
and  Matizen (271 ( P h 0 H - t  H2O). These  suggest 
either a weak infinity  in Cr or  possibly no  infinity 
at all. 

beta -The  recent  and  precise  results of Thompson 
and  Rice [28] make it unnecessary  to  discuss  earlier 
work,  including  their  own.  They  studied CCI4 
+ n - C7F16 to  within lO-4 "C of Tc and  obtain 

beta = 0.33 * 0.02. 

y ,  6.-The  results of Croll  and  Scott [20] for 
CH4+ CF4 suggest  that y+ is about unity. The 
authors  may  have  unpublished  points on these 
systems  to  justify  some  attempt  to  determine y 
and 6; no earlier work  suffices. 

I f ,  hy analogy with the  more  extensive  work on 
systems  with  one  component, it turns  out  that y+ > 0 
then  there are interesting  consequences.  Thus 
both T and T must  be  zero  at  the 
critical  point.  That  is  curves of the  heat of mixing 
as a function of composition  must have a point of 
inflexion. This is  not  inconsistent  with,  for  ex- 
ample,  the  measurements of Copp  and  Everett 
[30] and of Matizen  and  Kushova [31]  on the lower 
critical  solution point of H20. There 
appear to be no  other  accurate  measurements  close 
to Tc 

A further  consequence of y+ > 1 for  which  there 
is some  experimental  evidence  is  that  coexistent 
curves  calculated  from  excess  Gibbs  free-energies 
that  have  been  extrapolated  to Tc on  the  implicit 
assumption  that y+ = 1 must  always be too  high 
at  an  upper  critical  solution  temperature  and too 
low at a lower  critical  solution  temperature.  It  is 
common  experience  that  this is so [32 ,  331. A 
recent  paper by Scatchard  and Wilson 1331 shows 
a closed  solubility  loop  calculated by such  extrapo- 
lations  which  shows  simultaneously  an  upper  critical 
point that is too  high  and a lower  one  that  is  too low. 
However  more  direct  evidence of the  magnitude 
of (7' - 1) would  be  welcome. 
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Optical Measurements of the Density Gradients Produced by  Gravity in 
CO2, N2O, and CClF3 Near the Critical Point 

E. H. W. Schmidt 

Technische  Hochschule,  Munchen, Germany 

1. Introduction 
When  Dr.  Green  asked  me  to  read a paper  dealing 

with  my work  on  density  gradients  produced by 
gravity  in  fluids nea r  their critical  points, I hesitated 
to follow this  invitation  because I already  presented 
some of such  experiments with CO, at  the  Second 
Symposium  on  Thermophysical  Properties  held  in 
Princeton  University  January 1962 [I].  However, 
meanwhile  together  with my collaborator J. Straub, 
we repeated  these  measurements  with  greater  pre- 
cision and  extended  them  to N2O and CClF3 (Freon 
13). 

First I may  remind you  of the  original  purpose  and 
the  start of these  experiments. The old conven- 
tional method for measuring  the  critical  data of a 
substance by observing  the  disappearance of the 
meniscus i.e., the interface  between  the  liquid  and 
the  vapor phase is  not  very  exact  because it needs a 
slow change of temperature  or  pressure  and  there- 
fore the fluid is not  in a state of equilibrium.  More- 
over  it is  difficult  and  depends  upon  the  ability of 
the  observer  to  state  exactly  when  the  meniscus  has 
disappeared.  This is the  reason why the  critical 
point of most  substances  is  not  very well known,  and 
some  observers  even  had  the  conception,  that  the 
critical  point  had  to  be  extended  to a critical  region. 

In  order  to avoid the difficulties of the  conven- 
tional method I came to the  idea of using  the  refrac- 
tive index  for  the  determination of the  critical 
state  data,  which  index  depends in a simple way 
upon the  density of the  substance  irrespective of 
its  liquid or  gaseous  state. 

AS long as a meniscus is visible,  the  densities 
and the  refractive  indices  are  different in the  liquid 
and in the  vapor.  However,  when  the  critical  state 
is attained,  refractive  index  and  density  should  be 
equal below and  above  the level where  the  meniscus 
disappeared. 

2. The Pressure Chamber and Its 
Accessories 

For  our  experiments we use now the  installation 
shown  in figure 1. The fluid is  in a strong  cylin- 
drical  chamber of stainless  steel  with  horizontal 
axis  closed on both  ends by parallel  windows of 
optical  glass  with  28 mm free  diameter. 

For  equalizing  the  temperature of the  pressure 
chamber it is  placed in a big copper  cylinder.  which 
on  its  outer  side is supplied  with  screw-shaped 
groves  through  which  water  from a thermostatic 
apparatus flows bifilarly. In  order  to  minimize  the 
fluctuations of the  temperature  produced by the 
switching in and  out 'of the  heating coil of the  ther- 
mostat with the  help of a mercury  contact  ther- 
mometer.  three  thermostats  are  used in series so 
that  the  first  with  its  contact  thermometer  de- 
livers  warm  water for heating  the  next  one.  and  this 
again for the  third, as shown in  figure 2. In  this 
way the  temperature of the  copper  cylinder  with 
the  pressure  chamber  in it could be held  constant 
for  many  hours  and  even  for  several  days  within 
deviations of less  than ?0.0015 "C. 

The copper  cylinder has on  both  ends  conical 
holes  for  the  optical  observation.  In  these  holes 
two  more  plates of thick  optical  glass are placed, 
which  together  with  two  outer  thinner  windows  and 
electrically  heated  coils  inside  these  windows 
prevent  the  cooling of the  pressure  chamber by 
the  surrounding  air. 

The  temperature of the  room, in  which the whole 
experimental  arrangement  has  its  place  is  also 
regulated by  way  of contact  thermometers  together 
with  electric  heaters  and  the  fluctuations of the 
room  temperature  do  not  exceed ?0.1 "C.  Never- 
theless,  the  copper  cylinder is covered  with a thick 
layer of polystyrol as heat  insulation. 
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help of a screw  pump  more  or  less  mercury can be 
pumped  into  the  pressure  chamber  changing  the 
volume  and  the  density of the fluid contained in i t .  

3. Optical  Installation 

The  optical  installation  for  measuring  the  refrac- 
tive  index  and  from it the  density of' the fluid is 
shown in figure 4. The  pressure  chamber a with the 
glass  prism in it is placed in the  middle of the 
disk c ,  around  which two arms can he swung of 
which  one  supports  the  sodium lamp d,  the con- 
densor e, the  vertical  slit f, and  the  lens g ;  whilst 
the  other  arm  bears  the  telescope h. the. horizontal 
slit i. and a small  concave  mirror k.  The  sodium 
lamp with its monochromatic  light  illuminates with 

A picture o f  the  pressure  chamber  and  the  copper 
cylinder  before  surrounding it with the  heat  insula- 
tion is  shown  in  figure 3 .  All tubes  leaving  the 
pressure  chamber  are  provided with protective 
electrical  heating in order to prevent  any loss of 
heat  which would cause local cooling  The  purpose 
of all these  arrangements  is  to  improve  the  con- 
stancy of temperature in  the  pressure  chamber  and 
to avoid natural  convection  in  the fluid. which dis- 
turbs  the  optical  measurements. 

The temperature o f  the fluid is measured  with  the 
help of manganin-constantan  thermocouples  placed 
in  vertical  holes  drilled  into  the  copper  cylinder. 
The pressure of the fluid is measured  with a piston 
manometer f shown  in  figure 2. This  manometer 
is filled with oil which is separated  from  the fluid 
in the  pressure  chamber by mercury.  With  the 

the  help of the  condensor  the  vertical slit which is 
placed  in  the focus of the  lens g .  

In  this way a parallel beam of light enters  the 
pressure  chamber  and is refracted by the  glass  prism 
and the  prism-shaped fluid in the  chamber I f  the 
telescope is turned in the right direction a vertical 
picture of the slit is t o  be seen i n  i t ,  and  from  the 
angle of the position of the  telescope the refractive 
index of the fluid  in the  pressure  chamber  can  be 
calculated.  This  angle  can be determined  very 
exactly  with the help of a small concave  mirror 
placed  above the m i d d l e  o f '  the pressure  chamber 
and  moving with the telescope t o  which i t  is  fixed. 
A light  pointer  reflected h y  the  mirror  throws a 
mark on a  circular scale w i t h  2.05 m radius. I n  this 
way the  angle of the telescope  (*an be determined 
with  precision of better than 0.01 '. 



FIGURE 5 Samples of photographs taken  with  the telescope 

If the  density of the fluid in the  pressure  chamber 
does  not  depend on height,  the  telescope  shows  a 
vertical  picture of the  slit. If there is a  meniscus 
in the  pressure  chamber  separating  liquid  and  vapor, 
we get two different  pictures in the telescope,  one 
produced by the light passing  the  liquid  phase,  the 
other  produced by the light passing  the  vapor  phase, 
the  distance of these  lines  being  proportional  to 
the  difference in density of liquid  and  vapor. 

One of the first photographs  which I got in this 
way with CO2 at  its  critical  pressure is shown in 
figure 5. Here two horizontal  slits  are  placed  before 
the  telescope so that  the  upper  slit  gets light hav- 
ing  passed  the  vapor  phase,  the  lower light having 
passed  the  liquid  phase.  On  the  right-hand  side 
we see  what  the  telescope  shows.  The  distance 
of the  two  lines  decreases if we approach  the  critical 
temperature,  but  they  do  not  coincide  when  the 
meniscus  has  completely  disappeared. 

The  last  two  pictures of figure 5 are  taken  without 
the  horizontal  slits.  Here  both  lines  are  indistinct. 
showing  that in the fluid there  must  be  a  change of 
density with height. A better  picture of the  same 
kind,  also  taken  with  two  horizontal  slits. is shown 
in figure 6: here  even  at  the  critical  temperature of 
31.01 "C the  two  lines  have  a  substantial  distance, 
as  the  third  frame  shows.  The  last  frame  was  taken 
after  stirring  the fluid thoroughly with the  help of 
a  magnetic  stirrer.  However. if the  stirrer is 
stopped  the two  lines of frame  three  reappear  after 
some  hours  and we learn  that in the field of' gravity 
the  stable  state  has  gradients of density. 
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These  experiences gave  rise to use  a  horizontal 
slit before  the  objective of the  telescope which can 
be moved u p  and  down.  whereas  the  position of 
the slit  can  be measured  with  the  help of a  cathe- 
tometer.  In  this way the  density of the f l u i d  can 
be  measured  as  a  function of height. 

4. Some  Results of the  Point by Point 
Measurements of the Density of CO, 
Near  Its Critical Point as a  Function 
of Height 

As an  example figure 7 shows  the  results of 
density  measurements  depending  on  height for 
CO, at its  critical  pressure  and at a  temperature 

r I 1 1 I 

10.007 "C above  the  critical  temperature.  We 
e how  well the  measured  values  lie  on  the  curve a 

the scattering  being  less  than  the  thickness of the 
line All curves  which we shall  see  later  are  deter- 
mined by measurements with the  same  precision 
and thus it  may  be  allowed  to  omit  the  measured 
points. The  curve b is  a  slight  correction of curve a 
due to the  fact  that in a field with  a  gradient of den- 
sity the  ray of light  is  slightly  curved.  In  the  figure 
the abscissa  is  the  reduced  density p / p c  where p c  is 
the density  at  the  critical point. We  see  that  for  a 
change  in  height of only 10 mm  (from + 5  until - 5) 
&e change in density  is  about 10 percent. 

Now already  in  1892 Gouy [2] has  emphasized  that 
&e critical  pressure  can  only  exist  at  a  certain  level 
of the fluid,  because  the  pressure  and  thus  the  den- 
sity decreases with  height  due  to  the  weight of the 
fluid  However,  the  measured  gradients of densi- 
ties are 30 to SO times  larger  than  those  produced by 
hydrostatic  pressure if these  are  derived  from  a  van 
der Waals  equation. 

Figure 7 is  measured  at  a  temperature 6= 
+0.007 "C above  the  critical  temperature  and  at  a 
mean  density  very  near  the  critical  value. If we 
change  the  temperature  at  constant  mean  density of in the  gaseous  phase.  The  curve b is observed  at  a 
the  fluid  we  get  a  set of curves  as  shown in figure 8,  temperature very  near  the  critical  value,  the  curves 
taken  at  a  mean  density of p/pr=0.985.  The  curve c ,  d ,  e ,  and f are  taken  at  temperatures  from 0.003 
a corresponding  to  a  temperature 8 =-0.005" below  until  0.095 "C above  the  critical.  Here  the  jump 
the critical  shows  a  jump in density  corresponding in density  has  changed  to  an  inflection  point  with 
to a visible meniscus,  but  nevertheless  there is  still  a  tangent  growing  steeper  the  more we surpass  the 
a substantial  gradient of density in the  liquid  and  critical  temperature. 



The  immediate  neighborhood of the  critical point 
is difficult t o  observe  because  here the  gradient 
of density  has  its  highest  value.  and  the  light is 
deflected  down.  Therefore.  in  what follows we will 
calculate  the  temperature  difference theta using  as the 
starting point the  highest  temperature  at  which  the 
density  versus  height  curve  still  shows  a  discon- 
tinuity. 

If the  mean  density is increased by pumping  more 
mercury  into  the  pressure  chamber  the  level  where 
the  meniscus  disappears  ascends  as  to  be  seen in 
figure 9. where  the  left-hand  picture  repeats  figure 
8 with  the  mean  density p/p,=O.985, and  the  right- 
hand  picture  corresponds  to  a  mean  density p /p , .  
= 1.033. The different  curves  are  isotherms  from 
-0.008 up  to 0.252 "C above  critical  temperature. 

In figure 10 all curves  are  taken at the criti- 
cal  pressure  and at the  same  temperature 0: 
-0.006 "(: below the  critical  value,  only  the mean 
densities  differ  from  curve t o  curve  and  are  denoted 
by the small  circle in each  curve. 

Figure 11 shows  the  same  very  near  the  critical 
temperature.  Figure 12 for -9=+0.007 "C; figure 
13 for 6=+0.03  "C; figure 14 for -9=+0.06 O ( : .  

These  figures  show how  difficult  it is t o  determine 
the  critical  density  without  optical  observation be 
cause the inflection point of  the  density  curve (the 
level  where  the  meniscus  disappears) may have a 
higher  or  lower  position. If  it is high,  more  than 
half of the  chamber is filled with fluid of larger  dens- 
ity, if it is low. only a smaller  part of' volume has 
the higher  density. 

'5. Measurements With N2O, CClF3 
and H2O 

All measurements up  to  here  are  made  with CO2 
In order  to  show  that  not  only  this  substance  under- 

' goes gradients of density  in  the field of gravity, 
experiments  were also made  with N2O and  with 
CClF3 

Figure 15 shows  isotherms of N2O for  tempera- 
tures 6=-0.027 until +0.021 "C at  a  mean  density 
p/pr=0.998.  In  figure 16 two sets of isotherms  are 
placed side by side,  the  left  with a mean  density 

Figure 15. Density against height for  N2O at  a  mean  relative 
density 0.9Y3 p r  and  for  temperatures 6 relative  to  the  critical 
temperature t,.=36.585 "C: 

e. O.Ol2 "C:,f .  0.021 "C. 
a. - 0.027 "Cr b. -0.012 "C; C. - 0.006 "C; d.  0.000 "C; 

p/p, .= 0.955  and  temperatures -9 from 0.000 until 
+ 0.056 "C, the  right  with p / p , =  1.003 and  tempera- 
tures 6 from - 0.002 until + 0.218 "C. The figure 
is  very  similar  to  figure 9. Figure 17 also  relates  to 
N,O at a temperature 6=-0.004 "C with  different 
mean  densities given by the  small  circles  in  the 
curves. 



Finally  figure 18 is measured  with CClF3 at  a 
mean  density p/p,.=O.989. and the different  curves 
correspond  to  temperature  differences  with  the 
critical  value  from 8 = - 0.065 until + 0.265 "C. 

In  the  CO2 molecule the two 0-atoms  are  placed 
symmetrically  on  opposite  sides of the  C-atom. 
corresponding  to  the  scheme  0=C=O. The N20-  
molecule  is  asymmetric  and  therefore  polarized 
following the  scheme N=N=0.  The CCIF,, mol- 
ecule  has  the  shape of a  tetraeder  with  the  C-atom 
in the  middle  and  the  halogen  atoms  at  the  corners 
of the  tetraeder. As these  three  molecules  differ- 
ing  in  shape  and  chemical  constitution  show  the 
same  behavior  in  the  neighborhood of the  critical 
state. it is  to be expected  that  this  behavior  is a 
general  quality of all  substances. 

The  critical  data  which we  found  are  in good 
agreement  with  the  results of other  authors. 

Measurements with H 2 0  are now being  done. 
This  molecule  has  the  shape of a  triangle  and  its 
behavior  near  the  critical  state  seems  to  be the 
same  as  for  the  other  substances.  However.  the 
measurements  are  much  more difficult due to the 
higher  temperature t,.=374.15 "C and  the  higher 
pressure p,.= 221.3 bar.  Windows of glass  and 
even of quartz  are  impossible  because  these  sub- 
stances are corroded  and  lose  their  optical  quality. 
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Finally we found  that  sapphire  windows  withstand 
corrosion  and  these  are  used now. 

6. Summary 

The  above  experiments  show  undoubtedly that 
near  the  critical  state of substances  considerable 
gradients of density  are  produced by gravity. For 
the  three  substances  encountered,  the  density a t  
the  critical  pressure  and  near  the  critical  tempera- 
ture  changes by about 10 percent  over  a height of 
about 10 mm.  These  distributions of density are 
stable  and  reproducible.  After  any  changes of  
state of the fluid. they are  restored by  diffusion  and 
some  kind of sedimentation  within  times of about 2 
hr  for  heights of some  centimeters. 
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Notes,  Definitions,  and  Formulas  for Critical Point  Singularities 

M. E. Fisher 

University of London, King's College,  London, Great Britain* 

1. Introduction 

For  the  convenience of participants  a  set of 
definitions  and  notes  concerning  the  various  criti- 
cal point singularities  and a table of formulas 
Elating  the  lattice  gas  and  Ising  ferromagnet 
models were  distributed  at  the  Conference.  These 
are reproduced  here  with a few corrections  and 
extensions. 

Most of the  results  quoted  are  described  and 
discussed  in  detail  in  references 1, 2. and 3 where 
further references  to  the  literature  are  given. A 
few more  recent  results  are  contained  in  references 
4 to 8 and, of course,  in  the work reported  at  this 
Conference  particularly  in  connection  with  critical 
scattering  by  Chu,  Passel,  Nathans,  Dietrich,  and 
Als-Nielsen. 

2. Critical Point  Exponents 

For theoretical  discussions  and in the  analysis 
of experimental  data it is useful to  have  a  precise 
definition of a  critical point exponent.  This  may 
be given as follows: 

if 

we say  f(x)-xAas x + O + .  

Note that  with  this  definition  the  statement f ( x )  - X' 

does not exclude  the  possibility of a  logarithmically 
divergent  factor, i.e.. AxAI log X I  - x A .  In  particu- 
lar if A = 0 the  function f ( x )  might  diverge as llog x1 
for example,  or f ( 0 )  might be finite,  the  function f(x) 

lim r -  0 4  log f ( x ) /  log x =  A, 

'Now a1 Cornell University.  Ithaca New York 

then  being  either  continuous  or  discontinuous  as 
x passes  through  zero. 

The definitions of the  most  important  critical 
point exponents  for  gases  and  ferromagnets  are 
set  out in the following table  together  with  certain 
relations  between  them.  Analogous  formulas 
hold for  binary  alloys  and binary fluid systems. 
Note  that  the  exponent r )  enters  directly  into  the 
scattering of waves at the  critical  point  through  the 
formula 

l/Z,.(k) - X.2-v. 

where [(k) is  the  intensity of scattering  at  wave 
vector k with k = (4~r /h )  sin 3 8 (for d=  3) .  

The  meanings of the  symbols  used  in  table 1 and 
below are 

CI.. C,,, C,,. C,,, Specific  heats  at  constant  volume, 
pressure,  field,  and  magnetization, 
respectively. 

T .  T r  Temperature,  critical  temperature. 
p ,  p r ;  p , , ,  p ( ;  Density,  critical  density:  densities 

of coexisting  liquid  and  gaseous 
phases. 

netization. 
M .  Mo Magnetization,  spontaneous  mag- 

K T ,  K s  Isothermal  and  adiabatic  com- 
pressibilities. 

tibilities. 
xs, X S  Isothermal  and  adiabatic  suscep- 

P .  1jr.. Pu Pressure,  at  the  critical point and  at 
coexis tence  (vapor   pressure) ,  
respectively. 

H Magnetic  field. 
a h )  Pair  correlation  function  (in  a  fluid). 
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