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ION. EXCHANGE KINETICS
A Nonlinear Diffusion Problem

by
F. Helfferich and M, S, Plesset

Summary

Ideal limiting laws are calculated for the kinetics of particle dif-
fusion controlled ion exchange processes involving ions of different
mobilities between spherical ion exchanger beads of uniform size and
a well-stirred solution, The calculations are based on the nonlinear
Nernst-Planck equations of ionic motion, which take into account the
effect of the electric forces (diffusion potential) within the system.
Numerical results for counter ions of equal valence and six different
mobility ratios are presented. They were obtained by use of a digital
computer. This approach contains the well-known solution to the cor-
responding linear problem as a limiting case. An explicit empirical

formula approximating the numerical results is given,



1. Introduction

An ion exchange resin consists essentially of a three-dimensional, .
cross-linked nétwork of hydrocarbon _chains carrying fixed ionic groups,
the electric charge of which is compensated for by mobile ions of opposite
charge ("counter ions"), These counter ions are free to diffuse within
thé resin network. In contact with an electrolyte solution the resin takes
up solvent and some additional mobile ions (additional counter ions, and
"co-ions' have the same charge sign as the fixed ionic groups). In an
ion exchange process the counter ion species present initially is repléced

by another species,

We consider the ion exchange between spherical ion exchange resin
beads of uniform size containing the counter ion species A and a well-
stirred solution containing the counter ion species B, During the process
ions A diffuse out of the bead a'nd are replaced by an equivalent amount of

ions B.

It has been established that such processes are diffusion controlled:
the rate‘c‘letermining mechanism is the interdiffusion of the two species
A and B, either within the resin particles or in a Nernst diffusion layer
("film') adherent té the particle surface, which is not affected by stii‘ring,}'
Limiting laws for film controlled exchange in ideal systems have been given
previously., 2 In this paper ideal limiting laws for particle controlled
procésses are calculated. Particle control is favored by concentrated solu-
tions, large diameter and high degree of cross-linking of the beads, and

efficient stirring.
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‘T‘he driving "'fqrcé” for the flux of an ionic species is, in systems
without convection, the gradient of its general chemical potential, the
"principal elemfents of which are the concentration gradient of the species
and thg gradient of the electric potential, Even if no external electric
field is applied, a gradient of the electric potential will, as a rule, be
built ué by the diffusion process (diffusion potential), The corre sponding
differential e‘quations are nonlinear, The interdiffusion process con- |
sidered here can be described in terms of oné interdiffusion coefficient
which, however,’ is not constant but changes with the concentration ratio
of the two counter ion species present. Hence, the mathematical treat-
- ment is that of a diffusion problem with varying diffusion coefficient.
Hitherto only the corresponding linear vproblem, i.e., with constant inter-
diffusion coefficient, has been solved4 and applied to ion exchange
kinetics.S'm In our approach the solution to the linear problem repre-
sents a limiting case: the exchange of counter ions of equal mobility.
The linear solui:ion holds rigorously for isotopic exchange processes,

whereas for other cases the deviations are considerable,

2. Model and Simplifying Assumptions

We use the simplest model conceivable and the simplest equations

proven to be adequate for the description of ionic diffusion processes, the
Nernst-Planck equa‘cions.1 1-15

Without respect to its actual porous structure the whole resin is
treated as a quasi-homogeneous phase. Individual diffusion constants for

the mobile ions present are defined correspondingly; they can be measured

1,15-18

by tracer techniques in equilibrium systems., The assumption is
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15,16, 18 ) 4 these individual diffusion

made with experime‘nta‘l S‘t;lpport
constants are essentially constant for a given resin, i.e,, independent

of ionic composition. We make use of the ideal Einstein relation between
the individual diffusion constants and the electrochemical mobilitiés. We
neglect any coupling of ionic fluxes other than by electric forces. We
assume a constant concentration of fixed ionic groups throughout the resin,
Any ﬁo‘ncentrétion change and flux of the co-ions is disregarded, since‘
they are small as compared with those of the counter ions if the concen-
tration of the soiution is not too high and that of the fixed ionic groups not
too low. 13 We neglect changes in ionic activity coefficients and swelling
condition of the resin as well as the effect of gradients of swelling pres-
sure. Under the simple boundary condition used here, the magnitude of
the selectivity coefficient is irrelevant. 19 We restrict ourselves to

radial diffusion, i.e., spherical symmetry. We assume that interdif-
fusion within the resin beads is the rate determining mechanism through-
out the process. This last assumption is not strictly valid; it leads to
exchange fluxes that are infinite initially, whereas the possible diffusion
rate through the film is finite. For a very short initial period film
diffusion must be the rate controlling step.

'The assumptions -and simplification listed above are those usually

made in the formulation of a model for ion exchange kinetics, 5-10

We do not neglect the effect of the electric potential gradient on the

ionic fluxes; in this respect our approach differs from previous theories.



3. Formulation of the Problem

Under thé assumptions mentioned, the fluxes of the two counter ion

s@ecies A and B are given by the Nernst-Planck eqllationsll»' 14
6, = -D, [grad Cp + 2,Cp (F/RT) grad 57] , (1a)
,@B: -D grad Cp t 20y (F/RT) grad 'j’] s (1b)

where ¢ 1is the flux, D is the individual diffusion constant, C is the
molar concentration, z is the electrochemical valence, ¥ is the
Faraday constant, R is the gas constant, T is the absolute temperature,
Y is the electric potential, and the subscripts A and B refer to the

counter ion species,

Electroneutrality requires that the total equivalent concentration of
counter ions is constant throughout the bead, since the concentrations of

both the fixed ionic groups and the co-ions are constant; thus

zpCp +25Cy = C = const, (2)
The absence of an electric current in combination with {2) gives the con-
dition

2, &, 4z 0. = 0. (3)
By use.of (2) and (3), Egs. (la) and (1b) may be combined to give

2 &

o = DADB(ZACA + ZBCB)
‘AT T 2 2

DAZACA + DBZBCB

grad C, . v (4)



The quantity in brackefs rﬁay be termed the interdiffusion coefficient
BAB of the process. Its value depends not only on the individual dif-
fusion constantfs DA and DB; it is also a function of the concentration
ratio C.A/CB and therefore a function of the time and space coordinateé.
The dependence of the interdiffusion coefficient on ionic composition is
shown in Fig. 1 for various values of the ratio DA/DB' For CA « CB’
DABvassumesz the value DA’ and for CB < CA the value DB. The ion
present in sfnaller concentration always has the stronger influence on

19

the interdiffusion coefficient. 3 This simple rule is a consequence of
of the fact that in (1) the concentration of the species enters in the elec-
tric term. It is also physically evident since the electric field acts on
every ion present and thus causes a large transference of the species

present in high concentration, whereas the flux of the species present in

low concentration is hardly affected.

For the treatment of time dependent processes the equation of con-

tinuity must be introduced

3C, /3t = -dive, . (5)

In previous work on time dependent processes, only the limiting
linear case has been considered, to which (4) and (5) reduce when a
constant interdiffusion coefficient DAB is assumed. Analytical solutions
to the linear problem have been derived for a number of systems including
those with spherical symmetry with various Boundary conditions.4’ 20
However, Eq. (4) and Fig. 1 show that the assumption of a constant inter-

diffusion coefficient holds only if the individual diffusion constants DA and

A DB are equal, as is the case for example in isotopic exchange processes.
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This paper de als with the general, nonlinear problem and will treat

specifically systems with spherical symmetry. Upon substitution of (4)

. into (5) an expression is obtained which can be written conveniently in

dimensionless form with the introduction of the following dimensionless

variables and parameters:

—EDAt/r; p = r/ro; (6)

-2
i
N

5
Q
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where t is time, r is the radial coordinate, and T, is the radius of the

beads. The resulting equation

2 2
ox . 1 [(Hb.,)_a_xz § 202 (-@I‘) y 2L 2 1. g ()
T 14+ay 3p 1+ay'd p P dp

was derived in a preliminary note. 21 The fraction dp of the species A
still present in the sphere at the dimensionless time % is expressed in

terms of the solution ¥ (p, © ) of Eq. (7) as follows:

1
qp (&) = 3 IY(P,T)pzap- (8)

o]

The ion exchange rate, defined as the decrease with time of the amount

QA of the species A (in moles) present in the spheres, may be written as

_dQA _ Vcqu o VCD“A qu ., )
dt - dt - 2 dx

T

o

where V is the total volume of ion exchanger used.



If the problem is limited to the exchange of counter ions of equal
valence (zA = Z‘B)’ so that b = 0, the general equation (7) may be

simplified by the introduction of the new variable

u = In (1+ay) , (10)
to become
‘a 1 -u 2
S22 2 (pf 2Ry, (1)
: P 3 p o p

which is a convenient form for numerical integration. The resulis
reported at the present time will be for this case. Determination of the

solutions of Eq. (7) for non-zero values of b are planned for a later time.

We use the simplest initial and boundary conditions possible, assuming
that initially the beads contain counter ions A only and the solution counter -

ions B only, and that no concentration changes occur in the solution,

N

p <1, = =0, v (p) 1, (12a)
2 1, ¥ (py%) = 0. (12b)

0
P
The boundary condition (12b) corresponds to infinite solution volume or

to continuous renewal of the solution. The selection of initial and bound-
ary conditions other than (12) would require the introduction of further
parameters which, vfor the numerical evaluation we carried out, would
have to be chosen arbitrarily and have led to results applicable in special
cases only. In contrast, by using the conditions (12), more general limit-

ing laws are obtained, which can be approached fairly closely by experi-

mental techniques.

Even under the simple conditions (12) an analytical solution to the

Eqs. (7) or (1I) was not obtained. We have evaluated (11) numerically for



six values of the ratio DA/DB of the individual diffusion constants:

D,/Dy = 10 (a=9) DA/DB = 1/10 (a =~ 0.9)
D,/Dg = 5 (a=4) D,/Dy = 1/5 (a=-0.8)
D,/Dgy = 2 (a= 1') D,/Dy = 1/2 (a=-0.5) .

The results are given in section (5).

4. Calculation Procedure

For the numerical evaluation, (l1) was approximated by the finite

difference form
ulp, T +a%) = ulp, 'c) + glp, < '{R (p) [u(P’f Ap, T) - u(P’T)J (13)
-R_(p) [ulp,v) - u(P-AP:‘T)]}

where

glp, ©) = exp §-ulp,v )} a1/ (2p)%;

R.(p) = [(P’r-é— sp)/p] %
R _(p) = [(p L ap)/p] 2

2

By use of (13), u(p, © + A7) can be calculated from u{p+ap, T ),
u(p, %), and u{p-ap, T ). For the calculation the initial condition and the
bvbundary conditions for p=0 and p=1 are required. The initial

condition is obtained from (12a) and (10):

u(p, ©=0) = 1In(l+a). | {14a)
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s
The boundaryi conditions at the bead surface (p = 1) is given by (12b) and
(10):
up=1,71) = 0, : (14b)
It can be shown that the gradients of ¥ and u vanish at the center of the
sphefe:

(d3u/ 3 p)p=0 =0 .

Hence the condition at p = 0 becomes

ulp=0,7%T) = u(p = 0+ap, %) . ’(14(:)

By choice of Ap an upper limit is given for A« by the stability
condition for the numerical integration. 22 In case of (13), this condition
is

AT € 0.4 e% (ap)? . (15)

The function u{p, ¥ ) was calculated numerically from (13) and (14)

in accord with the requirement (15).

For the numerical integration corresponding to (8), which leads to

the fraction d still present in the sphere, Simpson's rule was used:

j(eu(p"c)*- 1) pzap

gy () = 3

3 /ap - 1 ,
u_z_{4 > 22 [eeT) )

a n=1,3,5... (16)
1/np - 2

+ 2 Z nz [eu(P’ w) - 1]}
n=2,4,6...

where
n = p/Ap o
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' The dimensionless :r(ate, -qu/d %, was approximated by

-dgu/d v = [aplv -av) - qu(e)] /A . ()

The calculation starts out with a step function, Therefore, a very
fine subdivision of space and time is required initially. The initial
spacing of p used was Ap = 1/640. The spacing of A1 was
selected 1n accordance with the stability condition (15). As the cal-
culation proceeded, Ap was increased stepwise to 1/320, 1/160,
1/80, 1/40 (at about q, = 0.9), 1/20 (at about g, = 0.6), and 1/10. (at

N < 0.1). - At was increased correspondingly. The estimated max-

imum error in da is ' 0.01; the error in qu/d'v is about ' 2%.

The calculations were carried out on the "Datatron digital com-
puter (manufactured by Electrodata, Inc., Pasadena, California) in the
computing center at the California Institute of Technology. Floating

point numbers were used. The total time required was about 35 hours.

5. Results and Discussion

The calculation yields the‘dimensionless functions u(p, % ), qA(q: )s
and -qu( ©)/dx . The first is readily converted to ¥ (p, t ), which
 gives the radial concentration profiles of the species A. In tabulating
and plotting the results, we have followed general practice and given
the fractional attainment of equilibrium, F(«x ), rather than qA('l; )e

Under the initial and boundary conditions (12), this quantity is given by

F(z) = 1-qu(%) . (18)

The representation of the data is kept in dimensionless form, since the

11
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actual values of the concentrations, the fractional attainment of equilib-
rium, and the rates at a given time t depend also on DA’ T C, and V.
They can be obtained from the tables and graphs by substituting numeri-

cal values for these quantities and using (6) and (9).

Table I gives the fractional attainment of equlibrium, F(«x ), and
the dimensionless rate, -qu/d'l:T for the various cases. Figure 2

shows a plot of F versus v and includes the solution to the linear case

(DA = DB) which is well known4 to be
‘oo
(o) s 1o 20 5 ex(miatc) L (9)
n = n

It should be emphasized that the time coordinate % contains the

quantity DA; hence, these results can be used for direct comparison of
different processes only if the ijon A initially present in the beads is the
same in all cases, Figure 2 shows that the curves for different ratios
DA/DB can not be transformed into one another by a linear transforma-
tion of the time. If the ion B is slower, the process is slower, but not
by a constant factor, because the interdiffusion coefficient increases with
decreasing concentration of A. On the other hand, if B is faster, the
process is faster, but the interdiffusion coefficient decreases during the

process.

It is of interest to compare the rates for forward and backward
exchange of two counter ion species. In Fig, 3 we have plotted the frac-
tional attainment of equilibrium for the exchange processes ut against
Lit and Li* against H', assuming a ratio D /D, . = 10, For direct

comparison we have chosen DHt/ri as the dimensionless time



13

coordinate in both cases. It is seen thab the process is faster if H', the
faster ion, is initially present in the resin, The half times of exchange
differ by about the faclor 2, the time required for 90% exchange by about
the factor 3. According to previous theories, which assume a constant

interdiffusion coefficient, the two curves should coincide.

The raglial concentration profiles of the species A for 25%, 50%,
75%, and 90% exchange are shown in Fig. 4. The profiles for the linear

case (DA =Dy) given by4

1) = - 2 2 Ll gin(amp) enp (-nPaPs) (20)

n=1
are included. The shape of the profiles depends strongly on the ratio
D,/D

a comparatively sharp boundary moves in toward the center of the bead

B If the ion present in the sphere initially is much the faster one,

(Fig. 4a). 1f the ion present in the bead initially is much the slower one,
the boundary is diffuse and the process reaches the center rapidly

(Fig. 4b). Again, the explanation is straightforward., In the first case.
the concentration of the faster ion is small near the surface and large
near the éenter of the bead, ‘Hence, the interdiffusion coefficient
decreases toward the center. Therefore the outer shells of the bead are
; exhausted rapidly, whereas the exchange near the center remains slow.
In the second case, the opposite holds, The interdiffusion coefficient
increases toward the center; therefore the exhaustion is more uniform.

Previous theories lead to one set of curves for all cases (Fig. 4g).
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For prac‘ti‘cal purposes, an explicit expression for F (¢ ) which

approximates the numerical results will be useful, The relation

| - 2 2 3,17 1/2
F(r)= [l -exp{n’ (fi (o)~ +f2(a)'t: +f3(a)‘c )}] (21)
where o = DA/DB and the coefficients fl( o), fz-( a), and £3(u.) are
given by

1/f,(a) = - 0,570 - 0,430 o 77

1/f,(a)= 0.260+7.82 a ’ (21a)

1/f3(o.) = - 0,165 - 0,177 a

fits all the numerical results within an error of « 6%. It should hold
equally well for intermediate values of the ratio DA/DB’ Equation (21)
was developed as an extension of a simpler but less accurate approxi-~
mation given by Vermeulen23 for the linear case.

We wish to emphasize again that the results represent ideal limiting
laws only, from which the behavior of actual systems may be expected to
show more or less pronounced deviations. However, the comparison with
the solution for the linear case demonstrates conclusively that the effect
-of the electric potential included in our approach is an essential feature of

the process which no theory can omit.
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-TABLE I

FRAQTIONAL‘ATTAINMENT OF EQUILIBRIUM, F(t), AND DIMENSIONLESS
RATE, - qu(fL/at , FOR SIX DIFFERENT VALUES OF THE RATIO DA/DB

a) DA/DB = 10

. A dg, () dq,(T)
T F(e) - T re) -2
0.00001831 0.006 0.08187 0.k77 2.52
00007690 .012 .08937 JAgs 2.37
.0003113 .023 09687 .512 2.2k
.001717 .051 - 27.60 L104k .528 2.12
.002185 .063 25.33 1119 o5kl 2.02
.00265k .07k 23.10 L1231 .566 1.88
.003122 .08k 20.97 1306 .580 1.80
.003592 - +093 19,02 .1456 606 1.65
. 004060 .102 17.31 . 1606 629 1.53
.004529 .110 15.88 L1756 .652 1.42
.004998 .117 ©1k.72 1906 672 1.33
.005935 130 13.02 . 2056 691 1.24
.006873 J1h41 11.84 .2206 .T09 1.16
.007810 .152 10.94 . 2356 .T26 1.11
.008748 161 10.20 . 2506 .Th2 1.03
.01062 .179 9.04 .2656 757 0.976
L0137 .213 7.37 .2806 .T7L .923
.01812 «237 R . 2956 .785 BTk
.02187 +259 5.77 .3106 .798 829
.02562 _ .280 5.27 <3331 815 766
.02937 .299 k.87 03556 - .832 ‘ 710
.03312 , «317 b,53 .3781 847 .658
.03687 333 Lok .3856 .852 642
.0ko62 - : .348 3.99 L4156 .870 .582
. 0bL37 363 377 JLh56 .887 027
04812 .376 3.58 L4756 2902 L6
05187 .389 3.h41 5056 .915 430
05562 - .hoz 3.26 5656 <939 346
.05937 ik 3.12 .6256 2957 273
. 06312 25 3.00 6856 971 .206
. 06687 136 2.89 .Ths56 .982 lT

07437 457 2.69 .8356 .991 075



FRACTIONAL ATTAINMENT OF EQUILIBRIUM, F( ¥ ), AND DIMENSIONLESS

- TABLE I (Cont'd.)

RATE, = qu(‘c)//dt » FOR SIX DIFFERENT VALUES OF THE RATIO

T

0.00001831
. 00007690 -
.0003113
.001718
.002186
. 002655
.003124
.003593
.004061
.004999
.005963
.00687h
.007811
.008750
.009686
.01062
.01156
.01297
.0L437
.01578
.01766
01953
.02141
.02328
.02516
028kl
.03219
.03969

 .0&719
.05469

F(T)

0.010
.020
.0kl
.095
.107
117
127
.135
Ll
.158
172
.185
<197
.208
.218
.228

237

.250
.262
27k
.289
.302
.315
.328
342
.358
<379
U1k
48

LT

b) D,/Dp =5
dg, (T )
T *
0.06219
06969
07719
27.11 .08469
23.37 .09219
20.97 .09969
19.35 1072
18.13 L1147
17.12 .1222
15.43 1297
14,06 .1372
12.96 J1h47
12,06 1597
11.31 LLThT
10.67 1897
10.13 <2047
9.65 L2197
9.0k 2347
8.51 .2L97
8.06 . 2647
Te55 .2872
7.11 3097
6.73 L3322
6.39 .3622
6.03 .3922
5.66  Whaze
5.24% 4522
4.58 .5122
4,10 .5722
3.70 .6622

F(z)

0,503
527
+550
+5TL
<590

- 609

.626

.658
673
687
700
.725
.T48
. 769
.788
.806
.822
.8371
.851
.870
.888
.903
.921
.936
<949
+960
976
.986
.99k

dg, (v)

dt

3.39
3.12
2.90
2.70
2.53
2.38
2.25
2.13
2,02
1.91
1.82
1.74
1.59
1.h45
1.34
1.23
1.1k
1.05
0.977
.906
.810
724
.6L5
+555
U471
+395
.328
.215
«133
059



T

0. 00001831

00007690
.0003113

.001249
.001718
.002186
.002655
.00312h
+003593
.004062
.004530
. 004999
.005963
D068k
.007811
.008749
009686
01062
,01203
L0134k
01484
01625
.01812
02000
.02187
.02375
. 02656
.03031
.03406
.03781
.0lk156
.04531
04906

X

F(r)

0.013
.026
.051
.101
.118
133
146
<157
.168
.178
.188
197
.21
+229
.2h3
.256
.268
.280
.296
.312
.326
.3ko

357
373
.388
oz
b2z
b6
469
190
.509
.528
5k5

TABLE I (Cont'd.)

c) DA/QB = 2

dg, (1)
dze T
0.05281
.05656
L06031
.06L06
33.55 .06781
29.52 .07156
26.61 .07531
2k.36 07906
22.56 .08281
21.07 . 08656
19.30 .09031
18.76 09406
17.03 .1016
15.66 .1091
1k,55 <1166
13.62 12k
12.83 .1316
12.15 1391
11.28 1466
10.55 L1541
9.93 L1616
9.h2 L1691
8.80 L1841
8.27 <1991
7.80 2141
T.4o . «2291
6.87 24k
6.29 .2591
5.81 ' .2891
5.0 .3191
5.05 3641
b, 74 J4og1
L 47 4691

FRACTIONAL ATTAINMENT OF EQUILIBRIUM, F(* ), AND DIMENSIONLESS
RATE, - dq, (T )/ dv , FOR SIX DIFFERENT VALUES OF THE RATIO

0.561
576
+591
.605
.618
.631
.643
.655
666
677
687

697

.T16
=733
.750
.65
<179
-793
.805
817
.828
.839
.858
875
.890
.90k
916
.926
J9Lh
.958
972
.982
.990

/g

h,23
4,01
3.8
3.63
3.47
3.32
3.18
3.05
2,92
2,81
2.70
2.6L
2.43
2.26
2.12
1.98
1.86
1.7k
1.64
1.5k4
1.L45
1.37
1.21
1.07
0.957
.848
753
666
.518
.399
.266
175
-099



TABLE I (Cont'd.)

' FRACTIONAL ATTAINMENT OF EQUILIBRIUM, F(% ), AND DIMENSIONLESS
RATE, - dg,(v)/de , FOR SIX DIFFERENT VALUES OF THE RATIO D,/Dy

) p,/my =1/2
~d T
- _ B(x) _qﬁ) i (%) _%f)
0.,00001221 0.01k 0.03002 - 0.539 7407
,00005127 .027 .03252 .556 - 6,64
.0001802 ° .0k9 03502 572 6.25
.0006489 .092 .03752 +587 5.91
.0009614 .113 58.73 04002 .601 5.60
.00127k .130 50,17 .0k252 615 5.31
. 001586 .1k45 4k, 36 . .obs502 628 5,05
,001899 .157 40.08 .ok752 640 4.82
.002211 .169 . 36.78 .05002 652 L, 60
.00252k .180 3h.12 .05252 663 L,39
.002836 JA90 31.92 .05502 67k k.20
.003149 200 30.07 .05752 .68k 4,03
.00377h .218 27.08 06002 694 3.86
.004399 234 k.77 06252 . 703 3.71
.00502% .248 22.91 06752 721 3.43
.005649 .262 2L.37 .07252 .738 3.17
.006274 275 20.07 07752 <753 2,95
006899 .288 18.95 .08252 JST67 2.75
,00752k 299 . 17.97 .08752 . 780 2.57
008774 .320 16.31 09252 792 2.ko
.01002 .3k0 15.03 .09752 804 2.24
.01127 .358 13.95 .1025 .815 2.10
.01252 ' .375 13.0b L1075 .825 1.97
.01377 - .390 12.26 .1125 .835 1.85
-, 01502 405 11.57 .1225 .852 1.63
.01627 19 10.96 .1325 .867 1.45
01752 .433 10.42 LTS .887 1.21
.01877 k5 9.94 .1625 .90L 1.02
.02002 457 9.50 1825 .922 827
.02127 469 9.10 .2025 «937 664
.02252 .480 8.73 .2225 949 <535
02377 lo1 8.40 .2625 .966- 351
. 02502 «501 8.08 .3225 2981 .189

.02752 .520 7.53 .boz5 «992 .08L4
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,003444
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00469k
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.007819
,009669
.01032
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.01282
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.01782
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.02032
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.02282
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X,

(%)

0.011
.023
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115
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135
.152
L167
.181
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.216
.231
.2h9
. 266
.281
.296
309
.33k
356
.376
«395
B3
429
Wk
459
JH73
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.498
.510
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 TABLE I {Cont'd.)

e) D,/py =1/5
dq, (=)
e g
0.,02532
.02782
- .03032
93.11 .03282
79.96 .03532
T70.94 .03782
6h4.26 .04032
59.07 .0k282
51.42 04532
45.98 .0l782
41.85 .05032
37.18 .05282
33.68 .05782
30.92 .06282
28.02 .06782
25.72 .07282
23.84 ’ 07782
22.27 .08282
20.93 .08782
18.80 .09532
17.10 .1028
15.71 .1103
1k.55 .1178
13.56 .1253
12.71 .1328
11.97 o1k
11.31 ' .1591
10.72 JLTHL
10.20 .1891
9.72 2191
9.29 . 2641
8.89 <3091
8.52 .3691

F(t)

0,543
562

580

597
613
.628
642
656
.668
680
692
702
.722
«Th0
15T
772
.786
7199
811
.828
843
.856
.868
.879
.889
.902
917
.929
940
.956
972
.982
2994

D

" FRACTIONAL ATTAINMENT OF EQUILIBRIUM, F(% ), AND DIMENSIONLESS
RATE , -dg, (T )/cbr, FOR SI{ DIFFERENT VALUES OF THE RATIO

D

N

B

8, ()

dr

8.18
7.58
7.05
6.95
6.18
5.81
5.47
5.17
4,89
L.66
L4z
h,21n
3.82
3.49
3.19
2.94
2.71
2.50
2.32
2.08
1.87
1.68
1.52
1.38
1.25
1.09
0.91.7
69
649
L63
.286
»179
097
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FRACTIONAL ATTAINMENT OF EQUILIBRIUM, F(® ), AND DIMENSIONLESS
RATE, - qu('r ) / dt , FOR SIX DIFFERENT VALUES OF THE RATIO

F(v)

0.010
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037
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J11
119
.13k
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+200
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.230
.258
.282
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.32k
.3h2
359
<375
.391
ol
Jdné
Lkho
463
.483
.502
.519
535

© TABLE I (Cont'd.)

) DA/DB = 1/10

_ g, (%)

dv

115.6
99.31
88.32
80.22
73.92
64,61
57.9%
52.87
48.8k
Wl 09
40.39
37.41
3k.21
28.87
25.68
23.22
21.26
19.64
18,28
17.12
16.11
15.22
14,4k
13.10
11.99
11.07
10.27

9.58
9.01

k4

0.02408
,02583
02758
02933
.03108
.03283
.03458
.03720
.03983
.0k2ks
+OU508
.0k770
.05033
.05558
.06258
.06958
.07658
08533
.09408
.1028
1116
.1203
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.1378
+1553
.1728
.1903

.2078

.2253
. 2603

. «2953

+3378

da,(*)
d=t
8.47
7-99
7.56
7.16
6.80
6.48
6.17
5.78
541
5.08
k.79
h.52
.27
3.8k
3.36
2.96
2.63
2.29
2.00
1.76
1.56
1.38
1.23
1.10
0.90L
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INTERDIFFUSION COEFFICIENT

(IN UNITS Da)

S

9
8
7
6
5
4
3
2
Da Dg/Dp =1 D =
O | — | | 1 1 | 1 1 I O | ] ! 1 i 1 | 1 I
d .2 3 45 6.7 .89 10 l 2 3 4 .5 6 7 .8.9

EQUIVALENT FRACTION OF B

Fig. 1.

EQUIVALENT FRACTION OF B

Dependence of the interdiffusion coefficient Dpp on the ionic
composition of the exchanger, calculated from Egq. (4), for
the interdiffusion of ions of equal valence (left) and of a uni-
valent and a bivalent ion (right). The different curves cor-
respond to different ratios D,/Dg .
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EQUIVALENT FRACTION OF A

Fig. 4.

(a) D, /Dg=10

(b) D, /Dg =0l

0.5

F(T)=0.90

(C) DA/DB=5

! F(t)=0.90

1

(d) DA/FDB=O'2

| F(r)-090

o5} -
I | F(T)=0.90
0
(e) D,/Dg=2 (f) D,/Dg=0.5

0.5

[ F(1)=0.90 i
“ F(1)=090
O I L L L L 1 L L L 1 L L i 1 1 1 1 h
o) 0.5 0 0 0.5 1.0
RADIAL COORDINATE p RADIAL COORDINATE p
(g) Da=Dpg
1.0
[ 0.25
0.50
05l 0.75
- F(1)=090
o 1 L I M L .
0 05 .0

RADIAL COORDINATE p

Concentration profiles of the species A in the bead for 25%,

50%, 75%, and 90% exchange (F =
for seven different ratios DA/DB .

case (D, =Dp) were calculated from Eq. (20).

0.25, 0.50, 0.75, and 0.90)
The profiles for the linear
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