GA + GT) - J(GA -GT) ~·!<: + E GA GT] 
p 

As mentioned earlier, experiments on nuclei in which the G-T is important 

showed no Fierz terms, so that the G-T interaction is either axial or tensor, 

and then by looking at the angular correlation, especially in He6, the con

clusion was that it is axial. Putting in this information, the rate for 

neutron decay is proportional to G~ + 3 G! as compared to 2 G~ for o14. The 

neutron decay rate is therefore 

2 2 1 rlT r = (GV + 3 GA) - 3 ':lO ..~ (1,6/m) F(m/6), 
2TT -' 

and the experimental ft value gives: 

GA 
la-1 = 1.19 ± .04. 

v 
So these classical nuclear ph~~ics experiments were able to prove 

that the ~-decay interaction was vector and axial vector, with at most small 

admistures of S and T, if any. (There is no sign of a;;y ac!mi.xture at all 

today.) They could also show that the amounts of V and A were approximately 

equal. 

We can now look over the same material taking into account a separat.e 

disccvory, which might have followed all this, although actually it didn't, 

namely that parity isn't conserved. This fact affects nothing of what we 

have just done, but introduces a set of new experiments which measure parity 

non-conserving processes . 
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March 3, 1959 

Non-conservation of Parity 

So far, we have said nothing about parity non-conservation. What we have 

said is correct, but incomplete, as we shall see. As is well lmown, parity 

non-conservation was first suggested for a different aspect of the problem of 

the weak interactions, but its consequences for ~-decay were soon recognized. 

The reason why parity non-conservation did not show up in the ~-ray 

experiments we discussed last time is that these experiments involve only 

scalar quantities, such as the spectrum shape and the electron-neutrino 

angular correlation. To demonstrate parity non-conservation, one has to 

measure a pseudoscalar quantity, for example, the dot product of a spin and 

a momentum. But in all our calculations, the spins were averaged over. In 

so doing, anything which depends upon interference between the parity conserv-

ing and parity non-conserving parts_of an interaction vanishes, and 

because of the vanishing mass of the neutrino, the contribution from the 

parity non-conserving part of the interaction alone is exactly the same as 

that from the parity conserving part alone. 

In fact, however, recent historical research has shown that an early 

experiment on ~-rays did detect a consequence of parity non-conservation. 

In 1928, someone did look at the spins of the ~-rays and found that the 

electrons were polarized to the extent v/c. The importance of such an 

observation was not recognized, and so the evidence became buried in the mass 

of experimental data. 

The impetus for the suggestion that parity is not .C9.nserved in the 

weak interactions came from the decay of the K particle. ~10 of the decay 

modes of the K+ are: K+ --?>Tf+ + n°, and K+---;~o n+ + n- + n+. The evidence 

shows that the K is spinless, because the three pion decay spectrum indicates 

an overall S state. Therefore, since the pion is pseudoscalar, the two final 

states are characterized by o+ and 0-, respectively. These two states were 

thus assumed to arise from two distinct particles, the e+ and --c+, and it was 

thought that all the hyperons would be parity doublets also. It was strongly 

expected that the lifetimes of the two members of the K parity doublet would 

be different, because of the widely differing set of decay modes available to 

each one. However, experiments performed at Berkeley soon showed that the 

lifetimes were the same, and thus the supposition that the two particles were 
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one became almost irresistable. 

In the Fall of 1956 people realized that no experiments had demonstrated 

the conservation of parity in these weak interactions. Yang and Lee suggested 
+ + -· 

a list of experiments on ~-decay, and on the decays of rr- and ~ which would 

uncover parity non-conserving effects. The conjecture was verified early in 

1957 by.£. S. WU and collaborators, who demonstrated a correlation between the 

spin orientation of co60 and the direction of the emitted electron. 

A simple way that parity non-conservation could manifest itself would 
->~ 

be through a tern a·~, which correlates the spin of the electron with its 

direction of motion. Such a term may be obtained if the parity conserving 

vector interaction 

GV {(pyA n)(e yA v)} + H.A. 

is augmented by a parity non-conserving vector interaction 

0V { (p YA n)(e YA yS v )} + H.A. 

If either of these terms were the only ones present, we could never tell Hhich 

one it was, since y5v satisfies the Dirac question as well as v, because mv is 

zero. However, the presence of both terms may give rise to asymmetries. 

To investigate this, we write the general vector interaction as 

- - 1 + c y5 
<\, { (p YA n)(e yA 2 v )} + H.A. Vl + jcl 

This interaction predicts precisely the same rates and spectrums as the old 

parity conserving one, because any interference between the two cannot manifest 

itself when one sums over the spin states. The non-relativistic limit (for 

the nucleons) of such an interaction is: 

.->.. ~ 1 + c y 
Gv { (p + e -ik·xn)(e~ 5 v )} + H.A. 

11 + lcl 2 

Now what we are interested in at the moment is the average over the neutrino 

directions, and the sum over the neutrino spins, of the lepton part of t R 12 

for a transition involving the creation of an electron and an antineutrino. 

That is quite easy to get. First we write the expression including the sum 

over the neutrino spins: 

m 1 - ~( *) 
E 1 + lcl2 ue~(l + cy5) 2k ~ 1 + c Ys ue. 

Now the electron has two definite spin states: its spin can be along its 

I 
- --- IJ 
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momentum vector, or opposed to it. To investigate the transition rate into 

one of these, l'l'e can use the projection operator for it, and then sum over 

both the spin states of the electron. Using this technique, the lepton part 

of ~ IRI 2 is: 
~r... 

l+o ~·P .1 .:.~t 
p m - ip ~(l+cy ) ~} 
2 2 E 5 2k 

p 

l'l'here a = + 1, depending on whether the spin is along or opposed to the 
P " - I I direction of motion; and p = pf p • First notice that since the trace of an 

odd number of y matrices is zero, the term linear in m vanishes. Then the 

evaluation of the trace is easy. A little mental algebra yields: 
"V 

1
2 

[1 + k·jt- a 2 Re c 1 Tr {y Z·p L ~}] 
p l+lcl2 4 5 Ep k 

and . r = ~}l~. But E·p = -i y5 ~ ;, and thus 

Tr { -i ~ ~ j'f }l} = 4 kp(l + k•f3' E2 jp2
). p 

Putting everything together, we get: 
1 "- ~ 
- {1 + k·~ - a I ~I 2 p 

_.lo 

~ p 
where ~ = E 

p 

we need to know that 

If we average over the neutrino direction, then there remains the desired 

correlation between the spin of the electron and its direction of motion: 

1 (1 - a rpl 2 Re c) 
2 P ~ l+lcl2 

The polarization is of degree 1~1 = v/c, and the electron is left handed if 

Real c > 0. (The same procedure also shows that positrons from ~-decay 

vTould be right handed. ) 

This type of coupling then produces a longitudinal polarization of 

~-rays, the amount of which is characterized by the parameter: 

2 Real c 

1 + jcj2" 

Only if c were pure imaginary, i.e., if the parity conserving and parity non

conserving parts of the interaction were 90° out of phase, would the presence 

of both terms fail to be observable in such an experiment. The extreme values 

of this parameter are ± 1 which arise when c = ± 1. The experiments do show 

the polarization, and indicate moreover the maximum effect, namely, c = 1. 

Before the experiments were done, Landau predicted certain of the 

features of the correct form of the interaction. To understand the reasoning 
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behind the prediction~, ·we must take a closer look at the symmetry properties 

involved, and in particular, the characteristics of a theory under charge 

conjugation C, reversal of spatial coordinates P, and time reversal T. First 

we shall do this in a physical fashion, and in the succeeding lectures lve 

shall look at the formal mathematical invariance properties of our theories. 

All of our field theories have the property that they are invariant 

under the product of these three operations, i.e., under CPT. This invarUL~ce 

has been employed all along, and forms the basis for the Feynman point of view 

that an antiparticle is just a particle moving backward in time with its spatial 

momentum reversed. The violation of one of the three symmetries thus implies 

the violation of at least one more. The question of what else is violated 

besides P in the weak interactions is equivalent to the question of the phase 

of the constant c in the parity non-conserving part of the interaction we 

have been working with. There are three possibilities for the ~-decay 

interaction: 

1) P, c violated; CP, T invariance: c is real 

2) P, T violated; TP, c invariance; cis imaginary 

3) P, c, T, violated; c is complex. 

Let us look more closely at how the invariance properties determine the 
~~ 

phase 

of c. If c has a real part, then a correlation term a·~ exists. Under time 
~ ~ _.. ~ 

reversal, a·~ is even, but under PT it is odd. By the CPT invariance, a·p 
must therefore be odd under charge conjugation, as is evident from our deriva

tion of the correlation term using the projection operators. Therefore, if 

C invariance is preserved, c must have no real part. It has been stated, and 

we shall show next time, that T or CP invariance requires all the coupling 

constants to be real. Thus c must have no imaginary part in case 1). Finally, 

if c has both a real and imaginary part, then all three invariances of the 

theory are destroyed, leaving only the CP'r invariance. 
....::..~ 

The arguments above on the conditions for the presence of a a·~ term 

in ~-decay are valid to the extent that there are no forces on the outgoing 

leptons. Actually in ~-decay, one has to put in the coulomb interaction, and 

this may give rise to a ~·1 term even though C invariance were a property of 

the weak interactions, (which it isnrt). 

Landau anticipated some of the results of the experiments by applying 

these ideas of invariances. In particular, he recognized that if nature -vrere 

invariant under only 1 and C of the group l,C.P.T, ••• ,then right and left 
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would be different. On the other hand, if nature were invariant under 1 and 

CP, then right and left would be the same. The geometrical symmetry betv1een 

right and left would consist of the existence of a physical state of an anti

particle with mirror image properties corresponding to every physical state of a 

particle. Thus he proposed that the invariance properties of the weak inter

actions were those of possibility 1). The realness of c then gives rise to 

several observable effects, among which are the asymmetric distribution of 

~-rays from oriented nuclei, the longitudinal polarization of ~-rays from 

unoriented nuclei, and an asymmetric distribution andpolarization of y-rays 

following ~-decay. All of these experiments have now been performed, and the 

maximum effect has been found, corresponding to lei = 1. 

Landau anticipated even this result. With c = ± 1, theories involving 

the neutrino would take on a particularly simple and beautiful aspect. If 

the neutrino had only weak interactions, and always was coupled by means of 

1 ± y5, then that would mean that the interacting neutrinos were 100 percent 

polarized. For, since the neutrino is massless, y5v satisfies the Dirac equation 

just like v, and hence the Dirac equation just says: 

i.;(l ± y5)v = - c;.-p y5(1 ± y5)v = +(l ± y5) ~.Pv = + p(l ± y5)v. 

So, to have the neutrino field operator always multiplied by 1 ± yS in any 
~ -

interaction is equivalent to saying that Z •p = + 1 for all interesting (i.e. 

interacting) neutrinos. Ynis is perfectly well defined only for a massless 

neutrino, which moves with the speed of light; otherwise one could transform 

to another Lorentz frame where the polarization vms reversed. Landau advanced 

this theory of the longitudinal neutrino between Lee and Yang's suggestion 

that experiments on parity non-conservation be done and the actual experiments. 

(A similar suggestion was proposed by A. Salam, although in a more complicated 

paper.) The experiments checked Landauts hypothesis, and determined the sign 

to be +, i.e., only left-handed neutrinos interact. 

On applying the charge conjugation operation to the neutrino, we find 

that only right-handed v interact. 

- - --

j 

! 
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Hence we have C and P violated by the weak interactions, but CP and T remain as 

invariance operations. 

The loss of invariance under C requires us to modify the theory of ~ 

and K~. The ~ does decay into tv.ro pions, but the K~ does not. This vms 

originally assumed to be a consequence of the assignment of the charge conjuga-
. 0 0 0 0 + -

t~on quantum number +1 to Kl' and -1 to K2 • The systems Tr + Tf and rr + Tr 

in s-states must be even under charge conjugation because of the generalized 

Pauli principle. Therefore, it was thought that the decays: K~~Tf+ + rr-, 

and K~ ~ rr0 + rr0 were forbidden because of the change in the charge conjuga

tion quantum number. The non-conservation of C ruins this explanation, but 

Landau recognized that CP invariance \olas all you really needed to understand 

this feature of the K-decays. The final tlvO pion states are eigenstates of 

CP = +1. So all one needs to do is to define that combination of K0 and K0
, 

which is an eigenstate of CP = +1, to be ~' and that combination, l·Thich is an 

eigenstate of CP = -1, to be K~. Then the invariance of the "toreak interactions 

under CP forbids the two pion decay of K~ . 

Just as the operator 1 + y .5 in the v1eak interactions leads to the pro

duction of only left-handed neutrinos, so also it produces the v/c left-handed 

polarization of electrons in ~-decay. For the case of very rapidly moving 

electrons, where the mass m is negligible compared to the energy, the electrons 

coupled in ~-decay are all left-handed . 

The complete ~-decay interaction including both the Fermi and Gamm-1-

Teller parts takes the form.: 

+ H.A. 

+ H.A. 

or, what is the same thing: 

GA _ (1 + yS) 
GV {(pYA. (1- GV Y,5] n)(e YA. ../2 )} + H.A. 

The constant -GA/Gv has been measured at the Argonne in an experiment on the 

asymmetry of electrons in the decay of a polarized beam of neutrons and turns 

out to be about + 1.2. The closeness of -GA/Gv to 1 is at first quite pleas

ing, but becomes more and more puzzling as one thinks about the complications 

due to the strong interactions. The strong interactions give rise to 
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renormalizatio~·of the coupling constants, and so it is tempting at first to 

assume that in the bare coupling of the neutron, proton, electron, and neutrino 

~ = -GA. However, the relative renormalization of 1 and y5 being only 1. 2 is 

somewhat unexpected . It would not be any more surprising if the bare ratio 

were -1 and 1-1ere renormalized to +1.2 than if the bare ratio were +1. There

fore at this · stage of the game, we might speculate that the bare four-fermion 

interaction which gives rise to p-decay is: 

+ H.A. 

March 5, 1959 

No. 15: Charge Conjugation, Parity, and Time Reversal 

l!e shall now investigate the mathematical formalism underlying the 

invariance properties of field theories, which 'tve have employed in a physical 

fashion heretofore. For eY~le, we argued last time that the realness of the 

parameter c in the parity non-conserving p-decay L~teraction corresponded to 

the invariance of the interaction under the product of charge conjugation and 

space reversal, CP, and under time reversal T. And even before that,the 

presumed invariance of the p-decay interaction under T was said to imply the 

realness of the p-decay constants, ~' G8, GA' GT' a~? ~, l·lhich was used, 

together with the experimental absence of Fierz terms, ih concluding that the 

Fermi p-decay coupling was either V or S, and the Gamou-Teller either A or T. 

Novl rTe shall justify mathematicalJy these statements. 

vJhat exactly do vre mean when we assert that physics is invariant under 

an operation? The implication is that if we change the description of a 

phenomenon, such as by employing a different coordinate system, or by calling 

all particles antiparticles, the phenomenon itself is unaffected. As a conse

quence, if one has t'tvo different physical systems, which can be related to 

each other by an operation under which the laws of physics are unchanged, the 

properties of the two systems which are unaffected by the operation are 

identical. In quantum mechanics, we describe phenomena by means of field 

operators, which obey certain equations of motion, and commutation relations, 

with respect to a given frame of reference. If we change that frame of 

reference, and are able to find a new set of field operators, obeying the same 



Ph 234 Page 2S2 

equations and connnutation relations, then the physics of the ne1v frame is the 

' same as the physics of the original. 

To see how this works out in detail, let us consider first the invariance 

properties of quantum electrodynamics. Tae theory is specified by the 

Lagrangian density 

(N designating the normal product), and the commutation relations 

- +c..>. ) <~ ~) {'¥ (x,t), '¥~ y,t} = 5 ~ 5 x-y 
. ~ ....:. ..... 

i [A (x,t), A (y,t)) = 5 5(x-y), 
A a. 1\ jJ a,jJ ~~ AW ~ 

which together generate the familiar field equations of electrodynamics: 

( 95-tm) '¥ = ie% 'I' 
A A ,.. 

o2 
A = -i e N('¥ y '!') • 
.... ~ " ~ " 

Space Reflection 

Under the parity operation, the frame b~r which phenomena are described 

is changed from (~,t) to(~' ,t), where~~ = -~. The mathematical meaning of 

the invariance of quantum electrodynamics under the parity operation is that 

we can find new field operators 'ft(xt,t) = 1¥'(-x,t) and A'(x',t) = A'(-x,t) in 
A - A - A~- 1'\ ~ -

terms of '¥( x, t) and A (x, t), vlhich satisfy the same equations written in 
;. - AIJ. -

terms of the coordinates (xt,t). The field operators 'f'(x,t) and At(x,t) 
A- -"IJ.-

give rise to the same phenomena as 'l'(x,t) and A (x,t) and therefore the physics ,...- 1\ I-L-
of (-~,t) must be the same as that of (~,t). If a new set of field operators 

is found which obey the same equations and commutation rules, a further state

ment may be made. Unless somehow new degrees of freedom have been introduced, 

(which will not be the case in our discussion), the new set of quantities 

represents the same mathematical system, the same vector space of quantum 

mechanical states, described in a new language. Therefore, with one exceptio~ 

which 1-we shall get to in a moment, a unitary transformation can be constructed 

which relates the new field operators to the old ones . In the case of space 

inversion, we can find a transformation P such that: 
" -1 

'¥'(x,t) = P Y(x,t) P , 
..... - ""- " 

and A ' ( x, t) = P A ( x, t) p -l, 
Al-L - A AIJ. - ,.. 

with p+ = P-1 . 
"' A 
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if V1 and A' are related 
" .A.IJ. 

The converse of the assertion is clearly true also: 

to '.¥and A by such a unitary transformation, '¥' and A,1
1
_ satisfy the equations 

"" " 1-1. " " r-ef motion and the commutation relations. 

As will be seen shortly, the fact that the transformation is unitary is 

not an absolute requirement, and is violated in the case of time reversal. 

The unitarity of the transformation is usually required by the commutation 

relations, but the boson commutation relation involves a time derivative, and 

so in the operation of time reversal we have to employ an antiunitary trans

formation to fix up the minus sign. In quantum mechanics, the probabilities are 

expressed as abaoJmte squares of matrix elements. Unitary transformations 

preserve the exact value of each matrix element. But to preserve the physics 

involved, it is not necessary to impose so restrictive a requirement upon the 

allowed transformations. We can also use those transfor:nations 1mich turn 

every matrix element into its complex conjugate. This is the class of anti

unitary transformations, one of which is needed to discuss the properties of 

quantum mechanics under time reversal. 

Let us continue our discussion of P by finding the set o:f quantities 

m t (x, t), A' (x, t) in terms of the field operators at the image point, i.e. 
! - ~-~.-
~-x,t), A (-x,t), which satis:fy the field equations. The simplest way to do 
~ - "1-1. -
this is just to guess the ans1-1er, and thBn to verify that it works. The obvious 

guess, in view of what we know about the properties of the unquantized Dirac 

equation (i.e., "unquantized" here means the absence of second quantization) , 

and the classical electromagnetic field, is clearly: 

A l.(x, t) = -A.( -x t) 
"J - "'J _, 

N/!f, t) = ,!t4 ( -2S, t) 

'¥' (x, t) ~'.¥( -2S, t) • 
"' " 

It is indeed an easy mental task to verify that these new quantities satisfy 

the field equations and commutation relations. We can also find the u_~tary 

transfornation P, the parity operator, by means of its definition: 

"' 
'¥' (2S, t) = P 'F( +x, t) P-l = ~ '¥( -!, t) 
" .1\ ..., " 

A1.(x, t) = P A .( +x, t) P-l = 
"'J - " "J - ..( 

-A.( -x t) 
1\ J _, 

-1 
t4<2S,t) = ~ ~4(2S,t) ~ = A4( -x, t). 

1\ -

Suppose we expand the fie~d operators in the interaction representation as on 

page 95: 



Ph 234 Page 254· 

1!![ -iEkt + iEkt 
"P(x,t) = zk \j~(aks q>ks+ e + .Rks q>-ks- e ], 
1\ s kl< 

and similarly for the photon field: 

kp -ikt A (x,t) = E [cko e ~ e + H.A.J 
A 1..1. Kp 1\ • 1..1. . Kp 

If tfie complete sets of functions {q>ksf} and {e~ Xkp} are chosen to be the 

standard momentum eigenstates, then 

where -the 

levels. 

which is 

-1 
Pa, P =a ; 
11 ... .!fS 11. " -k-s 

-1 p b p =-b . 
A. A .Jss 11. • "-k-s' 

-1 p c p = c 
A A,!p A 1\ -k-p, 

a, b, c are destrdttion operators for the various single particle 
.1\ A A 

It follows that P operating on some state produces an image state 
A 

related to the original state by spatial inversion. It is clear that 

the P just constructed has 
.1\ 

the property P = p+ = P-1 • If we choose the single 
-\ -"\ A 

particle eigenstates to be those which reduce to states of a single orbital 

angular momentum for the ~ectron in the non-relativistic limit, we find that 

the intrinsic parity of the particle is the opposite of that of the antiparticle. 

The namiltonian of electrodynamics is an invariant under P;and therefore 
II. 

so is the S-matrix. Mathematically, the invari~"'lce of the S-matrix is expressed 

by P S P-l = S, from which it follows that [P, S] = 0. The vanishing of the 
A A A " A .A 

· commutator and the hermiticity of P together imply that the S-matrix element 
"' between any two states characterized by different eigenvalues of P must vanish. 

1\ 

The parity of the final state must be the same as the parity of the initial 

state; the parity of a system is conserved in electrodynamics. The L~variance 

of S under P together with p+ = p-l tells us further that p+ S P = S, and 
A A 1\ A A Ah A 

~hus that the S-matrix element between two states equals the corresponding S-

matrix element between the spatially inverted states. 

The fact that under the transformation ~ ~~·, the equations remain 

the same if A!(xt,t) = -A.(x,t) and A
4
J(xt,t) = A4(x,t) is the justification 

~ J - AJ - 1\ - "' 

for the well-known state~ent that the electromagnetic potentials transform like 

a proper vector under that restricted group of Lorentz transformations for 

which the direction of time is unchanged. Evidently no similar statement can 

be made about the electron field operator, for the spinor transformation lve 

have employed is not the only one which produces a new field operator such 

that the Lagrangian density and commutation relations are invariant. It 

does not matter in electrodynamics whether we cnoo::.e '¥' (~t, t) as we have, or 
" whether we choose, foT example, 
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'Y• (_x', t ) = eicrll 'i(x, t ) . 
"' I"'"'-

Depending on what is chosen, we can get a variety o£ parity operators. Each 

o£ these other parity operators can be regarded as products of our P and 

another unitary operator U for which U 'Y(x,t) u-l = eia 'Y(x,t), ~one l ikes. 
"'a 1\ a " - ..-.a A -

The existence of a whole set of admissable parity operators is a consequence 

of the existence of other operations under which the equations are invariant. 

The admissable parity operators generated by the set of transformations 

!'(~•,t) = eia~ ~(~,t) are due to t he fact that guage invariance of the first 

kir~ is one of the properties of quantum electrodynamics,i.e. a phase cfuange 

of the electron field operator makes no difference at all. 

This addit ional freedom in electrodynamics, that a phase change of t he 

electron field operat or makes no difference, is equivalent to the conservation 

of electrons; i.e. t he number of electrons minus the number of positrons is 

a conserved quantity. The unitary operator U can be t aken to be: 
"a 

U = exp( -iai{) 
"'a _. 

where ?l is the operator which counts the nmnber of electrons (negatons minus 
"' positrons): 

J7 is then the generator of the 
1\ 

J is the generator of the group 
~ 

I[ = f N('¥+ 'Y) d3x. 
J\ " .1\ 

group U , just as the angular momentum operator ... a 
of unitary transformations which correspond to 

rotations. The invariance of the Lagrangian density under the group of t r ans

formations U together 1-ri.th the hermiticity of /( inplies that [f,,s] = 0, and 
A a " .1\~ " 

consequently the number of electrons is a conserved quantity. One can thus 

describe the situation in electrodynamics very abstractly by saying t~t the 

conservation of the number of electrons is a consequence of the gauge invariance 

of the first kind, or simply by saying that this is the way we write in mathema

tical notation the fact that the number of electrons is conserved. 

Because this invariance under a phase change exists, the parity operation 

can get mixed up wi t h it. We can, if we wish, define parity to have t he eia 

in it, and no one can say that this is a 1-vrong definition of the parity 

operator, because the physical effects v1i1l be the same. The important point 

is that it is only the total group of invariance operators that matters. To 

pick one of the operators out and argue that it is pa:r·ity and the others are 

something else i s foolishness. lve have a group of ir..variance operations 

consisting of a parity operation, wiltiplication by eia, and the products of 

these, which corresponds t o two definite physical properties of electrodynamics : 
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the phenomena of electrodynamics are invariant under jn~.-ursion, and the number 
0 0 0 

of particles minus the number of antiparticles is a constant. Which of the 

set of operators P U one chooses to use as the parity operator for producing 
;.. /Ia 

the state representing the spatial inversion of a given state makes absolutely 

no difference physically. If someone stubbornly insists that the operator 

P U is really the parity operator, and that a man who uses P is actually 
~;,~0 A 

employing the parity operator times the operator producing a phase shift of 

-30°, nobody can contradict him on the basis of electrodynamics alone. 

Mow consider the frequently asked question~ Isn't it reasonable to 

require that when you apply the parity operator tidce, the net result should 

be the identity operator? When one asks why tr.is should be so, the standard 

reply is that: physically, inverting the system tvTice produces no change in 

the system. And therefore, in quantum mechanics the mathematical effect of 

iterating the parity operator once should be the identity operator. This 

reasoning is false. The reason it is false is that in quantum mechanics, one 

cannot tell the difference physically between the identity operator and the 

operator eia. You will sometimes encounter the argument in a highly mathemati -
;, 

cal form which goes like this. In quantum mechanics, the various geometric 

transformations on a physical system are represented by operators; for example, 

the actual operation of space inyersion is represented by that parity operator. 

The operators therefore represent the operations in the sense that they obey 

the same multiplication tables. But this last allegation contains the false

hood; the .operators need have the same multiplication table only up to a 

factor eia, or even U if the number of particles is conserved, because such 
" Aa 

transformations make no difference, physically. Consequently it is not required 

that the square of the parity operator be the identity operator. All that is 

necessary is that the s~~are of the parity operator have only diagonal matrix 

elements which are the same for those states 1-1hich physically can communicate 

with one another. If there exist absolute rules that a certain set of states 

can never communicate with another set of states, then the square of the 

parity operator can be one constant with respect to the first set of states, 

and another constant with respect to the second set. 

Such rules are called by Wigner Wick, and Wightro.an 11 super-selection 
rulesri .1 

1. Higner, Wick and Wightman, PJ:ys . Rev. 88, 101 (1952) 
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A super-selection rule is one that is never violated. We don't know really 

which are the super-selection rules, because we do not know today that any of 

our rules are absolutely absolute, but the ones which exist as far as vTe 

know are: 

(1) the conservation of leptons; 

(2) the conservation of baryons; 

(3) the conservation of charge. 

These super-selection rules can be related to ~uge trans£ormations which leave 

the equations of physics invariant in ·the same way as we showed that in 

electrodynamics, the possibility of making a g1uge change of the first kind 

implied tho conservation of electrons. 

Actually the group o£ invariance operations is larger than what we have 

been considering. In electrodynamics, we also have charge conjugation and 

gluge transformations of the second kind, while in mesodynamics the group 

contains elements associated lvith rotations and reflections in isotopic spin 

_space. The whole group of invariance operations is the only thing that matters, 

and so people can adopt different definitions of the parity operator, which 

differ, £or example, by a ~uge transformation or a rotation in isotopic spin 

space. However, to the extent that one of these operators produces exact 

invariance, while another produces only approximate invariance, then it does 

matter which operator one chooses to call the parity operator. Because 

rotations in isospin space do not give invariant equations if one adjoins 

electrodynamics to mesodynamics, it would not be vrise to define the parity 

operator so that it involved a rotation in isotopic spin space. Of course, 

r1hen we consider the weak interactions too, l-ve find that none of the things 

we have considered yet is really suitable as the spatial in\~rsion operate~. 

When we look at nature with all her physical phenomena, we realize that CP 
"'"' is really the spatial inversion operator, the parity operator, under which 

all of nature seems to be invariant. If there are degrees of in variance of 

the mathematical sJ~tem under consideration, then the various parity operators 

are not equivalent, and one set of them may be much more useful than another. 

When we ;.Tish to consider the parity operator as an observable in dis

cussing the selection rules for a certain subset of natural phenomena, we will 

always choose a parity operate~ which is hermitian i.!:sofar as the part of 

quantum mechanical space under consideration is involved. Therefore, in such 

a discussion that block of the square of the parity operator for the subspace 
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involved is the identity operator for that subspace. 

Particle-Antiparticle Conjugation 

The equations of electrodynamics are invariant under the application of 

P, but if we investigate the weak . interactions, we find that some of the 
1\ 

equations are not invariant under P, no matter how much we play around with 
/\ 

the definition of the parity operator, unless we include something which 

turns particles into antiparticles. This operation is, however, another one 

of the invariance operations of electrodynamics and mesodynamics, ahd is .ccmms:n2.~· 

called charge conjugation, although a more suitable name is particle-anti

particle conjugation. 

The idea which suggests the existence of such an invariance operator 

is that perhaps the description of physical phenomena is such that it doesn 1 t 

matter whether things are called particles or antiparticles, just as the 

existence of P is suggested by the idea that perhaps the descri?tion of 
I\ 

phenomena is such that it doesn't matter lvhether we employ a left-handed 

coordinate system instead of a right-handed one. 

Particle-antiparticle conjugation, despite rumors or myths to the 

contrary, and despite its name, is accomplished by a unitary operator. 

There is no complex conjugation involved . In our earlier discussion, vrhich 

dealt with l-mve functions of a single particle, complex conjugation entered, 

but the discussion lvas in the old-fashioned sense, before the second quantiza

tion of the Dirac field had been carried out . When vre use the language of 

second quantization, the Dirac field operators are c8rried into their hermitian 

conjugates by a unitary operator. This point is confusing, because the 

student hears about charge conjugation before he learns the formalism of 

second quantization. 

o~ program will be VeiJr similar to that used in the discussion of 

space reflection. First we will find a new set of field operators wh~ch leave 

the equations of electrodynamics invariant under the operation 

eA ~e'A' = -eA • Then the new field onerators are related to the old ones 
l.l. l.l. l.l. 

by a unitary transformation C, which we can find. We t-rill be able to choose 
A 

C such that it is hermitian. From the invariance of the Lagrangian density 
" 
under C, we get CS = SC, and hence the eigenvalue of C is conserved. 

" / ,,. "1\ 1\ 

Ideally, one would hunt around until one found a suitable new set of 

field operators. fut 1-ve can guess, using our background of experience, such 
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a set very easily. 

~ a:c(~,t) = F ~!(x,t) = C ~ (x,t) C-l 
"' a:j3 1\ 1-' - .A ;\a: - ..... 

Ac(x,t) = -A (x,t) = C A (x,t) C-l 
1\I-L - Al-L- -"' 11!-L- II 

1-1here F is the four-by-four Dirac charge conjugation matrix, which may be taken 

as y2 in the standard representation, or simply 1 in the Majcrana representation. 

PR0~1 12: Show that the transformation given above leaves 

the Lagrangian, and the commutation relations invariant, and 

hence that ~c and Ac satisfy t~e field equations, if and only 
+ >\ • "1-L v_ + * .><. 

ifF F = 1, F-ry4 F = -y4, and F yi-Ly4F = Y4 Y~· 
1-le can find the unitary operator C quite readily by noticing that 

-1 
C ak C = bk ; "' "-s A "' -r.s 

1\ 

+ -1 + C bk C = ak ; 
" ... _s "' "-s 

-1 C c~ C = - c~, etc. 
~ ~~~ ~ ~~~ 

It follows that C operating on an electron state produces the corresponding 

positron state. "'rt is evident that this Cis also hermiti~~, so c2 = 1. But 
A A 

again, we must remind om~sel ves that many choices for C are available, and 

most of them do not have t::e property c = c+, lvhich im~lied c2 = 1. 
~ A A 

Many examples of the use of the conservation of P to discuss selection 

rules are familiar, but it is worthuhile to give an example or two of the 

applications of charge conjugation invariance. Some features of positronium 

can be understood very nicely through charge conjugation arguments. A state 

of positronium may be represented by 

E lld3x• d3xn X(xt ,s 1 ; x 11 ,s-11 ) N 
s t ,s 11 

where X is something like the wave-function of non-relativistic quantum mechanics 

On applying C to this state, in the Majorana representation, we get: 
1\ 

E 11 d3xt d3x11 X(x',s';x11 ,s 11 ) N [~+1 (x•) ~s 11 (x 11 )] lvac) 
s's11 1\s "' 

=- E lld3x, d3x11 X(x11 ,s 11 ; x•,s•) N [~;,(x') ~s 11 (x11 )] lvac) 
s 1 s 11 _,, .,. 

where vie have adopted the natural convention that the charge conjugation 

quantum number of the vacuum is +1. On comparing the two expressions it is 

evident that if the -vmve function X is symmetric under the exchange of the 

electron and positron, the state is an eigenstate with C = -1; while if the 

wave function is antisymmetric, C = +1 for the state. We may characterize 

states of positronium by their rotation properties, and by their charge con

jugation quantum number as ~ollows : 
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3s c = 
1 

ls + 
0 

3p + 
lp - , and so on. 

Now let us construct a typical n-photon state: 

Z / ••• /d3yl ••• d3yn ¢{yl'pl'y2,p2' ••• yn,pn) N[~Pl{yl)~P2{y2) ..• ~Pn(yn) Jlvac~ 
Pl · • ·Pn " 

On applying C to such a state, it is immediately clear that the state is an 
" eigenstate ~h C = (-)n. 

Since C is conserved in electrodynamics, the electron and positron in 
3 1\ I 

the states s1 , P, etc. upon annihilation make an odd number of photons . It 

is most likely that they produce three photons; the production of five photons 

is roughly (137) 2 = 20,000 times rarer, and similarly the production of more 

than five photons is vanishingly small. Likewise the states 
1 
S , 3p, ••• 

0 

decay into states with an even number of photons, the most likely of which is 

that of two gamma rays. This decay is about 137 times faster than the three 

photon decay characteristic of 3s,, 
1
P, •••• Of course, in the presence of 

Rn external field, these considerations do not hold any more, because the 
external field disturbs·the invariance. You would have to change its sign, 
too, in order to preserve the invariance. So all these selection rules refer 

to an isolated positronium atom. 

The decay of 3s1 into two photons also happens to be forbidden by a 

-geometrical rule that no system of angular momentum 1 can disintegrate i.11to 

* two photons. 

Suppose vie consider the emission of light by positronium 1-:ithout anni

hilation. Charge conjugation then tells us that the emission of one photon 

takes place only in transitions between an odd and an even charge parity state. 

No electromagnetic transition between an odd and an odd or an even and an even 

state of positronium in the absence of an external f ield can occur, unless 

at least two photons are made. 

From this example, we see that C is very much like P. However, it is 
~ ~ 

much less useful as a conserved quantum number, because the only eigenstatB3 

* C. N. Yang, Phys. Rev. 77, 242 (1950) 
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of C that are interesting are for systems with zero charge. In fact, the 
J\ 

system must contain equal numbers of particles and antiparticles for each 

type present. Other eigenstates of C can be constructed, but these are composed 
" of linear combinations of states with different total charge, or lepton n~ber, 

or baryon number, and thus are of no physical interest. So C is useful mostly 
"' in special problems like positronium and the annihilation of nucleon-anti-

• nucleon pairs. 

However, invariance of a system under C and P has a second type of 
"' " consequence besides telling us that a system can't go from one eigenvalue to 

another. Besides the selection rules, the invariance under charge conjuga

tion implies a symmetry in the matrix elements. The synunetry in the matrix 

elements guarantees that a state and its image state, under C or P, must have 
~ ;\ 

the same properties: the same energy, decay rate, etc. Invariance under C 

tells us that the ~+and ~-must have exactly the same mass, and opposite 

magnetic moments. Actually CP invariance is sufficient for most statements 

like this, so the fact that C and P are violated by the weak interactions 

doesn 1 t change the conclusions. But either C or CP will tell you that a 

particle and its antiparticle have similar properties, and P tells you that a 

system and its mirror image have identical properties. 

Time Reversal 

Now let us go on to T. T differs fundamentally from C and P in that 

the time-reversed field operators ,~(x,t) and A~(x,t) cannot be related to 
,..a - "IJ--

~~(~;.:t,) and ~v(2£rt) by a linear transformation. Many reasons for that can 

be given. Perhaps the best is to realize that all such transformations leave 

the Heisenberg equations of motion invariant, and thus if 

W~(tt) =Effi3 !(3(t) 

where t' = -t, i ~t 1 '~ ( t I ) # ( W ~ ( t I ) , H ) 
u "a "a " 

since =-

There is a way out . If in addition .to the linear transformation we 
:1: _,_ 

co~lex conjugate ·the operators, then ~ {t 1 ) = E A ~(t) does indeed 
. "a a ... "~-" 

satisfy the time-reversed H~isenberg equation of motion: 

= = 
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Such tra."'lsforma.tions are unlike anything we have ever dealt with before. Time 

r eversal is much more complicated from the be~"'lg than space reversal, 

even in non-relatj_vistic quantum mechanics . 

Another way to see that a new type of transformation is needed to 

discuss time reversal is to consider the commutation relations of the electro-

magnetic potential field operators: 

t
·-aA (x,t) J 
- "!-La~ , A (y,t) = -i 6 B(x- y). 

AV - ~v -

Under the reversal of the sign of time, it is evident that, unless I am able 

to pull some sort of conjuring trick, a change of sign in t he lef~-hand side 

of the commutation relations will be introduced. But I never can get anytt>..ing 

different on the right-hand side by means of a linear transformation. Thus 

no linear transformation can be found which leaves the equations of electro

dynamics, including the commutation rules, invariant under time reversal. 

In order to relate the time-reversed quantities to those which are not 

time reversed, 1-.re will need, therefore, to employ a transformation 1-.rhich 

consists of complex conjugation followed by a linear transformation. S'J.ch 

an antilinear transformation can be obtained from a unitary operator, T, 
)( 

A~( t ) = T A { t) T+ ; 'l''t (t ) = T 'l' ( t ) 'T'+ 
"'~""' " "!J. "' "a "' "a 1i. 

but the transformation law for T under a change of basis transformation 
1\ 

generated by U is not the usual Tl = U T u+, but rather Tt = u*T u+. 
1\ - " """ 1\ """ 

These features are most peculiar in quantum mechanics; none of our other 

transformations possess them. For example, under spatial inversion the matrix 

element of the spatially reversed operator between two reversed states was 

obviously the same as the matrix element of the original operator between the 

two original states, because of the unitarity of the transformation. In 

contrast, all matrix elements are transformed into their complex conjugates 

when the states and operators are transformed by time reversal. This, hoHever, 

doesn't affect the physics, because the only things we measure are transition 

probabilities, which depend on the absolute squares of matrix elements, and 

the diagonal matrix elements of hermitian operators, which are real. Al~ 

interference behavior, all probability laws, all the eigenvalues of energy, 

angular momentum, all the intensity formulae, etc. remain exactly the same 

as before. 

In uork:ing with t:ilne-re-;ersal mathematicaU y, there appears to be a 

variety of techm .. caJ..ly accep~ac2.e proce~ures.. l~c: "ly people employ non-linear 
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operations on state vectors, in which effect ively bras become kets and vice 

versa. This appears to me to be somewhat confusing, end unnecessary, at least 

for obtaining the results we shall be concerned with. We shall work instead 

with a unitary operator T, in the same way as we worked with unitary operators 
" P and C in the discussions of space reversal and particle-antiparticle cc-:J-

" 1\. 

jugation. The results of this discussion of t~2 reversal will be of quite a 

different character than those of the previous discussions of P and C, but at 

least the mathematical formalism will be the same. Ti1e :;.--e is only one thing 

with which one has to exercise some special care. That ~rises whe~ we change 

the basis in the representation of the state vectors . For example, if we put 

I ) = uj), then we must choose T' such that W1 ~(t) = T' W;(t) T'+. Since 
" "a ,.. "a " 

w'~(t) = E Q w~*(-t) = E Au* ~(-t) u+* 
"a at-' "~'"' at-' -" At-' "' 

= u* T w (t) T+ u+* = u* T u+ w' (t) u T+ u+* 
A A 1\a 1\ A A 1\ 1\ 1\a A 1\ 1\ 

it is clear that the transformation rule for T is T' = u* T u+. 
1\ 1\ /\ " 1\ 

Now letts try to find a new set of field operators which obey the equations 

of motion and the commutation relations with the sign of t reversed. Ur.der 

time reversal, since Aj is generated by currents which reverse their direction, 

we expect that A. reverses sign. A is generated by the charge density 11hich 
J 0 

doesn't change sign, but A4 contains a factor of i. Thus we would guess that: 

A~(x,t) = -A*(x,-t) = T A (x,t) T+. 
Aj.L - 1\ j.L - i\ A j.L - A 

Now this looks a little peculiar :U' one says: 11 Isn•t the combination (A.;A) 
J 0 

a four-vector?" If it were, then under time reversal A 
0 

should change sign, 

but A. should not. Under our parity transformation, A indeed was a four-
J 

vector, but under time reversal A behaves like a pseudovector. This is 

perfectly possible; the behavior under parity and time reversal need not be 

the same. 

Now, what do we want to choose for W~(x,t)? a-
" 

W~(x,t') = E Q W:<x,t); 
"a- at-'"~'"'-

and seek to determine a Dirac matrix E such that 

(~1 + m) !~ . = i e ~ ,~. 

We shall try 

t = -tl' 

A A 1\ 

To do this, we may multiply the equation of motion for w* on the left by E, 

obtaining: " 
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(E * E-l a-:t- + m)'Y't = i e A'tE ~ E-l y't 
"( 1-L 1-L ,.. "''"" '"" ,.. 

But since a:= a~, we· see that the. conditions .on E are: 

* -1 EyE =y. 
!.1. !.1. 

If one writes 
* -1 

y4y5Ey!.l.E Y5Yh = Y4Y5Y!.l.Y5"f4 = - y4y!.l.y4' 

one may notice that the conditions of the matrix (y4y5E) are the same as the 

conditions on the charge conjugation matrix F, since the invariance of the 

fermion commutation relation requires E-l = E+. Thus we may take 

E = y5y4F. 

It is an easy exercise to verify that the remaining equation of motion 

remains invariant in form. 

o12 A't- -02A* =- {+ i e N('7 y* f]} 
,..~.~.- -'l.J. 1\ 1.1." 

= - i e N ['l'i't E Y:"t -.t E-1 'l''t] 
,.. q 1.1. ,.. 

+ - i e N [ ry '¥ 't] • 
,.. 1.1. ,.. 

Thus the equations of electrodynaw~cs are invariant under time reversal. 

We can construct an operator T which produces this transformation, in ,.. 
the representation whose basis kets are eigenstates of the uncoupled Hamiltonian, 

with specified momenta and polarizations. A suitable operator is: 

+ +- + T elm T - c .~n-.. 
A A~ 1\ A-~ 

The consequences of time-reversal invariance are unlike those of the 

other invariance operations. Under parity and charge conjugation, we have 

P H p+ = H and C H c+ = :H. l'rhich imply P S p+ = S and C S c+ = S. 
,.. ,.. 1\ 1\ 1\ 1\ 1\ 1\ ,.. 1\ . 1\ 1\ 1\ 1\ 1\ 1\ 

The time reversal operator has the property that in' electrodynamics and other 

theories invariant under time reversal, 

T H(t) T+ = [H(-t)J* 
1\ 1\ A A 

and therefore, 
a> 

T S T+ = P(exp {-i r [H(-t)]* dt}) 
1\ 1\ A ~ A 

-a> 
-1-'.f-

So under time reversal, S ~ S • Part of this result should have been ,, 1\ 

obvious from the beginning. The inverse of the S-mat.rix leads you bac'!mards 
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in time, and thus it is exceedingly reasonable that when the S-matrix is 

transformed by the time reversal operator, you should get something like its 

inverse. 

The fact that T S T+ # S means that there are no selection rules due to 
1\.1\1\ A 

the invariance under time reversal. However, this invariance does imply the 

relation 

which tells you the phases of certain matrix elements. In the analysis of 

the synchrotron experiments here several years ago on the photoproduction of 

tions, this relation enabled one to deduce the phases of the photoproduction 

matrix elements from the known phase shifts for pion scattering. In this way 

the number of parameters to be determined from the analysis of the data could 

be reduced by a factor of two. 

March 10, 1959 

Consequences of CP Invariance for the Weak Interactions 

We now have the machinery to substantiate several statements that were 

alleged to be equivalent to the assumed CP invariance of p-decay phenomena. 

In particular, the realness of the coupling constants in p-decay under the 

assumption of CP invariance was used to deduce from the absence of Fierz terms 

that the Fermi interaction is either V or S while the Gamow-Teller interaction 

is either A or T. 

In our investigation last time, we found an operator P such that 

P Y(x) p+ = ~ y( -x), 
A/\ 1\ 1\ 

and an operator C such that 
A 

Thus 

and 

c P y+(x) p+ c+ = w(-x) F+ ~· 
""" "" f.. It would be tedious to go t hrough all the va:::•ious couplings to verify 

that CP invariance holds if and only if Ghe Gts are real. If one considers 
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an example , the manipulations involved in the general case become clear, and 

one can see just why t!e realness of the coupling constant is necessary and 

sufficient for invariance under CP. Let us consider the~efore just one of the 

possible couplings: 

a, c- > c-v '¥p Y a 'I'n '¥e Ya Y5 '¥v) + H.A. 
~ ~ ~ ~ 

To find out what happens under CP, we have to remember that 

+ * + ** + * F ~ F = -~ , F ya ~ F = ~ ya' F y5 F = -y5. 

Then under CP the nucleon part of the interaction becomes: 

Similarly, 

~ ~ C!e Ya Y5 ~) ~+ st = (~e F+ ~ ~ Ya Y5 ~ F ~~) 
= -('¥ F+ y ~ FF+y5 F 'I'~ = 

Ae a Av 

= -(We Ya Y5 '¥v)+. 
A ~ 

., r 

Since the net effect of CP on the interaction turns t he spinor operator 

combinations into their Hermitian adjoints, it equivalently just complex 

conjugates the GV. The interaction is therefore invariant under CP if and 

only if GV is real. 

PROBLEM 13: Find the effect of CP on some other four

fermion coupling, e.g. the direct tensor coupling, and 

thereby show that the interaction is invariant under CP 

if and only if the coupling constant is real. 

Precisely the same condition is necessary and sufficient in order that 

the system shall possess time reversal invariance . If the system is invariant 

under time reversal, then H(t) must go into [H(-t)]* upon the application of 
~ ~ 

the unitary operator T. But, 
~ 

w-rhich, since F.+v E - """'..._ is equal to 
~ 'a - 'a ' 

Gt ['¥+*(-t ) o* * ~(-t)](g+~(-t) Q* * * ~(-t)] 
V ~p ~" 'Y a ~ Ae ~" y a 'Y. 5 ~v 

Therefore, T H(t) T+ = [H( -t) ]":~- if and only if G._t_ = G.t_*. It should be quit e 
~ A ~ A ~ ~ 

evident from this exercise that an.y of the other ~--deca:v couplings has a real 
coupling cGnst ant if the system i~ to be invariant ·unde~ t ime reversal. 
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We have gone into these formal demonstrations of invariance, not because 

they are of exceedingly great logical importance, but rather because they are 

quito ·useful in theoretical wor~ for corroborating the results obtained by 

physical arguments. 

Suppose we consider that example of a coupling Hamiltonian density as a 

function of the coupling constant: Jj (G,~, t). Then we have shol-.n mathematically 

that ~~{/(G,~,t) ~+~+ = Jj (G*,-~,t) and that I{/(G,~,t) I+= [Jj(G~,~, -t))*. 
From the combination of these two results, we see that TCPJi(G,x,t)P+C+T+ = 

1\1\1\ 1\ - A A 1\ 

[;{ (G,-x,-t)J*. Since, as we have discussed, the complex conjugation of every-
" thing does not affect the physics, it is apparent that the system described by 

such an interaction Hamiltonian is invariant under the product of the three 

operations, space reflection, particle-antiparticle conjugation, and time in

version, regardless of the phase of the coupling constant .. This automatic 

invariance under TCP is a general property of any of our relativistically 

invariant local field theories, and is equivalent precisely to the statement 

that an antiparticle may be regarded as a particle mov~g backwards in space

time. 

Consequences of Time Reversal Invariance in The 

Photoproduction of Pions 

It has been mentioned that people were able to deduce the phases of 

certain matrix elements from time reversal considerations, and thereby greatly 

simplify the analysis of the experiments on the photoproduction of pions at 

low energies. The needed formal machine~J is now at our disposal, and so let 

us examine how the phases can be obtained. 

But first, the pion-nucleon theory under consideration should be shown 

to possess invariance under time reversal. The theory will be invariant pro

vided a transformation rule for the pion field operators can be found so that 

,..Z.(t) -'> [o((-t)J*. That part of the Lagrangian density which involves t l:.e 
" l \ 

pion fields is: 
1 2--"' ~ ...... - .... ~ 

- -2 N [~ ~·~ +a ~-a ~1 - ig N('Py5-r'l'J ·"' 
" " a,. a,.. ,... A X 

+ e N[haaf2 - t2aah] ~a - e
2 N[~a~a] Nt*lh + *2*2) · 

Our task is to define T tb (t) T+ in such a way that T f (t) T+ = [v( ( -t) f. 
A Xcr " A ·~ ,... " 

S . * * d * •t . t t ~ce -r1 = -r1, -r2 = --r2, an -r3 = -r
3
, ~ ~s easy o see hat the problem is 

solved by choosing 



Ph 234 

and 

I ~let> I+=- ~~C-t), 

~ 12(t) ~+ = + ~~(-t), 
~ ~(t) ~+ =- ~(-t). 

Page 268 

If instead of the real fields Tl and ~2, the equations l•'ere tvritten for the 

complex field~ , ~+, all the equations would have the (-) sign. ,..c ,..c 
It was shown in the last lecture that time reversal invariance leads to 

the following relation: 

"t*- * where I cp ) = {Ilcp)} • 
To employ this, however, some further relation must be found which will essentiall: 

define the states jcp 't*). One way to find such a relation is to start with the 

equation which defines the essential properties of the operator T, namely 
1\ 

T ® ( t) T + = ~ ® * ( -t) , 
" 1\ " 1\ 

where ® is any operator representing an observable, and ·~ is its classical 
1\ 

behavior under time reversal. For example, ~ = +l if ~ represents the energy, 

square of the angular momentum, charge, parity, etc.; \-lherea.s ~ = -1 for the 

current, momentum, angular momentum, and so on. Suppose now one is dealing with 

an eigenstate Ia) of ~' that is, ~Ia) = a a Ia). Then 

~~ a't*)= ~!*Ia*)= ~ !* ~*Ia*~ !* e:la*)= ~ eala't*)' 
since e is real by virtue of the fact that ® represents an observable. From 

a " 
the equality it is clear that the state la't*) is an eigenstate of~ with the 

eigenvalue ~ ea. 

We shall label the states under consideration by the quantum numbers J, 

M, a, where a denotes all those remaining quantum numbers, such as the energy, 

number of particles type, parity, and so on, needed to specify the state. The 

quantities represented by a are taken so that ~a = +1. Now because ! is unitary, 

and because an eigenstace is transformed into the complex conjugate of the 

corresponding eigenstate by T, the following must be true: 
" 

T ja, J, M) = e-ill(a,J,M) Ia, J, -M)*. 
1\ 

Furthermore, by playing with the raising a~d lowering operators for angular 

mc;nentum, J+ and J , it is quite easy to shmv t!Jat T')(a,J ,M) = .;(a,J) + Mrr. " ,..-
Fina.lly, by changing the basis using the unitary operator ~ defined so tha:; 

Ia, J, M)' = ~Ia, J, 11) = e~i[.;(a,J)-rr<i) Ia, J, M), 

we can obtain new operators, Tt, St, ~',etc., and employ the convenient identity 
" " X 
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r'Ja, J, M) = e-irr(J+.M)Ja, J,-M)* · Having shown it is possible to eliminate 

most of the phase dependence by a suitable unitary transformation, we may 

assume that we are working in this representation and omit the primes. 

Now consider just a block of the S-matrix deal~~g with a given value 

of J. Inserting the value for Tja,J,M) just obtained into the relation 
1\ 

(fJ~ji) = (i~J~If~), there results: 

(~, J, MI~Ja, J, M) =(a, J, -Mixl~, J, -M). 
But the system is invariant under rotations in ordinary space, so that the 

matrix element(~, J, HI~~ a, J, M) is independent of M. Therefore, we can 

drop the label M, and just wri~e: 

(~, Jl xl a, J) =(a, Jj xl ~' J). 
This relation tells us that by making a suitable unitary transformation 

. 
af.fecting only the phases of the basis states, we can work in a representation 

in which the s-matrix is symmetric. It is a trivial point that the S-matrix . 

may be made to be symmetric; all we need to do is diagonalize it. However, 

the result tha~ has been found is not trivial. It states that without 

essentially changing the formulation of the problem, i.e., retaining the 

basis states to be of the same nature, a representation of the states can 

be found in which the S-matrix is symmetric if the system is invariant under 

* time reversal. 

The symmetry of the S-matrix was used successfully to determine the 

phases of the photoproduction amplitudes at low energies. At low energies, 

for a given J, M, parity, there are only three channels, which may be taken 

to be (1) yp, (2) (rrN]I=~' and (3) [rrN]I~/2 • Exploiting the symmetry, 

we can v~ite the S-matrix block as: 

( 1 eA 
eB ) 

s \: 
2io112 

2i~3/2 
2 = e + terms of order e • 

0 e 

The o's are the phase shifts due to the pion-nu~leon scattering if electro-

magnetism is 11 turned off". The unitari·::.y condition, considered to order e, 

t hen requires: 2i01/2 * 
eA + e eA = 0 

2i0 
eB + e 3/ 2 eB*= 0. 

·o i6 
Hence, A =±JAJie~ 1/ 2, and B =±jBJie 3/ 2. Therefore, instead of four 

* F. Coester, Phys. Rev.~' 619 (1953). 
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unkno~m parameters to be determined from the analysis of the data on photo

production, there are only two. 

It is evident that the success of such a treatment depends upon 

two factors: (1) there must exist both a stroLg and a weak interaction, so 

that higher powers of the weak coupling may be dropped; and (2) the eigenstates 

of the strong coupling must be known. For the analysis of photoproduction at 

around 1 BEV, such a treatment is not very useful, because the phases of the 

photoproduction matrix elements depend on phase shifts for complicated states 

containing various numbers of pions. 
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March 12, 19.59 

No 16: The Universal V-A Inta~action - No St rangeness Change 

We have seen, with a slight rewriting of the order of history, that t he 

form of the ~-decay interaction has been experimentally determined to be 

AI - - 1 + y5 
/tQ = {p(GVy - GAy Yc) n} {ey · v}+ H.A. 

1-' a. a. ,;} a. .f2 

This form was distilled from the results of many experiments. First of all, 

the existence of allowed ~-transitions indicated the necessity of couplings of 

eoth the Fermi and the Gamow-Teller types. From the rates, it was possible to 

conclude that the F and G-T couplings were approximately equal in strength. 

Furthermore, assuming CP or T invariance, one could tell from the absence of 

Fierz terms in the spectrum that the F coupling was of one kind, and similarly 

the G-T coupling was not a mixture of two types. Angular correlation experi

ments yielded the information that the F coupling is vector and the G-T is 

axial vector. The study of the strange particles then led to the investiga: ~.on 

of whether the weak interactions were parity conserving or not. The ~-decay 

interaction would be parity non-conserving if there were both odd and even 

couplings. We discussed the admixt~xe of odd couplinrrs in terrrQ of a parameter 

c, whose phase was intimately related to the invariance properties of the 

i...'"lteraction. If c were real, the interaction would be CP and T invariant, 

v:hereas if' c were imaginary, it would be invariant under TP and C. And if c 

were complex, the interaction would possess no particular symmetry, except TCP, 

of course. Landau's and Salam's conjecture that c was ::.1 eal and of magnitude 

u..llity, which meant a two-component neutrino, was confirmed by the experiments 

which detected the maximal effect in phenomena like the longitudinal polariza

t ion of ~-rays. The sign of c happened to be +, which means that the neutrino 

is left-handed, and the ar.tineutrino is right-handed. 

Quantitatively, t he rat es of the decay of o14 and the r.eutron were 

used to calculate that: 

IGvl = (l.Ol ± .ol)·l0-5/M~ 

I GA/Gvl = 1.19 .± .o4 

Let us look in detail o.t one more experir.lent l'~hich is of interest for 

t wo reasons. First of all, it is representative of that class of experiments 

which first demonstrat ed parity non-conservation in ~-decay, a~d secondly, it 
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is the only experiment so far which is capable of measuring both the sign and 

magnitude of GA/Gv· That type of experiment is one in which the nucleus is 

originally aligned, and the angular distribution of the ~-rays is then eY~ed. 

Due to the parity non-conserving nature of the ~-decay interaction one gets a 

correlation between the direction of the ~-rays and the spin of the nucleus. 

The first detection of the non-conservation of parity tPx ough the observation 

of such a term rTas carried out by the cryogenic group at t he Bureau of Standards 

tmder the direction of Miss Wu at. Columbia. 

The first experiment was done on co60, and could have measured the inter

ference between GV and GA' but the nuclear matrix elemer:ts would come in and 

nass up the deterrrdl~ation of GA/Gv· The allowed Fermi matrix element is always 

known, up to coulomb effects, but the Gamow-Teller matrix element is usually 

not known reliably, since it involves the nuclear wave function. The only case 

in which we really know the Gamow-Teller matrix element is that of the neutron. 

Therefore, to measure both the sign and magnitude of GA/Gv, an experiment has 

been performed on polarized neutrons at the Argonne, which measures the corre

lation between the ~-ray direction and the direction of polarization of the 

neutron. 

Let us work out the form of the correlation term in the neutran expe~i

illent. The neutron will be taken to be polarized in the direction of the unit 
~ 

vector s • The four momentum. of the resulting electron is q, while that of th'3 

.3nti..11eutrino is k. By reference to page 238, one can check that the non

r elativistic appr~cimation to the R-matrix element ~s : 
· +e+ 4-:t l+Ysv 1 V·2m/2Eq GV {p uq (1 - xa•L ') v'2% V - k n}, where x = -GA GV. 

The quantity of interest is, as usual, ziRI 2, in which ti:e sum is to be over 

t~e spin orientations of all the particles in the final state. 

2 2 + + 1 + Y 5 - '::l 2m e + e+ ~ 1 +r 5 
ZIRI = Gv Z{v~k n (1- x6•2.;t) 2E u p p u (l- xd•Z 1 )-nv~k} 

fi q q q 2 

By making use of 

+ 1 + o-;1 + 2m 
n n = -2 , z p p = 1, 2E z u e u e+ = :n - ilf' ~ ' 

q q q 2E 
q 

and 

Z vv vv+ = -i 1- t c:tt/2k -k - k ~ ~ ' 
it is easy to reduce that expression to the f ollcidng form: 
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2 Trace { ""'~ - 4 --+ ~ ~ • 
GV l6 kE -~t~t (1 + o·s)(l + yS)(l- xo·~t)(m- i~')~'(l- xo·~')(l + yS)} 

q 

By shuffling the matrices in the trace, remembering that t he trace of an odd 

number of gamma matrices is zero, and defining k = ~~~' this can be reduced 

further to: 

2 Trace { ( 1 ) ~ ( ..., ~) ( ..., ..., .i ( ._.. 1 Gv 8 kE y5 - 1 ~ ~ 1 + o·s 1- xo·Z•)n' 1- xo·~')}. 
q 

;--+-.~ --+--+ ~....,~ 

Employing the handy relation o•Ao•B = A•B + i o•AXB, and doing the trace over 

the nucleon spins, one is left with just a trace over the leptonic matrices, 

and lie may drop the primes: 
2 Trace "' 1 -t _, ...., 2~ _, 2 ...,, .:t ...., 

GV 4 kE · {(y5-l) ~ (1{- XS•~ n- xi S•~ +x ~ -~~ + ix (s~)~·~)}• 
q 

First averaging over the neutrino direction, and~ shuffling the Dirac 

matrices, one can obtain 

G~ ?~e {(y5-1) ik~ [{l+Jx
2

) - 2x(l~)Z·~] ~. 
q 

--+-+ 
If one nm-1 makes use of the fact that ~·s = -i y5~~' one has only to evaluate 

Trace {(y5-1) [(l+Jx2 )i~ + 2x(l-x) y5 ~] ~}, 
1~hich is 

2 ~ '"+ 4E (l+Jx) + Bx(l-x) s•q. q 
~ _, 

If again we define ~ = qjEq' we get at last: 

1 / ~ IRI2 dQ = G2(l + 3x2) {l _ 2x(x-l)-: ·~}. 
'4rr -x V l + 3x2 

The result of this experiment was that the correlation term is very srr.all. 

(The correlation has the extrema +1/3 at x = 1/3, and -1 at x = -1). Again, 

howevP.r, the experiment initially gave wrong answers, even though the equipment 

worked perfectly. The reason was that, for security, they measured t he recoil 

proton ac well as the electron. In other words, to avoid background effects, 

they checked that all their counted electrons were accompanied by recoil protons . 

i'h-:l trouble wr~s that not all of the recoil protons v1ere picked up in their 

experir.l.ental arrangement; only those \'lith their moment.a in a certain solid angle 

were detected. But their definition of a true e7ent then meant tha G a recoil 

proton had to come off in a definite portion of the solid angle. They were 

prejudicing the results, therefore, because t he1·e is a multiple angular 
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correlation involved. First of all, there is the correlation between the spin 

of the neutron and the electron's momentum, and secondly, there is the correla

tion between the electron's direction and that of the antineutrino. Thus a 

correlation also exists between the neutron spin orientation and the proton's 

momentum, which is the negative of the sum of the momentum of the electron and 

the antineutrino's momentum. Therefore, by forcing the protons to go into a 

certain solid angle, they were exerting a bias as to the electron direction. In 

this way, the results were loused up, and instead of getting about an 11% term, 

they got a 37 % term. When they improved the experimental arrangement so that 

recoil protons were picked up in essentially every direction, the result dropped 

down to around 11%. • This implied that x is either slightly larger than 1, or 

slightly less than 0. The root slightly larger than 1 is chosen because from the 

rates we know that the magnitude of x must be about 1. 

By investigating the difference between the results from the two experi

mental arrangements, they could find the correlation between the neutron spin 

and the antineutrino direction. This told them the nature of the ~-decay inter

action, namely that it's vector and axial vector, which of course, we know now 

from other experiments. But that experiment all by itself really determines 

almost everything. Its main value now, however, is that it determines x. The 

result is: 

x = -GA/Gv = 1.25 ± .o4. 
This agrees well with the ~-decay rates which gave lxl = 1.19 ± .04. 

So x is presumably very close to 1, but it is significantly different 

from unity. How are we to interpret that? If x were exactly equal to 1, we 

could write the interaction in this way: 

- 1 + Ys - 1 + Y~ 
J2 GV [p y n] [e y ( v] 

a 12 a..J2 
+ H.A. 

We would conclude that a certain chiral vector charge exchange interaction of 

quite short range exists between a nucleon and a lepton. The current for the 

interaction is completely parity non-conserving, and insofar as participation 

in the interaction is concerned, the electron, neutrino, proton, and the neutron, 

each participate only when its helicity is -1. This would be extremely simple, 

and one must ask why the observed ~-decay interaction is not like this .• · ·The 

interpretation · of the· difference is fairly straightformtrd actually, and such 

a difference rw:s expected - although not precisely of' the kind round._. 

What we ' have been dealing with heretofore is presumably not the fundamental 
interaction; instead it is the result of the modification of the fundamental 
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interaction by the mesonic cloud. The nucleon has strong interactions and, as 

a result of these strong interactions, the ~-decay interaction that we test in 

nuclear physics, whose parameters we have evaluated, is not the interaction of 

the electron and neutrino with the bare1or theoretical, proton and neutron. 

From all our experience, the simplicity in an interaction occurs only when one 

discusses the bare particles. For example, lie believe that the strong inter

actions, when stated in terms of the bare particles and the unrenormalized 

coupling constants, have a great deal of symmetry, to~hich is disturbed in practice 

by the electromagnetic interactions not possessing the same symmetry. There is 

no reason why the situation should not be entirely similar in the case of the 

weak interactions. The bare particle weak couplings may be expected to show 

their own symmetries \'Thich are disturbed in practice by the strong interactions. 

The factor 1.25 is thus viewed as arising from the relative renormalization of 

the vector and axial vector parts of a symmetrical bare interaction. Although 

this renormalization effect is compatible with our ideas on how these things 

should go, it is still a little m)~terious as to why the factor is so close to 

unity. Many people had expected a factor of four or more, and it is not idiotic 

to suspect that the factor could have changed to 1.25 from -1 instead of from +1, 

although it is much more pleasing if it was +1. 

Assuming that the bare vertex is given by 

G(y ~+ + y y5~~, a a 
let us now take a look at what we might expect the complete vertex to be. This 

is exactly the same question that came up in the treatment of electrodynamics. 

It was found by the application of relativistic invariance and symmetry con

siderations that all the higher order corrections could only lead to a change of 

the original vertex e y to a complete vertex of the form: a 

e Y F(q2) - e2m a Q_ G(q2). 
a ap v 

Analogously, we expect t hat t he weak bare vertex, when one puts in all the 

corrections due to the stroug and electromagnetic interactions,will be changed 

to: 

Now there is a point here that we shall give some attention. In the 

case of electrodynamics, at zero q2 the coefficient of y in the complete 
a 

vertex was the same as the coefficient of y in the original vertex. That's 
a 
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because the current in electromagnetism is conserved, and thus the charge of the 

proton including mesonic effects is exactly the same as the charge of the proton 

not includi11g mesonic effects. Earlier in the course, this situation l.zas 

expressed by saying that in electrodynamics z2 = z1, or the corrections from 

the vertex to the charge are cancelled exactly by corrections to the propagator. 

In the case of the weak interactions we have no assurance that there is an 

analogous conserved current, and therefore neither Gv nor -GA is expected to 

equal G. 

So far in our work we have put F1 (q2) and F
3

(q2) equal to 1; we have 

ignored any effects of a shape of the vertex, and we have ignored the induced 

terms by using A = B = 0. This neglect is very reasonable, since the energies 

of the ~-decays are of the order of at most a few MEV, whereas the shapes of 

the nucleon due to mesonic effects involve in the Fourier transform momenta of 

the order of the meson mass. At the very low momentum transfers characteristic 

of nuclear ~-decays, all the corrections we have omitted are extremely tiny. 

Upon reference to the derivation of the form for the complete vertex in 

electrodynamics 'see pages 135-6), it will be noted that we made some use of 

the existence of so-called 11mirror 11 diagrams. The "mirror" diagrams do not 

exist for the vertex which changes the charge, and so to eliminate some of the 

other possible forms for terms in the complete vertex a few additional 

assumptions have to be made. These are not very restrictive in nature, but 

unless they are made the complete vertex can have some more tiny correctior~ . 

END OF SECOND TERM 
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THIRD TERM 

March 31, 1959 

Last time the idea was set forth and discussed that the phenomenological 

~-decay interaction may be regarded as the result of the modification of a 

fundamental four-fermion point interaction 
1 + 'Y5 1 + 'Y5 

~ G {P y n} {e y Y} + H.A. 
arr a\[2 

due to the action of meson clouds around physical nucleons. The strong couplings 

do not affect the leptonic factor in such an interaction, but may be expected 

to change the nucleonic factor in the following way: 

2 2 
G Ya ~ 0v Ya F1 (q) +A aap <1p F2(q) 

2) ( 2) G Ya.Y5 ~-GA YaY5F3(q + B y5 qa F4 q ' 

where q is the four-momentum transfer from the nucleons to the leptons at the 

weak interaction vertex, and F n(O) = 1. Altogether in ~-decay, GV and GA 

are about the only things we can expect to see; A and B cannot be expected to 

be large enough to overcome the smallness of the momentum transfer factor q in 

~-decay, and the form factors Fn(q2), if our knowledge of electromagnetic 

nucleon form factors is used as a guide, will not begin to deviate significantly 

from unity until q2 becomes of the order of the square of a few hundred MEV, 

whereas in ~-decay q2 < (10 MEV) 2• -
~Decay 

We have spoken about the coupling of the muon in our qualitative 

discussion of a possible universality among the weak couplings. The question 

of such a universality is now a precise quantitative query: Is the muon 

coupling identical to that of the electron? In this case for every interaction 

involving the electronic factor 
- 1 + y5 

{e Ya \[2 v}, 

there is a corresponding interaction involving the muonic factor 

- 1 ±. y5 
{IJ. Y v'}· a-J2 

The v' is to be massless, like the v, but we need not commit ourselves further 

as to whether it is identical with v or not. The possibility that v' is ~ 
can be excluded by experiment. 
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Now how would one find out the coupling of the muon with the nucleon? 

Nuclei do not undergo muon decay, because the energies involved are far 

less than the mass of a muon. However, much like electron capture in 

~-decay, the process~-+ p~ n + v' does occur, and the inquiry about 

universality now takes the form of asking whether the ~-capture process 

goes in exactly the same way as the electron capture process. To answer 

this we would need a lot of experiments on ~- absorption in nuclei: an 

experiment to determine the ratio of Fermi couplings to Gamow-Teller 

couplings; a couple more to determine if the Fermi coupling is vector, and 

the G-T is axial vector; another to determine that there is 100% · 

parity non-conservation, but that T or CP is conserved; and finally, one 

to determine whethe~ it is (1 + yS) or (1- y
5
), i.e. whether the muon is 

coupled in a left-handed fashion or a right-handed fashion. 

None of these experiments has been done. All that is known from 

~ absorption is that if the interaction is of the same form, i.e. V-A, 

then G~ and o! for the muon are the same as o2 and o! for the electron to 
v -

within 20 ~ or so. Experimental information on the process ~ +p~v 1 +n 

is very scarce; mainly what there is, is just the rate of ~ absorption 

in certain simple nuclei, which can be compared with a corresponding ~

decay. For example, the decay rate of 

B12 __,. c12 + e + v AJ = 1, no 

is known, and if the capture rate for the process 

~- + c12 -=>B12 + v', AJ = 1, no 

going to the ground state of B12, is measured, one can determine the ratio 

of the muon axial vector coupling constant to the electron axial vector 

coupling constant, since after a small correction due to the different 

momentum transfers, the nuclear matrix elements are the same. Within the 

various errors, which amount to about 20 % , the ratio is unity. 

However, there is one extremely sensitive test of the identity of 

the muon interaction with the electron interaction, which gives a perfect 

result. That is the measurement of the ratio of the rates Of TT+ -1- e + v, 

and TT+ ~ ~ + v'. If the couplings are identical, then for every diagram 

involving a mess of strong interactions in the rr-e decay matrix element 

symbolized by 
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e _, -p 
...... + 

__ 11_7_~_ 

-,)) k 

there is a corresponding diagram involving the same structure of strong inter

actions for TrtJ. decay matrix element, which may be symbolized by 

;U, -p 

- - - - - 1f~_ j: .. 
~) k 

Now there are also some other diagrams yielding a contribution to the R-matrix 

element which are of first order in the weak coupling constant. However these 

other diagrams involve the exchange of photons between the final charged lepton 

and the charged baryons and mesons symbolized by the blob. The existence of 

such diagrams will be neglected in the following argument, because they involve 

the relatively small electromagnetic coupling constant. 

In comparing the rate of rr-e decay to that of rr-~ decay it does not matter 

at all what the absolute value of the meson-baryon factor in the R-matrix element 

may be, since it will cancel out assuming the weak coupling of ~v' is identical 

to that of ev. The only things that cause a difference in the rates are the 

difference in the leptonic factor in the R-matrix element and the variation in 

the density of final states. This simplicity was noticed about ten years ago 

by Finkelstein and Ruderman, who made predictions for the ratio of the rates 

for all the various ~-decay interactions. 

Let us calculate the rate for rr-e decay by symbolically summing all the 

diagrams of the kind indicated above. All we have to know about the blobs is 

their form, which, since the ~-decay interaction is vector-axial vector, must 

be a combination of vector and axial vector, too. But there is only one para

meter characterizing the meson-baryon blobs; that is q, the four momentum of 

the pion. From only one four vector it is impossible to form a pseudovector, 

and so all the blobs must be vector in form. Therefore, neglecting electro

magnetic radiative corrections, we may write to first order in the weak 

couplings: 
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To get an expression for the rate, we have to sum the absolute square of 

the R-matrix element over all the leptonic spin states, and then calculate the 

density of final states. The first step is to notice that ~Ya = ~ = p + ~, 
~ e . e -v 

and since -p v _!: = 1. m v -p' u,!s ~ = 0, we have 

Therefore, 2 2 
2 2 IF( -mrr) I 

ZIRI =m 2E 
q 

2 2 jF(-m;)j2 
Z I R I = m ---..,.E___;.;_ 

q 

(- p•k) 
E k 

p 

Using the relation k2=0, one ~ "' obtains: -p•k = (k - q) ·k = E k(l - v .k). We now q 1T 

will specialize to the case v
11 

= 0, i.e. pion at rest, to calculate the density 

of states. In the rest system of the pion,E = k + E = k +\1m2 + k2, and thus 
p 

dE k E mrr 
d'k = 1 + E = "E = 'E· 

p p p 

Also,as a result of 

m
11 

= k + /m2 + k2
, k = ~ (1 - m

2 /m~). 

4 2 m 
r = 2ttZIRI_2 Tl' k dk =..!! jF(-m2)!~ m2(1- m2/m2)2• 

( 2rr) 3 dE 4rr rr 1T 

Therefore, 

If the weak coupling of ~v' is the same as the weak coupling of ev, then 

we conclude that, up to radiative corrections, 

m 2(1 - m2/m2)2 
r /r : e e Tl' 1.3 X 10-4. 
ne ~ m2(l _ m2/m2)2 

ll ll 1T 

Recent experiments, among the earliest ~eing the one by Tollestrup and others 

at CERN, do indeed find that the decay of the pion into an electron and neutrino 

occurs with the predicted branching ratio. 

Despite the extreme paucity of experiments on muon absorpt ion in nuclei, 

we may consider that this agreement in a branching ratio constitutes very con

vincing proof that the muon weak coupling is essentially identical to the 
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electron weak coupling. I say 11essentiallr' because this branching ratio is 

obviously independent of whether the muon coupling occurs through 

{~ ya(l + y5)v'} or through{~ ya(l- y5)v 1}, i.e. whether the vr and~ are 

left-handed as are the v and e, or whether they are right-handed. The sign 

of Ys may be inferred directly by examining the longitudinal polarization of 

the muons in the decay of a pion. In this two-body decay, the muon comes out 

in exactly the opposite direction from the neutrino. The v r will be completely 

polarized, left-handed if (1 + yS) occurs in the coupling, and right-handed 

if (1 - y5)occurs. But since the pion is spinless, the longitudinal polar

ization of the muon will be the same as that of the v', and therefore such 

an experiment determines directly the sign of the yS term. Unfortunately 

the experiment is quite difficult, and has not been done yet. 

However, we may go on, using the hypothesis of a universal Fermi inter

action as symbolized by the Puppi triangle, to obtain the sign of yS indirectly. 

For this purpose, we now shall look at the features of the decay of the muon. 

The obvious thing to try in an attempt to explain ~-decay, in the spirit of 

universality, is the coupling: 

+ H.A. 

What we wish to do is to measure the sign of the yS term which is left open, 

and then to check precisely that such an interaction really does explain all 

the properties of ~-decay, and finally to measure G. The measurement of G 

is especially interesting, because G is expected to be the unrenormalized 

coupling constant of ~-decay. The muon, electron, v, and v' do not have 

any strong couplings, and thus, apart from a tiny, calculable electromagnetic 

effect, the G here should be the same as that characterizing the bare coupling 

of e, v to n, p. 

If the spectrum of electrons produced in ~-decay is calculated for 

the two cases (1 + yS) and(l- y5), it is found that the two spectra are 

completely different, and the experimental spectrum agrees exactly vdth the 

(1 + yS) one. Therefore, v' is left-handed, and thus v' may or may not be 

identical with v. This will remain a permanently unanswered question; 

there is no remotely practical way of telling. There are, of course, experi

ments in principle which could distinguish between the case v 1 = v and the 

case v' -f v, but no such experiment is feasible. For example, if one could 

accelerate an atomic pile to the speed of light, one could check to see 
+ whether the very-energetic, ultra-violet shifted pile antineutrinos produce ~ 
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in the same way that e + are produced in the Reines and Cowan experiment. No 

particularly practical way of doing this comes to mind, but in principle this 

does distinguish between the two cases! Or another possibility would be to 

carry out a Reines and Cowan experiment with the ~' from n-~ decay. But the 

intensity of v' from an accelerating machine producing pions is so tiny 

compared to the intensity from a pile that the experiment is again ~ossible. 

So all we can say is that v' acts like v in that it is massless and left-handed, 

but we don't lmow if v' is v or not. It may be remarked now, that later on 

we shall encounter a possible test of this identity which is feasible, but 

unfortunately the interpretation is by no means unique. 

Knowing the helicity of v' from a rough inspection of the electron 

spectrum in muon decay, we now have a complete theory, and we should be able 

to predict all the features of ~-decay precisely. Every experimental confirm

ation of these predictions provides a check on the theory. In particular, we 

can now go back and compute the electron spectrum more exactly to see just 

how good the agreement really is. The next thing we shall look at is the 

rate of ~-decay, which determines G. Then the asymmetry of electrons from 

polarized muons may be computed. One hundred percent polarized muons are 

produced in pion decay, and we think we know the sign of the polarization, 

so we can make an exact prediction of magnitude, sign, and energy dependence 

of the asymmetry, which may then be compared with experiment. All of these 

predictions agree quite well with the experimental observations, and so the 

conclusion is that, to within the accuracy of the experiments, we have a 

perfect theory of ~-decay. It will be interesting to see, when the accuracy 

of the experiment is improved, whether it remains perfect. Eventually highly 

refined studies of the spectrum might show some non-locality in the inter

action. At present the point interaction is sufficient to explain everything 

that has been observed. 

With this theory, let us now calculate some of the features of ~-decay, 

starting with a ~+at rest with its spin in the 't direction. However, to 

perform the algebra in a more or less covariant fashion, I shall assign to 

the ~ + a four momentmn q, and a spin in the s -q direction, ( s = .± 1) • The 

momentum of each decay particle is shown in the follorTing diagram: 

(See next page) 
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For such a decay the lowest order contribution to the R-matrix element is: 

As usual we desire to sum the absolute square of this expression over the spin 
+ -states of thee, v, and v 1 • Using the technique of traces, one can easily 

obtain: 

Note first that the mass terms in the traces can be omitted since the trace of 

an odd number of y-matrices is zero. Then it is apparent that only the second 

trace need be evaluated, for the first can be obtained from the second by 

doubling it, setting s = 0, and replacing kl by p, q by k. By juggling some 

of the matrices, the second trace can be put in the form 
l .-/\. 

- 4 Trace { (1 + y5)(1 - sZ·q) ~ "fa ~1 "(a}, 

which can be evaluated in four parts. 

- ~ Trace { h ~I y l = 5 q • k 1 - a k 1 - q k' • 
4 a ~ aa ~ a a a 

-t Trace {y5 ~"fa ~~ya} = -e~00 ~ k~. 
The evaluation of the third and fourth parts is facilitated by the relations: 

z·q = -i "(5 ~ ~, and ~ ~ ~ = ~\Ci\ - q4 ~-
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Using the symmetry mentioned, the result for the first trace can be 

written immediately. It is 

2 {oao p•k - pako - poka + ~Pao l').,kp} • 

If one makes use of ~paa eCill")aa = 2(5'X!.o 5Pl1 - 5XT} 5~x .. ) and exploits 
fully the symmetry properties of the various parts of the traces in the indices 

a and a, it is not very laborious to calculate the product of the two traces, 

which comes out to be: 

Therefore, 

~ ~ - ...... 
Writing ~ = p/E , and specializing to the case q = 0, spin in s direction, 

p 
one obtains simply: 

1:IRI 2 = 4 G2 (1 - ~.0) (1 - -;.~). 
From this formula, we see that there are two correlations in the 

decay of the muon. The e+ and ~' tend to come off in opposite directions, 

and the v tends to be emitted opposite to the direction of the spin of the 
+ 
~ . 
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April 2, 1959 

To obtain the spectrum, rate, and angular correlation, it is only 

necessary to insert the density of states and to integrate over the unobserved 

parameters. 
2 -.+/\ -tA 3 3 

dr = (1 - ~·k') (1 - s ·k) o(~- k' - E - k) d p d k' 
(2n) P 

The kinematics of the process yields the equations 
,. -t 

.1\ p + k' 
k =- ~~-=

~-k'-E ' p 

It is convenient to work with the variables p, k', x = p• k', y = ~:1, and two 

other angular variables, which may be quickly integrated out to give (2n) 2• 

dl' = 4G
2

3 (1- xp/E) (1 + y :k~-~ 1 x) 5(~- k' - E - k) k' 2p2 dx dy dp dk' 
(2n) P ~ p P 

For simplicity in the following integrations, we shall neglect the electron's 

mass m. This is a very good approximation except at the low energy end of the 

electron spectrum, because m/~ < 1/200. 

If one writes: 
• I 2 ~ - k' - p 5(~- k'- p- yk' +p2 + 2pk'x) = pk' 5(x- x 1), 

where xr = 1 + ~2/2pk' - ~/p- ~/k', the integration over the variable xis 

trivial. The condition that x• be within the range of integration, i.e. 

-1 ~x' ~1, is equivalent to the following conditions: 

p ~ ~/2, k' ~ ~/2, and p + k' ~ ~/2. 

G2 ~/2 2 
dr =- dy dp / (~' + ~P - ~ /2) ((~ - k' - p)(l - y) - y ~P (k' - ~/2)] dk'. 

2n3 ~/2-p 
The integration is simplified if we define P = p/~, and change from the variable 

k' tow= (k'/~ + P- 1/2). Then, 

G2 5 p 1 
dr = ~ dy dP / w[( 2 - w)(l - y) - y(w/P - 1)] dw 

2TI" 0 

2 1 - 4P 
p ( 3 - 4P) {1 - y 3 - 4P} dP dy. 

One hundred percent polarized muons are obtained from,pion decay. In 
practice, if these are positive muons, they retain their polarization to a 
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high degree. The depolarization factor varies from material to material, and 

results for no depolarization can be obtained by a fairly reliable extrapolation. 

On the other hand, the ~- gets caught in matter and very complicated things 

ensue. Because the depolarization of negative muons is tremendous, the experi

ments are almost always done with ~ +. 

If at any given value of the positron energy, the angular distribution 

of the positrons is measured, one gets (1 +a cos e), with an asymmetry para

meter a, which is a function of the energy: 

\,0 

.a 

. fl 

-.~ 

/ 
/ 

I 

/ 
I 

I 

The asymmetry parameter varies from - 1/3 at the minimum positron energy, where 

it gets very hard to measure, to + 1 at the maximum positron energy. It changes 

sign at P = 1/4, i.e., at half the maximum energy. In an actual experimental 

situation, we would start with n+, which decays into ~+polarized opposite to 

their direction of motion. This means that the high energy positrons will come 

off backwards preferentially. This statement that someth.ing moves preferentially 

in a direction opposite tothe directicn of motion of some other thing is 
obviously invariant under CP. Therefore, the high energy electrons from the 

decay of ~- also come off preferentially backwards, although the magnitude of 

the asymmetry is much smaller due to the large amount of depolarization. 

To obtain the spectrum, we just integrate over y, which knocks out the 

asymmetry term, and gives us a factor of 2: 
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0 .J . L , 3 . 't p-5 

In the old days when there were many possible muon spectra because there were 

many possible theories, there used to be a parameter p which characterized all 

the various spectra. For this particular spectrum, p = 3/4. This p is no 

longer of use because we know the theory. If there are departures from the 

theory, they are presumably not in the direction of that family of spectra 

which people characterized by various p-values. So the p-value is an obsolete 

concept. All we can say is that the theory predicts this spectrum, with tiny 

electromagnetic corrections, which have been computed by Berman, and to the 

extent that this spectrum differs from experiment, something is wrong, but 

something is not the matter in the direction of a different p-value, because 

this would imply there should be a little admixture of tensor or something else 

in the interaction, which is ridiculous. If something is the matter, it's not 

that there is a little tensor coupling, but that there is some departure from 

a point interaction, or some mechanism underlying the weak interactions which 

we are just beginning to see. However, at the present time there is no dis

crepancy in this spectrum when the electromagnetic corrections are included. 

The lifetime of the muon is obtained by performing the remaining inte

gration, which gives easily 
r = G2!+5 - 1 

192rr3 - -r· 

Recently at Chicago the lifetime of the ~+has been measured quite accurately 

to be ( 2. 261 ± .007) x 10-6 sec., and if the electromagnetic corrections are , 

put in,which amount to a percent or so, the value of the bare weak coupling 

constant comes out to be: 
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(1.01 f .01) lo-5 
G = 2 • 

M 
p 

If you refer to the value that was obtained from ~-decay for ~' you will find 

that it came out to be that same value. (However, we did not correct that 

determination for the effects of electromagnetism, so the agreement is a percent 

or so less perfect.) IT we assume that the bare weak coupling constant for 

the nucleon is also G, then we see that the nuclear axial coupling constant has 

been modified by the meson cloud by a factor of about 1.2, whereas the vector 

constant has apparently not been ctanged by mesonic effects. That's queert 

We did not expect them to come out so closely equal, and so we shall want to 

consider that further. It's either an accident, or it isn't, and if it isn't, 

one can speculate about what it might mean. 

The only remaining quantity in muon decay which has been measured is 

the polarization of the resulting electrons. The experiments have very large 

errors, but do support the theory in that the positrons are right-handed, 

and the electrons show left-handed polarization. 

Let us now pass on to a point of interpretation . It has been mentioned 

that the v' and v might be the very same particle, or might be different, 

and that there is no unambiguous feasible way of telling. From this point 

of view, letts see what people mean by saying that there is conservation of 
• leptons. We have heard already of the conservation of baryons, which tells 

us that one cannot create or destroy a heavy, nucleon-like fermion - the 

number of baryons minus the number of antibaryons is a constant of nature. 

Can some similar statement be made about the leptons: ~' e, v, and v'? 

In our experience with ~-decay, ~-absorption, and ~-decay, we notice 

that everytime a ~ is created, a v' is destroyed, and that every time an 

electron is created, a v is destroyed. Therefore, if the v' is distinct 

from the v, there are evidently two types of leptons, and each type is 

conserved. That is, if Ne equals the number of electrons minus the 

number of positrons, etc., from the structure of the couplings, the 

following holds: 

N + N 1 = constant, 
~ v 

N + N = constant. 
e v 
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These two rules are in accord with what is seen in nature. Furthermore, by 

adding the two relations, we have: 

N1 t = N + N + N + N 1 = constant. ep ons e ~ v v 

On the other hand, if v =vi, the first two rules clearly do not hold, but we 

do have the relation: 

N1 t = N + N + N = constant. ep ons e v ~ 

So in either case, we can define a family of particles called leptons, such 

that the number of particles in this family is conserved. 

It is now a remarkable fact that those members of the lepton family 

which are called particles all seem to enter the weak interactions with the 

same "handednes.s". There is no lmown reason why this simplicity must occur. 

It is just another one of those fundamental laws wr.ich are observed but not 

understood. From the existence of this one-to-one correlation between helicity 

an:l the 11particles11 of the lepton family, one is led to suspect a similar 

simplicity in the weak couplings of the baryons. That is, it is not unlikely 

in the bare weak couplings of the baryons, all the baryons enter ld th the same 

helicity and thus all the antibaryons enter with the opposite helicity. Assum

ing that the mesonic effects did not change the relative sign of the vector 

and axial vector couplings in ~-decay, then under this conjecture the basic 

interaction is left-handed for all the baryons also. This conjecture cannot 

be verified yet because not enough is lmown about the strange particles. 

A Current-Current Interaction 

So far in our examination of the complete picture of the weak interactions, 

we have proposed that a simple interaction of the same form, when referred to 

"bare" particles, exists between any two of the following pairs of particles: 

np, ev, and ~vi. From this, one might be led to conjecture that all the pairs 

rray interact with themselves in the same way that they interact with each other. 

This is equivalent to saying that if we construct two currents, made up from 

all the pairs and very closely related to each other, the fundamental l·7eak inter

action is just that of the tl.J'O currents • There is no experimental evidence at 

the ucment on the question of whether a pair interacts with itself, but it is 

not beyond experimental test. 

The suggested theory for· all the l·Ieak interactions would be: 

where ?/weak = - J+a J_a , 
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J_a = i 21/4rJl/2 {[n y l+rs p] + [e y l+rs v l + [~ y l+rs v1] + 
. a.J2 a J2 - a -J2 ... } 

and 

J . ·=· i 21/4a~/2 . l+rs - l+rs - l+rs 
.L. {Ep y · n] + [v y e J + [ v' y - ~] + ... }. 
TU. aJ2 a$ a.J2 
The ••• represent whatever other stuff that might be needed to account for the 

strangeness changing weak interactions. The cross terms are just exactly those 

which explain ~-decay, ~-absorption, and ~-decay. But the "squared" terms, or 

the self terms, represent entirely new physical interactions, which we have not 

discussed at all, and for which so far there are no clear-cut experimental tests. 

But in principle experiments can be designed which can test their existence, 

and these are presently just beyond the limits o£ experimental technique, but 

in the not-too-distant future I think they may become feasible. 

The simplest one to discuss theoretically would be the interaction 

(~e)(ev), which would give rise to scattering. The most observable process 

would be the production of energetic recoil electrons by antineutrinos from an 
- -atomic pile: v + e---.. e + v. The cross section for this first order weak 

process would be of the same order as that for the first order weak process 

~ + p ~ n + e, namely about 10-20 barns. However, it is much harder to do the 

scattering experiment than the Reines and Cowan experiment, because the coinci

dence technique which proved so valuable in the detection of ~-absorption is not 

available. The only thing one has to observe is that every once in a while an 

electron in matter will acquire an energy of the order of a few MEV, since the 

scattered ~ does nothing. This is obviously much more difficult to detect than 

a coincidence between a neutron capture yo-ray and a positron annihilation quantum, 

but in principle it is not impossible. 

Actually, Reines and Cowan were at one time planning to do such an 

experiment for a different reason, so it may not be so completely insane to 

think about doing it. Then it was thought that the neutrino might have a 

magnetic moment, which would give rise to scattering. A two-component neutrino, 

i.e. a neutrino such that y5v = v, cannot have a magnetic moment, but it can 

still scatter off electrons by this weak interaction. 

The fact that a neutrino which has only states of a definite helicity, 

say left-handed, cannot have a magnetic moment due to the weak interactions, 
v· v 

is easy to demonstrate mathematically. Since yS uk = ~' 

and 
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The neutrino can have a charge distribution due to the weak interactions, 

in the same way that the neutron has a charge distribution due to the strong 

interactions. Because the neutrino has no charge, its charge form factor F(q2) 

has to be zero at q2 = 0. For this reason, the electromagnetic interaction 

between a neutrino and an electron should be smaller than the proposed weak 

interaction, and so a measurement of scattering would definitely indicate a 

direct interaction. 

There is a second possibly practical way to test for the self terms in 

the weak couplings, although it again would be very hard. That involves examin

ing the consequences of the interaction (pn)(np) in nuclear physics. The inter

action gives rise to a force between a neutron and a proton, which is of quite 

small range. The potential has a 6-function nature like a piece of the static 

nuclear potential which we calculated from meson theory, but when better account 

is taken of the relativistic effects, the potentials are spread out to at least 

the order of the nucleon compton wavelength. In addition the potential may be 

expected to be spread out to the order of a meson compton wavelength since each 

piece of the interaction has a form factor due to the strong couplings. 

l This force has the property that it is extremely weak, which certainly 

doesntt help to detect it, but also the special property of being parity non

conserving. Thus if this self term is present, the nuclear forces are slightly 

parity non-conserving. The first question which must be posed is whether this 

feature is a unique characteristic of the self term, or whether it would come 

about in any case. Before Yukawa invented his meson theory of nuclear forces, 

people were talking about nuclear forces due to ~-decay. And in fact, they 

supposed that such forces were responsible for the attraction between nucleons. 

Those forces arose from this process 

F 

and now that it is known that the ~-decay interaction is parity non-conserving 

such forces must also be parity non-conserving. Such forces must certainly 

exist, if it is true that at such weak strengths the concepts of field theory 

continue to apply. This was the earliest guess as to the origin of nuclear 

forces. It had the slight flaw that it was too small by a factor of G2 or 10-14. 
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Tbatdidn't bother people, because divergent integrals were involved, and so they 

figured the divergences, if cut off at a sufficiently high point, would cancel 

the smallness of the coupling constant. Yukawa had a better theory of nuclear 

forces, but the original guess remains as a suspected contribution to the nuclear 

force, which is parity non-conserving. However, it is very tiny, beingrof order 

a2, and so the parity non-conserving force due to the self term, which is of 

order G, can certainly be distinguished from the other one. 

Thus the thing to do is to look for very small contaminations of parity 

non-conserving nuclear forces, which can be identified with the self term. An 

experiment has recently been done to detect a parity non-conserving nuclear 

force, but the results do not shed any light on the existence of the self term. 

What they claim to have done is such an accurate experiment that anything 

stronger in the way of a parity non-conserving force than that due to the self 

term can be excluded. They are just at the level where they might expect to see 

the self term, but that they haven't doesn't prove it isn't there. But anything 

stronger doesn't exist. In other words, no kind of a strong interaction fails to 

conserve parity, according to this result. Some people had conjectured, for 

example, that possibly the strong K-particle couplings were parity non-conserving,. 

This experiment, if taken at face value, squelches that idea pretty thoroughly, 

because one would certainly expect the K-couplings to make some small contribu

tion to nuclear forces in nuclear physics, even if it's only one part in 105, 

or something. Adair, Haas, and Leipuner claim that there is no parity non

conserving part of the nuclear forces to about one part in 108• The force due 

to a self term would be in this neighborhood so that it is not excluded. But 

it will be most interesting to see whether such an experiment can be pushed 

further, so that the question of the existence of a self term in the weak inter

actions can be answered. 

Let us discuss what type of experiment was carried out and the nature of 

the force due to the self term in some detail. The basic idea is that a neutron 

is absorbed in a heavy nucleus, in this case Cd113, and a capture resonant state 

of Cdll4 is made, which then decays to the ground state by the emission of a 

y-ray. Very slow s-wave neutrons, polarized by magnetic scattering, are used, 

and their energy is adjusted so that the resonant capture state is a 1+ level. 
The ground state of Cdll4 is a o+ level, and so if everything is perfectly 

reasonable and parity is conserved, the gamma ray is a Ml photon. But if parity 

to a slight extent is not conserved, the nuclear states will have small admdxtures 
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of the wrong parity,/then there will also be a sort of a tiny, ghost-like El 

transition between the capture. state and the ground state, which will interfere 

with the Ml and lead to a term in the angular distribution of the gamma rays 

of the form~:~, (where 1 is the polarization direction of the neutron, and k 
is the momentum of the photon). Now they are, of course, not looking far an 

effect of order 1 part in 108, but rather the argument is that in a heavy 

nucleus the effect will be tremendously enhanced. 

Bearing such an experiment in mind, let us now look at what kind of an 

effect and what order we might expect theoretically if the self term in the 

weak interactions exists. The only part of the self term of interest is the 

parity non-conserving part, because the parity conserving part will just get 

lost in the tremendous jungle of nuclear forces due to the strong and electro

magnetic interactions. We shall neglect in this discussion the various meson 

corrections which will change the interaction somewhat, giving it extra pieces 

and broadening the potential out to a distance of the order of a meson compton 

wavelength. Our problem then is to derive from the self term an effective non

relativistic potential. 

In this experiment, for the first time, the sign of the weak coupling 

constant becomes interesting. In most problems concerning the weak interactions, 

where the intensity of something or other is observed, the formulae involve G2, 

and so the sign of G doesn't matter. But in this problem, the interference 

term will involve the sign of G relative to the sign of the regular nuclear 

forces, which is known. On the basis of our theory of the weak interactions 

so far, there is no way of telling what the sign of G is. But further consider

ations, which are tied up with the idea that the weak interactions are mediated 

by a boson field, give a clear indication that the situation should be analogous 

to the case of electromagnetism, where in order that the photon field has a 

positive energy, there is one particular sign to the interaction, namely two 

like charges repel. Since the weak interactions are vector-axial one expects, 

if there is any kind of a field mediating the interactions, the same would be 

true, namely the two like pairs would repel. Thus the sign of G might be 

expected to be positive , although we certainly cannot prove that it should 

be this way. 

The parity non-conserving part of the R-matrix element due to the 

self term is: 

G -P n -n p -p n -n p 
- {2 {(uq' yet uk] (uk' yety5 uq] + [uq' yety5 ~] (~ 1 yet uq]}. 
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In the standard representation, it is an easy task to pass to the non-relativistic 

limit by employing the approximation 

Eliminating the lower components of the spinors in this rmy, one obtains the 

following expression for the matrix element 

G + n+ ~ - {~ X f ® . xi } , where 
Mf2 1 2 2 

2® = cr2·(k'+q)- (Oi·q' Olj + Olj crl·k) cr2j + crl·(q'+k) 

- Olj(cr2·k' cr2j + cr2j cr2•q). 

If one judiciously employs the relation cr•A cr•B = A•B + icr•A XB, and the con

servation law q' + k• = q = k, the above expression can be simplified to be: 

~-+-+ ~ ....... --+~--+ 
® = (cr1 - cr2) •(q' - q) + i cr1 Xcr2•(q' - k). 

Nol·T if one prefers to talk about potentials, it is probably possible to 

invent some sort of potential which will give this matrix element in first Born 

approximation. It is pretty easy to do that for the second term, which clearly 

is given by the static potential 

G ~ _, 3 
- {o.. Xcr ·V 5 (x..-x )} 
M J2 -J. 2 ~ -x2 s J. 2 

but the first term m~st come from a more complicated velocity-dependent potential. 

Since however it is unnecessary to work lv.lth a potential, we shall not bother 

to concoct one. All the inferences we wish to draw can be inferred from the 

nature of the matrix element. 

The operator ®, being parity non-conserving and antisymmetric in the spin 

matrices, has the property that it has matrix elements, in the two body np 

system, between singlet-even and triplet-odd states and between singlet-odd 

and triplet-even states only. Since e is rotationally invariant, it conserves 

the total angular momentum. Thus, for example, it has matrix elements betrreen 
1 "L 3 1 S

0 
and '"'P 

0
, s1 and P1, etc. In a many-body nucleus, of course, the rules are 

more complicated. 

From this operator ® we can deduce what is to be expected in the line of 
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an El contamination of a Ml photon. Since ® involves the momenta of various 

particles there will be a direct or "catastrophic" term representing a point 

interaction between a photon, neutron, and a proton, which arises from the 

replacement of the proton momentum q b.y q + eA, and is of the form: 

ieG ~ ~ ~ 
- a. Xo:2 •A. 

M {2 -.L 

A diagram for this matrix element has the following form: 
1 

but it should be remembered that the point nature of the diagram is only a 

result of the non-relativistic approximation. Relativistically, the point of 

contact of the neutron and proton is distinct from the point where the photon 

is emitted. This direct interaction term will have a non-vanishing matrix 

element between a 1+ capture level and a a+ ground state level in general, 

which leads to the emission of an El photon. 

April 7, 1959 

We may estimate the magnitude of an interference term in a light nucleus 

using the catastrophic term. The interaction term responsible ior the Ml 

deexci tat ion of the capture level is just -1-L· B = -1-L • V X A, and the magnetic 

moment 1-L will be of order e;M. Thus the magnitude of an assymetry term exhibit

ing the parity non-conserving nature of the nuclear force due to a self term 

in the weak interactions, which is of the order of the ratio of the matrix 

element of the "catastrophic" term to the lU matrix element, is 

(G e 6fol) + (e p/M) = G 6/p, where p is the magnitude of the momentum of tllre 

emitted photon. The 6-function brings in the amplitude that a proton and 

a neutron are at the same spot. To estimate the effect of 6, we have to 

estimate the probability of finding two nucleons close to each other. The 

most important thing is how close must they be. If the interaction really had 

the form of a 6-function, we would have to worry about the fact that the 

nuclear forces are very repulsive at short distances, the so-called hard core, 

which prevents ttvo nucleons from getting very close to each other. Hol-Tever, 

we may argue that the 6-function is really quite spread out by the form factors, 

and that we don't !ave to worry too much about the effect of a hard core. 



l. 

Ph 234 Page 296 

Probably the suppression effect is not too tremendous, and one can take the 

5-function almost at its face value. The 5 then brings in something like 

1/(volume of a nucleon) for the probability that a neutron and a proton are close 

to each other. Estimating that at m~, we have for the order of magnitude of an 

interference term: 

GO/p ~ 10-5 m~/pM2 ~lo-6 • 

Besides this direct term which gives an El transition between a 1+ and a 

o+ state with a matrix element of order eG, we also get a contribution of order 

eG from second order perturbation theory by going through 1- and 0- intermediate 

states. That is, there is a parity non-conserving portion of Rfi coming from 

1: 
n 

H' H11
• fn lll. 

E.+ie-E ' 
l. n 

where one of the matrix elements is that of the self term ih the weak interactions, 

and the other is the ordinary electric dipole matrix element. (Relativistically 

all the El matrix element to order eG comes in this two-stage form; only in the 

non-relativistic formalism does it appear that part of the El matrix element 

comes in the first order of perturbation theory from the 11 catastrophic" term.) 

In a light nucleus where the density of levels is not too high, one would expect 

the two-stage contribution to be of the same order as the direct contribution, 

and thus the estimate of the interference term is unchanged. For a heavy nucleus, 

on the other hand, the density of levels is very high, and it is conceivable that 

the two-stage contribution might get much larger than the direct one. Now we 

shall not go into the arguments for the magnitude of the enhancement based on 

nuclear structure, but only state that Adair alleges that a factor of 103 in 

enhancement is not unreasonable in a heavy nucleus like Cd114. ·That would 

result in an interference term of order 10-3, which is around the present sensi

tivity of their equipment. It would be very interesting if the experiment can 

be refined somewhat so that they could state definitely whether the interference 

term from a self-pair interaction does or does not exist. 

The next thing to take up is the question of how, if a current-current 

interaction exists, we might "explain" it or "understand" it. The obvious 

mechanism for understanding it is the same as the electromagnetic one. In the 

( electromagnetic case, the interaction is -ja(x) n!~(~y) j~(y), where DF is the 

photon propagator. j (x) is the sum of a large number of terms, one for each of a 
the charged fundamental particles. Such a structure bears a similarity to the 

proposed form for the weak interactions, where J_a(x) consists of a number of 
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terms also. Moreover, the charge of every elementary particle is the same 
. bare 

it is allr>ays e -- and it appears that 1.n the weak coupling, the/constant may 

be always G. We do not know why these two things are so, but they could have a 

common explanation. 

If one pursues this analogy, one might say that the reason why these 

similarities exist is that the weak interaction is really 

F 
-J+a(x) 6a~(x-y) J_~(y), 

where 6F is the propagator for some heavy particle, which is practically a 

6-function. If the particle, call it uxl (symbol: X), has a sufficiently large 

mass, Mx' the momentum dependence of the propagator will not be seen. Converse

ly, the absence of momentum dependent terms in the matrix element which yields 

agreement with the electron spectrum in muon decay implies that ~ must be large 

compared to m2 • If this requirement is met, there appears to be no objection 
~ 

to supposing that the weak interactions are mediated by a particle, i.e., are 

the results of a universal coupling to a certain field. 

If we suppose that such a particle exists, we have to ask what its 

properties are. First of all, since it carries a vector interaction, it must 

be a vector particle (spin 1). It has already been remarked that its mass Mx 
must be large. Also it must be charged, since the interaction is charge ex

change in nature. Since it has a mass we must describe it with the equations 

for a vector meson, the Proca equations, and so whatever complications exist 
F for a vector meson must be included. The bare propagator 6a~(x-y) will be the 

Fourier transform of 
2 

6 a~ + PaP~/Mi 

p
2 + ~- ie 

and thus the interaction would be 

' 

~- J (x) X (x) + H.A. --.x. -a a 
(For a vector meson, the propagator is not just 6a~/(p2 + M2), which is what 

you might expect naively and which is what we used for photons, but is actually 

more complicated. You will remember that for photons we were forced at one 

point, when we were being fairly strict, to use (oa~ - pap~/p2)/p2 instead 

of 6a~/p2 • However, we argued that because the sources of the electromagnetic 

field are conserved, the PaP~ part never played any role, and we could forget 

about it. In the case of the vector meson, the sources now being considered 

are not conserved, and thus we must employ the correct propagator 
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(oa~ + PaP~/M2)/(p2 +M2). It is really very easy to see physically why the 
correct propagator has the extra piece. For this purpose, imagine that we are 

in the rest frame of the vector meson, where only p4 is non-zero. Then for a 

real vector meson, i.e. at the pole of the propagator, p = (O,O,O,iM), and 

the 

for 

the 

residue of the propagator is oa~R, where R = 1 for a = 1,2,3 and R = 0 

a = 4. In other words, od~ exists only for the spatial components; for 

4th polarization it is cancelled by the extra piece. This is simply the 

mathematical expression of the physical fact that for a real vector meson 

there are only three polarizations, and if the meson is at rest these are all 

spatial. At rest you cannot have real temporally polarized vector mesons, 

because under rotations these would behave in a scalar fashion. This is the 

physical reason for the added complication in the propagator for a vector 

meson). 

The dimensionless coupling strength would be aw = {2 G ~/4rr, and so 

if the uxl exists, there is a precise meaning to the Hstrength11 of the weak 

interactions. If MX were of the order of the nucleon mass, for example, 

then aw would be of order 10-6. For the l'leak interactions to be characterized 

by a fairly strong dimensionless coupling, say as for electromagnetism, MX 
would have to be about 100 nucleon masses. 

As the mass of the uxl is varied, the dimensionless strength varies. 

we may impose a restriction on this strength by the. fact that the uxl hasntt 

shown up experimentally. If M.._ ...... 2m , a ...... 10-7. The ·u:x1 may decay into --x Tf w 
anything it is coupled to, for example, pions (since it \'lould be coupled to 

np), and the two pairs of leptons. Its lifetime would be of the order 

(1/a ) 10-24 sec ....... 10-l7 sec. Not only would the uxl decay with such a 
w -

lifetime, but the K particle would decay into the ux1 with a comparable life-

time. The case Mx- 2m
11 

is thus impossible, because the K particle lives for 

10-8 sec. The conclusion then is that MX > MK' but it could be in the 

neighborhood of MK. 

The uxl could be produced in almost any kind of high-energy collision, 

but the cross section would be very small -- on the order of 10-6 of geometri

cal. So it would be essentially impossible to detect it this way. Besides 

that, if produced, the uxl would decay practically immediately, therefore in 

the laboratory one would only observe a tiny cross section at high energies 

for the single production of an electron or muon. Another way to look for 

the uxl would be to produce it electromagnetically with its antiparticle. 
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This is also extremely difficult, since the pair-production cross section goes 

down tremendously fast with increasing mass. As a result of these considera

tions, it is clear that no experimental evidence exists today on whether the 

uxl exists or does not, once we impose the restriction that MX > MK. 

If MX is not too large, perhaps the easiest way to test the existence 

of the uxl experimentally would be to measure the deviation in the electron 

spectrum in muon decay due to the momentum dependence of the propagator. If 

Mx- MK' the change in the spectrum is an increase in the so-called p-value of 

.01, which is just about at the limit of experimental detectability now. 

Currently, the best measurement of the p-value involves an error of.± .02. 

As MX gets heavier, the effect on the spectrum, of coUBse, gets smaller and 

more difficult to observe. Thus for the direct detection of an ux1 one must 

wait for further advances in experimental physics. 

The best thing we can do now is to see whether there are any indirect 

theoretical tests for the existence of the uxl. If the uxl exists, can we find 

a situation that is affected and that can be checked out using known experi

mental information? Only one such thing has been suggested, and that is the 

effect of the intermediate field of the uxl on the decay of the muon. One 

makes the assumption that the uxl exists with MX >> mi-L, ~ v = v r, and looks 

at the contribution to the rate for the decay 1-1 ~ e + y from the following 

type of diagram in which there is a virtual neutrino loop. 

--~<-------~~xx~~:------<~-JA 
The photon can come off of any of the three charged particles. If there is no 

uxl a similar diagram can be drawn, 

but it is totally ambiguous whether this diagram should be included. It is 

highly divergent and seems to vanish by synunetry, but you can't be sure 

because it depends upon how you apply the symmetry arguments in a divergent 

integral. There is no way of saying definitely whether this diagram should be 

included, nor how it is to be evaluated, if the uxl does not exist. On the 

other hand, if the uxl exists, it is clear that the diagram definitely should 

be included. The integral is divergent, but only logarithmically in the 
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physically important part. Under the stated assumptions, the rate for the decay 

1.1. ~ e + y may be calculated, and the result is: 

r 
u-+e;:r - _L_ F()..IM ) r - - 1100 ,.-x ' 

1.1. --t e+v+v 

where ).. is the cutoff. For )../Mx >> 1, F()../Mx) ~ [log ).. 2 JMi ]2, and for reasonh 

able values of )..fMx, F is of the order of 1, so the branching ratio comes out 

to be about 10-3. 

Experimentally, in 1954 Steinberger and Lokanathan set an upper limit 

on the branching ratio of 2·10-5. Keeping all the assumptions, there is one 

way out. If )../Mx << 1, F ~0. But this is a rather stupid way out, for under 

that condition, you cannot. believe fie~d theory predictions concerning the 

behavior of the particle. There is still a meaning, of course, to the question 

of the existence of an uxl regardless of whether or not its mass is larger than 

the energy where field theory breaks down. But it is meaningless to discuss 

theoretically its behavior using field theory if )../Mx << 1. 

However, we may use the result that the effect of the loop diagram 

goes to zero for Mx~ CD with a fixed cutoff to eliminate the loop diagram in 

the case of no ux1 by defining the point interaction as the limit in which the 

mass of an intermediate boson gets very large for a fixed cutoff. 

If we drop the assumption that v = v', then this loop diagram does not 

exist, and we have no contradiction with experiment, but also no test of the · 

existence of the uxl. Thus it is perfectly possible that the experiment should 

be taken as evidence for a distinction between v and v', rather than as dis

couraging the existence of an uxl;we have no way of knowing which at the present. 

Vector meson theory is very· closely analogous to electromagnetism, 

which is a vector 11 meson11 theory tdth a 11massless meson11 , and just as electro

magnetism is renormalizable, so neutral vector meson theory can be made re

normalizable too. But charged vector meson theory including the coupling to 

electromagnetism is not renormalizable. If you believe very strongly in re

normalization, then the uxl idea looks very bad. On the other hand, the four

fermion point interaction is violently unrenormalizable. If you are a fanatic 

for the idea that renormalizable theories are the only kind of physically useful 

t heories, then you would have to say that the weak interactions have not been 

put on any kind of reasonable basis, with or without an uxl. 

This is about all there is to say about the question of the universal 

interaction of two currents as being the explanation of the weak interactions. 

The status at this time is that it is an appealing possibility, but the evidence 
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on self-pair interactions is nil, as is the evidence on the existence of an 

intermediate boson. 

J+a.J , -a 

~ Conserved Vector Current Hypothesis 

From now on, we shall suppose that the weak interaction is of the form 

but without an explanation, and we shall forget for the rest of the 

discussion any possible non-localities coming from a cutoff or coming from an 

uXl. Nobody has seen any sign experimentally of such non-localities, and so 

it is an open question as to whether they are there or not. Our problem then 

is to try to determine the form of J • \ole have certain terms which would have 
a 

to be present, but there has to be at least one more term to account for strange-

ness-changing weak interactions, and there are probably many more terms. 

For the neutron and proton, it seems extremely possible that the 

interaction in the bare form -is the same as for the leptons, although we 

certainly cannot prove this. All we can say is that the experimental coeffi

cients are very close to unity, namely they are 1.0 and 1.2, but whether that 

means that the theoretical bare coupling constants are both unity is just a 

matter of conjecture. These might even be 1 and -1, or ./2 and {2, or something 

else. But anyway we shall assume provisionally that they are 1 and 1, and 

write for the form of the current: 

J = i + .r- + J2 a a a a' 

where Jt contains lepton pairs, J1 is strangeness conserving, and J 2 is 

strangeness nonconserving. At this stage we write 

J~" = i 21/4 a1/2 {[0 Ya 1 ;;2 vj + [~ Ya 1 ;;2 v') + .•. ) . 

leaving open the possibility that other leptons may exist, and 

.,1 _ . 21/4 Gl/2 { (- l + Y5 ] + } 
u -1 ny J2 p •••• -a a 2 

As far as nuclear physics is concerned, the only parts of the current that 

matter are those for which the strangeness does not change, and therefore we 

concern ourselves now with r. So let's now return to the problem of nuclear 

~-decay and see what effects various forms for r would produce. 

It was found that in nuclear ~-decay practically the only things one 

could measure were the renonnalized coupling constants GV and -GA' almost any

thing else, involving some momentum transfer divided by a large energy like 
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the meson mass, constituting a very small correction. So the two important 

facts about ~-decay are the effective coupling constants GV and -GA. In the 

effective current only (iip) came into our considerations, but the term (iip) 

in the phenomenological current depends on all the terms in the bare current 

} , because mesons and hyperons are in the cloud about a nucleon. We found, 

much to our surprise, that to within two percent, GV = G. This fact is ex

tremely remarkable, because one expects to get a renormalization factor which 

could be almost :anything. Then we notice that -GA is also close to 1, 1.25 

or something, but is significantly different from 1. What these two import

ant facts mean is not clear. One suggestion that has been made is that the 

equality is very significant,. whereas the closeness of -GA to G is an accident. 

It may be, on the other hand, that neither of them is very significant --

that both of them are accidents. Or it could be that in some totally unex

plicable way they are both understandable very easily -- it may be easily 

provable that they are both close to one. The only one of these that any 

theoretical substance has been given to is the conjecture t hat the equality 

GV = G means something, but that -G A ..... G is an accident. In other words, you 

can give an explanation, if you want to, which guarantees the equality, but 

nobody has ever found anything which explains the approximate equality • 

. If we · seak an explanation of GV = a; sometbixlg which we do not have 

to do -- we may just Degal'd it as an. accident~ we are lad t.o a def'inite. 

theory for } • The theory is very simple, actually we can guess it immediately 
0: 

from our previous discussions. Recall that we compared the effects of meson 

couplings on the vector interaction in ~-decay to the effects of strong 

couplings on the electromagnetic interaction. In the case of the electro

magnetic interaction with the proton, we started with e y and stated that 
a 

under the influence of the strong couplings, this would become effectively: 

e ya F(q
2

) - ~ ~ ao:~ q~ G(q
2
), F(O) = G(O) = 1, in 

in which the e is the same because the interaction was through a current 

that was divergenceless. This accounts for why a positron and a proton, 

starting out with the same bare charge, also has the same real charge, despite 

the fact that the proton has strong interactions, while the positron does not. 

Another way to describe this physically is to say that when the proton is 

dissociated, say, into a rr+ and a neutron, the charge is conserved. The 

statement that the charge is conserved means that the charge goes onto the rr+ 

so that the resulting system interacts with the electromagnetic field with 
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the same strength as the proton. 

In ~-decay, we had assumed no such thing, and thus we did not expect 

GV to equal G. The current (n ya. p] is by no means divergenceless, and the 

vector ~-decay strength as given by that term is not conserved under the 

influence of the strong interactions. We can see this physically in the 

following way. A proton has a certain ~-decay charge giving rise to the 

process p --~n + e + v, but when it is dissociated into a neutron and a rr+, 
nothing can do that any more. So under the influence of the strong couplings, 

the effective ~-decay charge of a proton will be changed from the bare value, 

i.e. Gv will be entirely different from G. If we want to restore the electro

magnetic situation, which is what we want to do in order to construct a 

theory of the equality of Gv and G, all we have to do is to arrange it so 

as the ~-decay charge is conserved. So we construct a theory in which the 

vector part of ~ is divergenceless mathematically, or physically we con-a. 
struct a theory in which the resulting system still has the same amplitude 

for ~-decay when a proton is dissociated by the strong interactions. 

Physically we have to postulate a new process by which the rr+ can undergo 

~-decay directly with the proper amplitude; then the system of a neutron and 

a rr + lvill have the same ~-decay charge as the proton. Mathematically, we 

postulate that the vector part of the current, J1v, contains terms in 
- -a. 

addition to [n y p] such that its divergence is zero to some desired extent. a. 
We can canstruct such a quantity by looking for the current density of some-

thing that is conserved to the accuracy required. By writing [i;. y p] as a. 
(N ya.~- N], it is obvious that the thing to use is the current density for 

the ( - )-component of the total isotopic spin, which is conserved. That is, 

we write 

2l/4 G-112 Jlv = Jl = i {(n y p] + -'2" [rr0a rr+-rr+a rr0 ] + ••. } , -a. -a. a. ~~ a. a. 

~There the • • • represent the isotopic spin currents for the strange particles. 

The equality GV = G might be so approximate that the strange particle currents 

should not be included, and thus as closely as we want GV = G, we insert as manyof 

t he terms inJ as needed. This expression for J1 v will do physically what -a. -a. 
we said it had to do, viz. anything into which a proton can dissociate 

virtually due to the strong interactions will have the same ~-decay charge. 

For example, the rr+ resulting from the dissociation of a proton into n + rr+ 
can undergo ~-decay, and thus the probability of ~-decay is preserved. 
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We do not know whether the violations o£ the equality Gv = G involve 

the strange particles or not. It could be that the strange particles do not 

play a great role in the structure of the nucleon, and that therefore their 

currents would not be absolutely needed in S:: to give the degree of equality 

which exists. However that seems unlikely -- the strange particles are coupled 

in rather strongly and you would think that they do play a significant role, 

and therefore the isotopic spin currents of all the particles should be in

cluded. The K particle would then possess a direct coupling, as would the Z 

and 8 particle, and they would all be of the same form: the (-)-comp~nent of 

the isotopic sp:in current. If all the strange particles were so included, 

the violations of the rule GV = G would be due to electromagnetism. So up to 

corrections of order a, Gv would equal G. 

This is called the conserved vector current (eve) theory. The idea 

was proposed originally by two Soviet physicists, Gershtein and Zeldovich, a 

couple of years ago at a time when the vector interaction wasn't very popular 

everybody 11knew11 at that time that the ~-decay interaction was scalar and 

tensor. Later when the V-A theory was becoming more respectable, Feyrnnan and 

Gell-Mann proposed the theory independently. It is a considerable comfort to 

know that there is some way of understanding the remarkable equality of GV 

and G. On the other hand, since -GA/G is also fairly close to unity, and 

nobody understands at all why this should be true, there still remains the 

possibility that the equality is an accident, too • 

It is therefore of interest to examine experiments which would test 

whether the pion has its own ~-decay charge, or whether it undergoes ~-decay 

only by virtue of its strong couplings to fermion pairs. Several experiments 

along this line can be devised, some of which are more practical than others. 
+ 0 · -The obvious one is to measure the rate of rr ---7 rr + e + v. On the ordinary 

theory, this process proceeds via virtual baryon loops 
... 

,.,_Q ... 

II ', 

_+ 
- II 

and, of course, the amplitude cannot be calculated. The crudest of estimates, 

however, will indicate that the branching ratio is very small -- of order 

10-7 to 10-9. With the eve theory, the rate~ predictable, but comes out 

to give a branching ratio of order 10-8• If the rate was measured to be that 

predicted by the eve theory, that would make two fantastic accidents, and then 
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you would probably have to conclude that the eve theory were correct. On 

the other hand, if the rate came out definitely different from the prediction, 

then the eve theory is wrong. So this experiment is a rather decisive test, 

but unfortunately, it is almost experimentally impossible to make an accurate 

measurement of a branching ratio at a level of 1 part in a hundred million. 
+ 0 -The reason that the rate for the process Tt ~ rt + e + v is pre-

dictable, assuming the eve theory holds, is that it is a very low momentum 

transfer process, and therefore it is essentially only the total isotopic spin 

of the pion system that determines the matrix element. Recall that in an 

allowed Fermi transition between two brother states, the matrix element was 

known. That is because the relevant matrix element is that of the operators s j -a(i) e-fr·~ d3x, ... 
and when we make the allowed approximation, which consists of replacing the 

exponential by 1 and using only the 4th component, the operator becomes 

S 11 (~) d3x = i I ~-4 _, 
" " whose matrix elements are known exactly. The same thing holds for the pion 

in the eve theory; the relevant matrix element is again {i. So if the usual 

nuclear physics formula for the ft value is employed, one should get the 
+ 0 -rate for the process rr ~ rr + e + v. 

This remarkable possibility of predicting the decay rate exists only 

if the eve theory holds, which reminds us that the first statement is also 

true only if the eve theory holds. That is, the statement about the matrix 

element for the decay o14~ Nl4-~ + e + v was really wrong. Previously we 

computed the transition matrix element and said it was obviously /2, because 

it was just the sum over all particles of the isospin lo!fering operator for 

each nucleon, w'hich we tacitly assumed to be the lowering operator for the 

total isotopic spin. But we forgot that these particles actually have mesons, 

and things may be much more complicated. The total isotopic spin of a nucleus 

includes the isotopic spins of the mesons too. So the famous theorem that in 

an allowed Fermi transition the matrix element is exactly known is actually 

false except in the conserved vector current theory. 

The question then immediately arises as to why the applications of 

that theorem were so successful in the first place if it is wrong unless the 

vector current is conserved. The answer can be the following. You may 

suppose that in nuclei the meson effects are not very important, except in 

the individual nucleons. Every individual nucleon has its own meson cloud, 
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and these particles with their clouds interact through the nuclear forces, but 

they behave like individual particles, i.e. these clouds are not greatly 

modified by the presence of other nucleons. This is a possible picture of 

nuclei, and if that picture is substantially correct, then the theorem would 

be true for nuclei without the conserved vector current. Thus there are two 

ways to understand the success of the predictions of the rates of Fermi .trans

itions between brother states: (1) The conserved vector current theory is 

true. That explains immediately why GV = G, and it also explains why the 

matrix elements are so perfect. Furthermore it enables one to predict the 

matrix element for a complicated system like the pion. (2) If the conserved 

vector current hypothesis is wrong, then two hypotheses must be made to 

replace it. Accidentally Gv = G, and secondly that the nucleon clouds in 

nuclei are rather independent. 

April 9, 19.59 

We have two problems: the form of the strangeness conserving current 

r, and the form of the strangeness changing current. The first of these is 

completely specified by the hypothesis that the vector part of ~ is conserved 

as far as the strong interactions are concerned. Actually an addition to that 

hypothesis is needed to specify ~ completely, because we have determined only 

the vector part. But the axial part may be specified very simply by the 

postulate that, just like all the lepton pieces, all the baryon pieces involve 

(1 + y5). This then is one possible theory of the strangeness conserving 

current~: 

~a = i 2-lf4ul/
2 {[N ya(l + Ys)-t_N] + i (~ X a air. ]_ + [8y a(l + ys)-t_8] + ... }. 

At least for the vector part of this current, we began to look for 

experimental tests. The one test that we had was that GV = G for the 0-0 

transition from o14, and a second test is that this same value of GV also works 

for the 0-0 transitions from Al26,cl34, and c10• That the s~me value for GV 

works in these four cases would seem to be a confirmation on the CVC theory, 

but it is also possible that nuclei behave in a rather simple rmy, i.e. the 

meson clouds of the individual nucleons in a nucleus are not greatly modified 

by the other nucleons. Without the conserved vector current, the only depart

ures of the matrix elements from 12 come from the modification of the individ• 

ual meson clouds in the presence of other nucleons, and this might be small. 
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Therefore, the fact that the same value for GV works for four different nuclei is 

not such strong evidence for the conserved vector current. If it could be 

used to predict the rates of some different things like rr+-. rr0 + e + v, or 
- 0 -
~-+ ~ + e + v, which checked out experimentally, that would constitute some 

solid evidence for the eve theory. But such experiments would be exceedingly 

hard. 

We are thus led to the problem of finding a more feasible test. One has 

been suggested recently,* and the corresponding experiment is now being carried 

out in Kellogg Lab. To examine the proposal, let us recall that, due to the 

strong couplings, the isotopic vector part of the electromagnetic coupling to 

the nucleon y ~ is modified, and becomes a z 
v 

~z {ya Fv(q2) - ~ aa~ q~ Gv(q2)}. 

(lJ.v = IJ.p - IJ.n = 1. 79 + 1.91 = 3. 7). In the various measurements of electron 

scattering at Stanford, the form factors have in principle been determined. 

Now the isotopic vector part of the electromagnetic coupling is precisely 

through the z-component of the isotopic spin current density, and, in the eve 
theory, the vector part of the weak coupling is precisely through the ( ± )
component of the isotopic spin density. These are related by rotations in 

isotopic spin space, and therefore up to electromagnetic corrections, the 

modified vector weak vertex should be given by 
v 

~- {ya Fv(q2) - .!L a a Gv(q?)} 
2M a~ ~ ' 

with the same form factors. 

This theorem tells us the magnitude of the corrections to the vector 

part of the weak nucleon vertex, and now we can compute whether they are of 

importance in nuclear ~-decay. Possibly some part of it can be detected and 

checked. The departure of the form factors from unity in the range of nuclear 

~-decay momentum transfers is certainly too small to be seen, and in that range 

1 it is of the order of an electromagnetic correction. But what might be seen 

is that induced 11magnetic 11 coupling. In the eve theory, for say q = 15 MEV, it 

constitutes a correction of order 

3. 7 q- 3 % 
2M • 

It is hard to detect a 3 percent effect, but if one can find some aspect of the 
--------- -- --

*Murray Gell-Mann, Phys. Rev. ffi, 362 (1958) 
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process where the effect is multiplied by 3 or 4, there might be a chance of 

testing the theory. 

A determination of the existence of this effect would provide a test of 

the CVe theory because, although in the old theory the bare coupling G y -r 
a -

would be mQdified by masonic effects to 

2 2 
-r_ {GV Ya F1(q) +A aap ~ F2(q )} , 

the value of A/Gv would be expected to differ substantially from -3.1/'ll'I. The 

principal difference between the old theory and the eve theory has to do with 

whether the pion carries ~-decay charge or not. In the old theory it l~s just 

the nucleon that carried the vector current in ~-decay; the pions carried 

current only by virtue of their connection with nucleons. In the new theory 

the pions of themselves have ~-decay charge, so that when the nucleon 11 disso

ciation" into a nucleon plus pion, the ~-decay charge is carried by the pion. 

Now the situation is similar to that of electromagnetism. Suppose we abolish 

the pion interaction with the electromagnetic field. What then would the 

anomolcus magnetic moments of the proton and neutron be? In other words, how 

much of ~v = ~p - ~n comes from pion current, and how much comes from nucleon 

current? If we could answer that question, we would have some idea of how 

big A/Gv would be in the old theory. In the old theory, A/Gv ..... - (nucleon 

current contribution to ~v)/'ll'I. Well, it can easily be seen from a charge 

symmetry argument that the pion current contribution to ~s = ~p + ~n = -0.12 

vanishes. So if we neglect the contributions from strange particles, it 

appears that the nucleon current contribution to ~s almost vanishes. We can't 

be even that sure about the nucleon current contribution to ~v, but we can 

guess that it would not be a large fraction of ~v. This is only a guess, but 

it seems plausible physically that since m~ - 1/7 the pion contribution to 

the anomalous moments should be scneral times the nucleon contribution. A 

test of the eve theory is, on the basis of these arguments, a test of whether 

A/Gv is approximately -3.7/2M or zero. 
The term of interest involves the a matrices, so we want to look for ap 

an effect vThich is entirely analogous to the magnetic effect of an anomalous 

moment in electromagnetism. In testing for such an effect in electromagnetism, 

we look at a magnetic dipole transition, i.e., one in which j6Jj = 1, and the 

parity doesn't change. Similarly to check -A/Gv in ~-decay, we look at the 

equivalent of a Ml transition, preferably a pure one like that from a 1 + 
level to a o+ level. Moreover, lve look for the highest energy transition of 
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this nature available, and that turns out to involve an energy of' about 15 MEV. 

This situation as a whole is somewhat different from electromagnetism in 

that the matrix element f'rom 1+ to o+ is dominated by the axial vector piece 

and the magnetic piece is only a small correction. This axial vector piece is ~ 

what people have measured through the rates, and thus we know what this is for 

the purpose of calculating the expected eff'ect of' a magnetic term. But we also 

have to know the magnitude of the magnetic matrix element. It would, of course, 

be possible to calculate it crudely by assuming some simple model of nuclei, 

but there is an easier and much more reliable way to get it. Consider a case 

where the 1+ level is an isotopic triplet, and the o+ level is an isotopic 

singlet. The I = 0 member of this triplet will decay by the emission of a z 
magnetic dipole photon through only the isotopic vector part of the electro-

magnetic coupling, since I does change from 1 to 0. By measuring the lifetime 

of the Iz = 0 member of the triplet, we can get the value of' the matrix element 

of the z-component in isospace of the vector current. In ~-decay we need the 

(±)-components in isospace of the same vector current, and charge independence 

tells us that these are related sin;ply by the factor f2. So the magnetic 

dipole part of the vector matrix element f'or these special ~-decays can be 

determined from the corresponding y-transactions. Thus we know experimentally 

both pieces of the transition matrix element for these ~-transitions, and all 

we have to do now is to compute physical effects of the interference between 

the two pieces, and hope He find one that comes out to be several multiples of 

3. 7q/2M. It turns out t.h:'.t the most easily measured effect, which does in 

fact get multiplied by a sizable factor, is a term in the spectrum. The spectrum 

turns out to be that expected normally multiplied by the factor 

, {1 ± ~ ~ (E - tll )} , 

which, since it is antisymmetric a~out the midpoint, contributes essentially 

nothing to the total rate. This parameter ~ can be determined experimentally 

as outline.d above, and is similar to what you might calculate theoretically 

using a simple argument which neglects orbital magnetic moments, coming out 

to be near (3. 7+1) . 

There is one thing that is exceedingly interesting about this effect, 

which is that in the ~- transition and the ~+ transition the sign of the effect 

is reversed. The reason for this is that under charge conjugation the vector 

piece of the matrix element changes sign i-7hile the axial vector does not, so 

that a vector-axial interference term will always change sign. Therefore if 
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one looks at both spectra, and the ratio of the spectral anomolies is ex

amined, the effect can be doubled, and also certain systematic experimental 

errors will cancel out. Furthermore, a number of complications might 

possibly arise from other types of little effects, the so-called forbidden 

pieces of the transition matrix element. In particular, the axial vector 

contribution alone has a lot of little forbidden terms in it which give such 

spectrum anomolies; however, these will appear as axial-axial interference 

terms and will not change sign under charge conjugation. So in the ratio 

these will cancel out, and we need not worry about them. 

The best set of transitions satisfying our requirements are those from 

B
12

, c12*, and rr-2 to c12. In this case the maximum effect is around 20 per 

cent. The experiment is presently being done only at one laboratory, Kellogg, 

but since it is a difficult one, we would like to see several groups try it. 

April 14, 1959 

Having discussed qualitatively the essential features of the experiment 

which will test the conserved vector current hypothesis, we can now profitably 

go on to calculate the effect. 

The situation we are concerned with is as follows: 

1+ 1+ 1 ... 
16.6 15.1 I 12 

13.9 l,IEV I 12* 12\ ,c I N 
B \ I 

' I 

' 
I 

I 

' I 
I 

~ \ IQ I ~+' EC 
' I 

' 
I I 

' I 

' I I 

' I 
' +I I ~0 ~ ""o.o 

c12 

Iz = -1 0 +1 

The three states with J''f = 1 + form an isotopic triplet, and the ground state 

of c12 is an isosinglet. Because of the spins and the parities, the vector 

matrix elements are purely magnetic dipole in nature, which is particularly 
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convenient for investigating the proposed term in the effective vector coupling. 

The big term in the 13-transitions is the allowed part of the axial 

vector matrix element, and the vector matrix element plays the role of one 

of the forbidden corrections. In addition to the vector, there are forbidder. 

corrections due to the modification of the axial vector coupling by the strong 

interactions. These latter effects we cannot calculate, but would probably 

be of the same order as the effect being searched for. The nice thing is, 

though, that when the interference of the little corrections with the allowed 

axial vector piece is considered, the vector-axial interference term changes 

sign upon going from the ~--decay to the 13+-decay, whereas the axial-axial 

interference term remains the same. Thus if we take the ratio of the correction 

factors for the transitions B12 ~ e12 + e + v and N12 ~ e12 + e + v, the 

axial-axial corrections will cancel out and only the interference terms we 

are interested in will be present. 

Let us calculate the features of the decay of B12• Let the momentum of 

the electron be p, and that of the antineutrino be k. Taking the state of 

B12 to have J = m, we define a quantity 1-t as the sum of a vector Mv and z a a 
an axial vector Ma which are matrix elements of the meson-baryon part of the 

a 
weak interaction Hamiltonian. In the eve theory, neglecting electromagnetic 

corrections, l-Te can express Mv concisely as 
a 

M: = -i <e
12 1G j +a( ~-k) I B12 ,m) 

(~ ~) -t 

where J'-L..( .:P-k) = / e -i p+k ·x ~+ (1) d3x, a Fourier transform of the + 
Aou A a 

component of the isospin current density. No such expression can be written 

for Ma; to identify it we will just write 
a ~ ~ ~ 

:t-1a ~ <el21 / -GA e -i(p+k) ·x W(x) -r+y Y5 ~x) d3x IB12 ,m). 
a 1\ a A 

With these definitions, the R-matrix element to lowest order is: 

~ -e 1 + Y5 v 
Rr =v lllf.C..,..., [u ~ v k]. 

l. p p V2 -

As usual we wish to compute the square of this matrix element and then sum ,.... 
over the lepton spin states. If ~ is defined as ~ ¥ 13, 

~ jRfil2 =Elk i Trace {(1 - y5) ~* (m- i~) ~(-~)} 
lepton p ~ 1 
spins 

The next step is to determine the nature of M , i.e. its transformation 
a 
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properties under rotations, so that one can determine the behavior of M as 
a 

a function of the spin state, m, of B12. Knowing that, one can then compute 

the average of Z jRI 2 over the m values. The transformation properties are 

independent of the complications due to the meson clouds, and so to exhibit 

them we may employ once again a simple model for nuclei. In this model, 
-\ ...... ~ M; ~ <cl21 /Gv e -i(p+k) ·x ~x) ~+Y a A(x) d3x IB12 ,m). 

To reduce this to a more familiar form, we can write things in terms of non

relativistic two-component spinor field operators: x+(x), and X(x). 
~ v -1 + ...... ..:t + 1\ 1\ 
M .._ Gvf {2M [X (x) ~+ V X(x) - VX. ~+X] 
1\ /t. ~ "'-::t A ~ .._. ~ ~ 

+ x+ ~ J. X d X + .¥ x+ ~ X c; X} e -i(p + k) •x d3x. 
1\ +i 1\ . ~1\ + 1\ 

The first two of the four terms are simply proportional to the non-relativistic 

current for a spinless particle. The last two terms can be written, after 

integration by parts, as: 
~-+ ~-'» -+ 

n __ p+k X/ {X+(x) ~ ~ X(x)} e -i(p+k) ·x d3x. 
\T2M A + 1\ 

The effect of the meson currents in the CVC theory is to multiply this Dirac 

moment term by the factor (1 + ~v) = 4.7. The first forbidden part of ~4 
transforms like 

-+ -+ + ~ 
-i Gv (p + k)•/ {* (x) -r:+ x ~(x)} 

which carries negative parity, and thus does not give a contribution in our 

case. So altogether, the vector part of M will have only spatial components; 
a 

and these will have the form 
~-+ 

~ P~~ x<cl2 l"i1+1 Bl2 ,m), 

where~+ transforms like an axial vector. ~Furthermore, in a simple nuclear 
"' ._., v) ''/ ~,. model, the major part of ~+ is (1 + ~ -r: + a·. 

" Now we have to look at the axial vector part of M • The big piece is 
a 

just the allowed term, which we may indicate as the matrix element of 

-i GA I { x+(x) -r:+6 X(x)} d3x = -iGA II J-r:+ 1; II. 
"' "' 

The first order forbidden terms in the spatia~ components arising from the 

expansion of the retardation factor carry the wrong parity and so are in

effective in our transitions. On the other hand, that expansion gives rise 

to a forbidden contribution to ~4, which transforms like the matrix element of ....,.-
p+k + ~ ~ ~ <(- + ~ -+ 3 

- G -·/{X (x) x a·V ~ X(x) - VX. (x) •a -r:+ x X(x)} d x. 
A 2M " +1\ A A 
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This piece is undoubtedly present, in addition to meson exchange current 

effects, but its effects will cancel out when the corrections to the spectrum 
- + 

in ~ and ~ -decay are compared. 

It should be realized that the terms in M are made up from a space 
~~ ·a 

vector (p+k) and nuclear matrix elements, all of which transform like a 

spatial axial vector, in such a way that under spatial rotations and reflect-
~v ~ 

ions M is a vector M4 is a scalar, Ma is an axial vector, and M4 is a pseudo-

scalar. The axial vector nature of the nuclear matrix elements is fixed by 

the fact that the initial state has l 1 = 1+ and the final state is o+. Since 

the nuclear matrix elements have the same transformation properties, they are 

simply proportional to one another, the factor of proportionality being 

independent of m. For example, 

(Cl2 Iii+ I Bl2 ,m) = TJ (cl2 I "/ -r;+d" IB12 ,m) 

" (cl21 .~+z I Bl2,o) 

TJ := (cl2 I "/ -r;+oz" I Bl2,o>' 

This result is guaranteed by the Wigner-Eckart theorem which states that 

if tn is an irreducible tensor operator of rank t, 
At 

(a', J', M' I (t I a, J, M) = (J,M;t ,m I J,t;J' ,M1 ) ( a 1 ,J' II tt II a,J), 

where the quantity(at,Jt II Jt II a,J) is indepen~ent of the projection quantum 

numbers, and is called the 11reduced11 matrix element. In our case we are 
......, 

dealing with an axial vector operator, e.g. ~' which is equivalent to an 
1\ 

irreducible tensor of rank 1 in the following manner: 

--~ - i jJ. = 12 r1 , ~ = rP,, ~ - i ~ = ·./2 T1-
1 . 

1\x Ay 1\ Az ~ 1\x 11.Y /\ 
To proceed we need one further result· In determining the transition 

rates we will want to determine LIRI 2 in which we sum over the final spin 
12 . 12 states of C and average over the initial sp1n states of B • In doing so, 

we need to evaluate e~ressions for the following form: 

L Z (a' ,Jt ,M' I T• D~' I a,J,M$ (a' ,J' ,M' I~ I a, J, M). 
M M' 1\ <{I A<{l 

This can be accomplished by using the Wigner-Eckart theorem, and one of the 

sum rules for the Clebsch-Gordan coefficients. Since the Clebsch-Gordan 

coefficients are real, the above expression equals: 
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(a' ,J• II Jl• II a,J)* (a' ,J• II Jt II a,J) X 

.Z .Z (J,M;t•,m• I J,t•;J',M')(J,M;t,m 
M Mt 

= 5mm• 5tt• ~i'!i (a' ,J' II ,('t II a,J') (a' ,J' 
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I J, t ; J' ,M' > 

It is now fairly easy to calculate the spectrum. Defining a vector 
~ 12 I / ~ I 12 > function of m by S(m) = (c 11 -r+OI' B ,m , one can write Ma in the 

following way: 
~~ 

~-'> ~ ....., ~ p+k ~ 

M - -J.· G S + G T) - X S • - A V 2M ' M4 = GA ~(p+k)•S. 

Time reversal invariance requires that both T) and ~ be real. 

In terms of this notation, the sum rule presented above reads: 

~ S~(m) S/m) =~oij I (c
12 11 11/-r+o" IIB

12 )1 2
= 0ij jSz(O)I

2
• 

Applying the sum rule, it follows that to terms of third order in the lepton 
momenta: 

.Z Re (I>l•p)*(M· k) = GA2 IS (o)l 2 {~·k - ~2M ( E k2 + (E2-m2)k + (E +k);.;]}: m z p p p 
,.....,* -\ ~ 2 2 

~ (p•k)(M •M) = (Epk- p•k) 3 GA jSz(O)j ; 

~ e-a~-yO M: MJfyko = GAGV 4 ~I Sz(O)j
2 {k(E~-m2) - Epk

2 
+ (k-Eph>."t}. 

PROBLEM 14: Verify these three relations. 

Putting the pieces together, one obtains: 
1 2 2 2 1 _.. /\ 2 Y m2 ....,. 1\ 
3 .Z IRI = GAISz(O) I {1 - 3 ~·k -32M [6 - ~ + 6~·k) 

8 Gv .21 1 1 m2 1 -+ /\ 
+3 -GA 2M (Ep- 2 6-2 Ep- (Ep- 2 6)~·k]}, 

'-'>- -'> 
where A = k + E , and ~ = pjE • 

p p 

The inclusion of forbidden t erms of first order in the lepton energy 

divided byM results in a modified angular correlation and a change in the 

spectrum. The second of these effects is by far the easier to look for, and 

is characterized by the shape factor: 

8 Gv ..!1. 1 2 2 ~ 2 
1 + - - [ E - - A - m /2E ] - - - ( 6 - m /E ] 3 -GA 2M p 2 p 3 2M p • 

Neglecting the term m2/2E which is quite small over most of the range of 
p 

electron energy in a high energy transition, the vector term leads to a 
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correction to the shape which is linear in the electron's energy. 

Now if we calculate the spectrum in the case r?-2 ~ c12 + e + "', we find 

that a similar shape factor results, and, in fact, the only change is that 

the sign of the vector-axial interference term is reversed. If one checks back 

over this calculation, one can easily see that the only modification that 

counts is the interchange of p and ~ inside the trace which just reverses the 

sign of the eap"(( term. That the values of 11 and ~ remain the same, as far 

as charge independence holds, is a consequence of the Wigner-Eckart theorem 

as applied to the isotopic spin variables. Thus in the ratio of the two shape 

factors one should observe principally the quantity: 

G 
1 + 16 ....D _!_ [ E - 1 ll] • 

3 2M -GA p 2 

The remaining part of the calculation is to predict the value of T) in the 

conserved vector current theory. In the simple nuclear model which was 

employed to elucidate the transformation properties of the matrix elements, 

~ has a definite value if the orbital contribution to the magnetic moments is 

, neglected, which is (1 + ~v) = 4.7. However, we can do even better than this, 

for ~ is just the ratio of the Ml vector matrix element to the allowed axial 

vector matrix element, the absolute values of which can be deduced from known 

lifetimes. The lifetime of B12 is determined to within a percent or so by 

the allowed axial vector matrix element, and thus: 

1. 2 2 
ISz(o)j = 2 Gv (ft)o14/GA (ft)Bl2. 

The lifetime of the c12* state is similarly determined by the isotopic vector 

part of the magnetic moment transition matrix element by the familiar formula: 

r = 1r a 003 1 I (Cl2 I ~ozl cl2* ,0) 12, 
y 3 y (2M)2 I'. 

and by the Wigner-Eckart theorem: 

(cl2 I ~+zl Bl2 JO) = {2 (cl2 I ~ozl cl2* ,O). 
A ~ 

Therefore, I (Cl2 l~+zl Bl2,0)I -GA 3 r M2 (ft) 12 1/2 
ITll = IS (0)\ = G { y B } 

z V a oo3 (ft) 14 y 0 
-GA 

IDI = 2 G (2.34 ± .25) = 5.7 ±0.6. 
v 

If the conserved vector current theory is not true, there should be a completely 
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different value of 'T'}. The magnetic dipole transition matrix element for the 

y-ray transition in e12 would then not be related to the magnetic vector matrix 

element in the ~-transitions. Returning to the simple nuclear model, the 

magnetic vector matrix element wCJuld not get a contribution from ~ v, and thus . 
it seems quite plausible that 11 would only be about 1/4 of its value in the eve 
theory, since on comparing our estimate of 11 with the value obtained experi

mentally in the eve theory it becomes apparent that the y-ray transition matrix 

element in c12 is due very largely to the anomalous moments. 

If the conserved vector current theory holds, the beautiful agreement 
I 

between our rough theoretical estimate of ""\ and the value calculated on the 

basis of charge independence has the important consequence that the sign of 

11 is virtually certain to be positive, as in the simple nuclear model. This 

prediction of the sign of the effect is the only thing that we have to use a 

model to obtain. 

In the ratio of the spectrum anomalies for the ~- and ~+-transitions 
the compliete effect is a linear term with a slope of 

16 5.7 1 d -1 J '2Ir 1.2 = 1.3 ;o (MEV) , 

or a total of 1. 3•15 = 20% over the entire range of energy. 

The experiment is being carried out in Kellogg, and the first run 

failed to detect an effect. But there were some systematic errors which 

rendered it impossible to draw an airtight conclusion. In the next run they 

will attempt to minimize further any sources of error so that a definite con

clusion can be drawn. 

The experiment is slightly complicated by the fact that a similar 

spectrum correction comes from another source, which we have not considered 

at all~ That is the Coulomb effect which violates charge independence and 

requires us to modify the electron wave function. The effect is small and 

can be treated by perturbation theory. If one includes the Coulomb field of 

the nucleus and the effect of a finite radius, R, for the nucleus, in the 

spectrum, a little correction of order ± ZaEPR comes in. However, one can 

estimate this effect, at least to within 50 % or so, and in the ratio the 

effect comes out to be- (0.2 ± 0.1)% (MEV)-1 , and so the analysis can be 

corrected for it and be good to at least 0.1% per MEV. Such an uncertainty 

is comparable with the experimental errors and should not cause any serious 

trouble. 

There is a further electroma etic effect which is different in the 
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case of positron emission from that in electron emission, which also has to 

be corrected for. That is the inner bremstrahlung, the emission of soft 

photons. The process can be represented by the following diagram: 

a\' 
A real photon comes off, and thus there is no quantum-mechanical interference 

between this process and the one we discussed. However, the photons are not 

counted in the spectrometer, and thus the measured electron spectrum will be 

the sum of those from two distinct processes. Now is this inner bremstrahlung 

effect different from B12 to N12 or will it cancel in the ratio? If you 

look at it hastily, you realize that it is obvious that it will cancel out 

in the ratio, because as far as the phot0n is concerned, it makes no differ

ence at all whether it is emitted by an electron or a positron. But if you 

think some more about it, you realize that there is a significant difference 

in the two cases. The rate for inner bremstrahlung is strongly dependent 

upon the energy given to the photon, and as that energy goes to zero, that 

rate becomes very large. (Keeping only terms of order e in the matrix 

element, the rate goes to infinity as the energy goes to zero, but if one 

calculates to all orders in e, the rate would not become infinite.) There

fore, the number of electrons l'Tith a given energy resulting from the inner 

bremstrahlung process depends sensitively upon how much energy there is 

available to the photon. The end point of the spectrum differs by 2.7 MEV 

from boron to nitrogen, and thus the correction for inner bremstrahlung is 

not the same. This correction is, however, easily calculable, and is very 

small if one stays away from the end points of the spectra. 

A final experimental correction has to be introduced due to the other 

levels in c12• The ~-transition can lead to sevezal levels in c12 besides 

the ground state, and when you measure the electron spectrum, you also count 

electrons resulting from a transition, for example, to the 4.43 MEV state 

in c12 if the energy of the electron is more than 4.43 MEV less than the end 

point. Since as much of the spectrum must be measured as possible to detect 

our effect, accurate knowledge of branching ratios is necessary to subtract 

out the unwanted contribution; fortunately, the branching ratios are only of 
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the order of a percent. 

If the experiment turns out to show that the conserved vector current 

hypothesis is correct, we shall be one step ahead theoretically in that 

direction. On the other hand, if the experiment shows definitively that the 

pion contribution to the ~-decay current is absent, then the theoretical con

clusion will also be quite interesting. The theoretical conclusion presumably 

would then be that mesons do not have anything to do directly with the weak 

interactions -- that the weak interactions are just associated with fermions, 

probably always involving (1 + yS). But also one other thing would be indi

cated. If the weak interactions do not involve mesons directly, there must 

be an intrinsic difference between mesons and baryons. In other words, if the 

pion does not couple directly to the leptons, that implies that the pion 

exi.sts as a distinct particle. It could then not be regarded, as some people 

are trying to do, as a bound state of a nucleon and an antinucleon. If the 

mesons are baryon compounds, the coupling to the isotopic spin current of 

the baryons automatically becomes a coupling to the total isotopic spin 

current, So if the CVC hypothesis is false, it seems exceedingly plausible, 

although not rigorously deducible, that the pion is not a bound state, but a 

distinct entity. 

April 16, 1959 

The question has been asked as to how we know the form of the effective 

vertex, say for the electromagnetic interaction of a nucleon or for the weak 

interaction producing ~-decay, which results from the modification of the bare 

vertex ~ the strong couplings. An analogous problem was considered for the 

theory of quantum electrodynamics, which consisted of the deduction of the 

form for the complete vertex which results from the modification of the bare 

electrodynamic vertex, not by other types of interactions, but rather by 

higher order electrodynamic corrections, 11radiative11 corrections. In that 

problem, three principles were employed to deduce the form of the vertex. 

The first principle was that the vertex must be vector in nature, and there 

are only a few vectors which one can construct from the parameters present. 

From these possibilities a couple could then be eliminated in two ways. 

Between free particle spinors certain vectors are equivalent to linear com

binations of the others, and can therefore be omitted. Finally, we noted a 

certain symmetry among all the diagrams -- the existence of mirror image dia

grams -- which consequently had to be present in the sum of all the diagrams, 
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but which is contained in only some of the vectors. In fact, the term which 

was eliminated by the symmetry argument may also be eliminated more easily by 

noting that the electromagnetic current is conserved, which implies 

<1a (P' I Xet I P) = 0. The first two principles, and the requirement that the 
matrix element of the current be divergenceless, may clearly be employed in 

the same way to restrict the form of the effective electromagnetic vertex for 

a strongly interacting particle to what we have assumed all along, i.e. 

2) . .bL 2 
Ya F(q - 2M O"ap ~ G(q ) • 

However, in the case of the weak interactions, how do we know that the 

effective form of the vertex 

{ 2 2 2 2
1J -r_l GV yet F1 (q) +A oap ~ F2(q) - GA yet YS F3(q) + B Y5 <1a F4(q) 

does not contain in addition the terms 

2 -r e o r F5( q ) , 
- ap p 

and 

Indeed we do not know that they are not present because we do not know the 

structure of ~a· (If the eve hypothesis is correct, the e term is absent, 

but nothing considered so far implies anything about the existence of the D 

term). The absence of such extra terms will be a consequence of some symmetry 

principle, which implies the existence of "mirror diagrams11 or something similar. 

The question of interest is therefore what symmetry principle of the weak inter-

actions is being assumed to eliminate those terms. 

It is conjectured that if ~a behaves the same way under the operation 

B = P e r
2
(n) = P Gas does its first term,ii ya(l + y5) p, then the e and D 

terms will be absent. Let's look at how this first term is transformed. For 
-irri 

this, one must recall that since _f
2

( rr) = e ,.,y, 

!2(11) n(x) r+2(Tr) = p(x), 
" " 1\ " 
I 2(n) p(x) r+2(n) = -n(x). 
A 1\ A A 

and 

Also, use must be made of the relations: 

e n(x) e+ = F n+T(x), 

" " " " where the symbol T means the 

and e p+(x) e+ = pT(x) F+, 
AI\ A 1\ 

transpose of the spinor components. 

P p(x) p+ = ~ p(-x), and P n+(x) p+ = n+(-x) ~-
" "- A A A 1\ " 1\. 

Thirdly, 

By applying these relations, remembering that the convention we use is that 

spinor field operators for different particles anticornmute, and using the 
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properties o.f the F matrix, viz. 

+_, ~* ~T 
F yF=y =y and F+ F * T •t . .bl y4 = -y4 = -y4, 1 1s poss1 e 

it is possible to show: 

P C I
2
(rr) { n+(x) ~ y (1 + y

5
) p(x) } r+2(rr) c+ p+ 

""" ~ Ct f\ A fi.A 

= - p c { p +(x) ~ y (1 + y5) n(x)} c+ p+ 
"/\ f\ a A 1'\ A 

= - P { pT(x) F+ ~ y (1 + y
5

) F n +T(x) } p+ 
1\ ,.. a " ,. 

=- p { pT(x) YT ~T(l - YT5) n+T(x)} p+ 
" " a " 1\ = + P { n+(x) (1 - y

5
) ~ y p(x) } p+ 

A ~ a,.. ~ 

= {n+(-x) ~ (~y ~) (1 + y
5

) p(-x)}. 
~ a ~ 

The conjecture thus involves the assumption that ~ transforms in the following 

way: 

~ f-k(x) }+ = -f-k< -x), 

B Jl4(x) B+·= +J14(-x). 
AA- " A-

Now assuming that ~a behaves this way, what restrictions are thereby 

imposed upon the other terms in the current? We shall not look at complicated 

combinations of 1 and y
5

, but rather shall restrict our inquiry to those 

binations of fermions with (1 ..:!:._ y
5
). _The po~ible terms are then: 

(rip), (:z-z0
), (:Z0:Z~, (:z-A), (AZ+), (88°), (rrrr), and (KK). 

com-

The ( 8-g0
) term is exactly analogous to the (iip) term, and automatically trans

forms in the same way under B; Thus no restriction is placed upon this term. 
--= +o · o -But under the operation B, Z ~ .± Z , :Z ~ ± :Z , and A~.± fu so that if 

the terms (:Z-:6°) and (:Z-A) are present, the behavior of ~a require~ under B 

automatically determines both the sign and magnitude of the terms (:Z0:Z+) and 

(A:z+)., respectively. What the signs are depends upon one's convention as to 

the phase of the :Z states, etc., but we need only state that if the signs are 

chosen as when constructing an isotopic spin current, the result will trans

form under B as desired. The two possible (rrrr) terms will automatically 

transform in the assumed manner under B, as will the two (KK) couplings. As 

long as we restrict ourselves to these simple forms for the non-strangeness 

changing current ~ , the only condition prescribed for the desired behavior 
Ct- - -

under B is that the (Z0:z+) and (~+) terms are determined by the (:Z-2:0
) and 

(Z-A) terms, respectively. If these conditions are fulfilled, one can prove 

that the 11mirror11 image diagrams exist, and thus that the two extra terms in 
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the effective weak vertex are not present. 

The strangeness changing parts of the current play no role in this 

discussion because we are concerned with a vertex where the strangeness does 

not change, and so any contribution from strangeness changing parts would 

have to be that coming from a second order effect in G, which is very tiny. 

However, for the investigation of the strangeness changing current it is ex

tremely interesting to define operations analogous to B, under which, for - -
example, p ---+A or:=:: 

No. 17: The Weak Interactions -- Strange Particle Decay 

We turn now to the problem of what can be deduced from the strange 

particle decays about the strangeness changing part of the lveak interactions, 

and how~ by specifying a form for the interaction, vTe can understand many of 

the features of strange particle decay phenomena. Let's first write down 

some of the characteristics of the strange particles, so that we may become 

familiar with the facts that we would like to understand theoretically. 

These are now pretty well known for most of the strange particles, although 

some of them are much harder to observe than others. 

We shall concern ourselves with the characteristics only of the decays 

of the strange particles; everything that is observed about their strong 

interactions will be assumed to be known, because there is not very much that 

bas been learned. The conservation of isotopic spin and of strangeness in 

the strong interactions fairly well describes the extent of our theoretical 

knowledge, although there is the possibility that the couplings of the 

baryons to pions may be described correctly by a global synnnetry scheme. 

1·1e shall study first the decay pattern of the K+. The following list 

of modes will contain only the observed on~s. There are many other decay 

modes r1hich must exist from the point of view of field theory, but these 

occur too infrequently to have been seen. The rates will be given in 
6 -1 multiples of 10 sec , and the errors are generally a few percent except 

where noted explicitly. 

~ RATE -
K+ -P - 48.0 ~ + '\11 

K+- TT + + TT0 20.9 
K+ ~rr++n- + TT+ 4.62 
K+ _. TT+ + rr0 + TTO 1.38 



Ph 234 Page 322 

MODE -
+ 0 - 6 K ~ rr + ~ + v 1 3.2 ± 0.3 
+ 0 -K ~ rr + e + v 3. 42 ± 0. 3 

The decay rate of the K+ is, of course, the sum of all the partial rates, 81.6, 

and hence the lifetime of the K+ is about 10-8 sec. 

There are a couple of features concerning leptonic modes which bear 

explicit mention. First, the mode K+ ~ e + v has not been detected, and 

it should be clear why. Our calculation on the branching ratio for 

fl'+ --? e + \1 to TT+ ~ ~ + vt can be carried OVer easily to this case to 

predict 

r 
K+ ~ e+v 

r 
K+ -7~+v' 

and thus r + - -::::: 10-3 
K -"> e+v 

in our units! Thus it is quite understandable why 

this mode hasn't been seen. Experimentally, the upper limit for its rate is 

about 1. Secondly, you will notice that rate for .the mode K+ ~ rr0 + e + v 

is roughly the same as the rate of K+ -:> rr0 + ~ + v'. This is quite reasonable 

for the (ev) is coupled by the weak interactions in the same way as the (~v 1 ), 

and so the matrix elements should be comparable in magnitude. (In the tl-10 

body decay, the form of the matrix element in vector and axial vector coupl

ing is so special that the matrix element reduces essentially to the mass of 

the electron or muon, which causes the great difference in the rates.) 

A few of the other modes which must ooccur are decays into two 

pions plus a lepton pair, and any of the above modes can be accompanied by 

a y-ray. The y-ray may be considered to come from regular inner bremstrahlung, 

or it can CQme out of the middle of one of the co~licated diagrams. The 

amount of inner bremstrahlung is predictable in the limit of very low photon 

energies just from the rate of the process without the y-ray and the fine 

structure constant, and the spectrum is of the form ctro. But then there are 
(I) 

corrections and other diagrams, which contribute to the photon spectrum 

higher terms proportional to 1 dw, ro doo, ro2 doo, etc. The coefficients of 

these higher terms are not predictable merely from the rate of the process 

without the y-ray, but depend upon the detailed structure of the process. 

Let us now turn our attention to the decays of the neutral K 

particle. The neutral K, as we have remarked a number of times, behaves in 

a rather peculiar fashion. To start with, we look at the strong interactions 
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where we find that the K is an isodoublet like the nucleon, and so there are 

two neutral K's, the K0
, and its antiparticle, the K0

• The XC has strange

ness +1 and the K0 has strangeness -1, which results in totally different 

behavior for them in the strong interactions. But in the decay of the K•s 

we have to adopt a different point of view, because strangeness is not con

served by the weak interactions. CP is conserved, however, by the weak inter

actions, and so we define linear combinations i'f the states I K0
) and I K0

) 

which are eigenstates of CP = +1 and CP = -1, and we call these states I~) 

and I K~) respectively. Since for spinl.ess particles, CP = PC, we can set 

and 
~~~ = 2-l {IK~ + ~ IK~}t 

I K~ = 2 -! {! K') - p I K')} • 
1\ 

It is these particles, ~ and K~, which have different lifetimes, because 

the transformation properties of the initial states under CP is a very 

important factor influencing the transition matrix elements. Therefore, 

we shall list the decay modes and partial rates for the ~ and K~. 

~ ~ 

~ --+11++11- 7000 

~ ~11o + 11o rv 3500 

Ko 0 +11++TT-
2 
~TT 

Ko -711++e -+v 2 
} 

Ko ~11 +e +v 2 

"-'1 

Ko --,)11 + + 1.1. + v' 2 } 
Ko ---711 +1.1. + \1 t 

2 
'" 7 

The number of events seen is fairly small, and consequently the errors are 

quite large, running on the order of 50 percent except for the mode 

~ -? 11+ + rr- where the error is of order 5 percent. The total rate for 
0 10 -1 0 7 -1 the Kl is about 10 sec. - , and that of the K2 is about 10 sec. • 

There is no pure lepton decay for the neutral K particles, which is 

part of the statement that nobody has ever seen any kind of an emission of 

a lepton-antilepton pair where that pair was not charged. Nobody has ever 

seen an electron pair emitted presumably by the weak interactions, or a muon 
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pair, or even a neutrino pair. The detection of a neutrino pair mode would 

not be impossible, because when the data on the branching ratios were refined, 

its occurrence would result in the failure of the branching ratios to sum to 

unity. Another thing that has never been seen is the emission of combin

ations like e!J.. On the other hand, leptons can be emitted when accompanied 

by a charged pion or a charged pion pair. For reasons we shall go into 

later on, no numbers have been given for the rates of such decay modes of 
0 the K1 • As with the decay of any particle, associated with the observed 

modes are a tremendous number of other modes which must also occur, although 

very infrequently; for example, a gamma ray can accompany the decay products 

of a mode. , 

The K~ cannot decay into two pions, because by the generalized Pauli 

principle any two-pion state with zero total angular momentum is an eigen

state of CP with CP = +l. The three-pion decay of the ~ has not been 

observed, but the explanation of this requires some knowledge of the wave 

function of the final state of three pions. It is not difficult to see 

that three pions with zero total angular momentum ha:ve P = -1. Now if the 

three pions are all n°•s, then clearly C = +1, and thus the decay mode 

~ -> n° + n° +11° is forbidden. Nmv the final state of a n +, n°, and 

n- can have C = +1 or C = -1, depending on whether the wave function is 

symmetric or antisymmetric respectively under the interchange of the n+ 

and then-. For the simplest final configuration where all three pions are 

in s-states, C = +1, and so the K0 cannot decay into such a configuration. 

In order that the mode occur, therefore, the final state wave function must 

contain p-waves, and thus the centrifugal barrier will strongly depress the 

magnitude of the matrix element. For this reason, it is expected that the 
o + o - ; mode KJ:: -> n + n + n would have a rate of the order of 1 100 of the 

rate of ~ ~ n + + n° + n-, and consequently will be exceedingly difficult 

to detect, especially because the branching ratio would then be of the order 

1 part in 106. 
The large rates for the two-pion decay of the ~ should be noted to-

gether with the fact that the two-pion decay of the K is slower by a factor 

of 500. We shall try to interpret this feature, but at present the interpre

tation is quite uncertain. It is also of considerable interest that the 

recent Berkeley results on the ratio of the rates of the modes ~ ~ n+ + n

and IS: ---=t n° + n° are consistent with the value 2: l. 
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April 21, 1959 

The only hyperon decay modes that are really well known are the following. 

The rates will be quoted in units of 109 sec-1, are comparable with the rates 

for the two pion decay modes of the ~' and have errors of about 10 percent. 

MODE 

A ---7 p + Tf 
A -7 n + rr0 

z+ 0 
~p + Tf 

z+ ~ n + Tf+ 

-z ---? n + rr 

-...... 
.!!. ~A+ tr 

~ 

2.4 
1.2 

• 
6.4 
6.4 

6.4 

same order 

aP 

• 7 .± .1 

. 7 .± .3 

.0 .± .1 

.o ± .1 

The third column is a measure of the asymmetry in the decay mode. The hyperons, 

when they are made in the strong interactions, are often polarized. Since the 

strong interactions conserve parity, the polarization can be only perpendicu

lar to the plane of the reaction, e. g. in the directi9n 
. 4 ~ 

__. Prr X Ph 
n = 

rtTf xw 
- 0 for the production reaction: Tf + p ~A + K .. The lack of parity conserva-

-)~ 

tion in the decay then implies that there can be an asymmetry term, n·P rr' in 

the distribution of the pions resulting from the decay of the hyperon. For 

perfectly polarized hyperons, the distribution will be of the form: 

1 + a: cos e. The interesting parameter, a:, cannot be measured directly be

cause the hyperons will not be polarized to a known degree by the strong -interaction. The actual distribution will then be of the form 1 + aP cos e, 
where P is the polarization of the hyperons averaged over all the production 

angles. If the product aP for a given mode turns out to be large, then you 

can be sure that the asymmetry parameter a: is also large, because P can never 

be greater than unity. On the other hand, if the product a:P comes out to be 

zero, then you really don't know anything about a:, because P could be zero. 

Tfuat's true unless you can determine P from an analysis of the hyperon pro

duction cross sections and angular distributions, or unless there are two 

modes of decay of the hyperon, in one of which aP turns out to be non-zero, 
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and in the other aP comes out zero. 

The product aP for the mode A -> p + T1 is definitely quite large, which 

means that the polarization is almost complete and that the magnitude of the 

asymmetry parameter is also close to its maximum value, unity. The determin

ation of aP for the mode A ~ n + rr0 will be a very important experiment. 

It is of course exceedingly difficult because in addition to the A, the tl-TO 

products are neutral, but it is not impossible because the neutrons can be 

detected by the recoil protons they produce, and the rr0 ts by the materializa

tion of' the decay y-rays. In particular it would be very nice just to lmow 

the sign of aP for this mode, for if the 1\.' s are produced in the same l-Tay as 

done in the experiments measuring aP for the mode A -7 p + rr-, the P would 

cancel out, and one would know the relative signs for the a's of the two modes, 

which would be very interesting. The recent Berkeley results on aP for the 

modes of the z+ are taken to indicate that the asymmetry parameter is rather 

large for z+ ___, p + rr0 and rather small for z+ ~ n + T1 +, n.nd in f c.ct -

it is c1 n. i racd tho. t fo r the· chp.r gcd pion mode \ oc. l < .03 ± .11 • 

In the case of the z-, nobody has ever succeeded in detecting an asyrranetry, 

but once more it may be mentioned that this does not imply a is small because 

P could well be zero. 

Essentially nothing is lmown about the decay of the 8. The mode 

8 ~1\.+ rr- has been observed, and the rate could be something like the other 

hyperon rates, within a factor of three or so. An event that is fairly certain 
0 0 to be an example of the mode 8 ___, A + T1 has also been observed. The decay 

of a 8- into a neutron, with a strangeness change of 2, has not been seen. There 

is more energy available for the 8 to go into a neutron than a A, and so if 

there is no rule or something to prevent the mode, you would expect to get 

more neutrons than lambdas. On the other hand, the identification of a 

neutron as coming from a 8 is not too likely, because so far the experimental

ists identify an event as containing a 8 when they see a cascade. Thus they 

would probably have ascribed an event containing 8 ~ N + T1 as being due to 

a new particle. In the opinion of the cosmic ray people here at Caltech, 

however, it is unlikely that the mode 8--» N + T1 could be more frequent than 

the mode 8 _.,A + n, because otherwise they probably would have seen a couple 

of events and actually identified them as being due to a ner1 particle. There

fore, the mode 8 ~ N + tr could well exist, but presumably is at least 

slightly forbidden. 
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For more information we have to wait, and what we can do now is to try 

to construct theories, or rules, which will enable us to appreciate and under

stand better this body of data now available. The chief advantage of this 

theo~izing is not that we are likely to get the right theory, but that it 

adds tremendously to the interest in the facts if one has some theoretical 

principles to argue about. Otherwise who would want to remember all these 

facts if he didn't have some idea as to how they should go according to one 

scheme or another? By discussing various theoretical possibilities, I think 

we'll get a real insight into what the data mean, so that if a new piece of 

information comes in, we will understand where it fits. That is really the 

principal value of this sort of theorizing; a secondary value is that you 

might actually learn the correct theory, but at the moment that appears not 

too likely, except by accident insofar as if you list ten possibilities, it 

might be one of the ten. Thus, let us try to discuss the strange particle 

decays from a theoretical point of view, looking at theoretical principles 

and seeing what kinds of .experiments test these princip~es. Not all of 

these principles will be right, but some of them may well be correct. 

The first thing we discussed in connection with a theory of the weak 

interactions was the pattern of a current-current interaction, which fits 

what we knor1 about the weak couplings of (ev), (~v•), and (np) to one another. 

However, the real tests of the hypothesis concern the interaction of a term 

like (ev) with its corresponding term (ve), and these have not been performed. 

Nevertheless, for the moment, let us work with the current-current form of 

the weak interactions. We now wish to split the many terms possible in the 

current into five groups, by writing: 

J = Jt + Jl + J2 + J3 + J4 - - - - - _, 
where J~ contains only leptons, .( contains baryon and meson terms producing 

no strangeness change, J: carries strangeness -1, J~ carries strangeness +1, 

and } carries strangeness -2. As examples of these groups we may give a few 

typical terms: 

J~: (ev), (~v•), ... 
~: (np), (8-8°), <'Az+), ... 
J2: (Ep)' (Z-n), (8-A), 

J~: <nz+), (Z-8°) 

J_4: (Sop), (8-n) 
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We presume tr..St the nucleon term in ~a. is i 2~ Gf !iya.(l+y5)p, although of 

course the bare coefficients are really unknown. The rest of ~ is completely 

specified by the hypothesis of a conserved vector current, together with the 

assumption that the axial current comes from the (l+y5) in every fermion term. 

To explain the decays of the strange particles, at least one term in the current 

must exist which causes a change in the strangeness. 

The first thing that should be noticed about the strangeness changing 

groups of terms is that with J 2 alone one can obtain a qualitative descript

ion of !11 the strange particle decays that have been observed so far. No 

terms of the groups J3 and J4 are needed to account for the modes known today. 

That we saw at the very beginning when we saw by augmenting the Puppi tri

angle by /tip vertex; everything could be understood qualitatively. 

Now consider the decay mode K+ __, ~ + v' • We know that J + is used to 

create the lepton pair, and so there must be at least one term of J_ carry

ing strangeness -1. Therefore, the group J 2 is certainly present in the 

current. If you could insist on having only one of the three possible 

strangeness changing current groups, J 2 is the one that would work. And if 

such a pattern were correct, you would expect some other leptonic decays such 

as A---;. p + e + ~, t1hich has been seen t~1ice and z--? n + e + ~, which may 

have been seen once. The branching ratio for the leptonic lambda decay is 

uncertain, but so far is about 1 part in 1000. These being the only leptonic 

decays of hyperons observed, it is clear that J 2 is presently sufficient for 

everything. 

The question of interest is thus: what decays, if obser.ved, would 

absolutely require that terms of groups J3 and J4 be present? To get a 

handle on this problem, we have to \>Tork with leptonic decays, for in those we 

know what charge the term in the current producing the observed strangeness 

change carries. It i~ clear that the existence of the decay mode 

z+ ~n + e +" would be conclusive evidence that couplings of the type 

arising only from J3 exist. Similarly, the detection of the mode 

8-~ n + e + ~ would be direct proof of the existence of J4. But since 

only three leptonic decays of hyperons have been reported, we have no 

knowledge yet as to whether J3 and/or J4 is present. 

Summarizing the above considerations, we can say that the detection 

of any one of the following decay modes indicates without any doubt that in 

the weak interaction hamiltonian there is a coupling between the lepton 

current and a current of the indicated type: 



Ph 234 Page 329 

J2 J3 J4 
K+- z+-> n - -l-1.+\1' +e +\I 3 -">n + e +\I 

- K+ ....-)- rr + + rr + + e . - t' z ~n +e +\I +\I .-.p+e +\I 

- -A ~ P + e +\I K ~1T +rr + e +\I 

The conclusion we reach from existing experiments is that a coupling 

with J2 is definitely there, but about J3 and J4 we don't lmow. Probably 

neither J3 nor J4 is present, but we cannot be sure until people study leptonic 

decays more extensively, or until we have other evidence. 

The next test has to do with the leptonic decay of the K0
• If ~ 12 

~ present, then we have the remarkable result that the modes 

0 - -K ~11 +l-1.+\1' 
-o + _, 
K ~rr +l-1.+\1 

are allowed, but not the other way around, i.e. 

K0~ 11+ + l-1. + v' 
if~ 11- + ~ + \1, 

Since by CPT invariance, the rates for the two members of each pair are equal, 

this then means that the proportion of the signs of the leptonic charges 

coming from the decay of neutral K's at a given moment depends upon the ratio 

of the amount of strangeness +1 to the amount of strangeness -1 in the wave 

function of a neutral K. This ratio can be read off from the curve which gives 

I<~ jK(t))l 2 as a function of the time after the production of a K0 whose 

subseque~t behavior may be described by jK( t) ). The nature of the curve depends 

critically on ~ = I (m - m )/f' I as the following three examples indicate. 

~ ~ ~ 

0 

\ 
\ 
' 

' \ 
' --'· J-- ......____ ----..... _ ,../' ---------... _ ..::~ 

3 
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~-~ 5 << \ 

'/q 

rKo t 0 z. 3 4 
I 

It is not known which type of curve correctly describes the behavior of a fresh 

K0
, because the magnitude of .; is unknown, but in any case the ratio of 

positive muons to all the muons is given by twice the curve divided by 

(e-rK~t + e -r~t). The same statement also is true for the electrons coming 

from the decay of a fresh batch of K0 ts. These are further tests of whether 

J3 is absent or not. 

Let us go into this matter in a little more detail. If we have pure 

~ t s or pure K~' s, then they would decay into a 50-50 mixture of + and -

leptons, on account of the CP invariance of the weak interactions. But if 

J3 is not present, the rates of ~ and K~ for a given leptonic mode are equal, 

because then there is no interference between the K0 and the K0 components. 

vle have then the interesting result that only about 1 in 1000 of the ~1 s 
l-10Uld decay into leptons, since the leptonic decay rate would be about 101 sec -l 

while the total decay rate is about 1010 sec-l If a fresh beam of K0 Js is 

looked at, a mixture of ~' s and ~' s will be seen. Nol>T the point is that 
1 -1 each of these will go into leptons at the same rate, namely 10 sec , and 
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the decay rate of the beam of fresh K01 s will have about the same leptonic 

decay rate. There will, of course, be interference between the ~ and K~ 

components of the fresh beam, but such interference could not change very 

much the average magnitude of the leptonic decay rate of the beam. So the 

total probability of seeing a leptonic decay compared to the two pion decays 

would be about 1 part in 1000 in that region close to the .production point of 

~. Further out, by the time the ~ component of the beam has died out, that 

probability rises to about 2/3, but if you look very close, it is very small. 

Now if J3 is present, K0 can go. into both ~ and !J., and similarly for K0
• The 

rates for leptonic decay of K~ and ~ are then not equal, and, in particular, 

the rate for ~might be considerably larger than 107 sec-1 • It could be 

that the total probability of seeing a leptonic decay close to the production 

point of the K0 is much greater than 1/1000; it might be 1 percent or 10 to 

20 percent. Now, in fact, experimentally it is less than 1 percent, but it 

has not been concluded experimentally that it is as low of 0.1 percent, which 

is what it has to be if J3 is absent. So a more accurate determination of 

that pr·obability is another possible test of the eXistence of J3, 

So far, we have discu~sed tests of whether there are couplings between 

leptons and terms belonging to groups J3 and J4. Now let us go on to discuss 

the consequences of the existence of J3 and/or J4 in the non-leptonic strange 

particle decays. In so doing we will be making explicit use of the assump

tion that the cross terms in the scheme J + J _ appear in the weak inter

action hamiltonian. Up to now in talking about leptons, we have just been 

analyzing experiments, without any actual use of the current-current 

hypothesis. We have simply been determining what type of terms must be 

coupled to leptons. But from this point on, the assumptions shall be made 

that there is the contribution J+ J_ in the hamiltonian, and that all the 

currents which are coupled to leptons are coupled in this way to one another. 

If J3 and J4 are absent, then the decay mode 8 ~ N + rr is completely 

forbidden, because in first order of the weak coupling, the maximum strange

ness change would be one unit. Notice that it is necessary for this con

clusion that not only ~ but also J3 be absent, because the term J! J~ 
carries strangeness +2, and would thus induce the decay. As mentioned earlier, 

such a mode has not been seen, but, in the first place, the experimental 

statement is not very strong. And, in the second place, the decay could be 

weakly forbidden; even though it might be allowed, some rule could exist 
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which might reduce the rate by a factor of ten or a hundredJ and then it might 

not be observed experimentally for a very long time. None of our tests so far 

are really perfect in that one can never be sure that a group in the current 

does not exist because certain modes are not observed. On the other handJ if 

the special modes are observed, there is no doubt that the associated types of 

terms do occur in the hamiltonian. 

An excellent test of whether J3 and/or J4 exists or not has been devised 

which is not affected by the fact that some rule may exist, which may weakly 

forbid a process, as one presumably does since r + + is only 1/500 
K ~ TT + TT

0 

of r . If J3 and/or J4 is present then there exists a non-vanishing 

rnatr~ e~~nt of the weak interaction hamiltonian between the states IK~ 
and IK0

) which is of first order in G, but if both J3 and J4 are absent, the 

matrix element would be of order G2• A transition matrix element between 

I K~ and I R<>:> produces a mass difference between ~ and K~ which is twice the 

transition matrix element. This is easy to see by simply diagonalizing the 

important block of the Hamiltonian containing the K0 and K0 matrix elements, 

which is 

on account of the CP invariance of nature. The diagonalization yields 

e: A~J 
for the eigenstates I IS.~ and I K~, which implies a mass difference of 2B. 

The real test is therefore to investigate which of the three different 

curves shown before describes correctly phenomena involving a fresh beam of 

K0 ts, and thereby to determine whether the mass difference between ~ and K~ 
is of order G, in which case~>> 1, or whether it is of order G2, in which 

case ~ - 1. The difference between these two cases involves a factor of order 

106 or 107, which is bound to make quite a difference nothwithstanding any 

weak selection rule. 

This test was proposed by Okun', and should be carried out relatively 

easily. The experimental procedure is to take a beam of fresh K
0 1 s, made 

together with hyperons in some target, and record the distribution in time, 
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measured from the production point of the ~ of those events where the K0 

component of the beam produces another hyperon. If ~ >> 1 as it is if the 

mass difference is of order G, then immediately the beam becomes an oscillat

ing 50-50 mixture of K0 ts and K0 •s, but the oscillations would be of the order 

1016 per second and thus unobservable. So the hyperon distribution would 

appear as that due to 50 percent of the beam being K0 's. But if the mass 

difference is of the order of G2, then it would take some time for the K0 

component of the beam to build up, and the secondary hyperons would not be 

made close to the production point of the K0 's. 

~ihether terms from J3 and J4nmust be included in the current is thus 

the first hurdle we must clear in setting up a correct theory of the weak 

interactions, but this cannot be done until we get more information on 

strange particles. 
• ; 
' 
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April 23, 1959 

In the absence of good evidence on the question, let us proceed mainly 

on the assumption that the groups J3 and J4 are absent from the cUITent. From 

time to time though, we will come back and say vThat would happen if such terms 

do exist, because they may very well be there. With J3 and J4 excluded, the 

number of possibilities of strangeness changing terms in the current is rather 

small. In fact, there are only six serious candidates: 
2 (- ~o (-c ) (-= ) (~ o) (~ ~ J_: Ap), (E p), En, 3 A, 3 E , 3 E J. 

It is conceivable that meson terms of the form (Ktr) might be in ;/-, but the 

existence of such a direct coupling of K to TT with a regulation G would lead 

to a rate for the leptonic decay of the K particle which would be 180 times 

greater than what is observed. So it is a pretty safe bet that no such (Kn) 

term is present. For convenience in the subsequent discussion, let us once 

again exhibit the possibilities for the baryon-meson terms producing no 

strangeness change: 

~: (ilp), (,KE~, (?A), (i0E~,(Z::E0 ), (8-8°), (trtr), (KK). 

The conserved vector current hypothesis, together with the idea that every 

baryon term involves (l+y
5
), tells us to take the relative coefficients of the 

above baryon terms to be: 1,fi,{2, -12, 12, 1, respectively, according to 

the sign convention we have used all along. But who knows that the hypothesis 

is correct? In the following, therefore, we shall not assume so restrictive a 

hypothesis about~. 
The first thing to notice is that it costs very little in generality 

to require certain theoretical symmetry properties of J1 and J 2, whose 

consequences we may expl-ore and check against experiment. \ve have discussed 

one such symmetry before, namely the invariance of J1 under B, whose conse

quences however, being the absence of certain small terms in the effective 

vertex, were not easily detectable. But the symmetr.ies now being advanced 

give us a series of conditions which can be checked rather easily. The 

hypothesis is that under rotations in isotopic spin space J 2 transforms like 

a spinor, and f transforms like a vector, i.e. J 2 carries isospin 1/2, and 

f carries isospin 1. Such transformation properties hold provided only the 

two members of the following pairs of terms are present in the proportion 

shown: 
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and 

These conditions impose very slight requirements on the couplings, and have 

very important consequences for experiment, which we can check. 

It may be remarked at once that if there were some J3 present in the 

strangeness changing current, it could not carry spin 1/2 exclusively, because 

all the terms of J~ like (Ill:~ and (Z-3°) carry I = -3/2, and thus necessar-z 
ily carry I = 3/2. So subsequently if we find some evidence that our pre-

dictions based on the isospinor nature of the strangeness changing current and 

the isovector nature of Jl do hold, that will also be some evidence that terms 

of J3 are absent. Similar considerations hold for J4. 

The consequences are of two types. (1) In leptonic decays of the 

strange particles, the meson-baryon part of the matrix element transforms like 

an object carrying isospin 1/2. And (2) in the non-leptonic decays which 

come from r and J2 taken together' the matrix el~ment can be split into two 

pieces, one of which transforms like an object carrying isospin 1/2 and the 

other isospin 3/2. Agreement with the latter statement provides to some 

extent evidence on whether J3 is present. In the leptonic decays, we first 

have to examine whether J3 is present by observing all types of leptonic 

decays, and then we have to test the decay of the K~ as to whether 6I = 1/2 

or not. 

The spinor nature of the baryon-meson matrix element has two conse

quences for the leptonic decay of the K particle: 

r(K~-;>1J- + e + v) = r(K~ ->1T+ + e + v) = r{K+ -7 1T0 + e + v), 

and r(K~ -?1T- + ~ + vt) = r(K~~1T+ + 1J. + v') = r(K+~1T0 + ~ + v'). 

The first equality in each line, as remarked in the last lecture, is guaranteed 

by CP invariance, and thus we need only demonstrate that: 

the irreducible tensor 

theorem: 
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0 It is quite obvious from the proof that in the equalities we could replace K2 
by~· 

No..,r bow well are these equalities satisfied? Our data on the leptonic 

decay rates of the K+ can be combined to predict a total leptonic decay rate 

of the ~ or the K~ to be 13.4 .± 1.4 in units of 106 sec. -l. The experimental 

values are still quite poor. A recent letter from BerkeleY* quotes results 

from an experiment at Columbia which indicate a total leptonic decay rate of 

the ~ of about 12 .± 5, and, on the basis of their 8 events, report their value 

for the same total rate to be about 20 .± 1, assuming the same total leptonic 

decay rate for the ~ and the ~. There is agreement here, but clearly we 

really have to wait until the data are refined to be sure of it. 

This is about all that can be said that is useful about the leptonic 

decays on the basis o:f J 2 carrying spin 1/2. It would, of course, tell us the 
- - 0 -relative rates of ~ ~ n + e + v and ~ ~ p + e + v, but the latter decay 

mode will never be observed because ~0 --+)\+ y so rapidly. Similar comments 

can also be made concerning the leptonic decay of the 8. 

For the non-leptonic decays, what can we get out of the statement that 

part of the matrix element transforms like an object carrying I = 1/2, and 

the remaining part like an object carrying I = 3/2? In considering the two 

and three pion modes of the K particle and the hyperon modes, we shall find 

that the hyperon decays shed essentially no light upon the validity of the 

hypothesis, whereas the data on K decays do tell us something. 

Let us look first at the modes: K ~ 3tr. It is known, from the very 

careful a~d extensive study o:f the K+ spectrum carried out because of the 

parity question, that the three pion matrix element is essentially independent 

of the energies of the pions. Hence, the pions must on the whole all be in 

s-states with only small admixtures of other angular momentum states. 

Furthermore, in that region o:f space where the interaction occurs, the 

s-wave wave :function is essentially a constant, which implies that the total 

wave function is completely ~etric under permutations of the pions, and 

consequently the isotopic spin wave function must also be completely ~etric, 

by the generalized Pauli principle. This, together with the assumption that 

the weak interaction hamiltonian carries I = 1/2 and I = 3/2 only, will 

determine the isotopic properties of the final state of three pions to a 

fairly high accuracy. 

* Crawford et al., Phys. Rev. Lett. 2, 361 (1959) 
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Consider the problem of determining the permutation properties of the 

isotopic spin states formed from the addition of three spins, each of mag

nitude 1. There are 33 = 27 of these, which can be analyzed into irreducible 

sets, with definite transformation properties under rotations, i.e. with 

definite angular momentum. From the study of angular momentmn in quantum 

mechanics, we lmow we will get a set of 7 states with I = 3, two sets of 5 
states with I = 2, three sets of 3 states with I = 1, and one state with I = 0. 

But this doesn1t tell us what the symmetry properties of these sets are under 

permutations of the particles. Each of these sets can be arranged to have 

definite symmetry characteristics under the exchanges of the three particles, 

or, in mathematical language, to correspond to a particular irreducible rep

resentation of the permutation group. Our problem is to find which of these 

sets are completely symmetric. To do that, it is easiest to rephrase things, 

and find the symmetry properties of the irreducible tensors formed from the 
4~ ~ 

product of three vectors, a, b, and c. 

The irreducible tensor with I = 3 is obviously totally symmetric under 

exchanges, because the only way you can make the component with I = 3 is to z 
take the product of all three I = 1 components of the vectors, and the z 
symmetry properties of each component of an irreducible tensor are all the 

same. To make the tensor with I = 0, one has to form a scalar (or pseudo

scalar) from three vectors. There is only one such combination, which is 
~-? ~ 
a • b X c, the triple scalar product, which is clearly totally antisynnnetric 

under exchanges, and we are therefore not interested in it. Now let us make 

three vectors. If these are taken to be: 
~ ~., ~ .,~ ~~~ 

a(b·c) + b(c·a) + c(a·b) 

and 
~ ~ ~ _. ~_. 

a X (b x c), b X ( c X a), 

it will be seen that of the three irreducible tensors with I = 1, one can be 

chosen to be completely symmetric, and the other two are partially anti

symmetric. The latter two form an irreducible two-dimensional representation 

of the permutation group of three particles. We are not so familiar with 

the I = 2 combinations, which are traceless symmetric dyadics, as we are with 

vectors and scalars, but it is not too difficult to see that the I = 2 forms 

will be built mainly from things like ~(1[ x"1) and b(t x1), and will be 

partially antisymrnetric, belonging to the two-dimensional representation of 

the permutation group. 
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It should be clear now that the only totally symmetric states of three 

particles are the seven belonging to the set I = 3, and three more which are 

members of a set with I = 1. Now the K particle has I = 1/2, and if the non

leptonic part of the weak interaction carries either I = 1/2 or I = 3/2 only, 

the totally symmetric I = 3 states cannot be reached. Thus the isotopic 

properties of the final three pion state will be described, to the extent 

that the wave function is totally symmetric, by a single isotopic spin state 

with I = 1, and the appropriate I • Therefore, the distribution of charge is z 
determined. 

However, knowledge of the isotopic state does not determine the ratio 

of the three pion decay mode rates of the K+ and neutral Kts, because the 

interaction does not carry a definite isospin, as it does in leptonic decays 

if the strangeness changing current transforms like an isotopic spinor. It 

is only the distribution of charge among the three pions that is determined 

for each particle by the isospin state. 

The final state of three pions in the decay of the K+ will have Iz = +1. 

Let the states of the pions be denoted by 1,2,3, which in general are all 

distinct, i.e. no two pions are in the same state. The easiest way to 

determine the charge distribution is just to construct a typical totally 

symmetric I = 1, I = +1 state by applying the operator z - ~ __, - ~ ~ - ~ ~ 
n (1) [n(2)•n(3)) + n (2) [n(3)•n(l)] + n (3) [n(l)•n(2)) 
A A 1\ A 1\ A 1\ A A 

to the vacuum state. If we denote a state by \ Q
1

, Q2, Q'., for brevity, since 
~~ 00 -+ +- "'.}' 
n•n = n n + n n + n n , the symmetric I = 1 state is 
1\.1\ "" "" "" 

liOO) + IOO+) + jO...O) + 21++-) + 21+-+) + 2j-+r). 

The charge distribution ratio is thus: (2n+ + rr-):(n+ + 2rr0
) = (22 + 22 + 22): 

(12 + 12 + 12) = 4:1. Now because charged pions are 4.6 MEV heavier than 

neutral pions, the density of states for the two modes differs, and putting 

that in, one would expect r + - lr + + to be reduced to 
K+ ~ rr +n +rr-+'. K ~ rr +rr0 +rr0 

3.08. Using the data presented earlier, the experimental value for this ratio 

is 4.62/1.38 = 3.3 ± 0.6, which does agree with the prediction. 

In the three pion decay of the neutral K, the final state will have 

I = 0, and the corresponding operator generating the completely symmetric z 
I = 1 state is: 

n°(1) 

" 
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which makes: 

31 ooo) + I O+-) + I o-+> + 1-o+> + I-tO-> + 1-..o> + I +-0), 

from which one gets the ratio: (3rr0 ):(rr++rr0+rr-) = (32):(12+12+12+12+12+12)= 3:2. 

Taking into account the difference in the density of states, one would expect 

r cfr + to be close to 2:1, assuming the symmetry of the 
K~ -> 3rr ~ ~rr +rr0 +rr-

final state wave function. Without using that symmetry under the permutation 

group, you can also derive inequalities for these charge ratios, but we may 

as well make use of it since it is pretty well established. 

Next we want to examine the consequences of the hypothesis for the two 

pion decay modes of the K particle. This is a slightly different problem. 

The two pions are in a relative s-state, because the spin of the K particle 

is known to be zero, and therefore the space part of the final state wave 

function is symmetric under the exchange of the two pions. By the generalized 

Pauli principle, the isotopic wave function must then also be completely 

symmetric under the exchange of the two pions, and hence the isotopic wave 

function can be a linear combination of I = 2 and I = 0. The K particle has 

I = 1/2 and so the I = 1/2 part of the interaction can lead only to I = 0. 

This I = 1/2 piece is therefore of no consequence for the decay of the K+, 

.;ince the final state necessarily has I = 1, and hence is pure I = 2. The z 
two pion decay of the K+ depends only on the matrix element ·of the 1=3/2 

part of the interaction, which leads exclusively to a final state with I = 2. 

Therefore, by using the rate for the two pion decay of the K+, we can compute 

the magnitude of the I = 3/2 matrix element, and by using the rate of the 

:iecay of ~ we can also compute the magnitude of the I = 1/2 matrix element. 

If we can a]so determine the relative phases of these matrix elements, we 

can then predict the charge distribution in the decays of ~· 

In the charge distribution resulting from the decay of ~ the inter

ference between the I=2 and the I=O amplitudes does appear and thus we must 

relate the relative phase of the amplitudes to something else. (Clearly this 

interference does not manifest itself in the total rates~ because the I=2 and 

I=O final states are orthogonal to each other.) Since the weak interactions 

are presumably invariant under time reversal along with all the other stronger 

interactions, and the weak interactions need only be considered in the lowest 

~rder of perturbation theory, one can relate the phases of the weak inter

action matrix elements to the scattering phase shifts for two pions in the 
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I=2 and I=O states with J=O, in the same way that the phases of the photo

production matrix elements at low energies were related to pion-nucleon 

scattering phase shifts. At the energy of the K particle, neglecting of 

course electromagnetism, there is only a single final channel for a given 

value of I, I , J and M for the two pion interaction, and so the weak inter-z . 
action matrix elements must have the relative phase corresponding to 

i(52-50) 
± e • (See page 269). 52 and 50 are the phase shifts for pion-

pion scattering for J=O at 495 MEV total energy for the I=2 and I=O states, 

respectively. 

April 28, 1959 

(The lectures on April 28 and April 30 were delivered by Dr. Richard 

P. Feymnan). 

Let us define the following transition matrix elements: 

A = (2n, I=O II ~/2 II K, I=~), 
and B = (2TT, I=2 II ~3/2 II K, I = ~' 
where the subscript on the operator indicates its 11 isotopic spin11 , i. c. 

designates its transformation properties in isospace1 Asspming time reversal 
i\o2-5o) 

invariance of the weak interactions, B/A = .±1 B/AI e • Then we have 

r + + = c I Bf 
2 (~,~;12,~ 112,12;2,1)

2 = c 1
4 

I Bl 2, where in the constant c, 
K __, TT +rr0 

we have lumped the various factors such as the density of states, which are the 

same for all two pion modes of the decay of K particles, (to within a percent or 

so). Since the interactions are invariant under CP, and since the final state 

of 2 pions is 

and hence 

an eigenstate of CP with eigenvalue +1, 
1\1\ 

(2njRI K
0

) = (2njRP I K0
), 

" 1\ 1-.. 

r 0 - c(2· ~2 {IAI2 /1 _.!.! 1j11. o o'-2 + IBI2 /1 _1.11j11.2 o'-2} 
KJ:~2TT- V2~ "2' 2'2'2 2'2'' , / '-2' 2'2'2 2'2' , / . 

= c {lAI
2 

+ IBI
2
}. 

These two equations can be combined to yield: 
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3r 
~ ........:> 2Tr 

I A/BI 2 = Lr - 1, and putting in the experimental 
K+-> rr0 +rr + 

rates, one finds: IB/AI = .052. 
Now because I B/AI is so amall, we can deduce fairly sharp limits on the 

charge distribution in the two pion decay of ~' under our hypotheses about 

Jl and J 2• If the phase shifts from pion-pion scattering were known for s

waves in the I=2 and I=O states at about 495 MEV, the hypothesis could be 

checked to the extent that electromagnetic effects are negligible. Conversely, 

assuming the validity of the proposed isovector nature of Jl and the isospinor 

nature of J2, and the absence of J3 and J4, one can deduce the difference in 

the pion-pion phase shifts from an accurate measurement of the charge distri

bution. Let us see mathematically how this comes about. The rate for 

~ -?rr0 + rr0 is equal to the constant c times the absolute square of the 

following matrix element: 

2!{ a(~,-~;~,~ I ~,~;o,o> (1,o;1,o I 1,1;o,o) 

+ b ( ~ - ~;~,~ I ~,~;2,o) (1,o;1,o I 1,1; 2,o)}. 

Putting in the values for the Clebsch-Gordan coefficients, one obtains 

r = c 13 I A +.f2BI 2 = c '!' 2 
{1 + 2 J2Re B/A + 2 IB/AI 2

}. 
~ -~ Tro+Tro .J 

Therefore, the predicted branching ratio would be: 

r 
~ -~Tro+Tro 

r ~ j {1 + 2 {2 Re B/A} = j {1 ± .15 cos(o2-o
0

)} ~:~· 
-~ 

Experimentally, the latest data from Berkeley* indicates this ratio to be 

.32 ± .04, in agreement with the prediction. 
other 

If you now ask what are the/consequences of the assumption that the 

non-leptonic weak interactions carry I = 1/2 or I = 3/2, you get so little 

of use that the subject is not worth discussing at the present time • The 

experiments are too limited at present, and there is such a wide range of 

possibilities available compatible with the assumption, that you don't get 

anywhere. 

* Crawford et al., Phys. Rev. Lett. g, 266 (1959) 



Ph 234 Page 342 

This brings us to the end of the line, as far as anybody can see fairly 

clearly. ~would now like to summarize what our approach to this problem has 

been. One makes hypotheses as restrictive as possible, and then checks to 

see whether the experimental data available do or do not contradict their 

consequences. The first of these hypotheses was that the weak interactions 

could be described by a current-current coupling. Secondly we assumed that 

of the various strangeness changing terms possible in the current, only those 

belonging to the group J 2 are present. And thirdly, we postulated that perhaps 

~ transforms like an isovector, and J2 like an isospinor. As of today, we 

find that all the consequences fit with the experiments, but we cannot there

by conclude that the hypotheses are correct. If we had found something which 

clearly was in conflict with reliable experimental results, then we could be 

sure that the proposed theory was wrong, and we could construct a better one 

by modifying the hypotheses. Unfortunately, from a certain point of viet·T, 

there is no experimental information which forces us to abandon these hypo

theses and so, much of the impetus for inventing other theories does not 

exist. The way to make advances in a subject like this is to find definitive 

tests for the hypotheses made, but because the treatment of the strong inter

actions, which play a great role here, is almost impossible, it becomes quite 

difficult to check any hypothesis unless it is based upon very weak symmetry 

conditions. The weak restrictions suggested so far seem to be right, but 

much important experimental information still remains to be obtained before 

we can be very sure even about these. 

Under the stated hypotheses, the strangeness changing current is. 

restricted to be of the form 

J 2 = i JG2l/4 {a(Ap) + ~ [/2(ZSn) + (Z0p)]+ y [12(n+K0
) + (n°K~J 

+ 5 r..ncsoz+) - c8-z0
)] +t(s-A)L 

The direct coupling between pions and kaons is inserted just for completeness, 

for then we can assert that i.f only the particles we now know of are in some 

sense fundamental, the above is the most general current carrying I = 1/2, 

S = -1, and Q = -1. The absence of conflict between experiment and the pre

dictions of this scheme indicates that it is likely, but not necessarily so, 

that the weak interactions may be accounted for by such a theory. And now 

we would like to proceed further, say by specifying the coefficients a, ~, y, 

5, e, but we have not been able to do so. It is of some interest to examine 
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some of the difficulties which beset us, and this I would like to do now. 

The first difficulty is associated with the concept of universality. 

Neglecting the uncertainties in deducing the fundamental interactions from 

the effective ones, which are the result of modifications due to strong coup

lings, we know that the strengths of the couplings of (ev), (~v') and (npl to 

one another are essentially equal. The concept of universality would then 

suggest that, in the current, all the terms have the same relative coefficient 

unity. But the presence of the Viis from Clebsch-Gordan coefficients seems to 

automatically foul up this idea of universality. To fix that up, one can try 

a trick like defining a combination like Z0 = (A + Z0
) / /2, as was done in 

discussing a scheme like global symmetry (see page 211) and regarding the weak 
0 0 + -interactions as being universal when written in terms of Z , Y , n, p, Z , Z , 

8°, 8-, which would enable you to get rid of the {2r s. The point of this 

fiddling is that since we are not absolutely sure of the symmetries which may 

be present in the weak interactions because they may be almost obliterated by 

the importance of strong couplings, the universality of the weak couplings does 

not imply that a, ~' y, 6, e are either 1 or 0, but rather that they are of 

order 1 if they do not vanish. 

That the direct ( Krr) coupling is present, with full steam in the sense 

of universality, can be ruled out experimentally, because the rate for 

K+---+ rr0 + e + v is about 180 times smaller than that calculated from such a 

coupling if y = 1. It is always, of course, possible that the observed low 

rate might be due to destructive interference between the direct term and those 

involving virtual baryon loops, but when we are groping in the dark trying to 

understand something, we prefer not to use such delicate things as interference 

effects to explain things when there are less complicated explanations. That 

doesn't mean that it is necessary that y be small, because when you don't know 

what the truth is, no one of your arguments, no matter how ingeneous or clever 

it may be, is necessarily correct, but only that it is the best bet that y is 

small. 

Next, let's consider the possibility that a = 1. If we neglect again 

the effects of strong interactions, we can calculate the rate for the leptic 

decay of A, and the branching ratios come out to be 1.6 percent for the mode 

A~ p + e + v, and 0.3 percent for A~ p + ~ + v'. Similarly if ~ = 1/ {2, 
one would expect the Z to undergo leptic decay with the mode z----~n + e + v 
having a branching ratio of 5.7 percent and z-~ n + ~ + v, having a 



Ph 234 Page 344 

branching ratio of 2.5 percent. Experimentally the situation is still a little 

indefinite quantitatively, but it seems certain that the leptic decay of the 

A and 6- is slower/~~out o. factor of 10 than the rate predicted if a = 1, and 

~ = 1/ {'!: Now if this is definitely true, we will still not know whether 

it is the result of a lack of universality, i.e. the coefficients in the 

strangeness changing current are not of the order of unity, but smaller by 

a factor of 3 or so, or whether simply the factor of 3 or so is due to the 

modification of the weak vertex by the strong couplings. 

The slowness of these leptic decays may suggest that we abandon the 

concept of universality and work with an empirical hypothesis that the 

strangeness changing weak interactions are inherently weaker than those 

conserving strangeness. On the other hand, the decay K+~~ + v 1 seems 

to require, as forcefully as anything can, realizing that reliable calcula

tions are impossible, that the coefficients in s2 be of order unity. Further

more, the rates for the non-leptic decays of the strange particles are again 

not incompatible with the strangeness changing terms being present in the full 

strength from the standpoint of universality. 

There is another empirical rule suggested by the data, whose justifi

cation is hard to see if we adhere strictly to a J_aJ+a scheme for the weak 

interactions. The matrix elements of that part of the interaction carrying 

I = 3/2 are relatively much smaller than those of the part carrying I = 1/2. 

The best way to study such a rule is to ask what are the consequences of the 

rule that the weak interactions carry only I = 1/2, in the non-leptic as well 

as the leptic decays. There will be many of these, which we may compare 

against experimental results, and it would be a miracle if there were no 

serious conflict. The existence of this miracle is a possible fact, for in 

all cases where we can check, the predictions of I = 1/2 are in accord with 

the data. This situation is rather odd; it may be a coincidence or the 

result of some deeper symmetry. 

We have already seen that a consequence of this rule is 

r 1r .= ·o .33, 
~ ~rro+rro' ~ 

and experimentally, it is 0.32 ± 0.04. The K+ should not decay into n+ + n°, 

and experimentally the rate for this mode is 1/500 times the rate for 

K~ ~ 2rr, which is, relatively speaking, so close to zero that the possibility 



Ph 234 Page 34S 

suggests itself that the decay of the K+ into two pions may be due to the 

fact that the electromagnetic corrections do not respect the integrity of 

isotopic spin selection rules. Many people have tried unsuccessfully to 

account for the K+ mode in this way, getting too small values for the rate, 

but it is not absolutely certain that this cantt be done. 

Now we must look to see if there is a similar predominance of the 

I = 1/2 matrix element in other places. First, let us consider the decay of 

the A. If the interaction carries I = 1/2, then the nucleon and pion in the 

final state must have I = 1/2, Iz = - 1/2, which means 

f'A~ p+rr-
r = o.66. 
A 

Experimentally, the ratio is 0.63 .± 0.03. The purity of the isotopic character 

of the interaction has the further consequence th the asymmetry parameters 

must be exactly the same for the two modes. But that prediction cannot be -checked until they measure aP for the neutral decay mode. 

The rule enables us to say a little about the non-leptic decays of z+ 
and z-, viz. 

z+ ~ p + tr0 , z+---7 n + Tf+ 
and Z-~ n + tr-. 

Let us define: 
C=(Nn, I=12 II R1 liz, I=l) 

1\2 
and 

D = (Ntr, I = 3/2 II ~t II Z, I=l). 

Then, by the Wigner-Eckart theorem, we can express the matrix elements enter

ing into the observed decay modes in terms of C and D as follows: 

011+ 111111 1 1 (pn R 1. z > = -c (l,0;2'2 1 ,2;2,2> (l,l;2, - 2 
" 

2 
_ w1 0.11 1 1 1.11> (1 1·1 - 1

2 ~ ' '2'2 '2'2'2 ' '2' 

= {2 (C - D)/3; 

(nn+ J~tl z~ = c(l,l;~,- ~ I 
+ D(l,l;~,- ~ I 
= (2C + D)/3; 

/.nn- IR.,j z-) = TV'1 -1-1 -1 I 11.1- l)(l -1·1 -1 I 11 . ..2- 2) 
~ 1\~ ~ .... , '2' 2 '2'2' 2 ' '2' 2 '2'2' 2 

= D. 



Ph 234 Page 346 

Therefore, the following relationship must hold: 

.J2 (pn° 1~1 t"*) = (nn+ '*}J z"*)- (nn- 1~:1 E~. 
Now first of all, these numbers are complex, but their relative phases are 

given by the scattering phase shifts for pion-nucleon scattering at tlbe 

appropriate energy, which is about 189 MEV (assuming, of course, that T 

invariance holds). The maximum of these phase shifts is about 14°, and so 

to a pretty good approximation we may talk as though all the matrix elements 

are relatively real. But secondly, there are two final states for each mode, 

i.e. for J = 1/2, since parity is not conserved, we can get both s-wave and 

p-wave pions. The matrix element for each mode is thus to be regarded as a 

two-component vector, with components along an S and a P axis. The asymmetry 

parameter of the decay mode is determined by the orientation of the vector in 

the S-P plane, being given by 

2 Real (s*p) 

I sl 2 + IPI 2 

In the same notation , the decay rate is proportional to IS 12 + I P 12. Now 

the rates for all three modes are equal to within 10 percent or so, and the 

asymmetry parameter for the mode z+ -+n + n + is essentially zero*, whereas 

that for the mode z+-->- p + n° is almost certainly quite large. These pieces 

of information, assuming the I = 1/2 interaction, lead to the following plot 

of the three matrix elements: ? 

----~==-=--~----------------~$ 

This orientation of the right triangle is not unique; it can be rotated by 

any multiple of 90°, and reflected in either the S or P axis. But no matter 

* Cool, et al., Phys. Rev. 114, 912 (1959) 
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which of those orientations one chooses, the I = 1/2 interaction rule requires 

that the asynnnetry parameter for the mode z- -:> n + rr- be small, which is in 

very nice agreement with the fact that aP for this mode is very small. 

The restriction of the interaction to one carrying I = 1/2 only 

enables us to relate the decay rate of the K~ into three pions directly to 

the decay rate of the K+ into three pions, under the assumption that the 

kinematics of the process strongly favors those final states in the K+ decay 

with CP = -1. It is then just another exercise in the techniques we have 

used so often to show that r = r + , neglecting the differences 
~ ~ 3tr K ~3tr 

in the density of states due to the various mass differences. From the 

results of our analysis of the relation between the leptic decays of ~ and 

K+, we n:ay predict therefore the total rate of decay of the ~· Neglecting 

the differences in the densities of states, because they are all small compared 

to present experimental errors, one would predict: 

r = (19 + 3) X 106 sec -l. 
0 -K2 

The average of the Berkeley and Columbia results* is (16.3 z 3.5) X106 sec-1, 

but we really have to wait for better data before any agreement is claimed 

because the two labs differ by a factor of two in their estimates of the 

rate. 

There is one more prediction. It is easy to see that the I = 1/2 

interaction leads to 

r ;r = 2. 
8---+ A+tr- 8° ~A+tr0 

But there is nothing known at present about the 3P, except that it probably 

exists! 

* Crawford et al., Phys. Rev. Lett. g, 361 (1959). 
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April 30, 1959 (Dr. R. P. Feynman) 

I thought that it would be a good idea to describe very roughly some of 

the ideas Hhich have been concocted to explain the pattern of the weak inter

actions, but which are all unsatisfactory. It is not my purpose to go into 

these schemes in great detail, and to show you exactly how each one doesn't 

work; the thought is just to present a handful of ideas, and maybe someday you 

can play around with one or two of them, and find out yourself where hitches 

develop. It may be objected that that is a waste of effort, but I disagree, 

because the next person who tries some idea may have one slight difference in 

emphasis, which somewhere along the line leads him to develop the idea in a 

new way. And so it is never certain that somebody will be able to show that 

difficulties arise, unless he has been supplied with all the details, which~ 

then a waste of time. Therefore I shall only describe the general character of 

a few ideas, one or another of which might be fruitful, if somebody nevr vrorks 

with it. 

I) One of the ideas comes from the fact that the leptic decays of the 

hyperons seem to be too slow by a factor of ten or so, and is that perhaps the 

overall relative coefficient of the strangeness changing current is smaller 

than that of the strangeness perserving current, being say one-fourth or some

thing. Nevertheless, all of the non-leptic decays of the hyperons seem to be 

pretty fast; they donlt secm.to need a 11sna.ller than universal" coupling, 

although we cantt calculate their rates •. 

Furthermore, such a scheme leaves untouched the great mystery o:f sho;-r

ing why the ll1I I = 1/2 rule works so vrell . It is impossible to set up an 

interaction for the strangeness changing decays carrying only I = 1/2 

without using a neutral current in addition to a charged current. 

II) Another possibility is that Jl k = -J+aJ - K K , tv-here K wea -a a a a 
is a neutral current, Hhich can be set up so that it carries only I = 1/2. 

As far as K is concerned, in principle leptic terms like (e~) or (vv 1 ) are a 
possible~ but these are ruled out by experiment. Therefore, the first 

"disease" of the neutral current idea is that no leptic terms are present. It 

is to be emphasized that this last remark is most subjective. To Dr. Feynman 

the absence of neutral leptic terms would be quite unexpected, and arbitrary, 

so that he feels that the neutral current idea has one strike against it. 

Another, more serious, difficulty is that a rigorous I = 1/2 interaction makes 

it hard to see vrhy r + is as big as S'~ r . That is why it vrould 
K -> 2n ~ -7 2n· 
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be so important if it were reasonably possible from some point of view to 

account for the r + decay electromagnetically. If it is not possible, 

then the interact!o~&Bnot carry I = 1/2 exactly, and this would be a serious 

strike against the idea of introducing a neutral current. 

III) Another attempt starts from the assumption that the relative co

efficient of the strangeness changing interactions is smaller than unity, but 

that also in most non-leptic decays certain specific types of diagrams give 

abnormally large contributions to the matrix element. Furthermore, these ab

normally large diagrams produce only llli I = 1/2. For a simple example of the 

suggestion, suppose that the non-leptic current is essentially (np) + .2(Ap). 

Then consider the following type o£ diagram in the process A~ N + rr: 

' 
which is characterized by the fact that the p loop is "undisturbed11 • In other 

diagrams, such as 

the loop would be used as an essential part of the machinery. Now the hypo

thesis t-rould be that the 11undisturbed11 loop diagrams are much larger than any-

+ thing else that you get by disturbing them. For some reason unlmo\'m to man, 

the 11 short-circuit11 loop is to give an unusually large contribution. Nmv you 

will observe that the 11undisturbed11 loop results only in lllii· = 1/2. And that 

v-rould be the reason why the llli I = 1/2 rule works so \·Tell. 

We never can really get rid of these possibilities, until t-re find a 

correct theory. In this case, the hypothesis must be much more elaborate 

because of the existence of other strange particles, but presumably such a 

complete scheme could be cooked up. 

IV) Perhaps a lllii = 1/2 rule is not the reason for the various simple 

ratios that are present, but that there is some other symmetry involved, which 

has many of the same consequences. And so there is a big game in t·rhich you take 

all the hyperons and assume that among them there exists a larger symmetry than 
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is indicated by their masses. The global coupling scheme is of this nature. On 

the basis of such approximate symmetries, one can invent new quantum numbers, 

and examine various selection rules, which will also be only approxirr.t~te. For 

example, supposing the bare mass of the A and the "£0 to be the same, one might 

assign to the particles a quantum number M, which v10uld be identical to I 

except for the interchange of A and "£ 0
• Then one could construct the weak 

interactions so that a I tMj = 1/2 rule would follow. 

V) Another idea comes from the concept that certain of the particles 

regarded as elementary may actually be compound. In terms of a very small 

number of elementary particles, the current would be of a pretty simple form, 

but when written in terms of all the particles known today, its form could be 

most complex. As an example, let us look at a model due to Okunt, in which 

the A, p, and n are regarded as fundamental particles. The binding is to be 

due to a new force, which can be taken to be vector in character by analogy 

with electromagnetism, and which couples t-Tith the same sign to the three particles, 

and perhaps with the same strength if one cares to make the bare mass of the 

.!'!..different from that of the nucleon. One supposes that three bound states of 

the constitution 
- - - -p n, p p - n n, n p 

exist, and identifies these with the pions. The isotopic singlet state, 

p p + n n presumably is less bound, and disintegrates extremely fast. In the 
+ 0 - -same way, the K and K would be thought of as ph and nA. The "i.'s and 8 1s 

t·TOuld be made of three elementary particles in an obvious fashion. 

In such a system, the weak interaction current would be something simple 

like (np) + (Ap), tvhich we know is sufficient to account qualitatively for all 

strange particle decays observed so far. But from this form of the interaction, 

one is again faced with the mystery associated with the j6Ij = 1/2 symmetries. 

This doesn't n~cessarily mean that such a scheme is wrong; it simply means that 

the simple ratios would be regarded more or less as accidental. 

After playing with a number of such schemes, you find that qualitatively 

they all give essentially the same kind of predictions. Then the question 

arises of how are t-le ever going to be able to tell which are the three funda

mental particles, assuming that all the baryons and mesons are made from three, 

when we cannot calculate anything. To avoid this dilennna, the follov:ring hypo

thesis is suggested: Nature is constructed in such a way that it shall be 

ultimately impossible to determine which are the fundamental particles and t·Ihich 
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are the compounds. This is an interesting speculation, but so far I have only 

been able to deduce one consequence from it. The only place I used it was to 

discover the vector coupling for the pions in the Heak interactions, by the 

follo~r.Lng line of thought. If the pions can be thought of as being constructed 

from a nucleon and an antinucleon, then knowing the coupling of the nucleons, 

and knowing that vector coupling is conserved, like in electromagnetism, it is 

easy to deduce the rate for, say, the transition rr+~ rr0 + e + v. Then I say 

that I don't know what the pions are; if the pions are fundamental in the sense 

we usually think of, then there ~10uld have to be a direct pion-pion coupling 

in the weak interactions lvhose size I know. If nature did not have such a term 

in the current, I would be able to deduce that the pions are not compounds, 

which is contrary to the hypothesis. This speculation may or may not be true, 

but it is one that you may find of use to generate new ideas. 

Continuing with these compounding schemes, the interesting question of 

the minimum number of elements needed to account for all the knovm particles 

might be asked. It is quite easy to see that only three are needed for the 

baryons and mesons, but then three more are needed to account for the leptons. 

Finally, I might mention a modification of the Okun' scheme that shm-1ed 

same success in giving a simple derivation of a complicated expression for the 

vreak interactions, 1-1hich accounts for many of the regularities observed. This 

model uses three fundamental particles - 'A, P, and N, vrhich have the same 

characteristics (strangeness, isospin, etc.) as the real particles A, p, and n, 

respectively, and accounts for the particles as fol101-1s: 

~'A p 'A, 8o 

/2£.0 ~ 'A(P P - N N), 

J2A ~., 'A(P p + N N); 

~AN 'A; 
z+~A. P N; 

p ~ 'A p ~. 

All the real baryons are thus compounds of three of our elementary chunks of 

matter. The pions are easily made from tHo chunks: 

rr ~ PN, J2 rr0 r+ (P P- N N), rr+ ~ P N. 
NovT if one assumes that the weak interactions are associated rrith 

(NP) + Q\P), one gets a fairly coreplcx expression with fixed coefficients for 

~ and J:, which looks like it could be used together l'rith the appropriate 

neutral current to account for many of the observed regularities in the strange 

particle decays. HovTever, a hitch develops Hhen one naturally tries to account 

for the K mesons as K0 ~ N ">:, K+ 4;---> Fi, for there is nothing to prevent the 
0 - -decay K ~ rr + e + v from going far too rapidly. 
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May 5, 1959 (Dr. Murray Gell-}~nn) 

Our discussion of the strangeness changing weak interactions has been 

concerned almost wholly with certain symmetries, and the associated selection 

rules. These selection rules are only approximate, and it proves convenient 

to classify them according to the extent of their possible validity. The 

strGngeat type of rules will be put in class A. The characteristic of class 

A is that to first order in the weak interactions , there is absolutely no 

violation of the selection rule. The most important example of such a rule 

would be that in the strangeness changing terms coupled to leptons, 6S/6Q = +1. 
The second major assumption which has been advanced belongs to a different 

class - - class B -- because its validity is violated by the electromagnetic 

interactions . That is, of course, the proposition that J1 carries exclusively 

I = 1, and J2 carries I = 1/2 . The consequences of these hypotheses were ex

amined and found to agree with nature, at least to the limited accuracy of 

present experiments . 

No'l'l these rules can be applied 1dthin the framework of the J+cl-a form 

for the weak interactions; they are just fairly t-reak restrictions on the terms 

in J _ . This is as far as we can get in understanding the strange particle 

decays, if 'I'Te do not introduce any new ideas. But this is not enough to explain 

the pattern of the 'l'reak interactions. For example, it is not enough to explain 

why the two pion decay rate of the K+ is so much slower than that of the ~' 
and it is altogether inadequate to explain the tremendous number of simple 

relationships that can be found among the strange particle decays. And so, 

people have tried various other ideas . 

One of the ideas is a set of rules of class C, whose existence depends 

upon the possibility that the strong interactions might be split into t1-ro 

groups: the very strong (VS) interactions having a high symmetry, and the 

medium strong (MS) interactions, \·rhich break the symmetry and produce the 

observed splittings of the baryon isospin multiplets . The rules of class C 

would be valid as far as the VS couplings were concerned, but violated by the 

MS couplings. This is one way to increase the power of the theory, by obtain

ing more fairly weak selection rules. 

A second way to get more symmetry is to introduce a neutral current 

coupling . This neutral current must not contain any leptic terms, in order 

to agree with experiment, which is a new and somewhat ugly assumption. 
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I have developed a scheme, which will explain all the observed simplici

ties, but it is especially ugly because it makes use of both the division of 

the strong couplings into classes and a neutral current-current interaction, 

and furthermore because the form of the interaction, when it is written out, 

doesn't seem to have any aesthetically pleasing property. You can't say when 

you look at it: nCb ycs,.ttat must .co it; it's so simple!" Nevertheless it 

could be right, but there is certainly no compelling feature about it. \ve 

have the experience that in exploring laws at a sufficiently fundamental level, 

whenever we find the correct ones they are always also beautiful. They are 

very simple and possess much symmetry when viewed in certain ways. They are 

usually not what we expect, but they're quite simple, after l·m've found the 

correct mathematical framework. Nobody knov1s t-~hy this is so, and certainly 

nobody can guarantee that this will remain true as vie probe deeper and deeper, 

but it can t-Iell be appreciated why He tend to use this subjective appraisal 

of possible theories so much. Basically, however, this is nothing but talk, 

because uhat you have to do with any theory is to check experimentally vrhat it 

implies. That is really the only test. You cannot decide just by its aesthetic 

appeal whether it is correct or not. But you can try to g~ess in this way 

whether it might be right, and then this particular scheme doesn 't look like 

the right one, because it introduces a number of peculiar assumptions, and 

then even does not have any especially apparent symmetry • 

A third approach, which is not a part of the scheme I have concocted, is 

to attribute the observed regularities associated with I6Ij = i/2 to certain 

dominant diagrams possessing this property. But this idea seems to be wrong. 

For example, consider the decay of the A, and in particular the following class 

of diagrams: 
'I - ' -

We can estimate the sum of such diagrams by employing the experimental rates for 

the leptic decays of the A and of the pion, and it is found that these diagrams 

account for say 1/5 of the total rate. So obviously none of the diagrams 

dominates the matrix element, and correspondingly you can see that nothing else 

can really dominate it either. 
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At present it seems that all one can do is to say if' the first ttvo ideas 

are employed, the facts can be explained but not in a tremendously satisfactory 

way. lfuat is really needed at the moment is to do a number of experiments quite 

tvell, so as to make sure what the facts are. As long as lve try to interpret 

"facts" that are only approximately correct perhaps, t-Te'll never get aJlY1'7here. 

Check these things first of all: Is the ~ - K~ mass difference large or small? 

Does the z+ give leptons, or doesn't it? Are the leptic decay rates of the K+ 

and K~ really related by a factor of 2, or is it some other factor? Are the 

rates for the two modes of the three pion decay of the K+ really in the ratio 

4:1, t-Then the density of states is corrected for? When He can be sure about 

these facts, Hhich check our assumptions of class A and class B, and get some 

information which bears on our ideas of class C, e.g. the assymetry in the 

neutral mode of the!\., then I 1m sure t-Te will be able to discriminate betvreen 

a correct theory and a false one, and we won1t have to rely on just these 

aesthetic criteria. 

As an exercise on this topic, it would be a good thing to look at the 

process K+~rr+ + rr0 , assuming that the weak interactions carry only I = 1/2, 

and compute an estimate for the rate assuming that electrom3gnetic corrections 

are responsible for the decay. That is, cook up a simple set of diagrams that 

would give the decay mode individually, but arrange things so that the sum 

cancels because of the symmetry involved. Then put in the various mass 

differences, and find out what order of magnitude the resulting matrix element 

comes out to be. 
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~ May 12, 1959 

No. 18 Strong Coupling 

The strong coupling approximation vTas invented by Gregor Hentzel in 

1940. ~t was invented because the properties of the experimental muon didn't 

agree tiith the properties of the theoretical rr meson. The muon exhibited very 

weak interactions l·Tith nuclear matter, but it was supposed to be the Yukm·Ta 

meson, and something had to be done to account for this terrific discrepancy 

betvreen theory and experiment. One idea tvas that maybe the coupling vras very, 

very strong -- so strong that the interactions, scattering, absorption, and so 

on, were damped out. In order to test this idea, it t·ms useful to attempt a 

study of meson scattering when the coupling constant tvas very large. This 

would have been a good project anyway, independent of its historical motivation, 

and Wentzel figured out how to do it for the charged pair theory in the static 

nucleon model. It has been applied to many other theories since then, but it 

has never been reduced to the same type of mechanical operations that the rreak 

coupling approximation has been reduced to. The strong coupling method is 

always based on examining the Hamiltonian, guessing that certain approximations 

will introduce negligible errors in the limit of large coupling constants, and 

then noticing that this is in fact so after the problem has been solved. 

The strong coupling treatment of a fully relativistic theory Hith pairs 

and recoil is still completely mysterious. Nobody has ever succeeded in setting 

up a strong coupling method to calculate the predictions of such a theory. But 

any of the static theories can be treated successfully in the limit of a large 

coupling constant. We shall sketch the method, t--Thich is applicable to any 

theory with minor modifications, for the most complicated one, the symmetrical 

pseudoscalar theory, not for pedagogical reasons but because that corresponds 

the closest to a correct theory. After the method has been presented, to 

compute a nucleon isobar spectrum analytically in an approximation tiithout 

getting into too much labor, lve shall pass over to the symmetrical scalar theory. 

Finally, the results of a slightly more involved appraximat~ytical treatment 

of the s~etrical pseudoscalar theory t-Till be given.* 

Let us employ the ~bols a, ~' ••• for the isotopic indices, and i, 

j, ••• for those of ordinary space. Putting oo2 = ~2 - v2, the Hamiltonian is: 

-'<-

"Landovitz and Hargolis, Phys. Rev. Lett.]:, 206 (1958). 
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H = ~ / (rr2 + cp c}cp ) d3x + 1 -r / cp cr·W(x) d3x, 
1\ .~~a "'a J\a 1-L a 1\a 

where U(x) is the spherically symmetric source function, which is a spread out 

6-function centered at the origin. He shall not go through the transformation 

between unrenormalized and renormalized couplL~g constants. Instead the un

renormalized coupling constant \rill ahmys be used. In the strong coupling 

limit, there is a finite proportion between them. You can, if you like, carry 

out a renorma~ization program and define a renormalized constant, but it differs 

only by a factor of three or something, and so no divergence is altered. 

In the transformations to be carried out, certain integrals over the 

source function 1-dll come in, and 1·1e might as 1-1ell define these all at this 

point: 

N = ~ / (VU)
2 

d3x; 

1 X = 2 U, lvhich is a Yukav1a function for the source U; 
(I) 

~ = K X, and 

We shall follow essentially the most recent paper on strong coupling, by 
.'<. 

Landovitz and Hargolis," and this peculiar notation is a hybrid of rationalizing 

the coupling constant and using their symbology, although slightly modified. 

The f is supposed to be very large, and therefore, vle are principally 

concerned with the coupling bet1v-een the meson :field and the nucleon. So He 

focus our attention on the coupling, and ask Hhat part of cpa is coupled to 

the nucleon. The field q> can be thought of as an assemblY of oscillators, 
A a 

\-thich conventionally are discussed by means of the introduction of normal 

coordinates. For the free field, i.e., f = 0, the normal coordinates are the 

amplitudes :for excitation of the field in modes specified by values of the Have 

number and frequency. But when the coupling constant is quite large, the normal 

modes are not similar to the uncoupled modes, and it is not useful to describe 

the system in terms of the free modes. Instead He may attack the problem by 

separating the field into those feVT modes uhich are coupled to the nucleon and 

the remainder of the modes. There will, of course, still be a coupling betv1een 

~~Landovi.tz and Margolis, Annals of Physics ], 52 (1959) 
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the nucleon-coupled modes and the others ( othen-1ise no approximation uould be 

needed) due to the free field part of the Hamiltonian, but this may be neglected 

as the nucleon coupling becomes more and more dominant. 

The coupled .modes are nine in number: 

o / au 3 <p·. k = .'P -a d x, a., a xk 
/1 " 

and their canonical momenta can be taken to be 
rr ~ d3x. 

Nov1 if vTe define 

TTO = / ,... a,k "a axk 

(1\ = ,II, + {1\o a.; 
Ta Ta Ta k ax ' 
1\ /\ "' k 

o au rr = rrl + rr -, 
1\ a 1\ a 1\a,k a~k 

and It is easy to see that the then/ <pi W d3x = 0, 
"a 

0 0 
<p k and rrak form a set 
"a A 

of canonically conjugate variables, but <p 1 and rr 1 are 
..._a ;,.a 

not quite conjugate variables. The commutation relations are: 

[ rro . ' 
0 

= -i 5ap 5jk ~~k] ,...aJ 
I I 0 0 

[<paj' ~pl = [<p ., rrp] = 0 
1\ "aJ " 

0 I 0 I 
(rr ., 1\TTR) = (rr ., 1\<pR) = 0 

.1\ aJ ..- "aJ ..-

[<p1(x), rr~(x 1 )] = i 5 R { 5(x-:.t')- v.;·\7 1U}. 
"a 1\~" at' 

In terms of these variables, the Hamiltonian is: 

1 1
2 

I 2 I 3 1 2 l 2 
H=2 /(rr +cp oo <p) dx+-N(rr0

.) +-K(cp0
.) 

" " a "a " a 2 11 aJ 2 " aJ 

o /au • 3 f o +rr. -a rr dx+- -r a. cp .. aJ x . , a ~ a J aJ 
A J' 1\ 

Nou this is still a mess, .because the nucleon-coupled, or 11 locol1~ degrees 

of freedom are coupled also to the truncated or "remnant" degrees of freedom. 

We would like to perform a transformation t-rhich will eliminate that coupling. 

It is impossible to do this exactly in any finite form, but it can be done in 

an approximation based on the largeness of f. This is uhere He, for the first 

tL~e, make the approximation that the coupling is very strong. The transforma

tion \·Till shift rr 
1 

by an amount that depends on rr0
• In that uay we shall get 

"a Aa 
rid of the second last term in the Hamiltonian. That transformation, though, 
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since it involves n°, will also shift <p
0 by a certain amount which depends on 

~a ~a 

<p 1 , restoring the coupling, and so it appears l-Te won't accomplish anything. 
A a 
But, in strong coupling we can say that the behavior of <p

0
, being the nucleon

"'a 
coupled part of the field, will be essentially determined by terms like the 

second, third, and fifth in the above Hamiltonian, and the little shift in <p
0 

"a 
If one solves the problem making by an amount depending on <pi can be neglected. 

~a 
this approximation and goes back later to check the neglected terms, it is 

found that their effects are of relative order l/f2, and not important in strong 

coupling. 

This, by the way, is the only important strong coupling approximation 

that must be made. The rest of the approximations that are employed afterwards 

will be made for convenience, but we could do without them. The rest of the 

problem could be solved on a machine. 

The transformation is accomplished by means of the unitary operator: 

s 
1\ 

{ . 1 o / 1 a ~ dJ } = exp -1. M TTak <p ~ x . 
A 1\a ~ 

0 only TT 1 and <p : 
1\a Aak 

Such an operator changes 

8 TT 1 8+ = TTl n°. (.ill!.. - 1ll) 
1\ "a -'1 A a 1\aJ ax-. l1 ax . 

. J J 

s <p
0

. s+ = f 0
. + term in <p' which Y.le neglect. 

" 1\aJ n ~ aJ 1\ a 
The transformed Hamiltonian is: 

S H s+::1
2

/ (rr'
2+ <ploo

2
<p1) dJx + 12M (n°.) 2 +12 K(<p

0
.)

2 +.f -r a. <p
0 

. • 
1\ 1\ " "a "a 11 a 1\ aJ "aJ ~ a J "aJ 
In this approximation, the local and remnant degrees of freedom are completely 

uncoupled, and the problem of nucleon isobars is reduced to the finite problem 

of nine oscillators coupled to the four nucleon degrees of freedom given by 

the spin and isospin states of the source. That finite problem could be solved 

on a machine exactly. Actually, what has been done is to make more approximations 

based on strong coupling and then solve it analytically. The first term in the 

Hamiltonian describes a slightly truncated meson field, which acts much like a 

free meson field except that the waves are slightly scattered off the absence 

of the nine degrees of freedom. 

The first thing we are interested in, in strong coupling, is the 

structure of the nucleon and of the nucleon isobars. We may anticipate the 

results by saying that when the coupling is strong, the isobars, which are 

virtual scattering resonances for the weak coupling situation we have been 
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considering so often, get pushed down further and further. So we argue in this 

way: In very weak coupling, there are no isobars evident anywhere; all the 

isobars are at essentially infinite energy. As the coupling gets stronger and 

stronger, they move down gradually, making their presence knov-m by scattering 

resonances. And when the coupling becomes very strong, they become bound 

isobars, i.e., the energies of these isobars, one after another, fall below 
the isobars 

the energy of a free pion, nnd/ in practice would decay by photon emission. In 

fact, the coupling is not quite strong enough to produce such bound excited 

states of a nucleon, but 1-ve v-lish to study that case anyway. 

The structure of all the isobars in the limit of very strong coupling 

is just determined by the part of the approximate Hamiltonian involvong!~j ~nd 
rr0 

.• Similarly in order to calculate an adiabatic nuclear force, one might 
"O.J 
perform a division of the field into two parts, using a source function for 

two nuclei. If we want to look at scattering, then we have to do two things. 

First of all, \ole look at scattering in the limit of infinitely strong coupling, 

where we may forget about the 11local11 degrees of freedom, and work with only 

the 11remnant11 degrees of freedom. We do our best to construct a plane wave 

from these, and we find that we get a plane wave plus a little bit, which is 

scattering. This scattering is of order 1 -- there is no f entering into the 

formulae. Hmrever, if the coupling is not infinitely strong, then there is 

also some scattering arising from the 11local11 degrees of freedom in the folloH

ing way. The isobars, which are bound for infinitely strong coupling, begin to 

rise as the coupling gets turned off and go up into the continuum, for instance 

\-There the 3/2, 3/2 isobar actually is, and there those isobars behave like 

scattering resonances. Then the additional terms that come from the resonancess 

must be included. That's hard to carry out in practice, but it is possible. 

The most interesting thing in the strong coupling limit is to take the 
11local11 part of the Hamiltonian and explore the isobar spectr um of the nucleon, 

which is the problem whose solution 1-lill nov-1 be sketched. Rather than solving 

the problem exactly on a computing machine, 1-1e shall sketch it using further 

approximations based on strong coupling. Furthermore, let us simplify the 

problem by using the symmetrical scalar theory. There are then only three local .. l degrees of freedom instead of nine. The only changes are that there are no 

r gradients and associated factors of 1/3 in the various source integrals. After 

performing the unitary transformations, one ends up with: 

S H s+~12 / (rrt2 + <p'ro2cpt) d3x +12 K(cpo)2 +12M (rro)2 + f 't" ·cpo. 
J\ " A 1\ a 1\ a "a 1\ a 1\ a a 11 a 
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In this theory, the truncated field has a piece of the s-wave left out, instead 

of three p-wave pieces as in ~he symmetrical pseudoscalar theory. There is no 

~ in the coupling, because there are no gradients. Here we have three local 

oscillators coupled to the two isospin degrees of freedom of the source. 

The isobar problem is equivalent to a three-dL~ensional spherical oscilla

tor with a spin degree of freedom, which is coupled linearly with the position 
~ 

vector x, in a rotationally invariant fashion. To solve it, we may 1-rork in a 

Schroedinger representation, with a set of states which are eigenstates of ~0 
"a 

and the spin of the source, i.e. in the language of the spherical oscillator, 

eigenstates of position and spin projection. Representing the states by a wave 

function, which is a spinor, we want to find the eigenvalues of the follo~r.ing 

Schroedinger equation: 

(- v2
/2M + ~ K x2 + f "i -~)t = E"ljr. 

Now you ~rill notice a rather unusual feature in this problem, which is that 

the eigensolutions do not have a "parity" because the coupling term is odd 

when you perform the transformation x ~ -x. The eigensolutions can be 

taken as eigensolutions of total angular momentum and one of its components, 

but to make spin I, we lrill have to use orbital functions 1dth both the 

values I - ~ and I+~ of orbital angular momentum. Separating out the angular 

variables, we get a set of two coupled equations for two radial wave functions . 

That is, set 
IJ.. z 2 

c YI+k (a,¢) 
2 

I* z 2 
d YI+k (a,¢) 

2 

' ' 

where the a,b,c,d are ordinary Clebsch- Gordan coefficients, and the Schroedinger 

equation becomes: 

{ - 1.... d
2 

+ 1 K 2 + (I-!)(I~)}X ( ) 
31 2 2 r 2 I-l r 

dr 2Mr 2 
+ f r XI+!(r) = E XIJ..(r); 

2 2 

{ - ~ d2 2 + ~ ier2+ (I#)(I+~/2) }XI*(r) + f r XI 2l(r) = E XI*2l(r) . 
dr 2Mr 2 

These are equations which could be solved exactly on a computer, but this is 

not teo important, because we are doing strong coupling anY''lay, and so \'le may 

as well make a few more approximations based on the largeness of f, in which 

case we can solve them analytically. 
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The method which can be employed in strong coupling is to treat the 

radial coordinate essentially according to classical mechanics, finding an 

effective potential energy, and then discussing the motion of a quantum 

mechanical particle in the well by WKB, or something. The first step is to 
d2 

ignore the kinetic energy term, 

take the form: 

the - term, in vihich case the above equations 
dr2 

(E - VI_J) XI-1. = W XI+.!..' 
2 2 2 

and 

The equations imp+y: 

an effective potential energy. We want to solve the equilibrium problem, and 

so we are interested in the lower of these two solutions. Since 

W >> (VI-1. - VI+!) in the region of values of r that is important, the 
2 2 

effective potential is: 

fr, 

which looks something like: 

The equilibrium radius can be obtained to a very high accuracy by considering 
2 only the r and r terms, and comes out 

r uil = f/K, eq . 

and to high approximation, the bottom of the \fell is 
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f 2 ~ 2 - 2K +~(I~) . 
2t-1f 

Now we can put in crudely the quantum mechanical effects by saying that the 

lowest eigenvalue will be given by the above expression plus a zero-point 

kinetic energy which will be of order~ {K!M. There will also be radially 

excited modes for a given value of I, but these will be separated by energies 

of orderiK/M, which is quite high compared to the separations of the lowest 

isobars for various values of I in strong coupling. 

The above analysis results in one low-lying isobar for each value of 

the isotopic spin, and the spacing,of order l/f2, involves the source function 

through the parameter K2 /2M. Since the isotopic spin takes on half-integral 

values only, the energy separations are proportional to 3, S, 7, 9, ..•• 
If K2/2M is calculated for a source of zero extent, it comes out simply to be 

4rrlJ., which is finite, and thus we can ignore the cutoff in this problem. In 

the pseudoscalar theory with pseudovector coupling, one cannot let the source 

collapse to a a-function, and get a finite isobar spacing as is possible here. 

In the theory of actual interest, the pseudoscalar symmetric theory, 

the calculations are of a similar natUre, but quite a bit more complicated 

because there one has three radial variables and six angles. The angular part 

of the problem turns out to be equivalent to the asymmetrical top in quantum 

mechanics. The calculations involved are discussed in the paper by Landovitz 

and Margolis; we shall only summarize the results, leaving the algebra to the 

diligent student. The physics is exactly the same as we have done here; it is 

just complicated by a felv more d·imensions. Again one treats the angular 

quantities quantum mechanically, and the radial quantities quasi-classically, 

getting an energy of an equilibrium position which varies with the angular 

quantum numbers, which is the energy of an isobar. 

Before the results are quoted I would like to make a couple more · 

comments. First, the quasi-classical treatment we gave can be said a little 

more simply. The term "i-·1 is known to be dominant, and so in choosing our set 
~ ~~ 

of states, it is appropriate to take those lvhich are eigenstates of x and -r·x, 
---> 

instead of x and, for example -r • The lowest eigenstates will then be 
z ~ 

essentially eigenstates also of -:;. x to the extent that the kinetic energy is 

small compared to the coupling. You can thus describe the strong coupling 

situation by saying that the -r variable is 11frozen in11 so that 1.~ = -1~1 . 
In a similar way in the symmetric pseudoscalar theory, both -r and a are 
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11frozen in11 by the strong coupling. 

The other point is that this problem, where we have reduced an infinite 

number of field oscillators coupled to a nucleon source to a finite number 

coupled to a source, is a special case, obviously, of a general treatment 

which can be tried for arry coupling strength. We could try to approximate the 

complete problem by a problem in which only a finite number of degrees of 

freedom of the field are excited, and we can determine these degrees at will 

so as to minimize the energy. This is the method of Tomonoga, which is called 

intermediate coupling. It is so called, not because it is kno-vm to be valid 

for intermediate values of the coupling constant, but because it is evidently 

valid both in strong and weak coupling, and it may be used to generate a 

solution for any value of the coupling. Because the solution is exact at both 

extremes, there is some hope that it ldll also give one a useful idea of the 

situation in the intermediate region. The Tomonoga method is ideal for cal

culating an isobar spectrum, but can be generalized to discuss scattering and 

so on. Actually it appears as though it does give fairly respectable results 

in between. For example, if it is applied to the symmetrical pseudoscalar 

theory, as was done by Lee and Christian, results very similar to the Chet-T

Low results are obtained. 

We now summarize the results of Landovitz and Margolis. There are tl-JO 

quantum numbers, I and J, and it is mathematically convenient to define 
~ ~ ~ . 
Y = I + J. Assigning various integral values to Y, one gets various bands of 

solutions. The lowest band has Y = 0, lvhich means that I = J, and has the 

spectrum: 

E =constant +2 ~ (~) I(I+l)- 3/4 
4 f

2/4rr 
a is the source 11 radius11 defined by 

1/a =/ U(x) I x - x' 1-l U(x') d3x d3x,. 

The first two of these are experimentally known; they are the nucleon, and the 

3/2, 3/2 resonance. We are led to expect a 5/2,5/2 resonance therefore at an 

energy of about 8/3 the energy of the 3/2,3#2 resonance. Now of course the 

coupling is not too strong, and the calculation is not too good, but we might 

expect a 5/2,5/2 resonance somewhere up there. However, this l·rould not be easy 

to see because in most problems states of I = 5/2 are not reached. 

These results were obtained by Pauli and Dancoff in 1943. But Pauli 

and Dancoff did not explore the details of the other bands. They had done 



Ph 234 Page 364 

en~gh work getting this far, and besides they were way out on a limb. Nobody 

knew then that the mesons were pseudoscalar, and nobody knelv that things were 

symmetrical; these lvere purely theoretical assumptions. Furthermore, the 

theory at that time agreed extremely poorly with experiments, because of the 

muon-pion mixup. So they did plenty for 1943 when they got to this point! 

But now that we know that this makes a certain amount of sense it is worth

while to pursue it further, looking at the next band. 

The second band was Y = l and thus I = J + l, I = J, or I~ J - l. 

If we define 

the spectrum is: 

constant + 1.1. L J2Aa3 + ~ I(I+l) + J(J+l) - 3/2 (~)l.f.. 
1.1.a 0 f /4rr 

The 2 in the square root comes from the factor Y(Y+l) in a more genera] forumla. 

Landovitz and Margolis speculate that the new resonances found in 

photoproduction and meson scattering may be interpreted as intermediate 

coupling remnants of the isobars of this second band. This may or may not 

be true. However, there is a little evidence that the second resonance in 

photoproduction, the one they would like to interpret as the lm-vest isobar of 

the second band withY= l, I=~' J =~,has negative parity, and thus could 

not be obtained at all from a theory with only p-wave mesons. So this 

speculation is actually on a very weak footing. 
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May 14, 1959 
No. 19 The Many-Body Problem (Fermions) 

The many-body problem is indeed a very large topic. In these lectures we 

shall treat only one aspect of it which has had some attention these last few 

years, the problem of many identical fermions with two-body instantaneous inter

actions. This problem has actually been treated for a large number of different 

cases and situations, but our discussion shall be restricted to the simplest of 

these situations, in which the most progress has been made. So we will consider 

a highly degenerate system, that is to say, the temperature is down near zero. 

Of interest then are the ground state and the first sets of excited states, 

in which the number of excited particles is small compared with the number of 

unexcited particles, so that we can ignore essentially the interaction of the 

excited particles with one another and restrict ourselves to the interactions 

of the excited particles with the unexcited ones. This is speaking in a certain 

loose sense, which we will have to define more accurately, i.e. what we mean by 

excited and unexcited particles, but that is the general idea why it is simple to 

consider low temperatures. 

The next simplification that is widely made is to consider a very large 

system, a macroscopic batch of the particles. This is, of course, especially 

useful for those problems where the properties of two batches of matter are 

the same as the properties of one batch, or, in other words , where the properties 

are intensive, and don't depend on the size of the sample. 

Now what specific problems can be treated under these simplifying assump

tions? One situation to which such a theory may be applied is an idealization of 

the electron gas in a metal. In a metal the conduction electrons see a periodic 

field generated by ion cores arranged in a lattice, and moreover they see, in 

general, a slight rattling of these ion cores. The motion of the lattice, of 

course, obeys the laws of quantum mechanics, and is quantized in the form of 

phonons. But we can idealize the system somewhat by smearing out uniformly the 

spatial distribution of the ion cores. The negative charge of the electrons is 

then still balanced, and so we have the problem of an electron gas in a uniform 

positive background instead of a periodic potential . However, the coupling of 

the electrons with a slight rattling motion of the ion cores, which can be 

described as a coupling between the electrons and the phonon field, can neverthe

less be retained, if one likes. In such an idealization, one deals with instan

taneous coulomb two-body interactions, and perhaps an electron-phonon coupling, 
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even though the ions, whose vibrations are the phonons, have been suppressed. 

It is possible, of course, to go further by restoring the periodic potential 

of the ions. The difference in the treatment for a periodic background rather 

than a uniform one amounts to using Bloch waves instead of plane cwaves; there 

one deals with Billouin zones rather than Fermi spheres, and so on. But we 
that 

will certainly not get/far into the problem. 

Being a gaseous system, the volume of the system is completely arbitrary. 

By calculating the energy as a function of the volume, one can deduce the 

pressure, and the compressibility of the system. 

As a second application, let us consider a liquid, e.g. He3. A liquid 

will not fill an arbitrary volume. In that case, when the volume assumed for 

the system exceeds the natural volume, we have nonsense. If we are putting the 

particles into a big box and assuming that the ground state of the system is 

such that the stuff uniformly fills the box, the situation is unphysical l-Ihen 

the volume of the box is bigger than the natural volume of the liquid. However, 

we can still apply the theory in the region of volumes less than the critical 

volUIIle. Outside that region, a solution will still exist, but it '1-Till not be 

the ground state, and thus not be anything like the behavior of the actual 

matter. From the complete solution as a function of volume, it is easy to 

find what the natural volume is, so that one can tell where the solution 

should describe the actual behavior of the system. It doesn't matter too much, 

therefore, whether we are dealing with a liquid or a gas; the method can be 

applied to either one. 

A further example is 11nuclear matter 11 • Now this stuff does not exist 

anywhere. The reason it doe5 n t t exist is due t ·o the coul~I]lb rs:pul- ion between 

protons, l-Thich disrupts the nucleus if Z is too large. If one abolishes the 

effects of electromagnetism, then there would be no reason for the number of 

protons and the number of neutrons in an arbitrarily large nucleus to become 

especially unequal, and thus, so far as we know, there would be no tendency 

towards fission. Arbitrarily large nuclei could then exist, which would 

resemble light nuclei, ignoring the surface effects. 11Nuclear matter 11 would 

be sort of an extended light nucleus, whose properties continued intensively 

due to the saturation characteristics of nuclear forces. Now the calculations 

on 11nuclear matter" are interesting in themselves, and they also shed some light 

on actual nuclei, because, to the extent that we can ignore surface effects and 

certain other effects of the finite number of particles in a nucleus, we can 
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predict nuclear properties somewhat by analyzing this fictitious macroscopic 

nucleus. Another thing is, that having done this, further improvements may be 

introduced into the theory, so that it can actually be applied to a finite 

nucleus. People have been working on that too for some years. But that's a 

complication which we shall not discuss. Here we shall treat only the simple 

basic ideas which arise in the problem of a very large system. 

Now the method! Some progress has been made in the last few years in 

the study of such problems, but it is not of a very sensational nature. It 

consists, as the progress in field theory also consists, in the glorification 

of perturbation theory sufficiently so that it begins to give results looking 

like the behavior of the actual stuff . Again all we can say is that the agree

ment is semiquantitative, just as in field theory; there is no indication that 

one has obtained a completely legitimate approximation. What people have done 

is to conceive methods for glorifying perturbation theory in appropriate ways 

for these various problems, so that ene gets a general idea of what is going on. 

The glorification required in each problem is slightly different . However, all 

of the treatments can be described within a general formal framework of perturba

tion theory lv.ith diagrams, just as in field theory, by saying that for each 

problem certain higher order diagrams have an exaggerated significance. If 

you sum these special diagrams and add them to the lowest order calculations, 

it is possible to get an inkling of what is happening, just as in meson field 

theory where one can get a description of resonance behavior by summing certain 

sets of diagrams besides the lowest orders. The resonance in the 3/2,3/2 state 

is the crucial physical thing in low energy meson-nucleon scattering, and it is 

necessary to add up those diagrams which contributed importantly to that . Here 

the situation is similar: Ordinary perturbation theory cannot be used because 

it gives nonsense, but if it is glorified a little, a reasonable semi- quantitative 

description of the situation may be obtained. So we shall set up a formalism, 

which is almost exactly the same as the field theory formalism, with diagrams, 

and show which types of diagrams should be most important for certain processes, 

and exhibit a formal technique for summing them and what kinds of equations 

result for the description of various systems. 

We shall set up a perturbation theory for describing almost anything: 

the energy of the ground state; the specific heat at low temperatures; the 

excitation energy of a given kind of level; the potential experienced by a 

particle moving tl~ough the stuff, which has a real and imaginary part; the 

compressibility; and, in general, anything that might be of interest about such 
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a bulk sample of matter. The theory is constructed along the same lines as is 

d . .. . ld th . th . .. -ifli dt . f th . t use Ln ~1e eory, 1.e. e expans1on o~ e A Ln powers o e Ln er-

action Hamiltonian, which leads to P-brackets, propagators, diagrams, and so on. 

Some of the applications are actually approximations to the field theory problems, 

and so it should be clear that ,the diagrams are going to be much the same. There 

is, however, one difference which is physically quite important. Instead of the 

vacuum, the basic state is the ground state, and so the analogue of the free 

vacuum is the free ground state which is a Fermi sea of N non-interacting fermions 

in a box of volume V. That means that most of our .diagrams are similar to 

electron pair diagrams in electrodynamics, but instead of having antiparticles, 

we have holes in the Fermi sea. Since our problem is completely non-relativistic, 

the interactions will be simultaneous , and so roughly speaking all the diagrams 

will be composed of chunks like: 

I 

c=) 
I 

There are also a couple of other units Hhich may appear in these diagrams which 

do not appear in field theory diagrams because there the basic state has no 

charge. Here the basic state Eras a lot of particles which interact with them

selves and with excited particles and holes, giving structures like: 

~ 
I 0 

0 
I 

) ) 

0 
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With the basic units, all the diagrams can be drawn, and if you sum all of them 

up for a certain process, you get a description of the propagation of something 

through the medium. For instance, the sum of all diagramS beginning rlith one 

excited particle will describe the propagation of that excited particle through 

the medium. If the arrows are reversed, on the other hand, the propagation of 

a hole through the medium will be described. You can also construct in this way 

two particle propagators, and so forth. It should be noted that one excited 

particle may end up as two particles plus a hole, which is an 11 inelastic 11 or 
11frictionall' process. This cannot happen for a particle rlhich is perched just 

on the edge of the Fermi sea, but it can happen for a hole which is dorm in or 

a particle which is excited above. That means, that unlike a field theory of 

stable fermions, the particle propagators have pieces corresponding to inelastic 

processes. That can't happen in electrodynamics, for example; a single electron 

doesn't turn into a lot of other stuff. It does to some particles in field 

theory, of course; a muon decays into several particles. These inelastic pieces 

mean that there is friction in the motion through the medium; the particle state 

is dissipated. 

Let us now set up some of the terminology to be employed in the mathe

matical discussion. First of all, the free ground state is defined as that 

state with N particle occupying the N lowest free particle levels in a box of 

volume V. All the other states of the basis will be labeled by listing those 

levels above the Fermi sphere which are occupied, and those levels inside the 

Fermi sphere which are vacant. For example, the state jm,n; p) is the one with 

the two excited free particle levels m,n filled, and a hole in level p. If 

the interactions are now turned on, i.e., if one acts with the interaction 

Hamiltonian to all orders 'in the perturbation theory on the free states, then, 

roughly speaking, each free state, for example, jm,n;p,q), will go into an exact 

eigenstate of the complete Hamiltonian, Hhich we may label as I'I'(m,n;p,q)). 

For the ground state, this is exactly true, but for all the other states this 

statement must be interpreted in a certain sense. All the other states are 

embedded in a tremendously degenerate set of states, so that in a sense it is 

undefined which state one gets to by turning on the interaction. We can, hm'l

ever, define the exact state, e.g. j'I'(m,n;p,q)), specifically by the requirement 

that in the distant past it looks like the complete ground state with t1vo 

excited particles and two holes. All such incoming states are only metastable; 

in time, they develop in such a way that 1·1hat started as an excited particle in 

the medium degenerates into a lot of other stuff. Hm·Tever, in rra.."'ly cases, the 
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particle can propagate a long way through the medium before the dissipation 

becomes very important, and then we can treat the excited particles almost as 

stable objects. 

One of the restrictions on the types of problems to be investigated is 

that the temperature of the system is not to be high, so that the exact eigen

states of major interest correspond to free eigenstates in which the number of 

excited particles and holes is small. That doesn't mean in the sense of an 

expansion of an exact eigenstate in terms of our free basis that there are not 

many excited particles and holes in the eigenstate, but only that it is connected 

ancestrally to a state with very fetv excited particles and holes compared to the 

number of particles in the sea. For such exact eigenstates, the energy ldll be 

a linear function of the excitation, e.g. the energy of the state l~(m,n;p,q)) 

will be given by: 

E {'I'(m,n;p,q)} - E {'Y(O)} = E(m) + E(n) - E(p) - E(q) . 

Such a formula could neyer be written Here it not for the fact that there are so 

few excited particles and holes compared to the 1023 or so of particles in the 

sea, because otherwise there would be important non-linear terms as well. 

The point then is that; at lmv temperatures when one deals only tvith such 

eigenstates, everything of interest can be computed from the propagator of a 

single excited particle or hole. For example, the specific heat of the material 

at lm-1 temperatures is given simply by 
1T2 2 

CV = 3- k T g(Ef), 

where Ef is the value of E(m) at the top of the Fermi sea, and g(E) is the 

density of states per unit energy interval.* Another example: the potential 

experienced by a particle fired into the medium is just E(p) - p2/2m. There

fore, the major goal is to calculate the exact propagator, SFGP,ro), for a single 

excited particle or hole. 

A few additional remarks should be noted. First of all, the propagator can 

be thought of as a function of a single variable, the frequency ro, for all the 
-+ values of a parameter p, the momentum of the excitation. Clearly the functional 

2 dependence of the propagator on tte momentum can only be through the scalar p , 
. -+ • smce p ~s the only vector in the problem. Secondly, vre remarked that there l·Tas 

* ( Seitz, Modern Theory ~ .§.9~ McGrat·I-Hill Book Co., Inc., New York, 1940), 

page 151. 



• 
I 

J: 

l 

Ph 234 Page 371 

dissipation except for p right on the edge of the Fermi sea, and therefore there 

is not a perfectly defined E(p) for p ~ pf. Instead the best that can be done 

is to define a complex energy l-lith a small negative imaginary part: E(p) - ~ir(p). 
Actually we shall see later that this is not exact either, but the complex energy 

approximation is quite useful. This complex energy has a ready physical inter

pretation: if p is imagined to be the momentum of an excited particle that is 

sent into the medium, E(p) - p2/2m is the real part of the potential that it 

experiences, and - ~ r(p) is the imaginary part of the potential, which is a 

well-known approximation in nuclear physics. The complex energy can be deduced 

from the propagator: if ~ne looks at the complete propagator, one sees that it 

doesn't exactly have a pole on the real ro axis, but rather, with a slight analytic 

continuation, it can be said to have a pole just below the real axis at , 

ro = E(p) - ~ i r(p). Hence, roughly speaking, lve can describe the excitation 

as a particle with an energy E(p), which includes all the interactions, and 

with a certain width for decay r(p). 

The diagrams for the energy per particle of the system in the ground 

state are formed from vacuum closed loops, for example, 

:0 
I I 

d 
but, just as in field theory, only the connected closed loops must be counted. 

-iET The sum of all the closed loop diagrams is of the form e , where T is the 

total length of time from -= to =, and all we want is the linear term in the 

expansion of the exponential in order to get the ground state energy, which is : 

composed of the sum of all the connected diagrams with no external lines. Any 

picture with two disjoint pieces represents the E2 term in the expansion, and 

so on. 

vfuen something else is to be calculated, such as the propagator of a 

single particle, the disjoint vacuum closed loops are again to be ignored, for 

they just keep telling us the energy of the ground state, which, having been 

computed once, we do not have to calculate again. 

The next point that should be noted is that it might seem crazy that 

everything of interest can be obtained just from the propagator S~(p,w) of a 
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single particle. Surely the scattering of two particles in the medium, triple 

scattering, and so on, must be of some importance. The answer is that they are, 

but they are all contained in the one particle propagator. All the two particle 

scattering diagrams are included somewhere in the propagator, and similarly for 

all the three particle diagrams. As a result, the propagator of a single particle 

does contain sufficient information to tell us everything we w-muld like to lmow. 

Finally, it may be remarked that one can, if one likes, analyze everything 

in terms of a different propagator, namely that for the potential, which is 

analogous to vacuum polarization in field theory. The lowest order diagram is, 

of course, I 

and there are many higher order corrections which give a frequency dependence 

to the interaction; for example, 

I . 

, and 

I 
I 

9 
I I 

~ 
I 

By adding up all such diagrams, one gets a propagator for the potential, which 

describes how the potential between two particles in the medium is modified by 

the existence of the medium. In a sense , it is the "polarization" of the 

medium that is being described. 

In general, collective excitations of the matter will show up as "almost" 

poles in the propagator of the potential. In the case of .the electron gas the 

most important collective mode is the plasmon. In the nuclear case, such 

"almost" poles exist corresponding to t he nuclear analogues of the plasmon; the 

best example is the "giant resonance", Hhich appears in the nuclear photoeffect. 

This collective mode does not exist as a single excited state, but rather shows 

itself in several excited states, which have very large photoeffect cross 

sections. What it represents physically is a two fluid motion of the protons 

versus the neutrons in the nucleus. Because the nuclear interactions are so 

strong, there is a tremendous amount of damping for this motion, which makes the 
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resonance quite broad, so that it spreads over several of the levels of a light 

nucleus. 

Roughly, we have first described the perturbation expansion used in the 

many- body theory; (the mathematical rules will be given later). Secondly, we 

have said how the properties of the medium are extracted exactly, assuming the 

series to be summed. Thirdly, we now want to indicate what are the approxima

tions that people have actually used for given problems, for instance, Brueckner's 

method for the nuclear matter problem or the method that has been used for the 

electron gas at high densities. Let us first look at the nuclear preble~. 

Brueckner revived some years ago the idea that one could glorify perturba

tion theory somehow and thereby give a semiquantitative description of nuclear 

matter. Nobody had believed this to be possible for the preceding two decades . 

It had been considered that nuclei were so tremendously complicated that it ;.1as 

completely impossible to apply anything resembling perturbation theory. The 

success of the shell model shm·md that there was some simplicity somewhere in 

1 nuclei, that in some sort of effective sense perhaps it ;.ras true that the nucleons 

were weakly coupled, and perhaps one could employ a perturbation theory if only 

it were jazzed up sufficiently. Then came the optical model. High energy experi

ments at Berkeley in which 50 to 100 MEV nucleons were shot into nuclei, were 

found to be describable by the optical model of Serber, in which such a excited 

particle was represented as passing through a potential with a real and an 

imaginary part. In other words, it tvas just as if, in the nuclear medium, such 

an excited particle had an energy and a width, i.e . it behaved like a modified 

unstable single particle. Fermi then suggested that maybe the particles down 

in the nucleus could be described by the same optical model of Serber, with 

slightly different values of the parameters because of the change in the momentum. 

If you go down into a momentum in the Fermi sea maybe one could still say that 

an optical potenti al will work. This became the physical basis of Brueckner's 

approximation, which we now state in this more fancy way that we have been 

describing. Then the idea was, can the optical potential really be calculated 

using something roughly like perturbation theory. The problem was to find Hhich 

diagrams are most sensitive, what is the physics of the deviation from perturba

tion theory, or what is the effect that makes lowest order perturbation theory 

not applicable, and the program was to isolate that effect and try to correct 

for it by including all those higher order diagrams which essentially produce 

that effect . 

Nm-1 for that purpose one must go back to the high energy optical model 
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which originally suggested this treatment. There it was realized that the 

energy o£ a high energy particle as it passes through the nucleus, which is 

related to the real part o£ the "dielectric constant", could be expressed roughly 

in terms o£ the £orward scattering amplitude. And indeed in our formalism here 

we are going to describe the energy in the medium by a propagator of a single 

particle in the medium, which is just like the forward scattering amplitude of 

an excited particle traversing the medium. Now, to what extent is perturbation 

theory bad for computing the £orward scattering amplitude? The difference between 

the actual forward scattering amplitude and the Born approximation scattering 

amplittide amounts simply to the iteration of Born approximation many times; the 

vwo particles scatter off each other repeatedly, and that gives you the exact 

forward scattering amplitude instead of the lousy one that you get from consider

ing them to scatter only once. The reason why the first Born approximation is so 

lousy is the shape of the nuclear potential. The nuclear potential has a deeply 

attractive well and then a repulsive core, and such a potential has Fourier 

transforms which in no way resemble the actual scattering amplitudes, until you 

get to such a high energy that they are of no interest anyway. In particular, 

the hard core is really the tough part. Imagine there 1vere only the hard core, 

and imagine it were infinitely hard. The calculation of the exact scattering 

amplitudes is then a trivial problem, but if it is done by Born approximation 

complete nonsense results because the Fourier transforms of the potential do noT. 

axist. So the essential inapplicability of the Born approximation to the problem 

was guessed by Brueckner to lie simply in the fact that the scattering of tvTO 

particles must be considered to all orders; whenever one has two particles 

scatter one must not allO\v them to scatter just once, but rather, one must inse1·~ .. 

the actual scattering amplitude. Apart from this, one can pr actically use per

turbation theory. 

Another way to state the Brueckner method is the following. In any such 

problem at very low densities one can examine what the dominant diagrams are, 

and it turns out that they are the ones involving binary collisions, something 

vrhich is very reasonable at lotv densities. Thus . diagrams of the follO\ving 

structure 

~.---.------r--:-------.----:-" 1 
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are the leading ones at low densities . These are also the ones that Bruc~kner 

needs to employ in order to juice up the first Born approximation to the scatter

ing of two particles so that it becomes the actual scattering amplitude. One 

of the low order diagrams for the single particle propagator is: 

but in such a diagram the scattering is considered only to the lowest order, and 

the point is that this is no good. One has to put into the calculation instead 

the sum of all such diagrams where the scattering is iterated, for example: 

By adding up all such diagrams, we are making use of the exact scatt ering amplitude 

rather than the Born approximation scattering amplitude. This is the basis of 

the low densi ty approximation for any many-body system, and, in particular, is 

the obvious suggested approxirr.ation for nuclear matter. 

However, the actual Brueckner suggestion is slightly more complicated . 

In the scatterings of two particles by one another, the energy denominators, if 

the diagrams are calculated just as drawn, would involve only p2/2m, the free 

particle energy. But the particles are all imbedded in the nuclear medium, and 

thus it would be very nice if the energy denominators could be corrected by 

including some of the potential energy that each particle experiences in the medium. 

This would be done by correcting the propagator, and Brueckner's suggestion 

involves the calculation of the complete propagator in a self-consistent manner. 

The scattering is calculated Hith an unknown propagator, and then is employed to 

determine that propagator. Actually such a program would be very complicated, 

and so Brueckner does not employ an arbitrary propagator but rather just shifts 
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the pole. In fact, he does not even use a pole at a complex energy, because he 

restricts the propagator to the form 

1 
E(p) - ie - w 

where E(p) is real. Using such a propagator with an unlmmm E(p), the successive 

scattering of tvm particles is calculated in the medium with a nuclear two-body 

potential. This then is used to calculate the propagator, and thus determine 

E(p) in a self-consistent procedure. 

At low densities something very like this approximation is bound to be 

pretty good, because it can be proved that at low densities diagrams of this 

nature 

are the dominant ones. Furthermore, we have the physical argument that the chief 

reason for the inapplicability of perturbation theory in the nuclear problem is 

just the fact that in scattering the potential must be iterated many, many times 

in order to get a reasonable scattering amplitude. So it looks as if the 

Brueckner treatment should be semiquantitatively good. On the other hand, nobody 

has ever shmm that it should be particularly very good, and estimates of the 

errors are still vdldly conflicting. But there is no doubt that it does give a 

general idea of what nuclear matter behaves like. 

In the case of the electron gas, the interesting application is at the 

opposite limit, in the region of high densities. There an entirely different set 

of diagrams are important, not the successive scattering of two particles by~ach 

other, but the successive iteration of these 11 sausages11 in the propagator for 

I 
the interaction. So in the case of the electron gas for a high density expansion 

what was done was to sum the series of 11 sausage11 diagrams. 
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is 4nr3/3 = V/N, and the number of spin states is g, then the 
0 

is eivcn by: pf = 1/t:i o' with ~ = ?2g/9rr. 

Furthermore, it is convenient to introduce the quantity: 

r = r m e2/4n = r /(Bohr radius), s 0 0 

Page 378 

Fermi momentum 

which \v.ill be employed as the expansion parameter instead of the fine structure 

constant. The Fourier transform of the potential as a function of the momentum 

transfer is denoted by v(q), Hhich for the electron gas problem is e2/q2 in 

ordinary units, or 4n9' Jq2 in these peculiar units. Incidentally, for this 
s 1 

problem g = 2 and thus~= .520 =2· For the electron gas in metals rs ranges 

from 2 to 7. The high density calculations made \·Tith the theory are good 

perhaps up to r = 1 or 2, and so \-lhat is needed clearly is an intermediate s 
approxiw4tion, and not just an expansion. But the expansion has helped a lot 

in providing a description of what is going on. 

The mathematical rules for constructing the integrals corresponding to 

the diagrams are pretty obvious except for t he trick of including the passive 

particles. For each potential line, 

-4 
one inserts a factor of v(q). For each fermion line, 

. 1 -4 one 1nserts I ~(p,oo). The evaluation of the propagator is quite straightforward, 

and yields 
-4 

~(p,oo) = ~ (p - 1) + nC1 - p) 
p2/2 - ie - oo p2/2 + ie - oo' 

where -r1(x) = 0 for x < 0, and T)(x) = l for x > 0. In the future l-le shall just 
-4 ) { 2; -1 write ~(p,oo = p 2 :r= ie - (1.)} , or perhaps even leave off the ie, assuming 

that the reader knows the correct pole prescription. Each order in the inter

action carries a factor of (-i) !rom the expansion of e-i~~ dt, and each 

closed loop brings in a factor of (-1). Integrals are always of the form 

(2n)-4 ~d3p doo . 

The remaining rule formally takes care of the passive particles in the 

sea. The trick is to define 

SF(t,O) :Limit SF(i,t) . 
t-+o-

The most frequently encountered consequence of such a definition is: 

;:doo -4 • -:2fl Sp(p,oo) = -l n (l - p) . 
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Now we can calculate ! As was said, everything of practical interest can 

be obtained from the complete propagator SF(p,w), or if one desires to be 

fancier one can employ the propagator of the particle for some purposes and 

the propagator of the interaction for others. So let us restrict ourselves 

to computing just those, and in the course of doing that we shall have to make 

subsidiary calculations of many other things. 

The complete propagator SF(P,w) can be indicated diagramatically as: 

+ 0 + 

+ 
Q 0 

+ ~ ~: + I I 
I I 

I 

C) 
I 

_l_ 

D Q + Q + I 

I 

In general, we may \vrite: St(P,w) = {p2/2- w + .6(p,w)} - l • .6fP,w) is then 

essentially the sum of all the proper self-energy diagrams, i.e. those \·Thich 

you cannot break up into two pieces connected by a single unadorned fermion 

line. To the lowest order, S' = S - S .6 S, and thus 

+ z ~ + . . . ] 

Let us compute first the lovrest order direct term in .6. Remembering that a 

closed loop is involved, one sees immediately that: 
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z(id) 
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= i( -) 
d3 dc.o' SF(ci,c.ot) 

( -i) / q 4 Trace {v(O) i 
( 2rr) 

} 

d3q = / ~ 11(1-q) Trace {v(O)} 
( 2rr) 

= / :v Trace {v(x)} d3x. 

Indeed, it is clear that this contribution to Z is just the classical energy of 

interaction of the particle with the particles in the Fermi sea . For the case 

of the electron gas, this term is not finite because of the infinite range of the 

Coulomb potential, but it is exactly cancelled by the interaction of the particle 

with the assumed positive background. This cancellation of the direct repulsive 

energy is the only function of the background and thus we may simply neglect 

both of them henceforth. 
If we deal with a scalar potential, which does not depend on a or ~ matrices 

then the operation of taking the trace just brings in a factor of g. 

Another contribution to Z comes from the first order exchange diagram • 

.... 
p,c.o 

(i) 
... 
r ,co' 

p,c.o 

= 

~ ~ d3r = -/TJ(l - r) v(p - r J 3 (2rr) 

In the conventional Hartree-Fock model, this term represents the exchange energy. 

In the problem of the electron gas, the exchange term is not cancelled by any

thing, and just gives a finite negative, stabilizing contribution to the energy 

per particle. 

Now we can go on to the more complicated processes, for example 

Let us do it in tt-1o steps: first we may calculate the corrected propagator of 

the potential, v'(q,u), and then use that to simply compute the sum of all 
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diagrams of the forms suggested by the diagram 

---..... 
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"' /' / 

--........ ..... 
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The complete propagator for the interaction may be Hritten in the form 

v(Ci) 
vt[iq,u) = 1 + rr(q,u) v(q)' 

and may be indicated diagrammatically as: 
II ; 

I I ,, 

...J_ 
I 

+ 

~ I + 

I 

~ 
I 

I 

CI> 
- I 

....L 
I 

+ 

I a ·<=> I 

.. . . 

To lot·Iest order, v' (q, u) = v(Ci) - v(q) n(q, u)v(q), and rr(<t, u) is 

computed by summing all the proper polarization diagrams. The lowest order term 

contributing to IT(q,u) will be called rr(o), and is: ... 
1 r ,ro 

:~ = -( -i) (-) g fl_3r dro 1? SF(1+q,ro+u) ~(it,ro) 
~ (2tr)4 i~ 

r+q, ro+u 

rr<o)(ci,u) = ig / d3r ~ [r2/2 + ie- rol-l [(1+<1) 2/2 + ie- ro- u)-l 
(2tr) 4 

rr(o)(Ci,u) = g 3/ d3r {+ll(r-1)11(1- 11-kil) [u- {i·q + q2/2 + ie)f1 

( 2tr) 

If IT(o)cq,u) is considered as a function of the complex variable u for a 

given value ofq, it evidently has a br anch line on the real axis for 

-(q + q2/2) ~ u ~ (q + q2/2). The branch line runs over all the possible energies 
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for a particle-hole pair with momentum q. For a single pair~ this restricts the 

energies of the excitation to a finite range . Nm-1 if one would compute higher 

order contributions to rr[q~u), the excitations can involve many pairs~ and the 

restriction on the energies of the excitations is much weaker. Indeed~ as one 

goes higher and higher in the order of the interaction, the branch line extends 

further and further along the real axis. This means that the real excitations 

of the matter with a given total momentum that can be produced have higher and 

higher possible energies. 

If now we consider some collective mode such as the plasmon, it will be 

represented by a pole in the propagator of the interaction, say in the follovrlng 

location: 

pla.smon 2 -(q + q /2) 

u- plane 

2 
q + q /2 plasmon 

Then in the lowest order of the interaction, the plasmon pole is completely separ

ated from the branch line, which means that the plasmon mode is completely 

stable . But when one includes the higher order in the interaction it becomes 
-+ 

embedded in the branch line, which means that a plasmon of momentum q has an 

energy equal to that of other excitations that can be made, and hence it will 

decay into them. The plasmon then is unstable . Effectively the singularity 

moves off the real axis; roughly speaking it becomes a pole somewhere in the 

complex plane, and tldce the imaginary part of the pole location is the vrldth 

for the decay. 

IT(q,u) describes the polarization of the medium, and its singularities, 

specifically the branch line, are reflected in v'(q,u). But the propagator rr.ay 

have more singularities than rr(q,u). In particular, it may have a pole, and in 

fact, for the electron gas~ 1 + n(q,u)v(q) does vanish, which is mathematically 

equivalent to the existence of the plasmon collective mode. The pole is buried 

in a branch line of the propagator, and we must look into how to treat this 

situation in order to obtain the lifetime of the collective excitation. 

The sum of all diagrams of the form 

---- - --~, 
.............. 

which includes the lowest order exchange diagram 
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D 
gives a contribution to Z which is equal to: 

z(TT):: (2tr);..4 /d3r dt.o' vt(p- r, ro- rot) -f SF(r,rot). 

This contribution shifts the energy of the particle, and gives it a width for 

decay. 

May 21, 1959 

The formula obtained for n<o)(q,u) shows that in the lowest order the 

polarization function is analytic in the complex u--plane except for a limited 

branch line along the real axis, which is symmetric about the origin, and it 

defines the function alon~ the cut as the limit as you approach the cut from 

the upper half plane for Re u > 0, and from the lower half plane for Re u < 0. 

This latter feature is typical to all orders in the interaction. On the other 

hand, the higher order contributions to n(q,u) give it further singularities, 

extending the branch line indefinitely. The propagator of the interaction, 

vt(q,u) has the same singularities, except that in addition it may have some 

poles embedded in the cut . They are then no longer poles, but they give rise 

to what are effectively poles just off the real axis, which we will discuss 

mathematically. 

But first let us look at the structure of the fermion propagator. The 

propagator is written in the form: St(p,ro) = {p2/2 - ro + Z(p,ro)}-1 . We have 

given formulae for z(ld), z(lx), a~d a general expression for z(TT) involving 

the complete interaction propagator v'(q,u) . The second order term in z(TT) can 

be calculated from our expression for rfo)(q,u) and is given by the formula: 

z(TT2) = _ / d3q du 1 (v(q} ) 2 Il(o)(q,u) 

(2n)4 i [(p-Ci) 2/2 + ie- ro + u] 

When the integral over u is performed, we get two distinct terms which are the 

time-independent perturbation theory expressions of the form 

Z H! l H~i' 
m lll1 ro + (E - ie) 

m 
corresponding to the two time classes of second order diagrams: 

ordered 
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and 

Considering oo as a complex variable, it is evident that the singularities of 

~( tr2) consist of a branch line along the real oo-axis from - m to - ~ and from 

+~to+=. In addition to this cut, the propagator spCp,oo) would have a pole 

at a point oo = w(p) where: w = p 2/2 + ~ (p, w) . Hol·Tever, this root may not occur 

on that Reimann sheet of the function ~(p,oo) which is of physical interest. 

There >fill be a region of momenta where the root has a negative imaginary part 

and another region where it has a positive imaginary part. At the separation 

point p o:f the trm regions, evidently the imaginary part of ~(p ,tv ) vanishes. 
0 0 0 

Now the imaginary part is the absorptive part corresponding to real transitions, 

i.e. the real decay~f the excitation, and hence can vanish only at a place 

where there is no density of states into tvhich the particle can decay. That 

can be only at the edge of the Fermi sea. So vT must be the true energy of a 
0 

particle at thetop of the Fermi sea, and is the root of the equation: 

oo - ~ - ~(l,oo) = O, producing a genuine pole in the propagator. 

For any other value of p, -vr(p) will be complex. If the imaginary part of 

w(p), or equivalently of ~(p,w), is small, we can find the root approximately 

by the follovTing procedure. Define the energy of the excitation, E(p), as the 

root of the following equation~ 

oo- p2/2 - Re ~(p,oo) = 0. 

Then, to the first order in the imaginary part of ~(p,oo), 

w(p) = E(p) - ~ i r(p), 

for: 

oo- p2/2- ~(p,oo) = c.o- E(p)- ~(p,oo) + Re ~(p,E(p)) 
and thus, 

oo - p2 /2 - ~(p oo) ~ [ro - E(p)] (1 - .a~(p,E(p))] - i Im ~(p,E(p)) = 0 
' ~ aE(p) 

if: 
oo = E( P) + i _r_m"::"'a ~_(_p_,E_(_p_) )_ 

1 - aE ~(p,E(p)) 

T'll Z(p,E) 
::::: E(p) + i -~a------

1 - aE Re ~(p,E) 
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Therefore, 
Im Z(p,E(p)) 

r(p) = -2 ------
1 - a ( ) aE Re Z p,E 

Page 385 

This zero of oo - p2/2 - Z(p,oo) gives rise only roughly to a pole in the propagator, 

for it occurs across the cut on a Riemann sheet of the function other than the one 

of physical interest. However, to tne extent that the imaginary part of w(p) 

is small, the pole on another sheet will still have a dominating effect on the 

values of the function on the physical sheet. The imaginary part of Z(p,E(p)) 

goes like (p - 1) 2, and so for momenta near the Fermi surface the description of 

the propagator in terms of this 11almost11pole is a good approximation. In this 

region, if one defines 
l/N(p) = l _ a Re Z(p,E(p)) 

a E(p) 

one can approximate the propagator as: 

t ) N(p) SF(p,oo z l 
E(p) - - i r(p) - oo 2 

N(p), the strength of the pole, has the simple significance, as we found in field 

theory during our discussion of the spectral representation of propagators, that 

it is the probability that the excitation is a single unadorned excited particle . 

Exactly the same approximate analysis can be made for the propagator of 

the interaction, vt(q,u). It has a branch line which covers the real u-axis, 

and possibly some poles on Riemann sheets other than the physical one. But if 

the poles are close to the real axis, they dominate the behavior of the propaga-

tor in a certain region of the physical sheet, in which the propagator can be 

approximated by: 
vt (q,u) z M(q) 

[ 52( q) - ~ i y( q) ] 
2 2. 

- u 

g{q) is the energy of the collective mode, and y(q) is its decay rate. 

Let us look in more detail at an example of this phenomenon, the plasmon 

mode of an electron gas. \Ve shall work in this problem under the assumption 

that q is small, anticipating the well- known result that for small values of q, 

the plasmon frequency is a constant. In the lowest approximation, for sufficient

ly small values of q, the branch line does not extend out to this frequency, and 

the plasmon is completely stable. However, as q gets larger and larger, even 

in the lowest approximation, the branch line extends out past the plasmon energy, 

and then the plasmon becomes unstatle, the pole being at a complex value of u 

which is off the physical sheet. co the plasmon is a useful concept only to the 
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extent that the zeroth order branch line has not engulfed its pole, and therefore 

we are interested in it only for relatively small q. Hence, lve can simplify the 

algebra by working only to the lotvest non-vanishing order in an expansion in 

powers of q. Small values of q correspond physically to long range in the inter

action, and the plasmon mode is an extended excitation. Short range interactions, 

associated with large values of q, do not in fact give large collective effects. 

This shows up mathematically in the fact that for large q, y(q) becomes quite 

huge, which means that the excitation dies out extremely rapidly. 

DuBois has calculated rfo)(q,u) in his thesis.* The results of the inte

gration are: 
Re n(o)(q,u) = 12 {1- _1_ (q2- (u- q2/2)2] log lu- q2/2 + q 

2rr 2q3 u - q2/2 - q 

+_1_ (q2- (u + q2/2)2] log u + q:/2 + ql}, 
2q3 u + q /2 - q 

which can be expanded, assuming u ~ 0, as: 

Re rt o) ( q, u) = -q2 /3rr2u2 + 0( q4); 

and: 

Im ll(o)(q,u) = 0, for lui > q + q2/2 

Im n<o)(q,u) = lul/rrq + O(q2), for lui < q + q2/2. 

Inserting these expressions into the lo'I-Iest order formula for the corrected propa-

gator, 
v(q) 4rr~r 

v' ( q, u) ..... = s 
- 1.+ n(o)(q,u) v(q) q2 + 4rr~s rfo)(q,u)' 

we see that for lui > q + q2/2, the latter expression has two poles on the real 

u-axis at the points u =± Q(o)(q), where 

Q(o)(q) = ..j4q /3rr + O(q2). 
s 

Again to the lowest order in the corrected propagator, one can construct the 

dispersion relation between the momentum of the plasmon excitation and its energy 

by carrying out the expansion to higher orders in q2• The result turns out to be: 
2 4 

[Q(o)(q)J
2 =52~ [1 +¥} + (Q~/2- 6/35) ~4 + ... ], 

p ~p 

ivhere g = v£.q /3rr or Vr>Je2/mV in ordinary units. 
s --------------------------------------

*n. F. DuBois, Annals of Physics 7, 174 (1959) 
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Tme important feature of this dispersion relation is that g(o)(q) t ends 

to a non-zero constant as q~ 0. And so in lowest order, the pole is not embedded 

in the line of si~gularities for sufficiently small values of q, but is isolated. 

Therefore for very small q in this order, the collective excitation is perfectly 

stable because there is no single pair excitation with the same energy and momentum 

for it to decay into. As q gets larger and larger, the pole moves out but the 

branch line spreads faster, and so eventually they meet. As the cut engulfs the 

pole, it acquires an imaginary part and moves off the physical Riemann sheet, 

which represents the fact that for large enough q, even in the lowest order of 

the interaction, the plasmon is unstable. If we consider all orders of the 

interaction, then for any value of q, no matter how small, the pole would be 

engulfed in the branch line which extends over the entire real u-axis, and as a 

result, the pole has migrated off the physical Riemann sheet. But for smaller 

and smaller values of q, the imaginary part of the pole location becomes smaller 

and smaller, making the pole the dominant feature in the structure of the function 

even on the physical sheet. 

In the case of real metals, the consideration of this idealized model of 

an electron gas gives reasonably well the frequency of the collective mode. But 

the lifetime of the plasmon is represented poorly by t lvice the imaginary part of 

the location of the pole, because the model omits some important things determin

ing the lifetime,for example, the coupling with the phonons. 

In the case of the electron gas, the strength of the coupling and the 

density combine in a unique way to produce the expans ion parameter r • In the s 
high density calculations, consequently, an expansion in poKers of rs is also 

an expansion in powers of the potential strength. In no other problem is that 

true; in the other problems the expansion in powers of the pot ential is not 

identical with an expansion in powers of a density parameter r • 
0 

The calculations in the high density approximation are asserted to be 

good up tor -1, whereas for the case of actual metals r ranges from 2 to 7. s s 
One might therefore inquire as to whether a low density approximation, which l·muld 

be equivalent to a strong coupling calculation, might shed some light on the 

actual case. The strong coupling limit has been solved and is simple to describe. 

The problem is that of an electron gas with a uniform posi~ive background at 

sufficiently low density that the potential energy is much larger than the kinetic 

energy. Let us, therefore, ignore the kinetic energy, in which case we no longer 

have a quantum mechanical problem because we have dropped the p2, which is what 
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doesn 1t commute with the position variables. Hence, it simply reduces to the 

classical problem of finding a configuration of N particles in a box of volume V 

which minimizes the potential energy. The electrons, since they repel one another, 

will form a crystal with a spacing of order r 
0

• The leading term in the energy 

will just be given in terms of the classical }1adelung sum for the crystal. Then 

if you wish to go a little further by putting in some corrections, you would in

clude the zero-point kinetic energy of the electrons and the possibility of the 

rattling of the crystal lattice. So in the next approximation, t-Te include the 

phonons, and in that way we get expansions in powers of 1/r • The specific heat, 
s 

the ground state energy, and so on, can be calculated in this Hay, and the compu-

tations are estimated to be good for r larger than 15 . Thus the physical region s 
has been bracketed on the two sides by the low and high density expansions, but 

an intermediate coupling scheme is needed to describe the situation for those 

electron densities which are characteristic of real metals. 

If you t-Tant to get results which can be compared with experiment in the 

case of the electron gas in a metal, you would have to make two major modifications 

of the model we have been using. The first thing would be to put in just the 

phonons, ignoring the lattice except for its vibrational moqes. This introduces, 
phonon~c 

besides the coulomb force . between the electrons, a/ force due to the ex-

change of one phonon. The phononic force, together with the coulomb force, is 

said to be responsible for many of the peculiar properties of the electrons in a 

metal, for example , superconductivity in those metals where the parameter of 

coupling to the phonons is strong enough for the phenomenon to occur. So they 

say! It may be, though, as is certainly true for many properties of a metal, that 

one has to go still further by considering, in addition to the rattling of the 

lattice, the periodic nature of the positive background vlhich it produces. In 

this case the plane-wave wave functions of the electrons must be replaced by the 

wave functions of a periodic potential, which can be set into correspondence t-lith 
ip -~ ip ·x -+) plane waves by the method of Bloch. Instead of e , one has e u (x , where p 

~(;D has the periodicity properties of the lattice . All our theory can be modi

f~ed in this way, but it gets very complicated . Net-T phenomena then will arise, 

of course. For example, a plasmon, which in the model v19 ~-mrked on dies just 

through the coupling to the ordinary electron excitation modes , can die here also 

through the coupling to the periodic potential due to the fact that momentum is 

not exactly conserved . Probably this fact and the coupling with the phonons are 

the dominating factors determining the lifetime of a plasmon. But there are also 
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many qualitative properties of a metal for which it is supposed to be sufficient 

to ignore the variation of the background potential from its average value. 

All of the present research on superconductivity is devoted to the model 

of an electron gas with a uniform positive background, interacting by means of a 

coulomb force and a phononic force, the so-called Fr8hlich force. The experi

mental evidence that the phononic force is crucial is that such a force, depend

ing as it does on the rattling of the lattice, depends on the mass of the lattice 

particles, and therefore, for a given material, e.g. lead, would depend on what 

isotope is being studied. This isotope effect is very pronounced in the 

parameters of superconductivity; for example, the transition temperature is found 

to depend rather sensitively on the isotope mass. Therefore, it is considered 

that the crucial thing in superconductivity is the coupling of the electrons to 

the phonons. The periodic potential, on the other hand, does not depend in any 

way on the mass of the ion cores, and so it is considered that you can probably 

ignore it and still arrive at an understanding of the phenomenon. So they 

consider the rattling of the lattice, but no lattice! Using this mathematical 

model, it seems as though they have, more or less, accounted for superconduct

ivity, qualitatively, but it is not absolutely clear. The theory is still 

mysterious. But a general idea of the theory was laid down by Bardeen, Cooper 

and Schrieffer*, and this general model is thought to contain the truth some

where if only it is treated better than it is, since it is treated in not too 

good an approximation. 

May 26, 1959 

Let us turn our attention to the Brueckner approximation for the nuclear 

matter problem. The approximation is essentially a glorified perturbation method, 

which is appropriate for the case of low densities. Now, of course, such an 

approximation will not exactly be accurate for this problem, because nuclear 

matter, as it would exist in equilibrium if electromagnetism did not exist, does 

not have a large interparticle spacing compared to the radius of the force. 

However, the repulsive core and the saturation properties guarantee that the 
' spacing does not become small compared to the range, so that one may get a 

general idea of the magnitudes of various quantities if one calculates in the 

low density limit, and especially if one improves a l~l~ density perturbation 

* Bardeen, et al., Phys. Rev. 108, 1175 (1957). 
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calculation. 

In the first order, only these two diagrams exist: 

0 -< 

D and 

< 
which give the interaction of the excited particle with all the particles in the 

sea directly, and by exchange, respectively. In second order, the significant 

diagrams are 

z ( 

and 

The first question to be faced is: Suppose one really has a material which is 

in equilibrium at low density; what diagrams would one have to include subse

quently in order to 11 glorify11 the perturbation theory? Then we shall see that 

the set of important diagrams obtained on such a basis is especially appropriate 

to the nuclear matter problem because of the nature of the forces. 

For a ]ow density approximation, in each order 1ve would want to include 

those terms which involve the smallest powers of the density. Now the density 

is proportional to p~, and so in every order of the potential one looks for 

those terms with as fe\-1 pm-1ers as possible of pi- Every term involves many 

integrals over the momentum variables, and these integrals extend either over the 

region outside the Fermi sea, for a line traveling forward in time, or over the 

region inside the Fermi sea, for a line going backward in time. Those integrals 

will depend largely on p~ ~hen they are over the sea, i.e., when they arise from 

lines traveling backwards . So we wish to analyze tha terms of the expansion not 

in Feynman diagrams, but in the old-fashioned diagrams where the time ordering 

of the internal lines is distinguished, and we wish to select and retain those 

diagrams in which there are as few lines going backwards as possible, for a 

given order in the potential . For example, the third order diagram 

in the case of low density, 
will be less important than this third order diagram 
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tC::> I I 
I 

because the former has two holes propagating, while the latter has only one. 

As a result, diagrams of the following natures 

and 

will be the most important in each higher order. 

It will be noted that the approximation procedure being sketched is an 

attempt to get the sum of a double expansion, in powers of the potential and in 

powers of the density. Certainly no arguments can be put forth which guarantee 

that the~agrams neglected are not more important than~ of those which are 

retained. Nothing here is rigorous; all lve can say is that this procedure 

generates fairly rea~onable answers. Perhaps it does so by accident, perhaps not! 

One can, of course, get a little check on the approximation by going back and 

putting in some of the neglected terms; if these do not appreciably alter the 

results, one acquires a little confidence that maybe one is on t he right track. 

In practice, the correction to the potential propagator due to the 

polarization of the medium as given by diagrams like 

0. 
I 

'c=> 
I 

I 

is of some importance in the nuclear problem. The corrected propagator includes 

the effects of collective excitations in the medium, in which category belongs 

t he famous reststrahlung, the motion of the neutrons and protons opposite to each 

other in a nucleus, which is respons ible for the gi2nt resonance in the nuclear 

photoeffect. (ll nuclei are bombarded lvith y-rays, i t is fou.."!d t hat the total 

cross section has a broad resonance at around 15 to 20 HEV.) This huge resonance 

cannot be attributed to any particular nuclear level, in t he sense t hat highly 

excited nuclear levels are distinct, but instead it ari ses from a coherent sum 

over a vast number of nuclear levels in the vicDli t y . A cert ain linear combina-
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tion of these excited states can be formed which is an approximately stationary 

state of the nucleus, correspondihg to a collective excitation of the material. 

The correction for such collective motion is a prominent example of what should 

come in if one includes such diagrams of higher order in the density. 

Brueckner's original argument was along different lines than that of a low 

density approximation, but leads to much the same conclusion as to what higher 

order diagrams to include. All the low order diagrams are just the lowest order 

Born approximations for the scattering of two particles using the nuclear poten

tial. But such a calculation is totally absurd, because of the nature of that 

potential. Therefore, anyiirne you have to compute something involving the 

scattering of two particles, you have to calculate that scattering to all orders 

in the potential. In that way you get the scattering a~litude, which is a 

reasonable thing even for hard core potentials, whereas the n-th approximation to 

the scattering amplitude for such a potential is nonsense. 

The next thing that Brueckner suggested is a way of further improving the 

approximation, by more or less using the corrected propagator for a particle in 

the medium in all calculations, even in the calculation of the corrected propa

gator. Representing a corrected propagator by a double line, roughly speaking 

he proposed to calculate from the sum of 

all diagrams of the forms: 

~ I 
I 

I I I 
,I 

I I ,, 
I I I I ,, 

; / I I / 

So the proposed procedure is a self-consistent one. However, such a calculation 

would be very complicated using an arbitrary function S~(r,oo), and therefore 

what he really proposed was a simplification of this in which the complete 

propagator is approximated by a function of the form 



Ph 234 Page 393 

N(p) 

E(p) - ~ i r(p) - ro 

You should remember that in the vicinity of a quasi-pole of the complete propa

gator, it can indeed be well approximated by such a function. But in fact, 

Brueckner suggests that such a form be used everywhere, and furthermore, in his 

computations, he simplifies the arithmetic by setting N(p) = 1, and replacing 

rep) by± e. These latter two computational simplifications are not necessarily 

such hot ideas, and can be corrected in future calculations with the theory. 

Thus, the Brueckner proposal involves correcting the propagator of a particle 

for the effects of the medium only in one respect, that of changing p2/2m to 

a better energy E(p), \-Thich is determined by a self-consistent calculation. 

To find the effective scattering amplitude for two particle scattering in 

the medium, which is the first step in the mathematical developmant, we must 

calculate the sum of all the scattering diagrams: 

~ 
' 

I + • • • 

~ 

Now, how does this differ from the free particle scattering, or '1-rhy cannot we 

just put in the experimental scattering amplitude instead of havri_ng to calculate 

it from a potential? There are two important differences. The most important 

is that because of the medium, the Pauli principle excludes a certain set of 

final states, namely those with p < pf. That reduces the amount of scattering 

tremendously, and makes a glorified perturbation theory much more applicable 

to the problem of nuclear matter. It would be particularly fortunate if the 

nuclear potential did not have a repulsive core, for then the effect of the 

exclusion principle would be such as to render a straight application of per

turbation theory fruitful. (You may object that in making such statements about 

the importance of exclusion effects there is a discrepancy, because previously 

we argued along the lines of a lmv density expansion. There we claimed that 

terms of relative order pi were small, whereas now we are claiming they have real 

importance, so that logically our considerations appear to be quite sloppy. 

Nevertheless, they are both true, more or less -- it is roughly true that we can 

get away with a low density expan~ion, or something along the same philosophy, 
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and it is also more or less true that in the scattering, the amplitudes are 

considerably reduced by exclusion effects.) The second reason that the scatter

ing must be calculated from the potential as opposed to just using the nucleon

nucleon scattering amplitudes from experiment is that we wish to put in a corrected 

energy for a particle in the medium. This means that the energy denominators 

occurring in the diagrams or in the resulting integral equation are different 

from those occurring in free particle scattering. 

The major effects of a new energy function, E(p), are exhibited lvell by 

considering its power series expansion: 

( ) ( ) 2; ~-Ep =EO +p 2m+ •••• 

-E(O) gives the depth of the potential well, and effectively says that a particle 

of given energy has a much higher momentum inside the medium than outside it. 

Except for this effect occurring when particles enter or leave the medium, the 

E(O) term is not important because it could be eliminated by just a shift in the 

energy variable. The next term, however, is very important, and says that up 

to terms of order p4, the particle of mass m behaves, in the medium, just like 

* * a particle o:t; mass m • m is called the 11effective mass11 and is given by the 

relation: 

Numerically, 

terms in the 

m-:<- = ~(p) J . 
dp 

p=O 

the values obtained for m* are about ~ m, and the higher order · 

expansion of E(p) have not turned out to be terribly important. 

The scattering matrix, K(p3,p1;p4,p2;~4ro2), representing the sum of all 

the ladder diagrams l~e 

is the solution of the following integral equation: 
-+ -+ -+ -+ -+ -+ -+ -+ -+ 

(
-+ -+ -+ -+ ) (-+ -+) d3k v(p3-pl-k) K(pl+k,pl;p2-k'p2;~4ro2) 

K p3'pl;p4,p2;~ 4ro2 = v p3-pl + /3 -+ _.. -+ -+ • 
(2tr) UJ_ + ro2 - E(p1 + k) - E(p2 - k) 

Since we deal with a situation which is invariant under translations in space, 
-+ -+ -+ -+ 

the momentum is conserved in the scattering, i.e., p
3 

+ p
4 

= p1 + p2. However, 

lve cannot say, as lve could in vacuo, that the K-rnatrix will be a function of 
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essentially only the relative momenta, because there is an absolute scale of 

momentum in the problem fixed by the Fermi sphere. Thus the determination of the 

scattering amplitudes in the medium is a more complicated problem than free 

particle scattering because of three things: (1) the Pauli principle restrictions 

on the final momenta; (2) the changed form of the energy-momentum relation, which 

at the very least involves an arbitrary well depth and an arbitrary mass; and (3) 

the additional variable which cones in because you cannot just transform simply to 

the center of momentum system of the two particles. But even t·lith these complica

tions, it is a fairly straightforward task to solve the integral equation on some 

machine. 

Using this scattering matrix, He now wish to calculate the corrected propa

gator, or equivalently, z(p,ro), The way to proceed is fairly clear. For example, 

the contribution of the sum of the diagrams of the form 

0 
' 
I 

is just obtained from the formula for z(~d) ,(page 380), by replacing v(O) by 
n ,..,.. ,.. ( )) K\p,p;q,q;ro + E q , which is: 

d3 
/ q T) (1-q) '!race { KGP p;q,q;ro+E( q))}. 

(2rr)3 ' 

The sum of the corresponding exchange diagrams is obtaL~ed similarly from the 

formula for z(lx), (see page 380), and gives the following contribution to Z(p,ro): 

,..,..,..,.. d3r 
-/ Yt(l-r)K(p,r;r,p;ro+E(r)) ~ . 

( 2rr) 

Upon employing these, one gets an approximation to Z(p,ro). Then one has to go 

through this procedure until one finds a function E(p) which gives more or less 

consjstency, i.e. assuming the corrected propagator, one calculates K, and then S', 

which is required to be sufficiently close to the one you. start with. This is the 

Brueckner procedure for calculating the energy of a single particle in the medium. 

It is possible by the methods we have developed to cal culate also the 

ground state energy. For every approximation that is made in computing the 

corrected propagator, there is a corresponding approximation procedure for cal

culating the ground state energy. This type of calculation we have never done 
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before, but it proceeds along the same lines except for a slight numerical factor 

of 1/n in n-th order diagrams. The relevant diagrams are the same as those for 

S1(p,ro) except that the external line closes upon itself. Some examples of the 

lowest orders are: 

0 
I I~ 0 I 

I .. 
) 

0 
• 
} ' I I 

<=> 0 

0 . 

' z t I . 
' I I 

I I 

As usual, only the connected diagrams give a contribution to the ground state 

energy; the disconnected ones represent higher powers of E in the expansion of 
-iET e The approximation for the single particle energy suggests an analogous 

set of diagrams to be summed to get an approximation for the average binding 

energy, and since the diagrams are almost the same, all we have to do is to find 

a relation between the average binding energy and E(p). 

The first thing that has to be worked out is a combinatorial problem, 

namely, for every diagram how many other diagrams are equivalent to it. In the 

expansion of exp { -i /H' dt} there is a factor of 1/n! in the n-th order, rlhich 
" in most problems is cancelled by a n! coming from the n! dist inct ways of 

assigning a space-time label to each vertex. But in vacuum self-energy diagrams, 

and in some other problems, there may not necessarily be n! distinct ways of 

labelling the diagram. For example, the second order diagram 9 
I 

contributes a matrix element involving 1/2! , but can be 0 
labeled in only one way, since the labelings 

q 
I and both correspond to the same 

8 
normal product in the Wick expansion. 

Taking the combinatorial question into account results in a f actor of ~ 
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for the following 11 direct11 diagrams: 

0 ~ ~ I I I . . 
) I 

) ) 
. . . 

6 0 b which give the contribution, 

' 

1Tr 
3 3 

Tr! II d p d q 11(1- p)T'[l-q) ~~~~ ( + E(q)) K(p,p;q,q;E p) . 2 
c2n)6 ' 

to the energy of the ground state . There will be a similar contribution from 

the corre~onding exchange diagrams. 

In this approximation, the ground state energy per particle can be written in 

terms of E(p), and the Brueckner formula is simply: 

. 1 I Tt(l-p) [E(p) + p2 /2m] d3p 
E /N =- ---- - -----

ground 2 I T) (l-p) d3p 

This is all calculated for various values of the density N/V. The Brueckner 

guess for the density of nuclear matter is that which minimizes this approximate 

value for the ground state energy. 

Many people have criticized this procedure, arguing that the equilibrium 

properties should be obtained by a variational calculation, and this point has 

been investigated recently in the literature, notably by Brout . The result is 

that the procedure of using the value of the density which minimizes Eground 

in order to predict the equilibrium properties of nuclear matter is justified 

in the practical sense . 

May 28, 1959 

The Brueckner calculations have been criticized to s ome extent because 

the separation energy of a nucleon does not come out equal to the average 

binding energy. Hugenholtz and Van Hove have drawn attention to a theorem lfhich 

relates the energy of a particle at the top of the Fermi sea to the average energy -
per particle, E. The theorem is simply 

or equivalently, 

- aE 
E(pf) = E - v av' 

( ) - 1 aE 
E pf = E + -3 Pf a · 

Pf 
aE If the material is in equilibrium, then av = 0, and so E = E(pf) • 
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Not all substances have an equilibrium density, excluding zero density and 

infinite density from consideration. But stuff like nuclear matter clings 

together at a definite equilibrium density. Now using a suitable potential, 

Brueckner and Gammel get results like E =- 15.2 MEV, and E(pf) =- 2?.5 MEV. 
Brueckner has iiTitten a paper-~ in which he discusses at great length the differ

ence betlieen these two quantities, and the various places where E is the proper 

thing to use and those places in which E(pf) is to be employed. For example, he 

takes a particle entering nuclear matter from the outside at zero energy, and 

asks \'7hat function is one to use to determine the momentum inside. He concludes 

the momentum, p, is not to be determined by E(p) = 0, but rather by 

E(p) + tE - E(pf)} = o. 
Since the results for E and E(pf) differ by quite a bit, he claims that it is a 

very important matter to know which function to use in a given situation. 

The purpose of the paper is questionable if one really believes that the 

theorem with which we have started the discussion is true. From this point of 

view, the fact that the computed values of E and E(pf) are different is just 

due to the approximations of the Brueckner approach. If you sum up some of the 

dia~ams in order to get an approximate result for E(pf)' and proceed similarly 

for E, it is not true that the results need to be equal, although it is true 

for the exact problem. It would seem, therefore, that the thing to do would be 

to set up the approximation in such a way that the ttvo results agree, or to use 

the theorem, calculating only that cne quantity for which the approximation 

is better. Thus the criticism appears to be just. If the appnoximation were 

really good, the results for E and E(pf) would be the same . 

If one calculates in perturbation theory for any potential, one can in 

fact verify to any order that the theorem is valid. And therefore, if_you tvere 

to sum up all orders and find an equilibrium configuration for v1hich ~ vanishes, 

the two numbers, E and E(pf)' would be equal. 

The full form of the theorem may be checked for the electron gas problem. 

In our reduced units of energy and momentum for this problem the theorem reads: 
2- 1 ctE 

E(l) = 3 E - J r s d"r. 
s 

In the zeroth order, E(l) = 1/2, and E is the average of the kinetic energy of 

the particles in the sea, which is~~= 3/10. Since E(o) is independent of rs' 

* Brueckner, Phys. Rev. 110, 597 (1958) 
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the theorem is seen to hold, in the zeroth order. 

In the first order, 

(1) -1 3 ,__. __. 4rr~ s ~ s 2 1 / 
E (1) = / d q fl(l - p - qj) --r- = - rr / dq / dx = - q TT. 

(2rr)3 q 0 Q/2 s 

This immediately gives us E(l), \vith much less work than it lvould have been to 

calculate directly. E(l) =- 3 q /4rr. 
s 

In the second order, one gets a divergence if he carries out the perturba-

tion theory, which is well knovm and formerly bothered people. This divergence, 

of course, is really not present if higher order terms are included. 

diagram 

there occur two factors 

diagrams of the form 

~ 
I I 
I I 

I 

of l/q2, which gives a divergent integral. 

~ ·~ 
I I 

I I 

I~ 

In the 

But other 

give terms proportional to (l/q2)n, which give more highly divergent integrals. 

But the sum of all such terms gives a finite contribution, for clearly we are 

dealing just lvith the expansion in l/q2 of the lowest order correction to the 

interaction propagator, which is: 

4rr~ s 
2 q 

1 

Hence the inclusion of the string of 11 saus9.ges 11 curr:-s the divergence . The 

divergent integrals are effectively cut off at a value of q of order v;;, and so 

what was previously a logarithmic divergence becomes simply the log rs. And in 

the higher order terms, in addition to pmvers of r one may also get powers of s 
(log r ) . 

sin the second order, one will obtain a fo~mula for E(2) of the form: 

r 2(A log r +B). By the theorem then, E( 2)(1) must be 
s s 2 

r (A log r + B - A/3) s s 

which can be verified by direct calculation. 
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The theorem can also be used to calculate E, t'ihich is a relatively com

plicated thing to compute since it involves an extra integral over the particles 

in the sea, from E(l), which is a much easier thing since it is just th~ energy 

of a single particle perched on the top of the Fermi sea. However, it is 

necessary to know E(l) as a function of r • 
s 

Now there is still another way to calculate E if one knows some relatively 

simple quantity as a function of fuBois the follO!ring formula for E: 
(q,u) 

gives 

11 r' 
s 

4rrl}'' 
l + 2 s q,' ( q, u) 

q s 

Such a formula is derived very simply. The ground state energy is the sum of all 

the connected closed loop diagrams. We notice that all such diagrams can be 

obtained by closing the interaction propagator diagrams. But in addition we have 

to watch out for the fact that there is a factor o:f 1/n associated tfith the n-th 

order diagrams for the ground state energy. 

performing the integral with respect to r~, 

This factor is taken into account by 

for if the integrand is imagined to 

be expanded as a power series in r~, the coefficient 

n-th order diagrams, and 
r 

s 
/ (r' )n-1 
0 s 

n 
r 

dr' = ....§ 
s n 

n-1 of (r') comes just from 
s 

Both of the formulae for E involve knowing something as a function of r , but the s 
latter uses r in the character of a coupling constant, while in the Seitz theorem 

s 
r comes in as a density parameter. 

s 
There may now be many more useful formulae for calculating E. For example, 

there should be an analogous formula which comes from clos~ng al l the particle 

propagators and summing the diagrams, putting in the 1/n by some simple trick. 

No way is presently known, however, of calculating E s~ply if something else is 

not knovT.n as a function of r , In the Brueck~er approximation there is a very 
s 

simple formula, namely 

E - 1 ( 2/2m + E ( ) ) - 2 P P average' 

but this formula is only an approximation, and the discrepancy between the 

computed values of E and E(pf) shows that the formula is not true for many 

higher order diagrams that are important . 

Now as to the future of this business, since the theory for a many body 
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system has been put on a fairly rational basis, people probably will be able to 

find rather intelligent intermediate coupling methods for those values of density 

which occur in nature. This rather straightfor1-vard approach to the many body 

problem is relatively new, especially in solid state physics. Almost all calcula

tions on the many body problem, which date back further than a few years, were just 

very rough physical guesses at the situation, represented somehow mathematically. 

These rough guesses were pretty good, and they are certainly as good as anything 

we have today, except for the nuclear matter problem, which was not attacked 

because people felt for many years that there was no hope for any simple approach 

to the problem. In the case of metals, the net-T calculations have no advantage 

over the old ones except that they are rational, whereas the old ones involved a 

tremendous amount of art in the analysis of any given problem. The recent 

developments have been mainly in the direction of finding a rational language to 

discuss various methods of treating many body problems approximately. The major 

difficulty is, of course, that the rational language is itself based on some 

approximation like an· expansion in pmvers of a coupling constant or of the density 

parameter, which is wrong for the physical values of the parameters concerned. 

And so t-Te are not presently really much better off. But in the future t-Te may be, 

if people, using the rational language, develop intermediate strength coupling 

methods lvhich really work. 

END OF THIRD TERM 


