
concentration p ,  and  the  paramagnetic  configura- 
tion  gives the  dominant  contribution  compared with 
the  antiferromagnetic  configuration.  On  the  other 
hand, in the  annealed  system,  the  energy of the 
paramagnetic  configuration  is high compared with 
the  antiferromagnetic  configuration,  and  hence it 
dies  and  the  susceptibility  tends  to  zero. 

The  authors wish  to thank for  valuable  discussions 
Professor R. Kubo,  Professor M. E. Fisher, Dr. 
S. Inawashiro,  and Dr. T. Kawasaki. The  numeri- 
cal  calculation was carried  out  using NEAC 2230 
in the  computing  center of Tohoku  University  and 

IBM 7090 in UNICON (University  contribution 
of Japan IBM). 
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The  Statistical  Mechanics of a Single Polymer  Chain 

S. F. Edwards 

University of Manchester,  Manchester, Great Britain 

It  is  clear  from  the  papers  presented  at this con-  for  the  probability  that  the  end  points  are  at 0, r 
ference  that  near  critical  points  thermodynamic  when  the  length  is L .  This  has  the  form 
functions  and  correlation  functions  take on forms 
which  reflect  only  a  very  small  amount of the  de- 
tailed structure of the  systems  considered,  and 
are  rather  manifestations of the  three  dimensionality 
of space  and  the  short  range of interactions. The 
configurational  statistics of polymers shares this 
feature  and is therefore  interesting  as  an  indication 
of how the  critical  behavior may be generated 
mathematically; in fact  the  problem is one way of 
approximating  to  the  Ising  lattice  as  was  mentioned 
by Professor  Domb [I]. In  this  talk I shall  develop 
the  theory  applied  to  polymers  themselves  however, 
and  comment on their  critical  behavior,  since 
whether  the  analysis will really  be  useful for  bulk 
systems  remains  to  be  seen. A polymer  without 
interaction will have  the  well-known  distribution 

For  the  case of excluded volume  i.e., a repulsion 
between  elements of the  polymer, p has no simple 
analytic  form,  but  salient  features  are  shown in 
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A lattice  polymer,  can  also  be  included if the  defini- 
tion (1.3) is suitably  modified,  but  it  is  again  a  com- 
plication  not a  simplification.  The  probability 
that  starting  at  the  origin,  the  polymer’s  nth link 
will end at r, is  given  by 

Expressions will also  be  obtained  for  the  number of 
configurations  allowed  to  the  polymer. 

2. Mathematical  Formulation of the 
Problem 

Firstly  the  problem  is  to  be  stated  mathematically 
and  brought down  to its  simplest  form.  Suppose 
the  polymer  consists of n identical  molecules  freely 
hinged  in  a  chain,  and  there is a  potential U be- 
tween  molecules. If the  length of one  molecule 
is 1, and  the  coordinate of the  end of the mth molecule 
is R,, then  the  probability of finding  a  particular 
configuration P(R1, . . . . Rn) is given  by 

where L ,  the  length,  is nl. A method of evaluating 
p for a  slightly  simpler  problem,  that of the infinite 
polymers,  has  been given by the  author  (reference 
[2], hereafter  referred  to  as I) in a  paper  which 
develops  a  physical  picture of what  is  going  on  and 
translates  the  physical  picture  into  mathematics. 
A more formal  but  precise  method of approach is 
given in an  appendix  to I, and in this  paper,  after 
reviewing  the  physical  arguments, it is  this  formal 
development  which will be given and  extended  to 
give a  more  complete  theory of the single  finite 
polymer. 

Firstly it must  be  explained  that  the  fact  that 
there  are n integrations in (1.1) is a  nuisance; it is 
easier  to  consider  a  continuous  function R(L’) where 
0 < L‘ < L and  integrate  over  all  functions R(L’). 
The  constraint n p(R;, R;+l) is the  expression 

originally considered by Weiner  when  he  introduced 
functional  integration  and  can  be  expressed  as 

i 

(Note  since  normalizations  are  constantly  occurring 
.they will all be  denoted by N.) Of course,  one 
can put structure into the  molecules  making U an 
integral  over  the  molecule  and  one  can  put in  bond 
flexibilities,  but the  basic  problem  is  already in 
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case  one  has to  split V into  a  part with positive 
Fourier  coefficients  and  a  part with negative  Fourier 
coefficients  and  parameterize  them  separately. 
This will be  equivalent to x becoming  complex 
and  the  functional  integration  being  over  its  real 
and  imaginary  parts  independently.  Although 
physical  forces  always  do  have  attractions  and 
repulsions it  is well known  from the  study of the 
Ursell-Mayer  cluster  expansion,  that  provided  the 
system  remains of  low density  the  effects of inter- 
particle  potentials  can be simulated by pseudo 
potentials which will give rise to the  correct virial 
coefficient. Thus if the  excluded  volume is defined 
by 

the effective  pseudo  potential  is vS(r), whose  in- 
verse is v-l6(r). It will be  assumed now that 21 

is  positive,  i.e.,  the  mean  effect of the  forces  is  a 
repulsion.  Then finally 

The  theorem  states  that  the  probability ,rj is  that of 
diffusion in the  presence of a  potential ix (a Markov 
process),  averaged  over all potentials with a 
Gaussian weight. It is  a  well-known  theorem  else- 
where in physics.  Since  the  evaluation of the 
functional  integral  over 6R is equivalent  to  solving 
the diffusion equation,  one  can  obtain  the final 
form 



3. The Solution 

T w o  problems  have  presented  themselves i n  
(2.16). Firstly  one  has t o  get G from (2.18) and 
then do the  integral  over x .  It will be  argued that 
the  mathematical tools for these  problems  are  al- 

where ,.Y'(4) contains  the  angular  derivatives. I t  
will turn o u t  that the steepest  descent  function is 
spherically  symmetric, so the angular  terms will 
be  ignored for the  present  and 4 treated  as if i t  
were &r-, E )  and X(r) also as i f  it were X(r). The 
J W K B  argument is  now that  the ((14/d1')~ term dom- 
inates  over  the (/'4/d? term  (which  can be con- 
firmed subsequently) so that 

ready  available, at least within reasonable stretch- 
ing: the Green  function  can  be got by the J W K B  
method,  and  the x integration b y  the  method of 
steepest  descent.  Physically one can  argue  that, 
since one knows  that  the  polymer  starts at the origin, 
on an  average  a  "polymer  density" will build up 
having  its  maximum at the origin. It is this field 
which will be uncovered by the  steepest  descent 
calculation,  and it will be  a field with a long range 
effect, slowly  varying in space so that  the J W K B  
method will be the correct method t o  assess  its 
effect on the diffusion. That  this  mean field can 
be expected to  be  long range is seen at once from 
the noninteracting  distribution (1.1). From (1.1) 
the probability  that a very long noninteracting  (One  must  watch for complications at the  branch 
polymer  goes  through r f o r  some L is  point E +  x =  0; note  also  that  one  integral  is tis, 

the other tl's). To evaluate,  one looks  for the 
E ,  x which make  the  exponent  stationary:  differen- 
tiating with respect t o  E 

" 

If there were a very strong  self-repulsion,  the poly- 
mer would shoot o u t  i n  a straight  line  and the aver- 
age would be  taken  over the orientation of this 
straight  line,  i.e., would  give ( 4 r r z ) " .  These 
give upper and lower hounds on the form of the 
mean  polymer  density s o  that  one expects the x 
integration t o  be  centered  about a steepest descent 

1 
function x having a dependence  lying between - 

and 7 and i n  fact i t  will turn out t o  go like 3. 
It is convenient t o  Fourier transform C with 

1 
I 2  

respect to I ,  

I' 

1 

This  implies  a  distribution bJVexp (-c$/2L) where 
b and c are  constants.  Towards  the origin p be- 
comes very small,  and  one  is in the  well-known 
trouble of trying  to fit a tail of a  function by working 
away from its  maximum.  This will be  considered 
in detail in section 4. 

The  fluctuations  i.e.,  the  remaining  quadratic 
integrals  over E - E  and x - -X  have not  yet been 
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considered.  Unlike  steepest  descent  methods in 
a  single  variable,  these  are of great  consequence 
and  indeed  are  the  substance of conventional field 
theory. To go straight  ahead  expanding 4 to order 
xa is inadequate  as  can  be  seen  physically.  Con- 
sider  what  one  expects  the  addition of one  more 
molecule  to  the  polymer to  involve. Say for the 
moment  one  confined  oneself to steps on a  close 
packed  lattice.  There would be  at  most  eleven 
sites  to go on  to  i.e., 12, less  the  one  it  is  at. But 
it must  have  wandered  around  the  neighborhood 
before  it  arrived at  the  present  site, so one  expects 
a  further  reduction  bringing  the  number of avail- 
able  sites  to p < 11. In  addition  the  long  range 
effect reduces it further  to p(1 +J’(n)) (where f ( n )  
will turn  out to be (log n)/5n). If one  were not 
using  the  steepest  descent  method by normal field 
theory  one would argue,  after  Dyson,  that by 
studying  the  perturbation  series,  that  (using (C) 
for (2.16) unnormalized) 

1 + Z l  
(S.SU) 

Here 1 + x 2  
1 = I ‘  is a  “renormalized”  step  length, 

and  the &/ ( l+ZJ  factor  represents  the  changed 
number of available  sites  as  expected.  (Since  it 
gives  a e-ZUL factor in ( G )  it will not appear in p). 
The  conventional  field  theory  fails  completely to 
describe  the  long  range  effects  and  it  is  these which 
determine  the 2: L relation. As has  been  shown 
the  present  theory  suggests  that  these  long  range 
effects  are  simulated by a  potential  centered  at 
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the origin. The local  effects  should  be  adequately 
handled by the  conventional  methods  and  they 
really will involve the fine structure of V ,  and if one 
attempts to use  the  pseudo  potential  one  gets 
divergences.  To avoid these  one  must write 

and so on. The  interference  between x and  the 
fluctuations is analogous to the  Lamb shift  and a 
proof  is needed  that  this  does not interfere with the 
functional  forms  discovered so far.  Though  this 
appears to be so by  explicit  calculation, I am  trying 
to  obtain  a  general proof  on the  lines of the Dyson 
treatment of electrodynamics. 

4. The Inner Region 

One  can  see why the  inner  region  has  been so 
far  inaccessible.  The  solution  has  a  peak  near 
L - r s / , j  and  almost  all  the  probability  lies in the 
peak.  This  means  that  though  the  chance of the 
polymer  getting  back  close to  the origin  is small, 
it  is  much  larger  than  that  suggested by the  solu- 
tion (3.5).  That solution  suggests  that in order  to 
be  still  near r - 0 as L+ ~0 one  must  have  stayed 
all  the  time  near I‘ - 0. Clearly  what will happen 
is  that  one will  go out  into  the high  probability 
region and  then walk back to the  inner  region. 
Since  under  the  parametric  integral  sign  one  has  a 
Markov  process  one may  always  break  up G 

Note  there is no integral  over M and  the  left-hand 
side  should be independent o f ’  M .  To modify (4.1) 
to  be M independent  one  can  average  along  the 

than  one point and  get  a  better  value  for  this  con- 
stant, but the n-9/5 would  still come  the  same.’ 

Having sketched  out  the  entire  function  one 
can now normalize  and  get  the  height of the  peak 
Zd-17/’0 which  clearly  dominates  the  rest of the 
function. By evaluating ;Z one  finds  a  series,  the 
expansion  parameter  being (L-1/1021-1/3/7/10)  which 
must  be  small for the above  analysis  to be valid. 

Finally, the  number of walks  can  be  remarked 
upon  since  it  is  an  interesting  combinatorial point 
even if it has  little  bearing on polymers. As has 
been  noted,  the  dominant  feature will be  the  local 
effect of the  effective  phase  space  available  per 
molecule. The long  range  effect will come  from 
the  unnormalized  Green  function  which is 

Integrating  over r one  gets  the  leading  term t o  he - p W 5 .  

5. The  Collapse of Polymers 

What  happens  when  the virial  coefficient  changes 
sign? 2 Instead of the  repulsion  pushing  the 
polymer  out  faster  than  the  random  configurations, 
it will now be  pulled  in.  For u large  and  attractive 
the  polymer will condense  into  a solid  ball, a  state 
easily  obtained  experimentally  even for a  single 
chain. But  for u near  zero  a new semicondensed 
state  appears  possible,  and  passage  through  the 
Flory temperature (i.e., u=O) will produce  a  phase. 
change  for  a very  long chain [3]. The physical  pic- 
ture will be of the polymer repeatedly  passing 
through  the  same region of space so that  again  a 
polymer  density  is  set  up  which now traps  the poly- 
mer.  Consider  this  problem  from  the point of view 
of I i.e., study the probability that,  after  a  chain 
length L’(O<L’ <L),  the polymer will be  at r, q(r, L’ ,  
[ L ] ) .  As in I (where  the  present q is  called p )  
one  can  argue  that  the  polymer field can be repre- 
sented by approximating 

2 Dr. J. Mazur has pointed o u t  to me that r , - O  m a y  be much more complicated than 
1 This value has been conjectured b y  Fisher, Faraday Society Discusion 25, I ) .  200. 

is generally supposed The discussion of this point due to Flory assumes that chains 

high “polymer density” at its center of  gravity, tending to a low value at the end points. 

with r-0 are Gaussian, but a single  chain is a distinctly nonuniform entity having a 

So one could have a ‘I,(/,)’ effect from the middle to the ends. The following discussion 
may nerd modifying in the light of this comment. 
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But q ( r ,  L ’ )  can now be argued  to  be  independent 
of L’ since  the self trapped polymer will repeatedly 
go through  every  point of its  density; it will, of 
course,  still  be  a  function of L.  Since V is  short 
range  one  may now approximate by writing 

where w is L V L - ~ .  This now gives a functional 
integral  in  the  Markov  form so that  one  can  break 
the  functional  integral  up  to L at  an  intermediate 
I,’ and define 

There will be positive and  negative  eigenvalues. 
As L’ + a only the positive ones  survive  and  unless 
the  largest  positive  eigenvalue  tends  also  to  zero 
the whole  expression will diverge i.e., this  eigen- 
value  is  brought  to  zero by the normalization. 
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Thus  one  is  led  to  the  eq (5.6) in  which C‘ now 
takes  the role  usually taken by the  eigenvalue, 
and  since q will not depend  on L’, q can be identified 
with  it: 

I have  been  greatly  helped by discussions  with 
Professor G. Gee,  Professor C. Domb,  Professor 
M. E. Fisher  and Dr. J. Mazur. 
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Some Comments on Techniques of Modern  Low-Temperature  Calorimetry 

I.   M. Firth 

University of St. Andrews, St. Andrews, Scotland 

Introduction 

Precision  calorimetry  at low temperatures  started 
in 1929 when  a  sensitive  phosphor-bronze  ther- 
mometer  was  made by Keesom  and  Van  Den  Ende 
[l]. This  led  shortly  to  the  discovery of the  heat 
capacity  connected  with  the  superconductive 
phase  transition [21 and  also  the  electronic  heat 
capacity  in  metals [ 3 ]  was  discovered  and  found t o  
be in reasonable  agreement  with  the  theoretical 
predictions.  Recently  with  the  use  ,of  carbon 
resistance  thermometers [4] and  a-c  bridge  lock-in 
amplifier  methods of measurement [SI, a new era 
of precision has  been  entered.  This  has  allowed 
the  more  exciting  phase  transitions  at low tempera- 
tures t o  be  checked.  This  era  has  come  oppor- 
tunely for at a  recent  meeting in Washington  on 
“Phenomena in the  Neighborhood of Critical 
Points” [6] i t  was  emphasized  that  to  obtain  agree- 
ment  with  theoretical  predictions  very  great  care 
and  precision  must  be  taken in experimental  meas- 
urements, not  only of heat  capacities, but of all 
properties  related t o  such  critical  phenomena: 
e.g., magnetization,  thermal  conductivity,  optical 
and  neutron  diffraction. 

I n  considering t h e  present situation in calorim- 
etry, i t  is useful to review the way i n  which the 
main  requirements of  low temperature  calorimetry 
were  introduced.  Although  Gaede [7] used  a  metal 
calorimeter  isolated  somewhat  from its surroundings 
it was  Nernst [81 who recognized  a few years  later 
in 1909, that on account of surroundings  there 
was  usually a temperature  gradient  inside  a  calorim- 
eter which  would prevent  making  accurate,  or  often 
meaningful,  measurements.  To  obviate  this he 
placed  the  calorimeter in  a vacuum  realizing  that, 
radiation  being  small  at low temperatures, it was 
possible t o  obtain  excellent  thermal  isolation  and 
reduce  the  above  error  to  a  minimum. 

Of course, it was  necessary to change  the  tem- 
perature of the  calorimeter  and  to  do  this  he  used 
an  exchange  gas,  noting in the  course of his  work 
the  drawback of remnant  gas on the  thermal isola- 
tion and,  absorbed  gas  on  the  calorimeter  on  the 

heat  capacity  measured.  Temperature  was  meas- 
ured by  a platinum  resistance  thermometer  the 
wire of which  also  acted as the  electrical  heating 
element  for  the  calorimeter.  Measurements  with 
this  arrangement  were  uncertain  even  with  the  most 
careful  calibration of the  resistance,  because of 
irregular  changes in the  resistance of the  platinum 
wire  heating  the  calorimeter.  Nernst  avoided 
this  disadvantage  and  at  the  same  time  made  his 
method  more  simple, by measuring  the  variations 
of temperature  resulting  from  electrical  heating by 
using  a  thermocouple [91. One  junction  was fixed 
to  the  calorimeter  and  the  other lay on  a  lead  block 
also in the  vacuum  chamber,  figure 1. The  heat 
capacity of lead being  large,  the  temperature of the 
block remained  nearly  constant  and  any  small  drift 
took place slowly and uniformily so that  the  tem- 
perature of that  junction  could  be  corrected. A 
copper  shield  that  enclosed  the  calorimeter  was 
soldered  to  the  lead  block  and  this  refinement  was  a 
great  improvement  on  the  open  calorimeter. 
Nernst  could  measure  temperature  to 0.1 O K  and 
specific  heat  to - 2 percent. 

It is easy to see from  this  arrangement how adi- 
abatic  methods  developed.  The  thermal  insulation 
of this  device  can  never  be  perfect so long as  there 


