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1. Introduction.-The question of electromagnetic surface waves propagating
along a plane of discontinuity between two different media was the subject of some
diversity of opinion. It is related to the equally unsettled question about the merits
of the conflicting solutions given by A. Sommerfeld1 and H. Weyl2 for the field of an
electric dipole oscillating at the surface of a plane earth. A few remarks about this
relation will be made in section 5, but its complete discussion will be postponed
until a later date, and the present paper will be devoted to the analysis of the
independent surface wave. It will be well, therefore, to define what is meant by this
term. It is a matter of common knowledge that an ordinary plane wave, falling
under an angle on a surface of discontinuity and suffering total reflection in the
process, produces in the second medium an inhomogeneous wave with propagation
parallel to the surface of discontinuity. But this may be called a dependent surface
wave because it is only an adjunct of the space waves in the first medium and would
not exist without them. On the other hand, an independent surface wave is one
which consists of two inhomogeneous waves-one in each medium-running along
the dividing surface. Its intensity is appreciable only in a thin layer along the
surface of discontinuity and decreases exponentially to both sides.
On the whole, the results of the analysis presented in the following sections are

negative: an independent surface wave is supported only by a medium with pe-
culiar properties that are hardly available in nature (sec. 4); therefore, it is only of
theoretical interest. The whole investigation hinges on the consideration of the
physical constants of the materials involved. Let the complex dielectric con-
stants of the first and second medium be noted, respectively, by

k2= K = E + ia, k12 = KI = + ia. (1)

In every known medium the constant a (which is proportional to the conductivity)
is positive, and this fact has a decisive influence on the results. Moreover, it is
arbitrary which medium is chosen as the primed; therefore, the convention
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a,> r> 0 (2)

does not involve any loss of generality.
In most substances the real part, e, is also positive; however there are exceptions

like metals with e < 0. In order not to restrict the generality, we shall leave the
sign of e, e' open. On the other hand, the consideration of materials with magnetic
properties does not add much of interest to the analysis and only'renders it cumber-
some. Therefore, we shall restrict ourselves to nonmagnetic media.

If a Cartesian system of co-ordinates x, y, z is used, so that the (x, y)-plane is the
plane of discontinuity and the y-axis is the direction of propagation of the surface
wave, the first or unprimed medium, K, win be chosen so as to fill the upper half-
space (z > 0), and the second or primed medium, K', the lower half-space (z < 0).
It will be shown in the next section that the space dependence of the field compo-
nents in the two media is, respectively, expressed by the two factors

F = exp [iay - (a2 - k2)'/'z], (3)

F' = exp [-jay + (a2 -k'2) /'z], (4)

omitting the time factor exp (-iwt), where w denotes the angular frequency and a
is the same in both functions.
The mathematical condition on which the existence of the surface wave depends

is then (sec. 2)

N(a2) = k'2(a2 - k2)'/2 + k2(a2- k'2)'/2 _ 0; (5)

this equation is derived with the help of expressions (3), (4), and the'square roots
in it must have the same properties as' the square roots in F and F'.
A surface wave can exist if equation (5) admits of a solution subject to the phys-

ical conditions of the problem. These conditions must apply'to any value of a
having a physical reality and in particular to the root of equation (5) if 'it exists.
We designate the root by ao and abbreviate:

f30 = yo + ibo = ao2. (6)
The conditions which ao and B3o must satisfy are then as follows:
1. Since the positive y-direction 'is taken as the sense of propagation and the

time factor is chosen with the negative exponent, -iwt, both the real and the im-
aginary part of ao must be positive (i.e., ao lies in the first quadrant):

Re (ao) > 0, Im (ao) > 0. (7)

2. Condition of finiteness: the factors F, F' should not grow into infinity as z
becomes infinite (positively, for z > 0; negatively, for z < 0). This requires

Re (3o - K) > 0, Re (3o' - K')"> 0. (8)
3. Radiation condition: the factors F, F' should not contain any part repre-

senting waves moving (in the z-direction) toward the plane of discontinuity.
Hence

Im (3o - K)/ < 0, Im (13o ' - ) ' < O. (9)
Thus the two square roots are quantities of the fourth quadrant.
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Wheni E, C' are both positive, the )roblemn b)ecomes tiivial because it is easily seell
that the real part of N(ao2) is theii always positive, so that equation (5) caninot
be satisfied and the independent surface wave cannot exist. However, we do not
wish to restrict ourselves to this special case; besides, related problems may arise in
which not all of conditions (7), (8), and (9) must be met. We think it, therefore,
worth while to investigate first whether equation (5) admits of a solution if require-
ment (8) alone is postulated. This investigation is carried out in sections 3 and 4.
It is found that the answer depends on the signs of the following combinations of
the physical constants

R = (a2- E2) (E + E') - 2EaT(a + c'), (10)
I= -(ff2 - C2) (a- + a') - 2Ea+(E± ), (

and R', I', which are obtained by cyclic substitution (i.e., by interchange of primed
and unprimed symbols).
The results are summarized in Table 1. The structure of the functions I, I' is

such that, in view of equations (2), in all cases I' < I; therefore, the table contains
all possible sign combinations. The entries in the last column are the answers to
the question: "Does a root of equation (5), subject to conditions (8), exist?"
Wheniever the result is "Yes." it is contingent on additional conditions that must be
satisfied by the constants; they will be enumerated in section 3. In every case
when a root do = ao2 exists, ao can be chosen so that conditions (7) are also satis-
fied. It is different with conditions (9), which impose additional restrictions, mak-
ing it impossible to obtain a solution. Indeed, to fulfil conditions (9), it would be
necessary to have I < 0, I' < 0, but these inequalities are not true in any of the cases
of Table 1, where the answer is "Yes." Hence, N(a2) does not possess a root
satisfying the full set of conditions (7), (8), and (9), and this means that an inde-
pendent surface wave cannot exist.

TABLE 1
No. R R' I i' Result
1 Pos. Pos. Pos. Pos. Yes
2 Pos. Neg. Yes
,3 Neg. Neg. No
4 Pos. Neg. Pos. Pos. Yes
5 Pos. Neg. No
63 Neg. Neg. No
7 NNeg. 1Pos. Pos. Pos. Yes
8 Pos. Neg. Yes
') Neg. Neg. No
10 Neg. Neg. Pos. Pos. Yes
11 Pos. Neg. Yes
12 Neg. Neg. No

In this form the conclusions apply only to finite I, I'; the limiting case when
these functioins vanish will be discussed in section 4.

2. The Electric Field of the Surface Wave.-The electric field vector E in the first
medium (z > 0) and the magnetic, H, must satisfy the equations

V2E+k2E=0, V-E=0,
H= -(-)VXE, J (11)
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where c denotes the velocity of light in vacuum and ,u the magnetic permeability.
However, we shall deal only with nonmagnetic media, where ,u = u' = 1.

It is well known and trivial that the state of polarization in which E is parallel
to the surface of discontinuity does not permit of a surface wave. Hence the
only interesting case is that when E, vanishes. The components different from
zero are then, with the notations of equation (4),

E = AF, EV = -i(a2 -k/2)a-'AF, (12)
Hz = (ck2/wa) AF,

where A is an arbitrary constant.
In the second (primed) medium (z < 0) analogous equations obtain, with the

difference that the components and constants are primed:

E2' = A'F', Ev' = i(a2 - k'2)a-'A'F', (12')
(HX' - ck'2/wa)A'F'.

The parameter a is the same in both cases, or else the boundary conditionis could
not be satisfied, which are (for z = 0)

EV= EV', HX = HI/.

The conditions immediately lead to the so-called determinant equation (5), which
we shall write in the form

N(fo) = 0 (13)
where

N(3) = K'(3 - K)/2 + K(3 - K) /2 (14)

The equation can be formerly resolved by transferring the second term to the
right side and squaring both sides. The result is

KK
=

K + K
(15)

but it must be borne in mind that the same expression would follow if N(O) were
defined as the difference, instead of the sum, of the two terms in formula (14).
Heince equationi (15) is but a formal expression of the root, provided it exists, but
it does not guarantee its existence. This can be put in a different way, if the com-
plex plane of the variable A is considered: the point Oo in the plane defined by
equationi (15) may or may niot be the root of equation (13). The function N(,) de-
finies a two-sheeted Riemanin surface for the complex variable 0, and conditions
(8) impose restrictionis upoIn the region in this surface where the point 13o can be
located. The situation becomes very simple if we choose the branch cuts (start-
inig at the two branch points K and K') as indicated in Figure 1, namely, going
inlto infinity in the negative direction at constant imaginary height. Then all
poinlts of the first sheet of the Riemann surface are characterized by - r < so < r
-7r < (o' < xr and satisfy conditions (8), while all points of the second sheet violate
them and must he excluded. If the first sheet is chosen as the physically per-
missible regioni, e(uations (8) are taaken care of.

3. Roots of the Determinant Eq?iation. We shall now evaluiate the complex
qlulantities
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0-K = p exp iv, Po-K'= p exp i<', (16)
regardless of whether the point j3o is the root of equation (13) or not. Equations
(1) and (2) give, with notations (10),

- = R+iI (17)

where Q is the essentially positive function

Q = (e+ e')2 + ( + o')2, (18)

whence follows

p = (e2 + o2)Q'/'. (19)

It is important to notice that the real and imaginary parts of go are expressed by

R ='(cT2 + e2) + e(o-'2 + e'2)
'Yo=e+ Q Q (20)

I '(02 + e2) + o.(cyl2 + e/2)
800=ff+ Q Q

Because of conditions (2), 6o is
always positive, and this means

,80w9that the point g3o = ao2 always lies
P/ in the positive complex half-plane

-,$,' /p (first or second quadrant).. Hence
it is always possible to choose the

_____________ 4) sign of ao = +3o"/' in such a way
K~ ~ as to satisfy conditions (7).

The difference fo- Kt is expressed
by equations quite similar to (17)

_______________ _ .and (19), which are at once ob-
O tained by interchanging the primed

FIG. 1.-Complex plane of the variable , and unprimed symbols in the above
expressions.

We turn now to the quantities directly entering into the function N(Qo). Ob-
viously,

(3o - K)'12 = pll2 exp 1/24, (0* - xK) 1/2 = pt /2 exp 1/2jPi (21)

The complex constants K, Kt can be expressed in terms of these quantities.
Indeed, by eliminating go and K' from equations (15) and (16), we find

(K + p exp ilp)2 = ppt exp i(' + %'),
whence

K = (pp') '/ exp 1/2i('P + so') - p eXp iv.j 22o
Kt = j(ppt)1/2 exp 1/2i((P + #P') - p' exp if' (
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Substituting in expression (14) for N(0o),

N(Oo) = (_1 - 1) (pp/)l/2 exp 1/2i((P + (P') X [p/2 exp 1/2iA + p/ /2 exp i/2i(].

It is apparent that only the upper sign leads to N(30) = 0 and guarantees that
13o is a root of the determinant equation. The problem is, therefore, to find out
which sign in equations (22) is the correct one under the various circumstances. In
view of relations (16), these equations can be thrown into the form

(pp ) '/2 exp 1/2(so + sP') = do- (23)

Both sides of this equation are reducible to the functions R, R', I, I'; it is, there-
fore, a routine matter to determine in every particular case which sign is correct.
It will be sufficient to illustrate the simple procedure by two examples. (The
numbering of them will be that of Table 1.)

1. In this case 0 < sP < 1/2r, 0 < (P' < '/27r, whence 0 < 1/2(Vo + V') < /2r7, and

cos 1/2((o + so') > 0, sin 1/2('P + P') > 0.

On the other hand, it is apparent from equations (20) that the point f3 lies in its
complex plane above and to the right of both branch points K and K'. Therefore,
equation (23) will have the upper sign if ,Bo lies in the positive quadrant of the upper
half-plane (first quadrant). Since 5o is always positive, the only additional re-
quirement is

'yo > 0. (24)
2. Here 0 < o < '/27r, -'/27r < po' < 0, whenice 1/47 < 1/2((P + P') < 1/47r. The

poiInt f3o lies horizontally to the right of both branch points K, K' and vertically
between their heights. Two cases must be distinguished:

a) 0 < 1/2(so + p') < 7r/4 (an additional condition), cos '12(so + s') > 0, sin
'/2(V + so') > 0. Again the upper sign is obtained, if requirement (24) is satisfied.

b) -7/4 < 1/2(P + p') < 0; then cos 1/2(so + V') > 0, sin 1/2(sO + V') < 0-
Since 5o is always positive, the upper sign cannot be obtained.
We list the additional conditions necessary to achieve the upper sign in the cases

of Table 1 where the answer is "Yes";
4a and 7a. When '/27r < (w + so') < 7, yo > 0, l'> E,E' > 0.
4b and 7b. When 7r < (so+ .p') < 37r/2, -y < 0, E' > E, e < 0.
8. yo> 0, e> ,e> 0.
10. yO<O.
Ila. WheniO < ((o+ so') < 1/27r, yo> 0, E > 0, -' > 0.
lib. When-'/27r < (so+ I') < 0,yo < 0.
The conclusions from these results were drawn in section 1.
4. Special Case of Nonconducting Media.-Our general analysis includes also

the case that either of the media, or both, are nonconducting, inasmuch as we can
consider vanishing conductivity as the limiting case of very small a, a'. The
case when only one of these parameters vanishes is in no way different from the
general and needs no separate discussion, because #o remains complex. But it is
well to say a word about the case a- = a' = 0. According to equation (10), there
follows,
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I = I' = 0,

R = E2(E + E%), R' = E'2(E + E)

so that two cases must be distinguished.
a) When (E + E') > 0, both R and R' are negative, and hence -yo < e and 'Yo < E'.

Therefore, the factors of z in equation (4) reduce to (-yo - e) /22 (yo-_ ) /2 and are
purely imaginary. This means that the amplitudes of the waves do not decrease
away from z = 0. The field does not represent a surface wave but two space waves,
each filling the whole of one of the two half-spaces. Consequently, this case is of
no interest for our problem.

b) When (E + E') < 0, there follows R > 0, R' > 0 and hence 'Y > E, 7o > E'.
The factors (7yo-E))/2 (y0 - E') '/2 are both real, so that conditions (9) are satisfied.
This case falls under Nos. 1, 2, and 3 of Table 1, with the difference that I, I' go to
the limit I = I' = Oas follows:

I = lim [E2(of+ St) +2,EoaI+ E|],

I' = lim [E'2(o + a') +. 2E'Ta'I E + Cet

Nos. 1 and 2 require the validity of the additional condition (24), which reduces
to

E'(eE + eC) > 0.

It is clear that the requirements of No. 2 can be satisfied by letting E > 0, EI < 0,
and by appropriately adjusting the ratios of all the parameters.

This is the only case in which an independent surface wave can exist, but even
this case is purely theoretical and without any practical significance. Apart from
the fact that a nonconducting medium with a negative dielectric constant is not
readily available, every known material of nature possesses a vestigial conductivity,
and the slightest positive values of an at would invalidate the argument by bringing
into play conditions (9).

5. Bearing on Other Problems.-The best-known example of a related problem is
the propagation of waves emitted by a radio antenna along the surface of the
earth, especially in the form given to it by Sommerfeld, as mentioned in the Intro-
duction. The perturbation wave due to the presence of the earth's surface is set up
in the form of an integral whose integrand is analogous in type to our expressions
(4). However, the integral is extended over real values of a, and, in so far as sub-
sidiary conditions of the character of (7), (8), and (9) are necessary, they are re-
(luired prima facie for real values of a. For the purposes of evaluation the path
of integration is then deformed into a contour integral in the complex plane, and
the equation N(a2) = 0, identical with our equation (5), becomes important because
its root determines the pole of the integrand. The question whether this equation
has a root is analogous with the one treated above in section 3, but the writer is not
prepared to say that it is identical with it. Indeed, the complex root point has no
immediate physical meaning, and it is not obvious that conditions (7), (8), and (9)
must be satisfied for it. The problem needs additional analysis and is now being
studied.
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As the end result of his evaluation, Sommerfeld found two perturbation waves:
(1) a space wave with an intensity decreasing with the inverse square of the dis-
tance from the antenna and (2) a surface wave propagating along the earth and de-
creasing with the inverse first power. Such a situation seems questionable3 in the
light of our results stated above; it may be argued that the surface wave outlasts
the space wave and becomes independent at large distances, in contradiction to the
result that an independent surface wave cannot exist. However, even this conclu-
sion needs further investigation; it is not entirely cogent, because the amplitudes of
both waves also contain exponentially decreasing factors, a fact which limits the
independence of the surface wave.

1 A. Sommerfeld, Ann. Physik, 28, 665, 1909.
2 H. Weyl, Ann. Physik, 60, 481, 1919.
3 Questions were raised by the writer in these PROCEEDINGS, 33, 195, 1947; the point of view

expressed there is now only partially maintained by him.

ERRATA: OVARIAN HORMONES AND THE IONIC BALANCE OF
UTERINE MUSCLE

In the article of the foregoing title appearing in these PROCEEDINGS, 40, 515-521,
1954, the following corrections should be made:

P. 518, Table 2: Under the headings "Estrogen*" and "Progesterone" read "CVi"
instead of "CV,8"; the note to Table 2 reads correctly: "* x = arithmetic mean
Na, K, and ECW, respectively, of samples from one and the same animal; n =
number of animals; x = arithmetic mean, Xx/n; s, = standard deviation:

;(X- t)2; CVx = coefficient of variation: ."
nx

P. 519, line 12: Read "the difference" instead of "and difference."
P. 519, line 20: Read "is not signiLAcantly different" instead of "is significantly dif-

ferent."
P. 520, line 29: Read .... Estrogen: Na > 45.6; K < 128; progesterone: Na <
24.1;K > 150."
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