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Abstract 

The control of nonholonomic and underactuated 
systems with symmetry is illustrated b y  the problem 
of controlling a bicycle. We derive a controller which, 
using steering and rear-wheel torque, causes a model 
of a riderless bicycle t o  recover its balance from a near 
fall  as well as converge t o  a t ime parameterized path 
in  the ground plane. Our construction utilizes new re- 
sults for both the derivation of  equations of  motion for  
nonholonomic systems with symmetry,  as well as the 
control of underactuated robotic systems. 

1 Introduction 
Control of the bicycle is a rich problem offering a 

number of considerable challenges of current research 
interest in the area of mechanics and robot control. 
The bicycle is an underactuated system, subject to 
nonholonomic contact constraints associated with the 
rolling constraints on the front and rear wheels. It is 
unstable (except under certain combinations of fork 
geometry and speed) when not controlled. It is also, 
when considered to traverse flat ground, a system sub- 
ject to symmetries; its Lagrangian and constraints are 
invariant with respect to translations and rotations in 
the ground plane. 

Though a number of researchers have studied the 
stability of bicycles and motorcycles under a nominal 
linear model of rider control (See Hand [1] for a sur- 
vey), as far as we know our work presents the first 
controller allowing tracking of arbitrary trajectories 
while maintaining balance. Control of balance and 
roll-angle tracking for the bicycle model we use here 
has been addressed by Getz [2]. In addition to extend- 
ing those results to tracking in the plane we also utilize 
some new results from Bloch, et al. [3] on the deriva- 
tion of equations of motion for nonholonomic systems 
with symmetries, and from Getz and Hedrick [4] on 
the tracking control of nonminimum phase systems. 
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Figure 1: Side view of the bicycle model with Q = 0. 

The paper proceeds as follows: By exploitation of 
the bicycle's cclnstraints and symmetry we first derive 
a reduced set of equations of motion for the bicycle. 
We then review how the bicycle can be made to fol- 
low arbitrary roll-angle trajectories, thus allowing the 
vehicle to recover from near falls and disturbances. A 
purely kinemalic model of the bicycle is then intro- 
duced in order to show how, disregarding the unstable 
roll-angle dynamics, the bicycle may be made to con- 
verge to a desired trajectory in the plane. We then 
show how we niay use our knowledge of how to steer 
the kinematic bicycle to construct a controller that 
allows a leaning bicycle to track planar trajectories 
without falling. 

2 The Model 

The control of a simplified bicycle model illustrated 
in Figures I and 2 will be considered. The wheels of 
the bicycle are considered to have negligible inertial 
moments, mass, radii, and width, and to roll without 
side or longitudinal-slip. The vehicle is assumed to 
have a fixed steering-axis that is perpendicular to the 
flat ground when the bicycle is upright. For simplic- 
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Figure 2: Top view of the bicycle model rolled away 
from upright by angle a .  Bold arrows indicate wheel 
directions at the ground plane. 

ity we concern ourselves with a point mass bicycle. 
The rigid frame of the bicycle will be assumed to be 
symmetric about a plane containing the rear wheel. 

Consider a ground-fixed inertial reference frame 
with x and y axes in the ground plane and z-axis per- 
pendicular to the ground plane in the direction oppo- 
site to gravity. The intersection of the vehicle’s plane 
of symmetry with the ground plane forms a contact- 
line. The contact-line is rotated about the z-direction 
by a yaw-angle, 0 . The contact-line is considered di- 
rected, with its positive direction from the rear to the 
front of the vehicle. The yaw-angle B is zero when the 
contact-line is in the 2 direction. The angle that the 
bicycle’s plane of symmetry makes with the ground i s  
the roll-angle, cy E (-./a, ~ / 2 ) .  Front and rear-wheel 
contacts are constrained to have velocities parallel to 
the lines of intersection of their respective wheel planes 
and the ground-plane, but free to turn about an axis 
through the wheel/ground contact and parallel to the 
z-axis. 

Let 4 E (-./a, ./a) be the steering-angle between 
the front-wheel-plane/ground-plane intersection and 
the contact-line as shown in Figure 2. With 4 we 
associate a moment of inertia J . For simplicity we 
will parameterize the steering angle by n := tan($/b). 

The component of the velocity of the rear- 
wheel/ground contact along the contact line is v,. 
The velocity of the rear contact perpendicular to this 
line and in the ground plane is V I .  The angle of the 
contact-line with respect to the x-axis of the ground- 
fixed inertial frame is B. 

Note that the generalized coordinate corresponding 
to w, is the the integral in time of the rear-wheel ve- 
locity along the path traveled, and the generalized co- 
ordinate corresponding to w l  is the integral in time of 

the rear-wheel velocity along a direction perpendicular 
to the rear-wheel which, by virtue of the constraints, 
is always zero. 

It will be assumed that the bicycle exerts a control 
force U,. (see Figure 1) on the ground at the site of 
the point of contact between the rear-wheel and the 
ground. The force U ,  will be considered to act along 
the contact line as indicated in Figure 1 and is the gen- 
eralized force corresponding to u,.. A torque generator 
is associated with the steering variable cl the gener- 
alized torque being U,. We consider a vehicle with a 
rigid or non-existent passenger under automatic con- 
trol. 

3 Equations of Motion 

We choose a body-frame for the bicycle centered at 
the rear-wheel ground contact, with one axis point- 
ing forward along the line of intersection of the rear 
wheel plane with the ground, another axis orthogonal 
to the first and in the ground plane, and an axis nor- 
mal to the ground, pointing in the direction opposite 
to gravity (see Figure 2). The body frame is a natural 
frame in which to write the Lagrangian of the bicy- 
cle for a number of reasons. In particular the rolling 
constraints take on a very simple form. The general- 
ized velocities of the bicycle are contained in the par- 
titioned coordinates 7: = [&, w,., &IT and s = [B, w 1 l T .  
In these velocity coordinates the nonholonomic con- 
straints associated with the front and rear wheels, as- 
sumed to roll without slipping, are expressed very sim- 
ply by 3 + A(r,  s)7: = 0 or 

The mapping represented by matrix A(r , s )  is an 
Ehresmann connection [3], connecting the base veloci- 
ties r to the fibervelocities S .  Due to symmetries of the 
Lagrangian with respect to translations and rotations 
in the plane, A(r,  s )  is a function only of T .  

Let sa := sin(a) and c, := eos(a). The Lagrangian 
for the bicycle is 

L = -mgpc, + $ J  -Y 
+f ( ( U , .  + ps,8)2 + (211 - piuc, + c6)2 + (-pcus,)2) 

(2) 
where m is the mass of the bicycle, considered for 
simplicity to be a point mass, and J i s  the moment 
of inertia associated with the steering action. 

Incorporating the constraints into the Lagrangian 
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we obtain the constrained Lagrangian for the bicycle 

b 2 J i r Z  Lc = -(sn~PccY> + 2 ( 1 + b 2 4 2  

+m((wr + P ~ S , ' U ~ ) ~  + p2s:b2 + ~ ( C U U ,  - j ~ o b ) ' )  
(3) 

Of course the equations of motion for the constrained 
Lagrangian are not Lagrange's equations. The correct 
formulation of the equations of motion based upon the 
constrained Lagrangian are derived in [3] and shown 
to be equivalent to d'Alembert's equations for con- 
strained systems. They are 

where .Bg, denote the coordinates of the curvature of 
the connection A(r,  s), 

The reduced equations of motion from L, are of the 
form 

where i. = [&, U , ,  & I T ,  M E IR3x3, F E R3, B E R3x2,  
and U = [0, U,, 7 . ~ ~ 1 ~ .  The components of Ad, F, and B 
are 

M i : = F + B u  (6) 

Mi1 = p 2 ,  Mi2 = A d 2 1  = - C P C ~ U  

Adis = M31 = A423 = M32 = 0 
2 2 2  M22 = 1 + c2u2 + 2pus,  + p U sa 

M33 = (PJ)/(m(l + b 2 u 2 ) 2 )  

We may further reduce our model through a prac- 
tical control consideration. We will assume that we 
have adequate steering torque and a sufficiently small 
value of the steering inertia J so that we may make U 

track any smooth trajectory a(t)  that we wish. Conse- 
quently we will ignore txansient behavior of the U and 
assume that the steering variable will exactly track 
any signal o-d that we wish. This allows us to rede- 
fine our controls to be U,. and any time derivative of 
a. The variable U is thus decoupled. For convenience 

later we will choose U as a control and call it w0. The 
equations of motion then take on the simpler form 

U =  WU 

(7) 

where 

Note that the first column of B has v, as a factor 
confirming the intuitive notion that if U ,  = 0 then the 
steering action can have no affect on either a or v,. 
Also, as II, gets closer and closer to  zero the steer- 
ing velocity w,, must get larger and larger in order to  
maintain influence over a and w,.. It is practical then 
to choose controls such that v, > vmin > 0.  

4 Roll-Angle Tracking 
Let a d ( t )  arid v , d ( t )  be desired trajectories for m ( t )  

and v,(t) that remain within the domain of definition 
of our model. (Consider the control 

where 

and the polynomials s2 + K,ls + K m o  and s + K,.o 
have roots with real parts less than zero. Substiht-  
ing (10) into ('7) and noting that is nonsingular, 
it is apparent ithat by virtue of our choice of input, 
a and U ,  are made Lo exponentially converge to  their 
desired counterparts cud and ?+d. The graphs of Fig- 
ures 3 through li show an example, from simulation, of 
how these controls cause the bicycle to recover from a 
near fall and track a constant roll-angle trajectory and 
a constant U r d .  The resulting circular path is shown 
in Figure 5. 

5 Controlling the Kinematic Bicycle 
By controlling the roll-angle and rear wheel veloc- 

ity we have not stabilized motion in the ground plane. 
If a disturbance were to perturb the bicycle from the 
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the restriction U,. > umin > 0. 
As derived above the ground plane motion of the 

bicycle is governed by x = v,c@ and ?j = vrso. Differ- 
entiating with respect to time gives 

[ E ]  = [z: ;$:@] [%]  =: G,, [%] (13) 

where we have used the fact that 6 = v,u. Since we 
have already shown how we can make vT and U be 

Let 
3 what we want them to be we could use (13) to  control 

x and y along X d  and Yd as long as U, > v,in. 

& - K X y i ( Y  - yd) - K,yo(y - Yd). Setting 5 = V, and 
5 = vY in (13), solving for ir, and and calling the 
results Urd and Ud gives 

4 -6 -4 2 0 2 4 

::I 1 
I: [ml v, = x d  - I { z y ~ ( i  - i d )  - I<,yo(X - 2 d )  and v, = 

Figure 3: Resulting path in the ground plane for track- 
ing a constant roll angle. 

, ,  - I ” ” ”  

Figure 4: The steering angle 4 (top), rear-wheel veloc- 
ity U,. (middle), and roll angle Q (bottom) for tracking 
of a constant roll angle. 

desired roll trajectory, it would quickly recover, but 
its ground path would no longer be the same circle 
as before. In this section we will take 2 and y as our 
outputs and cause those outputs to  track desired coun- 
terparts 2 d  and Y d .  w e  will, for the moment, ignore 
roll and mass, pretending that the bicycle cannot fall 
over. We call the resulting model the kinematic bicy- 
cle where, as part of the model definition] we maintain 

Figure 5: Simulation 1. The first 7 seconds of the 
ride showing the bicycle’s configuration in 0.5 second 
increments starting from t = 0. 

Thus if v, = urd  and ff = f fd ,  then x and y converge 
to X d  and yd (assuming vr > vmin)l. 

6 Path Tracking with Balance 
Having determined desired values of .irr and U 

which, in the absence of roll-dynamics, would cause 
the bike to track (xd, Y d ) ,  we now seek a bounded tra- 
jectory for a compatible with V,d and ffd (14). We 
know from Section 4 that we can make a track a 
smooth trajectory and we know from Section 5 that 
if we ignore the roll angle, we can make the bicycle 
follow trajectories in the plane. However, if we ignore 
roll angle in controlling the trajectory of the bicycle in 
the plane, the bicycle will fall. Our approach will be 
to determine a roll angle trajectory that will be com- 
patible with the error dynamics of the ground plane 
tracking. We will control a to  track that angle. 

We intend to control a on a much faster time scale 
than we intend to control the z ,  y position. This allows 
us to consider ud and wrd to  be approximately fixed 
in the a time scale. We will control a to  an “equilib- 
rium” compatible with Ud and w,d. This “equilibrium” 
is time-varying, depending on the desired path in the 
plane, as well as the error dynamics associated with 
following that path. Let 20-2 denote the value of w,, 
that holds u at b d .  Recall that  ir = w,. The “equilib- 
rium” equation for a is 

0 = gsa + cauvr + pca f f savr  + Ccaui’rd CCaV,Wgd 

= Fa(a ,  f f ,  U T ,  Grd, wed) (15) 
‘It is a simple matter to modify the control for the kinematic 

bike in order to enforce the minimum speed requirement. For 
simplicity of exposition, however, we do not do this here. 
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and we will call the solution a,. We will show how 
to obtain a running estimate for a, below. For now 
assume that we have such an estimate. Define F := 
G z y [ W r d ,  ( T d I T .  Then is the vector field correspond- 
ing to the desired motion of x and y .  The angle a* is 
a function of the variables x, y ,  x d ,  Y d  and their time 
derivatives through the dependence of (Td and Wrd on 
those variables. Thus the Lie derivative' of a, in the 
direction of k ,  L p a ,  is well defined as is L$a,. When 
Q is close to a, and (x, y )  is approximately tracking 
( x d ,  yd) then Lpcu, and L2-a, are close to &* and &* F 
respectively. 

We now choose an input w,, that causes a to track 
a*. It is 

(16) 
P Vi 

gs, + cagvr + pci~scuvr + ccecljr 
w, = 

where 

V, = L$a, - K,l(& - L$a,) - K,o(a - a,) (17) 
This may be verified by substituting w,, into the re- 
duced equations of motion for a. For initial values 
of a and d. sufficiently close to a, and Lpa, ,  and 
for a choice of Kal and K a O  with the real parts of 
the roots of s2 + K,ls + I<,o sufficiently negative, 
(a ,  2, y) converges to an arbitrarily small neighbor- 
hood of (a, ,  xd, yd) exponentially. 

We now need only construct an approximation of 
cy+. We will construct a dynamical system whose state 
is the estimator &, 

where p is sufficiently large to consider all arguments 
of F other than & approximately fixed. This provides 
our fastest time scale. Since paF/as is positive in 
the neighborhood of a, we are guaranteed that ci con- 
verges to a small neighborhood of a* exponentially at 
a rate determined by p .  The generalization of this 
('dynamic inversion" of F is presented in Getz and 
Marsden [SI. 

Choosing w,, according to (16), along with choices 
of control constants as specified above results in sta- 
ble approximate tracking of ground plane trajectories 
while retaining balance. In order to make the con- 
troller more robust we may modify U, slightly to as- 
sure ourselves that vT remains above v,in. 

7 Simulations 
In this section we show the results of  simulations 

of the controlled bicycle converging to and following a 
straight path and a sinusoidal path. 

'The Lie derivative of a function r j  : R"' -+ along a vector 
field F is defined as L ~ r j  = dg . F.  

0 10 20 30 40 50 60 70 80 90 100 
x 

Figure 6: The ground path of the controlled bicy- 
cle showing convergence to the target trajectory X d  = 
lOt[m], Y d  == 0. The scale is in meters. 

"'r '  " " " ' I  
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e o  
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Figure 7: The steering angle (top), rear-wheel velocity 
vr (middle), and roll angle a (bottom) for the lane- 
change. The dotted curve is a,. 

Figures 6 and 7 show the results of a typical lane- 
change maneuver, where X d  = 5t m,  Y d  = 0. The ini- 
tial conditions of the bicycle were set to be ~(0) = 0, 
y ( 0 )  = 5[m:, i ( 0 )  = 2.5[m/s], y(0) = 0, ( ~ ( 0 )  = 0, 
O(0) = 0, o(0) = 0. The bicycle parameters were 
m = 30[kg], c = l/2[m], p = l[m], b = l[m], and 
g = 9.8[m/s]. 

Figure 6 shows the resulting path in the ground 
plane. Figure 7 shows the steering angle (top), the 
rear-wheel velocity vr (middle), and the roll angle a 
(bottom). The path of the rear-wheel contact may be 
seen to first turn out, then in toward the target. This 
ground path motion is the result of countersteering, 
the turning of the front wheel in the direction oppo- 
site the direlition one wishes to go at the start of a 
turn. Countersteering can be seen at the far left of 
the top graph of Figure 7. Note that countersteering 
comes naturally out of the controller, as it must for a 
stable turn. Note also how the bicycle rolls in mov- 
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Figure 8: Tracking a sinusoidal path in the plane. 
Note that z and y are plotted at different scales. The 
dotted path is the target trajectory. 
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8 Discussion 
For desired trajectories with large time derivatives 

larger control gains must be used in order to attain 
good tracking. The practicality of the controller must 
be judged on the realizability of such gains. Choice 
of desired trajectory must also take into account the 
limitations of the model and the fact that the non- 
holonomic constraints are only an approximation to 
the actual tire/road interaction. 

9 Conclusions 
Control of the bicycle is complicated by the non- 

holonomic constraints on the vehicle as well as the 
need to track a path in the plane while maintain- 
ing balance. We have used the nonholonomic nature 
of the bicycle to our advantage in obtaining reduced 
equations of motion. A desired vector field for the 
ground-plane tracking dynamics was then derived. Us- 
ing this vector field an equilibrium roll-angle manifold 
may be calculated dynamically in continuous time. In- 
put/output linearization of the dynamics from steer- 
ing control to roll angle was then used to stabilize the 
roll angle to the equilibrium manifold resulting in good 
tracking behavior with good balance. 

The authors are grateful to C.A. Desoer for his com- 
ments and advice. 
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Figure 9: Steering angle 4 (top), rear-wheel velocity 
v, (middle), and roll-angle a bottom for tracking a 
sinusoidal path. The dotted curve is a,. 

ing to the target. The bicycle starts upright, leans 
right first, then leans left, then straightens again as 
the target is aprehended. The rear-wheel velocity can 
be seen to start from its initial value of 2.5 meters per 
second, move up past the target speed of 5 meters per 
second, then fall to the target speed as the target is 
apprehended. 

Figures 8 and 9 show the bicycle tracking a si- 
nusoidal trajectory in the ground plane. The ini- 
tial conditions for the bicycle in this simulation were 

y(0) = 0. The target trajectory was zd = 5tm/s, 
yd(t)  = 2sin(O.ht). Figure 8 shows the resulting 
ground-plane path of both the target (dotted) and the 
bicycle (solid). Again, countersteering is evident in the 
top graph of Figure 9. 

7Jr(0) = 4 4 . 5 ,  cr(0) = a(0) = dI(0) = q o >  = 2(0) = 
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