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The Hamiltonian based on curvilinear normal modes and local modes (CNLM) is discussed 
using Wilson’s exact vibrational Hamiltonian as basis, the CNLM representation diagonalizing 
only the normal mode block of FG matrix in curvilinear internal coordinates. Using CNLM 
the kinetic and potential energy operators for benzene are given, including cubic and quartic 
anharmonicity in the potential energy and cubic and quartic terms in the kinetic energy 
expansion in curvilinear coordinates. Using symmetrized coordinates and cubic and higher 
force constants the number and identity of the independent symmetry allowed (A ,g ) such 
force constants are obtained. The relation to conventional anharmonic force constants is then 
given and the allowed contributions of the latter are obtained. The results are applied to CH 
overtone spectra and intramolecular vibrational dynamics in Part III of this series. 

I. INTRODUCTION 

In recent years considerable interest has developed, 
both experimentally and theoretically, toward understand- 
ing vibrational relaxation and intramolecular vibrational re- 
distribution (IVR). It is well known that the properties, rate 
and mechanism of IVR play a fundamental role in many 
areas of chemical dynamics. ‘J Insight into aspects of Rice- 
Ramsperger-Kassel-Marcus RRKM or other treatments of 
unimolecular reactions,24 of multiphoton processes,’ mode 
selective processes,’ and of overtone-induced reactions’ all 
require elucidation of the IVR behavior. These investiga- 
tions have been particularly intensified with the introduc- 
tion and application of lasers and molecular beams to studies 
of these problems. 

In studies of IVR, benzene occupies an interesting posi- 
tion, as a textbook examplesv9 of a molecule of intermediate 
size. It shows many of the phenomena exhibited in other 
intermediate size molecules, such as Fermi resonance, vibra- 
tion-rotation coupling and radiationless transitions.8-‘4 
Several theoretical investigations of IVR of benzene have 
been performed with the classical trajectory technique,15-19 
and also with a diagonalization of a model quantum mechan- 
ical Hamiltonian20*2’ or an empirical fitting technique.22 
The results obtained differ substantially from the more re- 
cent u = 3 CH overtone spectrum, the spectrum being much 
narrower (a factor of 5 or so) than typically calculated val- 
ues.*’ The discrepancy may be due either to the dynamical 
treatment or to the potential energy function used, or to 
both. A direct quantum-mechanical evaluation for C-H 
overtones, using recent potential energy surface results, 
should provide more information. The availability of both 
quadratic force constants and cubic anharmonic force con- 
stants for benzene23-33 provides one base for the present 
study. We also introduce some estimated quartic force con- 
stants in addition to the quartic terms in the kinetic energy 
expansion. 

*’ Contribution No. 8363. 

On the other hand, as is well known, a basis-set quan- 
tum-mechanical study of vibrational spectrum IVR in com- 
plicated molecules is often limited by the computational 
memory and time associated with the use of a large number 
of zeroth states in high-dimensional systems. However, the 
use of artificial intelligence (AI) searching methods offers 
one possible route of performing this evaluation.34 This AI 
search technique is used to find the most important subsets 
of states from the entire set of zeroth-order states. Once the 
subset of states is found the characteristics of the vibrational 
spectrum and dynamics can be analyzed using this reduced 
block of the full Hamiltonian.34v35 

In the present series of articles we give such a quantum- 
mechanical calculation of vibrational spectra and IVR for 
C-H overtones for benzene for vcH = 1,2, and 3 using the AI 
search technique. In this first paper of the series the curvilin- 
ear normal modes and local modes (CNLM) coordinate 
Hamiltonian to be used to treat benzene is described. 

The curvilinear normal mode (CNM) and CNLM co- 
ordinate systems are discussed in Sec. II and the Hamilto- 
nian in CNLM coordinates is given. The kinetic couplings 
for benzene, including the G matrix and its derivatives, are 
given in Sec. III. Potential energy parameters for benzene, 
including quadratic, cubic, and quartic force constants, are 
described in Sec. IV. Relations of cubic terms between non- 
redundant internal and symmetrized coordinates are dis- 
cussed in the Appendices. 

II. CURVILINEAR NORMAL MODES AND LOCAL MODES 
AND HAMILTONIAN 

The conventional theoretical approach for molecular vi- 
brational study is based on the use of rectilinear normal co- 
ordinates.8*9,36 Rectilinear coordinates, however, need not 
be the best choice for systems where several degrees of free- 
dom may undergo large-amplitude displacements from the 
equilibrium configuration. Internal coordinates can be par- 
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titularly useful for treating problems with large-amplitude 
vibrations, such as occur with higher overtones.23-28*37~2 A 
simple polynomial expansion in (curvilinear) internal co- 
ordinates is a more accurate representation of the potential 
than an expansion to the same power of the polynomial in 
Cartesian coordinates. A number of vibrational and rota- 
tional Hamiltonians for polyatomic molecules have been de- 
rived in terms of curvilinear normal modes (CNM), such as 
those given in Refs. 37-42. In the present work curvilinear 
normal modes and local modes (CNLM) are described and 
the molecular vibrational Hamiltonian in CNLM is dis- 
cussed. 

We consider a molecule with M vibrational modes, 
where M is equal to 3N - 6 or 3N - 5, N being the number 
of atoms in the molecule. When only a subset of the modes is 
treated, the in-plane modes of benzene, for example, 
M<3N- 6. 

A. Curvilinear normal modes and local modes 

The zeroth-order vibrational Hamiltonian of molecular 
vibrational motion for a harmonic model can be written in 
terms of displacement coordinates q and their conjugate mo- 
menta p as 

Ho = &tj+G - ’ ( qo)d + Iq+F”‘q 2 

= nP 1 +G(qoh + zq 1 Q-?(2) q, (1) 
where q = {q1,q2,..., qM} denotes the column vector formed 
from the nonredundant internal displacement coordinates of 
the molecule, p denotes the vector for the momenta conju- 
gate to q, G (q,) is the customary mass matrix at the equilib- 
rium nuclear configuration qo, denoted later by G(O), and 
F”’ is the quadratic force constant matrix. 

Curvilinear normal modes Q describe a particular 
transformation of q: 

q=LQ, (2) 
or 

Q = Sq, (3) 

TABLE I. Density of vibrational states of benzene and other moleculespv,,. 

where Q = cQl,Q2,...,QM} denotes a column vector for the 
CNM, and L and S are the transformation matrices. The 
transformation matrix L diagonalizes both G’O’ and Fc2’ 
simultaneously, and, in general, the constant factors 
of Q are chosen so that the transformed matrix W - ’ (q,) 
= LtG - ’ (qo)L is a unit matrix, and so that the trans- 

formed matrix K = L+F”‘L is diagonal. 
This use of CNM for all modes, including X-H modes, 

where X = C, 0, N, etc., describes well the small-amplitude 
molecular vibrations at low vibrational excitations, such as 
much of the v = 1 excitation of the C-H modes. However, 
for the excitation of higher C-H overtones the CNM de- 
scription becomes less adequate: The number of states also 
increases extremely rapidly as the total vibrational energy 
increases; the densities of vibrational states of benzene for 
the energy ranges of C-H v = 1 to v = 4 overtones, for 2 1 in- 
plane modes, calculated using both direct count and the 
Whitten-Rabinovitch approximation,2 are given in Table I, 
together with the densities of states for some smaller mole- 
cules. At v = 3 the vibrational states have become so closely 
spaced that they become, almost, a quasicontinuum. Many 
of these nearly degenerate zeroth-order states are mixed 
strongly by the anharmonicity of the system, so that each 
exact vibrational eigenstate would actually be a complicated 
mixture of many zeroth-order normal mode states and then 
the CNM no longer provides an adequate description. 

For many molecules in which X-H overtone studies are 
of interest (X = C, 0, N, etc.), e.g., water, methane, and 
benzene, the local mode (LM) description, in which the vi- 
bration is largely localized to single X-H bonds, provides a 
simpler picture of the XH motion.‘0”2-‘4 For studying such 
molecules a reasonable procedure is to treat some of the vi- 
brational modes, the C-H stretches in benzene, for example, 
as LM and to treat the other modes, such as the ring modes 
and C-H bending modes, as CNM. This mixed picture is 
termed here a curvilinear normal modes and local modes 
(CNLM) description. 

CNM can be determined for a given system. In specify- 
ing the CNLM one needs to determine the partitioning be- 

(No. per cm-‘) 
Energy Closest vXSH PVlb Whitten-Rabinovitch 

Molecule (cm-‘) quantum number Direct count approximation 

Hz0 10 600 3 0.0050 0.0050 
13 830 4 0.0075 0.0080 
16900 5 0.0095 0.010 

C& loo00 3 4.1 4.0 
13000 4 12.1 12.0 

GA 3cQO 1 0.48 0.43 
(2 1 in-plane modes) 6 Ooo 2 21.7 20.5 

9ooo 3 438 422 
12000 4 5460 5310 

WC, 3000 1 8.8 7.0 
(30 modes) 6000 2 1680 1490 

9000 3 1.05 x lo5 0.97x 105 
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TABLE II. Internal and symmetry coordinates of benzene. 

Definition Description 

Internal coordinates 
4lV& 
4w412 
QI3~-4ts 
919 

4200 

92oa 
422r-427 

428 

429. 
429a 

Symmetry coordinates 
A,, Q, S, 

Q2 s2 

4, Qa S, 

4, Q, .% 
A S, 

E2, Q6 so,, 

Q, se,, 

g 2 
Q,o i,, 
91, &A 
QIZ SC, 
91, +%b 

E,e Qtb St,, 

91, ‘%.b 

4, QM &I 

4, Qv s12 

QIS s,, 

4, Qw s,, 

Q20 4s 
E2u 02, s,,,, 

Q,, SW 

Qn s,,,, 

QD s,,., 

-4, Q25 SM., 
026 SW 
Qn SW 
Q2x St,, 

s1,...,sg 
~I,...& 
P,V& 
q19 = 6-“2(al - a2 + a3 - a4 + a5 - a,) 
920. = 12- “2(2a, - a2 - a3 + 2a, 

-as-ad 
ha = f(a2 - a3 + a, -a,) 
YIVVY6 
q2a=6-“2(6,-6,+6,--6,+6,-6,) 
429. = j( - 6, + 6, - 6.4 + 6,) 
q2vb = 12 - “2( - 6, t 26, - 8, - 6, 

+ 265 - 86, 

6 - “7~ + rz + r, + t -t ts + rd 
6 - %, + s, + s, + s, + s, + s,) 
6-“2(8,+Pz+P3+84+P5+t~) 
- 428 

~““CY, - Y 2 3 4 s 6 + Y -Y -I- Y -Y ) 
- 920. 
- 9206 
12 - “2( - 2.q + s2 + s, - 2.Q + s5 + S6) 
jc - s2 + sj -s, + sg) 
12 - 1’2( - f, + 2t, - t, - f4 + 2r, - rs) 
j( - r, + r., - r, + rd 
j(-&+a,-&+m 
12-“2(2p,-P2-83+284-~~--p6) 
j(Y* + Y3 - Y5 - Ye.) 
12 - “? - 2Y, - y2 + y3 + 2Y4 + y5 - ye.) 

6- “YYI + YZ + ~3 + ~4 + rs + ~6) 
- 419 

6-“2(-s,+s2-s,+s4-s~+ssb) 
6-“2(-r,+r2-r3+r.,-rS+r6) 
6 - “7 - 8, + P, - & + P., - /A + &) 

9296 

- 429. 

:( - Y2 + Y3 - Y5 + Yd 

12 - “2( - 2Y, + y2 + y3 - 2Y4 + y5 + ye) 

jCP*+P3-Bs-m 

12-“*(2p,+Pz-8~-2P4-P5+Ph) 
:( - r, + r., + r, - rd 
12 - 112(r, + 2r, + r3 - r4 - Zr, - rs) 
12 - I’*( - 2.q - s, + s, + 2s, + s, - s,) 
jbj + s3 -s, - s.5) 

CH stretching 
CC stretching 
CH in-plane deformation 
B, u ring deformation 
Ezg ring deformation 

Ezg ring deformation 
CH wagging” 
Bzg ring deformation” 
Ezg ring deformation” 
Ezg ring deformation” 

‘The six y’s and 6s are out-of-plane modes. The former is the bending of CH bond out of the plane of the 
adjacent CCC linkage. The latter is the torsion of a CCCC linkage. For example, 6, is the change in the 
dihedral angle between the planes determined by C,C,C, and C,C,C, (Ref. 9). 

tween these two types of modes. It is convenient in the pres- 
ent work to partition the vibrational modes into I local 
modes and M - I curvilinear normal modes and to order the 
components of Q as Q,,& ,..., Q,,Q, + 1 ,... QM. The exact de- 
finition of CNLM is then the same as in Eq. (2) or (3), but 
now the transformation matrix L (or equivalently, S) dia- 
gonalizes only the normal mode blocks of the matrix G(O) 
and Fc2’ (as in Fig. 2). 

In the present work we consider benzene using the de- 
finition, notation, and numbering of the internal coordi- 

nates, the CNM and the CNLM, given in Tables II and III, 
and in Fig. 1. 

B. Hamiltonian in CNLM 
The quantum mechanical Hamiltonian H of a polyato- 

mic molecule can be written in Hermitian form as9 

III=+;$‘D’/~‘T~D -“2Dij~D”4+ V(q), (4) 
hl 1 

where the vector (T,,T,,...) represents the direct sum of the 
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TABLE III. Vibrational modes and numbering of benzene, 

Wnumbering’ 

Freq. Mode 
IR 

Main 
internal 

coordinate” 

Harmonic freq.’ (cm - ‘) 

0, Uncertainty 

Period Anharmonic H numbering” L-numbering” 
frequency’ 

(fs) x,o,(cm-‘) Freq. Mode Freq. Mode 

10 

11 

12 
13 

14 
15 

16 

17 

18 

19 

20 

4 
5 

6 
7 
8 
9 

10 
11 
12 
13 

14 
15 

16 

17 
18 

19 
20 

21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

4 

A 2g 

4 

4 

4, 

A 2” 

4” 

B 2” 

4” 

-4” 

r 
S 

B 
6 
Y 
a 

a 
S 

S 

r 
r 

; 
Y 
Y 

Y 
a 
S 

; 
6 
6 
Y 
Y 

; 
r 
r 
S 

S 

994.4 
3191 

[ 1366.61 

[7071 
[9901 

608.1 

3174 

1177.8 

[847.1] >O.l 39.38 11 

674.0 

1014.4 
3166.3 

1309.4 
1149.7 

398.8 

[9671 34.50 19 

1038.267 

1494.0 

3181.3 10.49 

0.08 
5.0 

1.5 

0.01 

5.0 

6.0 

0.01 

0.30 
0.30 

0.m 02 

10.0 

33.50 1.34 2 
10.45 117 1 

24.41 3 

47.12 8 
33.69 7 

54.88 18 

10.51 117 15 

20.76 1.0 16 

28.32 17 

49.49 4 

32.88 6 
10.53 5 

25.47 9 
29.01 10 

83.64 20 

32.13 14 

22.33 1.0 13 

116.7 12 

2 
1 

3 

8 
7 

25 
26 
19 
20 
21 
22 
23 
24 

11 
12 

4 

6 
5 

9 
10 

29 
30 
27 
28 

17 
18 
15 
16 
13 
14 

5 
1 

11 

19 
15 

9 

2 

6 

12 

16 

17 

10 
3 

7 
13 

20 

18 

14 

8 

4 

7 
1 

16 

28 
22 

13 
14 
2 
3 
8 
9 

17 
18 

23 
24 

25 

15 
4 

10 
19 

29 
30 
26 
27 

20 
21 
11 
12 
5 
6 

a Wnumbering-Wilson’s numbering, H numbering-Herzberg’s numbering, L numbering-numbering used in local-normal-mode coordinates. 
bThe definition of internal coordinates is shown in Table II. 
‘See Ref. 12, where [. . .] data obtained indirectly. 

FIG. 1. Internal coordinates of benzene. 

linear momentum operators p and the total angular momen- 
tum J 

T=peJ, (5) 

and D = det D. The matrix D is the direct sum of the mass 
matrix G(q) in internal coordinates and inverse of the mo- 
ment of inertia matrix I, which depends upon Coriolis and 
other rotational parameters: 

D=GeI-‘. (6) 

In the present initial paper we consider only the vibrational 
motion and omit, thereby, Coriolis effects. In this case Eq. 
(4) becomes 

H=$ ,g P4Pig- “2Gij(d~jg1’4 + V(q), (7) 
w 1 

whereg = det G is also a function of q. Expanding the kinet- 
ic energy operator in Eq. (7), HK, we have 
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H,=~C~iG,p,+~g-‘CG,(pi~jg)+~g-’ 
r/ ij 

X C (p,G,)(pjg) w&g-” 2 (pig)Gd(pjg), (8) 
Ii ry 

where (p,p,g) means that the differential operation ofp, and 
pJ acts only on g. Following an argument analogous to Wat- 
son’s discussion36 the last three terms in Eq. (8) are of a 
smaller order in fi relative to the first terms and are ignored 
here. We will return to this point in a later paper. 

In that case Eq. (7) reduces to 

H=i ,$ piGu(q)pj + V(q). (9) 
1 

The mat’ix G, a matrix function of q, may be expanded 
about the equilibrium nuclear configuration, q = 0: 

G(q) = G”’ + G”‘*q + $G”‘:qq + *a*, (10) 
where G”’ is the ith derivative of G with respect to internal 
coordinates. G(l) is a vector for each element G, of the G 
matrix and is evaluated at q = 0. It contains M3 elements. 
G(*), the second derivative of G, is a second-rank tensor for 
each G, matrix element and contains M4 elements: 

(11) 

12) 

where the indices are 1,2,. ..,M (the indices A4 + 1 to M + 3 
in Eq. (4) correspond to J) . 

When the potential energy term V(q) in Eq. (4) is ex- 
panded about the equilibrium nuclear configuration q = 0, 
we have 

F’(q) = tF’*‘:qq + +Fc3’ i qqq + -&Fc4’ iqqqq + * - *, (13) 

F(*),Fc3), and Ft4’ containing the quadratic, cubic and quar- 
tic force constants, respectively. 

Illustrated by the matrix described in Fig. 2 we have a 
transformation from internal coordinates q to CNLM Q and 
also from p to P, 

WI L- L 
. .Coupling 

L-L . 
Coupling UJt 

Local-Nwmal 
coupling 

kl L-L 
Coupling 

L-L . . . 
Coupling k 

Local-Normal 
coupling 

Local-Normal 
coupling 

0 t&N-C 

Local-Normal 
Coupling 

kc+t 
‘.. 0 

‘. 
0 h-6 

FIG. 2. Fand G matrices of local-normal-coordinates. 

qi = CLgQj, 
j 

(14) 

pi = C(L - ‘)jiPj = C C,Pj, (15) 
i j 

where the matrix C denotes (L- ‘) + and Pi is conjugate to 
Qi. Here, neither the matrix L nor S is unitary, and therefore 
(L - ‘)ji #L, and C#L, since the matrix GF is, in general, 
not symmetrical, although both F and G are symmetrical 
matrices. 

With Eqs. (9), (14), and (15), the Hamiltonian be- 
comes 

H = :P+WQ)P + V(Q) , (16) 
W(Q) = W(O) + W”‘.Q + ;W(“:QQ + -me, (17) 

where, 

WQyb = iJ$n CiaCj~G~tLLmyLn~* (19) 
1 I 

While W(O) is no longer the identity matrix, it contains an 
(M - I) - (M - I) identity submatrix. In the expansion of V(Q) 

V(Q) = iK’*‘:QQ + +Kc3’iQQQ 
+ &K’“‘iQQQQ + * . -2 (20) 

Kc*’ is no longer a diagonal matrix, but contains a diagonal 
block, and Kc3’ and Kc4’ have the elements, 

Kc& = C Li,LjDF$Lky, 
ij, k 

K $&Y = iJzn LiaLjDF$dnLmyLns* , I 

(21) 

(22) 

Since the Morse potential function provides a useful de- 
scription for local modes, the Morse potential of the crth 
local mode for a<f, will be used, instead of the terms 
K:2,‘Q;/2!, Kc3’ ,,,Qi/3! and K h”,h, Qt/4!. We then re- 
write the Hamiltonian in Eq. (9) as 

H= T h,+H’, (23) 
i= L 

where the zeroth-order Hamiltonian term hi is 

h, = 

fi* a2 +D,[~-*",Q,_~~-~,Q,], if i<l --- 
2wii aQ; ’ 

\ 

+i* a2 --- + &f)Q:, 
2wii aQf 2 

if i>Z. 

(24) 

The H’ in Eq. (23) contains, for an intermediate size mole- 
cule such as benzene, many terms. Various approximations 
and models have been employed for H ’ in previous studies. 
Clarke and Collins neglected H’ in their classical simula- 
tion.19 They found that the cubic force constants could not 
be used since the classical vibrational motion is unstable due 
to an unbounded potential even for moderate CH over- 
tones; I9 Haloner?’ also omitted cubic and higher force con- 
stants, but included one term of the G matrix, the kinetic 
coupling between CH stretch and CC stretch G ,‘, (using the 
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notation in Ref. 9). Sibert, Reinhardt, and Hynes” intro- 
duced two more terms of the G matrix, G L and G ip and 
omitted cubic and higher force constants. 

In the present work, we consider an extensive quantum 
calculation and retain many more terms in H’: 

H’ = Hquactratic + Hcubic + Hquartic + * * * * (25) 

The Hquactratic in Eq. (25 ) arises from the off-diagonal ele- 
ments of the matrices W(O) and K’*’ in Eqs. ( 17) and (20), 
since both W(O) and K’*’ are no longer diagonal in CNLM. 
As noted earlier only their normal mode blocks are diagonal. 
The off-diagonal parts of W”’ and of K’*’ represent the “sta- 
tionary kinetic coupling” and the harmonic potential cou- 
pling, respectively. Each of these two terms contains the L-L 
(local-local) couplings and L-N (local-normal) coupling 
as in Fig. 2. Explicitly, we have 

H quadratic 
= Hi*’ + H (2) 

” 9 (26) 
where 

H’*’ - 
k - m$, n=~+l wi?t!pmp,, 

H;“= i 2 K:;Q,Q,. 
m=ln=m+l 

(27) 

(28) 

The Hcubic in Eq. (25) involves the first kinetic coupling 
term in the kinetic energy expansion, i.e., the first derivative 
of the G matrix (or W”’ in CNLM) H i3), and the cubic 
anharmonic coupling, H L3): 

Hcubic = H i3’ + H (3) ” 9 (29) 
where 

Hi3’ =- 
: & 

C&Pa Q,Pp (30) 
I * 

a, @, and y are summed over all CNLM’s and 

H? = f c K~Q,Q,Q,, 
* car 

(31) 

and the prime on the summation means that all K ii,‘, Q i 
terms for a<1 are excluded, since they were used to construct 
the Morse potential in Eq. (24). 

Similarly, H,,,,, involves both the second kinetic cou- 
pling, i.e., the second derivative of the G matrix (or W’*) in 
CNLM) H i4’ and the quartic anharmonic coupling, H L4): 

H quartic = HP’ + HL‘+‘, (32) 
where 

HP’ = + C W:&&zQ,Q& a.P.r.6 
and 

fV = $ C Wg6QaQ,~,~,, * GB.r.6 

(33) 

(34) 

the prime on the summation again denoting that all 
K ;?a@ Q “, terms for a<1 are excluded. 

C. Zeroth-order eigenvectors 
The zeroth-order eigenvectors used in the present work 

have the form 

4(%~2dbf 1 = Xn,Xn, * * ‘Xn,t (35) 
whereXnj is a single-mode-eigenvector for modej with quan- 
tum number nj. It is an eigenfunction of hi, as defined in Eq. 
(24)) with eigenvalue E,,,: 

hjXn, = ~n,,~n~* (36) 
For NM, thex’s are the solutions of the usual harmonic 

oscillator Schrlidinger equation.43 For LM, the x’s and E’S 
are the solutions of the equation for the Morse oscillator:& 
50 

,yn (VI = N,e -y’2yb’2L f: (y), 
and 

E, = (n + ;)hcw - (n + $)*hcwx,, 

where y=/3exp( -aQ), w=a(D/2p)“*/(n-c), x,w 
= a2h/(82pc), p= (8,uD)“*/(a+i) = l/x,, and b 
= /3 - 2n - 1. L f: is the associated Laguerre polynomials 

and N, is the normalization constant [a@ - 2n - 1 )n!/ 
r (B - n 1 I “*, a being the Morse constant in Eq. (24). 

In the calculation of numerous perturbation terms we 
can focus on the matrix elements obtained with the single- 
mode-eigenvectors. The relevant single-mode operators are 

Q,Q *,Q 3,Q 4,P,P2,PQ,QP,PQP,PQ *,Q ‘P, and PQ *P, 
where PQ # QPand PQ * # Q ‘P due to the noncommutati- 
vity of P and Q. For the harmonic oscillators, the matrix 
elements for these operators are readily available.’ For the 
Morse oscillators, the matrix elements for Q and Pare given 
byw50 

(n+jlPln) =X( - l)j+‘NJV,+jI(fl-n- 1) 

x (1 - s, )/(2n!), 0’20) (37) 

b +jlQ In> = ( - l)j+‘a -*NnNn+jr(fi-n -j)/ 

b(,!?-2n-j- l)n!], u>O) (38) 

<nlQ In) = a- ’ lnp-@(fl-2n- 1) 
[ 

+ j$ (1-6,)/(8-n-j)], (39) 

where 

Q(z) = d In I(z)/dz. (40) 
The expectation values of the other operators can be found 
using the identity operator, Z;= o In) (nl = 1, so that, for 
example, (I lQ*lm) is given by X, (I IQ In)(nlQ lm),51 and 
Eqs. (38) and (39) are then used. 

III. KINETIC COUPLING IN BENZENE 

We use the model discussed in Sec. II for the study with 
the 21 in-plane modes of benzene. Thereby, the coupling 
between the in-plane modes and the out-of-plane modes and 
the Coriolis coupling are assumed to be relatively weak for 
the present purpose. The six C-H stretching modes are treat- 
ed as the LM’s and so I = 6, as in Fig. 2. The remaining 15 
modes involve the ring and C-H bending motions as the 
CNM’s. 
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A. G matrix for benzene 

The mass matrix G of benzene is well known, the ele- 
ments of the G matrix being available both in internal co- 
ordinates and symmetry coordinates.’ However, what are 
needed now are not only these elements themselves, but also 
the derivatives of these elements with respect to the internal 
coordinates. The usual expressions for these elements in li- 
terature, for example in Ref. 9, do not distinguish different 
sj, fj aj, fl,, etc. (the notation is that given in Fig. 1). Pre- 
sumably the intention in Ref. 9 and in references cited there- 
in was only to proceed from internal coordinates to conven- 
tional (Cartesian) normal coordinates; and hence to use 
only G”’ instead of the full coordinate dependent G-matrix 
G(q). The element Gs,,4, was given, for example, as J3p,/4to 
where to is the C-C bond length.‘The second derivative of an 
element, such as a 2GTS,,p, dt,$?,, cannot be calculated from 
these quantities, since it was not specified in the usual tabula- 
tion which C-C bond displacement 1 in v’@,/4t,, represents. 

Using Wilson’s technique’ the expression of the G ma- 
trix for in-plane displacements, can be derived as explicit 
functions of internal coordinates. Expressions for nonzero 
elements G ,,,,;(x,x’ = ~$,a, andp,j = 1,2 ,..., 6) obtained in 
this way for the G matrix are given in Table IV. The other 
nonzero terms GX X, with i := 2,...,6 can be obtained from the 
symmetry of the ‘Molecule. For example, G,l,D* is obtained 
from G,.a, by cycling the subscripts ( 123456). The exact 
form of these elements are given in the explicit dependence of 
the particular coordinates s, t, a, and p are specified. In 
particular, G,,,,, equals 

G SIPI = -pc [?;‘sin(jE1 -p,) 

+iI’sin($, +h)], 
where~=to+t~=ao+aand~=~o++,toisthebond 
length of C-C bond at equilibrium configuration, a0 = 2r/3 
and & = 0. 

When the internal coordinates for benzene are trans- 
formed to CNLM, G(O) becomes W(O). For W(O) there are 
fifty-two nonzero off-diagonal terms Wp’PjPj, which form 
part of the perturbation H~uadratic, 

B. Derivatives of G matrix 
The first derivatives of the G matrix with respect to in- 

ternal coordinates may be obtained either analytically or nu- 
merically. However, for the second derivative the former 
appears to be less practical, since the number of nonzero 
coefficients G,,.,, defined in Eq. ( 12) is extremely large. By 
using a numerical method, namely by writing 

G (2) _ wnn - -$+( . . . . q,n + A, ,... ,q. + A,,...) 
m ” 

+ Gg C..., q, ,..., qn ,... 1 - G, C..., qm + A, ,..., qn ,... 1 

- G;j(.**,q,,***,qn + An,***)]> (41) 
convergent results for these second-order kinetic coupling 
were easily obtained. 

We have determined the numbers of primitive indepen- 
dent terms (PIT) for the first and second derivatives of the G 

matrix (in symmetrical, conventional normal modes or cur- 
vilinear normal modes) by a symmetry study of heterogen- 
ous noncommutative spaces?* 

MyQP = ;M(M= + 3M - 2) + 2MN, - 4N,, (42) 

M,PQQP = iM(M3 + 6M2 - 5M+ 2) 

+2N,[(M-2)=-N,+l], (43) 

where the superscripts PQP and PQQP represent spaces 
spanned by primitive independent basis (PIB) in the first 
and second derivatives of the G matrix, respectively, and Nd 
is the number of doubly degenerate irreducible representa- 
tions (IR) in the M vibrational modes considered. For the 
in-plane modes of benzene there are 5537 and 66 941 PIT’s 
for the first and second derivatives of G matrix, respectively. 
However, because of symmetry, the numbers of totally sym- 
metric linear combinations of PIT’s, required by symmetry 
of Hamiltonian, are substantially fewer, namely, 467 and 
5575 for these first and second derivatives of the G matrix, 
respectively.52 

The derivatives of the G matrix with respect to CNM or 
CNLM, which are present in the perturbations Hi3) and 
H p’ defined in Eqs. (30) and (33), are obtained by the 
transformations of Eqs. ( 18) and ( 19). The first seventy- 
five largest elements of the first derivative of the G matrix for 
the in-plane modes of benzene, all in unit of N, A - ’ where 
No is Avogadro constant, are given in Table V. Here, we 
consider always derivatives with respect to linear displace- 
ments. In obtaining those derivatives, all of angular variables 
are transformed to corresponding linear displacements. To 
obtain the derivatives with respect to the curvilinear normal 
modes Q, listed in Table V the transformation given in Eq. 
( 18) is used. The W $&Pa Q, Pp terms of H I;” can be char- 
acterized by types of principal internal coordinate compo- 
nents of the modes Pa,Q,, and Pp. In principle, there are 
forty types of the first-order kinetic coupling for in-plane 
modes of benzene, such as sss, &a, stt, etc., where s denotes a 
C-H stretch, t a C-C stretch, a a CCC angle, and j3 an HCC 
angle. However, not all of them are important. For example, 
the first seventy five largest terms of H I;” (all expressed in 
the same units) involve only flsfi and fist type kinetic cou- 
plings, while other important terms in H :‘) are tst, ,&a, and 
att. 

Similarly, for the second-order kinetic couplings 
V$!,d’a Q,Q8, f or b enzene there are one hundred types 
of the second-order kinetic couplings. The most important 
types are /?ssfl and @St. 

IV. POTENTIAL ENERGY PARAMETERS OF BENZENE 

The potential energy function of molecules can be ex- 
panded about the equilibrium nuclear configuration in inter- 
nal coordinates, as in Eq. ( 13), or in curvilinear normal co- 
ordinates, CNM, or in CNLM, as in Eq. (20)) or in “Morse 
coordinates” (Refs. 53 and 54) ( 1 - e - aq). We adopt the 
expansions in internal coordinates and CNLM and plan to 
explore the expansion in Morse coordinates later for the 
present system. 
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TABLE IV. Elements of g matrix for in-plane modes of benzene.’ 

G GJ, =kI +clc 
G,,,, = pc cos(jk, + 8,) 
G $,,4. = pc cos(jir, - B,) 
G s,.n, = -/+[ig’sin (jir, -a,) +I;‘sin(jEr, +B,)] 
G &.I: =pci;‘sin(j&, +&) 
G r,.g, =pci; ‘sin (jir, -8,) 
G ,,,@, =&c[i;‘sin(jir, -8,) -i;‘sin(jZr, +&)I 
G w?? = -*,i;‘sin(jti,+&) 
G sc.8. = @cib- ’ sin(jd, -a,) 

G r,*t, = Fc 
G,,,, = PC ~0s 6, 
G,.,n = PC COSE, 
G h.oL, = -pLCt6-‘sina, 
G - ._ 

t,.cL z.z -pet;-‘sma, 
G =pci; ’ sin fi, t,.n, _ 
G r,,n, = pc t 6m ’ sin a, 
G - 4.8, - --c[S,-‘sin(j6, +Br) -ji,‘sinB,] 
Gt,,a =~~[S,‘sin(:Zr,--B,)-ti;‘sin~,] 
G - C,.B. - - +Ci; ’ sin ir, 
G - r,,8, = jpc t 0 ’ sin tr, 

G =,.(I, =2~~[i~*+i~*-i~*t~‘cos~,] 
G L?,.cz. =ik[i, ,- -‘i~-‘cos~,+i,-‘i;‘cosZr,-2i;2] 
G 

_ 
= (1,.‘7% -p,t,- t,‘cosa, 

G L?,.LI. = -p,i~‘i6-‘c0s~, 
G =,.a* =pc[i;‘i;’ cosZr,+i;‘i6-‘~osEr,-2i~] 
G G8, =pLc[i: -i;Z-s,-‘t;l cos(jti, +B,) +~;‘i~‘cos(f~, -&I] 
G a4.8. =~~[i,-Z-~i,‘i,‘c0sb,+jt;‘i;‘cosir,-~5;’i;’c0s(t~,-~8,)] 

G I- 
‘%#-a =jpct,- t,‘cosa, 

G a& =- g4ci;‘i6-‘~osn, 

G %/A =pC[ -t~*+jt;‘i~‘c0sZr,-ji;‘i~‘~0~Er,+S,-’?~’~0~(jEr,+~,)] 

G 8,./J = i&K 2 +~SLC[2S~2+i;2+i~2+i~~i~‘cos~,] 

--p5[S; 5,;’ cos(jB,+~,)+S;‘i~‘cos(jir,-p,)] 
G,,,, = jpc [ t ,- ’ + jr ,- ‘i 6- ’ cos 6, + jr ; ‘1; I cos 6, - S,- Ii ; I COS( jti, + 8, ) 

-S;‘i;‘COS(j~~-a,] 
G 8,.8, = +lPct I- ’ 2- ’ i cos ti, 
G 8,,8. = &+i; 5, I cos B, 
G8,,8, = j,uc [to- 2 + jt ; ‘i6- ’ cos fi, + jt; ‘i6- ’ cos 6, - 5; ‘i6- I cos(jti, - 8,) 

-S,-‘i,‘cos(j&,+&)] 

’ ( 1) 2 = x0 + x, where x0 represents the corresponding values at the equilibrium of nuclear configuration, 
(e.g., a, = 4?r/3, & = 0, to = equilibrium bond length), x is the displacements, and x = s,, t,, a, or p, .The 
definition ofs,, t,, a,, and & are given in Table II and Fig. 1. /.+ = I/m, andpc = l/m,. 
(2) This table shows only nonvanished elements G x,.x;, x,x’ = s,t.a, and D, j = 1, 2 ,..., 6. Other nonvanished 
elements G ,i = 2, 3, 4, 5, 6 can be obtained by symmetry of the molecule. x,x, 

A. Quadratic force constants of benzene 

The use of computers to perform ab initio calculations of 
intramolecular potentials, and to refine empirical force con- 
stants, has facilitated the theoretical modeling of molecules 
of ever increasing size. Benzene has recently been the subject 
of detailed ab initio23p24 and semiempirica125-33 calculations. 
Pulay, Fogarasi, and Boggsz3 (PFB) proposed theoretical 
quadratic and cubic potential parameters for the ground 

state ofbenzene, designated here as the PFB potential. Ozka- 
bak and Goodman26 (OG) obtained a harmonic force field 
from experimental frequencies for D,, , D,, , and D,, isoto- 
pically labeled benzenes and degenerate mode Coriolis con- 
stants, these quadratic force constants being termed here 
OG potential. To obtain these quadratic constants OG made 
a correction for the anharmonic contributions to these fun- 
damentals and overtones, when these anharmonicities were 
available. Ultimately, the OG harmonic potential should be 
corrected for the effect of the remaining anharmonic contri- 
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TABLE V. The first kinetic couplings of in-plane modes of benzene.’ 

# Operator Type of PIT W$! , # Operator Type of PIT W!” Sk # Operator Type of PIT W”’ v.k 

1 P,sQd’,, 
2 P,,QJ’,, 
3 PwQJ’,e 
4 f’t,QJ’,, 
5 P,9QG=,, 
6 P14QJ’, , 
I P,,QsP,, 
8 PtsQJ’,, 
9 P,,Q,J’, I 

10 PIPOP, I 
11 P19Q2P,2 
12 P,oQd’,, 
13 f’,,Qd’,, 
14 41QzP19 
15 f’zoQP19 
16 PaQd’,, 
17 PzoQJ’t, 
18 P,,Q,P,, 
19 P,,Q.P,o 
20 PzoQtP, 1 
21 Pz,Q,P,2 
22 P,,Q,P,o 
23 P,,Q,P,o 
24 PtvQJ’to 
25 P,,QsP, I 

PSB 

E 
PSP 
PSB 
Bt 
g: 
m 
g: 
Psp 
fig 
.W 
g; 
BP 
;: 
Pst 
m 
g: 
Ost 

- 1.310 26 
1.310 27 

- 1.278 28 
1.150 29 

- 1.150 30 
1.097 31 

- 1.097 32 
- 1.077 33 
- 1.077 34 

1.031 35 
- 1.031 36 
- 1.011 37 

1.011 38 
0.841 39 

- 0.841 40 
0.837 41 
0.837 42 

-0.811 43 
- 0.809 44 

0.789 45 
0.789 46 
0.753 47 

- 0.753 48 
- 0.737 49 

0.730 50 

P,,Q,P,, 
PmQJ’, , 
P,sQsP,z 
P,,Q,f’,, 
PMQ~Ps 
PwQd’9 
P17Qd’s 
P,sQJs 
PwQ.2, 
P,9QP9 
P~oQ?,, 
p21Q6p17 
PzoQJ’n, 
f’,,Qsf’,s 
Pa QzP,o 
P,oQP,o 
PzoQ2p1 I 

PaQJ’,z 
f’,oQJ’,, 
P2, Q2’,, 
P, IQPIO 
PnQd’,o 
PmQ.2’9 
PzoQJ’s 
f’,,Q,P,, 

Bst 
g: PSP 
g: 
E 
g: 
g; 
g; Bst 
;: m 
f?z tst tst 
;i Psp 

- 0.730 
- 0.730 
- 0.730 
- 0.704 
- 0.676 

0.676 
0.635 
0.635 

- 0.634 
0.634 

- 0.632 
0.632 
0.632 
0.632 
0.619 

- 0.619 
- 0.614 

0.614 
0.614 
0.614 
0.612 

- 0.612 
- 0.595 
- 0.595 
- 0.590 

51 P,,Q,P,, 
52 P,,QP, I 
53 P,,Q,f’,, 
54 f’wQ2P9 
55 PnQ3P9 
56 P,,QzPs 
57 P,lrQd’s 
58 P12Q.39 
59 P, , QJ’s 
60 f’, IQJ’I I 
61 P,,Q,P,, 
62 Pz I Q,Pzo 
63 f’17Q2P17 
64 P,sQd’,s 
65 P,oQsP9 
66 P,oQ.$‘~ 
67 P,,Q,f’,, 
68 f’zoQ,J, 
69 PnQd’9 
70 P, , Qsps 
71 P, 1 Qd’9 
72 P,zQe.Px 
73 PoQsP9 
74 PzoQ,Pzo 
75 PZIQIPZI 

Psp 
tst 

w 
m 
Pst 

;: 
tst 
tst 
tst 
tst 

g; 
Bsp 
tst 
tst 

ata 

g: 
tst 
tst 
tst 
tst 

g; 

- 0.590 
- 0.589 
- 0.562 

0.498 
0.498 

- 0.498 
0.498 
0.495 
0.495 

- 0.432 
- 0.432 
- 0.407 

0.406 
- 0.406 

0.377 
- 0.377 
- 0.375 

0.373 
0.373 

- 0.366 
0.366 
0.366 
0.366 

- 0.347 
- 0.347 

‘These first kinetic coupling constants are based ,on the normal modes. All modes are numbered in L numbering (for details see Table II). Only 75 largest 
W :,‘j are listed here. All data are in units of No A - I, where No is Avogadro constant. More data for the first kinetic coupling constants, also for the second, 
are available upon request. 

butions to the fundamentals. In our further calculation of 
the Hamiltonian the OG potential is used. 

B. Cubic force constants of benzene 

The only available cubic force constants for benzene are 
given by the PFB potential in terms of nonredundant inter- 
nal coordinates. The terms F$‘qiqjq, can be characterized 
by the types of internal coordinates qi etc., such assss, sta. In 
general, there are twenty possible types of cubic force con- 
stants for in-plane modes of benzene. The PFB potential pro- 
vides the independent nontrivial cubic force constants. 
Many other cubic force constants can easily be obtained by 
cycling the indices of F ijk . (3) However, those cubic force con- 
stants related to a nonredundant internal coordinates are 
not as simple to deduce. For practical use of these cubic force 
constants certain relations among the cubic force constants 
associated with saa, taa, ssa, and tta are needed. 

Each of these four types of cubic force constants forms a 
representation subspace. Since the total Hamiltonian is to- 
tally symmetric the numbers of independent quantities in 
these subspaces are equal to the numbers of A,, irreducible 
representations I in them. From the definition of the inter- 
nal coordinates used in this work, shown in Table II, I’,, l?,, 
and r, are six, six, and three dimensional, respectively, and 

rs =A,, +B,, +Ez,, +E,,, 

I-r =A,, +B,, +Ezg +E,,, ra =Ezg +B,,, 

where I, denotes the representation of the subspace of the 
six s’s, s, to s6, etc. The quadratic spaces, ss, tt, and aa are 21, 

21, and 6-dimensional, respectively. It is readily shown 
that55-59 

r, = 4A,, + 2B,, + 4, + 4Ezg + 3E,,, 
P,, = 4A,, + B,, + 2B,, + 4E,, + 3E,,, 

rm = 2-41, +&a +E,u. 
Using direct product and character tables of groups55-59 

we found that the four types of cubic force constant for ben- 
zene, saa, taa, ssa, and tta have 4,4,6, and 5 independent 
quantities, respectively. Other cubic force constants of these 
types are related to these independent quantities. The rela- 
tions between the independent quantities and other cubic 
force constants are listed in Table VI. The details for obtain- 
ing these relations are discussed in Appendices B and C. 

In the AI search calculation in the present series, all of 
the in-plane cubic force constants given by the PFB potential 
for benzene are employed. 

C. Estimates and values of quartic force constants 
In previous theoretical calculations for benzene’s-22 the 

quartic couplings (sometimes even cubic couplings) were 
neglected. The present calculations, details of which are giv- 
en in Part III of this series, show that these quartic kinetic 
and potential (where they could be estimated) and kinetic 
coupling terms make significant contributions to the 
V - 3 overtone transition. However, at present most of CH - 

the quartic force constants of benzene are either not known 
or have not been estimated. Practical calculations of quartic 
force constants for some other smaller mo1ecules60-63 led to 
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TABLE VI. Relations for benzene cubic terms in nonredundant internal coordinates.’ 

Term Independent Relation 
type quantities among cubic terms 

7 

8 

9 
10 
11 
12 
13 
14 

15 
16 
17 
18 
19 
20 

21 

22 
23 

24 

25 
26 
21 
28 
29 
30 
31 

32 

33 

saa 

taa 

ssab 

ttd 

A, =F*& 
B, = F,‘& 

G = & 

4 = %*~m. 

‘42 = F,#& 82 = S>& G = F,,&, 
4 = F~,P&o. 

4 = Fsn,n,,q 
4 = Fr,r,p,. 
c3 = FLh 
4 = Fs,s+ 

4 = Fsas,,ti 

F3 = F’!wmu 

4 = Ft,t:,p,w 
4 = F,,,,qm 
Ce = Fwq,, 
D., = Ft,t,q>o. 
& = F,tr,q2, 

F wf. 
=Fad =‘**=Frtip=A, 

F WL” = F,, f. = B, 
F *& t =Fsd,=Fha =FSa =C, 

F wl.b = Fl d,b +4&B,) o 

F &w = Fs:& = F&, = F%do, =fW’, + C,) 
F ‘19w92a~ = 2Fs,,nveti = - zFs,qw, = - F,,wqzc, Y = - u;;,v,e = 2Fwtao 0 = 4 

F d 
WWPMb = Fww+c,r = - Fw,rqm = - Fwweo~ = - -+ 

F h-h =Frd:,=***=Fkd =A, 

F wzm. =ed, 
19 

= B2 
F ~dib = Ft’d,’ = Ft do, = F,d,. = c2 
F = Ft’&; blllb . = $C, - B,) 
F d, I =Fr~~Ob=Ftd~b=F,dnb=j(2Bz+Cz) 
F ww‘720. = - 4.w:. = - km,. = Fwwa = 4 
- F,,qmsqz,,r = - fF,mor = - Ft>,,v,~ = Ft.wma = IFt.~w~m = Fwweoa = dDz 

F ~,W,” = - Fw:qw = E;xs,,u = - F,,,,v = Fsww = - Fww = 4 
F w.s,* = Fx+,,cv = - F+s.p,u = Fsw,r = - Fs.,,w = 4 
F ‘tQ%h = - 2F,,,qme = - 2Fw42ou = F,,,zti = - 2Fs.s., = - ~wrm = Ca 
F Ia wmwu = Fso,,~on- = - t’L,s = Fs,w,,. = Fmsw. = - &w,o = D., 
F Vt~,,. = Fst,,oa = F,,, = - tFz+oe = - fFwx,u = Lo: = E3 
F W.(12”‘. = - 2F,4q2ar = - Xs,,,2% = Fz 

F 1’24206 = -F fi 
waw, = F,,,m = - Fws,m = -+ 

F = ‘1’26Ob - Fw,, = - Fwm = Fsmma = $03 
F “,Wm,h = - Fsts.q>aa = - Fs,s.Roa = F,,,m = - fiE3 

F %%.92”b = 
Js 

- Fw,,,, = -y-F3 

F f#h,a” = - Ft~,,v = - Ft.,+ = Ft.,,,v = - Ftm,u = Ft.ww = A, 
F r,r,e, = - JFt;,r,no. = Ftttipzo. = Ftdr,tio. = - Fwmu = Ftmx,u = 4 
F rl wm =- fF,#,, = F,.,s, = - tFr,t,qxti = Fw2ou = 4 wzcj = Ca 
F ‘I~-*“. = - 2F,a,,oo = i u;;,,, = 
F ‘,‘*9mu = - 1Ft,t,q20. = Fts,, = i 

- 2F,.teeh. - ZF,,,, =Iil,t.qxou = D4 

F ‘,‘,9aJb = - Fr.r,qm = Fwzo, = - Fr,wm, = 4% 
F W?hC,h = - F,+,qmma = F,,,oo = - Ft,caoa = - 8G 

F ‘,Wma = Ft>t.qzoh = - Fwma = - Fwm----- -Gi, 
2 4 

F rlL52”b = - Fta~eob = 6% 

‘These cubic force constants are exactly zero: 
F WW9ZOb’ F . Fr,wa.’ Fww,~ 4*~.eomr~ 

F *,+a, Fr,sq,.r Fs,kq,r, Fs+q,vs F,,,,vp Fs,s.w Frxw F’,w Fs.ww; 

F ‘A9*0*’ F W.pm.5 Fs+.qmp Fs+w F,swm, Law Fwmeo.; 

F l,W,” 9 F,,,,q,q, Ft,r,p,,, f’t,t,w F,,,w Fw,,~ Ftz,,w, Fw,w Fw~r’ 

F t&7,. 3 Ft,r,p,. 9 Ft,wsr 9 Ft.,,w 9 Fr,w Fww 9 Fww; 

F r,~VWb’ Fr,wz,,,v Ft>wmmbt Ft>wx,r’ Fwm, Fwu,aa~ Fr,~.eema. 

%+eF = Fs,+x ad F,,,,x = Ftj+, wherex = h %,., or h.. 

the following inferences: the so-called diagonal quartic force tion to the stretching quartic force constants of the type Fizi 
constants, i.e., of the type F!&, for bond length displace- and Fjzj. The actual values of these force constants were 
ments, are much larger than others, when defined in similar obtained approximately using a Morse potential model for 
units. In the present initial study we shall confine our atten- the stretching motion. 
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TABLE VII. Relation among force constants F”‘, F”‘, and Fc4’. 

Molecule Bond F’2’ F”’ F(4) Ref. 

HCN H-C 3.11 - 5.13 4.70 - 1.34 [ell 
C=N 9.48 - 21.71 29.0 - 1.31 lb11 

FH**.H,O F-H 10.08 - 80.24 514.0 - 1.12 Lb21 
H...O 0.275 - 1.46 6.15 - 1.12 1621 

HNO H-N 4.36 - 34.10 239.0 - 1.06 t631 
N-O 12.59 - 88.60 604.0 - 1.02 [631 

For the Morse potential the energy V(x) for the coordi- 
nate x is 

J,‘(x) =D [,-2a(x--x,,) _ &-“‘“-X,)1. 

According to the definition of force constants it is easy to 
find the relations between a and the quadratic, cubic, and 
quartic force constants for this system to be 

Ff3) = _ 3aF’2) , (44) 
F’4’ = Ta2F’2’ 

f (45) 
where, 

f”3’/[F’2’F’4’]1’2 = - 3/+ - 1.13. (46) 
These approximate relations are in agreement with pre- 

vious ab initio results, as seen as follows. For benzene 
aCH = 1.774 A - I, a value obtained from the anharmonicity 
of CH stretching motion,*’ and a,, z 1.8 A - ‘, which is 
estimated from ethane,5” and the values Fi,:,’ = 6.0 and 
FL,:,) = 7.22 are given by the PFB potential.23 Using Eq. 
(44) we have 

F (3) = _ 32 a~A-.s (3) - 
‘A4 9 FlJ8, - -39 aJA--‘, 

where i = l,..., 6. These results are close to ab initio values of 
the PFB potential,23 - 34.0 and - 40.7 aJ A - 3, respective- 
ly- 

Equation (46) provides a relation among F(‘), Fc3), 
and Fc4’. Table VII shows that this approximate relation is 
reasonably satisfied for some carefully studied small mole- 
cules.61-63 By using Eq. (46) we obtain 

F&, z 120 aJ A - 4, 
F’4’ t,t,r,1, z 150 aJ A - 4, 

where i = i,..., 6. There is, in Table VII, a trend that the ratio 
in Eq. (46) is the same within a molecule, for two quite 
different members of each pair of bonds but differs some- 
what from one molecule to another, i.e., from one calcula- 
tion to another. Perhaps this result reflects an internal con- 
sistency within the calculations but the error of a calculation 
depends on the methods used and the system treated. 

V. SUMMARY 
In summary, a discussion is given here for CNLM and 

for the Hamiltonian in this CNLM. The G matrix and poten- 
tial energy surface for benzene has been discussed. In the 
further work the results in the present paper will be used to 
perform an AI search calculation for benzene and calculate 
(Part III) the CH spectra for ucu = 1, 2, and 3 excitations. 
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APPENDIX A: RELATIONS FOR CUBIC TERMS OF 
BENZENE IN NONREDUNDANT SYMMETRIZED 
COORDINATES 

Nonredundant internal coordinates (NRIC) are widely 
used in literature.23 The definition of the NRIC used in this 
work is given in Table II. However, because of the compli- 
cated form of the NRIC involving the a coordinates, the 
relations between these cubic force constants of benzene in 
the NRIC are not obviously simple. In this appendix we 
derive the expressions for these relationships using nonre- 
dundant symmetrized coordinates (NRSC). In Appendix B 
they are derived using redundant internal coordinates 
(RIC). 

In the NRSC system, the a coordinates are symme- 
trized and other in-plane modes, s, r, and fi, still use internal 
coordinates. There are 63,63,36, and 36 possible cubic force 
constants in the saa, taa, ssa, and tta subspaces. However, 
as is shown in Sec. IV B there are only 4,4,6, and 5 indepen- 
dent quantities, respectively. Others can be a linear combina- 
tion of the independent quantities in the corresponding sub- 
space. 

We can use nonredundant symmetrized rectilinear or 
curvilinear coordinates to find the relationships between in- 
dependent quantities and other cubic force constants. These 
relationships are simpler than those in Table VI. We consid- 
er the saa and taa types of cubic force constants as exam- 
ples. 

1. s coordinates 
In Table II six relations between the six symmetric s- 

type coordinates q’, denoted in Table II by S,, 
S,, , S,, , S,3, ,!!&, and S,,, using Wilson’s numbering,9v’3 
and the six internal coordinates si for CH stretching are giv- 
en. They form a 6X 6 matrix. The sj (i = 1,...,6) are written 
as linear combinations of the symmetrized coordinates q3 in 
Eq. (A 1) . The coefficients relating the six symmetrized co- 
ordinates # to the si is obtained by transposing the above- 
mentioned matrix. 
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2. aa coordinates 
There are six redundant a coordinates al to a6. In the a 

space there three coordinates in NRIC, q,9 and &,,*,b. We 
introduce the coordinates, 

-bZOa + jq2Ob 19 42.z = Jz 

= -%2,, - 4206 1. 

q2; a 

(A21 

The six members of the basis set in the corresponding qua- 
dratic aa-subspace can be combined into four irreducible 
representations: two A ,g, one E2g and one E,, , as seen in Sec. 
IV B. The six symmetrized quadratic basis elements in the 
aa space are denoted by 8i to 66: 

8, = e:;,, = 4dh 0, = oz., = qik420f 

e,=e:g,. = 8 -~(Q2% -I- 420420 17 

e,=e:g,,, =-!- 
i IF 

+12%:o - 4204G 19 

0, = e :E”,,, =$-4%&u: +420), 

e6 = e :z,b =$-G9(d -420)’ (‘43) 

3. Saa type 
As seen in Sec. IV B, there are four independent quanti- 

ties or four A,, linear combinations in the saa subspace, 
among others of a different symmetry species. The contribu- 
tion to the potential energy from the saa subspace, denoted 
by Vsuw may be written in two equivalent ways, in NRIC 
and in NRSC, respectively: 

v,, = -!- i i I;,8ksj ek = f ,$ &‘;=“@;=a”, 
3!j=lk=1 * r-1 

(A4) 

where aTa” is the ith A,, component in thesaa subspace, and 

I 
Ffa”” is its associated cubic force constant. Since 8, and S,, 
defined in Eq. (Al), are already totally symmetric (A,, ), 
only the A,, component of the six si coordinates makes a 
nonzero contribution to the Hamiltonian saa terms. It can 
be seen from Eq. (Al ) that the coefficient for the q&9 com- 
ponent is the same for all si, namely l/v’6. We have, there- 
fore, 

@f”” = L, + s2 + 33 + s4 + s, + s,)q,,q,9, 

& 

Equation (5) provides two independent quantities in Eq. 
(A4) which we shall denote by I;:“” = &A ; and 
F sa”” = @3 ; , respectively. Then 

Fs,q,,q,,sjq19q19 + f: Fs,q2;tq2~s~q2~q2~ + I” 
j= 1 I 

(A6) 

Shown only by dots are the contributions from Q’f” and @;E”” 
(see below). Substituting Eq. (A5) into (A6) and compar- 
ing both sides we have 

F yA”QlU =A;, Fsflzzq2z =B;, (j= l-.*6). (.47) 

Similarly, there are two other A,, linear combinations, 
@ia” and @ia”” generated from the E2g and E,, components 
in s and aa spaces, respectively. We choose the other two 
independent quantities as Fs,cq2z q2z + qG q20 ) and 
F s,q,,(qico + are ) and denote them by C ; and D ; , respectively. 
The other cubic constants in this saa subspace are related to 
them. This space of four states will be denoted by 
~d,,h,,&&,~-d, isth e a component of the E2g pair or of the 
E,, pair, with a similar remark applied to the other 4%. It is 
readily shown using group theory that the A,, linear combi- 
nation generated from components of two E2g (or E,, ) 
states spanned by Cd, ,&, } and {+A ,& 1, respectively, is 
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Following similar discussion above for @pa and @ f*, using 
the above expression (A8) and the coefficients given in Eq. 
(Al) we have 

F 5(&q& + qrnqG) 
= -Y (Q&9:0 +42oqi! iBLo) =  - =&G&J +qGQG) 

=cq&:2i f9254G) = - 2FJ,(q2i 92% + qG qz ) 
=  -2Fs&?&4& +qGqGij  =  c;p 

F 52  ( 92’0  & - rllo q25  ) 
=  -Fsk&; -420120)  =  F%csfq2T -4ZqG) , 

@  = - c.cofs2+o --4G9;0) = yip 

F ww(q2~ + PZO ) =2Fsq,p(q& +q$j> = -2Fs,q,u(4& +QGl) 1  

=  -J-sqdq& +qz) =  -2Fs,wGJ +420)  4  

=  2Fs&,,(q:o +  qG ) =  D i ’ 

F 491”(92l - 4s ) = J&7,& -- q;o 1 = - %?&;t - 420 1 

@  = - Fs+.q,y(lz~ - q2; ) = - -p i - (A91 

It is also follows from the combination coefficients and 
irreducible representations given in (A 1) and (A3 ) that 

F so ( 92; 93  - q20  92s  ) =  %72z  & - 4 %  920  ) =  x7&:, - 92T) ) 

=  F, qdq:o - 420  ) =  O* (A101 1  

4. taa type 
The relation between six t-type internal coordinates and 

symmetrized coordinates, similarly to that given in Eq. 
(A 1 ), can be obtained from Table II. In the same way as that 
for the saa subspace, we have 

= -2Ft(q&q2+o +4209;20) =Fkc&?& +420420) 

= - 2F:,R:q& +qzq;-,> = cl, h  
F f, (&I - Pi0 - rll0 46  ) 

=  - F,,(&& -qGq$jO = F’.G9;t -4itqG) 

4 = -%&+042+ --IGQ;o) = -yCJs h 

F W ”(Q2tJ 
= 

+ 410  ) - F, q,“(q& .s +  SG ) =  - Fbh(q2+o + SG 1  

= F* q,“cq& 
8 

h ,- 410 ) = - -p ; 

2FI,q,y(q& - qgJ ) = Ff*qlu~q2+o - qG ) = 2Fhqts4q*~ - 420 ) 
= - 2~,q,,(qj - 120 ) = - Ff~ql&72s - 420 ) 

where Ft,q,uq~u~ 

are chosen as independent quantities and noted by A ; , B ; , 
C; , and D ; , respectively. 

Other types of cubic terms also can be treated similarly. 

APPENDIX B: RELATIONS FOR CUBIC TERMS OF 
BENZENEINNONREDUNDANTINTERNAL 
COORDINATES 

Four different types of cubic force constants, saa, ssa, 
taa, and tta are discussed, respectively. 

1. Saa type 

There are 216 force constants for the terms s,aiaj in 
RIC of benzene. However, a  careful examination shows that 
only 13 of these are independent cubic force constants in 
RIC for this subspace. These independent terms, represent- 
ed by structure plots, are given in Fig. 3(a) where a bar 
represents the position of sk (without loss of generality we 
choose k = 1, i.e., the first position), and the two asterisks 
indicate the positions of ai and aj. The corresponding cubic 
force constants are denoted by I;; ,F; ,...,FS3, respectively. 
Any cubic force constant of type saa is equal to one of these 
F’,‘s. For example, s,a2a2 is represented by the fifth struc- 
ture in Fig. 3(a) and s,a,a, is equivalent to the seventh 
structure in Fig. 3(a). Therefore Fs,,2,2 = F; and Fsl,,,h 
= F+, respectively. In this way the assignments of the 

s,aiaj and the s2aiaj are obtained and given in Table VIII. 
The assignment for other sE;‘s can be obtained similarly. 

By using the definition of q19  given in Table II and Table 
VIII, we obtain 

F s,d9 = Js[Ff - 4F; +  4F; - 2F; +  2F; +  2F;, - 4F; 

- 4F‘, +  4F; +  2Ffo + 2Ff, - 4F;, +  FS3 1. 

(Bl) 
Similarly, we obtained the same expression for Fs,d, for 
i = 2, 3,..., 6. The first relationship in Table VI is thereby 
established. 

By using the definition of q20a  in Table II, we obtain two 
sets of equivalent cubic force constants: 

6 &J*$)b &J’*&J*(bJ 
(*) &J* 68 6% b* 0 , (&J 

b) 

FIG. 3. Independent terms in cubic force constants related to (x internal 
coordinates in NRIC: (a) SCM type, where s is fixed ass, and the positions of 
a are represented by *. For example, the sixth means the term s,a2aW (b) 
tacx type, where t is fixed as t, and the positions of a are represented by *. 
For example, the sixth means the term f,a,a,. 
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TABLE VIII. Independent terms of saa and taa types. 

*2 Q-3 *4 *5 *2 *3 *5 Q6 

Slnt*j 
*I 

*2 

*3 

*4 

*5 

*6 

ti*,*j 

aI 
*2 
a3 
a4 
a5 
a6 

F; 

F; 

F; 

F; 

F; 

F; 

FI 
F: 
F; 
G 
F; 
Ff, 

F; 

F; 

F; 

6 

6 

Fi 

F; 
F: 
F; 
6 
F:, 
F: 

F; F; 

FS F; 

CO FL 

FL F;3 
F;, FL 

F; F; 

F; F:, 
F: F: 
F; F:, 
F; F: 
Cl FL 
F1* FI, 

F; 

F; 

F;, 

FL 

CO 

F; 

F; 
Fb 
G 
FL 
F: 
F; 

+a, aj 

F; aI F; 6 F: F; F; 6 

F: *2 F; F; F; F; F; F; 

F; a3 F: F; F; F; F; 6 

F; a4 F; G F; CO FL F;, 

4 a3 4 F; 4 FL FL FL 

F; 0% F; F; 6 6, FL 40 

t2v, 
F; ff1 F; F: F: F:, %I F; 
F; a3 F: FI F: F: F: F: 
3, a3 F: 4 F: F; C F: 
CO a4 6, F; F:, F; F; FfO 
F: *s FlO F: F: F:, F; FL 
F; a6 F; 5 F:, CO Ff2 F: 

F wk. =B,=i[2F; -4F; -4F; +4Fs, +F; +F; 

+2F; +2Fs, -4F; f&o +Ff, 

- 4F;, + 2F;, 1, (J32) 

fori= 1,4and 

F wzo. =C,=h[F; -21;;-2F;+21;;+5F;-4F', 

- SF; + 1OF; - 2F; + 5F;, - 4F;, 

- 2F;, +F;,], 033) 
for i = 2, 3, 5, 6. 

By using the definition of qZ,,,, in Table II we have 

F ldob = j[F; -F: - 2FS + 2F; + F;o -F;, ] (J33’) 

fori= 1,4and 

F S,d0b = ;[F; - 2F; - 2F; + 2F; + F; 

+2F”B -2F; -2F;, +Fi3], (B4) 
for i = 2, 3, 5, 6. 

Combining Eqs. (Bl )-(B4), we have the relations be- 
tween cubic force constants in NRIC: 

F &36 = f(4C, - Bl), j= I,4 (B5) 
F Sdob = fW3, + Cl>, j= WA6 036) 

as shown in Eqs. 2 to 5 in Table VI. 
Other relations for Fs~ru4200 and Fs~,uq20b can be established 
similarly. 

2.taa type 

Here, t represents CC stretching as in Fig. 1 and Table 
II. There 216 terms t,aiaj in RIC. However, a careful ex- 
amination shows that only 12 of them are independent. 
These are shown in Fig. 3 (b) . The corresponding cubic force 
constants are denoted by F: ,F:,...,Fi2, respectively. Any 
cubic force constant of type taa is equal to one of F k. The 
assignment of I;;,,,=, and F, ~a are given in Table VIII, and 2 ‘I 
the assignment for other C, can be obtained similarly. 

The first relationship for taa can be readily demonstrat- 
ed since 

F t,dg =f[F: +F; +Fj -F: +2F; -2F;, +2F; 

- 2F:, - 2F; + 2F& -F;, - Ff,], (B7) 
for i = 1, 2 ,..., 6. 

For proving next two relationships for taa type, we use 
the method similar to that for saa type, and obtain 

F +7&k =B,=,$[5F; +-2F; +5F: -4F: -2F; 

+ lOF:, - 8F; - 2F; - 21;; - 2Fio 

+2F:, -4F:,], (EM) 
fori=2,5and 

F &o. =C,=b[Ff +4F; +F: +F: -4F; +2F:, 

+ 2F: -4F; -4F; -4Fio +4F;, 

-+F:, I, (B9) 

for i = 1, 3, 4, 6. 
Similarly, for FtdO, we have 

F rb, = @‘f + 2F: + F: - W: + 2F:, 

- 2F; - 2F; - 2F;, + 2F,2 1, @lOI 
for i = 2, 5, and 

F t,dO,=@‘: +.F; -F; +2F;, -2F; -F;,] (Bll) 

for i = 1, 3,4,6. Combining Eqs. (B9)-(B12) together, we 
have 

F rdob = fC4G -&I, j = 2,5 (B12) 
F lPiob = 3(2B2 + C,), j = 1,3,4,6. (Bl3) 

Other relations for Frp,,q200 and Ftfl,uq206 can be proven 
similarly. 

3. ssa and tta types 

The relations of cubic terms between these types can be 
demonstrated similarly. However, there six are and five in- 
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dependent quantities for ssa and tta type, respectively. 
Therefore more relations, as shown in Table VI, are expected 
for those types. 

Many cross terms FSpfl or Fspfl (i#j) vanished, some of 
them do not. 

APPENDIX c: THE RELATION BETWEEN 
SYMMETRIZED COORD~INATES AND RIC 

The relations among cubic force constants for benzene 
in symmetrized coordinates and in RIC are given in Appen- 
dices A and B, respectively. These two sets of relationships 
are equivalent. The relation in RIC can be obtained from 
those in symmetrized coordinates. 
For example, from Eqs. (A2) and (A3) we have 
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