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Nuclear  Magnetic  Resonance  Measurements  Near  the  Critical Point 
of Ethane 

M. Bloom 1 , 2 

Harvard University, Cambridge, Mass. 

In  this  talk I shall  discuss  the  application of 
nuclear  magnetic  resonance (NMR) techniques  to 
the  measurement of two transport  properties of 
fluids near  the  critical  point.  The  two  transport 
properties we shall  discuss  are  the  nuclear  spin- 
lattice  relaxation time T I  and  the  self-diffusion 
constant D of the fluid.  Both of these  observables 
are  easy t o  measure  using  the NMR pulse  tech- 
nique of E. L. Hahn  [l]. 

The  Hahn pulse technique: A  simple  version of 
the NMR pulse  technique  is  illustrated  sche- 
matically  in  figure 1. Suppose  that  a  time  inde- 
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is  applied  to  the  nuclear  spin  system  such  that  the 
gradient G is  small so that 

over  the  entire  volume of the  sample. i and k 
are  unit  vectors  in  the x-  and  z-directions  respec- 
tively. The  spin  system is assumed t o  be in  equilib- 
rium  before  the  first of the two r-f  pulses  applied 
at  times t = 0 and t = T  respectively.  Assume  that 
the r-f pulses  are  sufficiently  intense  and  that  their 
frequency is sufficiently  close t o  the  Larmor 
frequency wo= yH0, where y is  the  nuclear  gyro- 
magnetic  ratio,  that  the  lengths of the  pulses  can 
be  chosen  such  that  the  z-component of magnetiza- 

tion is rotated by an  angle  by  each of the  pulses. 

Then, if the  z-component of the  nuclear  magnetiza- 
t i o n  relaxes  towards  its  equilibrium  value  ex- 
ponentially  with a time  constant TI, the  maximum 
amplitudes of the  detected  nuclear  induction  signals 
A(0)  and A ( T )  following the  pulses  are  related  by  [l] 

Tr 

2 

tional  degrees of freedom of the  system so that  one 
can  usually  write 

-= 1 R,, + Rf, + Rr,. 
T I  (5) 

R.1 is  the  relaxation  rate  due  to  intramolecular  di- 
pole-dipole  and/or  electric  quadrupolar  interactions 
[6]; i.e.,  those  interactions  which  transform as 
YZtt,(CLi), where ai is the orientation of ,a vector 
fixed in the  molecule i. R ,  is the  relaxation  rate 
due t o  dipole-dipole  interactions  between  nuclear 
spins  on  different  molecules,  i.e.,  those  interactions 
which  vary as YZttt(flij)/r:j, where rij = (rij, 0,) is 
the  vector  joining  a  pair of spins  on  different  mole- 
cules [71. ti!(. is  the  relaxation  rate  due  to  the  inter- 
action  between  the  nuclear  spins  and  the  rotational 
angular  momentum J i  of the  same  molecule  [8] 
(the  spin-rotation  interaction). 

Of the  three  terms  contributing t o  Tr’ in eq (5), 
a  molecular  theory is available  only  for R A  [7], 
which is expressed in terms of Fourier  transforms 
of the  correlation  functions 

If t h e  x and y components of the  nuclear  mag- 
netization  relax  towards  their  equilibrium  value of 
zero  exponentially  with  a  common  time  constant 
T2 and if the  spatial motion of the spins in the sample 
is adequately  described by the  solution t o  the dif- 
fusion  equation,  the  maximum  amplitude of the 
“ spin-echo)” at  time 27 is given  by [2 ]  

Equation  (4)  correctly  gives  relative  values of A(%) 
in terms of T?, G ,  11 and T for  any given angles of 
rotation b y  t h r .  r-f pulses  [3].  For  systems with 
strong N M R  signals, it is  easy  to  measure T I  and 
D to  an  accuracy of k 5 percent  and  with  care  an 
accuracy of 2 1 percent  can  be  attained. 

Note  that  the  self-diffusion  constant  measured 
here is the  “spin  self-diffusion  constant.” The 
interpretation of this  type of self-diffusion  constant 

, has been given  by Emery  [4]  and  by  Fukuda  and 
Kubo [SI. 

Interpretation of TI measurements: For  most 
simple  systems  there  are  three  main  types of inter- 
actions  which  enable  the  nuclear  spin  system  to 
exchange  energy  with  the  translational  and  rota- 

where g(r, r’ ,  T )  is  a  time  dependent  pair  distri- 
bution  function  for  the  system; &r, r’,  T )  drdr‘ is 
the probability  that  the  vector  joining  a pair of 
molecules  is  between r and r t  dr initially and 
between r’ and r’ + dr’ at  a  time T .  For  a  system 
c ) f  identical  nuclear  spins RB is expressed  in  terms 
o f  J(w0) and ./(2w0). Note  that  typical  values of 
wo are 00 c lox sec-l  which is an  extremely low 
frequency  insofar  as  the  dynamical  motions of 
fluids are  concerned. The other  important point 
to  notice  about  eq (6) is that J ( w )  gets  its  major 
contribution  from  pairs of molecules  which  are 
very close together,  because of the r 3  dependence 
of the  dipole-dipole  interaction. 

Physically,  one  can say that RB gives a measure 
of a specific  type of inelastic  scattering  cross sec- 
tion  corresponding  to  collisions  between  pairs of 
molecules  in  which  the  total  nuclear  Zeeman  energy 
is changed.  The low frequency 0 0  corresponds  to 
the  fact  that  the  energy  exchanged  between  the 
spin  system  and  the  translational  degrees of free- 
dom  is  very  small (< lO-’eV). 

There  are  no  detailed  molecular  theories  for 
RA and R ( .  in dense fluids, except  for  liquid Hz [91, 
and  this  has  inhibited  the  interpretation of t h e  many 
TI measurements  already  performed  on  liquids 
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in molecular  systems. R.4 and RC are  related t o  
low-frequency  Fourier  transforms of correlation 
functions of YZrrl(C&(t)) and Ji(t). Since  the  inter- 
actions  responsible  for  molecular  reorientation  are 
the  anisotropic  intermolecular  interactions,  the 
correlation  functions of Yrrn(Ri(t)) and  Ji(t)  are  each 
related  to  correlation  functions o f  these  (short 
range)  anisotropic  interactions in a  manner  which 
has  been  defined for one  system [9], that of Hz. 
It is  very  likely, in the light of the  theory  for Hr ,  
that RA and RC. can  be  expressed in terms of Fourier 
transforms of correlation  functions  similar  to  that 
of eq  (6),  for  interactions of shorter  range  than r R .  

The  behavior of TI near  the  critical  point;  From 
the  preceding  discussion, we can  see  that  the  quan- 
tity  of interest in the  interpretation of T I  is g(r, r', T )  

at  short  range, i.e.,  for r ,  r' 5 Ro, the  range of the 
intermolecular  interactions.  Defining j(r,  r', o) by 

the  quantity of interest In the  low-frequency  limit 
is j(r,  r', 0) ,  i.e., the  area  under  the  time  dependent 
pair  distribution  function for r ,  r' 5 Ro. This  prob- 
lem  is  analogous  to  the  calculation of the  area  under 
the  correlation  function for relative  orientations 
of neighboring  spins  near  the  ferromagnetic  Curie 
temperature.  The  interpretation of TI near  the 
critical  point  may  be  compared  with  the  inelastic 
scattering of neutrons,  which  is  dominated by the 
long  range  correlations.  Unlike  the  short  range 
parts of .g4r, r', T )  of-interest  here,  the  long  range 
parts  can be studied  explicitly  near  the  critical 
point  by  the  methods of macroscopic  fluctuation 
theory [ 101. 

Experimental  results for  T I :  The  simplest  type 
of system in which  to  investigate T I  near  the  critical 
point  is  a  system  such  as He:' in which R.4 = R(.= 0. 
However,  because of the  smallness of RH near  the 
critical  point,  special  precautions  would  have  to  be 
taken  to  eliminate  spin  relaxation  due  to  collisions 
with  the  walls of the  container  and  such  a  study  has 
not  yet  been  carried  out.  For  all  the  systems 
studied  near  the  critical  point  thus  far RA + Rc, %- R H .  

The first study of T1 near  the  critical  point  was 
conducted on SF6 by Schwartz  [ll].  Since  then 
several  substances  have  been  studied  including 
benzene  and  some of its  derivatives  [12], HC1 
and  HBr [13], and  ethane [14] (CzHG). The  results 
obtained  are  qualitatively  similar  for  all  the  cases 
studied,  but  the  study of ethane by  Noble  is  the  only 
one in which  care  was  taken  to  ensure  that  the 
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sample was in thermodynamic  equilibrium  near 
the  critical point. He usually  kept  the  sample  at- 
constant  temperature  for  24  hrs  before  making T I  
measurements  and  then  made  a  second  set of meas- 
urements after waiting  for  an  additional 24 hrs. 
The  temperature  gradient  across  the  sample  was 
less  than 0.004 "C. 

As may  be  seen  from  figure 2, Noble's  critically 
loaded  samples  were in vertically  mounted  glass 
tubes  and  he  made  measurements on  two  regions, 

one in the  lower  half  and  the  other in the  upper 
half of the  tube so that  none of his  measurements 
actually  corresponds t o  the  critical point. The 
amplitude of the NMR signal  for  each of the coils 
is  proportional  to  the  density of the  sample  within 
the coil. The  effect of gravity on the  ratio of densi- 
ties in the two  coils p / , / p v ,  corresponding  to  the  ratio 
of the  liquid to vapor  densities  below  the  critical 
temperature Tc, is  important  as  may  be  seen  from 
figure 3. p ~ / p v  in  the  pure  sample is compared with 
those  obtained by other  techniques [15]. The 
measurements in the  impure  sample will be  used 
later in interpreting  the  measurements of D made 
in that  sample. 

It  should  be  noted  that  for  the  critically  loaded 
samples,  the  meniscus  separating the liquid  and 
solid phases  below Tc is  observed to remain in a 
fixed  position  midway up  the  sample  tube in the 
region of temperature not  too far below TC.. Thus, 
in this  temperature  range,  one  can  say  that pL 
+ p~ = 2pc  independent of temperature,  where 
pc=0.207 g/cm3  is  the  critical  density.  Therefore, 
the  measurement of p J p v  is  sufficient  to  determine 
the  densities pl, and p v  in the region of temperature 
in which the  meniscus is constant. 

It was  found  that for the  region T < T(., the  value 
of Tl  obtained  for  the  liquid  wasalways  longer  than 
that  obtained for the  vapor in equilibrium  with  the 
liquid. This indicates  that  the  time  required for 
molecular  reorientation in the  liquid  is  always 
shorter  than for the  less  dense  gas.  The  results 
are  qualitatively  similar  to  those  obtained  for  other 
systems [ l l ,  12, 131 and  have  been  obtained  over 

a  wide  range of temperatures [14]. Figure  4  shows 
T I  for the  sample in each of the two  coils in the 
vicinity of' Tc 

Experimental  results f o r  the  diffusion  constant D: 
Noble  has  also  measured  the  diffusion  constant in 
ethane  with  approximately 1 percent 0 2  impurity 
added  [14, 161 (see fig. 3)  The 0, was added  to 
reduce TI and  thereby  enable  more  accurate  results 
to  be  obtained  for D since  the  experiment  could  be 
repeated  more  often.  The  measurements of D as 
a  function of temperature  near T( .  are  shown in 
figure 5. The  estimated  maximum  error in the 
measurements is ? 5 percent  including  systematic 



errors, while the  measurements of p ~ , / p ~ .  are  accu- 
rate to k 2  percent. 

Interpretation: Experiments  performed  at 32 
and  40 “C in  noncritically loaded samples showed 
that D a p - ’  in  the  range PC,/:! < p < 2 p ( , .  Thus 
D p  is rr function of temperature only in  this  density 
range far from the critical  point. A p l o t  of I n  ( D p )  
versus ln 7’ from just  above  the  melting point at 
89.9 to 333 O K  approximately 30 “K above the criti- 
cal point, is shown  in  figure 6. The results of 
Gaven,  Stockmayer,  and  Waugh [17] far from  the 
critical point are  included.  The  resulting  straight 
line  gives D p  a T2.’ i- ‘ ,I  . This  is  an  empirical 
relationship  which  does not necessarily hold for 
other  substances.  Figure  7  gives  a plot of D p  
versus T in the  temperature  region within a few 
degrees of TC,. A comparison with the results of 
figure 6, as given by the  solid  line of figure  7,  shows 
that D p  goes  through a pronounced  minimum  for  the 
liquid  near T(.  with its  minimum  value  about 20 
percent below the  solid  line. A similar  but  smaller 
effect  is  observed  for the  vapor  but,  unlike  the  data 
for the  liquid, we cannot  say  definitely  that the 
vapor  minimum  is  not  due  to a systematic  error, 
which  we  estimate  to be less  than 5 percent. A 
single  measurement of D for a  pure  sample at 24 “C, 
having  an  error of 2 10 percent  agrees  with D for 
the impure  sample. 

The  interpretation  which we propose for the  data 
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of figures 6 and  7 is that  whereas,  for  systems not 
too  close  to  the region of the  critical point D p  is 
a function of temperature  only,  the  diffusion  con- 
stant  decreases  anomalously  near  the  critical  point. 

In figures 6 and  7, Z‘,, for the  impure  sample 
used  has  been  nominally given as 31.9 “C as 
compared  with 32.32 O K .  This  actually represents 
an upper limit for Tc since i t  is the temperature at 
which p / , / p I . =  1.0 within  experimental  error. 
Since we do  not  know the equation of state for the 
impure  sample,  we  cannot  take  into  account  the 
influence of gravity  in  a  reliable  fashion,  but  an 
examination of figure 3 indicates  that  the  true 
value of T,, (or region of T(.)  is probably  close  to  thc 
temperature  at which D p  goes  through  its  mini- 
mum  value. 

As far as we know these  are  the first measure- 
ments of a self’ diffusion  constant  near  the  critical 
point.  Dr. B. Jacrot  has,  however,  drawn  our 
attention  to  some  published  measurements of  the 
diffusion  constant of Iodine  in CO,2 near  the  critical 
point [18], where i t  is found  that  the  diffusion  con- 
stant is practically  zero.  This  is  consistent with 
the  anomalous  decrease  observed by Noble  for 
D p  for  ethane  near Tc as shown b y  figures 6 and 7. 
Obviously, i t  would be  desirable  to  make  further 
measurements of D near  the  critical  point for 
samples  having  better  geometry  (flat,  horizontal 
samples)  and  a  higher  degree of‘ purity,  e.g., SF,; 
would be  a good system  to  study  since  the  relaxa- 
tion time T I  of pure SF6 is  reasonably  short  [Ill. 
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Neighborhood of Critical Points 
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I 

1. Introduction 

It is  the  intention c)f this  paper  to  examine the 
research that has been s o  far  carried o u t  i n  fluid 
critical  systems by means of sound waves. Since 
1940 several authors have attempted t o  study  thc 
propagation of sound waves in order t o  find infor- 
mation on the  nature and the  behavior of  these 
particular  media:  various  indications  and  sug- 
gestions  have been obtained, which  have con- 
tributed t o  a  better  definition of the problems 
concerning  critical  systems. The solution of these 
problems  is  however  far from complete. 

I he quantities  which are usually measured are 
the velocity and the sound  absorption  coeffcient: 
they may be  determined  as  functions of tempera- 
ture,  frequency  and, i n  the case of mixtures, of 
composition. I t  must be observed  that the infor- 

sound measurement have been performed, is only 
mation  available at present  for  the  systems i n  which 

quantities (i.e., velocity  or  absorption  coefficient 
partial because i t  usually refers t o  only one of these 

determined i n  a limited range of one of the  vari- 
ables, temperature,  frequency,  and  composition. 

Strong  similarities exist between  liquid-vapor 
and  liquid-liquid  critical  systems  as well as some 
dissimilarities. It is preferable for a clearer ex- 
position to review separately the work made o n  
each of the. two types of systems, though this 

procedure will require some  repetition. We 
consider first the case of liquid-vapor  critical 
media. 

2. Liquid-Vapor Critical Systems 

Table I ,  although i t  is not complete.1  indicates 
the substances  which  have  been  the  object of the 
more  extensive  experiments.  Together with pure 
liquids, few binary or ternary  mixtures  have  been 
investigated  in  the  liquid-vapor  critical re,’ gion. 
The experiments  have  been  performed  either at a 
single  frequency or in a rather  limited  frequency 
range.  Moreover  velocity  and  absorption coeffi- 
cient  determinations  have  usually not been  made on 
the  same  system. 

Figure 1 gives  the  results of Tielsch  and  Tanne- 
berger [5] for  the  sound  velocity  in  gaseous CO2 
as a function of pressure at constant  temperature. 
In  the  examined  frequency  range (0.4-1.2 Mc/s) 
and i n  the  limits of error (0.2%) no dispersion  has 
been  found.  The  same  conclusion  was  reached by 
Parbrook  and  Richardson [3] in  the  range 0.5-2 
Mc/s The velocity  goes  through  a  minimum  which 
becomes  sharper  and  sharper as the temperature 
approaches  the  critical  one:  the  minimum  velocity 

1 In particular much research of Russian authors is included in thesis not easily 
available; some results are reported i n  quotation [9] 
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