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Abstract 

Recent data on turbulent mixing suggest that the mixing transition, previ- 

ously documented to occur in shear layers, also occurs in jets, as well as many 

other flows, and can be regarded as a universal phenomenon. The resulting, fully- 

developed turbulent flow requires a minimum Reynolds number of Re z lo4, or a 

Taylor Reynolds number of ReT = lo2 ,  to be sustained. Turbulent mixing in this 

fully-developed state does not appear to be universal, however, with a qualitatively 

different behavior between shear layers and jets. 
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1. Introduction 

A correct description of turbulent mixing is particularly taxing on our under- 

standing of turbulence; such a description relies on an account of the full spectrum 

of scales. Specifically, to describe the entrainment stage that is responsible for 

the engulfment of large pockets of irrotational fluid species into the turbulent flow 

region,' the large scale flow structures need to be correctly described. Secondly, t o  

describe the subsequent kinematic stirring process that is responsible for the large 

interfacial surface generation between the mixing species, the intermediate range of 

scales must be correctly accounted for. These are below the largest in the flow in 

size, but above the smallest affected by viscosity and molecular diffusivity. Finally, 

the dynamics at the smallest scales must be captured to describe the molecular 

mixing process itself. These three phases of turbulent mixing were clearly identified 

as "more or less distinct stages" in the 1948 description of mixing by Eckart,' who 

dubbed them as the initial, intermediate, and final stages, respectively. In the case 

of mixing of high Schmidt number fluids, i. e., fluids characterized by a molecular 

diffusivity, V, that is much smaller than the kinematic viscosity, v, i t  is also useful 

to distinguish between the vorticity-diffusion stage, whereby velocity gradients are 

removed, and the species-diffusion stage, which removes scalar  gradient^.^ 

On the other side, successful descriptions and models of mixing provide us 

with tests of aspects of turbulent flow that are difficult to probe by other means 

- experimentally, numerically, or theoretically - at the high Reynolds numbers of 

interest here. 

An exciting discussion in the context of mixing by chaotic advection has been 

taking place during the last decade. See, for example, Refs. 4-7, as well as several 

papers from the 1990 IUTAM Symposium on Fluid Mechanics of Stirring and Mixing 

(Published in Phys. Fluids A 5, Part 2, May 1991). There is little doubt that this 

progress will contribute to our understanding in the context of the broader issues 

of turbulent mixing. The present discussion, however, will be limited to flows a t  

Reynolds numbers that are high enough for the turbulence to be regarded as fully- 

developed. In that regime, the impact of the recent progress in the behavior of 

deterministic, chaotic systems has yet t 3  be felt, in my opinion. 
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As a practical matter, fully-developed turbulent flow typically requires that the 

local flow Reynolds number, i.e., 

must be high enough. Generally speaking, turbulence cannot be sustained if the 

(local) Reynolds number falls below some minimum value, Remi,. In the expression 

in Eq. 1, the characteristic velocity, U(x), and transverse extent of the flow, 6(x), 

are to be taken as local values. 

The main part of the discussion will be drawn from turbulent mixing in the far 

field of nonaccelerating (negligible streamwise pressure gradient) shear layers and 

jets. While these two flows are similar, in many ways, they are sufficiently different 

in others to be useful as test beds of ideas and prospects for universal descrip- 

tions of turbulent mixing behavior. The phenomena are found to have a broader 

manifestation, however, with conclusions relevant to turbulent flow in general. 

In the case of shear layers, the characteristic velocity will be taken as the 

(constant) freestream velocity difference, i.e., Usl(x) = AU # fn(x), whereas the 

characteristic length will be taken as the local shear layer width, i.e., SSl(x) cx x. 

Assuming constant fluid properties, i.e., v = const., this yields a local Reynolds 

number for shear layers that increases linearly with the streamwise coordinate, i.e., 

In the case of jets, the characteristic velocity will be taken as the local centerline 

velocity of the jet, i.e., Uj(x) = u,(x) cx I-', while the local length scale will be 

taken as the local jet diameter, i.e., S(x) = Sj(x) o: x, yielding a local jet Reynolds 

number that is a constant of the flow, i.e., 

This difference between shear layers and jets in the dependence of the local Reynolds 

number is interesting in the context of spatially developing flows and the evolution 

of the distribution of scales and turbulence spectra. 



As we increase the flow Reynolds number, from small values to values approach- 

ing some minimum Reynolds number for fully-developed turbulence, the flow is able 

to generate ever-increasing interfacial area between the mixing species, increasing 

mixing and, in the case of chemically-reacting flow, chemical product formation and 

heat release. Beyond this transition region, ~ e . ,  for Re >> Re,,,, the Reynolds num- 

ber dependence of the amount of mixed fluid can be expected to be weaker. In fact, 

a tenet of fully-developed turbulent flow theory is that, at high enough Reynolds 

numbers, the dependence of the various mean flow quantities on Reynolds number 

should become negligible, or vanish. 

On the other hand, mixing depends on the behavior of g~adients in the flow as 

well as concentration of diffusing species and the "principle of self-similarity with 

respect to Reynolds number cannot be expected to be applicable . . . , since these 

gradients are determined by small-scale fluctuations." (Ref. 8, p. xvi) We will ex- 

amine these propositions by comparing the outcome of experimental investigations 

on turbulent mixing conducted in both gas- and liquid-phase shear layers and jets. 

2. Transition Reynolds numbers  i n  shear  layers and jets 

A qualitative difference in the appearance of the scalar field is observed across 

the transition in a shear layer to a more well-mixed state, as the Reynolds number 

is increased, as illustrated in Fig. 1. The transition to a more well-mixed state in 

a gas-phase turbulent shear layer was documented by K ~ n r a d , ~  who used an aspi- 

rating probe'0 to estimate the local value of the high-speed stream fluid fraction, 

averaged over the resolution volume and time-response of the aspirating probe. Sub- 

sequent estimates of mixing and chemical product volume fraction in liquid-phase 

shear layers,'' using a pH indicator, as well as estimates derived from probability- 

density functions (pdf's) measured using laser-induced fluorescence techniques,12 

documented the same behavior. 

The results from the two liquid-phase shear layer measurements are plotted 

in Fig. 2, which depicts the estimated chemical product thickness as a function 

of the local Reynolds number at the measuring station. A marked increase in 



FIG. 1 Laser-induced fluorescence streak images of the scalar field in a liquid-phase 
shear layer, for Re 1. 1.75 x lo3 (left) and Re 1.2.3 x lo4 (right). Data from 
Ref. 12, Figs. 7 and 9, respectively. 

the estimated chemical product can be seen to occur a t  Re - lo4. This is also 

associated with a change in the pdf of the scalar fluctuations. In the pretransition 

region, the pdf of the conserved scalar in the flow is dominated by the near-delta- 

function contributions of the unmixed (pure) fluid from each of the freestreams.I2 

In the posttransition regime, the composition of the mixed fluid across the layer 

develops a preferred value that is well-correlated with the one inferred from the 

estimated overall entrainment ratio for the layer.3112 The pdf evolves from one limit 

to the other in the course of this transition (cf. Ref. 12, Sec. 5.4, and Ref. 13), with 

a relatively long memory of the (typically, much larger) initial asymmetry in the 

relative amounts of each of the freestream fluids. 

As noted in the discussions of these e ~ ~ e r i r n e n t s , " ~ ' ~  finite resolution limita- 

tions in these liquid-phase experiments overestimated the absolute amount of chem- 

ical product by, roughly, a factor of two, as confirmed in chemically-reacting exper- 

iments which measured the chemical product volume fraction directly.12 Neverthe- 

less, the documented increase in the amount of mixing at the transition Reynolds 

number is qualitatively correct and was found to occur at the same Reynolds number 

in both gas- and liquid-phase shear layers.14 



FIG. 2 Reynolds number dependence of chemical product volume fraction, in a 
liquid-phase shear layer, in the vicinity of the mixing transition.'' Note that 
absolute values are overestimated in both experiments (see text). 

The transition to a more well-mixed state, in these experiments, was correlated 

with the appearance of streamwise vortices and the ensuing transition to three- 

dimensionality of flow that is nominally two-dimensional in the initial region."-l5 

See discussion in the review paper by Roshko.16 Corroborating evidence was also 

found in the numerical simulations of time-developing shear layers by Moser & 

Rogers that followed the developing flow to sufficiently high Reynolds numbers to 

document the beginning of this behavior.17 

The transition to a more well-mixed state in turbulent jets is less conspicuous 

than in shear layers. Turbulent jets being three-dimensional, even at low Reynolds 

numbers, such a transition is not correlated with a transition to three-dimensionality 

in the flow field. Nevertheless, there is, again, a qualitative difference in the ap- 

pearance of the scalar field for values of the Reynolds number that are lower than 

Remi, = lo4 and values that are comparable to that, or higher. This is illustrated 

in the laser-induced fluorescence images in Fig. 3, of the jet-fluid concentration in 

the plane of symmetry of liquid-phase jets.18 Unmixed reservoir fluid (black) can be 

seen throughout the turbulent region and, in particular, all the way to the jet axis 



in the lower Reynolds number (left) image at Rej = 2.5 x lo3 (imaged field spans 

0 < xld < 35, where d is the jet nozzle diameter). This is not the case in the higher 

Reynolds number (right) image at Re, lo4 (imaged field spans 0 < xld < 200), 

in which jet fluid of varying concentrations can be seen to be more volume-filling 

within the turbulent region. 

FIG. 3 Jet-fluid concentration in the plane of symmetry of a round turbulent jet. 
Left image: Rej E 2.5 x lo3 (0 < xld < 35). Right image: Rej E lo4 
(0 < xld < 200). Data from Ref. 18, Figs. 5 and 9. 

Seitzman et a l l 9  investigated the outer entrainment and mixing region, using 

laser-induced fluorescence images of OH radicals in a Hz-air turbulent diffusion 

flame. A qualitative evolution in the complexity of the thin burning regions can 

be seen, as the Reynolds number was increased from 2.3 x lo3 to 4.95 x lo4 (cf. 

their Fig. 3). In these experiments, this evolution is also influenced by decreasing 
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 FIG.^ Normalized variance of jet-fluid concentration on the axis of a turbulent 
jet, as a function of the jet Reynolds number (Ref. 22, Fig. 7.2). Circles: 
Liquid-phase jets.22 Triangles: Gas-phase jets." 

buoyancy and the decreasing relative importance of baroclinic vorticity generation, 

as the Reynolds number was increased, and is, therefore, not entirely attributable 

to Reynolds number effects. 

Similar behavior is reflected in the measurements of the rms of the scalar (jet 

fluid concentration) fluctuations on the axis, in the far field of gas- and liquid- 

phase jets, as a function of jet Reynolds number.20-22 The data, in the form of the 

normalized scalar fluctuation variance, are plotted in Fig. 4 (Ref. 22, Fig. 7.2). The 

liquid-phase data exhibit a decrease in the fluctuation level with Reynolds number, 

with a rather less sensitive dependence for Reynolds numbers higher than Re GZ 

2 x lo4, or so. Noting that lower fluctuation levels correspond to more homogeneous 

mixing, i . e . ,  a pdf of concentration values that are more tightly clustered around 

the local mean, we see that, at least for the case of a liquid-phase jet, the flow 

transitions to a more well-mixed state as the Reynolds number is increased, as in 

the shear layer, even though in a more gradual manner (cf. Fig. 2). A much weaker 

Reynolds number dependence of the normalized scalar variance can b e  seen for the 

gas-phase-jet data. 



The Reynolds number dependence of turbulent mixing and chemical product 

formation in turbulent jets was recently investigated in gas-phase jets.23,24 In this 

context, the turbulent diffusion flame length, Lr, is important and marks the dis- 

tance from the nozzle required to mix and burn the reactant carried by the jet 

fluid. If the stoichiometry of the jet/reservoir reactants and jet entrainment are 

held constant, and for fast chemical kinetics (high Damkohler number limit), the 

flame length dependence on the various flow parameters provides us with a measure 

of the dependence of mixing on those parameters. Decreasing flame lengths, for 

example, imply faster (better) mixing. 

The dependence of the flame length on the stoichiometry of the jet-/reservoir- 

fluid chemical system must first be factored in the analysis. In particular, for a 

momentum-dominated, turbulent jet diffusion flame, the flame length is linearly 

dependent on the (mass) stoichiometric mixture ratio (e .g . ,  Refs. 25-27), i.e., 

where Q, is the mass of reservoir fluid required to completely consume a unit mass of 

jet fluid. The measurements must then be regarded as investigations of the behavior 

of the stoichiometric coefficient, A, and normalized virtual origin (intercept), B, and 

their dependence, in turn, on the flow parameters. 

In these experiments, long platinum wires were stretched across the turbulent 

diffusion flame and spaced in equal logarithmic increments along the jet axis. These 

permitted the line-integral of the temperature rise, AT(x, y), due to heat released 

in the chemical reaction, to be measured along the y-coordinate (transverse to the 

jet axis), as a function of the downstream coordinate. See Fig. 5. 

The experiments utilized the Fz +NO chemical reaction, with F2 diluted in Nz 

forming the jet fluid, and NO diluted in Nz forming the quiescent reservoir fluid. 

With this chemical system, an adiabatic flame temperature rise, ATf, as low as 7 K 

was realized (with the reaction still in the fast-kinetic regime). Such low values 

were dictated by the results of a separate investigation that assessed the effects of 

buoyancy and ascertained that the measurements were realized in the momentum- 

dominated regime for this heat-releasing flow. The Reynolds number was varied by 

varying the pressure in the combustion vessel. 



FIG. 5 Turbulent jet diffusion flame combustion vessel schematic, indicating the jet 
and the logarithmically-spaced temperature-sensing wire array. 

If the temperature rise, AT(x, y), in the chemically-reacting jet is normalized 

by AT,, the adiabatic flame temperature rise for the reaction, the line integral across 

the jet axis can be used to form a product thickness, 6p(x), analogous to the one 

defined for shear layers, i . e . ,  

(cf. Ref. 28, Sec. 3.1.3; Ref. 29, Sec. 1.9; and Ref. 30, Eqs. 41 and discussion fol- 

lowing). Sample data are depicted in Fig. 6, for a range of values of the (mass) 



stoichiometric mixture ratio, 4,. The data plot the product thickness 6p, normal- 

ized with the length, L,, of the platinum resistance wire used to measure the line 

integral, versus the logarithm of xld*, where d* is the jet source ~liameter.'~ 

FIG. 6 Product thickness vs. loglo (x/dZ), for several stoichiometric mixture ratios 
(Ref. 24, Fig. 5). 

To analyze these data, we note that for regions of the flow well upstream of 

the flame length, i .e . ,  for x << Lf, the entrained reactant is consumed on, or just 

outside, the boundary of the turbulent region. There, the turbulent fluid is jet- 

fluid-reactant rich and it need comprise only a small fraction of the mixed fluid to 

consume the entrained reservoir-fluid-reactant. The diffusion/reaction process then 

takes place in a relatively thin peripheral reaction zone at y = & R , ( x ) , ~  whose 

ensemble-averaged radius, R,(x), is proportional to x. As a consequence, the line 

integral of the time-averaged temperature rise across the turbulent region increases 

as the chemical reaction releases heat in the thin reaction zones at the edges of the 

turbulent region. 

a This picture is corroborated by the OH-images obtained by a number of investigators in Hz-air 
jet flames (cf. Refs. 19 and 31, for example). 



It was conjectured that the radial integral of the temperature rise, at a given 

station x ,  increases in proportion to the entrainment velocity at that station, 

or, for a momentum-driven, turbulent jet, 

Integrating this relation and scaling with the flame length Li, we have 

This dependence of the line integral on x  suggested the logarithmic wire spacing 

used in the experiment and was used in the analytical form of the fit for the line- 

integrated, time-averaged, temperature-rise data ( c f .  Fig. 6 ) .  

Beyond the end of the flame region, i.e., for x > Li, no further heat is released 

and, in the absence of buoyancy effects, the temperature excess becomes a passively- 

convected scalar with a self-similar profile. In that case, 

1 
A T ( x , Y )  2 A T ( x , O )  f  (e) x m - x f (f) 

and the product thickness line integral becomes independent of the downstream 

coordinate, x ,  i. e., 

As can be seen in Fig. 6 ,  the experimental results confirmed the conjecture for 

x  << Lr They were also consistent with the anticipated conserved-scalar behavior 

of the temperature rise for x  > Li, i.e., a product thickness that asymptotes to a 

constant value. Such data allow us to estimate the flame length, Li. In particular, 

one can accept an operational definition of Li as the location where the product 

thickness line integral (Eq. 4) has attained 99% of its asymptotic value, as one does 

on the basis of a boundary layer velocity profile, for example. 



Figure 7 (Ref.23, Fig. 4.8) plots the stoichiometric coefficient, A, in the ex- 

pression for the flame length (cf. Eq. 3), i. e., the slope of the flame length vs. the 

stoichiometric mixture ratio 4,. This can be regarded as the additional length, in 

units of the jet source diameter d*, required to entrain, mix, and react with a unit 

increase in the stoichiometric ratio of the jet-/reservoir-fluid chemical system, i.e., 

In the fast kinetic regime, as was the case in these experiments, this quantity is a 

useful measure of mixing. It separates the self-similar, far-field behavior from that 

of the virtual origin in the overall mixing process. 

0 Present Study 

o Dahm e t  a1 (1984) 

A Weddell (1941) 

A Dowling (1988) 

FIG. 7 Flame length stoichiometric coefficient A (Eq. 3). Squares: Gas-phase chemi- 
cally-reacting jet data.23 Diamond: Laser-induced fluorescence, liquid-phase 
data.32 Lambda: pH-indicator, liquid-phase data.25q33 Triangles: Flame 
length data inferred from gas-phase, nonreacting data (see text).34 

The data in Fig. 7 indicate that mixing in the far field of a turbulent jet improves 

relatively rapidly with increasing Reynolds number. Specifically, A decreases until a 

Reynolds number of, roughly, 2 x lo4, with a much weaker dependence on Reynolds 



number, if any, beyond that. These data are in accord with the nonreacting, liquid- 

phase data in Fig. 4, which also indicate improved mixing up to Reynolds numbers 

of 2 x lo4, or so, with a weaker dependence beyond that. The latter data, however, 

do not permit the separation of the far-field and virtual-origin contributions to the 

overall mixing process, as do the chemically reacting jet data. We should also note 

that the near- and intermediate-field behavior, which contributes to the virtual 

origin of the mixing process and the resulting flame length, does not exhibit the 

same Reynolds number dependence.23 

A potential difficulty should be recognized between the inferred behavior based 

on the nonreacting, gas-phase jet data  triangle^),^^ and the chemically-reacting, 

gas-phase data (squares).23 Two observations are relevant here. The values es- 

timated from the nonreacting gas-phase data (triangles) were derived assuming 

certain similarity properties of the concentration pdf and the virtual origin of the 

whole process (see discussion in Ref. 34, Sec. 5.4, and Ref. 21, Appendix B). 

Partly as a consequence, as was also noted in the comparison between the data 

in Figs. 4 and 7, it is not possible to separate the contribution to the flame length 

of the (rather large) virtual origin of the mixing process, and its dependence on 

Reynolds number,z3 from the Reynolds number dependence of the far-field mixing 

process, i.e., the dependence of the flame length stoichiometric coefficient, A. 

While this may be a minor point, we may wish to note that transition Reynolds 

numbers for jets seem to be twice as large as for shear layers. On the one hand, 

the two flows are sficiently different to admit differences in their behavior of a 

factor of 2, or so, in Reynolds number. On the other, however, if the characteristic 

large scale 6(x) chosen for the local Reynolds number definition of a jet is the local 

radius, as would be appropriate if the length scale in the general case is defined as 

the transverse spatial extent across which the shear is sustained, then the transition 

Reynolds number for jets becomes very close to that for shear layers. 



3. Mixing in fully-developed turbulence 

In fully-developed turbulent shear layers, beyond the mixing transition, mixing 

also exhibits a weaker dependence on Reynolds number. Figures 8a and 8b plot 

experimentally obtained data of the normalized chemical poduct thickness, r . e . ,  

(cf. Eq.4), for both low (Fig.8a) and high (Fig.8b) values of the stoichiometric 

mixture ratio 4. The stoichiometric mixture ratio, in this case, denotes the parts 

(moles) of high-speed fluid required to  consume a part (mole) of low-speed fluid in 

the shear layer mixing zone (e .g. ,  Ref. 30). The product thickness data in Figs. 8a 

and 8b were normalized by the 1% temperature rise product thickness, 6=, which 

has been found to be close to the visual thickness. of the shear layer.'"2*30~35 

I I I I I I 
4 .0  4.5 5 .0  5.5 6 .0  6 .5  7.0 

log (Re6 
T 

FIG. 8a Low+ normalized product thickness vs. Reynolds number for a turbulent 
shear layer. Matched free-stream density, incompressible, gas-phase shear 
layers: 4 = 118 (square), q5 = 114 (~ircle) .~ '  Vertical lines: 4 = 118 .36 

Triangles: 4 = 118 .37 Supersonic shear layers: d = 114, pz/pl = 0.71, 
M, = 0.51 (arrow); q5 = 113, p2/P1 = 5.95, Mc = 0.96 (dia~nond).~' 
Liquid-phase shear layer: 4 = 1/10 (cro~s) . '~  



FIG. 8b High-4 shear layer normalized product thickness vs. Reynolds number. 
Matched free-stream density, incompressible, gas-phase shear layers: 4 = 8 
(square), 4 = 4 (~ircle) .~ '  Triangles: 4 = 8 .37 Supersonic shear layers: 
4 = 4, pzlpl = 0.71, M, = 0.51 (arrow); 4 = 3, pzlpl = 5.95, M, = 0.96 
(d iam~nd) .~ '  Liquid-phase shear layer: $ = 10 (crosse~). '~ 

These data were all derived from chemically-reacting shear layer experiments, 

conducted in the fast chemical-kinetic regime, i.e., high Damkohler number limit. 

In this limit, all molecularly mixed fluid produces chemical product, as dictated by 

the stoichiometry of the mixed fluid composition (cf. discussion in Ref. 30, Sec. IV). 

The chemically reacting experiments were conducted for Ion- and high values 

of the (molar) stoichiometric mixture ratio, 4, that can be expected to yield near- 

stationary values of the product thickness Sp(4), with respect to $. The chemical 

product thickness has a rather sensitive dependence on 4, as the stoichiometric 

mixture fraction, t4 = 4/(4+ I), approaches zero or unity, as a result of the regions 

near the delta functions corresponding to the pure fluid in the composition pdf.39,40 

Data points indicated by crosses were derived from experiments in liquid-phase 

 flow^.'^ All other data were based on results from gas-phase flows. The plotted 

points based on the experiments by Frieler3' and Hall et al.38 xr-ere calculated by 
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Chris Bond from the original temperature-rise data.b Data at the highest values 

of the Reynolds number were derived from chemically-reacting, supersonic shear 

layers (MI > 1, Mz < 1)38 and, as a consequence, can be assumed to be susceptible 

to the combined effects of compressibility as well as Reynolds number. We note 

here that even though the velocity ratio, T = U2/Ul, for the supersonic shear layer 

experiments was very low, and should perhaps not be included in the same plot 

as the subsonic shear layer experiments for which r - 0.4, the molar entrainment 

ratio, En, i.e., the ratio of the number of high-speed freestream fluid moles per 

mole of low-speed freestream fluid entrained, was estimated to be close to its value 

for the incompressible flow experiments. Specifically, for the incompressible flow 

e ~ ~ e r i m e n t s , 3 ~ ' ~ ~ ~ ~  En e 1.3. The estimated values for the compressible shear 

layers were En 11 1.07, for the M, 2. 0.51 shear layer ( T  e 0.24), and E, 2. 1.2, for 

the M, N 0.96 shear layer (T  e 0.10).38,41,42 

Several observations can be made on the basis of these data: 

a. In the limit of fast kinetics, the chemical product formed decreases as 

the Reynolds number increases. This implies less efficient mixing in fully- 

developed shear layers as the Reynolds number increases. Presently avail- 

able data suggest that this is opposite the behavior exhibited by turbulent 

jets (recall data in Figs. 4 and 7, and related discussion). 

b. The data admit a Reynolds number dependence of the chemical product 

thickness for the low-4 case (Fig. 8a) that is stronger than the high-q5 case 

(Fig. 8a).c If this is proven to be the case, it would imply a complicated 

dependence of the pdf of compositions on Reynolds number. 

c. Liquid-phase shear layer mixing exhibits a weaker Reynolds number de- 

pendence than gas-phase shear layer mixing (cf. Fig. 8b). Unless the data 

for turbulent jets should all be regarded as not in fully-developed flow (cf. 

Fig. 4), this is also opposite the behavior found in turbulent jets. 

Private communication. 

Recall that, for these flows, the high-speed stream fluid is preferent~ally entrained.3 



Based on the presently available scant experimental data and unless the region 

2 x lo5 < Re < lo6 conceals a second transition to a Reynolds-number-independent 

turbulent mixing state, 

d. the trend in Figs. 8a and 8b suggests that, a t  least at low compressibility, 

e.g., up to the lower of the two convective Mach numbers investigated, 

Reynolds number effects dominate compressibility effects. 

The latter observation must be regarded as the most tentative and must await the 

results of further experimental investigations to be confirmed. 

It is interesting that in the case of mixing in turbulent jets, gas-phase data 

for the flame length indicate only a weak Reynolds number dependence beyond the 

mixing transition, if any (Fig. 7). Measurements in liquid-phase jets, however, at 

Reynolds numbers as high as 7.2 x lo4, yield scalar spectra that have not converged 

to a Reynolds-number-independent in accord with the data in Fig. 4. 

Finally, it is noted that some of these observations are at variance with the in- 

ferences drawn in a review by Broadwell & M~ngal :~  of earlier data. The interested 

reader is directed to that discussion for further details. 

4. Transition Reynolds numbers in other flows 

The observations of mixing transitions in shear layers and jets suggest that a 

minimum Reynolds number may be required for turbulence to develop into a more 

well-mixed state in these flows. Specifically, we must have Re > Re,,,, with Remi, 

in the neighborhood of 0.5 x lo4 to 2 x lo4 ,  for fully-developed turbulent flow. It is 

interesting that this value does not appear to be peculiar to the far-field behavior 

in turbulent jets and free-shear layers. Other flows also exhibit similar transitions 

at comparable values of the Reynolds number, as we'll discuss below. 

Pipe flow, for example, transitions out of its regime to a less inter- 

mittent, fully-turbulent state over a range of Reynolds numbers that depend on the 

entrance conditions. This sensitivity to initial conditions diminishes, however, at a 

Reynolds number in the vicinity of lo4 .45 



The Coles' turbulent boundary layer wake parameter, 11, that scales the outer 

flow region of a turbulent boundary is found to increase with Reynolds 

number, for a zero-pressure-gradient boundary layer, attaining an asymptotic value 

of 11 = 0.620 at a Reynolds number, based on displacement thickne~s:~ of Re G 

U, 6 * / v  = 0.8 x lo4. See Refs. 48 and 49, for a discussion, and Ref. 49, Table 4 

and Fig. 6, for a compilation of low-speed, turbulent boundary-layer flow data. 

In experiments by Liepmann & Gharib, in the near field of turbulent jets, the 

number of azimuthal nodes in vortex structures becomes difficult to identify beyond 

a certain Reynolds number, where the flow transitions to a much more chaotic 

state.50 The authors correlate this transition with a laminar-turbulent transition in 

the jet nozzle boundary layers. It is also interesting, however, that it occurs at a 

Reynolds number very close to lo4. 

In recent experiments on lifted-flame behavior, Hammer notes a change in 

the scaled lift-off height of turbulent jet flames at a jet Reynolds number, in the 

neighborhood of Re = 1.8 x lo4,  beyond which the Reynolds number dependence 

is weaker. See data in Ref. 51, Fig. 3.8, and discussion following. 

In his review of bluff-body flows, Roshko documents several regimes, as indi- 

cated by the behavior of the base pressure of a circular cylinder, as a function of 

Reynolds number.52 In particular, the (negative) base pressure is found to increase 

in the range of Reynolds numbers of 0.3 x lo4 < Re = U, dcy l / v  < 2 x lo4  (Ref. 52, 

Fig. 1). Roshko attributes this behavior to a transition in the separating shear 

layers. 

Measurements of the scaled turbulent kinetic energy dissipation rate, 

in flow behind square grids, where E is the kinetic energy dissipation per unit mass, 

e is the longitudinal length scale, and u' is the rms streamwise velocity fluctuation 

level, suggest that it decreases relatively rapidly with increasing Taylor Reynolds 

number, 



where AT is the Taylor microscale, until a value of ReT x 70, and then becomes 

much less sensitive to Reynolds number, attaining a value of cu x 1 at higher 

Reynolds numbers. This value may not be universal, however, with measured values 

in the range 1 < cr < 2.7 behind non-square grids.53 

A similar conclusion was arrived at by Jimenez e t  a1.,54 in their numerical 

simulations of turbulence in a spatially-periodic cube, in the range 36 < ReT 5 170. 

They report a value of a 2 0.65 attained for ReT 2 95. Since 

it, again, appears that Re > Remi, -- lo4 is a necessary condition for fully-developed 

turbulent 

In thermal convection, a transition from "soft turbulence" to "hard turbulence" 

has been noted for Rayleigh numbers given by Ra = lo8,  that is marked by a 

qualitative change in the pdf of the measured temperature  fluctuation^.^^ Since 

Re x ~ a ' / '  for this we again recover a minimum Reynolds number boundary 

of the fully-developed turbulent state at Re -- lo4. 

Careful experiments were recently performed that measured the torque in 

Couette-Taylor flow, in the range of Reynolds numbers of 800 < Re < 1.23 x 

lo6 .58359 These experiments revealed a "well-defined, non-hysteretic transition" in 

a narrow range of Reynolds numbers, lo4 < Ret, < 1.3 x lo4. The flow was found to 

be qualitatively different, below and above this transition, as illustrated in the flow- 

visualization data reproduced in Fig. 9, with pre- and post-transition differences 

reminiscent of the corresponding ones in jets (cf. Fig. 3). See also additional flow- 

visualization data in Ref. 58, Figs. la,b. Beyond this transition, the dependence 

of the torque on Reynolds number becomes progressively weaker. Significantly, 

however, the torque does not attain viscosity-independent behavior to the highest 

Reynolds numbers investigated. 



FIG. 9 Couette-Taylor flow-visualization data at (a) Re = 0.6 x lo4,  and (b) Re = 
2 . 4 ~  lo4. From Ref. 59, Figs. 5a,b, reproduced by kind permission of Prof. H. 
Swinney. 

5 .  A criterion for fully-developed turbulence? 

The preceding observations suggest there may exist a property of turbulence 

that induces it to transition to a more well-mixed state, is associated with Reynolds 

numbers in excess of Remi, x lo4, and appears to be rather independent of the 

details of the flow geometry. The following is a proposed ansatz to account for this 

behavior. 

That this transition appears to be independent of the flow geometry indicates 

that the explanation should not be sought in the large-scale dynamics, or the de- 

velopment of distinct features and organized patterns in these flows. These are, 

typically, flow-geometry dependent. One is rather led to consider the physical sig- 

nificance of the various scales of turbulence and their Reynolds number scaling. 



The 1941 Kolmogorov proposals hypothesize that the dynamics in the (inertial) 

range of scales X that are unaffected by the outer scale 6, but are large compared 

to the inner, dissipation (Kolmogorov) scale, 

i.e., for 

XK (< A < < 6 ,  (I4) 

can be treated in a universal, self-similar fashion. In this range of scales, for example, 

the energy spectrum is predicted (and found) to exhibit a power-law behavior with 

a - 513 exponent .60 

To refine the bounds in Eq. 14, we appreciate that independence from the dy- 

namics of the outer scale, 6, requires that the scale X be smaller than a scale that 

can be generated directly from the outer scale 6. Such a scale would an outer lam- 

inar layer thickness, XL, that can be generated by a single 6-size sweep across the 

whole transverse extent of the turbulent region, for example. The size of this scale 

can be estimated in terms of the 99% thickness of a Blasius boundary layer, for 

example, that is growing over a spatial extent 6, i.e., 

It is a scale connected by viscosity to the outer scale, 6, of the flow. By virtue of its 

dependence on Reynolds number (cf. Eqs. 12 and 15), this scale. as noted by H. W. 

Liepmam in private conversation many years ago, is closely related to the Taylor 

microscale, AT. 

At the other end of the spectrum, the requirement that the motions must be 

inviscid with respect to the inner dissipation scales dictates that the local scale 

A must be large with respect to an inner viscous scale, A, (cf. Fig. 10) that can 

be taken as proportional to the (defined) Kolmogorov dissipation scale, Ax. This 

allows us to refine the inequality that bounds the inertial range of scales (Eq. 14) 

to the one below, i.e., 



\ 
A,. 

FIG. 10 Schematic of the outer scale, 6; the Taylor scale, AT; and the viscous scale, 
A,, in a sheared turbulent region. 

as a necessary condition for fully-developed flow. 

To translate this inequality to a relation for the Reynolds number, we need the 

Reynolds number dependence of the ratio of the various scales to the outer scale 

6. We can rely on Eq. 15 for the estimate of the outer laminar-layer thickness, XL,  

suggested by Liepmann. Following on his suggestion, it is interesting to compare 

that to the Taylor scale for a turbulent jet, for example. For turbulence in the 

far field of a jet, the Taylor scale, AT, can be estimated from the Taylor Reynolds 

number on the jet axis (Eq. 12). This is approximately given by 

on the jet a x i ~ . ~ ~ ~ ~ '  Using the value of U' N 0.25uC, on the axis of the turbulent jet, 

and 6(x) ill 0.4 (x - X O )  for the local jet diameter, we obtain 

AT - 
5 

N 2.3 ~ e - ' "  , (18) 

which is a little smaller but close to the Liepmann laminar-layer thickness, XL (a 

prefactor of 2.3 for AT, vs. 5.0, for XL), especially considering that it is estimated 

from flow properties on the jet axis. 

An appropriate inner viscous scale, A,, can be estimated in terms of the wave- 

number I;,, where the energy spectrum deviates from the -513 power-law behavior, 

or, k,AK 118 .61,62 This yields,63 



To estimate the Reynolds number and outer scale dependence of A,, we can use the 

expression from Friehe et  al.,20,64 for the energy-dissipation rate on the jet axis, in 

the far field. i. e.. 

where uo is the jet nozzle velocity, do is the jet nozzle diameter, and xo is the virtual 

origin of the far field turbulent flow. Substituting in Eq. 13 we then have 

and, therefore, for a turbulent jet, 

Substituting for A L ,  A, ,  and AK in Eq. 16, we obtain 

The range of intermediate inviscid scales, i.e., scales smaller than XL but larger 

than A,, can be seen to grow rather slowly with Reynolds number. Specifically, the 

ratio 
Amax N = - ,  
Amin 

(24a) 

which measures the extent of the uncoupled range of spatial scales, i.e., the number 

of viscous scales within a Taylor scale, is given by 

where the (approximate) factor of 0.1 was estimated for a turbulent jet. This 

is indicated schematically in Fig. 11. In other flows, we can expect the uncoupled 

range of scales to exhibit the same Reynolds number dependence (Eqs. 24a,b), with, 

possibly, a different prefactor, however. 

On the basis of these observations, it can be argued that a necessary condition 

for fully-developed turbulence and the 1941 Kolmogorov similarity ideas to apply 

is the existence of a range of scales that are uncoupled from the large scales, on the 

one hand, and are free from the effects of viscosity, on the other. Considering that 

we must have 
AL Xmax - - -  - = N > l ,  
Xv Amin 



FIG. 11 Reynolds number dependence of spatial scales for a turbulent jet. 

with some margin, we see that the existence of such a range of scales requires a 

minimum Reynolds number of the order of lo4  (Eq. 24b); a value in accord with the 

minimum Reynolds number identified for transition to fully-developed, well-mixed 

turbulent flows. 

Jimenez e t  al. performed measurements of velocity fluctuations in a two-dimen- 

sional shear layer and found a power-law regime in the energy spectrum, with an 

exponent close to -513, developing in the neighborhood of the mixing t r an~ i t i on .~~  

Subsequent investigations of the mixing transition by Huang and Ho also associated 

the development of a -513 spectral regime with the mixing transition, correlating it, 

however, with the number of pairings rather than with local values of the Reynolds 

number.66 Nevertheless, in both these investigations, the Reynolds number in the 

vicinity of the mixing transition and the development of the -513 spectrum regime 

was found to be in the range of 3 x lo3 < Re(x) < lo4,  in accord with the range 

documented in Fig. 2. To the extent that the appearance of a -513 spectral regime 

marks the development of an inertial range of scales and the applicability of the 



1941 Kolmogorov ideas, these experiments lend further credence to the ansatz. 

The preceding discussion of the experiment a1 evidence and the theoretical 

ansatz supports the notion that fully-developed turbulence requires a minimum 

Reynolds number of the order of lo4 to be sustained. This value must be viewed as 

a necessary, but not sufficient, condition for the flow to be fully-developed. Presently 

available evidence suggests that both the fact that the phenomenon occurs and the 

range of values of the Reynolds number where it occurs are universal, i. e . ,  indepen- 

dent of the flow geometry. 

On the other hand, how sharp this transition is does appear to depend on the 

details of the flow. In particular, it is remarkably sharp, as a function of Reynolds 

number, in the (Couette-Taylor) flow between concentric rotating cylinders. It is less 

well-defined for a shear layer and, among the flows considered, the least well-defined 

for turbulent jets. Perhaps an explanation for this variation lies in the definition 

of the Reynolds number itself (Eq. 1) and the manner in which the various factors 

that enter are specified for each flow. In the case of the Couette-Taylor flow, for 

example, both the velocity UCT = fl a and the spatial scale SCT = b - a, where Q 

is the differential rotation rate, with a and b the inner and outer cylinder radii, are 

well-defined by the flow-boundary  condition^.^' 

In the case of a zero streamwise pressure-gradient shear layer, the velocity 

Usl = AU = Ul - U2 is a constant, reasonably well specified by the flow bound- 

ary conditions at a particular station. The length scale Ssl = SSl(x) = ( S(x , t ) ), , 
however, must be regarded as a stochastic variable in a given flow with a relatively 

large variance. The Reynolds number for the shear layer is then the product of a 

well-defined variable and a less well-defined, stochastic variable. 

In the case of a turbulent jet, both the local velocity Uj = Uj (x) = ( uc(x, t )  ) t  

and the length scale 6j = Sj(x) = (Sj(x,t)),, or Sj(x) = (R(x, t ) ) , ,  the local 

jet radius, must be regarded as stochastic flow variables, each with its own large 

variance. The Reynolds number for the jet is then the product of two stochastic 



variables and, as a consequence, its local, instantaneous value is the least well- 

defined of the three. 

Viewing the Reynolds number itself as a stochastic variable, it would appear 

that the hierarchy of the sharpness of the transition to the fully-developed turbu- 

lent state is correlated with the sharpness with which the flow and the boundary 

conditions allow the values of the local Reynolds number to be specified to the 

dynamics. 

A related issue also arises as a consequence of the definition of the local 

Reynolds number. As noted in the discussion of Eqs. 1 and 2, the Reynolds number 

for a shear layer increases with the downstream coordinate, whereas the Reynolds 

number for a jet is a constant of the flow. As a consequence, a shear layer may 

possess regions with local Reynolds numbers below the minimum and transition to 

fully-developed turbulence, within the spatial extent of the same flow, if its stream- 

wise extent is large enough. A turbulent jet, on the other hand, is either fully 

developed over its whole extent, or is not. This is also relevant to the description 

and dynamics in other flows. 

As regards fully-developed turbulent flow, the presently available evidence does 

not support the notion of Reynolds-number-independent mixing dynamics, at least 

in the case of gas-phase shear layers for which the investigations span a large enough 

range. In the case of gas-phase turbulent jets, presently available evidence ad- 

mits a flame length stoichiometric coefficient A (cf. Eq. 3) tending to  a Reynolds- 

number-independent behavior (cf. Fig. 7). We appreciate, howeyer, that the range 

of Reynolds numbers spanned by experiments to date may not be large enough to  

provide us with a definitive statement, at least as evidenced by the range required 

in the case of shear layers (cf. Figs. 8). Secondly, the flame-length virtual origin, B 

(Eq. 3), possesses a maximum in the neighborhood of the transition Reynolds num- 

ber of Re x 2 x lo4 and does not appear to attain a Reynolds-number-independent 

behavior in the same range of Reynolds numbers.23 We should also recall that 

the torque in Couette-Taylor flow does not attain a Reynolds-number-independent 

behavior to the highest values of the Reynolds number in~es t i~a ted .~ '  Neither, of 

course, does the skin-friction coefficient in a turbulent boundary layer over a smooth 



flat plate. 

In comparing shear-layer with turbulent-jet mixing behavior, the more impor- 

tant conclusion may be that they appear to respond in the opposite way to Schmidt 

number effects, i.e., gas- vs. liquid-phase behavior. Specifically, it is high-Schmidt 

number (liquid-phase) shear layers that exhibit a low Reynolds-number dependence 

in chemical product formation, if any (cf. Fig. 8b). In contrast, it is gas-phase turbu- 

lent jets that exhibit an almost Reynolds-number-independent normalized variance 

of the jet-fluid concentration on the jet axis, with a strong Reynolds-number de- 

pendence found in liquid-phase jets, in the same Reynolds-unber range (cf. Fig. 4). 

To summarize, recent data on turbulent mixing, as well as evidence garnered 

in other contexts, support the notion that fully-developed turbulent flow requires 

a minimum Reynolds number of lo4, or a Taylor Reynolds number of ReT % lo2, 

to be sustained. Conversely, turbulent flow below this Reynolds number cannot be 

regarded as fully-developed and can be expected to be qualitatively different. 

The manifestation of the transition to this state may depend on the particular 

flow geometry, e.g., the appearance of streamwise vortices and three-dimensionality 

in shear layers. Nevertheless, the fact that such a transition occurs, as well as 

the approximate Reynolds number where it is expected, appears to be a universal 

property of turbulence. It is observed in a wide variety of flows and turbulent flow 

phenomena. 

In contrast, studies of mixing in fully-developed turbulent jets and shear layers 

suggest that we cannot hope for a universal description of turbulent mixing. The 

dimensionless parameters that scale the relative importance of the molecular diffu- 

sivity coefficients, such as viscosity and species diffusivity, must not only enter in 

this description, but are likely to do so in a non-universal way. 

It is interesting that transition to turbulence, at intermediate values of the 

Reynolds number, appears to be universal, whereas mixing in fully-developed tur- 

bulence, at high Reynolds numbers, does not. 
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