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Nucleation of stable cylinders from a metastable lamellar phase
in a diblock copolymer melt
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The nucleation of a droplet of stable cylinder phase from a metastable lamellar phase is examined
within the single-mode approximation to the mean-field Landau–Brazovskii model for diblock
copolymer melts. By employing a variational ansatz for the droplet interfacial profile, an analytic
expression for the interfacial free energy of an interface of arbitrary orientation between cylinders
and lamellae is found. The interfacial free energy is anisotropic and is lower when the cylinder axis
is perpendicular to the interface than when the cylinders lie along the interface. Consequently, the
droplet shape computed via the Wulff construction is lens like, being flattened along the axis of the
cylinders. The size of the critical droplet and the nucleation barrier are determined within classical
nucleation theory. Near the lamellar–cylinder phase boundary, where classical nucleation theory is
applicable, critical droplets of size 30–400 cylinders across with aspect ratios of 4–10 and
nucleation barriers of (30– 40)kBT are typically found. The general trend is to larger critical
droplets, higher aspect ratios, and smaller nucleation barriers as the mean-field critical point is
approached. ©2003 American Institute of Physics.@DOI: 10.1063/1.1572461#
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I. INTRODUCTION

The decay of a metastable state via the thermally a
vated formation and subsequent growth of droplets of
equilibrium phase is known as nucleation. If the nucleat
rate is small, the formation of critical droplets—those dro
lets large enough to overcome the nucleation barrier
grow—can be considered to be a quasiequilibrium proc
In the classical homogeneous nucleation scenario, the cri
droplet size and nucleation barrier are determined from
balance between the droplet interfacial and bulk f
energies.1

Nucleation from a disordered initial state to a disorde
final state, as occurs in the liquid–gas transition, has b
well studied. The study of nucleation when ordered, perio
phases are present is challenging and has been mainly
ied in the materials-science context of crystal growth.2 How-
ever, there is also a large class of soft materials where c
peting interactions select a microscopic length scale and
to ordered, periodic microphases.3 Examples include ferro-
fluids, thin-film magnetic garnets, Rayleigh–Be´nard convec-
tion, Langmuir monolayers, and block copolymers. Whet
the material is hard or soft, the challenge to modeling nuc
ation in systems with microstructure arises mainly from
need to incorporate the various length scales into the the
In the case of block copolymer melts these length scales
the interfacial width between microdomains, the period
the microdomains, the width of the droplet interface, and
critical droplet size. Another complication is that the symm
try of the underlying microstructure will lead to anisotrop
droplet interfacial free energies and anisotropic critical dr
let shapes. Furthermore, the droplet interfacial structure
10290021-9606/2003/118(22)/10293/13/$20.00
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comes complicated as the different microdomain symmet
merge into each other.

In this paper we will focus on diblock copolymer melt
whose equilibrium phase behavior is well understood.4–6 At
high temperatures the system is disordered, while at lo
temperatures several ordered periodic phases—lamellar,
agonally packed cylindrical, body-centered-cubic spheric
and gyroid—compete for stability. This understanding of t
equilibrium properties of diblock copolymer melts provides
solid foundation on which to study the kinetics. Within th
diblock copolymer phase diagram we will study nucleati
near the first-order lamellar–cylinder phase boundary
lowing a temperature jump into the cylinder phase. This
the simplest order–order transition to examine, yet it co
tains all of the challenges and issues mentioned above.
goal of this work is to compute the size and shape of
critical droplet and the free-energy barrier to nucleation fo
stable cylinder phase nucleating from a metastable lame
background in a diblock copolymer melt.

Previous theories for the kinetics of order–order tran
tions in block copolymers have examined the behavior n
the order–order spinodal where, in contrast to nucleation
particular mode of fluctuation out of the metastable st
becomes unstable, and the metastable state transforms
formly throughout the entire sample into a more sta
state.7–13 The recent successful application of self-consist
field theory to block copolymers relies on efficie
reciprocal-space methods for treating ordered, uniform p
odic phases.5,8,9 In nucleation, this uniformity is absent, an
this has limited the application of reciprocal-space meth
to this problem. Notable recent applications of se
3 © 2003 American Institute of Physics
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consistent field theory to problems involving nonuniform
are studies of the energetics of kink- and twist-grain bou
aries in the lamellar phase of diblock copolymer melts14,15

and studies of T junctions in the lamellar phase of diblo
copolymers, both with and without additional homopol
mer.16 The kinetics of various order–disorder and orde
order transitions have been studied numerically in Refs. 1
21. The relatively small three-dimensional system sizes
rently accessible numerically make handling the vario
length scales involved in nucleation a challenge. Thus di
numerical studies generally examine transitions across
entire system at once~i.e., the spinodal regime!. It is not
clear what role, if any, the kinetic pathways and unifor
periodic intermediate states found in these studies play in
nucleation of compact droplets of one ordered phase in
other.

The existing theoretical work focusing on nucleation
polymeric systems considers different systems and situat
than the one considered here. Wood and Wang recently
amined nucleation in polymer blends using self-consist
field theory.22 Fredrickson and Binder23 and later Hohenberg
and Swift24 examined the nucleation of a lamellar pha
from an initially disordered phase in melts of symmet
diblock copolymers. While Ref. 23 only considered a sphe
cal droplet, Ref. 24 found that the critical droplet sha
should be anisotropic, with the lamellar normal along t
long axis of the droplet. Two-dimensional numerical simu
tions by Nonomura and Ohta have recently examined
dynamics of droplets of lamellae nucleating in a metasta
cylinder phase.25 This is close to the situation considere
here, and we will discuss it in more detail later.

Early experimental work by Hajduket al. observed a
reversible thermotropic transition between the lamellar a
cylinder phase in a polystyrene-poly~ethene-co-butene!
diblock copolymer.26 The transition pathway from lamella
to cylinders indicated by their data suggests that they w
observing spinodal decomposition rather than nucleat
Sakurai et al. examined the reverse transition
poly~styrene-block-butadiene-block-styrene! triblock copoly-
mers, where a nonequilibrium cylinder phase produced b
selective solvent transforms into a stable lamellar phase u
annealing.27 It appears that they were also observing sp
odal decomposition, although the existence of isolated
gions of the metastable cylinder phase in their system is
teresting. Floudaset al.have studied kinetics of the lamella
to-cylinder transition in poly~isoprene-block-ethylene oxide!
where the ethylene oxide block is crystalline in the lame
phase.28 This crystallinity, the observed rapidity of the tran
sition, and the lack of specific information about the nuc
limit comparison with the present work. Experimental wo
that directly addresses nucleation is limited to studies
order–disorder transitions between either the disordered
lamellar phases29 or, as will be discussed in more detail late
the disordered and the cylinder phases.30–32 These experi-
ments suggest that there is an incubation time, followed
nucleation of anisotropic droplets of the ordered phase fr
the disordered phase.

To study the decay of a metastable lamellar state via
nucleation of compact droplets of cylinder phase we emp
Downloaded 15 Sep 2007 to 131.215.225.9. Redistribution subject to AIP
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the Landau–Brazovskii model.9,33,34This model is appropri-
ate to systems with a weak modulation of the order para
eter, or weak segregation, as occurs in mean-field theory
block copolymers near the mean-field critical point. Oth
phenomena studied using this model include weak cryst
zation, the nematic-to-smectic-C transition in liqu
crystals,34 and Rayleigh–Be´nard convection.35 The Landau–
Brazovskii free energy can be derived from the many-ch
Edwards Hamiltonian for diblock copolymers in the we
segregation limit.4,36 This important connection allows us t
move beyond phenomenology in this study and make s
cific predictions about the size and shape of the critical dr
lets and the nucleation barrier.

Although we will employ mean-field theory in this pa
per, it is well known that in diblock copolymers compositio
fluctuations are important in the vicinity of the second-ord
mean-field critical point, actually transforming this critic
point into a weak first-order transition.33,37 Thus, when con-
sidering the nucleation of lamellae from disorder in symm
ric diblock copolymers it is essential to include fluctuation
as they qualitatively change the picture, creating a we
nucleation barrier where in mean-field theory there
none.23,24 The present situation is different, since th
lamellar–cylinder transition for asymmetric diblock copol
mers is already first order in mean-field theory. Thus, wh
fluctuations may modify the size of the nucleation barri
they should not qualitatively change the physics, provid
the barrier is large. We find below that the nucleation barr
grows asN1/2, whereN is the copolymer degree of polyme
ization, indicating that fluctuations will be less important f
large N, consistent with the predictions of Ref. 37. Neve
theless, we expect mean-field theory to eventually br
down as the mean-field critical point is approached and
barrier height decreases. After presenting our results, we
discuss where fluctuations may modify these results, and
will indicate how to extend this mean-field calculation
include fluctuations.

We apply the single-mode approximation, accurate
weak segregation, to the Landau–Brazovskii model, wh
results in an amplitude model studied previously in differe
contexts.25,38–40Since we will work within the framework of
classical homogeneous nucleation theory, a key ingredien
our theory is the droplet interfacial free energy. We comp
the interfacial free energy for a planar interface separa
coexisting lamellar and cylinder phases from the amplitu
model. By using a variational approach, we obtain an a
lytical expression for the interfacial free energy for interfac
of arbitrary orientation. Previous studies of the interfac
free energy, which were primarily numerical, have examin
only selected interfacial geometries in two dimensions41

With our results for the interfacial free energy, we can co
pute the droplet shape from the Wulff construction.42 The
Wulff construction has been used to study the anisotro
droplet shape arising during the disorder-to-lamellar tran
tion in Ref. 24 and more recently in Ref. 43. We then app
our results for the interfacial free energies and droplet sh
to calculate the critical droplet size and nucleation barr
from classical homogeneous nucleation theory.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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II. THEORY

A. Landau–Brazovskii theory

We consider an incompressible melt ofn AB diblock
copolymers in a volumeV0 at a temperatureT. The total
degree of polymerization of the diblock copolymer isN. The
monomer density is thusr05nN/V0 . The degree of poly-
merization of the A block isf AN, where 0< f A<1. We em-
ploy the Landau–Brazovskii theory for weak crystallizati
to study nucleation in this system.9,33,34 The position-
dependent order parameterf(r0) in this theory is defined as
the deviation of the normalized A monomer concentrat
fA from the uniform state and is given byf(r0)5fA(r0)
2 f A . The Landau–Brazovskii free energyF0 is an expan-
sion in terms of this order parameter,

f 0[
F0

nkBT
5

1

V0
E dr0H j0

2

8q0
2 @~¹21q0

2!f#21
t0

2
f2

2
g0

3!
f31

l0

4!
f4J . ~2.1!

In Eq. ~2.1!, f 0 is the Landau–Brazovskii free energy p
block copolymer in units ofkBT, j0 is the bare correlation
length,q0 is the critical wave vector,t0 is the reduced tem
perature, andg0 and l0 are expansion coefficients. Fo
stability, l0.0. The Landau–Brazovskii free energy
able to account for the observed diblock copolym
microstructures.9

The Landau–Brazovskii free energy can be derived fr
the many-chain Edwards Hamiltonian for diblock copo
mers following the method of Leibler4 and Ohta and
Kawasaki.36 Like many authors, we have assumed that
third- and fourth-order expansion coefficients are local. T
truncation of the order-parameter expansion at fourth or
in Eq. ~2.1! and the assumption of a single dominant wa
vectorq0 in the gradient term are valid if the system is in t
weak-segregation limit near the mean-field disorder-to-or
spinodal and the mean-field critical point. Since, in me
field theory, a direct lamellar-to-cylinder transition occurs
this region, the Landau–Brazovskii free energy is appro
ate to study this transition.

It is convenient to rescale Eq.~2.1! by expressing
lengths in units ofq0

21 and the free energy is in units ofl0 .
Under the rescalings

r5q0r0 , ~2.2!

V5q0
3V0 , ~2.3!

f 5
f 0

l0
, ~2.4!

j25
~q0j0!2

4l0
, ~2.5!

t5
t0

l0
, ~2.6!

g5
g0

l0
, ~2.7!
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the Landau–Brazovskii free energy becomes

f 5
1

V E dr H j2

2
@~¹211!f#21

t

2
f22

g

3!
f31

1

4!
f4J .

~2.8!

One of the goals of this work is to calculate the critic
size, shape, and nucleation barrier for droplets of stable
inder phase nucleating from a metastable lamellar phas
terms of experimentally measurable quantities. To do this
must relate the parametersq0 , j0 , t0 , g0 , andl0 appearing
in Eq. ~2.1! to such quantities. By following the derivation o
Eq. ~2.1! in Ref. 36, we can express these parameters
terms of x, N, f A , and Rg that appear in the many-chai
Edwards model. Herex is the Flory–Huggins interaction pa
rameter characterizing the repulsion between A and B mo
mers. The diblock copolymer radius of gyration,Rg , is de-
fined through

Rg
25

Nb2

6
, ~2.9!

whereb is the Kuhn statistical segment length. We have

q0
25

x*

Rg
2 , ~2.10!

j0
254x* cRg

2, ~2.11!

t052@~xN!s2xN#, ~2.12!

g052NG3 , ~2.13!

l05NG4~0,0!. ~2.14!

The notation follows that of Leibler.4 In particular,x* is the
position of the minimum of the functionF(x, f A) appearing
in the scattering function of Ref. 4. The disorder-to-ord
spinodal (xN)s and the quantityc are defined through

~xN!s5
1
2 F~x* , f A!, ~2.15!

c5
1

2

d2F~x, f A!

dx2 U
x5x*

. ~2.16!

Finally, the vertex functionsG3 andG4(0,0), which are func-
tions of f A , are computed in Ref. 4. In Table I we reprodu
the values tabulated by Fredrickson and Helfand for th
mean-field parameters in the weak-segregation region.37 We
will take f A<0.5 in this paper without loss of generality.

In terms of these parameters, the scaled quantities
pearing in Eq.~2.8! are

j25
~x* !2c

NG4~0,0!
, ~2.17!

TABLE I. Mean-field model parameters in the weak-segregation reg
from Ref. 37.

f A x* (xN)s c NG3 NG4(0,0)

0.50 3.7852 10.495 0.4812 0.0 156.56
0.45 3.7995 10.698 0.4844 28.608 169.19
0.40 3.8433 11.344 0.4945 218.81 212.22
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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t5
2@~xN!s2xN#

NG4~0,0!
, ~2.18!

g52
NG3

NG4~0,0!
. ~2.19!

For example, forf A50.5 we havej250.0440 andg50,
while for f A50.45 we havej250.0413 andg50.0509.
When xN511.0, t526.4531023 for f A50.5 and t
523.5631023 for f A50.45.

B. Geometry of the droplet and the single-mode
approximation

In principle, to describe a critical droplet of stable cyli
drical phase in a background of metastable lamellar ph
one needs to find a saddle-point solution to the Eule
Lagrange equations which result from extremizing the f
energy, Eq.~2.8!. In practice, for the three-dimensional, a
isotropic droplets we consider, finding such a solution b
direct numerical method is not, at present, feasible due to
large system sizes required to resolve the various len
scales in the problem—the A/B interfacial width, the micr
structure period, the droplet interfacial width, and the drop
size. Thus, to make progress, we need to make some b
assumptions about the geometry of the droplet and the f
of the order parameter.

We consider a droplet of stable cylindrical phase in
background of metastable lamellar phase with the geom
shown in Fig. 1. Inside the droplet, the cylinders are orde
into a hexagonal lattice and aligned along thez axis. Outside
the droplet, the lamellar normal is directed along they axis.
We assume an epitaxial relation between the cylinders

FIG. 1. Schematic picture of the droplet geometry. The critical droplet ty
cally includes many more cylinders than shown.~a! View of thex–y plane.
The lamellar normal is along they axis and the cylinders form a hexagon
lattice inside the droplet with their axes alongz ~out of the page!. The
lamellar period isDl : the distance between cylinders isDc . The azimuthal
anglef is indicated.~b! Perpendicular view to~a!, showing the orientation
of the cylinders relative to the droplet interface. The polar angleu is indi-
cated.
Downloaded 15 Sep 2007 to 131.215.225.9. Redistribution subject to AIP
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the lamellae. Matsen’s work on the cylinder–gyroid a
cylinder–sphere transitions shows that these order–o
transitions proceed approximately epitaxially and that imp
ing an epitaxial relation results in only a minor change in t
energetics of the transition.12,13This suggests that the epitax
ial assumption may also have only a slight effect on
energetics of the lamellar–cylinder transition. Experime
on the lamellar-to-cylinder transition,26,27 which are likely
accessing the spinodal regime, and theoretical studies
the spinodal8,19 indicate that cylinders will form with their
axes in the plane of the layers. These results motivate
assumption of this cylinder orientation in the nucleation s
nario. The lamellar periodDl is related toq0 by

q05
2p

Dl
. ~2.20!

The distance between cylinders,Dc , is epitaxially related to
Dl by Dc52Dl /).

The orientational epitaxy enables us to describe both
cylindrical and lamellar orders in terms of a single set
reciprocal-lattice vectorsGi , indexed by the integeri . Since
we work in the weak-segregation regime, it is sufficient
restrict ourselves to the first mode, those vectors withuGi u
5q0 ~in scaled units,uGi u51), instead of using the complet
set of vectorsGi . In the single-mode approximation, th
order parameter is written as

f~r !52a1~r !cos~G1•r !12a2~r !@cos~G2•r !1cos~G3•r !#,

~2.21!

wherea1 anda2 are spatially dependent amplitude functio
which define the droplet geometry and theGi are given~in
scaled units! by

G15 ŷ, ~2.22!

G25 1
2 ~2) x̂1 ŷ!, ~2.23!

G35 1
2 ~2) x̂2 ŷ!. ~2.24!

Pure lamellar order is described bya1Þ0 anda250, pure
cylindrical order bya15a2Þ0.

If we assume the amplitudesa1 anda2 are slowly vary-
ing on the scale ofDc , we can separate the length scale f
variations in the amplitude, the droplet interfacial widt
from the length scale of the underlying microstructu
Within this slowly varying amplitude approximation, th
Landau–Brazovskii free energy, Eq.~2.8!, can be written in
terms of the amplitudes as

f 5
1

V E dr$j2~¹2a1!212j2~¹2a2!214j2@~G1•¹a1!2

1~G2•¹a2!21~G3•¹a2!2#1t~a1
212a2

2!22ga1a2
2

1 1
4 ~a1

416a2
418a1

2a2
2!%. ~2.25!

Extremization of this free energy produces two Eule
Lagrange equations for the amplitudes,

-
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2j2¹4a128j2~G1•¹!2a11v1~a1 ,a2!50, ~2.26!

4j2¹4a228j2@~G2•¹!21~G3•¹!2#a21v2~a1 ,a2!50,
~2.27!

where

v1~a1 ,a2!52ta122ga2
21a1

314a1a2
2,

~2.28!
v2~a1 ,a2!54ta224ga1a216a2

314a1
2a2 .

The free energy~2.25! and the amplitude equations~2.26!
and ~2.27! form the basis for our analysis of the dropl
nucleation problem.

C. Equilibrium phase diagram

Lamellar and cylindrical states which are periodic a
position-independent solutions of Eqs.~2.26! and ~2.27!.
When a15a250, the system is disordered. The unifor
lamellar solution, which exists fort,0, is

a15al[A22t, ~2.29!

a250. ~2.30!

From Eq. ~2.25! we see the uniform lamellar solution ha
free energy

f l52t2. ~2.31!

The uniform cylindrical solution hasa15a25ac with

ac5
g6Ag2210t

5
~2.32!

and has a free energy

f c53tac
222gac

31 15
4 ac

4 . ~2.33!

For g.0 the solution with the positive root in Eq.~2.32! has
the lower free energy and corresponds to cylinders of A i
B matrix. The case forg,0 can be constructed from theg
.0 case by recognizing that the free energy, Eq.~2.33!, is
invariant underg→2g andac→2ac . It is straightforward
to show that, along a phase boundary or spinodal, the r
tions t5xg2 andac5gãc hold for g of either sign, with

ãc5
11A1210x

5
~2.34!

andx a constant. The lamellar–cylinder phase boundary
curs for

x52
713A6

5
522.8697, ~2.35!

as noted in Ref. 38, and the cylinder–disorder phase bou
ary occurs forx54/45. The stability limits, or spinodals, fo
these uniform phases can be found by expanding Eq.~2.25!
to second order in deviations from the uniform solution a
looking for parameters for which the matrix of partial seco
derivatives has a negative eigenvalue. The disorder-to-o
spinodal is justt50. On increasing temperature~increasing
t, decreasingxN) the stability limit for the lamellar phase i
reached when

t522g2. ~2.36!
Downloaded 15 Sep 2007 to 131.215.225.9. Redistribution subject to AIP
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At this point the lamellar structure will spontaneously tran
form into the cylinder phase. The spinodal for the rever
cylinder-to-lamellar, transition occurs whent528g2.

We construct the equilibrium phase diagram for the fr
energy, Eq.~2.25!, in Fig. 2 in terms ofxN and f A , using
relations~2.18! and ~2.19!. In mean-field theory there is a
second-order critical point atf A50.5 andxN510.495 (g
5t50), as indicated. In self-consistent field-theory calcu
tions the body-centered-cubic spherical phase is stable
tween the cylindrical and disordered phases and the gy
phase is stable along the lamellar–cylinder phase boun
for xN.11.14 andf A,0.452 (f A.0.548).5 We have not
included these phases in our diagram since our primary c
cern is with the lamellar–cylinder transition and since w
work near the lamellar–cylinder phase boundary forf A

>0.45. Near the mean-field lamellar–cylinder phase bou
ary for 0.45< f A<0.5, the free energies of the equilibrium
phases calculated from Eq.~2.25! are within a few percent of
those obtained from a full self-consistent mean-fie
calculation,44 with the difference decreasing as the mea
field critical point is approached. These results indicate
degree of accuracy of the single-mode approximation to
mean-field theory in the region of interest for this study.

D. Planar interface between the lamellar
and cylindrical phases

For a planar interface separating the lamellar and cy
drical phases the amplitudesa1 anda2 become functions of
the perpendicular distance to the interface,s5n̂•r , only.
The unit normal to the interface isn̂5(cosf sinu,
sinf sinu,cosu), expressed in terms of the angles defined
Fig. 1. From Eq.~2.25!, the free energy per unit interfacia
area,f̃ , is then

FIG. 2. Equilibrium phase diagram for the Landau–Brazovskii model in
single-mode approximation, Eq.~2.25!. The solid lines are phase boundarie
between the indicated phases. The dashed line is the disorder-to-order
odal. The dotted line is the lamellar-to-cylinder spinodal. The dashed-do
line is the cylinder-to-lamellar spinodal. The body-centered-cubic spher
phase, which is stable between the cylinder and disordered phases, an
gyroid phase, which self-consistent field-theory predicts is stable forxN
.11.14 along the lamellar–cylinder phase boundary, are not shown.
second-order, mean-field critical point is indicated by the dot.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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f̃ 5E ds$j2~a19!212j2~a29!214j2@~G1•n̂!2~a18!2

1$~G2•n̂!21~G3•n̂!2%~a28!2#1t~a1
212a2

2!

22ga1a2
21 1

4 ~a1
416a2

418a1
2a2

2!%, ~2.37!

where primes denote differentiation with respect tos. We
note that

~ n̂•G1!25sin2 f sin2 u, ~2.38!

~ n̂•G2!21~ n̂•G3!25 1
2 ~112 cos2 f!sin2 u. ~2.39!

Thus terms involving the squares of single derivatives of
field ~square-gradient terms! do not contribute tof̃ when the
interface normal is in theẑ direction (u50).

III. ENERGETICS OF THE LAMELLAR–CYLINDER
INTERFACE

The aim of this section is to compute the interfacial fr
energy for a planar interface of arbitrary orientationn̂ be-
tween coexisting epitaxial lamellar and cylindrical phas
aligned as shown in Fig. 1. Once the interfacial free energ
known, the Wulff construction42 can be used to find the
minimal-energy droplet shape, as we show in the next s
tion. It is sufficient to approximate the interfacial free ener
near the lamellar–cylinder phase boundary by its value
boundary since the interfacial free energy function is c
tinuous through the transition.

A. Analytic calculation of the interfacial free energy

Rather than numerically solving the Euler–Lagran
equations resulting from Eq.~2.37! to get the interfacial pro-
file and then computing the interfacial free energy, we
stead employ a variational ansatz for the interfacial pro
which allows the interfacial free energy to be calculated a
lytically. Our variational solution to the problem will, o
course, produce an interfacial free energy which is gre
than that obtained through an exact solution of the Eul
Lagrange equations. However, our analytical solution w
give us much insight into the behavior of the interfacial fr
energy along the lamellar–cylinder phase boundary.

We employ the following variational ansatz for the am
plitude profile of a planar interface between coexisting c
inder and lamellar phases,

a1~s!5S al1ac

2 D1S al2ac

2 DhS s

wD , ~3.1!

a2~s!5
ac

2 F12hS s

wD G . ~3.2!

The function h has the properties thath(s)→61 as
s→6` andh(0)50; thus it describes a pure cylinder pha
for s→2` separated by an interface ats50 from a pure
lamellar phase, obtained ass→`. The form of h will be
specified later. The variational parameterw characterizes the
interfacial width and will depend on the interface orientatio
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Substitution of Eqs.~3.1! and ~3.2! into the free energy, Eq
~2.37!, and the rescaling ofs to extract factors ofw results in
the excess free energy due to the interface,

f̃ 2 f̃ h5
j2g2g1

w3 1
j2g2g2

w
1g4g3w, ~3.3!

where

f̃ h5E ds fl ~3.4!

is the free energy contribution from the two uniform phas
( f l5 f c at the lamellar–cylinder phase boundary!. The coef-
ficients in Eq.~3.3! are

g15 1
4 I 1~ ãl

222ãl ãc13ãc
2!, ~3.5!

g25 1
2 I 2@3ãc

212ãl~ ãl22ãc!sin2 f#sin2 u, ~3.6!

g35E
2`

`

ds$x~ ã1
212ã2

2!22ã1ã2
21 1

4 ~ ã1
416ã2

4

18ã1
2ã2

2!1x2%, ~3.7!

where

I 15E
2`

`

ds~h9!2, ~3.8!

I 25E
2`

`

ds~h8!2. ~3.9!

The quantityãl5A22x, and ãc and x are given by Eqs.
~2.34! and ~2.35!. In Eq. ~3.7! the functionsã1 and ã2 are
given by Eqs.~3.1! and ~3.2! with al andac replaced byãl

and ãc , respectively, and withw51. The coefficientsg1 ,
g2 , andg3 are positive. The excess free energy, Eq.~3.3!, is
minimized when

w25~w* !2[
j2g21Aj4g2

2112j2g2g1g3

2g2g3
. ~3.10!

Substitution of this value forw in Eq. ~3.3! provides the
interfacial free energy,s(u,f)[ f̃ * 2 f̃ h , for a planar
cylinder–lamellar interface with normaln̂,

s~u,f!5
j2g2g1

~w* !3 1
j2g2g2

w*
1g4g3w* . ~3.11!

These results are derived along the lamellar–cylinder ph
boundary; thus the temperature~t! dependence in Eqs.~3.10!
and~3.11! enters throughg via the relationg5At/x, with x
given by Eq.~2.35!. The limit asg→0 corresponds to ap
proaching the mean-field critical point along the lamella
cylinder phase boundary. The angular dependence in
~3.11! is contained ing2 and w* . Equation~3.6! indicates
that the interfacial free energy depends on the polar angu
through factors of sin2 u. Equation~3.6! also shows that the
interfacial free energy is invariant underf→f1np, where
n is an integer~twofold azimuthal symmetry!.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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To examine the behavior ofs~u,f! along the phase
boundary near the mean-field critical point, we have to d
tinguish between two cases, depending on the relative va
of u andg. The case where the interface normal is orien
along theẑ direction (u50) is special. For orientations awa
from this special orientation—that is, foru nonzero and
fixed—we haveugu!g2 as the mean-field critical point i
approached and obtain the behavior

w* 5
j

uguA
g2

g3
1O~ ugu! ~3.12!

and

s~u,f!52jugu3Ag2g31O~ ugu5!. ~3.13!

At the mean-field critical pointg→0 and j approaches a
constant@see Eq.~2.17!#; thus the width of the interface di
verges and the interfacial free energy vanishes. It is inter
ing to note that the interfacial free energy remains ani
tropic (via g2) in this limit. Sinceg;At along the phase
boundary, the scaling withg seen in Eqs.~3.12! and ~3.13!
corresponds the mean-field results,w;t21/2 ands;t3/2 ex-
pected near a second-order mean-field critical point.45

In the limit g→0 andu→0 such thatg2!ugu holds we
have

w* 5S j

ugu D
1/2S 3g1

g3
D 1/4F11

jg2

2ugu~12g1g3!1/21OS g2
2

g2D G
~3.14!

and

s~u,f!5 4
3 j1/2ugu7/2~3g1g3

3!1/4

3F11
3jg2

2ugu~12g1g3!1/21OS g2
2

g2D G . ~3.15!

As g→0, the conditiong2!ugu restricts the region ove
which this behavior holds to very smallu, i.e., to interfacial
orientations near or at the special orientation. Equati
~3.14! and~3.15! show that for these interfacial orientation
the interfacial width diverges more slowly than Eq.~3.12!
and the interfacial free energy vanishes more rapidly t
Eq. ~3.13! as the mean-field critical point is approached. T
scaling withg (;At) seen in Eqs.~3.14! and ~3.15! is ex-
actly what mean-field theory predicts for a Lifshitz critic
point.46,47 At a Lifshitz critical point botht and the square
gradient terms in the free energy vanish, as occurs here
the free energy, Eq.~2.37!, when the interfacial normal is
along theẑ direction (u50). It is important, however, to
emphasize that there is no Lifshitz critical point in th
diblock copolymer melt phase diagram since the diblock
polymer melt is a single-component system. In the pres
case adjustingu, rather than a thermodynamic state variab
causes the square-gradient terms in the free energy to va
We expect that the mean-field critical scaling behavior
Eqs.~3.12!–~3.15! will be modified by fluctuations. For Eqs
~3.14! and ~3.15! these modifications may be particular
large, since the upper critical dimension for a Lifshitz critic
point is 8. Finally, far from the mean-field critical point, fo
large ugu, the conditionugu@g2 holds for all u and the ex-
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pressions~3.14! and ~3.15! apply. At leading orderw* →0
ands→` for large ugu. The interfacial free energy become
isotropic in this limit.

None of these results depend on the form chosen forh in
the variational approximation. The only approximation
Eqs. ~3.1! and ~3.2! is that the interfacial profiles for two
different orientations have the same basic shapeh and can be
scaled onto one another by an orientation-dependent s
factor w.

B. Results for the lamellar–cylinder interfacial
free energy

To calculate the interfacial free energy we will no
chooseh(s)5tanhs, which is a reasonable approximatio
for an interfacial profile and satisfies the boundary conditio
mentioned after Eqs.~3.1! and ~3.2!. With this choiceI 1

516/15, I 254/3, andg3' 0.716 286. The unscaled~i.e.,
actual! interfacial free energys0 is related tos in Eq. ~3.11!
by

s05
l0

A6x*
S r0bkBT

N1/2 Ds. ~3.16!

In Fig. 3 we present results fors0 at the phase boundary, i
units of r0bkBT/N1/2, for f A50.45. Figure 3 qualitatively
represents the features of the interfacial free energy for alf A

near the mean-field critical point. The overall magnitude

FIG. 3. Interfacial free energys0 in units ofr0bkBT/N1/2, of the lamellar–
cylinder interface at the lamellar–cylinder phase boundary forf A50.45
(xN511.3263) as per Eqs.~3.11! and ~3.16!. ~a! As a function ofu, for
f50. ~b! As a function off for u5p/2 ~in the x–y plane!. The anglesu
andf are defined in Fig. 1.
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the interfacial free energy increases with stronger segre
tion. In Fig. 3~a! we shows0 as a function ofu for f50.
When the cylinder axis is perpendicular to the interfaceu
50) the interfacial free energy is about 4 times smaller th
when the cylinders are parallel to the interface (u5p/2). In
Fig. 3~b! the interfacial free energy as a function off in the
x–y plane (u5p/2) is shown. The interfacial free energy
highest when the lamellae lie perpendicular to the interf
(f50) and lowest when the lamellae are parallel to
interface (f5p/2). The variation of the interfacial free en
ergy with f is less than its variation withu, since 2ãl(ãl

22ãc)!3ãc
2 in Eq. ~3.6!. Although the interfacial free ener

gies forf5p/6 andf55p/6 are equal, as they should be,
is somewhat surprising that the presence of cylinder lat
planes at these angles does not produce any features i
interfacial free energy. It may be that at higher segregat
where one has to go beyond the single-mode approxima
the existence of cylinder lattice planes will become manif
in the droplet shape. Similar work by Netzet al. examined
the lamellar–cylinder interfacial free energy numerica
whenu5f5p/2.41 They found the mean-field critical sca
ing s0;t3/2 near the critical point in their model.

IV. WULFF CONSTRUCTION OF THE CRITICAL
DROPLET

In general, the nucleating droplet of cylindrical phase
not spherical and it is necessary to calculate the droplet sh
from the anisotropic interfacial free energy, using the Wu
construction.42 Once the droplet shape is known, the fr
energy and size of the critical droplet can be calculated.

A. Wulff construction for the droplet shape

The droplet shape is found by minimizing the drop
surface free energy, subject to the constraint of cons
droplet volume. Thus we minimize the function

FWulff5Sdrop22mVdrop, ~4.1!

wherem is a Lagrange multiplier,Vdrop is the fixed droplet
volume, and

Sdrop[E dSs~ n̂! ~4.2!

is the integral of the interfacial free energy, Eq.~3.11!, over
the droplet surface. Implicit in Eq.~4.1! and in the classica
nucleation theory we employ is the assumption that the dr
let interface width is negligible compared to the droplet si
so that a separation may be made between the bulk and
face of the droplet. We will show this to be the casea pos-
teriori, close to the lamellar–cylinder phase boundary.

The minimization of Eq.~4.1! is performed by choosing
for example, thex–y plane and characterizing the shape
the droplet by the height of the interface,h0(x'), above this
plane atx'5(x,y). Minimization then leads to the following
formula for the height:48

h̃~ x̃'!5@ g̃~m!1m• x̃'#min m , ~4.3!

where
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h̃5
h0

L
, ~4.4!

x̃'5
x'

L
, ~4.5!

m5¹'h0 , ~4.6!

g̃~m!5~11m2!1/2
s@ n̂~m!#

smax
. ~4.7!

We have writtenm5smax/L with smax5@s„n̂(m)…#maxm and
L a length scale determined by the value chosen forVdrop.
Equation~4.3! is the essence of the Wulff construction. Th
minimization in Eq.~4.3! over the variablem for a givenx̃'

is performed numerically.
The droplet shape along the lamellar–cylinder pha

boundary forf A50.45 and 0.49 is shown in Fig. 4. In thi
figure we have chosen the unit of length to be the larg
dimension of the droplet, in this case the half-lengthl x along
the x axis. The other dimensions are determined, in th
units, through the Wulff construction. Figure 4~a! shows that
the droplet is lens-shaped, being flattened along the axi
the cylinders (z axis!. This follows from the lower interfacial
free energy for interfaces perpendicular to the cylinde
compared to interfaces parallel to the cylinders. The anis
ropy of the droplet increases as the mean-field critical po
is approached. The droplet shape anisotropy can be cha

FIG. 4. Cross section of the droplet shape calculated via the Wulff const
tion. We have chosen the unit of length to be the largest dimension of
droplet, in this case the half-length along thex axis.~a! Cross section in the
x–z plane for f A50.45 ~outermost curve! and f A50.49 ~innermost curve!
along the lamellar–cylinder phase boundary. The cylinders inside the d
let are oriented along thez axis ~vertically! and the lamellae outside the
droplet lie in the plane of the page.~b! Cross section in thex–y plane for
f A50.45 and f A50.49 along the lamellar–cylinder phase boundary. T
curves are essentially indistinguishable. The cylinders inside the drople
in a hexagonal lattice, with their axes pointing out of the page. The lame
outside the droplet are oriented horizontally, with their normals along thy
axis.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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terized by the ratio ofl x to the half-length along thez axis,
l z . From Eqs.~4.3! and ~4.7! this aspect ratio is

l x

l z
5

s~p/2,0!

s~0,0!
, ~4.8!

which, from Eqs.~3.13! and ~3.15!, scales as

l x

l z
;j1/2ugu21/2, ~4.9!

as the critical point is approached, and approaches 1 for l
ugu. The increase in the aspect ratio of the droplet as
mean-field critical point is approached is a consequenc
the fact that the scaling of the interfacial free energy
smallg is different in Eq.~3.13! than it is in Eq.~3.15!. This
difference arises from the vanishing of the square-grad
terms in the free energy when the interfacial normal is o
ented along theẑ direction.

Figure 4~b! shows that the droplet is also slightly fla
tened along they axis, compared to thex axis. This reflects
the trend seen in Fig. 3~b!, where the interfacial free energ
is lower when the lamellae lie along the interface than wh
they are perpendicular to it. As expected, the droplet sh
anisotropy is weaker in thex–y plane than it is in thex–z
plane. The change in the droplet shape anisotropy in thex–y
plane withf A is also very small. Ifl y is the half-length of the
droplet along they axis, Eqs.~4.3!, ~4.7!, and~3.13! lead to

l y

l x
5Ag2~p/2,p/2!

g2~p/2,0!
50.9074, ~4.10!

at leading order inugu as the critical point is approached
Thus near the mean-field critical point the droplet will b
come extremely flattened along thez axis, with a slightly
noncircular cross section in thex–y plane. For largeugu, Eq.
~3.15! indicates that the droplet shape will become isotrop
and l y / l x→1. As anticipated, the presence of cylindrical la
tice planes atf5p/6 andf55p/6 is not manifest in the
droplet shape in thex–y plane. We will compare these re
sults for the droplet shape with relevant experimental a
numerical results in the Discussion section.

B. Critical droplet

The droplet volume serves as a reaction coordinate
ing the transformation from the metastable lamellar phas
the stable cylinder phase. Once this volume is selected,
droplet shape that minimizes the surface free energy is
termined from the Wulff construction. We will employ th
classical homogeneous nucleation theory,1 in which the criti-
cal droplet corresponds to a total free energy maxim
along the volume reaction coordinate and the total free
ergy is a sum of surface and bulk terms. The computed d
let shape is independent of the value chosen for the dro
volume; thus the shape of the critical droplet will be just
that calculated in the last section.

When we choose the unit of length to be the larg
dimension of the droplet, as in the last section, we can c
pute the droplet volumeVdrop and surface free energySdrop

in these units as functions off A . When f A50.45, for ex-
ample,Sdrop51.949 5731024 andVdrop50.784 000@the in-
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terfacial free energy inSdrop, Eq. ~4.2!, is dimensionless#. If
we wish to expressl x in units ofq0

21, the surface free energ
S( l x) and droplet volumeV( l x), in units of q0

22 and q0
23,

respectively, will scale as

S~ l x!5Sdropl x
2, ~4.11!

V~ l x!5Vdropl x
3, ~4.12!

for arbitrary l x .
We now examine the system slightly away from t

phase boundary, making the standard assumption of clas
nucleation theory that the interfacial free energy and inte
cial width do not change significantly near the phase bou
ary. When the lamellar phase is metastable and the cylin
phase is stable we have

D f [ f c2 f l,0. ~4.13!

Separating the free energyF0 ~in real free energy units! into
a bulk and a surface term and subtracting the free energyFl

of the metastable uniform lamellar phase, we have

~F02Fl !N

r0kBT
5

l0

q0
3 @Vdropl x

3 D f 1Sdropl x
2#. ~4.14!

The critical droplet occurs for the half-lengthl cx that maxi-
mizes this expression, namely,

l cx52
2Sdrop

3VdropD f
, ~4.15!

for which the nucleation barrierDFc[Fcrit2Fl is given by

DFc

r0b3N1/2kBT
5

l0

~6x* !3/2

4~Sdrop!
3

27~Vdrop!
2~D f !2 . ~4.16!

The critical half-length in Eq.~4.15! is expressed in units o
q0

21. Equation~2.10! has been used in Eq.~4.16!.
In Fig. 5 we plotDFc in units of r0b3N1/2kBT near the

lamellar–cylinder phase boundary forf A50.45 and 0.49.
The nucleation barrier diverges at the phase boundary,
remains finite at the spinodal—behavior to be expected fr
classical nucleation theory. Physically, the nucleation bar
should go to zero at the spinodal, but this is beyond
classical nucleation approach employed here. Note that
scale on the vertical axis is smaller in Fig. 5~b! than it is in
Fig. 5~a!—in mean-field theory the nucleation barrier va
ishes whenf A50.5. The importance of Fig. 5 is that it a
lows one to calculate the magnitude of the nucleation bar
in units of kBT, onceN, r0 , andb are known. SinceDFc

scales asN1/2, we expect polymers with higher indices o
polymerization will have larger nucleation barriers. Final
in Fig. 5 we plot the nucleation barrier obtained using o
theory for the interfacial free energy, but with a spheric
droplet shape~dashed curve!. In this caseDFc is signifi-
cantly increased, indicating the importance of using
proper, anisotropic droplet shape for an accurate calcula
of the nucleation barrier.

In Fig. 6 we examine the dimensions of the critical dro
let, l cx and l cz , obtained using Eqs.~4.8! and ~4.15!, as a
function of xN near the lamellar–cylinder phase bounda
for f A50.45 andf A50.49. In this figure the lengths are i
units of the cylinder spacingDc . In addition to l cx and l cz
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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we also show the droplet interfacial widthswx andwz , ob-
tained from the calculation of the interfacial free energy
the phase boundary for interfaces oriented with norm
along thex and z axes, respectively. The droplet size d
verges as the phase boundary is approached, as exp
from classical nucleation theory. In Fig. 6 we examine
region inxN from the spinodal to the phase boundary. T
general trend is for the scale of the critical droplet in th
region to increase as the mean-field critical point is
proached. As anticipated from Eqs.~3.12! and ~3.14! the
width of the droplet interface increases as the critical poin
approached. Netzet al. also observed widening of th
lamellar–cylinder interface as the segregation decrease41

For thesef A and xN we find l cx.wx and l cz.wz . For f A

50.49 there is a region ofxN for which l cz,wx . In the next
section we will discuss the region of validity of our theo
and the range of droplet sizes and nucleation barriers
pected in this region.

V. DISCUSSION

To satisfy the assumptions of the Wulff construction a
the classical nucleation theory we study the region close
the lamellar–cylinder phase boundary, but not so close
nucleation is rendered unobservable due to extremely h

FIG. 5. Nucleation barrier~solid curves! as a function ofxN near the
lamellar–cylinder phase boundary.~a! For f A50.45, where the phase
boundary occurs atxN511.3263 and the spinodal occurs atxN
511.1358. ~b! For f A50.49, where the phase boundary occurs atxN
510.5285 and the spinodal occurs atxN510.5207. For comparison, th
dashed curves are the result of using the anisotropic interfacial free en
Eq. ~3.11!, but assuming a spherical droplet shape.
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barriers. In small-molecule binary fluid mixtures, Cahn a
Hilliard estimated that a free energy barrier below 60kBT
should produce an observable rate of nucleation~at least one
nucleation event per day per cubic centimeter, say!.7 Since
the relaxational dynamics in polymeric fluids is slower th
in small-molecule fluids, we expect that a somewhat sma
free energy barrier is required for nucleation to be observa
in our system. However, in the absence of a kinetic the
for nucleation in polymers, we will take 60kBT to be an
upper limit for the nucleation barrier. In the context of bina
polymer blends, Binder49 and, more recently, Wang50 have
argued that mean-field theory breaks down when the
energy barrier becomes less than 10kBT. Following these
authors, we take a nucleation barrier of 10kBT to be the
lower limit for applicability of the present theory.

To be consistent with the slowly varying amplitude a
proximation, the width of the droplet interface should
larger than the microstructure period. Forf A50.45 we have
wx'wy'Dc , while closer to the mean-field critical poin
wx'wy.Dc . We typically find wz,Dc ~when f A50.45,
wz'0.41Dc , and it is not until f A50.492 thatwz5Dc).
However, since the variations in the underlying microstru
ture are in thex–y plane, relatively rapid variations of th
amplitude in thez direction should not affect the validity o
the slowly varying amplitude approximation. Forf A50.45

gy,

FIG. 6. Critical droplet dimensions, in units of the distanceDc between
cylinders, as a function ofxN near the lamellar–cylinder phase bounda
~a! f A50.45, ~b! f A50.49. The upper solid curve corresponds tol cx , the
lower solid curve tol cz . The interface widths, calculated at the lamella
cylinder phase boundary, are indicated:wx ~dashed line!, wz ~dotted line!.
The transitions and spinodals occur in the same places as in Fig. 5.
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and xN511.25 with N51000 andr05b23 the nucleation
barrier is 39kBT and the critical droplet, which has an aspe
ratio of 4.3, is about 30 cylinders across. These numbers
reasonable, so we takef A'0.45 as the lower bound onf A for
which the theory is valid. Forf A,0.452 self-consistent field
theory predicts that the gyroid phase is stable along
lamellar–cylinder phase boundary. Furthermore, the we
segregation approximation will become increasingly inac
rate asf A decreases.

As the mean-field critical point is approached the tre
is for the nucleation barrier to decrease, the droplet interf
width to increase, and the droplet size to increase. Thus
slowly varying amplitude approximation should be increa
ingly accurate as the critical point is approached. We a
havel cx.wx and l cz.wz in this limit, which is a necessary
condition for the classical nucleation and Wulff approach
to be valid. It is possible forl cz,wx for some superheatings
as seen in Fig. 6~b!, possibly indicating a breakdown of thi
approach; however, one can go to smaller superheat
where l cz.wx . As an example, forf A50.49 and xN
510.5275 withN51000 andr05b23, the nucleation bar-
rier is 28kBT and the critical droplet, which has an aspe
ratio of about 10, is about 420 cylinders across. For th
values of f A and xN we find l cz'3.7wx . The interfacial
width for interfaces parallel to the cylinders is on the order
(5 – 6)Dc , while for perpendicular interfaces the width is o
the order of 0.9Dc . Near the mean-field critical point fluc
tuations will be important and will renormalize the bas
model, Eq.~2.1!, as discussed in Refs. 33 and 37. The te
nique discussed here can be applied to study nucleatio
the renormalized Landau–Brazovskii model, in which t
lamellar–cylinder phase boundary terminates at a lamel
cylinder–disorder triple point forf A,0.5, where the nucle
ation barrier is expected to remain finite.37 We expect that
when the nucleation barrier becomes less than about 10kBT,
near either the mean-field critical point or the mean-fi
spinodal curve, the distinction between nucleation and s
odal decomposition will be lost and our approach will r
quire modification.

We are not aware of any experimental investigations
the shape and size of nuclei in transitions between the lam
lar and cylindrical phases in diblock copolymer melts. Ho
ever, it is worth noting some experimental observations
related systems. Koizumiet al. used transmission electro
microscopy to study a blend of poly~styrene-block-isoprene!
and homopolystyrene, which macrophase separated to
diblock-rich, lens-shaped droplets in a homopolymer-r
matrix.51 Microphase separation into a hexagonal lattice
cylinders occurred in the droplets, with the cylinder ax
aligned along the short axis of the lenslike macrodoma
which had an aspect ratio of about 3.5. Perpendicular to
cylinder orientation, the droplet had an approximately circ
lar cross section of about 20 cylinders in diameter. Wh
their observations closely resemble our results for the crit
droplet atf A50.45, their system is quite different from our
First, they are looking at macrophase separation, rather
nucleation. Second, in their droplet the cylinders terminat
the interface with the disordered, homopolymer-rich pha
while ours merge continuously into a lamellar structu
Downloaded 15 Sep 2007 to 131.215.225.9. Redistribution subject to AIP
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Thus, while the relationship, if any, between these exp
ments and our theory remains to be understood, it is intri
ing that droplets similar to those predicted here exist in
ture.

Balsara and co-workers have examined the evolution
cylindrical order in poly~styrene-block-isoprene! following a
quench from the disordered state.30–32 From their depolar-
ized light-scattering data they inferred that their nuclei h
an aspect ratio of about 4 and that nucleation was occur
with the cylinders oriented along the long axis of the dropl
While they observe an anisotropic droplet shape, their cy
ders are oriented oppositely to those in the present the
and those in the experiments of Koizumiet al.51 Of course,
since the situations studied are all different, it is difficult
draw any conclusions by comparison. However, we have
peated the analysis described here for a droplet of cylin
phase in a metastable disordered background and our
liminary results indicate that the cylinders still align alon
the short axis of the droplet. Again, the interfacial free e
ergy is lower when the droplet interface lies perpendicula
the cylinder axis. This discrepancy with the conclusions
Refs. 30–32 needs to be better understood.

Nonomura and Ohta recently performed tw
dimensional simulations of the nucleation and growth o
droplet of lamellar phase from a metastable cylinder phas25

Although this is the reverse of the transition considered he
comparison is possible since the present theory for the in
facial profile and free energy does not refer to which phas
on the inside of the droplet. Their simulations, performed
what here is thex–y plane, observe the epitaxy we assum
Their droplet interface is relatively sharp, with a width on t
order of 2–3 cylinder spacings. Their data suggest that
droplet has a hexagonal shape in the thex–y plane, although
their larger droplets, on the order of 20 cylinders acro
appear more circular. In the absence of a precise definitio
the droplet surface in the simulations, these observati
about the droplet shape can only be considered qualitativ
appears that the critical droplet size in the simulations is l
than 1–2 cylinder spacings, since droplets of all sizes gr
This small critical droplet size, less than that found he
may occur because of different model parameters used in
simulations or because the droplet was nucleated heter
neously by creating a dislocation pair in the cylindrical ord
thereby lowering the barrier to nucleation.

We have demonstrated the crucial connection betw
anisotropy in the interfacial free energy and droplet sha
and Fig. 5 demonstrates the importance of using the pro
critical droplet shape to accurately calculate the nuclea
barrier. Thus it is important to consider the robustness of
results for the critical droplet shape and nucleation barr
We consider the class of models for diblock copolyme
where the free energy is written in terms of a Landau exp
sion in the order parameter and whose gradient structure
curs at quadratic order in the order parameter. This c
includes the Landau–Brazovskii model, the Leibler mod
with local cubic and quartic coefficients,4 and the Ohta–
Kawasaki model.36 If the single-mode and slowly varying
amplitude approximations are applied to this class of mod
one can show that the resulting gradient structure will red
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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to that of Eq.~2.25!. Since the critical droplet shape depen
crucially on the gradient structure of the theory, this su
gests, for weak segregation, that the lenslike critical dro
shape calculated here is robust, within mean-field theory
higher segregations, the presence of higher Fourier mode
the monomer density fields may modify the droplet sha
from that calculated here. In particular, we suspect that
low interfacial free energy found when the interface norm
is in the ẑ direction, due to the vanishing of the squar
gradient terms in the free energy, will be modified by t
addition of higher Fourier modes. As mentioned earlier,
behavior of the interfacial free energy for this interface o
entation may also be strongly affected by fluctuations n
the mean-field critical point.

The need to use a variational ansatz to obtain the
energy of a planar interface can be eliminated by solving
amplitude model, Eqs.~2.26! and~2.27!, numerically in three
dimensions for a droplet of cylinder phase in a backgrou
of metastable lamellar phase. Near the phase boundary
expect no qualitative change in either the droplet shape
the behavior of the nucleation barrier from that reported he
The overall magnitude of the nucleation barrier will, how
ever, be somewhat reduced since the elimination of the va
tional ansatz will lead to a reduction in the calculated int
facial free energy. This approach will also enable us to
beyond the constraints imposed by the Wulff construct
and the classical nucleation theory. It will allow an inves
gation of the entire metastable lamellar region from
phase boundary to the spinodal. The nucleation bar
should approach zero and the critical droplet dimensi
should diverge at the spinodal.7 As the spinodal is ap-
proached and the droplet interface becomes more diffuse
connection between interfacial free energy and droplet sh
becomes less clear; thus the droplet shape may be mod
near the spinodal. It may be possible to make contact w
other theories that address the spinodal limit of order–or
transitions.8–13,19

In addition to exploring the limits of the theory throug
the extensions discussed above, we plan to apply the for
ism to nucleation at the sphere–cylinder transition. The r
of anisotropic fluctuations during this transition has be
studied experimentally in Ref. 52. This transition has be
studied theoretically in Refs. 8, 13, and 19, assuming u
form intermediate states, but the nucleation of compact dr
lets has not been examined. Finally, we would like to d
velop a deeper understanding of the orientation depend
of the interfacial free energy in terms of the structure of
lamellar–cylinder interface and the conformations of blo
chains at these interfaces.

VI. CONCLUSION

We have examined the nucleation of a droplet of sta
cylinder phase from a metastable lamellar phase using
single-mode approximation to the Brazovskii model f
diblock copolymer microphases. By employing a variation
ansatz for the droplet interfacial profile, we find an analy
expression for the interfacial free energy of an interface
arbitrary orientation between epitaxially oriented cylinde
and lamellae. The interfacial free energy is anisotropic an
Downloaded 15 Sep 2007 to 131.215.225.9. Redistribution subject to AIP
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lower when the cylinder axis is perpendicular to the interfa
than when the cylinders lie along the interface. Furthermo
the interfacial free energy is slightly lower when the lamell
are parallel to the interface compared to the perpendic
alignment. The droplet shape computed via the Wulff co
struction is lenslike, being flattened along the axis of t
cylinders. As the mean-field critical point is approach
along the lamellar–cylinder phase boundary the droplet
comes more flattened along the cylinder axis. We apply
information to compute the size of the critical droplet and t
nucleation barrier within classical nucleation theory. We a
able to make specific predictions for these quantities by c
necting the phenomenological Landau–Brazovskii mode
the many-chain Edwards Hamiltonian for diblock copol
mers. The general trend is for the nucleation barrier to
crease and the critical droplet size to increase as the m
field critical point is approached. The nucleation barrier
significantly reduced when the critical droplet shape is ani
tropic instead of spherical, indicating the importance of us
the proper droplet shape. The theory should be valid near
lamellar–cylinder phase boundary from the lamella
gyroid–cylinder triple point atf A'0.45 to near the mean
field critical point. In this regime, droplets of size 30–40
cylinders across with aspect ratios of 4–10 and nuclea
barriers of (30– 40)kBT are typically calculated. Close to th
mean-field critical point fluctuations may modify this mea
field picture. Due to the variational approximation, the co
puted interfacial free energies are upper bounds on the
free energies, implying that the computed critical droplet
mensions are also upper bounds on the true dimensions

This work is an important first step toward a more s
phisticated theory of nucleation in this system. The size
the critical droplets we find already suggests that a dir
numerical attack on the nucleation problem, using Eq.~2.1!,
will be challenging. Although our focus has been on nuc
ation in diblock copolymers, this approach should work f
any system in the Landau–Brazovskii class, given the app
priate model parameters. The nucleation scenario descr
here should be observable experimentally; however, exp
ments which study droplet nucleation along the lamella
cylinder phase boundary in diblock copolymer melts ha
yet to be performed.
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