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TORIC STACKS I: THE THEORY OF STACKY FANS

ANTON GERASCHENKO AND MATTHEW SATRIANO

ABSTRACT. The purpose of this paper and its sequel is to introduce and de-
velop a theory of toric stacks which encompasses and extends several notions
of toric stacks defined in the literature, as well as classical toric varieties.

In this paper, we define a toric stack as the stack quotient of a toric variety
by a subgroup of its torus (we also define a generically stacky version). Any
toric stack arises from a combinatorial gadget called a stacky fan. We develop
a dictionary between the combinatorics of stacky fans and the geometry of
toric stacks, stressing stacky phenomena such as canonical stacks and good
moduli space morphisms.

We also show that smooth toric stacks carry a moduli interpretation ex-
tending the usual moduli interpretations of P* and [A!/G,,]. Indeed, smooth
toric stacks precisely solve moduli problems specified by (generalized) effective
Cartier divisors with given linear relations and given intersection relations.
Smooth toric stacks therefore form a natural closure to the class of moduli
problems introduced for smooth toric varieties and smooth toric DM stacks in
papers by Cox and Perroni, respectively.

We include a plethora of examples to illustrate the general theory. We hope
that this theory of toric stacks can serve as a companion to an introduction to
stacks, in much the same way that toric varieties can serve as a companion to
an introduction to schemes.
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1034 ANTON GERASCHENKO AND MATTHEW SATRIANO

1. INTRODUCTION

A number of theories of toric stacks have recently been introduced [Laf02l[BCS05,
FMN10|Twa09l[Sat12l[Tyo12]. There are several reasons why one may be interested
in developing such a theory. First, these stacks provide a natural place to test
conjectures and develop intuition about algebraic stacks, in much the same way
that toric varieties do for schemes. After developing an adequate theory, they are
easy to work with combinatorially, just as toric varieties are. Second, in some
situations toric stacks can serve as better-behaved substitutes for toric varieties. A
toric variety has a canonical overlying smooth stack. It is sometimes easier to prove
results on the smooth stack and “push them down” to the toric variety. Third, with
the appropriate machinery, one can show that an “abstract toric stack” (e.g. the
closure of a torus within some stack of interest) often arises from a combinatorial
stacky fan. The combinatorial theory of stacky fans then allows one to effectively
investigate the stack in question.

We are aware of three kinds of toric stacks in the literature.

Lafforgue’s Toric Stacks. In [Laf02], Lafforgue defines a toric stack to be the
stack quotient of a toric variety by its torus. These stacks are very “small”
in the sense that they have a dense open point. They are rarely smooth.

Smooth Toric Stacks. Borisov, Chen, and Smith define smooth toric
Deligne-Mumford stacks in [BCS05]. These are the stacks studied in
[FMNT10] and [Iwa09]. They are smooth and have simplicial toric varieties
as their coarse moduli spaces. The second author generalized this approach
in [Sat12] to include certain smooth toric Artin stacks which have toric vari-
eties as their good moduli spaces.

Toric Varieties and Singular Toric Stacks. Toric varieties are neither
“small” nor smooth in general, so the standard theory of toric varieties is
not subsumed by the above approaches. In [Tyol2] §4], Tyomkin introduces
a definition of toric stacks which includes all toric varieties (in particular, they
may be singular). However, these toric stacks always have finite diagonal, and
the definition is very local.

We define a toric stack to be the stack quotient of a normal toric variety X by
a subgroup G of its torus Tp. Note that the stack [X/G] has a dense open torus
T = Ty/G which acts on [X/G]. Therefore, such toric stacks have trivial generic
stabilizer. Many of the existing theories of toric stacks allow for generic stackiness.
In order to encompass these in our theory, we enlarge our class of toric stacks to
non-strict toric stacks with the following observation.

An integral T-invariant substack of [X/G] is necessarily of the form [Z/G] where
Z C X is an integral Ty-invariant subvariety of X [l The subvariety Z is naturally a
toric variety whose torus T” is a quotient of Ty. The quotient stack [Z/G] contains
a dense open “stacky torus” [T”/G] which acts on [Z/G].

Definition 1.1. In the notation of the above two paragraphs, a toric stack is an
Artin stack of the form [X/G], together with the action of the torus T = Ty /G. A
non-strict toric stack is an Artin stack which is isomorphic to an integral closed
torus-invariant substack of a toric stack, i.e. is of the form [Z/G], together with the
action of the stacky torus [T”/G].

INote that Z must be irreducible because G cannot permute the irreducible Tp-invariant sub-
varieties of X.
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TORIC STACKS I: THE THEORY OF STACKY FANS 1035

This definition encompasses and extends the three kinds of toric stacks listed
above:

e Taking G to be trivial, we see that any toric variety X is a toric stack.

e Smooth toric Deligne-Mumford stacks in the sense of [BCS05,[FMNI0,
Iwa09] are smooth non-strict toric stacks which happen to be separated
and Deligne-Mumford. See Remarks 217 and 2-T8

e Toric stacks in the sense of [Laf02] are toric stacks that have a dense open
point (i.e. toric stacks for which G = Tp).

e A toric Artin stack in the sense of [Sat12] is a smooth non-strict toric stack
which has finite generic stabilizer and which has a toric variety of the same
dimension as a good moduli space. See Sections @l and

e Toric stacks in the sense of [Tyol2] are toric stacks as well. This follows
from the main theorem of [GS11b], stated below. See [GS11bl Remark 6.2]
for more details.

Just as toric varieties can be understood in terms of fans, toric stacks can be
understood in terms of combinatorial objects called stacky fans. This paper devel-
ops a rich dictionary between the combinatorics of stacky fans and the geometry
of toric stacks. In contrast, [GS11Dh] focuses on how to show a given stack is toric
(and so amenable to the combinatorial anlaysis of stacky fans). A classical result
(see for example [CLS11l Corollary 3.1.8]) shows that if X is a finite type scheme
with a dense open torus T" whose action on itself extends to X, then X is a toric
variety if and only if it is normal and separated. Analogously, the main result of
[GS11D] is:

Theorem (|[GS11bl Theorem 6.1]). Let X' be an Artin stack of finite type over an
algebraically closed field k of characteristic 0. Suppose X has an action of a torus
T and a dense open substack which is T-equivariantly isomorphic to T. Then X is
a toric stack if and only if the following conditions hold:

(1) X is normal,

(2) X has affine diagonal,

(3) geometric points of X have linearly reductive stabilizers, and

(4) every point of [X/T] is in the image of an étale representable map from a
stack of the form [U/G), where U is quasi-affine and G is an affine group

Organization of this paper. In Section Bl we define (non-strict) stacky fans.
Once the definitions are in place, it will be clear that any morphism of stacky fans
induces a toric morphism of the corresponding toric stacks. In Section Bl we prove
that the converse is true as well: any toric morphism of toric stacks is induced by
a morphism of stacky fans (Theorem [B7]).

Sections 2] and B provide a sufficient base to generate interesting examples. In
Section Ml we highlight a particularly easy to handle class of toric stacks, which we
call fantastacks. Though non-strict toric stacks are considerably more general than
fantastacks, it is sometimes easiest to understand a non-strict toric stack in terms
of its relation to some fantastack. The stacks defined in [BCS05] and [Sat12] which
have no generic stabilizer are fantastacks; those with non-trivial generic stabilizer
are closed substacks of fantastacks.

2A forthcoming result of Alper, Hall, and Rydh shows that this condition is automatically

satisfied. See [GS11b, Remark 4.4(0)].
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1036 ANTON GERASCHENKO AND MATTHEW SATRIANO

Section [Blis devoted to the construction of the canonical stack over a toric stack.
The main result is Proposition [5.5] which justifies the terminology by showing
that canonical stacks have a universal property. Canonical stacks are minimal
“stacky resolutions” of singularities. Heuristically, the existence of such a resolution
is desirable because it is sometimes possible to prove theorems on the smooth
resolution and then descend them to the singular base. Indeed, the main theorem
of Toric Stacks II, [GS11b, Theorem 6.1], is proved in this way.

In Section [6] we prove Theorem [6.3] a combinatorial characterization of toric
morphisms which are good moduli space morphisms in the sense of [Alp09]. Good
moduli space morphisms generalize the notion of a coarse moduli space and that of
a good quotient in the sense of [GIT]. Good moduli space morphisms are of central
interest in the theory of moduli, so it is useful to have tools for easily identifying
and handling many examples.

In Section [7] we prove a moduli interpretation for smooth toric stacks (Theorem
[[70). That is, we characterize morphisms to smooth toric stacks from an arbitrary
source, rather than only toric morphisms from toric stacks. The familiar moduli
interpretation of P" is that specifying a morphism to P™ is equivalent to specifying
a line bundle, together with n + 1 sections that generate it. Cox generalized this
interpretation to smooth toric varieties in [Cox95], and Perroni further generalized
it to smooth toric Deligne-Mumford stacks in [Per08]. Smooth toric stacks are
the natural closure of this class of moduli problems. In other words, any moduli
problem of the same sort as described by Cox and Perroni is represented by a
smooth toric stack (see Remark [.10]).

Remark 1.2. Just as toric varieties can be defined over an arbitrary base, much of
this paper can be done over an arbitrary base, but we work over an algebraically
closed field in order to avoid imposing confusing hypotheses (e.g. every subgroup
of a torus we consider is required to be diagonalizable). A stacky fan defines a
toric stack over an arbitrary base, and morphisms of stacky fans induce morphisms
of toric stacks. However, if the base is disconnected, not every toric morphism is
induced by a morphism of stacky fans.

Remark 1.3 (The log geometric approach). There is yet another approach to toric
geometry, namely that of log geometry. In this paper, we do not develop this
approach to toric stacks. We refer the interested reader to [Satl2, §§5-6], in which
the log geometric approach is taken for fantastacks.

Logical dependence of sections. The logical dependence of sections is roughly

as follows:
Toric Stacks I [GS11a] Toric Stacks IT [GS11D)]
3
Al @ 4

NS
/

=
=

6

Licensed to Calif Inst of Tech. Prepared on Thu Jan 22 11:43:18 EST 2015 for download from IP 131.215.70.231.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



TORIC STACKS I: THE THEORY OF STACKY FANS 1037

2. DEFINITIONS

For a brief introduction to algebraic stacks, we refer the reader to [Ols08, Chapter
1]. For a more detailed treatment, we refer to [Vis05] or [LMBO00]. If the reader
is unfamiliar with stacks, we encourage them to continue reading, simply treating
[X/G] as a formal quotient of a scheme X by an action of a group G. Just as it is
possible to learn the theory of toric varieties as a means of learning about varieties
in general, we hope the theory of toric stacks can serve as an introduction to the
theory of algebraic stacks.

We refer the reader to [Ful93 Chapter 1] or [CLS11l Chapter 3] for the standard
correspondence between fans on lattices and toric varieties, and for basic results
about toric varieties. We will follow the notation in [CLS11] whenever possible.

Definition 2.1. If L is a lattice (i.e. a finitely generated free abelian group),
we denote by Ty, the torus D(L*) = homgy(homg,(L,Z),G,,) whose lattice of 1-
parameter subgroups is naturally isomorphic to L.

Remark 2.2. Here, the functor D(—) is the Cartier dual homg,(—,G,,). It is
an anti-equivalence of categories between finitely generated abelian groups and
diagonalizable group schemes. See [SGA3, Exposé VIII].

The functor (—)* is the usual dual for finitely generated abelian groups,
homgy, (—,Z).

Remark 2.3 (cok f finite <= * injective). We will often use the fact that a mor-
phism B: L — N of arbitrary finitely generated abelian groups has finite cok-
ernel if and only if *: N* — L* is injective. This is immediate from the fact
that hom(—,Z) is left exact, that L — N — cokf — 0 is exact, and that
hom(cok 8, Z) = 0 if and only if cok 3 is finite. Note also that this property depends
only on the quasi-isomorphism class of the mapping cone C(3) = [L — N].

2.1. The toric stack of a stacky fan.

Definition 2.4. A stacky fan is a pair (X, ), where ¥ is a fan on a lattice L and
B: L — N is a homomorphism to a lattice NV so that cok S is finite.

A stacky fan (X, 8) gives rise to a toric stack as follows. Let Xy be the toric
variety associated to X (see [Ful93| §1.4] or [CLS1I] §3.1]). The map 8*: N* — L*
induces a homomorphism of tori Tg: T, — T, naturally identifying 5 with the
induced map on lattices of 1-parameter subgroups. Since cok g is finite, g* is
injective, so Tj is surjective. Let Gg = ker(T}3). Note that T7, is the torus of Xy,
and Gz C T}, is a subgroup.

Definition 2.5. Using the notation in the above paragraph, if (X, ) is a stacky
fan, we define the toric stack Xx g to be [Xx/Gg], with the torus Ty = T1./Gp.

Conversely, every toric stack arises from a stacky fan, since every toric stack is
of the form [X/G], where X is a toric variety and G C Tj is a subgroup of its
torus. Associated to X is a fan ¥ on the lattice L = homgy, (G, Tp) of 1-parameter
subgroups of Tp. The surjection of tori Ty — T/G induces a homomorphism of
lattices of 1-parameter subgroups, f: L — N := homg,(G,,,To/G). The dual
homomorphism *: N* — L* is the induced homomorphism of characters. Since
To — Tp/G is surjective, 5* is injective, so cok § is finite. Thus (3, 8) is a stacky
fan. It is straightforward to check that [X/G] = Xy 5.
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1038 ANTON GERASCHENKO AND MATTHEW SATRIANO

Example | 26 21 29 2101 2.13
= = I I L1
—_—
L N 7?2 7?2 7?2 7?2 Z
Jﬁ Jid l(}g) J{(l 0) 1(1-1) l(l 1) JQ
N N 7?2 Z Z Z Z

Example 2.6 (Toric varieties). Suppose X is a fan on a lattice N. Letting L = N
and 8 = idy, we see that the induced map Ty — Ty is the identity map, so G is
trivial. So X5 g is the toric Variety Xs.

Example 2.7. Here X5 = A2. We have that 8* is given by (§3): Z? — Z2, so
the induced map on tori an — G2, is given by (s,t) ~ (st,t?). The kernel is
Gs = 2 = {(G, Q)I¢2 = 1} C G2,

So we see that Xs, 5 = [A?/us], where the action of us is given by
¢ (z,y) = (Cx,Cy). Note that this is a smooth stack. It is distinct from
the singular toric variety with the fan shown to the left.

Since quotients of subschemes of A™ by subgroups of GJ}, appear frequently, we
often include the weights of the action in the notation.

Notation 2.8. Let G — G}}, be the subgroup corresponding to the surjection Z" —
D(G). Let g; be the image of e; in D(G). Let X C A™ be a G? -invariant subscheme.
We denote the quotient [X/G] by [X/ (g, - g,)G].

In this notation, the stack in Example 2.7 would be denoted [A?/(; 1)pa].

Example 2.9. Again we have that Xy = A% This time 8* = (}): Z — Z2,
which induces the homomorphism G2, — G, given by (s,t) + s. Therefore,
Gﬂ =G, = {(1,t)} - G%n, o) XE,B = [A2/(0 1)Gm] ~ ALl x [AI/G

Example 2.10. This time Xy = A2\ {(0,0)}. We see that 6* =
which induces the morphism G2, — G,, given by (s,t) — st=1. S
{(t,t)} € GZ,. We then have that X5 g = [(A% X {(0,0)})/(1 1)Gn] =

Warning 2.11. Examples and [2.10] show that non-isomorphic stacky

fans (see Definition B2) can give rise to isomorphic toric stacks. The two
presentations [(A% X\ {(0,0)})/(; 1)Gn] and [P'/{e}] of the same toric stack are
produced by different stacky fans. In Theorem [B.3] we determine when different
stacky fans give rise to the same toric stack.

Example 2.12 (The non-separated line). Again we have that Xs = A2~ {(0,0)}.
However, this time we see that 8* = (}): Z — Z?, which induces the homomor-
phism G2, — G,, given by (s,t) — st. Therefore, Gg = G,, = {(t,t71)} C G2,. So
we have that X5 g = [(A% \{(0,0)})/(1.1)Gm] is the affine line A* with a doubled
origin.

This example shows that there are toric stacks which are schemes, but are not
toric varieties because they are non-separated.

Example 2.13. Here X5, = A', and f* = 2: Z — Z, which induces the map
Gm — Gy, given by t — 2. So Gg = pa C Gy, and X g = [Al/ps].

].
(1):Z— 72,
oG =G, =
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TORIC STACKS I: THE THEORY OF STACKY FANS 1039

2.2. Non-strict stacky fans and non-strict toric stacks. In this subsection,
we generalize Definitions 2.4] and to allow for stacks with non-trivial generic
stabilizer.

Definition 2.14. Suppose f: A — B is a homomorphism of finitely generated
abelian groups so that ker f is free. For i = 0,1, let D(G%) be H'(C(f)*), where

c(f) = [A ER B] is the mapping cone of f and (—)* is the derived functor
Rhomg,(—,Z). We define G;} to be the diagonalizable groups corresponding to

D(GY%), and we define Gy = G} © G}.

Note that the homomorphism A* — D(G}) induces a homomorphism G; —
D(A*) (that is trivial on G(}). In the case where A and B are lattices, H*(C(f)*)
are simply the kernel (¢ = 0) and cokernel (i = 1) of f*. If we additionally assume
f has finite cokernel (as was the case in Section 2.1]), then f* has no kernel, so G(} is
trivial. In particular, the notation is consistent with the notation in the paragraph
above Definition [Z0] with f = 3.

We now generalize Definitions 2.4] and

Definition 2.15. A non-strict stacky fan is a pair (X, ), where X is a fan on a
lattice L, and 8: L — N is a homomorphism to a finitely generated abelian group.

Definition 2.16. If (X, 3) is a non-strict stacky fan, we define X5, 5 to be [Xx/G3],
where the action of Gg on Xy is induced by the homomorphism Gz — D(L*) = T7.

Remark 2.17. If B is assumed to have finite cokernel, this construction of &x g
essentially agrees with the ones in [BCS05, §3] and [Satl2] §5]. However, those
constructions effectively impose additional conditions on ¥ (e.g. that 3 is a subfan
of the fan of A™) since it is required to be induced by a fan on N ®z Q.

Remark 2.18. We now give a more explicit description of &, g, which also has the
benefit of demonstrating that it is a non-strict toric stack according to Definition
LIl See Example for an illustration of this approach.

Let (X,5: L — N) be a non-strict stacky fan. Let

7057 5 N0
be a presentation of N, and let B: L — Z" be a lift of 3.
Define the fan ¥/ on L®Z? as follows. Let 7 be the cone generated by e1,...,es €
Z*. For each o € ¥, let ¢’ be the cone spanned by o and 7 in L & Z°. Let ¥’ be
the fan generated by all the o’. Corresponding to the cone 7, we have the closed

subvariety Y C Xy, which isomorphic to Xy since X is the star (sometimes called
the link) of 7 [CLS11l Proposition 3.2.7]. We define

B =B&Q: LOZS ——7"
(I,a) — B(l) + Q(a).
Then (¥, 5') is a stacky fan and we see that Xy g = [Y/Gg/]. Note that C(8')
is quasi-isomorphic to C(f), so Gg = Gp.

Remark 2.19. Note that if o is a smooth coneE then the cone spanned by o and
T is also a smooth cone. So if X5, 5 is a smooth non-strict toric stack, then it is a
closed substack of a smooth toric stack.

3A smooth cone is a cone whose corresponding toric variety is smooth. See [CLS11] Definition
1.2.16].
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1040 ANTON GERASCHENKO AND MATTHEW SATRIANO

The following definition will often be useful when dealing with stacky fans.

Definition 2.20. Suppose B is a finitely generated abelian group and A C B is a
subgroup. The saturation of A in B is the subgroup

Satg A={be€ Bjn-b e A for some n € Z~¢}.

We say A is saturated in B if A = Satg A. We say that a homomorphism f: A — B
is saturated if f(A) is saturated in B.

Remark 2.21. Saturated morphisms are precisely morphisms whose cokernels are
lattices. In particular, the image of a saturated morphism has a direct complement.

Remark 2.22 (On the condition “cok j is finite”). Since the action of G on X5
is trivial, we have that Xy s = [Xx/Gj] x BGY. Tt is often easiest to treat the
factor of BG% separately. Let Ny = Saty(B(L)), let Ny be a direct complement
to Ny, and let B1: L — N; be the factorization of § through N;. Then G% =
D(N§) = GiEo) and [X5/G}] = Xsp,. We therefore typically assume (3 has
finite cokernel (equivalently, that Ny = 0 or that X5 g has finite generic stabilizer),
with the understanding that the general case can usually be handled by replacing
B by Bi.

Remark 2.23 (On the non-strict case). In this paper, we work primarily with toric
stacks, since non-strict toric stacks can be described as closed substacks. One
reason for this focus is that we would like to avoid discussing actions of stacky tori

in general. We refer the interested reader to [FMNI0, §1.7, §2, and Appendix B]
for a discussion on stacky tori and their actions.

3. MORPHISMS OF TORIC STACKS

The main goal of this section is to define morphisms of toric stacks and stacky
fans, and to show (in Theorem [34]) that every morphism of toric stacks is induced
by a morphism of stacky fans.

Definition 3.1. A toric morphism or a morphism of (non-strict) toric stacks is a
morphism which restricts to a homomorphism of (stacky) tori and is equivariant
with respect to that homomorphism.

Definition 3.2. A morphism of non-strict stacky fans

(X,8:L—+ N)— (¥,8:L — N')
is a pair of group morphisms ®: L — L' and ¢: N — N’ so that 3 o ® = ¢o 3 and
so that for every cone o € &, ®(0) is contained in a cone of ¥'.

We typically draw a morphism of non-strict stacky fans as a commutative dia-
gram:
»—Y

L—2.r

|, b

N2 N

A morphism of non-strict stacky fans (®,¢): (%,8) — (¥/,3’) induces a mor-
phism of toric varieties X5; = X5 and a compatible morphism of groups Gg — G,
so it induces a toric morphism of non-strict toric stacks X ¢y: Xs g — X g
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TORIC STACKS I: THE THEORY OF STACKY FANS 1041
3.1. Toric morphisms are induced by morphisms of stacky fans.

Lemma 3.3. Let X be a connected scheme, G a group scheme over k, and P — X
a G-torsor. Suppose Q@ C P is a connected component of P. Then @ — X is an
H-torsor, where H is the subgroup of G which sends @ to itself.

Proof. Let ¢ be an automorphism of P. Since @ is a connected component of P,
#(Q) is either equal to @ or is disjoint from Q. It follows that (G x Q) xp Q =
(HxQ)xpQ=H xQ, where the map G x Q — P is induced by the action of G
on P.

The diagonal Q — Q xx Q C P X x @ is a section of the G-torsor P X x Q — @,
so it induces a G-equivariant isomorphism P xXx Q = G x Q. We then have the
following cartesian diagram:

HxQ=2(GxQ)xpQ ——0QxxQ——Q

| L

GxQ = Pxx@Q@——P

]

— X

1

In particular, the map H x Q@ — @ xx Q, given by (h,q) — (h-q,q), is an
isomorphism. This shows that @ is an H-torsor. (I

Theorem 3.4. Let (3,6: L — N) and (¥',8: L’ — N’) be stacky fans, and
suppose f: Xx g — Xsv g is a toric morphism. Then there exists a stacky fan
(207ﬂ0) and morphisms ((I)v(b) (EOaBO) - (Eaﬂ) and ((I)lv(b/): (207ﬂ0) - (E/7B/)
such that the following triangle commutes and X(g 4y is an isomorphism:

XZO;/BO X’ 0
X(@@)ll Xy pr
Xopg ™ 7

Remark 3.5. If ¥ is the fan of faces of a single cone, we may take (3o, 5p) = (%, 8)
by Corollary [B.I4l If a toric stack X has no torus factor, there is a canonical
(initial) choice of stacky fan (X, 3) so that X = X5, 3 and any toric morphism from
X is induced by a morphism from the fan (3, 8) (see [GS11b, Remark 2.14]).

Proof of Theorem 3.4l By assumption, f restricts to a homomorphism of tori T —
TN+, which induces a homomorphism of lattices of 1-parameter subgroups ¢: N —
N'.

We define Y = Xg; XXE/,/j/ XE/. Since Xg; — XE/”g/ and Xg/ — Xg/”@/ are tOI'iC7
Ty X7, Ty is a diagonalizable group. The connected component of the identity,
To € TL X1y, TLr, is a connected diagonalizable group, so it is a torus. Let Yy be
the connected component of Y which contains Ty, and let G¢ be the kernel of the
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1042 ANTON GERASCHENKO AND MATTHEW SATRIANO

homomorphism Ty — Tp. We then have the following diagram:

G@C—) G,B/ _ Gﬁ/

TOC\—> TL XTN’ TL’ _ TL’

N, I
\ \

17, < —— T x G gr-torsor

XZ _— XZ/7B/

Y’O(

>

Since Xy is normal and separated, and Y is a Gg/-torsor over X, we have that ¥
is normal and separated, so Y| is normal, separated, and connected. In particular,
Yy is irreducible. We have that Ty is an open subscheme of Y, and Ty acts on Yy
in a way that extends the multiplication, so Yj is a toric variety with torus 7. Say
it corresponds to a fan ¥ on the lattice Ly of 1-parameter subgroups of Tj.

Now Yy — Xy and Yy — Xys/ are morphisms of toric varieties, so they are
induced by morphisms of fans ¥y — X and ¥y — X’. Defining 8y to be the

composition L 2SN , we have morphisms of stacky fans

Yi—Xg— Y

L« 1p— 1

N

N=—N——N'

Note that G¢ is the kernel of the surjection Ty — T, so the notation is consistent
with Definition 2141 By construction, Go is the subgroup of Gy which takes Tp
to itself, so it is the subgroup which takes Yy = T to itself. By Lemma B3 Y is a
Go-torsor over Xy.

Since T is a connected component of a group that surjects onto 77, the induced
morphism Ty — T}, is surjective, so ® has finite cokernel. By Lemma [A2] Gg, is
an extension of Gg by Gg. The morphism of stacky fans (2¢, o) — (X, 8) induces
the isomorphism X5, g, = [Y/Gp,| = [(Y/Gs)/Gp] = Xx 5.

On the other hand, the morphism (Xg,8p) — (¥',8’) induces the morphism
[Yo/Gg,| = [Xs/Gsl = Xor . 0

We conclude this section with the following general purpose proposition for
studying product morphisms.

Proposition 3.6. Let P be a property of morphisms which is stable under composi-
tion and base change. For i = 0,1, let (®;,¢;): (X4, Bi: Li — N;) — (3, 8:: Ly —
N;) be a morphism of non-strict stacky fans. Then the product morphism (®g x
Dy, g X ¢1) induces a morphism of non-strict toric stacks which has property P if
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and only if each (®;, ¢;) does:

20X21—>26X2/1

Do x P
Lo x Ly ———— L}y x L}

/BOX/BIJ( lﬁ{)xﬁ{

No x Ny 2%y NI < NI

(see [CLS11l, Proposition 3.1.14] for basic facts about product fans).

Proof. Products of morphisms with property P have property P because f x g =
(f xid) o (id x g), and f x id (resp. id x g) is a base change of f (resp. g).

The constructions of Xy 5 from (¥, 8) and of X(¢ 4) from (®,¢$) commute with
products, so (®g x ®1,¢0 x ¢1) induces the product morphism Xg,xa,,6oxe1) =
Xwy,60) X X(@,,4,)- It follows that if X, 4,) have property P, then so does
X(@ox®1.60x1)"

Conversely, suppose X(a,xd,,¢oxd1) = X(Po,b0) X X(®,,4,) has property P. We
have that Xs; s, has a k-point, the identity element of its torus, which induces a
morphism Xs; g1 — Xsy 51 X Xy g Base changing X(a, ¢0) X X(a,,¢,) by this
morphism, we get X(¢, ¢,), 50 X(a,,4,) has property P. Similarly, X, ¢, has
property P. ([l

4. FANTASTACKS: EASY-TO-DRAW EXAMPLES

In this section, we introduce a broad class of smooth toric stacks which are
especially easy to handle because N is a lattice and the fan on L is induced by a
fan on N.

Definition 4.1. Let ¥ be a fan on a lattice N, and let #: Z™ — N be a homo-
morphism with finite cokernel so that every ray of ¥ contains some §(e;) and every
B(e;) lies in the support of X. For a cone o € X, let 6 = cone({e;|B(e;) € 0}). We
define the fan ¥ on Z" as the fan generated by all the . We define Frp = Xg 4
Any toric stack isomorphic to some Fyx g is called a fantastack.

Remark 4.2. The cones of & are indexed by sets {e;, , . .., ei, } such that {8(e;,), . ..,
B(ei, )} is contained in a single cone of 3. It is therefore easy to identify which open
subvariety of A™ is represented by Y. Explicitly, define the ideal

Js = (B(}:)Ieaxi o e Z).

Then Xg = A" \ V(Jx). Note, as in the Cox construction of a toric variety, that
Jy is generated by the monomials [] Blei)go Tix where o varies over maximal cones
of 3.

Remark 4.3. Since § is a homomorphism of lattices, C(8)* can be computed by
simply dualizing . Since [ is assumed to have finite cokernel, G% =0,s0 Gg =
D(cok *). If f: Z™ — cok 8* is the cokernel of 5*, with g; = f(e;), then we have
that Fx g = [(A" N\ V(J5))/ (g - gn)D(cok 3*)] using Notation 28

Remark 4.4. Fantastacks are precisely the toric Artin stacks in [Sat12] which have
trivial generic stabilizer.
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1044 ANTON GERASCHENKO AND MATTHEW SATRIANO

Remark 4.5. The fantastack Fx g has the toric variety X, as its good moduli space,
as we will show in Example (this is also proved in [Satl2l Theorem 5.5]). In
fact, a smooth toric stack X’ is a fantastack if and only if it has a toric variety X
as a good moduli space and the morphism X — X restricts to an isomorphism of
tori.

Example 4.6. Let ¥ be the trivial fan on N = 0. Let g: Z™ — N be the zero
map. Then ¥ is the fan of A", and Gz = G}, so Fy g = [A"/G].

Example 4.7. By Remark [B.22] any smooth toric variety is a fantastack. If Xy
is a smooth toric variety, where X is a fan on a lattice IV, we construct g: Z™ — N
by sending the generators of Z" to the first lattice points along the rays of 3. Then
X5 = Fxp.

For a general (non-smooth) fan %, one can still construct 8 as above, but the
resulting fantastack Fx g is not isomorphic to Xs. However, it is the canonical
stack over Xy, a sort of minimal stacky resolution of singularities (see Section [).

Notation 4.8. When describing fantastacks, we draw the fan ¥ and label 5(e;) with
the number 4.
o

£

—o— | g

Example Example E10] Example £17]

Example 4.9. Since a single cone contains all the 3(e;), we have that X = A?
(see Remark B2)). We have 3 = (1 1): Z? — Z, and the cokernel of * is

gr=(1
2220, 4 Z.
We see that Fr g = [A?/(; 1)Gpn] (see Remark E3). Note that this example

contains the non-separated line [(A* \ 0)/(;_1)Gn] (Example ZI2) as an open
substack.

2 (1—1)

Example 4.10. Since a single cone contains all the 3(e;), we have that Xg = A2,
The cokernel of 8* is
72 5=(19) 72 (11) z/2.
Note that * can be obtained from the picture directly: the rows of 5* are simply
the coordinates of the 5(e;).
Therefore, Fx g = [A?/(1 1)p2]. This is a “stacky resolution” of the A; singu-
larity

A?/(1 1yp2 = Spec(k[zy, 22]"2)
= Spec k[z, 2122, 23] = Spec(k(z, y, 2]/ (zy — 27)).
Example 4.11. As in the previous examples, Xg = A?. The cokernel of 5* is

~(39)

(12

B
7 72 22 g,
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Therefore, Fs, 3 = [A?/(} o)p4]. Like the previous example, this is a stacky resolu-
tion of the A; singularity

A/ (1 9yps = Spec(klzy, t]**) = Spec k[z], 211%, '] = Spec(k[z,y, 2]/ (zy — 2°)).

The coordinate ¢ in this example can be thought of as a formal square root of the
coordinate x5 in the previous example. In general, the moduli interpretation of
smooth toric stacks presented in Section [{shows that replacing S(e;) by a multiple
corresponds to performing a root stack construction of the corresponding divisor
(see for example [FMNTI0l §1.3] for a discussion of root constructions).

@ @

Example 4.12. For the fan on the left above, we have Xg = A3. The cokernel of
[* is
. (10
72 ﬁ‘(é%) (1-11)
So Frp = [AB/(l 1 1)Gml.

Note that refining the fan yields an open substack. In this example, consider
what happens when we refine the fan ¥ to the fan ¥’ on the right above. Gpg
is unchanged; indeed, G depends only on 3, not on ¥. However, we remove
cone(eq, eg) from ¥’. The resulting stack is therefore the open substack Fyv g =
(AN V(21,23))/(1 —11)Gm], which is the blowup of A? at the origin (cf. Example

VA 7.

The birational transformation Bly(A%?) — A? can therefore be realized as the
morphism of good moduli spaces induced by the open immersion Fsv g — Fx g.

Example 4.13. For the fan on the left above, we have that X¢ = A*. The cokernel

of B* is
)

OO

0
0
1
1

=

(1-11-1)

73 74

Z,
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1046 ANTON GERASCHENKO AND MATTHEW SATRIANO

so Frg = [A*/(1 1 1.1)Gm). We will see in Section [ that F 5 is the canonical
stack over the singular toric variety

Xy = Spec k[z1, T, w3, 2% = Spec k[w1 2, w324, 2124, T223]
= Spec(klz,y, z, w]/(zy — 2w)).
It can be regarded as a “stacky resolution” of the singularity.
Note that the two standard toric small resolutions of this singularity are both

open substacks of this stacky resolution. The fans in the center and on the right
above correspond to

[(A4 N V(l’2v$4))/(1 11 -1)Gm] and [(A4 N Vi(zy, 5173))/(1 -11 -1)Gm]-
These are both toric varieties (cf. Example 7).
4.1. Some non-fantastack examples.

Example 4.14. Suppose {ni,...,nx} is a set of positive integers. Let N be Z" @
@le(Z/niZ), L be 0, X be the trivial fan on L, and 5: L — N the zero map.
To compute Gg, we take a free resolution of C(8), namely

We see that

HO(C(B)") =D(GY) =2",  H'(C(B)") = D(G}) = P(Z/niZ).
i=1
Therefore, Gg = G}, x [] ptn,. Since Xy, = Speck, we have that X5, 3 = BGg.
Example 4.15 (Cf. [BCS05, Examples 2.1 and 3.5]). Consider the stacky fan in
which L =72, % :L is the fan corresponding to A?~ {0}, N = Z®(Z/2), and 3 =
(28):2%> - Z® (Z/2). Then C(B)* is represented by the map (33 é) /WA
This map is injective, and its cokernel is (6 4 -3): Z3 — Z. Therefore, Gg = G,
and the induced map to 77, = G2, is given by ¢ — (¢5,#%). So
X5 = [(A* N {0})/(6 4)Gml-
This is the weighted projective stack P(6,4), the moduli stack of elliptic curves
Mo,

We repeat the previous example to illustrate that it can be realized as a closed
substack of a fantastack. This approach is explained in Remark 2.8

Example 4.16. Consider the stacky fan in which L = Z2, ¥ = T_) is the fan
corresponding to A%\ {0}, N=Z® (Z/2),and = (23): Z*> - Z & (Z/2).
We replace 3 by the quasi-isomorphic map ' = (2 #9) : Z* — Z? and the fan

3 by the fan ¥’ obtained by adding the cone 7.
T
©

ﬁ:L (3)
Y=V =Y

L=12° LeL /@F
; -avn R
N YASYA
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We see that Xsv g is the fantastack corresponding to the fan on the right. Explicitly,
it is the fantastack [(A® N\ V(21,22))/ (6 4 -3)Gm)- The closed substack Xs g is the
divisor corresponding to the “extra ray”, which is numbered 3 in the picture. That
is, it is the divisor V(z3) = [(A% N\ V(21,22))/(6 4)Gm]-

5. CANONICAL STACKS

Given a non-strict toric stack, there is a canonical smooth non-strict toric stack
of which it is a good moduli space. The purpose of this section is to construct and
characterize this canonical smooth stack.

Given a fan ¥ on a lattice L, the Cox construction [CLSI1l §5.1] of the toric
variety Xy produces an open subscheme U of A™ and a subgroup H C G, so that
Xs =U/H. That is, [U/H] — Xy is a good moduli space morphism in the sense
of [Alp09]. We recall and generalize this construction here.

Let (X, 5) be a non-strict stacky fan. Let X(1) be the set of rays of ¥. Let
M C L be the saturated sublattice spanned by ¥, and let M’ C L be a direct
complement to M. For each ray p € X(1), let u, be the first element of M along p,
and let e, be the generator in 7> corresponding to p. We then have a morphism
®: Z*M x M’ — L given by (e,,m) — u, +m. We define a fan S on ZZM) x M.
For each o € ¥, we define & € & as the cone generated by {eplp € o}. The
morphism of non-strict stacky fans

y— %

VAN VN

BJ\\L:JLB

induces a toric morphism X5 5 — Xz 3.

Definition 5.1. We call A5 5 the canonical stack over Xy g, and we say that the
morphism X5 i Xs g is a canonical stack morphism.

Remark 5.2. The Cox construction expresses Xx as a quotient of Xg by Gg. Ap-
plying Lemmal[AT] (® has finite cokernel by construction), we see that the morphism
constructed above is obtained by quotienting the morphism [Xg/Ge] — X5 by the
action of Gg. This shows that the construction above commutes with quotienting
Xs, g by its torus (i.e. replacing Gg by Gr_0).

The remainder of this subsection is dedicated to justifying this terminology by
showing that the canonical stack has a universal property (Proposition BH). No-
tably, this universal property shows that the canonical stack depends only on the
stack Xy g and its torus action, not on the stacky fan (X, §).

Recall (Definition [B) that Xy g is cohomologically affine if Xy, is affine. As
shown in Remark [B.6] this property depends only on Xy g and not on the stacky
fan (X, 5).

Lemma 5.3. Let Xs; g be a cohomologically affine toric stack with n torus-invariant
irreducible divisors. Suppose f: X5y g — Xx g is a toric surjection from a smooth
cohomologically affine toric stack with n torus-invariant divisors, which restricts to
an isomorphism on tori. Then Xsv g0 — Xx g factors uniquely through the canonical
stack over Xs g.
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1048 ANTON GERASCHENKO AND MATTHEW SATRIANO

Proof. By Theorem [B.4] we may assume f is induced by a morphism of stacky fans
(®,0): (X,8) — (X,8). Since f restricts to an isomorphism on tori, ¢ must be
an isomorphism.

Since we are only considering torus-equivariant morphisms, we may verify the
property after quotienting by the action of the torus, so we may assume Ay g is
the quotient of an affine toric variety by its torus, and X5y g is the quotient of a
smooth affine toric variety with n divisors by its torus. This identifies X5y g as
[A™/GT ], so we may assume X' is the fan of A™. We identify the first lattice points
along the rays of ¥/ with the generators e; € Z™.

Since f is surjective, the induced morphism Y’ — 3 is surjective by Lemma [B7
Every ray of ¥ is then the image of a unique ray of ¥/, since 3’ has only n rays.
Suppose ®(e;) = k;p;. Then we see that ® factors uniquely through the canonical
stack via the morphism of fans ¥/ — ¥ given by sending e; to k;e,,. O

Remark 5.4 (“Canonical stacks are stable under base change by open immersions”).
The pre-image of a torus-invariant divisor of X5, g is a divisor in its canonical stack.
So by Lemma [5.3] restricting a canonical stack morphism to the open complement
of a torus-invariant divisor yields a canonical stack morphism.

As a corollary, we get the following result.

Proposition 5.5 (Universal property of the canonical stack). Suppose Xs/ g0 —
Xs g is a toric morphism from a smooth toric stack, which restricts to an iso-
morphism of tori, and which restricts to a canonical stack morphism over every
torus-invariant cohomologically affine open substack of Xs g. Then Xsyv g — X5 3
is a canonical stack morphism.

By Remark [B.22] we see that the canonical stack morphism over a smooth toric
stack is an isomorphism. In particular, this shows that for any non-strict toric stack
X5 3, the canonical stack is isomorphic to X5 g over its smooth locus. Thus the
canonical stack can be regarded as a (canonical!) “stacky resolution of singularities”
(cf. Examples and A13).

By Remark [5.4] the definition of a canonical stack morphism can be extended
to stacks which are only locally known to be toric stacks. This will be important
in [GS11b], where we prove that certain stacks are toric by showing that they are
locally toric, that their canonical stacks are (globally) toric, and that the property
of being toric can be “descended” along canonical stack morphisms.

Definition 5.6. Suppose X is a stack with an open cover by non-strict toric stacks
with a common torus. A morphism from a smooth stack ) — X is a canonical stack
morphism if it restricts to canonical stack morphisms on the open toric substacks
of X.

6. TORIC GOOD MODULI SPACE MORPHISMS

6.1. Good moduli space morphisms. In [AIp09], Alper introduces the notion
of a good moduli space morphism, which generalizes the notion of a good quotient
[GIT] and is moreover a common generalization of the notion of a tame Artin stack
[AOV0S8, Definition 3.1] and of a coarse moduli space [FC90, Theorem 4.10]. Our
goal in this section is to prove Theorem [6.3] which characterizes toric good moduli
space morphisms.
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Definition 6.1. A quasi-compact and quasi-separated morphism of algebraic stacks
f: X = Y is a good moduli space morphism if
o (f is Stein) the morphism Oy — f.Ox is an isomorphism, and
e (f is cohomologically affine) the pushforward functor f.: QCoh(Oy) —
QCoh(0y) is exact.

Definition 6.2. We say that a cone 7 of a non-strict stacky fan (X,8: L — N) is
unstable if any of the following equivalent conditions are satisfied:

e every linear functional N — Z which is non-negative on 8(7) vanishes on
B(r),

e the relative interior of the image of 7 in the lattice N/N;,, contains 0, or

e 7N kerf is not contained in any proper face of 7.

As in Appendix [B] for a morphism of fans ®: 3 — Y/, the pre-image of a cone
®~1(0’) refers to the subfan of cones which are mapped into o', and we say that
this pre-image “is a single cone o € X7 if it is the fan consisting of o and its faces.

Theorem 6.3. Let (9,¢): (X,8: L = N) — (X',5': L’ = N') be a morphism of
non-strict stacky fans, where 8 has finite cokernel. The induced morphism Xs, g —
Xsv g 15 a good moduli space morphism if and only if

(1) For every o' € X', the pre-image ®~1(0’) is a single cone o € ¥ with

®(0) = o' (in particular, the pre-image of the zero cone is some cone
T € 3, and the pre-image of any other cone has T as a face. Let 797 denote
(LNT)92.),

(2) 7 is unstable,
(3) ¢ is surjective, and

(4) (ker¢)/B(78P) is finite.

As a corollary of Theorem [6.3] we obtain a combinatorial criterion for when a
toric stack has a toric variety as a good moduli space. This is done by explicitly
constructing a fan (X’,idx/) for the good moduli space.

Notation 6.4. Suppose (X,5: L — N) is a non-strict stacky fan with cok 8 finite
and with the property that among unstable cones of ¥, there is a unique maximal
one 7. Let N’ = N/Satn(8(78P)), let ¢: N — N’ be the quotient map, and let
® = ¢ o 3. Let X’ be the set of cones o/ on N’ such that

(a) ®1(o’) is a single cone, and
(b) o’ = (27 (0)).

This 3 is a fanf

4Any face o'’ of o' € X/ is the vanishing locus of some linear functional A’ € hom(N’,Z) which
is non-negative on ¢’. Then ®~1(¢”) is the vanishing locus of X on ®~1(o¢’), so it is a face of
®~1(0’) and hence a single cone. Tt is clear that this cone must surject onto o’/, so ¥’ is closed
under taking faces.

If o/,0"” € ¥/, then ®~1(0’) and ®~!(0") are cones in ¥, so their intersection is a common
face. That is, there is some linear functional A € hom(N, Z) which is non-negative on ®~1(o’) and
non-positive on ®1(¢’’). Since 7 is a common face of these two cones, A must vanish on 78P, so
it must be induced by some X' € hom(N’,Z) (possibly after scaling). This A’ is then non-negative
on ¢’ and non-positive on ¢’’, so the intersection of the two is a common face.
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Corollary 6.5. Let (X,8: L — N) be a non-strict stacky fan with cok 8 finite.
Then Xs, g has a variety as a good moduli space if and only if

(i) among unstable cones of 3, there is a unique mazimal one T, and

(ii) wusing Notation [64], ® induces a map of fans (8, N) — (X', N’).
Moreover, if the conditions are satisfied, the good moduli space of Xs; 3 is the natural
toric morphism to Xsy.

Proof. If the two conditions are satisfied, then X5 = X5y iq. nv— N~ is a toric variety,
and by Theorem 6.3, X 4 is a good moduli space morphism.

Conversely, if A5, 3 has a variety as a good moduli space, it must be a toric
morphism to a toric variety by [GS11bl, Proposition 7.2]. Suppose f: X5 g — Xx» is
a toric good moduli space morphism to a toric variety, where X" is a fan on a lattice
N". By Theorem B4 there are morphisms of stacky fans (®g,¢o): (X0, 50) —
(%,8) and (", ¢"): (X0, o) — (£”,idy~) so that X, e,) is an isomorphism and
[ = X g o X(:Ii),dm)' By Theorem B3 (%, 3) satisfies conditions (i) and (ii) if
and only if (Xg, fy) does. We may therefore assume that the good moduli space
morphism is induced by a morphism of non-strict fans (¥,4): (X, 8) — (X", idn~).

We now apply Theorem [6.3]to verify (i): by (1) and (2), 7 = ¥~1(0) is the unique
maximal unstable cone; by (3) and (4), v is surjective with kernel Saty (5(78P))
(here we are using the fact that N” is torsion-free). Therefore ¢ = ¢ and ¥ =
o =¢of =>. Finally, by Theorem [6.3(1), condition (ii) is satisfied. O

Warning 6.6. Corollary provides a criterion for a non-strict toric stack

to have a variety as a good moduli space. However, there are toric stacks which
have good moduli spaces that are not varieties: the non-separated line (Example
212) is a scheme, so is its own good moduli space, but it fails the criteria of the
corollary (see Example [6.20).

Remark 6.7. A slight variation of Corollary gives a criterion for a toric stack to
have a good moduli space (which is necessarily a scheme by |[GS11b, Proposition
7.2]) and a construction of the good moduli space if it exists. We describe the
construction and criterion here and leave the proof as an exercise for the reader.

Given (X,8: L — N), suppose 7 is the unique maximal unstable cone. Then 7
is also the unique maximal unstable cone in the stacky fan (X,®: L — L'), where
L' = L/78P. Let ¥’ be the induced fan on L', as described in Notation (where
we use @ in place of §). Let N’ = N/ Satn(5(78P)), and let ': L' — N’ be the
map induced by 8.

Consider the following diagram of toric monoids indexed by ¥': for each ¢’ € ¥/,
we have the toric monoid 8'(¢’) N N’, and for every face relation in X', we have the
corresponding inclusion of monoids. This is a tight diagram of toric monoids (see
[GS11Dl §2]), so it is witnessed by a fan X" on some colimit lattice L”, which has
amap A”: L — N’ [GS11Db, Corollary 2.12].

A toric stack A5 g has a good moduli space if and only if (i) ¥ has a unique
maximal unstable cone 7, and (ii) the morphism ® described above induces a map
of fans ¥ — ¥'. In this case, the good moduli space of Xy g is the toric stack
XE//,ﬂ// .

6.2. Proof of Theorem We prove Theorem [6.3] through several lemmas and
propositions.
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Lemma 6.8. For i = 0,1, let (®;,¢;) be a morphism of non-strict stacky fans.
Then (Pg x @1, ¢0 X ¢1) induces a good moduli space morphism of non-strict toric
stacks if and only if each (®;, ¢;) does.

Proof. Good moduli spaces are stable under composition (this follows quickly from
the definition) and base change [Alp09, Proposition 4.7(i)], so the result follows
from Proposition O

Lemma 6.9. If f: X — Y and g : Y — Z are morphisms of algebraic stacks and
f is a good moduli space morphism, then

(1) g is Stein if and only if go f is, and

(2) g is cohomologically affine if and only if go f is as well.

Proof. () Stein morphisms are clearly stable under composition. For the converse,
note that g.0y = ¢. fiOx = (g0 [)«Ox = Oz, so g is Stein.

@) Cohomologically affine morphisms are stable under composition. For the
converse, first note that for any quasi-coherent sheaf F on ), we have f, f*F = F
by [Alp09] Proposition 4.5]. Since Rf, = f. and R(go f). = (go f)«, we have

Rg.F = RgRfs f*F = R(go f)uf*"F = (go [)«f"F = gu(fu f*F) = 9. F. O

Throughout the rest of this subsection (until the proof of Theorem [63)), we use
the following setup. We have a morphism of non-strict stacky fans (®, ¢): (o, 8: L—
N) — (¢/,8": L’ = N), where o is a single cone on L, and ¢’ = ®(0):

oc—»o

L—> .1

'

N2 N

Lemma 6.10 (“Characterization when target is a toric variety”). If 5 has finite
cokernel and 8’ is an isomorphism, the induced map X, 3 — Xy is a good moduli
space morphism if and only if every A € hom(N,Z) which is non-negative on o
(i.e. Ao B is non-negative on o) is of the form ¢*(N') for a unique A" € hom(N’,Z)
which is non-negative on o’.

Proof. Since X, = Speck[c¥ N L*] and X, = Speck[o’¥ N L"*] are affine and Gg
is linearly reductive, the induced map X(g,4) is a good moduli space morphism
if and only if k[o’Y N L"™] — k[oV N L*] is the inclusion of the ring of invariants
kloV N L*]% = k[oV N L*]G}f (this last equality holds because G acts trivially on
X,). Letting 7: L* — D(G) be the map defining the action of G5 on Tf, this says
that X4 4) is a good moduli space morphism if and only if oVNkerm = ®*(o’VNL'*),
and ®*: ¢’V N L'™* — oV N L* is injective. Consider the following commutative
diagram. Note that §* is injective since cok 3 is finite.

D(GY) +"—L* ¥ L

Suppose first that Xg 4) is a good moduli space morphism. Given A\ € N*
which is non-negative on o, we have that *(\) € ¢¥ Nker(r) = ®(¢’V N L") and
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Q*|, v+ s injective, so there is a unique X' € N’* which is non-negative on o’
so that ®*(8™* (X)) = B*(¢*(\)) = B*(N). Since * is injective, this proves the
desired result.

For the converse, choose a free resolution

052 % 2" 5 N=0
and a lift B: L — Z" of . Then D(Gé) is the cokernel of (B*,Q*): (Z")* —
L* @ (Z®)*, so the sequence below on the left is exact.

L*
B*
B* JL* / TB*
* —— * 1 N
Zr) P D(G ) 0 0 N* (Zr)* . (ZS)*

If i € kerm, then there exists A € (Z")* such that p = B*(\) and 0 = Q*()\).
As the bottom row of the right-hand diagram is exact, we have that A € N* and
= B*(A\). Note that A is unique as 5* is injective. If u is non-negative on o, then
by hypothesis, A = ¢*()\’) for a unique X € N"*. To conclude the proof, note that
since ®(0) = o’, an element ' € N™ is non-negative on ¢’ if and only if ®*(y') is
non-negative on o. U

Lemma 6.11 (“Isomorphism on tori implies GMS”). Suppose ¢ is an isomorphism
and cok 3 is finite. Then X553 — X,/ g 15 a good moduli space morphism.

Proof. First we consider the case when cok @ is finite. By Lemma [ATl Gg is an
extension of Gg by Gg. The induced map is then [X,/Gs] = [[X,/Gs]/Ga] —
[Xo/Gpr]. By Lemma 610, [X,/Gs] — X, is a good moduli space morphism.
Since the property of being a good moduli space morphism can be checked lo-
cally in the smooth topology (even in the fpqc topology, [Alp09, Proposition 4.7]),
[Xo/Ggl = [Xo/Gp] is a good moduli space morphism.

In general, we reduce to the case where cok @ is finite. Let L” be the saturation of
®(L) in L', let 8" be the restriction of 3’ to L”, and let ¢” be the cone o', regarded
as a fan on L”. By assumption (i.e. the case where cok ® is finite), the induced
morphism X, g = X, g is a good moduli space morphism. Note that since cok 5
is finite, so is cok ", so by Lemma [B.I7 the induced morphism X, g — Xy g/ is
an isomorphism. Therefore the composition X, 3 — X, 5/ is a good moduli space
morphism. ([l

Lemma 6.12 (“Quotient of a GMS is a GMS”). Suppose 8 (resp. 8') factors as

L2 No Bo, N (resp. L' LN N§ o, N'). Suppose ¢g: Ng — N} makes the
following diagram commute:
o——»g'

L—* .

ﬁ{ lﬂé

No —25 Ny

S
¢

N ——N'
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Suppose

(1) cok By and cok B are finite,

(2) ker 81 and ker 8] are free,

(3) ¢o induces an isomorphism between ker 81 and ker 8], and
(4) ¢ induces an isomorphism between cok 51 and cok B3] .

Then X535 — Xy g is a good moduli space morphism if and only if Xo.5, = X1 gy
is as well.

Proof. The first two conditions, together with Lemma [A.] imply that the rows in
the following diagram are exact:

0 Gg, Gp Gg, 0
[
0 Gy, Gy Gy 0

The last two conditions imply that the induced morphism C(8;) — C(8]) is a
quasi-isomorphism, which implies that the rightmost vertical map is an isomor-
phism between G, and Gg. Therefore, the morphism X, 5 = [X,5,/Gp,] —
[Xor,51/G ;] = Xor pr is the quotient of the morphism X, g, — X5 g, by G, = G,
Since the property of being a good moduli space morphism can be checked locally
on the base in the smooth topology [AlIp09, Proposition 4.7], X, 3 — Xy g is a
good moduli space morphism if and only if Xy g, — X,/ g, is as well. |

Lemma 6.13 (“Removing trivial generic stackiness is a GMS”). Suppose N =
N'® Ny and that 8 factors through N'. Let L' = L. Then [X,/Gg] = [Xo/Gga']
is a good moduli space morphism.

Proof. We have that 8 = 8'@0: L&0 — N' & Ny, so Gg = Gg &Gy, where Gy acts
trivially on X,. The map [X,/Go] — X, is then a good moduli space morphism,
SO [XU/GQ} = [[Xg/Go]/Ggl] — [XU/G@} is as well. O

Proposition 6.14. Let 7 be an unstable face of o, and let T8 denote (L N 7)8P.
Suppose L' = L/78P and N' = N/B(78P). Then (P, ¢) induces a good moduli space
morphism:

o——»o' =o/T

L—2 /e

1, ]

N —2 s N/B(reP)
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Proof. Consider the following diagram, in which the rows are exact. We define
K = ker(78° — 3(78P)).

K

o—»a/T
78PC L L/7ev
| s
B(rer)C L/K Ljre®
W s
B(rer)C N N/B(TE)

The top right square induces a good moduli space morphism by Lemma In-
deed, if A € (L/K)* is non-negative on o, then it is 0 on 7, as 7 is unstable. Hence
A is induced from a unique element of (L/79P)*.

Note that ker 81 = (ker 8)/K is free since K is saturated in ker 8 by construction.
Conditions @) and ) of Lemma follow from the 5-lemma and the vertical
equality in the left column, so it applies to complete the proof. O

Lemma 6.15 (“Removing finite generic stackiness is a GMS”). Suppose ker ¢ = Ny
is finite and ¢ is surjective. Let L' = L and o' = 0. Then [X,/Gg] = [Xo /Ga/]
is a good moduli space morphism.

Proof. Consider the left-hand diagram, in which the rows are exact.

0——0——L=—=L—0 0 Gg, G G 0
5{ /{ Jﬂ’ J l l

[
0—sNg—s N—"5N' —50 00— 50— T, Ty ——0

We have that cok Sy = Ny is finite, so by Lemma we get the induced right-
hand diagram in which the rows are exact. In particular, the action of G, on X,
is trivial, so the map [X,/Gg,] = X, is a good moduli space morphism. Thus
(X»/Ggl = [[X0/Gp,]/Gp] = [Xo/Gp] is a good moduli space morphism. O

Lemma 6.16. If f: G — H is a morphism of algebraic groups, then the induced
morphism BG — BH is a good moduli space morphism if and only if [ is surjective
and K = ker(f) is linearly reductive.

Proof. We have that Speck — BH is a smooth cover, so by [AIp09, Proposition
4.7], BG — BH is a good moduli space morphism if and only if BG X gy Speck =
[H/G] — Speck is as well. Since [H/G] =2 BK x H/im(f), the structure map to
Speck is a good moduli space morphism if and only if H = im(f) and K is linearly
reductive. |

Lemma 6.17. Suppose L = L' =0 and that N and N’ are finite. Then X(g 4) is
a good moduli space morphism if and only if ¢: N — N’ is surjective.

Proof. For 3: 0— N with N finite, we have that X, s is naturally B(D(Ext' (N, Z))).
By Lemma [6.16] we have that X(s 4) is a good moduli space morphism if and only
if ¢ induces a surjection D(Ext'(N,Z)) — D(Ext'(N’,Z)), which occurs if and
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only if it induces an injection Ext'(N’,Z) — Ext'(N,Z). We claim that this is
equivalent to surjectivity of ¢.
Indeed, for a short exact sequence of finite abelian groups

0>A—-B—-C—0
we get a short exact sequence
0 — Ext'(C,Z) — Ext!'(B,Z) — Ext'(4,Z) — 0.

So if ¢ is surjective, the induced map Ext'(N’,Z) — Ext'(N,Z) is injective. Con-
versely, if ¢ is not surjective, then it has a non-trivial cokernel C'. We then have
that the induced map Ext'(N’,Z) — Ext*(N, Z) factors as

Ext'(N’,Z) — Ext!(im ¢, Z) — Ext' (N, Z)

and the kernel of the first map is Ext!(C, Z), which is (non-canonically) isomorphic
to C, so Ext'(N',Z) — Ext'(N,Z) is not injective. O

Proposition 6.18. Let 7 be the pre-image cone ®~1(0). If cok B is finite, then
(®, ¢) induces a good moduli space morphism if and only if

(1) 7 is unstable,

(2) ¢ is surjective, and
(3) (ker¢)/B(78) is finite.

Proof. Assume first that conditions (1)-(3) hold. To show that X4 4) is a good
moduli space morphism, we factor (®,¢) as follows, and show that each square
induces a good moduli space morphism:

0'/7' 0"

L—— L/rep Y J—

S T T

N —— N/B(78°) ——— N/ —— N’

o o/t

By condition (1) and Proposition [6.14] the left square induces a good moduli space
morphism. By condition (3) and Lemma [615] the middle square induces a good
moduli space morphism. Lastly, condition (2) and the fact that cok /3 is finite shows
that cok(¢ o 3) is finite. Hence cok ' is finite, so Lemma [6.11] shows that the right
square induces a good moduli space morphism.

Conversely, suppose & 4) is a good moduli space morphism. Base changing
X®,4) by the stacky torus of X, g/, we see that the following map of stacky fans
also induces a good moduli space morphism by [Alp09, Proposition 4.7(i)]:

T—»0
L—2 .

'

N2 N
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By Lemma [6.10] the right square in the following diagram induces a good moduli
space morphism, and so the composite map induces a good moduli space morphism:

T—»0—>0

L—)L’—>N’

1]

N—2 N ——

Another application of Lemma [B.I0 (to the composite) shows that every linear
functional on N which is non-negative on 7 must be induced from N’ and is therefore
0 on 7. This shows that 7 is unstable.

Consider the following factorization of (®, ¢):

T 0 0
L—— L)% — I/

N RN

N —— N/B(r&?) —— N

Proposition shows that the square on the left induces a good moduli space
morphism. Then by Lemmal[6.9] the square on the right also induces a good moduli
space morphism. Thus we may assume o and ¢’ are the zero cones. In this case,
we must show that ¢ is surjective with finite kernel.

Let N = Nior @ Ny, where Ny, is torsion and Ny is free. Let N/ = Nt’orQBN}@Né,
where IV} is a direct complement to Saty:(8'(L')), N{,, is the torsion subgroup of
N’, and N} is a direct complement to Nior in Satys(8'(L)). Since X(g 4) is a good
moduli space morphism, it must induce an isomorphism of the good moduli spaces
of Xy 3 and Xp g. By Lemma [6.10] the good moduli space of Xy 5 (resp. Xy 5 =
Xo,L/ N, &N X B(D(Ny))) is Cartier dual to N/Nyor = Ny (resp. N}). It follows
that we may choose the complement N ]’c so that ¢ restricts to an isomorphism
¢p: Ny — NJQ. Let ¢o: Nior — Niop @ N{ be the restriction of ¢ to Nio,. It is clear
that ¢¢ has finite kernel, so it remains to show that ¢q is surjective (in particular
N =0).

Define Bior: L — Nior, Br: L — Np, Bior: L' = Ny, Bp: L' — Nj, and
Bo: 0 — Ng so that 8 = (Bior, By) and B = (Bior, B}, Bo)- By Proposition [B.21] the
following squares induce isomorphisms of stacky tori:

L—2 srer—2 051

ﬂJ{ J{(ﬁtoraﬁf) J{Oeaﬁf

N:Ntor@Nf:Ntor@Nf

Hence Xy, 5 = X0,0— N, X X3, and similarly Xy g0 = X 05wy, ¥ XO,B} X X0,0- Ny -
Moreover, we see that X4 ¢ is the product of morphisms &p 5, — Xoﬁ}, X0,05Nio,
— Xo,0-ny,,» and Xp o0 — Xpo—ny. By Lemma 6.8 each of these morphisms
must be a good moduli space morphism. Since the second morphism is a good
moduli space morphism, Lemma [6.17 shows that ¢|n,,,: Nior = N/, is surjective.

tor
Since &) 00 is a non-stacky point and the third morphism is a good moduli space
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morphism, &p o, n; must be a non-stacky point, so Nf = 0. Tt follows that ¢ is
surjective. ([l

We now turn to Theorem

Proof of Theorem [63. For ¢’ € ', let X, be the open subscheme of Xy cor-
responding to ¢’. The property of being a good moduli space morphism can be
checked Zariski locally on the base, so it is equivalent to checking that [X¢-1(51)/Gpg]
— [X,/Gp] is a good moduli space morphism for each ¢’ € ¥'. Therefore, by
Proposition [6.I8] the four conditions in Theorem imply that s g — X5 g is
a good moduli space morphism.

Conversely, if [X¢-1(51)/G ] — [Xo//Gpr] is a good moduli space morphism, then
[Xo-1(07)/Gp] — Speck is cohomologically affine since [X¢-1(,1)/Gg] = [Xo//Gp]
and [X,//Gg/] — Speck are cohomologically affine. So ®~!(¢”) is a single cone o €
¥ (see Remark[B.6l). Good moduli space morphisms are surjective [AIp09, Theorem
4.16(i)], so by Lemma [B7 ®(c) = o’. Proposition [6.I8 then shows that conditions
(2)—(4) hold. O

6.3. Examples.

Example 6.19. Let X :T_) be the fan of A%\ 0, and let 8: Z2 — 0 be the zero
map. Then X5 5 = [(A? \ O)/( 1 O)an] We see that both maximal cones of 3 are

unstable, so (X, ) fails condition (i) of Corollary [6.5l Therefore this stack does not

have a toric variety good moduli space. Note that Xy g is isomorphic to [P1/G,,],
the prototypical example of a stack without a good moduli space.

Example 6.20. Let :T_) be the fan of A2\ 0, and let 8 = (1 1) /A
Then X5 g = [(A%2 X\ 0)/(1 —1)Gp]. Condition (i) of Corollary is satisfied, as
the zero cone is the only unstable cone. However, the ¥’ of Notation consists
of only the zero cone, so condition (ii) is not satisfied. Note that this X g is the
non-separated line (cf. Warning [6.0]).

= .

72> ——0 Z—257

A7 1

7Z ——0 z—4,7
Example [6.2]] Example [6.22]

Example 6.21. Theorem [6.3] shows that this is a good moduli space morphism.
Note that the unstable cone 7 (the 2-dimensional cone) corresponds to the origin
in A2,

Example 6.22. By Theorem [6.3] this map of stacky fans induces the good moduli
space morphism [A!/pg] — Al/pup = AL
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11 s >z

Zz ( 02 ) 7 N

a) H ﬂl |
72 ——— N——=N
Example [62 Example

Example 6.23. Theorem [6.3] shows that the Cox construction of a toric variety
is a good moduli space, and more generally that canonical stack morphisms are
good moduli space morphisms. For example, applying Theorem to this map of
stacky fans tells us that the toric variety on the right, the A; singularity, is the
good moduli space of [A%/us] (cf. Example 10).

Example 6.24. As a special case of Theorem [6.3] we recover [Sat12l Theorem 5.5],
which states that the fantastack Fx g has the toric variety Xy as its good moduli
space. Given a fan X on a lattice N, let 5: Z™ — N and S} be as in Definition
AT Then Theorem [6.3shows that the displayed map of stacky fans induces a good
moduli space morphism, as desired.

It is often useful to think about a toric stack as “sandwiched” between its canon-
ical stack and its good moduli space (if it has one). In this way, we often regard a
toric stack as a “partial good moduli space” of its canonical stack or as a “partial
stacky resolution” of its good moduli space.

Example 6.25. Consider the stacky fan (3, 8) shown in the center below. On the
left we have the stacky fan of the corresponding canonical stack (see Section[H]). On
the right we have a toric variety. By Theorem [6.3] the two morphisms of stacky
fans induce good moduli space morphisms of toric stacks.

)y by ¥’
oGy L Gy
=Gh| =G ’
72 id 72 id 72

We can easily see that Xy is the A; singularity AQ/( 11)M2, and that Gg is pg, but
it is easiest to describe the action of us on Xy in terms of the canonical stack.
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The canonical stack is Xg 5 = [A%/(1 1 )pa]. We get the induced short exact
sequence (cf. Lemma [A.T))
0 Go G Gp 0
I I
0 2 Ha 2 0

We can therefore express Xs 5 as [(A%/u2) / (ua/p2)]. We can view this either
as a “partial good moduli space” of X5 5 = [A%/(1 ypa] or as a “partial stacky
resolution” of the singular toric variety Xsy = A?/ (1 -1)Hd-

Example 6.26. Here is another example of a non-smooth toric stack which is not
a scheme. Consider the stacky fan (X, 8) shown in the center below. On the left we
have the stacky fan of the corresponding canonical stack (see Section [F]). On the
right we have a toric variety. By Theorem [6.3] the two morphisms of stacky fans
induce good moduli space morphisms of toric stacks.

> by Y/
o GY L, GD
5=(33) s=(37) id
Z2 id Z2 id Z2

Like the previous example, X, 5 is a quotient of the A; singularity X5, = A%/ (11)H2
by an action of p2. The canonical stack over it is X 5= [AQ/( 1 0)(u2 X ,ug)], and
’ 01

it is the “partial good moduli space” [(A?/(q 1)p2)/((H2 X p2)/(1 1y42)]. The toric
stack Xs g has A? as its good moduli space.

In Example 110, we constructed a stack which “resolves the A; singularity by
introducing stackiness”. In the same informal language, this example introduces a
singularity at a smooth point of A2 by introducing stackiness.

7. MODULI INTERPRETATION OF SMOOTH TORIC STACKS

A morphism f:Y — P" is equivalent to the data of a line bundle £ = f*Opx (1)
and a choice of n + 1 sections (’);3"’1 — L which generate £. Cox generalized this
moduli interpretation to smooth toric varieties [Cox95], and Perroni generalized it
further to smooth toric Deligne-Mumford stacks [Per0§]. The main goal for this
section is to generalize it further to smooth non-strict toric stacks.

In fact, we will see (Remark [[I0) that smooth non-strict toric stacks are pre-
cisely the moduli stacks parametrizing tuples of generalized effective Cartier divi-
sors (see [BVI12, Example 2.5a]) satisfying any given linear relations and any given
intersection relations.

Proposition 7.1 ([SGA3, Exposé VIII, Proposition 4.1]). Let G be a diagonalizable
group scheme, andY a scheme. Suppose A is a quasi-coherent Oy -algebra, together
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with an action of G (i.e. a grading A =D, cp(a) Ax)- Then Specy, A is a G-torsor
if and only if
o A, is a line bundle for each x € D(G), and
o the homomorphism induced by multiplication A, ®o, Ay — Ayqy 5 an
isomorphism.

Since any G-torsor is affine over Y, it is clear that any G-torsor is of this form.

Notation 7.2. Given a collection of line bundles £4,...,£L, € Pic(Y) and a =
(a1,...,an) €EZ", let L2 =L @ ... @ LO,

Let 8: Z™ — N be the morphism of lattices so that Gg = G C G}},. Then we

have the presentation N* LA/ F N D(G) — 0. A quasi-coherent Oy-algebra as in
Proposition [1] is therefore equivalent to a collection of line bundles L1,...,L, €
Pic(Y) with isomorphisms cy: Oy — £ (%) for ) € N*, such that ¢y @ ¢y =
Cprpr s Oy — LOT@OHE7WN,

Definition 7.3. Suppose ¥ is a subfan of the fan of A", and 8: Z™ — N is a lattice
homomorphism with finite cokernel. A (X, 3)-collection on a scheme Y consists of

e an n-tuple of line bundles (£4,...,L,),
e global sections s; € H(Y, L;) so that for each point y € Y, there is a cone
o € X so that s;(y) # 0 for all ¢; € 0.
e trivializations cy: Oy — L2 W) for each 1) € N*, satisfying the compati-
bility condition cy ® cyr = Cyyyr-
An isomorphism of (X, 8)-collections is an n-tuple of isomorphisms of line bundles
respecting the associated sections and trivializations.

Remark 7.4. Note that since N* is a free subgroup of Z", it suffices to specify cy
where 1) varies over a basis of N*. If specified this way, the isomorphisms do not
need to satisfy any compatibility condition. Different choices of these trivializations
are related by the action of the torus (see Remark [(8]), so we often suppress the
trivializations.

Remark 7.5. A line bundle with section is a generalized effective Cartier divisor.
If the section is non-zero on each irreducible component of Y, the vanishing locus
of the section is an effective Cartier divisor. Therefore, a (3, 8)-collection can be
defined as an n-tuple of generalized effective Cartier divisors (D, ..., D,) such
that > a;D; is linearly equivalent to zero whenever (ay,...,a,) € N* and such
that D;, N---ND;, = & whenever e;,,...,e; do not all lie on a single cone of 3.
Here we are suppressing the trivializations as in Remark [7.4]

Remark 7.6. Given a morphism Y/ — Y and a (X, 8)-collection on Y, we may pull
back the line bundles, sections, and trivializations to produce a (3, 8)-collection on
Y’. This makes the category of (X, 8)-collections into a fibered category over the
category of schemes.

Theorem 7.7 (Moduli interpretation of smooth Xx g). Let ¥ be a subfan of the
fan for A™, and let B: Z™ — N be a lattice homomorphism with finite cokernel.
Then X, g represents the fibered category of (3, 3)-collections.

Proof. A morphism f:Y — [A"/Gpg] consists of a Gg-torsor P — Y and a G-
equivariant morphism P — A™. By Proposition [TI] the data of a Gg-torsor is
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equivalent to a D(Gg)-graded quasi-coherent sheaf of algebras A such that A, is
a line bundle for each x € D(Gg). A Gg-equivariant morphism P — A" is then
equivalent to a homomorphism of Or-algebras @, . Or — A which respects
the D(Gg)-grading (the D(Gp)-grading on the former algebra is induced by the
Z™-grading and the homomorphism ¢: Z™ — D(Gg)). This is equivalent to ho-
momorphisms of Op-modules s;: Or — Ag(e,)- Under this correspondence, the
vanishing locus of s; is the pre-image [AT ' /G ], where A" ! is the i-th coordinate
hyperplane. In particular, (Ag(e,),- -, Ag(e,)s 51, -+, 5n), along with the implicit
trivializations, form a (X, 8)-collection if and only if f factors through the open
substack X .

It is straightforward to verify that the above correspondence induces an equiva-
lence. ]

Remark 7.8. Carefully following the construction in the proof shows that the ac-
tion of the torus is as follows. Suppose N* C Z™ is the sublattice of trivial-
ized line bundles. Then the trivializations c, have natural weights of the torus
T = homg,(N*,G,,) associated to them. T acts on the trivializations via these
weights.

Remark 7.9. This moduli interpretation is stable under base change by open im-
mersions. Suppose a morphism Y — Xy s corresponds to the (X, 3)-collection
(Li, 8i,¢y). Let X' be a subfan of ¥. Then the pullback Y’ =Y X, , Ay 5 is the
open subscheme of Y where a subset of sections may simultaneously vanish only if
Y contains the cone spanned by the rays corresponding to those sections.

Remark 7.10. As a converse to Theorem [Z.7] note that any set of intersection rela-
tions among an n-tuple of generalized effective Cartier divisors (i.e. any specification
of which subsets of divisors should have empty intersection) determines a subfan
3 of the fan of A™. Furthermore, anyﬁ compatible collection of trivializations de-
termines a subgroup N* = {a € Z"|L£? is trivialized}. The dual of the inclusion
of N* is a lattice homomorphism 3: Z" — N with finite cokernel. Then X 5 is
the moduli stack of n-tuples of generalized effective Cartier divisors with the given
intersection relations and linear relations.

7.1. Examples. The simplest examples to describe are fantastacks. See Notation
and Examples [L.9H4.T3] for an explanation of the notation used below.

Remark 7.11. For any smooth stacky fan (X, 5: L — N), one may modify 3 by first
removing all unstable cones which S does not map to 0 and then including cones so
that X is induced by a fan on N. This shows that any smooth toric stack contains
an open substack which has a toric open immersion into a fantastack. Remark
therefore allows us to understand the moduli interpretation of non-fantastack
smooth toric stacks by appropriately modifying the intersection relations.

Remark 7.12. We explicitly obtain linear relations by choosing a basis for N*. For
each basis element 1), we get a trivialization of £8™(¥). That is, we get trivializations
of the divisors whose coefficients appear in the rows of 5*.

5There is one required relationship between the intersection relations and the trivializations.
Namely, if the intersection of a single Cartier divisor is required to be empty (i.e. if the corre-
sponding section of the line bundle is nowhere vanishing), then the line bundle must be trivialized.
That is, if the intersection relations explicitly require the section to trivialize the line bundle, then
it must be trivialized.
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o) |
7 T _ |

3 = i 1
Example [.13 Example [Z.14] Example

We follow the less formal approach to (X, 8)-collections explained in Remark [7.5]

Example 7.13. A morphism to the leftmost stack is a choice of three generalized
effective Cartier divisors Dy, D, D3 such that Dy N Dy N D3 = & (because no cone
contains all three dots), and so that Dy — D3 ~ @ and Dy — D3 ~ & (because
B* = (§91); see Remark [[12). Here, @ denotes the empty divisor.

In other words, it is a choice of a line bundle and three global sections that do
not all vanish at any point. This is the usual description of morphisms to P2.

Example 7.14. A morphism to the middle stack is a choice of two generalized
effective Cartier divisors Dy and Ds so that Dy + Dy ~ & (because 8* = (1 1); see
Remark [7.12)). Notice two particular morphisms from A! to this stack; one given by
setting D1 = 0 and Dy = &, and another by setting D; = @ and Dy = 0. Indeed,
the open substack where we impose the condition Dy N Dy = & is the non-separated
line.

Example 7.15. A morphism to the rightmost stack X is a choice of two generalized
effective Cartier divisors Dy and Dy so that Dy + Dy ~ & and 2Ds ~ & (because
B* = (4 3); see Remark[T.12)). Since there is a single cone that contains all the dots,
there is no intersection condition on D; and Dy. Notice that since two such divisors
satisfy the condition Dy + Dy ~ &, we get a natural transformation hom(—, X) —
hom(—, ), where ) is the stack of Example [[. T4l The corresponding map X — Y
can be seen as the vertical projection in the displayed pictures.

7.2. Smooth non-strict toric stacks. In this subsection we use the moduli in-
terpretation to show that any smooth non-strict toric stack is an essentially trivial
gerbe over a toric stack. Suppose Y — Ay 3 = [Xx/Gp] is the morphism to a
smooth toric stack corresponding to the (3, 5)-collection (L;,s;,cy). It factors
through the closed substack corresponding to the j-th coordinate hyperplane of A™
if and only if s; = 0. Theorem [7] (together with Remark 2.19) therefore gives us
the following moduli interpretation of smooth non-strict toric stacks.

Corollary 7.16 (of Theorem[[ 7). The smooth non-strict toric substack Z of Xs g
corresponding to a coordinate subspace H of A™ has the following moduli interpreta-
tion: morphisms Y — Z correspond to (3, §)-collections on'Y in which we require
that s; = 0 iof H does not contain the j-th coordinate axis.

Definition 7.17. Suppose K is a line bundle on a stack X and b is a positive
integer. The root stack /K/X is defined as the fiber product in the following
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diagram, where the map X — BG,, is the one induced by K:

VK/X —— BG,,

| L

X — BG,,

The map "b: BG,, — BG,, is given by sending a line bundle to its b-th tensor
power. It is induced by the group homomorphism G,, — G, given by ¢ ~ t°.

If € = (Kq,...,K,) is an r-tuple of line bundles and b = (by, ..., b,.) is an r-tuple
of positive integers, we similarly define {/K/X as X xpgr BGy,, where the map
X — BGI, is induced by the tuple (K4, ...,K,) and the map "b: BG], — BG/, is
induced by the homomorphism G”, — G, given by (t1,...,t.) — (t5, ... to). It
is straightforward to check that {/IC/X is the fiber product of the %/K;/X over
X.

Remark 7.18. Explicitly, a morphism from a scheme (or stack) Y to the root stack
YVK/X is a morphism f:Y — X, an r-tuple of line bundles (£q,...,L,), and
isomorphisms C?bi >~ K.

Definition 7.19. We say that X — ) is an essentially trivial gerbe if X is of the
form B(G?)) x Y/ K/V.

Proposition 7.20. Let Z be a smooth non-strict toric stack. Then Z is an essen-
tially trivial gerbe over a smooth toric stack.

Proof. Suppose Z is a closed torus-invariant substack of a toric stack &x, g, with £
a subfan of the fan of A™ (this is possible by Remark 2Z19). Let Dy,...,D,, be the
torus-invariant divisors of Xs; 5. Without loss of generality, Z =D; N---ND;. By
Corollary [[.16] Z is the stack of (3, 8)-collections where s; =0 for 1 <i <.

Let ¥/ be the restriction of ¥ to the sublattice Z"~! C Z" given by the last
n — [ coordinates, let N* = Z"' N N* and let 5': Z"~" — N’ be the dual to the
inclusion. For each i between 1 and [, let b; be the smallest positive integer (if it
exists) so that (0,...,0,b;,0,...,0,a;141,...,a;,) € N*.Without loss of generality,
we may assume these integers exist for 1 < i < r. Define K; = E;ff”l R QLY.

Suppose (L;,si,cy) is a (X, B)-collection on a scheme such that s; = 0 for 1 <
i < . Then the last n — [ line bundles with sections form a (X', 8’)-collection,
the line bundles £; for » < i < [ satisfy no relations, and for 1 < i < r, we have
isomorphisms Ef >~ K;. Therefore, a morphism to Z is precisely the data of a
morphism to B(G.,") x b Ky, K ) [ X g |

APPENDIX A: SHORT EXACT SEQUENCES OF Gg$

In this appendix, we prove some results which allow us to relate the groups of
Definition 2.4 to one another. The basic advantage of expressing a group G as an
extension of a quotient H by a normal subgroup N is that any quotient stack [X/G]
can be identified with [[X/N]/H]. This observation is used heavily throughout this
paper and [GS11D].

We refer the reader to [GM96] for the relevant homological algebra.

Lemma A.1. Suppose L, L', and N’ are finitely generated abelian groups. Suppose
®: L — L' and 5': L' — N' are homomorphisms. Suppose ker ® and ker 8’ are
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free, and cok @ is finite. Then we have the following diagram, in which the rows are
exact and the morphisms to D(L*) and D(L™*) are the ones described immediately

after Definition 214l
0 Gs Gﬁ/ocb G[g/ 0
0 Ga D(L*) D(L") —— 0

Proof. By the octahedron axiom, the commutative triangle L 2, 17 24 N’ induces
an exact triangle on cones C(®) — C(8' o ®) — C(B’) — C(®)[1]. This induces an
exact triangle of duals, which induces the long exact sequence of homology groups

0 = D(G}) = D(Gjrog) = D(Gg) = D(Gh) — D(Ghiog) — D(Gg) — 0.
0
Since cok @ is finite, D(G%) = 0. We therefore get the following diagram with exact

TroOwsS:
0 0 G oo G, 0
57 7] 5]
0 Gl Chios Gl 0
0 Go D(L¥) D(L"*) ——0 .

Lemma A.2. Suppose we have the commutative diagram of finitely generated
abelian groups below on the left, in which the rows are exact. Suppose ker [y, ker 3,
and ker B’ are free.

0 Lo L L 0 0—Gp G G 0
of o L
0 No N N’ 00— D(L}) — D(L*) — D(L'*) — 0

If cok By is finite, then the rows of the diagram on the right are exact.

Proof. We are given a short exact sequence 0 — C(5y) — C(8) — C(8') — 0,
which gives us an exact triangle in the derived category. The dual is then again an
exact triangle, so we get a long exact sequence of homology groups

0 — D(G%) — D(G%) — D(G},) = D(Gp) — D(Gj) — D(G},) — 0.
0

Since cok fy is finite, we have that D(G%O) = 0, so we get the following diagram
with exact rows:

0 0 GY GY, 0
D &) D
0 Gl0 G}3 GL, 0
0—— D(L§) —— D(L*) —— D(L"™*) —— 0 0
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Lemma A.3. Suppose B: L — N is a homomorphism from a lattice to a finitely
generated abelian group, and suppose cokf is finite. The map Gon,,, — Gg
induced by the commutative square

0——1L
| b
Nipt™—— N
is the inclusion of the kernel of the map Gg — TT.

Proof. Consider the diagram below on the left. By Lemma [A2] the diagram below
on the right has exact rows.

0——0——1L L——0 0— Gosn,, — Gg—Gg —0
L bl ]
0 Nior N N/Ntor—>0 0—— 00— T, =—=1, —0

Since ' has finite cokernel, the map Gz = D(cok(8"*)) — Ty, is an injection. The
result follows by applying the snake lemma to the diagram on the right. (|

APPENDIX B: TORIC ISOMORPHISMS

As mentioned in Warning 2-TT] non-isomorphic stacky fans can give rise to iso-
morphic toric stacks. The goal of this appendix is to prove Theorem [B.3] which
characterizes when a morphism of non-strict stacky fans gives rise to an isomor-
phism of non-strict toric stacks. The proof appears at the end of this section.

Definition B.1. Suppose ®: ¥ — ¥’ is a morphism of fans and ¢’ € ¥'. The
pre-image of o', ®~1(0’), is the subfan of ¥ consisting of cones whose images lie in

o'

Remark B.2. Suppose f: Xy — Xy is the morphism of toric varieties correspond-
ing to the map of fans ¥ — ¥’. The cone ¢’ € ¥’ corresponds to an affine open
subscheme U,, = Spec(k[o’V N N']) C Xy, the complement of the divisors corre-
sponding to rays not on o’. The key property of ®~1(¢’) is that X5 X xy, Ugr 18
naturally the open subvariety Xg-1(,) € Xs.

Theorem B.3. Let (9,¢): (X,8: L — N) — (X,8: L' — N') be a morphism
of non-strict stacky fans, where cok 8 and cok 8’ are finite. The induced morphism
Xs g — X5y g is an isomorphism if and only if the following conditions hold:
(1) ¢ is an isomorphism,
(2) for every cone o’ € X', ®71(0’) is a single cone (in the sense of Notation
B4), and
(3) for every cone o’ € ¥, ® induces a isomorphism of monoids ®~(o’)NL —
onlL.

Notation B.4. As a slight abuse of notation, we use the symbol ¢ to denote a cone
as well as the fan consisting of the cone ¢ and all of its faces.

Definition B.5. A non-strict toric stack Xx g is cohomologically affine if Xy is
affine (i.e. if ¥ is a single cone o).
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Remark B.6. More generally, an algebraic stack X is said to be cohomologically
affine if the structure morphism X — Spec k is cohomologically affine in the sense
of Definition This is in agreement with Definition [B.Al If a toric variety X,
is an affine toric variety and Gg is an affine group, then [X,/Gg] — Speck is
cohomologically affine by [Alp09, Proposition 3.14].

Conversely, suppose Xx, g = [Xx/Gg] — Speck is cohomologically affine. Since
Xy is affine over A, g (because it is a Gg-torsor), we have that X5, — Speck is
cohomologically affine, so Xy is affine by Serre’s criterion [EGAl Corollary 5.2.2].
It follows that X is a single cone.

Lemma B.7. Let (9,¢): (0,8) — (X',8) be a morphism of non-strict stacky
fans, with o a single cone. Suppose every torus orbit of Xsy g is in the image of
the induced morphism X(e ) (e.9. if X(@,4) is surjective). Then the map o — X' is
a surjection. In particular, ¥ is a single cone, so Xsy g is cohomologically affine.

Proof. The cones of ¥ correspond to torus orbits of Xy and X 5. We see that
every torus orbit of Xy is in the image of X,. Thus, the relative interior of every
cone of ¥’ contains the image of some face of o. Therefore ®(o) intersects the
relative interiors of all cones, and in particular all rays, of ¥/. Since ®(o) is a
convex polyhedral cone, it follows that the ®(o) is the cone generated by the rays
of ¥'. In particular, ¥’ C ®(0). |

Remark B.8. The cohomological affineness condition in Lemma cannot be re-

moved. For example, let ¥ = 4 and ¥/ = . Then Xy, is the blowup of A? at
the origin, minus the two torus-invariant points of the exceptional divisor, and Xsy
is A2. The natural map Xs — Xy is surjective, but the map on fans is not.

Definition B.9. An affine toric variety X, is pointed if it contains a torus-invariant
point. Alternatively, X, is pointed if o spans the ambient lattice L. If (o, 3) is a
non-strict stacky fan and X, is pointed, we say that X, s is a pointed non-strict
toric stack. In this case, we say that (o, 3) is a pointed non-strict stacky fan.

Note that a pointed affine toric variety has a unique torus-invariant point.

Remark B.10. Note some immediate consequences of the equivalence of categories
between toric varieties and fans. Any affine toric variety X, has a canonical pointed
toric subvariety. Explicitly, let L, C L be the sublattice spanned by o. Then
Xo,1, is pointed, and the inclusion L, — L induces a toric closed immersion
Xo.r, = Xo,1. We have that X, 1, is (non-canonically) isomorphic to the product
of X5 1, and the torus 17z, .

Remark B.11. Similarly, if (o, 8: L — N) is a non-strict stacky fan, with o a single
cone, there is a canonical morphism from a pointed toric stack. Let L, C L be the
saturated sublattice generated by o, let N, = Satn(8(L,)), and let 8,: Ly — N,
be the morphism induced by 8. Then we have a morphism of non-strict stacky fans
(0,85) = (0, 8). We see that X, 5 is (non-canonically) isomorphic to the product of
the pointed non-strict toric stack X, s, and the stacky torus X, 1,1 _sn/n,, where
% is the trivial fan.

Remark B.12. Note that X, g, as defined in Remark [B:11] has the following prop-
erty. Any toric morphism to X, g from a pointed toric stack factors uniquely
through X, g . This follows immediately from the fact that any toric morphism
from a pointed toric stack to a stacky torus must be trivial.
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Lemma B.13. Let X, be a pointed affine toric variety, and let Y — X, be a toric
morphism from a toric variety making Y into a G-torsor over X, for some group
G. Then'Y — X, is a trivial torsor and G is a torus. In particular, Y =2 G x X,
as a toric variety, so there is a canonical toric section Xy, — Y.

Proof. We have that G is the kernel of the homomorphism of tori induced by
Y — X,, so it is diagonalizable. We decompose G as a product of a finite group
Gy and a torus G7J,,.

We then have that Yy = Y/G/, is a toric variety which is a Gp-torsor over X,,.
The fiber over the torus-invariant point of X, is then a torus invariant finite subset
of Yy. A torus has no finite-index subgroups, so any finite torus-invariant subset of
a toric variety must consist of fized points of the torus action. On the other hand,
Yy is affine over X, so it is affine, so it contains at most one torus fixed point.
Therefore, Gy must be trivial, so G = Gj,,.

We have that G-torsors over X, are parametrized by H*(X,,G) =2 HY(X,,G,,)"
= Pic(X,)". By [CLS11l, Proposition 4.2.2], we have that Pic(X,) = 0, so all G, -
torsors on X, are trivial. It follows that Y = G, x X,. By Remark there is
a canonical toric section. (]

Corollary B.14. Let X, 3. 1, n be a pointed non-strict toric stack, where o spans
the lattice L. Let f: X5 3 — X5/ g be a homomorphism of toric stacks. Then f is
induced by a morphism of stacky fans (o,8) — (X', 3').

Proof. Following the proof (and notation) of Theorem [B4] we see that there is a
toric variety Yy with a toric morphism Yy — X, making Y, into a Gg-torsor over
X,. By Lemma[B13] there is a canonical toric section s. This toric section induces
a section of the morphism of stacky fans (®,idy): (X0, 80) — (o, 5).

s
0Q20—>2/

Lt Lo—— L

ﬁl J,BO Jﬂ’
N=——=N 25N
The composition (o, 8) — (X', 8") then induces the morphism f. |

Corollary B.15. Let (X,8: L — N) be a non-strict stacky fan. There is a natural
bijection between toric morphisms Al — Xs g and elements of L which lie in the
support of 3.

Proof. This follows immediately from Corollary [B.14] and the usual description of
the fan of A!, namely (—,id: Z — Z). O

Lemma B.16. Let (®,¢): (0,8: L — N) — (¢/,8': L' = N') be a morphism of
non-strict stacky fans, with o and o’ single cones. Suppose the induced morphism
X4y s an isomorphism. Then ® induces an isomorphism of monoids o N L —
o' NL.

Proof. By Corollary [B.15] elements of the monoid ¢ N L are in bijection with toric
morphisms from A! to X, 5. The isomorphism X(@,4) induces a bijection of these
sets. On the other hand, the induced morphism is a morphism of monoids. ([l
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Lemma B.17. Let X be a fan on a lattice L and let 3: L — N be a finite-cokernel
morphism to a finitely generated abelian group. Let Ly be a lattice and By: Lo — N
any homomorphism. Let ¥ x 0 be the fan X regarded as a fan on L& Ly, supported
entirely on L. Then the morphism of non-strict stacky fans (X,8: L — N) —
(2x0,8@ Bo: L& Ly — N) induces an isomorphism X5, g — Xxx0,808 -

Proof. Since X x 0 is the product of ¥ on L and the trivial fan on Lg, we have that
X0 = Xs x Tr,. The diagram on the left has exact rows.

0—L—L®Lo—>Lo—0 0—Gp Gaap Gry—o0—0
/Bl lﬁ@ﬁo l J l ll
00— N=——=N——"0—0 0—T1T, —Tr Ty, — T, —0

Since cok 3 is finite, Lemma implies that the second diagram has exact rows.
We see that the induced morphism is then

Xsp = [Xn/Gsl = [[X2x0/TL/Gs] = [[Xsx0/GLy—0]/Gp]
= [Xsx0/Gpap,] = Xsxo,p06,- U

Remark B.18. The condition that cok f is finite is necessary in the above argument.
As a simple counterexample where cok 3 is not finite, consider the morphism of non-
strict stacky fans (0,id): (X,0 — Z) — (X,id: Z — Z), where X is the trivial fan.
This induces the morphism BG,, — G,,.

Lemma B.19. Let o be a cone on L. Suppose
(®,9): (0,8: L = N) — (®(0),8': L' - N')

is a morphism of non-strict stacky fans so that ¢ is an isomorphism, cok ® is finite,
and so that ® induces an isomorphism of monoids (o0 N L) — (®(c) N L"). Then
the induced morphism X, 5 — Xp(s),p 15 an isomorphism.

Proof. Let L, C L be the sublattice generated by ¢ N L, and let L; be a direct
complement. Let X, denote the pointed affine toric variety corresponding to the
cone o, regarded as a fan on L,. The fan o (on L) is the product o x 0 on L, X Ly,
S0 Xy g = [(Xo x T1,)/G).

By assumption, the sublattice of L’ generated by ® (o) N L’ is isomorphic to L,
and the isomorphism identifies o with ® (o). Let L] be a direct complement to L,
in L'. As above, we have that Xp () 5 = [(Xo X T11)/Gp].

Note that T, =Ty, & 11, and T =11, @ TL;- Since cok @ is finite, Lemma
[A Tl tells us that the following diagram has exact rows:

0 Go Gg Gga 0
| | |

0 Go Ty, T, 0
@ S &)

0 ——0—T,, =—=T11,, ——0

So we see that the toric morphism induced by (®, ¢) is the isomorphism

Xop = [(Xo x Tp,)/Gpl = [[(Xo x T,) /Gal /G ] = [(Xo x T1y)/Gar] = X@(g),%
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Lemma B.20. For i = 0,1, let (;, ;) be a morphism of non-strict stacky fans.
Then (®g X Py, g X ¢1) induces an isomorphism of non-strict stacky toric stacks
if and only if each (®;, ;) does.

Proof. This is an immediate corollary of Proposition (Il

Lemmas [B.17 and [B.19] can be combined and extended.

Proposition B.21. Let (®,¢): (0,: L = N) — (¢/,6": L’ = N') be a morphism
of mon-strict stacky fans, with o and o’ single cones. Suppose

(1) ¢ is an isomorphism,
(2) @ induces an isomorphism of the monoids (6 N L) and (o' N L"), and
(3) ¢(Saty B(L)) = Satn: B'(L').

Then the induced morphism X, g — Xgr g1 1S an isomorphism.

Proof. First we reduce to the case when cok S is finite. Let Ny be a direct comple-
ment to Saty B(L). Then we see that (X, 3: L — N) is the product of (3, 81: L —
Saty B(L)) and (x, 80: 0 — Ny), where * is the trivial fan (which contains only the
zero cone). Condition (B]) implies that ¢(Np) is a direct complement to Sat - 5'(L’),
so the same argument shows that (X', 3': L’ — N’) is the product of (E’, Bi: L —
Saty: /(L)) and (*,85: 0 — ¢(No)). We see that (®, ¢) is a product of (®: L —
L', ¢1: Satn(B(L)) — Satn/(8'(L'))) and (0, ¢|n,). The latter is an isomorphism
by conditions (1) and (3], so by Lemma [B:20, we have reduced to the case where
N = Saty B(L) (i.e. where cok § is finite).

Let L, be the sublattice of L generated by o N L. Let N; be the free part of
B(L), and choose a splitting s: Ny — L. Let L1 = L, + s(Ny) in L.

Applying Lemmas([B.19and [B.17]in succession, we see that the morphism induced
by the composition (o, 8|L,) = (0, Blsat,, £,) — (0, 8) is an isomorphism.

Note that @[, has no kernel, so we may identify ®(L;) with L;. Then the same
argument shows that (o, 8|r,) — (¢/,8’) induces an isomorphism.

We then have a factorization of morphisms of non-strict stacky fans (o, 5|,) —

2, . . . . .
(0,8) ﬂ> (o', ). Since the first morphism induces an isomorphism and the
composite induces an isomorphism, it follows that (®, ¢) induces an isomorphism.
|

We conclude this section with the proof of Theorem [B.3l

Proof of Theorem [B.3l Suppose the conditions hold. To show X5 3 — X5/ g is an
isomorphism, it suffices to look locally on the base, so we may assume Y’ is a single
cone o’. The result then follows from Proposition [B.2T]

Conversely, suppose (®,¢) induces an isomorphism. By Lemma [A3] the map
of generic stabilizers is Go-n,,, — Gony, . Since this is an isomorphism, it
follows that ¢ restricts to an isomorphism ¢ior: Nior — N{,,. The quotient map
¢: N/Niyor — N'/N/.. induced by ¢ is the map of 1-parameter subgroups of the
stacky tori of X5, 3 and Asv g/, respectively, so it is an isomorphism. Since ¢¢o, and
¢ are isomorphisms, it follows by the 5-lemma that ¢ is an isomorphism.

Since isomorphisms are affine, Remark shows that ®~1(¢”) is a single cone
for each ¢/ € ¥'. Finally, Lemma shows that ® induces isomorphisms of
monoids. (]
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Remark B.22. Suppose Xy is a smooth toric variety and ®: (3,Z") — (X, L) is its
Cox construction [CLSTI), §5.1]. Then the induced morphism Xi@ — Xyia, = Xn
is an isomorphism. In particular, any smooth toric variety can be expressed as
a quotient of a G],-invariant open subvariety of A"™ by a subgroup of GJ.,. Toric
stacks of this form are called fantastacks (see Section M and Example A7).
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