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OPTIMAL DISCONTINUOUS GALERKIN METHODS
FOR WAVE PROPAGATION*

ERIC T. CHUNG! AND BJORN ENGQUIST?

Abstract. We have developed and analyzed a new class of discontinuous Galerkin methods (DG)
which can be seen as a compromise between standard DG and the finite element (FE) method in the
way that it is explicit like standard DG and energy conserving like FE. In the literature there are
many methods that achieve some of the goals of explicit time marching, unstructured grid, energy
conservation, and optimal higher order accuracy, but as far as we know only our new algorithms
satisfy all the conditions. We propose a new stability requirement for our DG. The stability analysis
is based on the careful selection of the two FE spaces which verify the new stability condition. The
convergence rate is optimal with respect to the order of the polynomials in the FE spaces. Moreover,
the convergence is described by a series of numerical experiments.
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1. Introduction. Many applications involve the solution of wave equations. Ex-
amples are electromagnetic waves for radar and communication as well as acoustic
and seismic wave propagation. Let  C R? be a two dimensional polygonal domain
with outward normal vector n and let 7" > 0 be a fixed time. Given two positive
constants a; > 0, ag > 0 and two given functions Fy(x,t), Fa(x,t), we will consider,
for (x,t) € 2% (0,T), the following wave propagation problem: find a function u(z,t)
and a vector field v(z,t) € R? such that

0
(1.1) ala—?—&—Bv:Fl,
0
(1.2) aga—qtj — B*u = Fy,

where the two operators B and B* satisfy

(1.3) /| (B /| (BUyodr = | wodo

CIoN

for all subset €2y C 2. Here L is some operator depending on the two operators B,
B* and the subdomain . We also denote by L the operator such that [t)|? =
|Lap|? 4 | L], Assume that there is an operator B+ such that BBp = 0 for all p.
Acting (B1)* to (1.2) and using (B1)*B* = 0, we have the following:

(1.4) %(ag(BL)*v) = (BY)*Fy.
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The condition (1.4) usually has important physical significance. For example, in the
case of electromagnetic wave propagation (see (E) in the following), v represents the
electric field, (B+)* is the divergence operator, and (1.4) is just the continuity equation
expressing the conservation of charges. We supplement the system (1.1)—(1.2) with
boundary condition

(1.5) Lv=0 Vze o
and initial conditions
(1.6) u(z,0) =ug(z) and wv(z,0) =vo(x) Va € Q,

where ug(x) and vo(z) are given. In particular, we are interested in the acoustic and
the electromagnetic wave equations, which correspond to the following choice of B
and B*:

(A) Acoustic: Bv = -V v, B*u = Vu, and Lv = v - n.

(E) Electromagnetic: Bv =V x v, B*u =V x u, and Lv = v X n.

Notice that, in (1.1)—(1.2), u(z,t) is a function while v(xz,t) = (v!(x,t),v%(x,t)) is a
vector having two components. So the operator V x is defined as V x v = 0;v? — dyv!
for any vector field v and V x u = (0ou, —d1u) for any function u. Here v x n =
ving —v?ng with n = (n1,n2). In (A) and (E), we use n to denote generically the unit
normal vector of the corresponding subdomain which defines L and L. Moreover,
we have L1 = ¢ x n for (A) while Lty = 1 - n for (E). Furthermore, we have
Btp =V xpand (BY)*p =V x p for (A) while B*p = Vp and (B*+)*p = —V -p for
(E). Wave propagation problems can be solved by partial differential equation (PDE)
techniques, integral equation techniques, and asymptotic techniques. Among PDE
techniques, finite difference (FD) method, finite volume (FV) method, finite element
(FE) method, and discontinuous Galerkin (DG) method are the most popular choices.
The FD method provides a simple way to solve wave propagation problems, but it
is typically low order and applies only to structured grids. The FV method can be
seen as a generalization of the FD method to unstructured grids, but it is still low
order. The FE and DG methods provide high order solvers for the time dependent
wave equations on unstructured grids.

Nédélec [15] introduces a curl-conforming FE method for solving Maxwell’s equa-
tions. Geveci [8] proposed a mixed FE method for the scalar wave equation. The
inversion of the mass matrix at each time step causes some possible drawback in the
efficiency of those methods. Mass lumping techniques can be used to avoid solving
linear systems. In Cohen and Monk [6], a mass lumping method for rectangular grids
is developed. In Bécache, Joly, and Tsogka [1], a new class of mixed FE method, which
is suitable for mass lumping, is developed for the scalar wave equation. Cohen, Joly,
Torjman, and Roberts [5] design a mass lumping technique for triangular grids for
polynomial order up to five. Discontinuous Galerkin methods provide explicit schemes
in the sense that only block diagonal mass matrices have to be inverted. Hesthaven and
Warburton [10] proposed a DG method based on upwind flux and Cockburn, Li, and
Shu [4] proposed a DG method based on locally divergence free basis and upwind flux.
While the schemes are successful, energy is not conserved due to the upwinding. Fe-
zoui, Lanteri, Lohrengel, and Piperno [7] proposed a DG method based on central flux.
This method preserves energy, but the convergence rate of the scheme is suboptimal.
Recently, a new DG method has been developed for the wave equation in second order
form; see Grote, Schneebeli, and Schétzau [9]. The method is also energy conserving
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both v and v are
discontinuous

DG

u and v are continuous

Our DG at different points

both u and v are

FE continuous
A—— A & A A

Fic. 1.1. Comparison among standard DG, our new DG, and FE methods.

in the sense of a newly defined energy. A space-time DG method has also been
developed in Monk and Richter [14].

In this paper, we will develop and analyze a new class of DG methods which can be
seen as a compromize between FE and DG methods. Our new DG method combines
the advantages of FE and DG methods in the sense that it is both energy conserving
and explicit. The idea is to use discontinuous functions with extra continuity. In
the velocity-potential formulation of the scalar wave equation (A), we will add extra
continuity to the velocity where the potential is discontinuous and add extra continuity
to the potential where the velocity is discontinuous. For Maxwell’s equations (E), a
similar idea can be applied to the electric and magnetic fields. As a result, the flux
integrals are evaluated exactly, which is the basis of energy conservation. However, the
addition of the extra continuity cannot be done arbitrarily due to stability concerns.
It has to be done in such a way that some inf-sup conditions are satisfied. In Figure
1.1, we illustrate this idea in one space dimension. For standard DG, both unknown
functions u and v, which are velocity and potential for scalar wave equation and
are electric and magnetic fields for Maxwell’s equations, are discontinuous at cell
boundaries. For FE methods, both v and v are continuous. For our new DG, the two
functions are continuous at different points.

Yee’s scheme [16] has been a very popular numerical method for computational
electromagnetics. It is a second order central FD method on structured grids. The
success of the scheme is due to the use of a staggered grid. Our new DG method is
a FE method on staggered grids and can be seen as a higher generalization of Yee’s
scheme on unstructured grids. In particular, in one space dimension, our new DG
method with piecewise constant approximation is the same as Yee’s scheme. In two
space dimensions, our new DG method in the lowest order is some averaged version
of Yee’s scheme.

The rest of the paper is organized as follows. In section 2, we will introduce
the new FE spaces and prove the corresponding unisolvence and interpolation error
estimates. The new DG is then derived in section 3. In section 4, under the assumption
of some inf-sup conditions, the stability and convergence of the method are proved.
The inf-sup conditions are then verified in section 5. Furthermore, some numerical
experiments are presented in section 6. The paper ends with a conclusion.

Remark. We consider only two space dimensions in this paper. For three space
dimensions, a careful choice of the two FE spaces Uy and Vj, that verify (3.1) and
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(3.2) as well as the two inf-sup conditions (4.1)—(4.2) are required. This work will be
developed in a forthcoming paper.

2. FE spaces. Assume the domain ) is triangulated by a family of triangles 7°
sothat @ = U{r | 7 € T}. Let 7 € T. We define h, as the diameter of 7 and p, as the
supremum of the diameters of the circles inscribed in 7. The mesh size h is defined
as h = max,c7 h,. We will assume the set of triangles 7 forms a regular family of
triangulation of €2 so that there exist a uniform constant K independent of the mesh
size such that [3]

h, < Kp, VreT.

In addition, we will assume the triangulation satisfies the inverse assumption [3].

Let € be the set of all edges and let £Y C € be the set of all interior edges of the
triangles in 7. The length of o € £ will be denoted by h,. We also denote by N the
set of all interior nodes of the triangles in 7. Here, by interior edge and interior node,
we mean any edge and node that does not lie on the boundary 09Q. Let v € N'. We
define

(2.1) Sv)=U{reT |ver}

That is, S(v) is the union of all triangles having vertex v. We will assume the
triangulation of Q) satisfies the following condition.
Assumption on triangulation: There exists a subset A7 C N such that
(A1) Q=U{S(v) | v e N1 }.
(A2) S(v;) NS(v;) € Y for all distinct v;,v; € M.
Let v € N;. We define

(2.2) Euv)={cel|vea}.

That is, £, (v) is the set of all edges that have v as one of their endpoints. We further
define

(2.3) Eu=U{&(v) |veN} and &, =&\

Notice that &, contains only interior edges since one of the endpoints of edges in &,
has a vertex from A;. On the other hand, &, has both interior and boundary edges.
So, we also define £ = &, N Y which contains elements from &, that are interior
edges. Notice that we have £,\E0 = £ N Q. Furthermore, for o € £Y, we will let
R(c) be the union of the two triangles sharing the same edge . For o € £,\EY, we
will let R(o) be the only triangle having the edge o.

In practice, triangulations that satisfy assumptions (A1)—(A2) are not difficult
to construct. In Figure 2.1, we illustrate how this kind of triangulation is generated.
First, the domain € is triangulated by a family of triangles, called 7. Each triangle in
this family is then subdivided into three subtriangles by connecting a point inside the
triangle with its three vertices. Then we define the union of all these subtriangles to
be our triangulation 7. Each triangle in 7 corresponds to an S (v) for some v inside
the triangle. In Figure 2.1, we show two of the triangles, enclosed by solid lines, in
this family 7. This corresponds to 6 triangles in the triangulation 7. The dotted
lines represent edges in the set &, while solid lines represent edges in the set &,.

LEMMA 2.1. Fach 7 € T has exactly two edges that belong to &,.



OPTIMAL DISCONTINUOUS GALERKIN METHODS 2135

S(v2)

Fic. 2.1. Triangulation.

Proof. First of all, 7 has at least one interior vertex. We will show that there is
exactly one vertex of 7 that belongs to Nj. If none of the three vertices of T belong
to N1, then 70 N S(v) is an empty set for all v € Nj, where 7° is the interior of 7.
Then, U{S(v) | v € N1} N 7% is an empty set. So, U{S(v) | v € N1} # Q, which
violates assumption (A1). If 7 has two vertices, v; and v;, that belong to N7, then
S(v;) N S(v;) contains 7. So, it violates assumption (A2). The case that 7 has all
vertices belonging to A can be discussed in the same way. In conclusion, 7 has
exactly one vertex which belongs to Aj. So, by the definition of &,, the two edges
having the vertex in A belong to &,. 0

Given 7 € T, we will denote by v(7)1, v(7)2, and v(7)3 the three vertices of
7. Moreover, v(7); is the vertex that is one of the endpoints of the two edges of T
that belong to &,. Then v(7)s and v(7)s are named in a counterclockwise direction.
In addition, A;1(x), Ar2(z), and A 3(z) are the barycentric coordinates on 7 with
respect to the three vertices v(7)1, v(7)2, and v(7)s.

Now, we will discuss the FE spaces. Let £ > 0 be a nonnegative integer. Let
7 € T. We define P*(7) as the space of polynomials of degree less than or equal to k
on 7. We also define

(2.4) RF(1) = P*(r) @ P**1(7),

where PFt1 (7) is the space of homogeneous polynomials of degree k41 on 7 in the two
variables A, 2 and A; 3 such that the sum of the coefficients of AﬁEl and )\]7“_31 is equal to

zero. That is, any function in P*(7) can be written as 3=, 1 150 50 @i jAs 2N 5
such that ax41,0 + ag,x+1 = 0. Now, we define

Un = {¢| ¢|- € R¥(7); ¢ is continuous at the k + 1 Gaussian points of o Vo € &,}.

For any edge o, we use P¥(o) to represent the space of one dimensional polynomials
of degree less than or equal to k on 0. We define the following degrees of freedom:
(UD1) For each edge o € &,, we have
/ ¢py do
g

for all p, € P*(0).
(UD2) For each triangle 7 € 7, we have

for all pp_1 € P*=1(7) (for k > 1).
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Notice that (UD1) is equivalent to ¢(cy;) where «;, for ¢ = 1,2,... k + 1, are the
k + 1 Gaussian points of o. For a smooth function ¢, we will define Z,,¢ € U}, by the
following degrees of freedom:

(U1) For each edge o € &,, we have

/U(Zu¢ —¢)pk =0

for all p, € P*(0).
(U2) For each triangle 7 € 7, we have

/ (Tud — S)pi_r dz = 0

for all py_1 € P*=1(7) (for k > 1).
THEOREM 2.2. Let T, : H,en, WEHEP(S(v)) — Uy. Then I, is uniquely deter-
mined by (U1)-(U2). Moreover,

(2.5) |6 — Zudlwmrsey) < KR dlwrrinsw)-

Proof. Notice that dim(P*) = 2(k+1)(k+2). Then (UD1) gives (k+1)|€,| con-
ditions while (UD2) gives 1k(k+1)|7 | conditions where |S| is the number of elements
in the set S. Notice that |S(v)| = |E,(v)] for all v € N. So, by the assumption (A1)
(A2) and the definition of &,, we have |T| = ZueNl |S(v)| = ZueNl IEu(V)] = |Eul-
So, the total number of degrees of freedom defined by (UD1)-(UD2) is % (k + 1)(k +
2)|T|. Next, we will find the dim(U). Notice that dim(P*+1(7)) = k + 1. So, we
have dim(Uy) = 2(k + 1)(k + 2)|T | + (k + 1)|T| — (k + 1)|€.|, where the subtraction
of the third term is due to the continuity condition imposed on the k + 1 Gaussian
points of each edge in &,. Since |7 | = |&,|, we have dim(Uy) = 1(k + 1)(k + 2)|7],
which is equal to the number of degrees of freedom defined by (UD1)-(UD2).

Next, we will show Z,¢ = 0 if ¢ = 0. Let 7 € 7. Then the degree of freedom
(UD1) implies that Z,¢ is zero at the k + 1 Gaussian points of the two edges of 7
that belong to £,. More precisely, we denote by o (j = 1,2,... ,k+1) the k +1
Gaussian points of the edge of 7 having endpoints v(7); and v(7)2. Then we define
real numbers w; (j =1,2,... ,k+ 1) such that 0 < w1 < wy < -+ < wg41 < 1 and
a; = (1 —w;)v(r)1 + wjv(T)2. Moreover, we denote by 5; (j = 1,2,... ,k+ 1) the
k + 1 Gaussian points of the edge of 7 having endpoints v(7); and v(7)s. Then the
real numbers w; also satisfy 3; = (1 — w;)v(7)1 + w;v(7)s. So, we have

T.¢ = Cﬂfill@ﬂ —wy) + CH?I%(ATz —wj) — C(*l)kﬂﬂfille + Ar2Ar3qr—1

for some g1 € P¥~1(7). By the definition of R*(7), the sum of the coefficients of
)\’:51 and Aﬁ:gl is zero. So, we have ¢=0. Using (UD2), we have [ A2\, 3¢7_, dz=0.
Since A;2A73 > 0 in the interior of 7, we have q;_1 = 0. Hence, Z,¢ = 0.

Now, we will prove (2.5). Let 7 € 7 and let py € P*(7). It suffices to show that
T, preserves polynomials. By (U1), Z,pr — pi is zero at the k + 1 Gaussian points of
the two edges that belong to &,. So,

Tupk — pr = VI (Ar 2 — wy) 4+ BIIVET (A7 5 — wj)

—b(—= )M w; + Ao Arsria
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for some constant d and 7,1 € P*~!(7). Since Z,pr € R*(7), we have b = 0. Using

(U2), we have r,_1 = 0. Hence, Z,pr = pk. O
We define

Vi, = {4 | 9|, € P*(1)% L1 is continuous along oVo € &,; Ly = 0 on 9N}

We also define the following degrees of freedom:
(VD1) For each triangle 7 € 7, we have

[@omar e Pho).
(VD2) For each triangle 7 € 7, we have
/(Lw)Ar,mkq dr  Vpy_1 € PF71(7).
(VD3) For each edge o € £2, we have
[@oads v e PHo).
Furthermore, for a smooth vector field ¢, we define Z,% as the corresponding inter-

polation operator by the following degrees of freedom:
(V1) For each triangle 7 € 7, we have

/ LTy —)pr dw =0 Vpj, € P*(7).
(V2) For each triangle 7 € 7, we have
/ LTy — $)Arapis dz =0 Vpp_y € PF1(r).
(V3) For each edge o € 2, we have
[ @ - ds =0 v € PR

THEOREM 2.3. Let I, : llyegoWHTP(R(0))? — Vi. Then I, is uniquely deter-
mined by (V1), (V2), and (V3). Moreover,

(2.6) ) — Zotblwma(royz < KR [l esto (mo))2-

Proof. First of all, the number of degrees of freedom defined by (VD1), (VD2),
and (VD3) are 3(k + 1)(k + 2)|7|, $k(k +1)|T], and (k + 1)|€J], respectively. Also,
the dimension of V}, is given by

1
dim(Vy) = 25 (k+ 1)(k + 2)|7| = (k+ DIE] = (k + DIENE,
where the second term on the right-hand side is due to the continuity condition that

L is continuous on o for all o € €Y, and the third term on the right-hand side is
due to the boundary condition Ly = 0 on 9. Notice that |7| = 2|EY| + |E,\EY).



2138 ERIC T. CHUNG AND BJORN ENGQUIST

v(T)1 . . v(T)2

Fic. 2.3. A single triangle for k = 1.

Now, a direct calculation shows that dim(V},) is equal to the total number of degrees
of freedom defined by (VD1), (VD2), and (VD3).

Now, we will show T, = 0 if 1) = 0. First, (VD1) implies that L*(Z,1)) = 0 on
each 7 € 7. Using (VD3), we have L(Z,%) = 0 on each o € £2. So, on each 7 € 7,
we have L(Z,%) = A\;.1qx_1 for some g1 € P*~1(7). Indeed, we can write

k
Il/}*a Zb)\7'1+c] 72)

Since L(Z,¥)|, = 0, we have a = 0, ¢; = 0, and L(Z,¢) = Zk b; )\j Applying
(VD2), we have L(Z,%) = 0 on each 7 € 7. Since |Z,¢|> = |Li(I qp)|2 + |L(Z,)|?,
we have Z,1 = 0.

The estimate (2.6) follows from the fact that the operator Z, preserves polyno-
mials of degree k. ]

Let us consider an example for k = 1. For Uy, the degrees of freedom are the two
Gaussian points on each edge belonging to £, and the cell center. In Figure 2.2, we
illustrate three triangles in the triangulation which corresponds to an S(v) for some
v € N1. The dotted lines denote edges from the set &, while solid lines denote edges
from the set &,. The solid dots denote the continuity points defined by (UD1), which
are the two Gaussian points of the edges in &,. The circle in each triangle represents
the degree of freedom defined by (UD2). In Figure 2.3, we show the degrees of freedom
on a single triangle. Any function ¢ € R*(7) can be expressed as

o =a+brra+chs+dA\,—A23) +eroArs.

For V},, L is defined as a linear function which is continuous on the edge o while
Lt is defined as a linear function on each triangle with no continuity requirement.
In Figure 2.4, we illustrate an R (o) for some o € £2, where o is represented by the
solid line. We represent the degrees of freedom of L by solid dots and the degrees
of freedom of L+ by circles.
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Fic. 2.4. R(o) for k= 1.

3. The new scheme. In this section, we will derive the new discontinuous
Galerkin method for the wave propagation problem (1.1)—(1.2). Multiplying both
sides of (1.1) by ¢, integrating the resulting equation on S(v), and using (1.3) yields

ay / —(b dx + / (B*¢)v dx — / (Lv)¢ do = / Fi¢ dx.
Sy Ot Sw) aS(v) S(w)

Summing over all v € NV,

al/—(bdx—l—/ (B*¢)v dx —
Q

If Lv is continuous along each o € £2 and Lv is zero along each edge in &£,\&Y, then

(3.1) Z/ (Lv)¢ do = Z/

veN: oe&l

Z/ Lv¢da—/F1¢>dx

veN

where [¢] = ¢T — ¢~ is the jump of ¢ along ¢. Similarly, multiplying both sides of
(1.2) by v, integrating the resulting equation on R(o), and using (1.3) yields

ag/ Ov — dx — / (ByY)u dx — / (L)u do = Fy du.
R(o) Ot R (o) OR(a) R(o)

Summing for all o € &,,
aQ/ wdx—/Bwudm—Z/ Lz/J)udo:/Fgwdx.
ot oe&, OR(o) Q

Now if Lt is a polynomial of degree k and w is a (k 4+ 1)th degree polynomial which
is continuous at the k£ + 1 Gaussian points of o € &,, then

3.2 (Lp)u do = [Lp]u d
(32) gg/dn(o) V) do ;/ Ylu do,

where [Ly] denotes the jump of Li) along o. Then, the new discontinuous Galerkin
method is defined as follows.
The new discontinuous Galerkin method: Find u, € Uy, and vy, € V), such that

(3.3) a1 /Q (;Sda:—l—Bh(vh,d)):/QFlng dz,

a’Uh

(3.4) ag/ﬂ—w dx — BZ(uh,w):/QFgw dx
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for all ¢ € Uy, and ¢ € V3, where

(3.5) By, (uh,¢)_/ (B*¢)vy, da — Z/Lvh

oe&l
(3.6) B (up, ) = / (BY)up dz+ Y / Lipuy, do.
o€y

The initial conditions up(0) and v, (0) will be defined as u,(0) = Z,up and v, (0) =
Z,vo. We remark here that we define the spaces Up, and V}, so that (3.1) and (3.2) are
valid. Furthermore, we define the discrete derivative operators Bj, and B} by

(Brtp, ¢) = Br(,¢) Vo € Uy,
(Bro,¥) = B (¢,%) Y € V.

The two operators B, and B}, are the discrete analogue of the two derivative operators
B and B*.
LEMMA 3.1. For all ¢ € U, and oy € V},, we have

Proof. Let ¢ € Uy, and ¢ € V,. Then, by the definition of By, and (3.1),

Bh(%aﬁ):/ $)on dz — / Lup)[¢

ce&l
= (B*¢)¢ dx — (L d
/ ¢ v Vg\:/- /S(U w (ZS 7
—;{ / IRGCITES / o, 00 do}.

Using integration by parts on each triangle,

Bu(¥,9) = Y { oy PPV Aot > /qudo}=B;:(¢,w>.

veN; €&, (V)

This completes the proof. 0
We define the discrete L? norms and H' norms in the following ways. For all
¢ € Uy, we define

k+1

(3.8) 1612, = / Bt 3 ()Y ey,
oe&, j=1
(3.9) Il = 240+ 3 h;
b= [Eror s 30t [

For all ¥ € V},, we define
(3.10) 1ol = [ 0 det 3y

b [ o St [ 00)
(3.11) Wl = [ (B2 do+ 3 (h / Ly do

oc&y
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With these definitions, we have the following continuity conditions for all ¢ € Uj,
and ¢ € Vj,:
(3.12) 1Br(¥, )| < K[¢llw |9z,
(3.13) 1B (4, )| < K|[¢llz ||l -

Moreover, we have, in Uy,, the norm ||¢||w is equivalent to the standard L? norm ||¢|,
while in Vj,, the norm ||¢|lw- is equivalent to the standard L? norm |[[#||. That is,
there are two uniform constants K; and K5 such that

(3.14) Ki|¢ll < llollw < Kallgll V¢ € Un,
(3.15) K[l < lollwe < Kal[¢ll Vo € Vi

Now, we will prove the following interpolation error estimates. The first one is
the interpolation error in the discrete L? norms.

LEMMA 3.2. Assume (u,v) € WFHL(Q)3. Then for any integer m with 1 <
m<k+1,

(3.16) ||u - IMUHW < Khm|u|Wm.oo(Q), ||’l) - IUUHW’ < Khm‘v|wm,oo(ﬂ)2.

Proof. By the definition of W-norm and W/-norm,
lu = Zyullw < K|lu—Zyul|pe(y, v —Tyollw < Kllv—Zyv|[ g ()2

The proof is complete by using (2.5) and (2.6). d
The second one is the interpolation error in the discrete H' norms.
LEMMA 3.3. Assume (u,v) € H*TY(Q)3. Then for any integer m with 1 < m < k,

(3.17) ||u—qu||Z < Khm|u|Hm+1(Q), ||’U—IvUHZ/ < Khm‘/Ule+l(Q)2.

Proof. Let Z,u € Uy, be the interpolant of u. By the definition of Z-norm,

u—ul? = (Zouw — u))? dz )t wu—ul? do.
T — ull} /Q<B<I D2 dr+ Y (ho) /I 2 d

[
ce&l 7

The first term will be estimated by using the inverse inequality and the interpolation
estimate (2.5)

/Q (B*(Tuu — w))? do < Kh™ a2 g,
For the second term, we will use the trace inequality
/(qu — w2 do < K(|Zuu — ull e oo IV (Tt — 0)l| 220
+ BN Zuu = ull 2 (r(ry)-
So,
/[qu —ul? do < Kh2k+1|u|§l,€+1(9),
and this implies
|1 Zuu —ullz < Kh*|ul grsr o)

The estimate for ||[v — Z,v||z- can be proved by a similar argument. 0
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4. Stability and convergence analysis. In this section, we will prove the
stability and convergence of the scheme (3.3)-(3.4). We write (u,v) = [, uv dz and
lu] = (u,u)z. In order to obtain an optimal error estimate, we will assume the
following.

The inf-sup conditions:

Bh(wa ¢)

4.1 inf sup — 2" >K,
(4.1) VeV geu, 1Yz |lllw
(4.2) inf sup Bilo0) g

ocUn yev, lellz¢lw =

For a general introduction to this topic; see Brezzi and Fortin [2].
Consequently, we have

(4.3) | Briollw = K¢z,
(4.4) IBrollw > K||¢l|z.

By the continuity conditions (3.12) and (3.13), we have

(4.5) Ki|[¢llz: < |Brollw < Kallv]l 2,
(4.6) Ki|¢llz < |Brollw < Kz||¢]|z.

So, the discrete H! norm is equivalent to the discrete L2 norm of the discrete derivative
operator. Notice that, the above two inf-sup conditions (4.3)—(4.4) imply the existence
of projection operators P, and P, such that

(4.7) By (Pyv—v,0) =0 Vo€ Up,
(4.8) Bj(Puu —u,p) =0 Y € V.

Regarding the initial condition wup(0) and v, (0), we can obtain them by solving
the following:

(4.9) By (Pyvo — v, ) =0 Vo € Uy,
(4.10) B} (Puug — ug, ) =0 Yo € Vi;

then set up(0) = Pyup and v, (0) = P,vg. However, in order to retain the accuracy
of the approximation, the initial conditions can also be defined as up,(0) = Z,uo and
vr(0) = Z,vg, where Z,, and Z, are some interpolation operators with the same order
of accuracy and stability estimates ||up(0)|| < K||uo| and ||vn(0)|| < Kl|vo]|-

One important property of the numerical approximation (3.3)—(3.4) is that energy
is conserved, as is the case for the continuous problem (1.1)—(1.2). In particular, the
method (3.3)—(3.4) is stable in the discrete L? norm. Moreover, the convergence in
the L? norm is optimal. We state these results in the following theorem.

THEOREM 4.1. Let u € U and v € V be the solution to (1.1)~(1.2) and let
up, € Uy and vy, € V3, be the solution to the numerical scheme (3.3)~(3.4). Then,
energy is conserved, namely

d
lun ]l + lon]l*) = 0.

(4.11) =
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Moreover, for 0 <t < T, we have
[ (w —un) @)+ [[(v —vr) (D)l

< K< inf — inf — ,
o) < { g = ollw + f o= vlw

t
inf - inf - /) dsp.
[ nt e ol + g, o = wlw) ds}

Proof. Taking ¢ = uj, and ¥ = v, in (3.3)—(3.4) yields

d
al<;;h7uh> + B (vp,up) =0,

dv
a2<dth,vh> — B;‘L(uh,vh) = O

Adding the two equations and using (3.7), we obtain (4.11).
In the following, we will prove (4.12). Let Z,,u and Z,v be arbitrary elements in
Uy, and V4, respectively. First, we have

(4.13) a1<d(u;tuh),¢>+Bh(v—vh7¢>) =0 VoeU,
(4.14) a2<W,¢>B;(uuh,¢)o Yep € V.
By the definitions of the projection operators P, and P,, we obtain
(4.15) a1<W,¢>+Bh(mvh,¢) =0 Vo eU,
(4.16) a2<d(”),w> B} (Pyu —up, ) =0 Yo € V.

Let Q% : Uy — ker(B;)t and Q2% : Vi, — ker(By)* be the projection operators.
Taking ¢ = Q?(Pyu — up) and ¢ = Q*(P,v — vi,), we have, by adding the two
equations,

w1n) a2 G- )+ ao{ T Q2P - ) 0,

which implies
d
@(alllQi(Puu —un)|* + a2[|Q3(Pyv — vp)[1?)

_ a1<(7):;),Q2( u—uh)> +a2<(PU;),QQ( 0 —vh)>

This can be rewritten as

d
(@l QL(Puu = wn)[* + 6| Q5 (Pov = von)?)

= al<W7Qi(Puu - Uh)> + a2<d(’vadt_ImaQ12;(’PvU - 'Uh)>

+ a1<d(IS)7Q2( ul — Uh)> + GQ<W,Q3(7’UU - Uh)>~
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Consequently,
lar @3 (Pute — up) || + [la2 @5 (Pov — vn) |

t
<K [ {1Q3(Pute ~ Zuwo)| + Q3 (Puvs ~ Puvn)} ds
0

t
n K/ {||qut — || + || Zove — vt||} ds.
0
Using the triangle inequality, we finally have

la1 Q% (Zuw — un) || + a2Q7(Zov — vn)|
< K(|Q%(Puu — Zyu) | + |1Q5(Pov — Zo)|))

t
K [ {103 (Pue ~ Zu) + 1@ (P — Povi) |} ds
0
t
+K/ {1t = el + | Zyve = v} ds.
0

It suffices to estimate the norms ||Q2(P,v—Z,v)|| and ||Q2(Py,u—Z,u)|. In particular,
we will prove ||Q?(P,v—Z,v)| < K|lv—Tyv|w and || Q2 (Pyu—Tuu)|| < K||lu—Z,ullw.

We consider the following variational problem: Given us € ker(B;j)*, find eV,
such that

(4.18) Bu(ih,¢) = (uz,¢) V6 € Up.

The existence of ’(ZJ is ensured by the fact that By : Vj;, — ker(B;;)J- is surjective.
Taking the supremum in ¢ and using (4.3), we derive the following estimate:

(4.19) 10l < Kus.
Now, we have

”Qi(Puu - qu)H2 = Bh(lﬁa Qi(Puu - Zyu))
= B;(QZ(Puu - Ilju), 1/;)
= B} (Pyu — Zyu, )
= Bjj(u —Zyu, )
< [¥llz llu — Zuullw
< K(|Q2 (Pyu — Tyu)|ll|u — Zyulw

Hence, we have
(4.20) Q% (Puu — Zuw)[| < llu — Zyul|w-
Replacing u by u;, we have
(4.21) Q% (Puue — Touy)|| < [lue — Zuuellw-
Similarly, we consider the problem: Given vy € ker(By,)L, find ¢ € Uy, such that

(4.22) Bi (4, 0) = (va,9) Ve €V,
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with the estimate

(4.23) 11z < K|jva]].

Hence, we have

(4.24) 13 (Pyv = Zo)|| < [lv = Zovllw-
Replacing v by vy, we have

(4.25) Q3 (Puve = Zywe) | < floe = Zovilw.

This finishes the proof of estimates of the components of the errors in ker(B;)+ and
ker(Bp,)+. In the following, we will estimate the components of errors in ker(B}) and
ker(Bp).

Define Q) : Uy, — ker(B;) and Q) : V}, — ker(By,) as the orthogonal projection
operators. Taking ¢ = QL(Z,u — uy) and ¢ = QL(Z,v — vy), we have

o 22 Qhg— ) ) (MU QU7 - ) =0

Hence, we obtain

t

@ (T = un)| + a2 Qb(Tuv = )| < [ Tt = el + [ Tuve — i} .
0

Combining all results,

1Zuu — upllu + [|Zov — v llo < K{||Q11L(qu —up)|lu + ||Q12L(qu —up)|lu

+1Q3(Zuw = vn) o + Q2T = vl }-
The proof is complete by noticing that

[l — unll < fu = Zuu|l + [[Zuw — unl,
[ = onll < lv=Zyvl| + |Zoo —vnl. DO

Now, we will state the convergence theorems. The following is the convergence in
L? norm. We see that the numerical scheme is O(h**!) when the FE spaces Uy, and
V}, contain polynomials of degree k.

COROLLARY 4.2. Let (u,v) € WhH(0,T; WkET12°(Q))3 be the exact solution to
the wave propagation problem (1.1)—~(1.2) and let (up,vp) be the solution to (3.3)(3.4).
Then

(4.26)
[w = upl + lv—vn|l < th_H(||u||W1v1(0,T;Wk+1v°°(Q)) + HU”lel(O,T;Wk+1v°°(Q))2)~

Theorem 4.1 and Corollary 4.2 state that the numerical scheme (3.3)—(3.4) is
stable and convergent, with optimal rate, with respect to the discrete L?-norms. The
L? stability can be satisfied by a very large class of spaces U}, and Vj,. However, with L?
stability only, it is not sufficient to deduce the weak convergence to the true solution;
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see Joly [11]. As a result, the numerical solution may behave badly and the optimal
rate of convergence is not achieved. This fact can be seen by some numerical examples
in the following sections. The extra conditions needed are the inf-sup conditions (4.1)—
(4.2), as many mixed FE methods require some compatibility conditions between the
two spaces Uy, and V},. These conditions yield a stability in the discrete H' norm and
we state this result in the following theorem.

THEOREM 4.3. Let up, € U, and vy, € V}, be the solution to the numerical scheme

(3.3)—(3.4). Then
[l
Proof. Taking t-derivative in (3.3)—(3.4), we have

d d dF;
<d;h7¢>+ h(éjth,GS) < 17¢> Vo € U,
oo Tt} - Bi(Su) = (S20) e

Taking ¢ = % and ¢ = % and adding the two equations, we obtain

dUO
dt

d’Uo

(427) ||Uh||Z + ||Uh||Z’ < K{’ +

H dF;

1d(, Ndu R 3 dFy dup\ [/ dF, do
24t \" || dt *|| dt 0 dt dt o dt
and consequently
duh d’Uh duo dUo dFl dFQ
i Ynll <« i
Mt dt || = { a || "
By using (4.3),
By, du, d
lonllzr < K||Bron|lw = K sup [Bn(vn, @) < K sup w = ‘uh
sevn  Nolw seun  lI0llw dt
Similarly, we have
dv
funllz < K|

This completes the proof. ]

Before we state the convergence theorem, we will state a L? convergence result
which is very similar to Theorem 4.1—that all functions are replaced by their time
derivative. It can be proved in exactly the same way as the proof of Theorem 4.1.

LEMMA 4.4. Let u e U and v € V be the solution to (1.1)~(1.2) and let uy, € Uy,
and vy, € Vi, be the solution to the numerical scheme (3.3)—(3.4). Then for 0 <t < T,
we have

—(u—u —(v—w <K mf Uy — inf ||v; — /
A N T P Py

t
+/0 (¢1€nUh e — ollw + inf loee — Pllw 5}
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The following theorem states the convergence of the method (3.3)—(3.4) in the
discrete H' norm. It can be seen that the H' error is optimal with respect to the
norms and the FE spaces.

THEOREM 4.5. Let u € U and v € V be the solution to (1.1)—(1.2) and let
up € Up and vy, € Vj, be the solution to the numerical scheme (3.3)~(3.4). Then for
0<t<T, we have

d
. - /< - - 1 - !
(1.20) o= onllz < 5 (| = )| + jng 1o = oll),
d .
(4.30) Ju—upllz < K(Hdt(v —on)|| + inf 16— u||Z>.

Proof. By the inf-sup condition (4.3), we obtain

Bp(Pyv — vp,
|Pov — vpllz < K||Br(Pyv — vp)||lw = K sup Bu(Puv = vp, ¢)

IS N H¢”W

Recalling (4.15), we have

<d(u — up)

L0} BuP -~ 1) =0 6 € U

and consequently,

d
oo =l < K| 0= )

Let Z,v € V}, be an arbitrary element of the FE space V},, using the triangle inequality
v =vnllz: < llv=Zovllz + | Zov = Povllzr + [|Pov — vnl 2.
Following the proof of Theorem 4.1, we have
|Zyv — Pyvllz < K||Zyv — v|| 2.

Hence, we obtain

d
o= ol < & | (0 = )

+ ||Iv1] — U”Z’) .
Since Z,v is arbitrary,

d
o - vnllz < K(Hdtm—uh)

inf — ).
+ it o=l

So, (4.29) is proved. The estimte (4.30) can be proved in a similar fashion. 0
Now, we state and prove the convergence in the discrete H! norm. We see that
the numerical scheme is O(h*) in the discrete H' norm when the FE spaces Uj, and
V}, contain polynomials of degree k.
COROLLARY 4.6. Assume k > 0 is the largest integer such that Uy, and V}, contain
polynomials of degree k. Let (u,v) € WLP(0,T; H*1(Q))3 N W2P(0, T; Wk (Q))3,
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for p > 1, be the exact solution to the wave propagation problem (1.1)~(1.2), and let
(up,vp) be the solution to the numerical scheme (3.3)~(3.4). Then

way el =l < KR 0o mms oy

+ ”(U,U)”WZvP(O,T;W’“eW(Q)P)'

Next, we prove a superconvergence result for some component of the derivative
of uy,. We state this result as the following theorem.

THEOREM 4.7. Let u be the exact solution to the wave propagation problem (1.1)-
(1.2) and let uyp, be the solution to the numerical method (3.3)~(3.4). Then

(4.32) ILEB* (u = un)|| 22
< KR (w, ) w2 o, rw1oe (yys + 1wl w0, zsare+2 (o)) }-

Proof. To prove this, we observe that for all ¥ € V},
0
ag/ a—(v —wvp) - dx — By (u — up, ) = 0.
o Ot

Let mpu be a function such that wpul, is a (k4 1)th degree polynomial interpolant of
t|r. Then we have

Biun = v ) = Bifu = ) —az | 2= ) e

Recalling the definition of B}, we have

B (up, — mhu, ) = / B*(up, — mpu)t do + Z [up, — mpu] L do.
Q o€, V7
Now, we choose 1) € V}, such that Ly = 0 and Ly = L+ B*(uj, — mpu). This is
equivalent to sets (VD2) and (VD3) to being zero. Therefore,
By (up, — mpu, ) = /(LJ‘B*(uh — mpu))? de,
Q

19l 20) = [ILTB*(un, — mhu)| r2(q)-
Consequently, we have

10}
(4.33) | Lt B* (up, — 7rhu)||2L2(Q) = Bj(u — mpu, ) — ag/ g(v —wvp) -t dz.
Q

Now we will estimate the right-hand side of (4.33). By Lemma 4.4 and interpola-
tion error estimates (3.16), the second term on the right-hand side of (4.33) can be
estimated by

< KR ([|ullwza o w1 )) + 0]l o, wiestos ())2)-
L2(Q)

0
e -

Using inverse type inequalities, we have

* _1
1B*(u — maw) || 20y < KR ulgrra )y 18- Uln2o) < Kh72 9] 2y,
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and by the trace inequality, we obtain
lu — mhull p2oy < K5 grsa ).
Then the first term on the right-hand side of (4.33) can be estimated by

By, (u — mhu, ) < [|B*(u — mpu) || L2 )|l L2

+ Z lu — mhull L2 (o) 1 L]l 2 (o)
oEE,

< th+1|u|Hk+2(Q)||¢||L2(Q)'

Combining the result, we prove the theorem. 0

Now, we will discuss the condition (1.4). In the following theorem, we show that
the numerical solution v, satisfies (1.4) in a weak sense. Let Sp be the space of
standard H'-conforming FE space of degree k + 1, namely p € S, if p|, € P*1(r)
and p is continuous across each o € £.

THEOREM 4.8. Let v be the exact solution of the wave propagation problem (1.1)-
(1.2) and let vy, be the numerical solution to the numerical scheme (3.3)~(3.4). Then

(4.34) /Q wqp dz =0

if and only if ¢ = BLp for p € .

Proof. If ¢ = Vp for p € Sp,, then ¢ € V. Using (4.16), we have proved (4.34).
Assume (4.34) holds. Then, using (4.16), we have B} (P,u — up, ) = 0. By (4.3), we
have [|1]|z- = 0. By the definition of Z’'-norm, we have By = 0 and [L#]|, = 0 for
all ¢ € &,. Using By = 0, we have 1 = Btp for some p. Since ¥|, € P*(7)2, we
have p|, € P**1(7). Notice that Lt is continuous on each edge in £2. Using this and
[L]|, = 0 for all o € &,, we have that p is continuous across each edge in &, U 0.
So, the proof is complete. ]

5. Verification of inf-sup conditions. Now, we are in a position to prove that
the choice of Uy and V}, above satisfies the inf-sup condition (4.1)—(4.2).
THEOREM 5.1. There is a uniform constant K > 0 such that

Bi(w,¥)

5.1 inf sup
(5-1) allw 9]z

YEVR wely,

> K.

Proof. Let ¢ € V},. Tt suffices to find u € Uy, such that
(5.2) By (u,y) 2 K[[9l7 and  ul < K¢z

Recalling the definition of Bj, we have

B,*L(u,w):/ﬂu(Bw) dr+ Y [ [LY]u do.

o€€,

First, we will define u; € Uy, such that

(5.3) -/Qul(BL/J) dx > K/Q(sz)2 dr and /Q(ul)2 dr < /Q(Bt/))2 de.
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Let 7 € 7. We define the function wy such that uq|;, = A;2A;3B%. Notice that
Bi|, € P*~1(7) and |, is zero on the two edges of 7 that belong to &,, so u1|, €
R¥(7). Since A\, 2\, 3 < 1, the second equation in (5.3) holds. Notice that the quantity
fT q,%_l)\ﬂg)\ﬂg dx defines a norm for g;_1 in the space Pk_l(T). Since norms in finite
dimensional spaces are equivalent, we have

/AﬂzAT,g(Bw)? dx > K/(sz)2 de.

Summing up this equation for all 7 € T proves the first equation in (5.3).
Next, we will define uy € Uj, such that

(5.4) S Wlugdo = > (ho)™! / [Ly)? do,

o€€, V7 oEE, a
. us)? dz o)t 2 do.
(5.5) [ d <K 3 iz

To do so, we define us so that
1. ug = (hy) " [LY)] at the k + 1 Gaussian points of o for all o € &,, and
2. fT Uaqr—1 dr =0 for all g1 € P*~!(7) and 7 € 7.

Then, clearly, (5.4) is satisfied. We will define a subspace Uy of U, by

U = {(b c Uy, | /qbq,H dx = 0,Yq,_1 € P*1(r),Vr € T}.

Then the following quantity

k+1
> he ) d(e)’
o€&y j=1

defines a norm for Up. Since norms in finite dimensional spaces are equivalent, we
have

k+1

/ug de < K Z hZ ZUQ(aj)z.
T j=1

<t
By the definition of us,

k+1

/ug de < K Y Y [Ly(ey)).

g€e&, j=1
Since [L1)] is a polynomial of degree k, we have

k+1

S (Lwla) < K(h) ™" [ (L0 da,

which follows from norm equivalence in finite dimensional spaces. So, (5.5) is proved.
To prove (5.2), we take u = u1 + us. Notice that by the definitions of u; and s,
we have

/ug(Bw) dr=0 and /[Lw]ul do =0.
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Using this together with (5.3), (5.4), and (5.5), we have proved (5.2). |
THEOREM 5.2. There is a uniform constant K > 0 such that
B
(5.6) inf sup _Bu(v.0) > K.

o€Un vev;, [|vllw0llz

Proof. Let ¢ € Uy. As in the proof of the previous theorem, we find v € V}, such
that

(5.7) By(v,¢) 2 K|¢]7 and |v] < K||¢]|z-
Recalling the definition of By, we have
Buw.o) = [ B odr— 3 [ (Lol do
Q oeg0”7

We define v; € V}, such that
(5.8) /(B*qb)vl dx > Kl/ |B*¢|* dz  and / lv1|? da < K/ |B*¢|* du.
Q Q Q Q
We define the set
Vii(r) = {v|, | v € Viy; Lv|, = 0 Vo € &,}

and the linear functional
£ = [ (B o s

for n € V(7). With the standard L? norm, V;}(7) is a Hilbert space. By the Riesz
representation theorem, there exist vy, € V;}(7) such that

fon) = / vionde and [orslzam = 12y,

where * denotes a norm in the dual space. That is,

fr
Vfellzsye = sup 220
nevi () Imllzzc)

We define vy such that v1]|; = v1,,. Then

/ o2 de = 3 / s dr < S / B |2 dx :/ B[ dx,
Q T T Q

TeT TeT

which proves the second inequality in (5.8). To prove the first inequality in (5.8),
we will first show || fr|[z2(-)« defines a norm for B*Uj on 7. So, it suffices to show
B*¢ = 0if || f7||z2(ry» = 0. Assume | f;| z2(-)» = 0. Then we have [ (B*¢)n dz =0
for all n € V;}(r). Notice that B*¢ € P*(r)2. Taking Ln = 0 and Lty = L+(B*¢)
yields [ (L*+(B*¢))? dz = 0. So, we have L*(B*¢) = 0 on 7. By the definitions of
L+ and B*, we have (9, , — Ox, ;)¢ = 0. So, we have

k+1

¢ = Z Cj()\,,-yg + )\T’g)j.

=0
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Since ¢ € Uy, we have ¢,y = 0 and therefore L(B*¢) € P*¥~1(7). Taking Ltn =0
and Ln = A, 1L(B*¢), we have [ A;1(L(B*¢))? dz = 0, which implies L(B*¢$) = 0.
Hence B*¢ = 0. Since norms in finite dimensional spaces are equivalent, we have
Il frllz2(ry= > K||B*@||12(r). Consequently, we obtain

/(B*¢)v1 dx = Z /(B*(é)vl; dx = Z fr(v1,7) = Z v, da,
Q TeT* T

TeT TeT /T

which proves the first inequality in (5.8).
We will find vo € V}, and a function v* such that

(5.9) =5 [ (Lo + 06 do > K j{j(hﬂ>*1jf[¢F do,

oc€E, VO oe&l 7
(5.10) / g+ 0P do < K3 (hg)*l/[aﬂ2 do.
Q oce&l 7

Let 0 € &2 and let 7,7 be the two triangles sharing the same edge 0. We define
V2(T U7) as follows:

VAT UT) = {v|;ur + V(Ar2Ar3qr) | v € Vi, (VD1) = (VD2) = 0;q1, € PF(ruf)}.

Here, by (VD1) =(VD2) =0, we mean both the degrees of freedom defined by (VD1)
and (VD2) are equal to zero. Also, the polynomial gy, is fixed and will be chosen in
the following. With the standard L?(7 U 7)? norm, V;2(7 U7) is a Hilbert space. We
also define the following linear functional:

%w:/@www

for all n € V2(r U 7). By the Riesz representation theorem, there is an element
var + v € V(7 UT) such that

97(77) = / (U2,‘r + ’U:-r)ﬁ dr and ||’02,T + ’U;FHL?(TU%)? = ||gr||(L2(Tu%)2)*a
TUT

7

where the norm |[|g; ||(z2(rus)2)- is defined as

gr(n
||9¢H(L2(Tu%)2)* = sup 7( ) .
neV2(ruF) ||77||L2(7'U7"')2

We then define vy by v|r =v2, and v by vT|. =v}. Since [ (Ln)* do < K(h;")
[ In? dx, we have

1
-2 (rumy2)s <
||77||L2(ru%)2

/U(Ln)Q do/g[fb}Q do < Kh! /JW do.

Summing up all 7 € 7 proves (5.10). To prove (5.9), we will first show that [¢]|, =
0 if ||g-ll(z2(rus)2)- = 0. Now, we assume |gr|/(z2(rus)2)» = 0. Then we have



OPTIMAL DISCONTINUOUS GALERKIN METHODS 2153

[, (Ln)[¢] do = 0 for all n € V;Z(r U 7). We take 5|, € P*(7)? and n|z € P*(7)?
such that Ln = [¢] at the k + 1 Gaussian points of o. Then, € V;>(1 U 7) and

k+1

he S wlblay)? de = [ (Ln)ie) do =0,

where the first equality follows from the Gaussian quadrature rule; here w; denotes
the weight and a; denotes the quadrature point. Since the weights w; > 0, we have
[¢] = 0 at the k + 1 Gaussian points of o. Notice that [¢]|, is a polynomial of degree
k + 1. So, we have that [¢]|, is a scalar multiple of the (k + 1)th degree Legendre
polynomial, namely [¢]|, = bPk;1 for some constant b, where Py is the Legendre
polynomial of degree k + 1. We take n = V(A 2A;3qx) with ¢ to be determined
below. Notice that Ln is the tangential derivative of A; 2A; 3q; along 0. By a change
of variable, we have

[l do=d [ 20 - Paio)

1
= d/ 1 diz((l — 22)qr(2)) P y1 (2) dz

for some constant d > 0. Notice that Py satisfies the Legendre differential equation

(=25 =~ e+ 2P

So, we take qi|, = dpdk;l and extend the definition of ¢ over all of 7 U 7. Then we
obtain

1

/(Ln)[¢] de = —bd(k+1)(k +2) / Bhia(e) de

This implies that b = 0. Hence [¢] = 0. So, ||g-||(z2(ru7)2)+ defines a norm on L?(o).
Since norms in finite dimensional spaces are equivalent, we obtain

197l (z2(rumy2)- = K(r U@l 22(0)-
A standard scale change argument yields

_1
lg=ll(z2(rumy2)r = K(he) ™2 [[[¢]l|22(0)

which proves (5.9).
Combining (5.8), (5.9), and (5.10), we have

B (801 4 va + v, ¢) zéKl/ |B*¢|* dz + K> Z(hg)*/[cb]?da
Q o

g€e&,
" /Q<B*¢><v2 + ") da.

By the Cauchy—Schwarz inequality,

K2 K3
B* Nde > ——= 12 d —7/3* 2 da.
[ E ot 0) doz g2 [ oot o= g [ 5o as
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So, we have

Bp(6v1 +va +ot, ) > <6K1 - 2KK‘32> /Q |B*¢|* dx + % > (ho)! /W do.

O'Egv 7

Now, we choose ¢ such that 6 K; — QKT?“ = 1. Then we have

K
Baour +oa-+0%,0) 2 win (1,52 ) ol
Since By (vT,¢) = 0, we have
. K
Do +2,6) 2 min (152 ) 13,
We take v = vy + vo € V}, so that the first inequality in (5.7) is proved. To prove
the second inequality in (5.7), we first notice that ||vg ;||12(s) defines a norm for
V(T U7) since |Jva7 | 12(s) = 0 implies (VD3) =0 which in turn implies vy, = 0 by

unisolvence of the FE space V},. By norm equivalence in finite dimensional spaces, we
1 .
have |lva - || z2(r) < Kh2 ||var|12(0) < |Jv2,r|l22(r)- Then we obtain

1601+ val| 2y < Bllvrllzagr) + [vall2(ry < Kllorllzacey + b2 [[vs]| 2(o)-

Furthermore, we have the following orthogonality condition:

1
d dP
wf do = iy G e
/(,UZ’ Rl /,11)2’ dz <( Z) dz ?

1
= —(k + ].)Uf + 2) / UQ’T]ID]C+1 dz=0

-1

since the function P47 is equal to zero at the k + 1 Gaussian points of o. By the
orthogonality condition,

02120y < lv2ll72(0y + 10 7200y = 02 + 0F [ 220y < KB vz + 07 (|72 (00,
where the last inequality follows from trace inequality. So, we have
1601 + V2|l L2 (rury2 < KlvillL2usz + Kllva + 07 || L2 (rusy2-

Summing up all 7 € 7 and using estimates (5.8) and (5.10) completes the
proof. ]

6. Numerical examples. In this section we present a series of numerical ex-
periments which give quantitative results and confirm the rate of convergence of the
method (3.3)—(3.4). We will, in particular, consider the TE mode of Maxwell’s equa-
tions (E) and set Q = [0,27]%, a1 = as = 1, and F; = F, = 0. In addition, the
function u is the magnetic field H while the vector v is the electric field E. The exact
solution to Maxwell’s equations is

H(z,t) = cos(t) cos(x1) + cos(t) cos(xz),
Ey(z,t) = —sin(t) sin(za),
Es(z,t) = sin(¢) sin(zq).
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TABLE 6.1
L2 norm errors at T = w/4 for k = 0. Rate of convergence is 1.0298.

N NT L2 error

10 100 1.311

20 200 0.4799
40 400 0.2782
80 800 0.1301
160 | 1600 | 0.06653
320 | 3200 | 0.03378

TABLE 6.2
Errors in various norms at T = w/4 for k = 1.

N NT L2 error |H—=Hpllz | |E— Enllz
10 100 0.1809 1.526 0.7213
20 200 0.04528 0.6619 0.3472
40 400 0.01111 0.3498 0.1623
80 800 0.002797 0.1597 0.1019
160 | 1600 | 0.0007022 0.06220 0.04968

The domain (2 is triangulated in the following manner. First, we divide € into
N x N uniform squares. Then, we subdivide each square by connecting the lower
left corner and the upper right corner to obtain two triangles. We further subdivide
each triangle into three triangles by connecting the center of the triangle to its three
vertices. For the resulting ODE system in time, we use the standard leap-frog scheme.
Below we use NT to represent the number of time steps.

We first consider an example for the first order method, that is, £ = 0. We then
test the rate of convergence by comparing the solution to the scheme (3.3)-(3.4) and
the exact solution at 7' = 7. Table 6.1 shows the discrete L? errors for various mesh
sizes, from N = 10 to N = 320. Here, we choose the time step small enough so that
a suitable CFL condition for the leap-frog scheme is satisfied. We will use the results
from Table 6.1 and the least squares method to estimate the rates of convergence of the
scheme in the discrete L? norm. More precisely, we assume the error is proportional
to h? for some # € R, and then perform a least square data fitting using the data
from Table 6.1. Doing this, the numerical rate of convergence is 1.0298. This confirms
that the scheme is first order convergence in the discrete L? norm.

Next, we consider an example with k£ = 1, that is, the FE spaces U;, and V},, which
contain all linear polynomials and a subset of quadratic polynomials. We will test the
rates of convergence in various norms at 7' = 7/4. Table 6.2 shows the results of error
in various norms with various mesh sizes. In the third column of Table 6.2, we give
the sum of the error for both H and F in the discrete L2 norm. In the fourth column,
we have the error for the magnetic field in the Z-norm. In the fifth column, we have
the error for the electric field in the Z’-norm. Table 6.3 shows the estimated rates
of convergence. From the table, we see that the estimated rate of convergence in the
discrete L? norm is approximately 2. Moreover, the estimated rates of convergence
in H! semi-norms are approximately equal to 1. Our theoretical statements are thus
confirmed by this experiment.

In Table 6.4, we also show the error for the divergence of E as well as the normal
jump of E. We have not proved convergence results in these two norms, but they
are implied by the estimates that we proved in previous sections. The error in the
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TABLE 6.3
Estimated rate of convergence at T = w/4 for k = 1.

Norm Estimated rate
L? norm 2.004
|H — Hpllz 1.129
|E — Epllz 0.9489
TABLE 6.4

Normal jump and divergence errors at T = /4 for k = 1.

1
N | NT | Yoeelhe IILH(E = En)lp2(o) | Idiv(E = Ep)llL2 o)
10 | 100 1.212 0.2519
20 | 200 0.5692 0.1180
40 | 400 0.2610 0.05039
80 | 800 0.1387 0.03494
160 | 1600 0.06686 0.01632

divergence of E is measured by [|div(E — Ej)||12(q) while the error in the normal

jump of E is measured by Zdeg(h;%)HLl(E — Eu)|l2(s)- The estimated rates in
both norms are 0.9652 and 1.040, respectively. So, the rates of convergence are indeed
first order for these two norms.
In what follows, we will consider the one dimensional scalar wave equation on
Q = [0,2n],
ou Jdv Ov OJu

ot ox’ Ot 0x’

with periodic boundary condition. The purpose is to compare our new optimal DG
with the central DG method. The central DG method is typically based on piecewise
polynomial approximation without continuity requirement across cell interfaces. Flux
integrals along cell boundaries are evaluated by using the average of two values of the
numerical solutions from the two neighboring cells, or the so called central numerical
flux; see, for example, [7]. We choose u(z,t) = ™=~ and v(x,t) = —es™@) to
be the exact solution. We will compare the numerical solutions by the two methods
at T = 20 using 20 spatial cells and the leap-frog scheme for the time discretization.
Figure 6.1 shows the numerical solutions. First, we see that both methods preserve
energy. Second, we see that there are spurious modes in the numerical solutions
obtained by the central DG. It can be shown that the central DG does not satisfy the
inf-sup conditions that we introduce in this paper. With our new optimal DG, which
verifies the inf-sup conditions, we see that there is no spurious mode appearing in the
numerical solution.

Now we will compare our new DG with an upwind DG method. The upwind DG
method is typically based on piecewise polynomial approximation without continuity
requirement. Flux integrals along cell boundaries are evaluated by taking the upwind
value of the numerical solution from the two neighboring cells, or the so called upwind
numerical flux; see, for example, [10]. We will compare the numerical solutions by
both methods using the same setting except that 7' = 100 and the 4th order Runge-
Kutta method is used for time stepping for the upwind DG. Figure 6.2 shows the
numerical results. We see that both methods contain no spurious mode. For the
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05 \ q 05 | i\i Lo

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6

Our DG Central DG

Fic. 6.1. Comparison of the optimal DGM and central DGM.

0 1 2 3 4 5 6 7 0 1 2 3 4 5 6

Our DG Upwind DG

Fic. 6.2. Comparison of the optimal DGM and upwind DGM.

upwind DG, it is well known that it is dissipative as seen from the numerical result.
On the contrary, our optimal DG preserves energy well.

Before ending this section, we will compare the upwind DG, central DG, and
our new optimal DG with piecewise linear approximation. Due to the nature of the
three schemes, they are all explicit and suitable for unstructured grids. Because of
upwinding, the upwind DG is not energy preserving. In terms of the total number
of degrees of freedom (DOF), both the upwind DG and the central DG need 4N
unknowns. This is because there are 4 unknowns on each cell. On the contrary,
owing to the extra continuity conditions, our new DG needs only 3N unknowns,
which is more efficient in terms of memory storage. In addition, the central DG
is only first order accurate, which is suboptimal since we are considering piecewise
linear approximation. Both the upwind DG and our new DG have optimal order of
convergence, namely, second order in the L? norm. We summarize all these properties
in Table 6.5.

7. Conclusion. In this paper, we have developed and analyzed a new class of
discontinuous Galerkin methods. This new DG can be seen as a compromise between
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TABLE 6.5
Comparison among upwind, central, and our new DG with piecewise linear polynomials.

Upwind | Central Our
Explicit scheme Y Y Y
Unstructured grid Y Y Y
Energy conservation N Y Y
DOF 4N 4N 3N

Order O(h?) O(h) O(h?)

the standard DG and the FE in the sense that our new DG is explicit as standard
DG and is energy conserving as FE. Energy conservation is an important property for
a large class of applications that involves the numerical solutions of wave equations
while explicitness provides a more efficient scheme where no matrix inversion is needed
at each time step. We have shown that the new DG is stable in both the discrete L?
norm and discrete H' norm. Moreover, the convergence rate is optimal with respect
to the order of the polynomial space. To the best of our knowledge, our new DG is the
first method that satisfies all of the following properties: explicit, energy conserving,
suitable for unstructured grids, and optimal rate of convergence.
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