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ABSTRACT

An analysis of de-to-de switching conventens
in constant-grequency cwurient-programmed continuous
conduction mode 448 penfornmed, and Leads to two
sdgndficant nesults. The §irnst 48 that a namp
function, used to eliminate a potential insta-
bility, can be chosen uniquely to assure both
stability and the fastest possiblLe transient
nesponse of the programmed cwuent. The second
48 the development of an extension of the state-
space averaging technique by means of which both
the input and output small-signal properties of
any such convertern may be accurately represented
by a Linearn small-signal equivalent-circuit model.
The model is presented and experimentally verdfied
fon the Cuk converter and for the conventional
buck, boost, and buck-boost converntens. ALL
models exhibit basically a one-pole control-to-
output trhansfern function response.

1. INTRODUCTION

Over the last several years an effort has
been made to characterize the transfer properties
of dc-to-dc switching converters in the frequency
domain. This program has culminated in the "state-
space averaging' approach, and leads to generalized
equivalent circuits (''canonical models") that ex-
press the line-to-output and control-to-output
transfer properties. So far, equivalent circuits
have been derived for the continuous and the
discontinuous conduction modes of a converter
operated in the conventional "duty-ratio pro-
grammed mode'" in which the duty ratio appears as
the external port at which feedback for regulation
purposes is applied [1, 2].

At PESC 1978, two papers were presented [3, 4]
in which a different "current-programmed mode" was
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employed. In this mode, the converter power

switch duty ratio is determined by the times at
which the switch current reaches a threshold value
determined by a control signal. Thus, this
threshold level, rather than the duty ratio,
becomes the input port for feedback in the
current-programmed mode. In [3], both the turn-on
and turn-off times of the switch are determined in
this manner, resulting in a free-running converter;
in [4], the turn-on times are periodically clocked,
leading to a fixed-frequency system, as shown in
Fig. 1.

power v
stage

Vg

duty
ratio I

flip
flop , Gls)

| +

clock

comparator

control /

signol i

switch —
current iy

turn-on ot fixed intervals

Block diagnam o f§ constant- frequency cwurent-
programmed control technique.

Fig. 1

The current-programmed mode has several
advantages over the conventional duty-ratio
programmed scheme. First, since the switch,
usually a transistor, is turned off when its
current reaches the control signal level,
failures due to excessive switch current can
be prevented simply by limiting the maximum
value of the control signal. This measure also
protects the entire converter from overload
damage. Second, several converters can be
operated in parallel without a load-sharing
problem, because all of the power switches
receive the same control signal from the regu-
lator feedback circuit and hence carry the same



current. Third, as will be seen from this paper,
the current-programmed mode, relative to duty-
ratio programming, effectively removes one pole
from the loop gain, simplifying the design of
the feedback network.

This paper is concerned with dec-to-dc con-
verters operated in the fixed-frequency current-
programmed mode and in continuous inductor
conduction. One objective, as in previous work
on the duty-ratio programmed mode, is to obtain
small-signal equivalent circuit models which
represent both the input and output properties,
and which can then be embedded in the model of
a complete regulator system, so that the overall
dynamic properties and stability can be not only
analyzed but also designed. However, for con-
verters of this type more work is needed, because
a fixed-frequency current-programmed converter is
subject to oscillation even in the absence of
regulator feedback. Hence, a second objective is
to develop design techniques for eliminating this

potential instability, and, if a range of solutioms

exists, picking the one which results in the best
converter performance.

This notorious stability problem is discussed
in Section 2, in which the cause of the possible
oscillation is analyzed and a remedy for the
problem is proposed. Section 3 contains the
development of a modelling technique for current-
programmed converters. After a brief review of
state-space averaging, an integral part of the
technique, the necessity of an extension of this
method is demonstrated. Such an addition is
then developed, and applied to the example of the
Cuk converter. The section is concluded with a
comparison of the dynamics of converters in the
current-programmed mode with those of the same
converters operated under duty-ratio programming.
The salient feature of the current programmed
continuous inductor current mode is that the
control-to-output transfer function is basically
one-pole, as is the duty ratio programmed discon-
tinuous inductor conduction mode, but in contrast
to the two-pole response in the conventional duty
ratio programmed continuous conduction mode. In
Section 4, refinement of the results of Section 3
is undertaken, leading to more accurate models
appropriate for more sophisticated applications.
Finally, in Section 5, experimental verification
of the models for boost and Cuk converters [5]
is presented.

2. CURRENT-PROGRAMMING INSTABILITY:
CAUSE AND REMEDY

As mentioned in the introduction, a constant-
frequency current-programmed converter is subject
to instability even in the absence of external
regulator feedback [4]. The cause of the problem
lies in the fact that the current-programmed
scheme constitutes an "internal" feedback loop:
the level of the switch current determines when
that same switch is turned off. It is found that
the oscillation generally occurs when the duty
ratio exceeds 0.5, regardless of the type of
converter.
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A brief review of the nature of the insta-
bility is now presented. The effect can be
explained with the help of the waveforms in Fig.
2, which is a straight line plot of the inductor
current which flows through the power switch
when that switch is on. Straight lines well
approximate current waveforms since system time
constants are by design large compared to T_.
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Suppose the inductor current has a rising
slope m, and a falling slope -m, in steady state.
Clearly, since the steady state‘waveform is
periodic

T2 _ D
m, o7 (1)
where D is the duty ratio and D' 4 1-D. If there

is a perturbation, relative to the steady state,
of AT in the inductor current at the beginning
of a period, the waveforms show that after one
cycle, the error will have become

D
1)L

Thus, after n cycles, the perturbation will be

Apparently, the "steady state'" is not a stable
solution if the duty ratio is greater than 0.5.

i)
AIl = - (;n'l-) AIO = (2)

As described in [4], this potential instabil-
ity can be eliminated by the addition of a suitable
cyclic artificial ramp to either the switch
current waveform or to the control signal. Wave-
forms for this modification are shown in Fig. 3,
in which the control signal is given a cyclic
falling slope -m. An argument similar to that
used previously shows that now a perturbation
AIO is carried into

n

m - m
AT = (— —) AT (4)
n m1 + m o
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after n cycles. A suitable choice of the ramp
slope -m can thus cause this perturbation to die
out, even if the duty ratio is greater than 0.5.
In particular, if m is chosen to be equal to m,,
the magnitude of the falling current slope, (4%

shows that any perturbation of the inductor current

will disappear at the end of one cycle, thus guar-
anteeing inner loop stability and simultaneously
providing the fastest possible transient response
of the programmed current, as shown in Fig. 4.
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Note, for duty ratios less than 0.5, that while
the system will be stable in the absence of an
artificial ramp, even in these situations the
best possible transient response is only attained
if a ramp of the correct slope is used. Thus,
this compensation scheme benefits system perfor-
mance for any operating condition, not just cases
where an artificial ramp is required to avoid
instability. The same results hold if an artifi-
cial ramp of slope m is added to the switch
current instead of to the control signal.
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In connection with these findings, two
practical items should be mentioned. First, if
the switch current is monitored with a trans-
former, its magnetizing current acts as a
destabilizing ramp. Hence, in the absence of an
artificial ramp, the minimum value of duty ratio
for which oscillation occurs is less than 0.5.
Likewise, an artificial ramp would have to be
adjusted to compensate for this additional influ
ence. The second point is that the slope m, may
change with operating conditions. In this case,
if a fixed linear ramp is used, the benefit of
single-cycle elimination of errors is achieved
at only one operating point. More sophisticated
ramps might be used to overcome this problem.

3. MODELLING AND ANALYSIS

3.1 Review of State-Space Averaging Method,
Continuous Conduction Mode

The state-space averaging method has been
developed to determine the small-signal line-to-
output and duty-ratio-to-output transfer proper-
ties of converters operated in both the contin-
uous and discontinuous conduction modes [1, 2].
Since the results of this technique are used as
part of the basis for modelling converters
operated in the current-programmed mode, a
brief review of the state-space averaging method
for the continuous conduction case is presented
here.

The state-space averaging technique,
outlined in Fig. 5, begins with a description of
the converter topologies appearing during one
cycle of operation. During the interval de’

d being the duty ratio, when the switch is
closed the converter can be described by a set
of linear, time-invariant differential equations

L]
x—AlX'i-b]_Vg

(5)
where x is a state vector of inductor currents
and capacitor voltages. Similarly, it can be
described by another set of linear differential
equations

L]
X = A2 x + b2Vg

(6)
during the interval d'T 4 (1-d)T  when the switch
is open, as shown in box 2 of Fig. 5. These two
sets of equations can be combined in an average
sense to produce a single matrix differential
equation, also shown in box 3 of Fig. 5,

L4

x =

Ax+b 7
X Vg )

[[[>

dA, + d'A

where A 1 2

>

Al
db1 +d b2
which describes the averaged behavior of the

converter, that is, with the switching ripple
filtered from the state variables.
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Note that the matrices A and b may be duty-
ratio dependent, which means that the averaged
equation may be nonlinear with respect to duty
ratio. Since the ultimate goal is to find an
equivalent linear circuit model, the analysis
is to be restricted to the linear domain. Hence,
as in box 4 of Fig. 5, the averaged equation is
perturbed around the operating point by sub-
stitution into (7) of

d=D+d
x=X+x (8)
v =V +v

g g g

where capitalized quantities refer to steady state
values and carets indicate small perturbations.
Upon expansion of the result and retention of

only first-order terms in the perturbations, the
final state-space averaged equations are obtained
(represented in box 5 of Fig. 5):

Steady state AX + ng =0 9)
operating point

L]
ac small-signal X = Ax + bvg

+ [(Al—AZ)X + (bl‘bz)vg]d (10)

1
DA1 + D A2

where

]
Dbl + D bz
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The small-signal equivalent circuit model can then
be derived from (10).

In summary, the small-signal low-frequency
behavior of the converter in box 1 of Fig. 5,
including both input and output properties, has
been represented by the canonical model in box 6
of Fig. 5, through the averaging, perturbation
and linearization process.

3.2 Necessity of an Extension of the State-Space
Averaging Method for Current-Programming

State-space averaged equation (10) was
developed, in part, to facilitate rational design
of feedback networks for switching regulators.

I1 the conventional single-state feedback
approach, illustrated in Fig. 6, duty ratio
variations are related to variations in the
output voltage by a compensation network:

= v.=0
r

d =-c(s)v , (11)

From (10), the transfer function characterizing
the "forward" path from the duty ratio through
the power stage to the output voltage can be
found:

v = F(s)d (12)
Then the product F(s)G(s) is the loop gain of the
regulator, and a Nyquist or Bode plot analysis of
this loop gain allows determination of G(s) such

that stability and a large system bandwidth are
simultaneously achieved.
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Current-programming, however, is clearly
different from this conventional single-state
feedback approach, since both the output voltage
and the switch current are directly involved in
determination of the duty ratio. In such multi-
state feedback systems, it is still possible to
define a loop gain in such a manner that the
Nyquist stability criterion can be used. How-
ever, the calculation of this loop gain is more
difficult than in the conventional case, and
formulas for other quantities of interest, such
as the closed-loop line rejection, do not retain
the simple form they possess when only a single
state is fed back.

Thus, motivation exists for the development
of an extension of the state-space averaging
method for the current-programming case, in
order to avoid these difficulties. The search
is aided by the recognition of a characteristic
of current programming not generally found in
other multi-state feedback systems: while usually
several compensation elements, one for each fed-
back state, must be designed simultaneously, in
the case of current programming the current
feedback loop can be specified, as in Section 2,
independently of regulator feedback. Hence,
only the voltage feedback compensation G(s) is
to be determined. Thus, if the previously
designed current loop is absorbed into the
"forward" converter path, as in Fig. 7, the

. “new"
o—>>— power

stage

<>

G(s)

.
A
v =0

Fig. 7 Reduced block diagram o4 regulator, inconr-
porating the desined small-signal Linear
equivalent cireuit model of the power stage
in cwvent-proghranmed mode.
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small-signal properties of this new system are
described by a linear model, independent of
regulator feedback compensation to be chosen,
with inputs v_and i . Note that only a single,
simple feedbafk loopcis evident, the other,
more complicated path being now an intrinsic
part of the converter model. With such a model,
determination of the compensation G(s) is
accomplished by the same simple single-state
feedback analysis as that described at the
beginning of this section for the duty-ratio
programmed mode, with ic taking the place of d.

With this motivation, then, the development

of the desired extension of the modelling
technique is undertaken.

3.3 Modelling Technique for Converters in
Current-Programmed Mode

The current-programmed system in Fig. 7 can
be described by a set of linear differential
equations of the form

sx = A'x +b'v +c' i (13)

with v_and i as the two inputs to the system.
Note tHat Lapiace transforms are used throughout
this section. The problem, then, is to determine
A', b', and c'. Once they are known, an equiva-
lent circuit model can be inferred from (13).

The technique used in arriving at the current-
programmed state equation (13) is outlined in
Fig. 8. Two pieces of information are used:

1) the state-space averaged equation

sx = Ax + ng + ca (14)

which, as discussed in Section 3.1, can be found
for any converter, and

2) a description of the effects of the current
feedback loop, in the form of a control constraint
relating variations i, in the programmed current
to control variations i , and possibly also var-
iations in other states i, the input voltage v_,
and duty ratio d: g

iﬂ = fl(ic, X, vg, d) (15)

These two pieces of information are combined
on the basis of the intuitive notion that the
programmed inductor current is changed in status
from an unknown state to a '"driving" term, while
the duty-ratio modulation loses its importance
as an independent input. In mathematical ex- _
pression of this idea, the state equation for iZ
from the state-space averaged equation (14) is
used to solve for d, which results in a duty ratio
expression

d = g(x, Vg Sil) (16)



This expression for d is then substituted into

(14), and all terms involving i, are collected

as part of a new 'driving" term. The result is
a reformulated version of (14):

sx = A"% + b"{;g + c"iﬂ 1Y)

Note that the state equation for i, is now just

si, = si,; the duty ratio expressions (1€) com-

bined wigh (17) have the same number of indepen-
dent equations as state-space averaged equation

(14), from which they were derived.

STATE-SPACE AVERAGED
EQUATION

sx = AX + b\A/g + cd (14)

DUTY RATIO
EXPRESSION

Equation (17), of course, still does not
describe the current-programmed mode, since it
was derived solely from the state-space averaged
equation (14). However, it is now an easy matter
to insert the second piece of information, the
description of the effects of the current loop
detailed in the control constraint (15). First,
the duty ratio expression (16) is used to elim-
inate d from (15), resulting in an auxiliary
relation for i[ in which d does not appear:

(18)

CONTROL CONSTRAINT

1£ = f](]C’ X Vgs d) (]5)

d = g{x, v, s1£)

< g

(16)

REFORMULATED
STATE-SPACE AVERAGED EQUATION
WITH d ELIMINATED

\'4

sk = A"X + b“\?g + c"?z (17)

AUXTILIARY WITH d ELIMINATED

RELATION

(18)

CURRENT-PROGRAMMED
STATE EQUATION

(13)

EQUIVALENT CIRCUIT MODEL

Fig. § Algonithm fon modelling convertens in cunrent-programmed continuous conduction mode.
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This auxiliary relation (18) is then substituted
into the reformulated version (17) of the state-
space averaged equation, and after terms are

collected, the desired current-programmed state

equation (13), rewritten here, is obtained:

(13)

Equation (13) is then used to generate an
equivalent circuit model.

The only point remaining to be discussed is
the nature of the control constrint (15), the
description of the effects of the current feed-
back. Two versions of this equation are
discussed in this paper. The first, simpler
version is based on the waveforms of Fig. 9,
in which the programmed current i, and the
control i are plotted. From this figure, it
appears that variations in the inductor current

i, follow variations in the control i rather
c{osely. Indeed, as an approximation, it may be
said that
53 1
ip =1, (19)

switch current
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control
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actual
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|
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t

Fig. 9 Behavior of programmed cuwwient 4L, in res-
ponse to variations in controf curvrent /Cc.

But this equation is in precisely the form of the
control constraint (15), and so is used as such.
Note that in this case the desired current-
programmed state equation (13) is identical to
the reformglated state-space averaged equation
(17) with i, replaced by i1 , that is, A' = A",

b' = b", and c' = ¢". Noté also that the simple
control constraint (19) implies directly that the
current i, is no longer a state; hence, the order
of the system is reduced by one.

It is important to remember that the control
constraint (19) is only an approximation. 1In
Section 4, a second, more accurate version of (15)
will be introduced, one which leads to more
accurate models. However, for many purposes, (19)
is adequate to describe the effects of the current
feedback, and will be used throughout the remain-
der of this section.
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Fig. 10 Cuwrent-programmed Cuk converter.

3.4 Example: Current-Programmed Cuk Converter

The method developed in Section 3.3 is applied
here to the current-programmed Cuk converter of
Fig. 10. With the assumption of ideal switches,
the two switched topologies are as shown in Fig.

11. With the choice of state vector
P T
X = (119 12’ V19 V) (20)
the state equations are:
. . . hd =
i) interval dTS. X Alx + blvg’ or
'Y ( NTr W (1)
11 0 0 0 0 l1 E
i o o 1 L i o1
d 2
<1 - L 2o M 21y v (21)
v 0 -= 0 0 v o| &
1 C 1
1
1 1
v 0 62 0 —(—:2—R v L0
\ /7 \ 2 N/ It
ii) dinterval d'T X = AX + b,v , or
2 2°g
N !
f NC YL
i 0 o - 1 0 i 1
1 L 1 L
1 1 1
d i, 0 0 0 T i, 0
at =1, 2 + vg (22)
V1 E 0 0 0 V1 0
1 1 1
v 0 = 0 =] |V 0
% =LA
\ J \ AN \
B b La i, B L L2 |,
Ve Cz=v Cam= R3v Vo=  wI=C Co== R v

Fig. 11 The two switched circuit models gor the
converten of Fig. 10.
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With use of (10), the small signal dynamic model i+ 1 - ; (28)

Next, the reformulated state-space averaged
equation (17) is achieved by substitution of (27)
into equations (23)-(26). 1In the same step, the
control constraint (15), in this case

of the Cuk converter is 1 2 c
;( = A% + bV + [(Al—AZ) X + (bl_bz)v 14 (10) is substituted. Then the current-programmed
g & state equation is obtained
y
or, after taking Laplace transforms, fﬁ ’0 0 1 1 ﬁ\
si -
.- YT . N F ~ 1 L+, L +1, 1
si_(s) 0 0 o — 0 i (s)
1 Ly 1
il lo o 2 e i
o R si
si,(s) o o 2 .1 i (s) 2 Lt 15 Ly ¥1lp) |2
2 L L 2
-1 2 2 =
- D D - . 1 1 (p' D 1 5
sv. (s) = - 0 0 v, (s) = 0 - (— -——) - v
1 C sv ;
1 9 1 1 | PO E R P I 1
~ 1 1 ~
sv(s) 0 62 0 CZR v(s) X 1 . 1 .
. J L A4 L/ sv LO c, C,R J
N - N . 4 \ /
= ! 4 N\
L — (23) b
1 L1 —-SLZ F' 1
Vl Ll + L2 Ll + L2
+ 1906 + q d(s) (24) oL
& 1 . 1 .
+ + i
. _Il I, (25 L +1, i + L, +1L, vg (29)
¢
-l_(D . S_o) 1
\O ) q 0 P (26) Cl w woLlcl
where Vl, 11, 12, and D are steady-state dc values. 0 J 0
\ § J
- where
In the Cuk converter, the programmed current
is actually the sum of the two inductor currents, A /(L ||L ) (30)
since that is the current through the switch when o = RN 1 2
it is closed. Therefore, duty ratio expression
(16) is found by summation of (23) and (24), and
solution for d. The result is in which
1 L.L D' D ; \AI RN 4 Vl (31)
~ l 2 ~ ~ ~ = —
d(s) = = —————-F(i +i )+(—~ - ——)v + — &2 L+
Vl L1+L2 1 72 Ll L2 1 L2 L1

According to (31), is the ratio of the dc volt-
age across C, to the sum of the input and output
inductor dc currents. Since the output inductor
dc current I, is equal to the dc load current I ,
and since the capacitor C, dc voltage V., is equal
to the sum of the convertéer dc input an% output

h L 'I‘A’;_ Lz 1§, voltage V_ + V, it follows that
4/w it /UU\ g
Yo Ci
RN \ V +V D'V D'R
Loty Ry =+ - == (32)
% i Il + 12 Il + I D I D
. ol
Yo i) ot [ C,m= R3S
g . || 7] 2V in which the basic converter dc relations V/V_ =
wols - * Il/I = D/D' have been used, and g
—
oo Vi o-2)% AV _ dc output voltage
( w°) ' ( °) R I dc output current (33
Hence, for normal ranges of duty ratio, RE is of
i o : the same order of magnitude as R. Note that even
Fig. 12 Pretiminary gorm of the equivalent if the converter is connected to complex or active

cireult model forn the current-programmed
Cuk convernten in continuous conduction
mode.
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loads, the value of the parameter R to be used is
still V/I. An equivalent circuit model for (29)
is shown in Fig. 12. Note that here and in all



circuits appearing in this paper, independent
generators are represented by circles, while
dependent sources are drawn as squares. This model

can be simplified through use of (28) and of the
substitutions

The same technique can be applied to current-
programmed buck, boost, and buck-boost converters
to obtain their equivalent circuit models. The
analyses in these cases are easier than for the
Cuk: the programmed current is always a single

v =v - sL 1 ; _ _(; ¥ sL ; Y (34) inductor current, and there is no need for circuit
a g 1”1 b 272 manipulation at the end of the analysis. The
results are summarized in Fig. 1l4. Since there
The result is shown in Fig. 13. exists no state variable to the left of the switch
Cuk converter
i .Vi _ i2 i U C cb
o0 2l o0 sl 70
Ly C L2 Ly L2
- -— -
Vo :\- D o C2 RSV cc <ﬁ> DicC‘) ﬁD_N Vo * % Qb QDD.;\C Cz:: R:; v

l

l

Fig. 13 Basdic cirncult and its "simple" small-signal equivalent circult model of the éu!z
© convertern in cuwnent-programmed continuous conduction mode.
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in a buck or buck-boost converter, the input pro-
perties of these converters cannot be carried
through the analysis in the absence of an input
filter. Therefore, input LC filters are added in
these two cases so that the equivalent circuit
models accurately represent the input properties.

3.5 Comparison of Dynamics in Current-Programmed
and Duty-Ratio Programmed Modes

Equivalent circuit models for the buck, boost,
buck-boost, and Cuk converters have been developed
and extensively discussed for the duty-ratio pro-
grammed mode in both continuous inductor conduction
[1, 5, 6, 7], and in discontinuous conduction [2,
8]. The salient feature of all these converters
is that the resulting control-to-output transfer
function basically has two poles in the continuous
conduction mode, plus a right half-plane zero in
the case of the boost and buck-boost converters,
in contrast to the basically one-pole response in
the discontinuous conduction mode. A combination
of both these responses appears in the equivalent
circuit models developed here for the current-
programmed continuous conduction mode.

The one-pole response is seen most clearly
from the model of the buck converter in current-
programmed continuous conduction mode shown in
Fig. 14(a). The control-to-output transfer
functions is

_ R

=17+ scr (35)

OH‘>|<>

From Fig. 14(b), it is seen that the boost con-~
verter also has a one-pole control-to-output
response, with addition of the same right half-
plane zero as in the duty-ratio programmed mode
[1]. The same remarks apply to the buck-boost
converter modelled in Fig. 1l4(c).

All three converters in current-programmed
continuous conduction mode have the same general
form of model as for the duty ratio programmed
discontinuous conduction mode [2]. That of the
buck-boost converter in Fig. 14(c) contains all
the elements of the general model, whereas some
of the elements are missing in the models of
the buck and boost converters in Figs. 14(a)
and 14(b).

The one-pole control-to-output response of
the buck, boost, and buck-boost converters is
obvious because of the absence of the converter
inductor from the models of Fig. 14. 1In the
model of the Cuk converter in current-programmed
continuous conduction mode in Fig. 13, both the
input and output inductors appear explicitly, and
it is not so obvious that the control-to-output
response is in fact also basically one-pole.

To see this result, first ignore the depen-
dent current generator bridging C. in Fig. 13.
Then, below the resonant.frequency of L.C,, Cl
open and the generator D'ic feeds directly
through L2 so that

is
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(36)

Thus, the value of L, is immaterial since its
current is fixed at D'i , and a single-pole
response results. At f%equencies above the L.C
resonance, C, shorts and places the two generators
pi and D'i “in parallel; then, the resulting
total generdator current i_divides between L, and

L2 so that approximately 1
~ L R
v 1
- = 37)
lc Ll + L2 1+ SC2R

Thus, essentially a one-pole response occurs, with
a "glitch" in the neighborhood of the cormer
frequency of L, and C,, the size of the glitch
being greater %he higﬁer the Q-factor of the

L.C., resonance. This is quite similar to the
g}i%ch effect observed in the duty-ratio pro-
grammed mode [6].

Relatively minor modifications occur in the
above results when the dependent generator across
C., in Fig. 13 is accounted for. In fact, at high
frequencies this generator has no effect at all,
since it is shorted by C,. At low frequencies,
the node voltage v_ becofmes much smaller than v,
so that the dependent generator effectively be-
comes (D'/Ruzvb in parallel with the independent
generator D'i “or, equivalently, a resistance

/D' acress D' . By (32), /D' = R/D, so
this resistance introduces a second pole in the
control-to-output transfer function at R/DL,.
Normally, the frequency of this pole is muc%
higher than the corner frequency of L., and Cl’
above which, as already seen, the depéndent
generator across C, is effectively shorted;
hence, the conclusion is that the dependent
current generator has little effect upon the
qualitative control-to-output transfer function,
which is essentially a one-pole response plus a
glitch at the L1C1 resonance.

In all four of the converters, the reduction
of the control-to-output transfer function from a
two-pole response in the duty ratio programmed
continuous inductor current mode to a one-pole
response in the current-programmed continuous
conduction mode is a direct consequence of the
programmed inductor current being constrained to
be equal to the control signal and hence ceasing
to be an independent state variable. This reduc-
tion of the order of the system greatly simplifies
the design of a regulator loop. Thus, the same
desirable one-pole loop response is obtained as
in the duty ratio programmed discontinuous
inductor current mode, but without the disad-
vantage of high ripple.

4. IMPROVED ACCURACY MODELS

The equivalent circuit models of Figs. 13 and
14 are satisfactory for most practical design
purposes, as will be seen from the experimental
data presented in Section 5. However, if the



application does require more accuracy than can

be achieved with the equivalent circuit models
given thus far, more accurate models are available.
The improvement is accomplished by altering the
control constraint (15) so as to give a better
description of the effect of the current loop;
previously, it was assumed that variations in the
programmed current followed variations in the
control signal exactly. A more careful analysis

is now undertaken.

detailed relation-
and the programmed
constant slope m,
also included.

Figure 15 shows the actual
ship between the control signal
‘current. An artificial ramp of
added to the switch current, is

control
signal i¢c

state-spoce overaged

A
PIPNY v +1
artificial romp inductor current Ly
of silope m —3 i
actual inductor

current i,

\slope m,

—_— — — — — —

»

o— — — — —
—_—_—— ——

Fig. 15 More accunate nelationship between pro-
ghammed cuurent Lﬂ and control signal Aoe
See Fig. 9.

Since the state-space averaged current I, + i

passes through the midpoint of the actual current
waveform, it is clear that
. de
IZ tip =i -m — - deS (38)

The first-order perturbation of this equation gives
m

m
) _1_(_1 ;
DTS 5 2 + m) Tsd

The second and third terms on the right-hand side
are the corrections to the simple control con-
straint (19). The analysis then proceeds as
described in Section 3.3, with use of the duty
ratio expression (16) to eliminate d from (39)
and to arrive at an expression for iE of the

form of the auxiliary relation (18)." At this
point, since the models previously found used

the relation i, = i , the i_generators of these
models are simply réplaced by the expressions
corresponding to (18) that were found above. The
result is a model with the same basic topology as

that of the equivalent circuits found in Section
3.4.

i

c (39)

In general, frequency dependent terms appear
in the more accurate expression for i,. These
dependencies indicate that the programmed current
is not entirely eliminated as a state, but that
its effects are only noticeable at frequencies
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approaching the switching frequency. Since system
bandwidth is usually kept well below the switching
frequency, these terms are safely neglected.

This more accurate version of the modelling
technique has been applied to all four of the con-
verters considered earlier. In each case, the
slope of the artificial ramp was chosen to be
equal to the falling slope of the programmed
inductor current, as discussed in Section 2.
Correction terms which would be effective only
in the neighborhood of the switching frequency
were neglected. The results are summarized in
Fig. 16 for the Cuk converter and in Fig. 17 for
the other three converters.

.
Cuk converter

VW
<> !

/
T

2 Vo ip2\. A
Rt kR RQN(..‘;_‘>,.3_N\.-%)V., Rot =2 K
Parameters:
R, = Sum of dc input and output voltages
N ~ sum of dc input and output currents
V_+ p'v D
é _g—v. = e — = — R
I] +1 D I D
where
R = dc output voltage o V
dc output current ~ 1
2(Ly11Lp)
K = inductor conduction parameter = —RT
€ s
_m?
Kcrit =D
Fig. 16 "Extended" small-signal equivalent circut

model fon the Cuk convernter in current-
programmed continuous conduction mode.
Reduces to the "simplLe" model of Fig. 13

forn K > » (deep 4into continuous
conduEtion) .

In the extended models for the buck, boost,
and buck-boost converters in Fig. 17 the differ-
ences from the corresponding models of Fig. 14
are expressed in terms of a parameter K defined as

p2L _ 21

£ 40
k= RT VT (40)
s S

where T is the switching period. For K sufficient-
1y largg, the models of Fig. 17 reduce to those of
Fig. 1l4.



(a) Buck converter with input filter. Kgy=D'
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(d) Parameters for all three converters:

_ dc output voltage A V
~ dc output current I

K = inductor conduction parameter 8 %
s

"Extended" small-signal equivalent-circudt
models fon the buck, boost, and buck-booszt
convernters in cuwvient-programmed continu-
ous conduction mode. Reduce to the
"simplLe" models of Fig. 14 fon K + =

(deep into continuous conduction).

Fig. 17

The differences between the models of Fig. 14
and 17 are of two kinds: a noninfinite K modifies
the values of some existing elements, and also
introduces some elements absent, in the simple
model. It is seen that all three converters now
require the "full" model previously needed only
for the buck-boost converter in Fig. 14(c). For
the boost converter, the simple model predicts
infinite open-loop input impedance if the control
signal is held constant, because the input current
is the programmed inductor current and is thus

295

constrained to the fixed control signal. However,
as the input voltage varies, the slope of the
inductor current also changes and, as a result,

the average input current varies slightly with

the input voltage. Hence the input impedance is
actually finite, and the additional elements in

the more accurate model of the boost converter
account for this effect. Likewise, the simple
model of the current-programmed buck converter
predicts infinite line rejection but, for the same
reasons that the boost converter input impedance

is not infinite, a source disturbance in a current-
programmed buck converter results in a small change
in the output voltage. The additional generator in
the output port of the buck converter more accurate
model takes this phenomenon into account.

The significance of the parameter K is that
it is a measure of the ratio of the inductor dc
current, proportional to I, to its switching-
frequency ac ripple current, which is proportional
to (V/L) T . Thus, K is large when the inductor
dc current is large compared to its ripple current.
As the dc load resistance R = V/I becomes larger,
the converter approaches the discontinuous induc-
tor current mode as K becomes smaller. It is no
coincidence that K is precisely the "inductor
conduction parameter' defined in [2], whose value
determines whether the converter operates in the
continuous or in the discontinuous conduction
mode, As shown in [2], K > K for the converter
to operate in the continuous conduction mode. The
values of K for the three converters are also
I .crit
indicated in %1g. 17.

In the extended model for the Cuk converter
in Fig. 16 the differences from the simple model
of Fig. 13 are also expressed in terms of the
corresponding "inductor conduction parameter"
defined in [8] as

s 2(L1||L2) ) 2(Ll||L2)1

e RT vT
s s

(41)

Again, a noninfinite K leads to a modified value
of one element, the dependent current generator
across C,, and to new elements R, and R_,. Never-
theless, these corrections do noé alter the nature
of the previous qualitative discussion concerning
the one-pole form of the control-to-output trans-—
fer function.

It is seen that the dynamic properties of all
four converters in the current-programmed contin-
uous inductor current mode are very similar to
those in the duty ratio programmed discontinuous
current mode. However, it is interesting to note
that the dynamic properties in the duty ratio
programmed continuous conduction mode are inde-
pendent of the inductor conduction parameter
(that is, of dc load resistance), whereas the
dynamic properties in the current-programmed
continuous conduction mode become progressively
more affected as discontinuous conduction is
approached. That is, the elements involving K
or K in the models of Figs. 16 and 17 become
progressively more dependent on K or K as this
parameter decreases towards its critical value.



5. EXPERIMENTAL VERIFICATION

A Cuk converter operated in current-pro-
grammed mode was built to test the accuracy of
the equivalent circuit model. The circuit diagram
is shown in Fig. 18. Also constructed was a boost
converter, with similar control circuitry. Since
the purpose was to compare measured transfer
functions with theoretical predictions, output
voltage feedback was not applied. In the follow-
ing, "open loop" refers to this absence of voltage
regulator feedback.

The implementation of the current loop was
patterned after that of [4]. The switch current
is sensed by a current transformer, wound
N,:N, = 100:1 on a Ferroxcube 768 T188-3E2A
ferrite toroid. The transformer secondary is fed
into the emitter-base terminals of a high gain
PNP transistor (2N2907A) resulting in unity current
gain at the collector. This arrangement fixes the
voltage across the transformer secondary to a
single diode drop. An artificial ramp with slope
adjusted according to the results of Section 2 is
added to the switch current replica, the summing
occurring at a 150-ohm resistor R . The resulting
voltage is compared with the control signal by an
IM 311 comparator. A D-flip-flop is clocked to
close the power switch when the current ramp
reaches the level of the control signal.

The Cuk converter was operated at a switching
frequency of 70kHz, with a nominal duty ratio of
0.6. Open loop input admittance i,/v , line-to-

an HP 3040A Network Analyzer, using standard
techniques for the measurement of such quantities
in the presence of switching noise [9, 10]}. For
convenience, the control signal is taken as the
voltage v _ into the comparator, and the control-
to-output transfer function is actually measured
as v/v_. From Fig. 18, the relation between the
control voltage v and the control current i _is
i /v, = N,/NR =€100/150 = 1/1.5Q. The expéri-
mental da%a aré presented in Fig. 19, along with
theoretical predictions produced by the SPICE2
circuit analysis program, based in the simple
model of Fig. 13. The value of RN from (32) is
RN = (1-0.6)19/0.6 = 13Q.

While all the zeros of these three transfer
functions remain in the same places as their
counterparts in the conventional duty ratio
programmed mode, one pole is removed in all cases
owing to the current-programming effect. The
winding resistances of the input and output
inductors, 0.10-ohm and 0.12-ohm respectively,
were included in the models as resistors in series
with the inductors. Although these resistances
provide a small degree of damping, the glitch in
the control-to-output transfer function at the
corner frequency of L, and C,, at 1/2mv/220uHx110uF
= 1.0 kHz, is substantial. }t is seen that the
simple model of Fig. 13 provides satisfactory
predictions except for the open-loop input admit-
tance.

In Fig. 20 the same experimental data are
shown together with the computer-predicted curves

output transfer function V/Y , and cofitrol-to- from the extended model of Fig. 16. From (41),
output .transfer function v/iC were measured with the inductor conduction parameter is
Current programmed mode Cuk converter
ov ia 220uH_ 012 o p 430wH 0120 oy
[ ] 1
Vo LQRWU‘V“F+———1F—ﬂJUNﬂp‘ﬂh-
________ 2 hoaadiiiind
v .
T o
Np: VP-5 VP-5
100 l__
G 3 9.7,F |
- 310
2N5328 SZ F r
2N2907A  2N2907A IN5825
K G 500 70kHz
D:=0.6
VN66AF
N——_———— Ne—————/
switch current romp ortificial raomp . 7
—————
12V —
B V
l base driver .
b3 Cuk converter
< Vee
SET  ap
/_E-D Q Ti: Ferroxcube 768 TI88-3E2A
Ve cpaoI3 Nzl N2=100
clock CLOCK

Fig. 18 Schematic o test circuit of an open-Loop current-proghammed Cuk converter in

continuous conduction mode.
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Fig. 19 Experdimental data and computer predictions Fig. 20 The same experimental data o§ Fig. 19

04§ the Lnput admittance L /V_, ine-to-out-
put trans fer function (&Lne ﬂe;ectwn) v/,
and control-to-output transfer function g’
U/v_, fon the Cuk converter of Fig. 18. The
computen predictions are based on the "sim-
ple' model o4 Fig. 13.
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compared with the computen predictions
based on the "extended" model of Fig. 16.



2(220pH] | 430pH)

K = 190(1/70kHz) ~ 11 (42)
For the operating point D = 0.6,
2
= ' =
Kecrit D 0.16 (43)
so K is not very large compared to K , and the

4 . ecri
resulting correction factors in the depengent

current generator across C, are significant. The
additional resistances in the model are
_1.1 x 13
Ry = 0.6x0.4 - 009
(44)

_0.6 x _
Ry = 0.4 (1 -0.36)

It is seen from Fig. 20 that the accuracy of
the predicted input admittance results from the
extended model is much improved. An extra pole at
high frequency is produced in the more accurate
model, but this effect cannot be given much impor-
tance, since other high frequency terms have
previously been neglected in the process described
in Section 4. Note that the apparent phase dis-
continuity in Fig. 20(b) is due to a limitation of
the circuit analysis program, and does not repre-
sent an actual feature of the transfer function.
In plotting the experimental data, a 360-degree
phase shift has been added in order to follow this
artificial discontinuity.

Although both the model of Fig. 13 and the
extended model of Fig. 16 quite accurately
predict the properties of the Cuk converter in
current-programmed continuous inductor current
mode, it is seen from the results of Figs. 19(c)
and 20(c) that the glitch in the control-to-
output transfer function is undeniably large. As
mentioned, the size of the glitch can be reduced
by addition of suitable damping of the LC reso-
nances. This design objective has already been
developed with respect to the similar problem
that arises in the duty ratio programmed mode [6],
in which suitable damping can be achieved by
placing a resistance across one or both capaci-
tances.

A similar damping means can be used for the
current-programmed mode, and also leads to a
simplification in the model. If a damping resis-
tance R, is placed across the energy transfer
capacitance C,, as shown in the partial extended
model of Fig. 21, the resistance can be replaced
by an equivalent current generator which can in
turn be absorbed into the parallel dependent
current generator, as also shown in Fig. 21.
Then, if R, is small enough, the resulting single
dependent Current generator value is dominated by
the R, contributions, and hence R, can be returned
to its original explicit position across C., and
the original dependent current generator can be
omitted as having a negligible effect.
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Fig. 21 The damping resiston R, of a Cuk converter
can be absonbed into the current sowrce
achoss the enengy trans fer capaciton -

is shown in
current gen-
since it was

The resulting simplified model
Fig. 22. Omission of the dependent
erator is a considerable advantage,
the only element in the model whose effect upon
the properties is not easily interpreted. The
approximation is likely to be good in all cases
where the damping resistance R, is small enough
to reduce to invisibility the glitch in the con-
trol-to-output transfer function, as can be seen
by consideration of the numerical values in the
experimental circuit of Fig. 18. As previously
determined, = 13Q and K = 1.1, so that with
D = 0.6 the original depengent current generator
in Fig. 15 is given by

0.6 0.16| ~ . 0.4 0.64 ) ~
TN 1.1) Vat 13 (1 - 1.1) b
__1 - I
= Toq Va T 780 Vb (45)

To remove the undesirable glitch, R, must be
sufficiently small to damp the L,C. resonance to
an effective Q of order unity. hé characteristic
resistance of the L,C, combination is VL,/C, =
V220pH/110uF = 1.49, and so a value for h of this
order of magnitude would clearly dominate the 199
and 78Q contributions to the dependent current
generator.

.

)
: L Red ——51
Ra DD,K,RN 8 o' (1-02)

KeRn

More easily interpneted "extended" Cuk
conventen moded of Fig. 16 in which a
sufgiciently small damping resistance R,
added across C, permits the parallel
cwuent generaton to be omitted.

Fig. 22



Another way of looking at the above result
follows from recognition that the original depen-
dent current generator across C, in the model acts
similarly to a parallel damping resistance whose
value is of the order of RY; since is of order
R, and since R is usually large enough to corres-
pond to only light damping, it follows that
addition of explicit damping resistance R, will
usually justify omission of the original %ependent
current generator from the model, as shown in Fig.
22.

To illustrate how such damping can eliminate
the glitch in the control-to-output transfer
function, a resistor of 2.1Q dc blocked by a
900uF capacitor was placed across C, in the exper-
imental circuit of Fig. 18, and a 10Q resistor dc
blocked by a 110uF capacitor was placed across C,.
The resulting control-to-output transfer function
data points are shown in Fig. 23, together with
the computer predicted curves given by the model
of Fig. 22 with omission not only of the dependent
current generator, but also of the resistances
R, = 600 and R, = 34Q. Since these resistances,
as far as the control-to-output transfer function
is concerned, merely produce a damping effect
which, because of their large values, is small
compared with that of R, = 2.1Q, it is clear that
the resistances R, and can also be neglected.
This conclusion is verified by the good agreement
between the experimental data points and the com-
puter prediction in Fig. 23.

L c ~~ simple model
20 /wnh damping .
I -30 . ® 90°
/
J o
0 00 0 °
v o 20°A
> ° o
v, o
c o
©-180°
-270°
L | L 1 L 1 L
10 100 1kHz 10 100

"Ag. 23 The glitch in the Cuk converter conthol-
to-output trans fer function of Fig. 19(c)
{4 substantially reduced by addition of
de-blocked damping resistons acn054'gk
and C, nespectively. Computer predi ed
val ane guom the model of Fig. 22 with
1!27 = 2.1q, R2 = 10Q achoss CZ' and with
Ry and Rg omitted.

Experimental data for a current-programmed

boost converter, as shown in Fig. 14(b), with

L = 390uH, C = 24uF, R = 75Q, and V = 25V, operated
at 70kHz with duty ratio of 0.55 are given in Fig.
24 . The inductor conduction parameter K = ZL/RTS =
0.72 again is not very large compared to Kcrit =
0.11, so the extended model of Fig. 17(b) is
necessary for accurate prediction. The theoretical
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Fig. 24 Experimental data and computer predic-
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tions of i,/& , VU, and U/V_ for a
boost convertdr in gunnant-p&%g&wnwed
continuous conduction mode. The
computen predictions are based on the
model of Fig. 25.



values in Fig. 24 are calculated using the model
in Fig. 25. This model is equivalent to the model
developed in Section 4 and presented in Fig. 17(b),
but has been manipulated slightly to eliminate the
frequency dependent generator, for the convenience
of the SPICE2 program. Again, the zeros remain in
the same places and the number of poles is reduced
by one, compared with the corresponding transfer
functions in the duty-ratio programmed mode. Sat-
isfactory predictions are obtained up to about
half the switching frequency.

<>
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AAA
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7
R

0%\,
Q’TT>V° (+0' (1-0%) 7k
Fig. 25 Boost convertern small-signal equivalent-
cineudt of Fig. 17(b), slightly manipu-
Lated fon convenience o4 computen
caleulations.

6. CONCLUSIONS

A converter operated in the current-programmed
mode has the properties of continuous switch pro-
tection, overload protection, equal load sharing
in parallel operation, and simpler control dynamics
than in the conventional duty-ratio programmed mode.
However, in the course of development of a good
design technique, two difficulties must be over-
come: (1) the potential instability of the current
loop when the duty ratio is greater than 0.5, and
(2) the lack of a complete equivalent circuit model
which can guide the designs of a regulator feedback
loop and an input filter.

Solutions to both problems have been presented
in this paper, for any converter operated in con-
stant-frequency, current-programmed continuous
inductor current mode. In Section 2, a particular
value of the artificial ramp slope is proposed,
which guarantees not only stability, but also the
fastest possible transient response of the pro-
grammed current. In Sections 3 and 4, a method
is introduced which leads to a small-signal linear
equivalent circuit model which represents both the
input and the output properties of a converter
operated in current-programmed continuous conduc-
tion mode. The method is an application of the
state-space averaging technique, which describes
the relationships between the variations of state
variables, input voltage, and duty ratio around
the operating point in a simple and elegant
manner. An extra constraint on the inductor
current is then imposed to reflect the nature
of the current-programmed mode.
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The model is developed in detail for the Cuk
converter, and the results are also presented for
the conventional buck, boost, and buck-boost con-
verters. In all cases, the salient feature of
the model for the current-programmed continuous
conduction mode is that it predicts a basically
one-pole response for the control-to-output
transfer function. This is to be expected since,
qualitatively, the programmed current feeds
directly into the output capacitor producing the
single pole, and the inductor current essentially
ceases to be an independent state.

The model for current-programmed continuous
conduction mode has the same one-pole control-to-
output response as does that for the duty ratio
programmed discontinuous conduction mode, but it
also contains the same right half-plane zeros as
does the model for the conventional duty ratio
programmed continuous conduction mode. In both
modes, these (single) right half-plane zeros occur
for the boost and buck-boost converters, but not
for the buck.

In the 6uk converter, which contains an
"inherent" input filter in addition to the '"output"
filter, there is a possibility of a pair of right
half-plane zeros in the model for both the current-
programmed and the duty ratio programmed continuous
conduction modes. In both cases, this can arise
because of an interaction between the input and
output filters, and the pair of zeros can be moved
to the left half-plane by suitable damping of one
or both filters.

From another point of view, such damping
essentially prevents the input filter from having
any significant effect upon the control-to-output
transfer characteristic, which consequently retains
the essentially one-pole response.

Two forms of model for current-programmed
continuous conduction mode are derived, a "simple"
model and an "extended" model in which account is
taken of the fact that the inductor current is not
entirely removed as a state variable. The extended
model reduces to the simple model when the inductor
ripple current is vanishingly small compared to its
dc component, that is, when the converter operates
deep in the continuous conduction mode. The dis-
crepancies between the extended and the simple
models become progressively more severe as dis-
continuous conduction is approached, and in fact
the discrepancies are quantitatively expressed in
terms of the parameter K previously introduced as
an "inductor conduction parameter'" in models of
converters operated in duty ratio programmed dis-
continuous conduction mode.

Experimental measurements of converter input
admittance, line rejection, and control-to-output
transfer function agree well with computer pre-
dictions _from both the simple and extended models
for the Cuk converter in current-programmed con-
tinuous conduction mode, and also for the boost
converter. It is also shown that a particularly
simple form of the model for the Cuk converter



results when sufficient damping of the input
filter is incorporated, as is normally required
for acceptable performance.

The models developed for converters in current-

programmed continuous conduction permit informed
design of loop gain, input and output impedances,
line rejection, and other performance properties
to be undertaken for regulators containing con-
verters operated in this mode.
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