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Centrifuge scaling considerations for fluid-particle systems 

T.-5. TAN* and R. F. SCOTT* 

Two simulations are involved when a centrifuge is 
used to test models. First, the behaviour of the model 
in a uniform ng field is assumed to be similar to that of 
the prototype. Then the centrifuge is assumed to 
produce an equivalent ng gravitational field. For most 
static problems. the centrifuge does produce an 
equivalent ng gravitational field. but for some 
dynamic problems involving saturated soil these 
assumptions can break down. When the soil particles 
and fluid are moving relative to one another. the 
behaviour in the ng fi;ld is not similar to that in the lg 
field unless the Reynolds number in both conditions is 
less than unity. since this is a special circumstance, 
the centrifugal behaviour is not similar to that of the 
prototype in most cases. To illustrate this. the 
similarity requirements are examined for a single 
particle moving in a fluid. If different fluids are used in 
the model and prototype. then the difference in 
densities must also be accounted for. 

Les essais de modeles dans une centrifugeuse 
impliquent deux simulations. Premierement~ on 
suppose que le comportement du modele dans un 
champ uniforme ng est similaire a celui du prototype. 
Ensuite, on admet que la centrifugeuse produit un 
champ gravitationel equivalent a ng. Dans la plupart 
des cas, la centrifugeuse produit effectivement un 
champ gravitationel equivalent a ng mais pour certains 
problemes dynamiques concernant des sols satures ces 
hypotheses peuvent etre erronees. Le comportement a 
l'interieur de ce champ n·est analogue a celui de lg 
que si le nombre de Reynolds est inferieur a !'unite. Le 
comportement a l'interieur de la centrifugeuse n ·est 
pas semblable a celui du prototype. Si on utilise 
differents fluides pour le modele et le prototype. alors 
ii faut tenir compte de la difference de densite. 

KEYWORDS: centrifuge modelling: dimensional 
analysis: liquefaction; sands. 
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radius of the particle 
drag coefficient 
acceleration of earth 's gravitational field 
(9·81 m/s2
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head 
i oh /ax, hydraulic gradient 

k yK l ,u, permeability 
K material permeability constant 
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m, 
n 
R 

Re 
v, 

mass of the particle 
scaling factor 
length of the centrifuge arm 
Reynolds number 
volume of the particle 

y unit weight 
density of the fluid 
density of the sphere 
density of water 

p, 

angular velocity of the centrifuge 
property in the model 
property in the prototype 

JNTRODCCTION 

The difficulties of testing models of soil 
structures are well known. Often the solution is 
to test the model in a centrifuge. In recent 
years. researchers have used the centrifuge to 
study a variety of soil problems incl~ding 
liquefaction produced by the application of 
static or dynamic cyclic stresses. Scaling 
relations have been established for such 
experiments on the basis of the assumption that 
the model in the centrifuge is actually subjected 
to n times the gravitational acceleration of the 
prototype. There are two parts to this 
assumption. First, it has to be assumed that the 
behaviour of the model in an ideal ng 
gravitational field (the surface of an ng planet) 
is similar to that of the lg prototype. Then it 
must be assumed that the centrifuge is indeed 
producing an equivalent ng gravitational field. 

However. in the study of problems involving 
relative particle-fluid motion, such as liquefac­
tion, using a centrifuge. the scaling relations 
pose a problem. Suppose that the linear scaling 
factor is n, i.e. the model is subjected to an 
acceleration of n times the gravitational. 
According to current understanding. pore 
pressure dissipation occurs n times faster than 
the dynamical process (Table 1). This presents a 
difficulty with some soils if the pore pressures 
are simultaneously generated dynamically and 
dissipated by diffusion. 

Since diffusion depends on the viscosity of the 
fluid. one current practice is to use a model fluid 
of viscosity n times that of the prototype. With 
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Table 1. Currently used scaling relations 

Quantity Full scale 
(prototype) 

Centrifuge 
model at ng 

Linear dimension I Jin 
Acceleration ;, 
Velocity (dynamic) 1 

Time ~ In dynamic terms 
Jn diffusion cases ' 
____.____ 

such a fluid , it is intended that the diffusion 
process will be slO\ved down n times. This is a 
reasonable solution provided that it is assumed 
that the particles during liquefaction are actually 
experiencing an acceleration that is n times that 
of the prototype. 

Here an attempt is made to check the validity 
of this assumption. The philosophical aspects of 
the modelling problem are discussed first. The 
crux of the situation is to identify precisely the 
physical behaviour to be modelled. In this 
aspect, some of the current problems in deriving 
the scaling relations are also treated. Next. an 
analytical study of a simplified situation is 
carried out. The problem to be analysed is that 
of a single particle moving in a fluid. In the 
entire analysis, the particle size is assumed to 
remain the same in the model and in the 
prototype: this follows the general practice of 
using the same soil for both the model and the 
prototype. Should the particle size be different 
in the model and in the prototype. the 
governing equations of motion remain the same. 
but scaling may be complicated owing to 
Reynolds number changes during particle 
motion as seen later. The application of these 
equations to a single particle gives an indication 
of the motion of an assembly of soil particles at 
the moment when the soil structure liquefies. 

PROBLEMS OF MODELLING LIQUEFACTION 
I:\ A CENTRIFUGE 

Current understanding of complete liquefac­
tion suggests that the particles (fine-medium 
sand grains) lose contact with each other during 
the process. Thus. the effective stresses are 
reduced to zero. The particles are initially 
suspended in the fluid and thereafter sink. It 
follows that settlement following liquefaction is 
not a consolidation process but rather sedimen­
tation. This is the mechanism which is modelled 
here. 

ln using a centrifuge to study the behaviour of 
a structure. an attempt is made to simulate a 

condition whereby the model is subjected to a 
uniform ng gravitational field . If the particles 
are in contact and essentially stationary with 
respect to the bucket. the discrepancy from this 
ideal situation is due to the divergence and 
non-uniformity of the imposed a~celeration 
field. These conditions depend on the radius of 
the centrifuge arm and the size of the specimen; 
in most geotechnical centrifuge work they are 
mentioned but generally are not taken into 
account quantitatively in the analysis. However, 
when the particles are moving in a fluid in the 
centrifuge. the motion must be correctly 
represented and the difference in behaviour 
from that in a uniform g field may be quite 
large. A simple example will illustrate this. 

Consider a spherical particle of radius a 
attached at a distance R from the axis of a 
centrifuge bucket rotating at angular velocity w 
in a vacuum. The particle is clearly subjected to 
an absolute radial (horizontal) acceleration· of 
Rw2 (=ng). • as are soil particles in the solid 
state. When the particle is released from its 
attachment (liquefaction). it will move in a 
straight line that is tangential to its orbit if it is 
free to do so (Fig. 1): it thus ceases to 
experience the Rw2 (ng) acceleration. For a 
specific case. the particle's motion relative to 
the bucket (the modelling reference system) has 
been calculated from its own path and the 
bucket trajectory. and is shown in Fig. 2 (the 
scaling of the axes should be noted). In a 
uniform gravitational field the particle would 

t = [. 
Par:.cle '11ot1on 
re at1ve ;o bucke~ 

'r - I 
l y •i l 

0 - - - - - -1Et-::::-: iii 

L ~ 
Absolute particle rrot1on 

Fig. 1. Reference frame for a particle's motion in a 
centrifuge 

• It also obviously experiences the usual vert ical 
gravitat ional acceleration of lg. which is ignored 
herein in comparison with the other component. 
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Fig. 2. Particle in a vacuum: behaliours in an ng 
planet and a centrifuge (w 2R = ng) (all quantities 
shown obey the following relations: time = (time in 
model) x n; acceleration= (acceleration in model)/n; 
displacement = (displacement in model) x n) 

still be subjected to ng after release and would 
move in a straight line towards the bottom of 
the bucket with this acceleration. Fig. 2 shows 
clearly that this is not the case in the centrifuge. 
The acceleration. velocity and displacement of 
the particle with respect to the bucket as a 
model frame of reference differ from those in 
the uniform ng field. 

Therefore, to derive the true scaling relations 
for the modelling of liquefaction. the dynamics 
of a particle moving in a fluid must be examined 
as a first level of unde rstanding. 

To provide for correct scaling rela tions, it is 
necessary to ensure that the dynamic quantities. 
displacement , velocity and acceleration are 
correctly scaled . Subsequent sections deal with 
this specifically. 

MODELLING POST-LIQUEFACTION IN A 
CENTRIFUGE 

The problem of modelling the post­
liquefaction process in a centrifuge is difficult to 

pose and solve analytically either at the 
prototype scale or in the centrifuge model. All 
the particles' interactions. besides the complex 
problem of each particle's own motion in a 
fluid , would have to be considered. To gain an 
insight into the dynamics of particle motion in a 
fluid. a simplified problem will. instead. be 
tackled. 

Consider a single sphere moving in fluid 
under two different conditions. They are 

(a) a sphere settling in a uniform ng field 
(b) a sphere settl ing in a bucket subjected to 

centrifugal motion such that the centri­
fuge acceleration at the initial position of 
the sphere is ng (w 2R = ng). 

In both cases. the particle starts from rest with 
respect to the container surrounding it. 

Sphere settling in ff 11id in 11nif orm ng field 
(prototype conditions) 

With no initial velocity of the particle relative 
to the fluid. there is only one space co-ordinate , 
x, and the governing equation of motion for the 
particle is 

l ' dx) 2 

v,(p, - p1)ng - 2 CoP1rra·(dr 

(
2 3 4 3 ) d

2
x 

= - :ra Pi + - :w p, -d , (1) 
3 3 r· 

The initial conditions are x(O) = 0, i(O) = 0. 
In equation (1) the added mass has been 

taken to be ha3p1 which is the exact value for a 
sphere accelerating in an ideal fluid. The same 
term appears in analyses of the hyd rodynamic 
forces in a viscous fluid (Yih , 1977). 

For C0 , the drag coefficient of a sphere. an 
approximate fitt ing of the drag coefficient versus 
Reynolds number (Re) curve (Schlichting. 1979) 
was employed to obtain a solution for the 
motion of the sphere. For different ranges of 
Reynolds number the fit is given by 

where 

Re < l·O 

C0 = 24/Re 

2p1adx 
R e = --

µ dt 

l ·O ~ Re~ 2000 

C0 =24-14·73 ln Re+ 3·669(ln Re)2 

- 0-4190(1n Re)3 + 0·01809(1n Re)4 (2) 

R e > 2000 

C0 = 0·4 
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Equation ( 1) was sol\'ed numerically using 
relations (2). for various cases which will be 
discussed later . 

Sphere in fluid subjected to centrifugal morion 

As shown in Fig. 1. A. the position of a 
particle at time t 1, at radius R, will be observed 
from a frame of reference (the centrifuge model 
frame) attached to B , the centrifuge bucket. 
This frame of reference rotates with the same 
angular velocity as B about the axis. The 
direction x is taken to be perpendicular to the 
bucket base. 

Analysis (Me riam. 1971) gives the accelera­
tion of A . Q A . with respect to this frame of 
reference 

Q A = (i - w2R - W
2

X - 2wy)i 
+ (j - w 2y + 2wi)j (3) 

The equation of motion is then give n by 

m ,QA + m ,(ii + yj ) = -w2p1v,((R + x) i + yj] 
- l Cop,;i;a2(.i'2 + .>i2)12(ii + Yj) ( 4) 

The first term on the right-hand side is due to 
the non-symmetrical pressure distribution on 
the sphere. It is assumed that the radius of the 
sphere is very small compared with the length of 
the centrifuge arm. 

LJSing equation (3) for Q A in equation (4). in 
the x direction 

(~;i;a 3ps + ~rra 3p1)i + ~C0p1rra2(i2 + .}i
2

)
1 2.X 

- W
2

V 5(p, - p,)x = v,(p, - p 1)w2R + 2wj-·m, 

(5) 

and in the y direction 

(ha3Ps + Jrra 3p1)Y + ~C0p1rra 2(i 2 + y2)1'2y 
- w2v ,(p, - p ,)y = -2w,im, (6) 

For comparison with the ng gravitational field 
solutions. equations (5) and (6) were solved 
numerically fo r the drag coefficient functions 
given in equation (2) . 

As a rough check on the validity of the 
solutions. one displacement solution (an x 
versus y plot) is compared with the actual flight 
path photographed a t the Tokyo Institute of 
Technology (Kimura. Nakase. Kusakabe. 
Saitoh & Ohta, 1982) for air as the fluid. T he 
photographed flight path is that o f a stream of 
particles. If there were no pa rticle interaction , 
and the air were still , then this flight path would 
be the same as the trajectory of a single particle. 
Fig. 3 compares the calculated flight path with 
the actual flight path. It is seen that the ex­
pected interactions do not play a substantial 
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Fig. 3. Particle in air: comparison of experimental 
flight path and calculated flight path (refer to Fig. 1 
for the definitions of x and y) 

part in modifying the single particle's trajectory. 
The curved flight path in this figure illustrates 
the influence of the Coriolis force o n the par­
ticle. The Co riolis force (Pokrovsky & Fyodo­
rov. 1975) is of major importance in centrifuge 
studies whenever the velocity of the particle is 
significant. The solution to equations (5) and 
(6). for general initial conditions, can thus be 
used in a variety of problems, including, for 
example , the placement of soi l structures in 
flight and the study of patterns of soil deposits 
in cratering expe riments in the centrifuge . 

RELATIO:\ OF PARTICLE DYNAMICS TO 
SCALING RELA TIO ·s 

There are two simulations invo lved in using a 
scaled model in a centrifuge to study a 
prototype structure. First. it is assumed that the 
model in a uniform ng field behaves in a manner 
that is similar to the prototype. Then it is 
assumed that the model in a centrifuge has the 
same behaviour as that in an ng field. A 
breakdown in either of these two simulations 
will render experiments in a centrifuge less 
meaningful. The relative motion of a particle 
will again be considered. fo r comparing the 
different conditions. In each subsequent solu­
tion the particle is conside red to be attached to 
the bucket and is re leased. 

Behaviour of sphere in uniform ng field 

For the model , equation (1) gives 

(
dx 01)

2 
d

2
Xm 

Ang+ (Co)mB -d = C-, 
Im d/m-

(7) 

whei;e _ A= v ,(p, - p 1), B = -~p 1na2, 
C = 3na,(p1 + 2p,), and A, B and C have 
the same values in both the model and the 
prototype provided that the particle radius and 
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particle and fluid densities in the model and the 
prototype are the same. The drag coefficient will 
generally be different in the model and the 
prototype. 

Assuming that this is the case at present. then 
for the prototype n = 1 and equation (1) 
becomes 

Ag + ( Co)pB (ch-r). 2 = C dlx~ (8) 
d1P d1r-

For the construction of the model. the linear 
dimension is scaled as xmlx P = lln. Putting this 
in equation (7) and dividing the result by /1 gives 
for the model 

(9) 

If Co or B = 0, in both the model and the 
prototype. as is the case for example when the 
particle moves in a vacuum. then it is observed 
that equation (9) is similar to equation (8) if 
lml tP is set equal to 1/ 11. This is the scaling 
relation that we obtain in the so-called 
'dynamic' case. 

However. if C0 f 0 and Bf 0, then .for 
equations (8) and (9) to be equivalent both the 
following conditions must be met 

(10) 

(1 1) 

Tf the same fluid is used in both the prototype 
and the model. equation (11) is not satisfied and 
the two behaviours will not be similar. The 
deviation in terms of acceleration is shown 
in Fig . 4. where the same fluid is used in all five 
cases (for /1 values of 1. 5. 10. 50. 100). To 
understand this deviation. it is observed from 
equation (2) that C0 . the drag coefficient, is a 
function of Reynolds number. Since the particle 
size remains unchanged, the same fluid is used, 
and the velocity is the same in the model and 
the prototype (from equation (10) and xm = 
xrln) , the Reynolds number is thus not scaled in 
such a way that equation (11) is satisfied. For 
correct scaling. it is crucial that equation (11) be 
obeyed whenever the problem involves a 
two-phase medium of which one phase is a fluid 
and the other is solid particles. Liquefaction is 
only one example of such a situation. More 
specifically, for very low Reynold's numbers 
(Re < 1·0) 

Co= 2.+ = 24.u {12) 
Re 2p,a m idi 

oting that, if equation (10) holds. m / dlp 

c~··11;1 1y ot ::iaq1c e = 2780 ~9 i f"'"'I 

~ · 0(' RdCIUS o' f:;drf ·C e O·COO C75 rr 
J~1s · · ··· r.:A 'L.ltj 1 00'.J lt:g ·r 

s :: ·OC1 01 "9 rns 

~ 2-0C 

Fig. 4. Beha,·iour in a uniform ng field (11 values of 
I. 5, 10. 50 and 100): ,um= µP (all quantities shown 
obey the following relations: time= (t;me in model) 
xn ; acceleration= (acceleration in model) /11) 

=mm/dim, and inserting equation {12) in 
equations (7) and (8) respectively the following 
equations result 

(equation (7)) 

248 ch- d2x 
Ag+µP--P=C~ (13) 

2p,a d1r d1P-

(equation (8)) 

Ag+µm24Bdxr= Cd
2

x~ {l4) 
11 2p1a dip drP-

Clearly equations (13) and (14) will be 
identical if µm = n,up. In this case. the drag force 
is linear with respect to the velocity (second 
term on the left-hand sides of equations (13) 
and (14)) and allows similarity to be achieved. 
Also, the Reynolds number of the particle in 
the model is smaller than that in the prototype 
by a factor n. Thus, if the Reynolds number in 
the prototype is less than unity over the entire 
range of velocities. similarity is retained in the 
behaviour of the model and the prototype if the 
model fluid has a viscosity that is n times that of 
the prototype. This situation would occur fo r 
particles of size less than O·l mm . when the 
prototype fluid is water. 

It is also worthwhile to point out that the 
notion that there are two time-scales if the same 
fluid is used in both the model and the 
prototype. one for ·dynamic time· and one for 
'diffusion time' , is incorrect. 

It is obvious where this idea comes from. If in 
transforming equation (9) to equation (14) the 
following substitutions are made 

(a) f.lm=µ P 
(b) tm/IP = 1/11 2 for the drag term 
(c) lmltP = l ln for the dynamic term 
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then equation (14) is indeed similar to equation 
(13) . To be consistent. only one time-scale can 
be applied to the equation. but in this case the 
two equations. model and prototype. cannot be 
simila r. 

In the more usual case where the size of 
the particle is greater than O·l mm . even if the 
model fluid viscosity is n times that of the 
prototype. similarity is achieved only briefly 
when the Reynolds number of the particle is less 
than unity in both the model and the prototype. 
However. when the Reynolds number exceeds 
unity in the prototype , the drag force becomes 
non-linear with respect to velocity whereas the 
drag force in the model is still linear with 
respect to velocity. Thus similarity cannot be 
achieved. 

For example, consider the case where the 
particle size is O· 25 mm (radius= 0· 125 mm) and 
11 = 100 (Fig. 5) . In this case. the Reynolds 
number of the particle in the model is less than 
unity over the range of velocities. reaching a 
terminal velocity of 0·057 mis and a Reynolds 
number of 0· 142. but in the l g prototype the 
Reynolds number of the particle is less than 
unity for a period shorter than 0·001 s and 
finally reaches a terminal value of 7-43 at a 
velocity of 0·03 mis. If there were similarity in 
behaviour in the model and the prototype. then 
the velocities shown in Fig. 5 should be 
identical. 

Figures 6-9 portray the effects of changing 
particle size, with resulting variation in Rey­
nolds number and drag coefficient. These effects 
are illustrated in terms of the different 
accelerations as a function of g level and time. 
In the calculations. ,u m is set equal to nµ r (n 

O<J9 Deos1:y o f pa .. cle = 2700 kg "'' 
Deos11y of ''Ll'd = 1 DOC <g ,,,J 

Rao1Js of par11c e = 0 ·000 125 "" 
V1scos1:y 1p•o1otype1 = O·oo · 01 kgi<"'s 
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" 
:?:;­
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:> 
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O·og_.,,.:i=o--~O,...· l....,0~-~-!.2=:i--~O,,..-,/· 0 

Times 

Fig. 5. Beha•·iour of a particle of diameter 0·25 mm in 
a uniform ng field (11 •·alues of 1. 10 and 100): 
I'm= 11.u p (quantities shown obe)' the following 
relations: time= (time in model) x 11; velocitv = 
velocity in model) -

Jens t. ::i' par11c 'e 2 700 kg ,..., 

Jens .ty c' flu1c HJOO ~gr- ' 

Rad•us of oar.,cre = 0·0005 ..., 
O·G:J' c1 kg:rrs 

0·20 0·30 

Fig. 6. Behaviour of a particle of diameter l ·O mm in 
a uniform ng field (n values of I . 10 and 100): µ m = nµP 
(quantities shown obe)' the following relations: 
time= (time in model) x 11: acceleration= (accel­
eration in model)/ n) 

values of l , 10 and 100) and the fluid densities 
are assumed to remain the same. The particle 
diameter in the figures ranges from l mm to 
0· 15 mm. It should be noted that the curves 
come closer together as the particle size 
decreases. Complete similarity would require all 
curves to coincide. 

It must be emphasized that these conclusions 
are derived from relations describing the motion 
of a single particle in a fluid only . The more 
general case of interest involves relative 
movement between the fluid and a mass of 
particles. in contact with each other or not. This 
is the condition where Darcy's law is expected 
to apply. Before liquefaction the particles are in 
contact , and fluid may be flowing through the 
granular mass: after liquefaction , the grains are 
also moving with respect to a fixed reference. 
Before liquefaction. with the same fluid in the 
prototype and the centrifuge model. the velocity 

6·0C Dens ty 01 particle - 270C <9·111 
Dens ty o' f1u1a - 1 ODO <g r-iJ 

Rad·~s of par: cle - r-no1c 25 "" 
";,, V1scos1:y 1proto:ype• = :J·OO• Cl <g rrs 

E4·oo 

~ 
co 
Q; 
Ci 
tl 2·00 
<( 

0 20 C·3C 
T rrt s 

fig. 7. Behaviour of a particle of diameter 0·5 mm in 
a uniform ng field (11 values of 1. 10 and 100): 
µm = n .u p (quantities shown are scaled as in Fig. 6) 
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100g 
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Fig. 8. Beha•·iour of a particle of diameter 0·25 mm in 
a uniform ng field (11 values of I. IO and IOO): 
µm = 11.up (quantities shown are scaled as in Fig. 6) 

of the fluid with respect to the grains is 11 times 
greater in the centrifuge, in which. therefore. 
the behaviour may no longer correspond to 
Darcy"s law. After liquefaction. the acceleration 
acting on the soil grains is no longer defined, 
and thus, whatever fluids are being used. and 
even if Darcy's law is applicable to both the 
prototype and the model , similarity no longer 
holds. 

This analysis assumes that the densities of 
fluids in the model and the prototype are the 
same, but for the model fluid to have a viscosity 
that is 11 times that of the prototype . a 
glycerine-water mixture may be used. in which 
case the model fluid density is different from the 
fluid density in the prototype. Other model 
fluids, such as silicone oil (Dean & Schofield. 
1983) may be more acceptable in terms of 
density equivalence. A difference in densities 
can be significant and has to be accounted for. 

Assuming that the fl uid in the prototype is 

6·00 Density of part1C 'e = 2700 <g; m' 
Density of ! u•d = t 000 kg.'<nJ 

,, Radius of particle = 0·000 075 rn 
~ V1scos11y tprototyoe) = O·oo· 01 kg/rrs 
E 4·00 
c 
<;? 
;;; 
c; 
0 
8 2·00 
< ·oo 9 

'0g 

O·OQ.....,._1_9 _ ___._ ___ __,__ __ ___J 

0 ·00 0 ·10 0·20 0·30 
Time s 

Fig. 9. Beha•four of a particle of diameter 0· 15 mm in 
a uniform 11g field (n values of l. IO and IOO): 
µm = nµP (quantities shown are scaled as in Fig. 6) 

water. equation (1) with 11 = 1 and Pt= p.,. gives 

v,(p, - p.,.)g - ~ (Co)pp ... na2( dxP)
2 

dtp 

v . d2x 
= :f (p" + 2p,) d ~ (15) 

- IP 

For the model 

v,(p, - Pt)11g - ~ (Co)mp 1na 2
(::) 

2 

v,( ) d
2
xm 

=z Pt+ 2p, d!m2 (16) 

If xm/xP = 1/11, and it is assumed that the 
Reynolds number is less than unity in both the 
model and the prototype, then for equations 
(15) and (16) to be similar, the following 
requirements must be met 

~=[(Pt+ 2p,)(p, - p.,.)J 12 ~ 
IP (p" + 2p,)(p, - Pt) 11 

[ 
(Pt+ 2p,)(p, - p,) ] J;2 

µm = 11,U p 
(p ... + 2p,)(p , - p ... ) 

dxm [(p.,. + 2p,)(p , - Pt)]':! dxr 
dtrn = (Pt + 2ps)(p, - p.,.) dtp 

d2
Xm [(Pw + 2p,)(p, - p,)] d2

Xp 

dtm2 = (p , + 2p,)(p, - p ... ) 
11 

dt/ 

(17) 

(18) 

(19) 

(20) 

To indicate the consequences of these 
relations, the case is considered where Pw = 
1000 kg/m3

. p, = 2700 kg/m3
, Pt= 1220 kglm3 

and a= 0·05 mm. Equation (17) gives 

lm 1 
tP 0·917 11 

and equation (20) gives 

dzx~ = 0·84111 dzx~ 
drm- dcr-

In this example. where the particle is small 
enough to maintain Re < 1. it is observed that 
the acceleration in the model is about 84% of 
the currently assumed value of 11 times the 
prototype acceleration. In the scaling of time , 
there is a difference of 8% from the current 
assumption. Fig. 10 illustrates the discrepancy if 
the difference is not accounted for. For larger 
diameter grains, the deviation is worse. 
Equations (17) , (19) and (20) give the true 
scaling relations. taking into account the 
difference in densities. These should be used for 
correct scaling. Fig. 11 illustrates the improved 
results when equations (17)-(20) are used. 
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6·J0 Ders ty o' oa1t1c e ~ 27C:J <g m' 
FIJ1c ce 0 s ty, · y: 1 :i:io kg r- · 

FIJIC ce 0 styo "CDg1 = " 220 <g ·-n' 

'1ad1us cf pa·•1cle C·OCO 05 r­
V1scosrv· 11 g: = C·801 8" kgi rrs 

O·C:i·L----L...---'===-''----__J 
O·C::J 0·04 O·C8 

T rre s x 18 · 

Fig. 10. Beha~"iour of a particle ol' diameter 0· 1 mm in 
a uniform ng field (n values of I and 100) (the 
difference in densities of the fluids is not taken into 
account: scalings for time, viscosity and acceleration 
are given by equations (17), (18) and (20) 
respective I)') 

Behaviour of sphere in centrifuge 
It is observed from equation (5) that, if}'= O 

and x is small compared with R, then since 
w 2R = ng equation (5) is exactly the same as 
equation (1). However. when this is not the 
case. equation (5) can be very different from 
equation (1) and the centrifuge will not 
correctly simulate the ng field. Fig. 2 where the 
'fluid ' is a vacuum clearlv illustrates the 
difference when ).• f 0 and x «. R. 

Calculations show that, in a liquid , grains 
with the usual density of soil solids move in 
almost a straight line to the bottom of the 
container in a centrifuge test , i.e. the y 
component of motion is not very important. 

6 ·CC '.Jensi:,- of pa·t1cle = 2700 kgr' 

Fluid cers ty 1g1 t OOC <g -n' 

Flu IC cers t;c 1 DOg• = • 220 kg. rr' 
'iad LS of par cle = :J·COO C5 -n 

C·OC l 01 ~g '"'15 

9 

O·c;?'\,,o""'o--~r::~.o.,_4~==--c .... ·o~s---0---'. 1 2 
T nee s" I 0 

Fig. 11. Behaviour of a particle of diameter O· I mm in 
a uniform 11g field (n values of l and 100) (the 
difference in densities of the fluids is taken into 
account: scalings for time, viscosity and acceleration 
are given by equations (17), (18) and (20) 
respectively) 

e·OC Rolat •ona soeec 31·321 •ads 
Length cf certn 4uge a·rr = 1 rr 
Ce1s1:y of pa·· cle = 270C <g -n·' 

Rad•us of oar11c1e = O·::>OO t 25 r­
Dens ty o' I JIC = I OOO· ::J kg m' 

~ V1s::osrv 1prot~rvpe· C·OC l 0 1 ~g ms 

Fig. U. Behaviour of a particle of diameter 0·25 mm 
in a uniform lg field. lOOg field and a centrifuge 
(w2R = lOOg): .u m= n.u p (the density of the fluid is 
assumed to remain the same; the quantities shown are 
scaled as in Fig. 6) 

However. if, in the centrifuge. the particles are 
very dense, or if sand grains are moving in air or 
in a vacuum, the y component is significant . as 
shown in Fig. 3, and the particle's path is 
curved. 

For a sand particle with a size in the range 
considered in this Paper in a fluid with viscositv 
n times that of the prototype, calculations shO\~ 
that the centrifuge is an excellent simulation of 
the ng field. Fig. 12 shows that the solutions to 
e~uation (1) for n = 100 and to equation (5) for 
w R = lOOg are almost identical. However. this 
does not mean that t he centrifuge is modelling 
the prototype·s behaviour correctly since it has 
been shown that the ng field is not a good 
simulation of the lg field. 

Currently, in the special case of relative 
fluid-particle movement, when fluid is flowing 
through a granular medium. there are different 
points of view among various investigators in 
the derivation of the scaling relations even when 
the problem raised above does not exist. With 
respect to centrifuge tests Schofield (1980) says 

'The model seepage flow is driven by the 
full prototype head. but it has only the small 
scale path length , which is what makes the 
model hydraulic gradient ni and hence 
causes the model seepage velocity to be n 
times the prototype velocity. . . . The 
quantity Q seeping into a metre length of 
tunnel in time t is Q = 1j.hktNFI N0 which 
is the same for model and prototype if 
model and prototype both have the same 
permeability.· 

Goodings (1984) makes similar statements. 
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Darcy"s law (Schofield & Wroth. 1968) gives 

a11 
v=-k­ox (21) 

ow. the permeability k is given by the relation 
(Lambe & Whitman. 1979) 

yK 
k =- (22) 

ti 

Clearly, in this generally accepted definition. k 
depends on the product p 1g of the fluid 
(Terzaghi. 19-B: Taylor. 1948). so that 

km f m 
-=-=n 
kp fp 

(23) 

although the orie:inal writers were concerned 
with '7ariations i~ the density p 1 of the fluid 
rather than with performing permeability tests 
using the same fluid in different gravitational 
fields. With this reasoning. the centrifuge model 
permeability is /1 times greater than that of the 
same soil in the prototype lg environment. A 
hydraulic gradient defined in the usual way as a 
head difference divided by a distance has 
the same value in the centrifuge model and the 
prototype since the head (distance) and the 
length scale in the same way. Therefore. 
the model fluid velocity Vm is given by the 
relation 

v =k ahm= 11k oh p=nv (24) 
m m d Xm P axp P 

It is the increase in permeability as defined by 
equation (23) in the model that causes its 
seepage velocity to be /1 times that of the 
prototype. Roscoe (1968) addressed the same 
point, but defined his gradient in terms of 
pressure. The permeability that he used was 
thus independent of y. the unit weight of the 
water. Consequently, his definition differs from 
the current expression for k given by equation 
(22). In Roscoe's case. the permeability so 
defined. which has not been used elsewhere in soil 
mechanics to the Authors· knowledge. remained 
the same in the model and the prototype and 
the increase in seepage velocity was accounted 
for by the increased pressure (not head) 
gradient. 

SUMMARIZING REMARKS 

The analysis presented is simplistic. In 
the real case, the fact that there are many 
particles in the fluid has to be considered. The 
development of pore pressure and its sub­
sequent dissipation is a very complicated 
process. However, if, during liquefaction. the 

particles settle rather than behave according to 
consolidation theory. then this analysis gives a 
guide to deriving scaling relations for models in 
a centrifuge. 
The conclusions are as follows. 

(a) There are two simulations involved in the 
modelling process. The first is the simula­
tion using a model in a uniform 11g field and 
the second is the use of a centrifuge to 
produce an ng field. It must be ensured that 
both simulations produce similar be­
haviours, otherwise the scaling relations will 
be wrong. The analyses presented here 
have demonstrated that. for soil particles 
larger than 0·1 mm in water. the centrifuge 
model does not simulate the prototype 
behaviour well. Howeve r. perhaps contrary 
to expectations, the breakdown is due to 
the fact that the behaviour of a particle 
moving in a fluid in a uniform ng field is not 
similar to that in a lg field. The difficulty in 
achieving similarity in the two situations 
arises because of the complicated nature of 
fluid behaviour and the non-linearity of the 
drag coefficient. In most practical cases. the 
centrifuge is an excellent simulation of the 
111{ field but not of the prototype condition. 

(b) It must be realized that in using a model 
fluid that is n times more viscous than water 
the density of the fluid may also change and 
the change needs to be accounted for by 
using equations (16)-(20) for scaling of 
dynamic quantities. 

(c) The prevailing concept that. if the same 
fluid is used in both the model and the 
prototype. there are two time-scales (one 
for 'dvnamic time' and one for 'd iffusion 
time"),is incorrect. For there to be similarity 
between behaviours in the model and the 
prototype, only one time-scale can be used. 
which requires that other parameters must 
be scaled so that the equations are indeed 
made similar. 

(d) The paper by Kimura er al. (1982) 
demonstrates the difficulty of constructing a 
dry soil structure while in flight. The 
difficulty arises mainly because of the effect 
of the Coriolis force. The solution gen­
erated and illustrated in Fig. 3 can be used 
to design a system for building a desired 
shape of soil structure in flight. 

(e) In general if a structure (grain, section of 
failing slope) has a significant velocity 
relative to the bucket the dynamics must 
include Coriolis effects. and the scaling 
relation must take this into account 
(Pokrovsky & Fyodorov, 1975) . 
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