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In this paper, we study the evaporation dynamics of the Sachdev-Ye-Kitaev model, with an initial temperature
Tχ , by coupling it to a thermal bath with lower temperature Tψ < Tχ modeled by a larger SYK model. The
coupling between the small system and the bath is turned on at time t = 0. Then the system begins to evolve and
finally becomes thermalized. Using the Keldysh approach, we analyze the relaxation process of the system for
different temperatures and couplings. For marginal or irrelevant coupling, after a short-time energy absorption,
we find a smooth thermalization of the small system where the energy relaxes before the system become
thermalized. The relaxation rate of effective temperature is found to be bounded by T , while the energy
thermalization rate increases without saturation when increasing the coupling strength. On the contrary, for
the relevant coupling case, both energy and effective temperature show oscillations. We find this oscillations
frequency to be coincident with the typical excitation energy of the small SYK system.
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I. INTRODUCTION

In recent years, the nonequilibrium dynamics of quantum
many-body systems has drawn a lot of attention. As inter-
esting progress, inspired by gravitational calculations, it is
understood that for isolated quantum systems, there is an up-
per bound for relaxation rate � � O(1/β ) [1,2]. For strongly
interacting systems, this bound is approximately saturated,
and the relaxation rate corresponds to the typical decay rate of
quasinormal modes in the gravity description for holographic
models [3].

While most of these studies for the quantum dynamics of
strongly interacting systems focus on isolated systems, the
relaxation of quantum systems coupled to a bath should also
be an interesting problem. On one hand, in real materials, the
system is inevitably open due to the coupling to phonons [4,5].
On the other hand, the coupling to quantum fields would
give rise to interesting physics. As an example, coupling
a black hole to quantum fields gives rise to the celebrated
Hawking radiation [6,7]. A further coupling to the thermal
bath shows a possible resolution of the black-hole information
paradox [8–10]. Motivated by these results, in this paper, we
would like to study such quantum dynamics of strongly cor-
related many-body systems coupled to an external quantum
bath.

Generally, the real-time evolution of quantum systems
can be formulated in terms of a path integral on Keldysh
contour [11,12], where the two-point functions are determined
by Kadanoff-Baym equations [12]. However, for a strongly
interacting system with possible holographic interpretation,
these sets of equations are usually hard to solve with con-
trolled accuracy, due to the lack of small parameters.

Fortunately, the Sachdev-Ye-Kitaev (SYK) model pro-
posed by Kitaev [13] in recent years based on early works
by Sachdev and Ye [14] turns out to be an ideal platform for

the study of both field theoretical [13,15–25] and gravitational
physics [15,26–36]. The SYKq model describes N Majorana
modes in 0+1-d interacting randomly via q-fermion interac-
tions [15]. For simplicity, we focus on the q = 4 case and the
Hamiltonian is then given by:

HSYK[Ji1i2i3i4 , χ ] =
∑

i1i2i3i4

Ji1i2i3i4

4!
χi1χi2χi3χi4 . (1)

Here i1, i2. . .i4 = 1, 2. . .N labels different modes of Majorana
fermions. Ji1i2i3i4 are independent random Gaussian variables
with Ji1i2i3i4 = 0 and J2

i1i2i3i4
= 3!J2/N3. The model can be

solved in the 1/N expansion and the two point correlation
function is determined consistently by the Schwinger-Dyson
equation with melon diagrams [15]. In the low-temperature
limit βJ � 1, the system is found to be a strongly corre-
lated non-Fermi liquid with low-energy holographic descrip-
tion [26]. In this system, without a spatial dimension, the
Kadanoff-Baym equation can be solved efficiently in numer-
ics, leading to exact quantum dynamics [25,37,38].

In this paper, we would like to study the dynamics of
SYK model when coupled to an external bath with lower
initial temperature. However, a general evolving bath requires
a large amount of computational resource, which may make
the problem intractable. To simplify the problem, following
the idea of Ref. [39], we model the bath also by an SYK
model with a larger number of modes. We analyze the physical
consequence of different coupling terms between two sys-
tems, including marginal coupling, irrelevant coupling, and
relevant coupling [40–43]. We find in all cases, the energy
first increases in time before decreasing, as expected from
perturbative calculation [44]. For the marginal and the irrele-
vant coupling, the energy and the effective temperature of the
system then relax to the thermal equilibrium monotonically
with a different rate. While for the relevant case, both energy
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FIG. 1. The self-energy melon diagrams of the small SYKχ cou-
pled to SYKψ bath for n = 3. The solid line represents the Green’s
function of the χ fermion and the wavy line represents the Green’s
function of the ψ fermion. The first three diagrams are of the order
N0 and the last diagram is proportional to 1/N .

and effective temperature show oscillations. We also study the
coupling and temperature dependence of different processes.

The paper is organized as follows: In Sec. II, we describe
our model and analyze its behavior for different couplings in
thermal equilibrium. We describe the Keldysh path integral
used for calculating the quantum dynamics of our model
in Sec. III. We then show numerical results in Sec. IV for
the marginal coupling case and Sec. V for the irrelevant or
relevant coupling case.

II. THE MODEL IN THERMAL EQUILIBRIUM

As explained in the introduction, the model we considered
in this paper is written as:

H = HSYK[Ji1i2i3i4 , χ ] + HSYK[J̃i1i2i3i4 , ψ]

+
∑

ai1i2...in

Vai1i2...in

n!
χaψi1ψi2 ...ψin , (2)

where HSYK[Ji1i2i3i4 , χ/ψ] is the standard SYK4 Hamiltonian
Eq. (1). We choose the anticommutation relation {χi, χ j} =
δi j and {ψi, ψ j} = δi j . χ is a small system with N Majorana
fermions and ψ is a large system with N2 fermions, which
would be considered as a thermal bath of the small system.
For each system there is an SYK4 random interaction Ji1i2i3i4
or J̃i1i2i3i4 . We then randomly couple two systems by Vai1i2...in
where n is an odd number. All random interaction strength is
assumed to be independent Gaussian variables with expecta-
tion and variance given by:

Ji1i2i3i4 = 0, J̃i1i2i3i4 = 0, Vai1i2...in = 0, (3)

J2
i1i2i3i4

= 3!J2

N3
, J̃2

i1i2i3i4
= 3!J2

N3
, V 2

ai1i2...in
= n!V 2

N2n
. (4)

Here the numerical coefficient is chosen to cancel additional
factors in melon diagrams. The power of N is tuned to result
in a well-defined nontrivial large-N theory, which is easiest
to see by considering the self-energy of two-point correlators.
We have shown the self-energy melon diagrams in Fig. 1 for
the n = 3 case as an example. By straightforward counting,
we could show that both diagrams in (a) and the first diagram
in (b) is of the order N0, while the last diagram in Fig. 1
is proportional to 1/N [39]. As a result, although the small
system χ is affected by the coupling V , the large system
ψ can still be approximated as isolated. This supports our
identification of the large system by a thermal bath.

Similar analysis also works for general n. As a result, the
self-consistent equation for the two-point function is given by

G−1
χ (ωn) = −iωn − �χ (ωn), (5)

�χ (τ ) = J2Gχ (τ )3 + V 2Gψ (τ )n, (6)

for the χ fermions and

G−1
ψ (ωn) = −iωn − �ψ (ωn), (7)

�ψ (τ ) = J2Gψ (τ )3. (8)

for ψ fermions. Here we have defined Gχ (τ ) =
〈Tτ χi(τ )χi(0)〉 and Gψ (τ ) = 〈Tτψi(τ )ψi(0)〉, with Tτ being
the time-ordering operator in imaginary time.

From Eq. (8), the Green’s function of the large system is
the same as a single SYK4 model: the scaling dimension of ψ

is [ψ] = 1/4. At the zero-temperature limit, this leads to:

Gψ (τ ) = bψ

sgn(τ )

|τ |1/2
, 4πJ2b4

ψ = 1 (9)

and the Green’s function at finite temperature is then given by
conformal mapping τ = tan πτ ′

β
[15]. On the other hand, due

to the competition of the two terms in (6), the physics of small
system χ is very different for n = 1, n = 3, and n > 3.

(1). For the n = 3 case, the coupling term Vai1i2i3 shares the
same scaling dimension with the on-site SYK4 interaction. As
a result, the scaling dimension of χ is also 1/4. Neverthe-
less, the interaction would renormalize the coefficient of the
Green’s function:

Gχ (τ ) = bχ

sgn(τ )

|τ |1/2
, 4πJ2b4

χ + 4πV 2bχb3
ψ = 1. (10)

We could define bχ = ηbψ , and then we have η4 + V 2

J2 η = 1.
The thermalization of a quantum system is closely related

to the information scrambling [45–48]. As a result, it is useful
to compute the Lyapunov exponent for this system. The out-
of-time order correlation function at inverse temperature β is
defined as

Fχ (t1, t2) = 〈χi(t1 − iβ/2)χ j (−iβ/2)χi(t2)χ j (0)〉.
To the leading order of 1/N , the self-consistent equation for
Fχ (t1, t2) in long-time limit can be written as:

Fχ (t1, t2) =
∫

dt3dt4KR(t1, t2; t3, t4)Fχ (t3, t4), (11)

KR(t1, t2; t3, t4) = −3J2GR,χ (t13)GR,χ (t24)GW,χ (t34)2. (12)

Where GR,χ (t ) = −iθ (t )〈{χi(t ), χi(0)}〉 is the standard re-
tarded Green’s function and GW,χ (t ) ≡ 〈χ (t − iβ/2)χ (0)〉.
For simplicity, we take β = 2π . Using the assumption:

Fχ (t1, t2) = e−h t1+t2
2(

cosh π (t1−t2 )
β

)1/2−h
, (13)

it can be shown that the self-consistent equation is satisfied if
3η4 = 1 − 2h. This gives a Lyapunov exponent

λL = 3η4 − 1

2
≈ 1 − 3V 2

8J2
+ O

((
V 2

J2

)2
)

. (14)
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Physically, due to the marginal coupling, information leaks
from the χ system into the thermal bath ψ . As a result,
the scrambling of information in the small system becomes
slower [39].

(2) For the n = 1 case, the intersite coupling is relevant
near the original SYK4 fixed point and the in the zero-
temperature limit, the χ system is driven into a new phase
with scaling dimension [χ ] = 1 − [ψ]:

Gχ (τ ) = bχ

sgn(τ )

|τ |3/2
, 4πV 2bχbψ = 1. (15)

Here we neglected the contribution from Ji1i2i3i4 since it is irrel-
evant near this new fixed point. After Fourier transformation,
this shows the spectral function vanishes as

√
ω for small

ω, indicating the system is nonchaotic. One could take into
account the contribution of ∂τ term, and the Green’s function
then has the form of G−1

χ (ω) ∼ ω + V 2/
√

Jω, which gives a
minimal at ω0 ∼ J (V 2/J2)2/3. This gives an approximation
for the peak of the spectral function.

For the out-of-time order correlation function Fχ (t1, t2), by
counting the N factor, one could find the random coupling Vai1
gives no contribution to Fχ (t ) to the 1/N order in the confor-
mal limit (which is also true for general n [39]), as a result we
have λLβ → 0 as β → ∞. This system is nonchaotic in the
low-energy limit.

(3). Finally, for the n > 3 case, the coupling term is irrel-
evant near the decoupled SYK4 fixed point. As a result, we
have:

Gχ (τ ) = Gψ (τ ). (16)

In the low-temperature βJ → ∞ we could still have a non-
Fermi liquid χ with maximal chaos βλL → 2π .

III. EVAPORATION DYNAMICS ON KELDYSH CONTOUR

Different thermal behaviors for systems with different n
indicates they should also have different quench dynamics. In
this work we focus on such evaporation process by preparing
an initial thermal ensemble with Vai1i2...in = 0 at t < 0, and
turn on the interaction Vai1i2...in at t = 0. This quench problem
can be analyzed on the Keldysh contour [11], where fields χ+,
ψ+00 live on the upper (+) contour while χ−, ψ− live on the
lower (−) contour. The partition function on Keldysh contour
then is given by:

Z =
∫

dJdJ̃dV P(J, J̃,V )Dχ+Dψ+Dχ−Dψ−ei
∫

dtL,

(17)

L =
∑

i

1

2
χi,α (Ĝ0)−1

αβχi,β +
∑

i

1

2
ψi,α (Ĝ0)−1

αβψi,β

− H[χ+, ψ+] + H[χ−, ψ−]. (18)

Here α, β = ± and P(J, J̃,V ) is Gaussian the distribution
function for random variables. On such contour, the Green’s
function Ĝ is defined as

Ĝχ,αβ (t, t ′) = −i〈χα (t )χβ (t ′)〉 =
(

GT
χ (t, t ′) G<

χ (t, t ′)

G>
χ (t, t ′) GT̃

χ (t, t ′)

)
.

(19)

And similar definition works for Ĝψ . We have (Ĝ0) =
(Ĝ)J,V =0 is the noninteracting limit of the Green’s func-
tion [11]. For Majorana fermions, we have the relation
G>(t, t ′) = (G<(t, t ′))∗. Green’s functions in this ± basis are
related to the retarded, advanced, Keldysh components of the
Green’s function by Keldysh rotation:

GR(t, t ′) = θ (t − t ′)(G>(t, t ′) − G<(t, t ′)), (20)

GA(t, t ′) = θ (t ′ − t )(G<(t, t ′) − G>(t, t ′)), (21)

GK (t, t ′) = G<(t, t ′) + G>(t, t ′). (22)

H[χ±, ψ±] is defined by replacing the operator χi by cor-
responding field χi,±, with an additional θ (t ) factor in the
intersite coupling:

H[χ±, ψ±] =
∑

i1i2i3i4

Ji1i2i3i4

4!
χi1,±χi2,±χi3,±χi4,±

+
∑

i1i2i3i4

J̃i1i2i3i4

4!
ψi1,±ψi2,±ψi3,±ψi4,±

+ θ (t )
∑

ai1...in

Vai1i2...in

n!
χa,±ψi1,±...ψin,±. (23)

The Schwinger-Dyson equation for two-point correlators con-
tains the same melon diagrams with the imaginary time calcu-
lation shown in Fig. 1. This gives the self-energy:

�̂χ,αβ (t, t ′) ≡
(

�T
χ (t, t ′) −�<

χ (t, t ′)

−�>
χ (t, t ′) �T̃

χ (t, t ′)

)
αβ

= −J2αβG3
χ,αβ (t, t ′)

−V 2αβ(−1)
n+1

2 θ (t )θ (t ′)Gn
ψ,αβ (t, t ′), (24)

�̂ψ,αβ (t, t ′) ≡
(

�T
ψ (t, t ′) −�<

ψ (t, t ′)

−�>
ψ (t, t ′) �T̃

ψ (t, t ′)

)
αβ

= −J2αβG3
ψ,αβ (t, t ′). (25)

Similarly to the Green’s function, we could also define the
retarded, advanced, Keldysh components of the self-energy
for both χ and ψ as:

�R(t, t ′) = θ (t − t ′)(�>(t, t ′) − �<(t, t ′)), (26)

�A(t, t ′) = θ (t ′ − t )(�<(t, t ′) − �>(t, t ′)), (27)

�K (t, t ′) = �<(t, t ′) + �>(t, t ′). (28)

As in the imaginary-time calculation, the bath ψ is not
affected by the small system. As a result, we know Gψ is
always given by the equilibrium result. The spectral function
Aψ (ω) = − 1

π
ImGR,ψ (ω) in thermal equilibrium with temper-

ature Tψ can be determined numerically by the self-consistent
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equation of retarded Green’s function:

GR,ψ (ω)−1 = ω − �R,ψ (ω), (29)

�R,ψ (ω) = −iJ2
∫ ∞

0
dteiωt (nψ (t )3 + (nψ (t )∗)3), (30)

nψ (t ) =
∫

dωe−iωt Aψ (ω)nF (ω, Tψ ), (31)

where nF (ω, Tψ ) is the Fermi-Dirac distribution function at
temperature Tψ and we have used the relation [11]:

G>(ω) = −inF (−ω, T )A(ω), (32)

valid for Majorana fermions on thermal equilibrium.
In contrast, the small χ system is driven by its coupling

to the large system and becomes time dependent. For such
an evolution problem, it is better to write the self-consistent
equation in the form of Kadanoff-Baym equations in real time
for t > 0 using the Langreth rules [12], this gives:

i∂t1 G>
χ (t1, t2) =

∫
dt3

(
�R

χ (t1, t3)G>
χ (t3, t2)

+�>
χ (t1, t3)GA

χ (t3, t2)
)
, (33)

−i∂t2 G>
χ (t1, t2) =

∫
dt3

(
GR

χ (t1, t3)�>
χ (t3, t2)

+ G>
χ (t1, t3)�A

χ (t3, t2)
)
. (34)

In these equations, the evolution of G>
χ (t, t ′) only depends on

information of G>
χ (t1, t2) with t1 < t and t2 < t ′, which make

the causal structure explicit. The initial condition of G>
χ (t, t ′)

is given by the thermal solution:

G>
χ (t, t ′) = G>

χ (t − t ′), for t, t ′ < 0, (35)

where G>
χ (t − t ′) is determined similar to (29), (30), and (31),

with Tψ replaced by Tχ . Solving (33) and (34) with initial con-
dition (35) leads to exact (for large N � 1) quench dynamics
of the small SYK model when coupled to a large SYK bath.

In our numerical simulation, we discretize the equa-
tion (29), (30), and (31), in both time and frequency domain
with 4 × 103 points. We choose a proper cutoff �t = 20β

for time and �ω = 20/β for frequency. We have tested a
moderate change of these parameters will not lead to any
difference. The G>

χ (t ) in thermal equilibrium is determined
by using (32). We then create a large matrix with a size of
4500 × 4500 to store the data for G>

χ (t, t ′) for the quench
dynamics. Here the time t and t ′ is restricted to [−�t ,�t ]. As
just explained, the [−�t , 0] × [−�t , 0] block of the matrix
is determined by the equilibrium solution. We then use the
equations (33) and (34) to evolve the Green’s function step by
step [25]. The main restriction for this calculation of quench
dynamics is from the large matrix size. To verify that our
discretization is appropriate, we have checked that if V = 0,
the numerical evolution preserves the translation symmetry
G>

χ (t, t ′) = G>
χ (t − t ′).

After numerical evolution, we define the effective temper-
ature at time t :

1/T (t ) = 2
d

dω

(
Gχ,K (ω, t )

Gχ,R(ω, t ) − Gχ,A(ω, t )

)
ω=0

≡ 2
d

dω
(F (ω, t ))ω=0. (36)

Here we have performed the Wigner transformation of
Green’s functions:

G(ω, t ) =
∫

dt ′eiωt ′
G

(
t + t ′

2
, t − t ′

2

)
. (37)

We also define

�=
∫

|ω|<�

dω

(
Gχ,K (ω, t )

Gχ,R(ω, t ) − Gχ,A(ω, t )
− (1 − 2nF (T ))

)2

,

(38)

which characterizes the difference between the numerical
result and a thermal distribution function in the low-energy
limit with cutoff �. We could also define instantaneous energy
of the χ system by

E (t0) =
∑

i1i2i3i4

1

4!
〈Ji1i2i3i4χi1 (t0)χi2 (t0)χi3 (t0)χi4 (t0)〉. (39)

To express this formula in terms of G>
χ , we add a source term

to the Lagrangian in Eq. (18):

�L(t0) =
∑

i1i2i3i4

Ji1i2i3i4 aδ(t − t0)

4!
χi1,+χi2,+χi3,+χi4,+. (40)

Then by taking a derivative to the standard G − � action [15],
it is straightforward to prove the relation:

E (t0) =
(

d lnZ (a)

da

)
a→0

= i
J2

4

∫ t0

dt (G>
χ (t0, t )4 − G<

χ (t0, t )4). (41)

IV. MARGINAL COUPLING: ENERGY INCREASE
AND RELAXATION

We first consider the n = 3 case where both on-site inter-
action J and coupling to bath V contribute to the low-energy
physics. We take J/Tχ = 5 throughout the numerics.

In Fig. 2, we have shown a typical numerical result. We
choose the parameter to be V/J = 0.6 and Tχ = 1.5Tψ . In (a),
we plot G>

χ (t + tr
2 , t − tr

2 ) for different time t = 0, ±10βχ/π .
Based on this results, we could compute the distribution
F (ω, t ) at different time, as shown in Fig. 2(b). From the result
of F (ω, t ), we could determine the effective temperature
T (t ) = 1/β(t ) in (c). We also check the distance between
F (ω) and 1 − 2nF (ω, T (t )) (the green curve), where we take
the cutoff � satisfies F (�) = 0.8. This result suggests the
low-energy behavior of the system can be approximated by
a thermal ensemble for almost any t . In Fig. 2(d), we show the
energy E (t ) of the χ system. For short time limit, the system
absorbs energy from the coupling linearly (fitted by the green
line) and in long-time limit the energy flows into the bath.
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FIG. 2. The result of quench dynamics for n = 3 with V/J =
0.6, Tχ = 0.2J , and Tχ = 1.5Tψ . (a) The real part of G>

χ (t +
tr
2 , t − tr

2 ) as a function of tr for different t . (b) F (ω, t ) =
Gχ,K (ω, t )/(Gχ,R(ω, t ) − Gχ,A(ω, t )) for different time t . (c) The
evolution of effective temperature T (t ). The red line shows the
result of exponential fitting of the late-time behavior. The green line
represents the distance between F (ω) and 1 − 2nF (ω, T (t )) defined
by (38), we take the cutoff � by requiring F (�) = 0.8. (d) The
evolution of energy E (t ) determined by (39). The green line is a
fit for the short-time linear increase of energy and the red line is a
late-time exponential fit for the relaxation of energy.

Since the system is a many-body chaotic non-Fermi liq-
uid, we expect the effective temperature should show fast
relaxation to the thermal equilibrium with T (∞) = Tψ . How-
ever, interestingly we find the effective temperature will in-
crease first before it starts to decrease, which is clear from
Figs. 2(c) and 2(d). Physically, this is because when we
quench the system by adding a new interaction term, we create
some excitations in the system first. Only then the energy of
the small system begins to dissipate into the thermal bath, and
the system is cooled down. This phenomenon is first discussed
by Swingle in talk [44] for general quantum systems, where a
perturbative calculation for the system-bath coupling, as well
as exact diagonalization for SYK models coupled to a wire
bath, have already been worked out. It is also found to be
related to the averaged null energy condition in holographic
systems [49]. Here we find that such effect also holds for finite
coupling strength in our system.

We quantify this temperature increase by studying the
behavior of E ′(0+), as a function of V/J and Tψ/J . For sim-
plicity, we would drop the + sign later. Physically, increasing
V/J would excite more excitations and as a result, E ′(0)
should become larger. For small V , perturbatively we have

dE

dt
=

∑ 〈[
Ji1i2i3i4

4!
χi1χi2χi3χi4 ,

Vai1i2i3

3!
χaψi1ψi2ψi3

]〉

∝
∑

〈Ji1i2i3i4χi1χi2χi3Vi4 j1 j2 j3ψ j1ψ j2ψ j3〉

∼ J2V 2
∫

dt1dt2G3
χ (t1)Gχ (t1 − t2)G3

ψ (t2 + ε)

∼ V 2G3
ψ (ε) ∝ V 2 (42)

where we have split the operators by cutoff ε ∼ 1/J to avoid
possible divergences in the third line. The Green’s function

FIG. 3. (a) The energy absorption rate E ′(0)/J2 as a function of
V/J for Tχ = 0.2J and Tχ = 1.5Tψ . The red line is a linear fit for
the first four points. (b) The energy absorption rate E ′(0)/J2 as a
function of Tψ/J for Tχ = 0.2J and V/J = 0.6. There is almost no
temperature dependence. (c) Relaxation rate λβ and λE as a function
of V/J for Tχ = 0.2J and Tχ = 1.5Tψ . The red and the green line is a
linear fit for the first three points. (d) Relaxation rate λβ as a function
of Tψ/J for Tχ = 0.2J and V/J = 0.6. The red line is a linear fit for
the first four points.

represents either advanced or other components of the Green’s
function, whose specific choice is not important but could be
determined using Eqs. (33), (34), and (41).

We indeed find such behavior in numerical results shown
in Figs. 3(a) and 3(b). In Fig. 3(a), we set Tχ = 0.2J and
Tχ = 1.5Tψ . For small V 2/J2, We find approximately E ′(0) ∝
V 2. On the other hand, the E ′(0) is also found to be almost
independent of Tψ/J .

Then we consider the long-time limit where the energy of
the small system χ finally decays into the bath. We could
define two different relaxation rates:

(1) The relaxation of β(t ) defines λβ by

β(t ) ∼ βψ − c0 exp(−λβt ),

which is similar to the thermalization rate � for an isolated
system [25].

(2) The relaxation of energy E (t ), given by

E (t ) ∼ E (∞) − c′
0 exp(−λEt ).

From Fig. 3(c), we see λE < λβ , which is reasonable since
the relaxation of energy is a necessary condition for thermal
equilibrium.

For small V/J , perturbatively, we expect the energy relax-
ation rate to be proportional to V 2, which is consistent with
the time scale that this system becomes thermal, as shown
in Fig. 3(c). Physically, here the process is dominated by the
energy relaxation from the χ system into the bath λβ ∼ λE .
However, if we further increase the intersite coupling or go to
the low-temperature limit, the relaxation rate would saturate to
λ ∝ Tψ . This is because the energy flows into the bath quicker
than the system itself becomes thermalized. As a result, we
expect λβ ∼ � � λE , where � is known to be bounded by
temperature Tψ [1] back to the bath.
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FIG. 4. The quench dynamics for n = 5. (a),(b) The result of
quench dynamics with V/J = 2, Tχ = 0.2J and Tχ = 1.5Tψ . In (a),
we plot evolution of effective temperature β(t ) and the distance �

[again, we take F (�) = 0.8]. The red line shows the result of the
exponential fitting of the late-time behavior. (b) The evolution of
energy E (t ). The green line is a fit for the short-time linear increase
of energy and the red line is a late-time exponential fit for the
relaxation of energy. (c) Relaxation rate λβ and λE as a function of
V/J for Tχ = 0.2J and Tχ = 1.5Tψ . The red and the green line are
a linear fit for the first three points. (d) The energy absorption rate
E ′(0)/J2 as a function of V/J for Tχ = 0.2J and Tχ = 1.5Tψ . The
red line is a linear fit for the first four points.

V. IRRELEVANT AND RELEVANT COUPLING

In this section we consider different coupling terms with
n = 5 and n = 1. As discussed in previous sections, they
correspond to the irrelevant and relevant coupling case.

We firstly consider the irrelevant case n = 5. Since the
coupling is irrelevant, it should have a neglectable effect in the
zero-temperature limit. While for the finite temperature case,
we expect the influence of the coupling on the system is much
smaller than the n = 3 case and the system should evolve
adiabatically even for large V/J > 1, as shown in Fig. 4(a)
where V/J = 2. Nevertheless, we find qualitatively similar
behavior compared to the n = 3 case, where the system
ultimately relaxes to a thermal ensemble with T (∞) = Tψ .
Figure 4(b) shows the system also absorbs energy first with an
almost constant rate and then the energy flow. In Fig. 4(c), we
further study the relaxation rate λE and λβ of the system as
a function of V/J . For the relaxation rate, we need a larger
V/J to make the energy absorption much quicker than the
thermalization rate of the effective temperature. Nevertheless,
when this occurs, we find the λβ is of the same order as the
n = 3 case as expected. We also check that this saturation
value is proportional to Tψ .

In Fig. 4(d), we plot the energy absorption rate λ′
E (0) as a

function of V/J . Naturally, for small V 2/J2, λ′
E (0) ∝ V 2/J2,

which is determined from the perturbation theory. Similar
to Eq. (42), we should also expect E ′(0) would not have
significant temperature dependence for small V/J � 1.

On the contrary, the low energy behavior is different with
or without coupling V for the relevant case n = 1. Conse-
quently, the quench dynamics, in this case, is very different
from previous results, as shown in Fig. 5. First, since the
spectral function for V �= 0 has a peak around ±ω0 �= 0, the

FIG. 5. The quench dynamics for n = 1. (a)–(c) The result
of quench dynamics with V/J = 0.5 Tχ = 0.2J and Tχ = 1.5Tψ .
(a) The real part of G>

χ (t + tr
2 , t − tr

2 ) as a function of tr for different
t . In (b), we plot evolution of effective temperature β(t ) and the
distance � [again, we take F (�) = 0.8]. The red line shows the
result for fitting of the late-time behavior. (c) The evolution of energy
E (t ). The green line is a fit for the short-time linear increase of
energy and the red line is a late-time exponential fit for the relaxation
of energy. (d) Oscillation frequency ω as a function of V 2/J2 for
Tχ = 0.2J and Tχ = 1.5Tψ in the log-log plot. The red line is a linear
fit suggesting log(ω) ∼ 0.63 log(V 2/J2) + cons.

Green’s function in real-time G>
χ shows an oscillation in real

time for t > 0, as shown in Fig. 5(a).
The fact that the collective mode has specific frequency is

also reflected in the evolution of effective temperature β(t ),
as shown in (b). To extract the oscillation frequency, we fit the
late time behavior as:

β(t ) = c0 + d0 exp(−λt ) sin(ωt + f0). (43)

The result of ω as a function of V 2/J2 is shown in Fig. 5(d) for
Tχ = 0.2J and Tχ = 1.5Tψ . The linear fit suggests log(ω) ∼
0.63 log(V 2/J2) + cons., which is close to the analytical ap-
proximation log(ω0) ∼ 0.67 log(V 2/J2) + cons. We also find
the energy of the system shows oscillations in Fig. 5(c).

VI. SUMMARY AND OUTLOOK

In this paper, we couple the small SYK system χ to a large
SYK bath ψ with lower temperature. In thermal equilibrium,
depending on the number of ψ operator n in the coupling term,
we find the system shows different behaviors:

(1) For n = 3, the coupling is marginal and the χ system
is dressed by ψ , and the Lyapunov exponent deviates from
maximal chaotic by a constant factor in the low-energy limit.

(2) For n = 1, the coupling is relevant. The single-particle
spectra show a peak at a finite frequency and the system is not
chaotic in the low-temperature limit.

(3) For n = 5, the coupling is irrelevant and does not
contribute to the low-energy limit.

Based on this knowledge, we further consider their quench
dynamics. In all cases, the system first absorbs energy with al-
most constant energy absorption rate E ′(0) before the energy
relaxes into the large bath. We find E ′(0) is determined by UV
physics with almost no temperature dependence.
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(1) For both n = 3 and n = 5, the energy and the tem-
perature decay monotonically for the relaxation process. For
small system bath coupling V , we find both the temperature
decay rate λβ and the energy decay rate λE are proportional
to V 2/J2. While for V 2/J2 � 1, the energy relaxes quickly
and after that, the system gradually approaches the thermal
equilibrium with λβ bounded by 1/β. For finite temperature,
the main difference for the n = 3 and n = 5 case is that for
n = 5 we need much larger coupling V to get a moderate
relaxation rate.

(2) The situation is very different for n = 1. In this case,
since the single-particle spectra show a peak at a finite fre-
quency in the thermal ensemble, the relaxation is nonmono-
tonically with oscillations in both temperature and energy.
The oscillation frequency of the temperature is found to be
the same as the typical excitation energy of the χ system.

It is interesting to generalize the setup in this work to
further study the evaporation dynamics. As an example, it
would be interesting if one could study the evaporation of

the coupled SYK model [50], where a negative specific
heat regime exists for intermediate temperature. This case
would mimic the Hawking radiation of a black hole. It is
also interesting to study the evaporation across a continuous
phase transition or crossover [40–43,51]. Another interesting
direction is to study the evolution of entanglement entropy in
such systems [8–10].

Note added. Recently, we became aware that Almheiri,
Milekhin, and Swingle have also studied the thermalization
of two coupled SYK clusters using Schwinger-Keldysh and
exact diagonalization [52].
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