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Dip coating in the presence of a substrate-liquid interaction potential
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In this work we investigate theoretically the Landau-Levich problem of dip coating in the presence
of a strong interaction potential normal to the substrate. This study is motivated by dip coating at
very low capillary numbers when the deposited film thickness is less than 1 �m and such interaction
forces become important. The objective of this work is to demonstrate that in the presence of an
extra body force the solution procedure differs significantly from the classical one and leads to
substantial deviations from the Landau-Levich law for the entrained film thickness. In particular,
attractive potentials produce film thickening and the resulting film thickness is independent of speed
to lowest order. Repulsive potentials bring about more complicated behavior and lead either to films
whose thickness is also independent of speed, or to a modification of the leading order constant in
the classical Ca2/3 law. Demonstration of these effects is given for a model potential. The analysis
is generally applicable to many physical situations when there is an interaction between a coating
liquid and a substrate, e.g., dip coating of ferromagnetic liquids on magnetic substrates, or dip
coating of liquids carrying charges. © 2005 American Institute of Physics.
�DOI: 10.1063/1.2107927�
I. INTRODUCTION

The simplest coating process—film deposition by with-
drawing a substrate from a liquid bath—remains one of the
most fundamentally important coating processes. The basic
question of the dependence of film thickness upon the with-
drawal speed U, the gravitational acceleration g, and the
physical properties of the fluid, i.e., fluid density �, viscosity
�, and surface tension �, was first answered by Landau and
Levich1 for dip coating from an infinite bath in the low cap-
illary number limit �when surface forces dominate viscous
ones�. Their analysis, now recognized as a matched
asymptotic expansion combined with a lubrication approxi-
mation, hinges on the geometrical matching of the curvature
of the static meniscus to the zero curvature in the thin film
region through a transition region, and yields the well-known
expression for the film thickness

h̄� = 0.945lcCa2/3, Ca =
�U

�
. �1�

Here the relevant length scale is the capillary length lc

=��lg /�g, where we use standard convention for the in-
dexes: l for liquid, g for gas, and s for solid. It is known that
this law is distorted when the static meniscus is modified.
This can be achieved for example by modifying the geom-
etry of the unbounded flat substrate to a finite width strip2 or
to a finite radius rod.3 One can expect that the shape of the
static meniscus can also be modified if there is an interaction
between the substrate and coating liquid.

The latter case, i.e., when there is a body force perpen-
dicular to the gravity field, has not been systematically stud-
ied in the literature. The only relevant work is by Wilson4
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who addressed asymptotically the case of a plate inclined at
an angle � with respect to gravity such that the angle be-
tween the liquid level in the bath and the film is obtuse ��
�0�, thus yielding the expression

h̄� =
0.945

�1 − sin �
lcCa2/3 + O�Ca� , �2�

which diverges at �=� /2. In this problem there are compo-
nents of the body force both parallel and perpendicular to the
substrate, and the condition ��0 is critical for matching the
thin film region with the static meniscus. We refer to the case
��0 as an attractive interaction since the component of
gravity normal to the substrate, g sin �, is positive. However
as we will see, the case treated by Wilson4 is fundamentally
different from the case of a substrate withdrawn vertically
�with respect to gravity� in the presence of an arbitrary po-
tential of interaction between the substrate and liquid. In par-
ticular, we will demonstrate that in the case of repulsive in-
teraction �which in the context of Wilson’s problem would
correspond to ��0� the above-mentioned matching is not
possible for some range of parameters. We show that the
classical matching procedure is also invalidated in the attrac-
tive interaction case in view of the intrinsic physical differ-
ence between this problem and the standard Landau-Levich
problem, discussed in Secs. III and IV.

The context for our work is the case of dip coating at
very low capillary numbers, when the entrained film thick-
ness is less than 1 �m �the question of the existence and
stability of the film is not addressed here�. At these scales the
interaction of the liquid and substrate through London-van
der Waals forces, diffuse double layers, and structural forces
comes into play. For the silica/water system, for example, it
is known that electrical double-layer forces dominate over

the London-van der Waals forces for film thicknesses greater
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300 Å. This fact was verified experimentally5,6 by film thick-
ness measurements in the presence of salt�s�, which is known
to suppress the double-layer interaction—the film thickness
decreases with an increase of salt concentration and of va-
lency of the cation. The nature of the double layer at the
silica/water interface is due to dissociation of terminal sil-
anol groups, the degree of which depends on the water type
�in view of the aggressive nature of deionized water, the
dissociation is the strongest�: silica acquires a negative

charge of 0.32 mC/m2 with double layer thickness l̄D

=0.275 �m.7,8 Rough or porous silica surfaces lead to much
higher charge.9 As noted, the range of the London-van der
Waals forces is typically �0.03 �m, whereas the interaction

distance of double layers is the Debye length, l̄D�0.3 �m.
However, their strong effect on the film stability was found
experimentally at very great thicknesses, 10−2 cm, in the ex-
periments of Padday10 on film rupture and theoretically con-
firmed by Mitlin,11 who described the de-wetting theory in
analogy with the Cahn theory of spinodal decomposition.
The effect of the inclusion of aqueous salt and surfactants10

suggests that the electric double layer is the origin of the
long range forces. In addition, a number of experiments in-
dicate a strong dependence of the film thickness on the pres-
ence of a charge on a substrate: introduction of electrostatic
charge on a clean glass rod by rubbing with rabbit fur12 led
to substantial deviations from theoretical predictions of
Landau-Levich: the higher the charge the lower the thick-
ness. Therefore, it is possible that deviations from the
Landau-Levich solution �1� due to electrical forces of micro-
scopic origin can be observed for thicker films.

Motivated by some of the above general considerations
Teletzke et al.13 focused on the so-called transition region
and assumed that the solution there obeyed a Landau-Levich
equation augmented with an extra body force originating
from London-van der Waals interactions. Their aim was to
generalize Bretherton’s analysis14 of the closely related prob-
lem of film deposition due to meniscus propagation in a cap-
illary tube and to explain discrepancies between Bretherton’s
theory and experiments at low capillary numbers when the
films are thin. As we demonstrate in Sec. II, the effect of
such terms on the Landau-Levich solution appears only in
the next order in Ca, whereas in the strong potential limit the
static meniscus affects the solution at leading order. Besides
the relevance of our analysis to dip coating of very thin
films, the Landau-Levich model with an extra body force is
of general physical interest in other physical situations in-
cluding coating with ferromagnetic liquids, or liquids carry-
ing net charges.

II. PROBLEM FORMULATION

In order to make the exposition of the theory and its
difference from previous analyses clear, it is instructive to
recall the roots of the Landau-Levich solution and the basic
solution properties of the Young-Laplace equation. The well-

known Young equation,
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�lg cos 	0 = �sg − �sl, �3�

provides an explanation and a boundary condition for capil-
lary rise of a static meniscus—the contact point rises, de-
forming the interface to equilibrate the tensions of three in-
terfaces according to �3�. In the neighborhood of the contact
point the mass of liquid is negligible �for negligibly thin film
adherence force dominates gravity�, so that the contact angle
defined by �3� is unaffected by gravity. The interface as-
sumes a shape necessary to equilibrate the hydrostatic and
capillary pressures and obeys the Young-Laplace equation

p − �lg
 = 0, 
 =
h��

�1 + h�
2�3/2 , �4�

subject to the boundary conditions of a flat interface away
from substrate and a prescribed contact angle where the me-
niscus intersects the plate.

We define bulk coordinates by �x ,y�, and interface coor-
dinates by �� ,h� with �=x being a parameterization as seen
in Fig. 1. With this definition of the interface �cf. Fig. 1�, h
�0, h��0, h���0. Now consider the entrainment of a film
due to motion of the solid boundary. We work with nondi-
mensional variables, defined by x→ lcx, v→Uv, p
→��g�lgp. The bath interface corresponds to ��x=0. In-
troducing a generic potential force ��x ,y� �also scaled by
��g�lg�, the Stokes equations are

0 = ux + vy ,

0 = − px + 1 + �x + Ca
u , �5�

0 = − py + �y + Ca
v ,

augmented by the dynamic boundary conditions at the inter-
face:

p − 
 =
2Ca

1 + h2 �− hx�uy + vx� + vy + hx
2ux	 , �6a�

FIG. 1. Coordinate system: h�0 and ��0.
x
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0 =
Ca

1 + hx
2 �2hx�vy − ux� + �1 − hx

2��uy + vx�	 , �6b�

and no-slip at the wall. Although in many applications � is
small, we are interested in the strong potential limit, and
therefore treat � as an O�1� quantity.

We approach the solution of this system in the low cap-
illary regime by asymptotic matching, as classically done by
Landau and Levich.1 The problem is thus decomposed into
three regions: an entrained film of constant thickness, a static
meniscus, and a dynamic meniscus �or transition� region, by
means of which the previous two regions are matched.

As is easy to deduce, one needs to include viscous stress
effects in the dynamic meniscus region �in view of the mov-
ing boundary� in the usual way. The dominant momentum
balance reads

0 = − px + 1 + �x + Cauyy , �7�

which, after taking into account that p�hxx as the relevant
simplification of �6a� and introducing the stream function
�y =u, becomes

0 = hxxx − 1 + �x + Ca�yyy , �8�

with associated boundary conditions

y = 0:�y = − 1,� = 0,

y = h:�yy = 0.

Assuming a weak dependence of �x on the y coordinate, the
resulting solution for the stream function

� =
hxxx − 1 − �x

Ca

y2

6
�y − 3h� − y , �9�

is evaluated at y=h and equated to the value of this stream
function at the interface of the constant film as x→−�. This
produces the standard thin film equation:

h���h
3 + �1 + ����h�

3 − h3� + 3Ca�h − h�� = 0, �10�

where the first term is due to capillary forces, the second
underlined term results from body forces, and the third term
comes from viscous stresses. When �→�, the solution ap-
proaches one of constant curvature, so that h�� 2. Then for
�→� we have either h����h−2 or, if the underlined terms are
present, h����O�1�. The latter is impossible, since this con-
tradicts h�� 2. Now, making the standard transformation �

→��̃, h→h�h̃, we obtain

h̃�̃�̃�̃h̃
3 − �1 + �x��3h�

−1�h̃3 − 1� + 3Ca�3h�
−3�h̃ − 1� = 0.

�11�

In order to have a nondegenerate reduced equation with the
correct asymptotic behavior, we require Ca�3 /h�

3 =1, and,
using the fact that h���O�1�, we find �=Ca1/3, h�=Ca2/3. As
a result, with an accuracy O�Ca1/3� neither body force con-
tributes to the solution in the dynamic meniscus region. This
is contrary to the hypothesis of Teletzke et al.,13 and allows
us to conclude that the leading order effect of the additional
potential comes from the solution of the static meniscus in

the region of parameter space ���O�1�, Ca�1� under con-
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sideration here. We also note that the assumed weak depen-
dence of �x on y is not crucial for drawing the above con-
clusion. It remains valid as long as �x�O�1� with the only
difference that in �9� there should be an integral of �x with
respect toy. For future reference, numerical integration of the
Landau-Levich equation, i.e., the previous equation with the
underlined terms set to zero, with boundary conditions

�̃ → − �:h̃ = 1, h̃�̃ = 0, h̃�̃�̃ = 0 �12�

yields

lim
�̃→+�

h̃�̃�̃=1.34.

III. SOLUTION PROCEDURE WITH AN EXTRA BODY
FORCE

Here we are interested in demonstrating the basic effect
of an extra body force, without loss of generality and influ-
ence on our conclusions, we use a potential of the form15

��h,y� = �0h exp�y/lD�, h,y � 0, �13�

with lD standing for the analog of the Debye length nondi-
mensionalized by lc, and the sign of the nondimensional
force per unit mass �0 defines the type of interaction, i.e.,
�0�0—attraction and �0�0—repulsion. As mentioned
above, �0 and lD are treated here as independent O�1� param-
eters. This choice of the potential of interaction allows the
existence of a flat bath interface in view of its exponential
decay away from the substrate, y→�: ��h ,y�→0, and the
absence of interaction if the film thickness is zero, h→0:
��h ,y�→0. With this form of ��h ,y�, the shape of the static
meniscus interface is found from the solution of

� − 
��h,y�
y=h + C =
h��

�1 + h�
2�3/2 , �14�

which results from the nondimensional version of Eq. �4�.
From the consideration of the flat interface region away from
the substrate it follows that the integration constant C=0.
Integrating �14� from 0 to some arbitrary point ��0,

�2

2
− �

0

�

��h����d� =
h�

�1 + h�
2�1/2 + 1, �15�

so that the point at which h�=0, i.e., where the static menis-
cus is capable of matching with a flat film, is defined by

�*2

2
− �

0

�*

��h����d� = 1. �16�

It is notable that the point of zero tangency, h�=0, exists only

if the interaction potential is such that �0
�*

��h����d��−1. In
the absence of � one gets �*=−�2, and by �14�, 
h��
�*

=−�2, and matching curvatures of the static and dynamic
menisci where the slope vanishes h�=0 produces,

h̄ = h*lcCa2/3 = −
1.34
�2

lcCa2/3, �17�

where the leading numerical coefficient, h*=−0.945, is just a

ratio of the �scaled� curvature of dynamic meniscus to that of
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the static one. Thus, in the absence of any extra body force,
the matching is completed without finding the form of h���,
even though the classical case admits complete integration in
quadratures,

h��� = ln�− �� − ln�2 + �4 − �2� + �4 − �2 + const. �18�

The appearance of an arbitrary constant in �18� illus-
trates another important feature—the invariance of the solu-
tion h→h+const in the classical case—which is absent in
the presence of a nonzero potential �. This fact has some
importance consequences vis-à-vis the matching procedure.
It is useful to briefly recall how the matching proceeds in the
classical case from the perspective of matched asymptotic
expansions.1 The outer solutions of a flat film and a static
meniscus respectively are to be matched asymptotically
through the dynamic meniscus or transition layer. Although
conceptually straightforward, the matching is tied to the in-
variance of the static meniscus to an arbitrary additive con-
stant and to the lack of a specific origin for the transition
region. In the closely related Bretherton problem, application
of the matching principle determines the analogous quanti-
ties and shows that the film thickness is determined by
matching curvatures.16 Since the resulting film thickness is
asymptotically thin, O�Ca2/3�, this determines the additive
constant in the static meniscus solution of the present prob-
lem in such a way that the outer solution �the apparent dis-
tance between the interface and the substrate� vanishes at the
point of tangency with the wall. In view of zero tangency of
this point, the static meniscus appears to meet the substrate
with zero apparent contact angle. See Park and Homsy16 for
further discussion.

These considerations change in a fundamental way for
strong interaction potentials. As already alluded, the outer
static meniscus is not invariant to an arbitrary shift in h and
as a result, there is no guarantee that problem �14� has a
solution for one endpoint fixed at h=0. Instead, the numeri-
cal integration of �14� demonstrates that the film thickness is
determined by either �1� its value when h�=0, since this is
the only way to match with a flat film if the static interface
does not intersect the substrate, or �2� by matching the cur-
vatures of the dynamic and static menisci, when the static
interface does approach the point h=0 but does not exhibit a
tangency point h�=0. Thus, in the first case the film thick-
ness is independent of speed at leading order. The matching
principle then presumably fixes the origin for the transition
layer, as well as providing Ca dependence corrections to the
film thickness, but we do not pursue these details here. In the
second case when the static meniscus meets the plate at a
finite angle, the film thickness is Ca dependent at leading
order. In this case, matching follows a more classical route
with the curvature determining the film thickness, which
again becomes dependent on the withdrawal speed.

In view of the absence of analytical solution for �14�,
pursuing these issues in detail requires numerical integration.
Before doing so, it is instructive to understand the nature of
the classical problem �14� with ��0. This is a nonlinear free
boundary problem with conditions at the ends �we redesig-

nate �→−�, h→−h for convenience�:
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� → 0:h → − ln �;� → �*:h� → 0, �19�

where �* is not known a priori. The particular nonlinear
character of the problem and of the boundary conditions al-
lows for a unique solution of this underdetermined formula-
tion. From a numerical standpoint, it is more constructive to
consider this as an initial value problem with an initial con-
dition, that is asymptotically correct,

� → 0:h → − ln � + D , �20�

where D is an arbitrary constant. The integration is then per-
formed up to the point �*, where h�=0. The above-mentioned
asymptotic behavior �20� is applicable to the case when an
interaction potential is present and can be obtained indepen-
dently of the analytic expression �18� and directly from �14�
by the observation that 
h�
 , 
h��
�1 and understanding that
the bath interface should approach the flat form. Therefore,
the only asymptotic behavior is logarithmic, as �→−0.

To avoid the singularity in �20� and achieve numerical
accuracy it is convenient to transform the solution into a new
function which has bounded behavior, h���=����ln �, so that
initial conditions for ���� becomes

���� = − 1 +
D

ln �
, �� = 0. �21�

This, however, permits integration only up to some point �
�1, since at �=1 one encounters a singularity of ����. Thus
we numerically integrated the equation for ���� with initial
conditions �21� on the interval �� �0,0.5�:

�2 ln ��� = � − 2��� + 
1 −
�

�
���2 + �� + � ln ����2�3/2,

�22�
� → 0:� → − 1,�� → 0,

and continued up to �* in the original variables �14�. The
unknown constant D is found by requiring that �16� is satis-
fied exactly. Thus the solution of the problem amounts to a
shooting procedure: we integrate �22� and �14� up to the
point of tangency, h�=0, and adjust D to satisfy �16�. The
integration is performed with sixth-order Runge-Kutta and a
tolerance of 10−10, and validation of �16� is sought. The study
of convergence is performed by refining the step size and
tolerance. The algorithm has been tested on the classical case
by verifying �*=h��=�2, which we obtain to machine accu-
racy. The impossibility of solving �14� with one of the end-
points to be at the substrate, h*=0, has been demonstrated
numerically using the discussed algorithm.17

IV. RESULTS

Attractive interaction, �0�0. Figure 2 demonstrates the
change in the profile shape for fixed �0 with increase of the
characteristic nondimensional length lD. The O�1� values of
lD are relevant to coating of ferromagnetic liquids for ex-
ample, whereas small values of lD are applicable to dip coat-
ing of regular liquids with relatively thick double layers. As
a result of the lack of invariance, the film takes a specific

thickness at the point where h�=0.
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As discussed previously, the lack of this invariance sub-
stantially changes the procedure of constructing the solution.
The film thickness is dictated not by matching the solution in
the dynamic meniscus region to the curvature in the static
one as done classically by Landau and Levich, but by deter-
mining the distance from the static meniscus to the solid wall
at the point �* where the slope vanishes. Thus, the entrained
film thickness is Ca independent to leading order. Figure 3
gives the scaled film thickness versus lD for �0=−1.0. �In this
and later figures, the plotting symbols give the computed
points and the smooth curves are drawn to guide eye.�

Repulsive interaction, �0�0. Results for static meniscus
profiles for �0=1.0 for various lD are shown in Fig. 4. The
case of repulsive potentials yield two different behaviors.
There is a range of lD� �0,0.09� where the point of tangency
lies within the fluid, in which case the film thickness is de-
termined as for attractive potentials, and leads to velocity–
independent film thicknesses to leading order. The results
show that the film thickness decreases with increasing lD,
i.e., this case exhibits velocity-independent film thinning.

Perhaps more interestingly, Fig. 4 also shows a range of
parameters for which the static meniscus intersects the plate
at a finite apparent contact angle. �Recall that the static me-
niscus is not invariant to a shift in h, so the tangency point
cannot be made to lie within the fluid.� It is notable that this

FIG. 2. Meniscus shape: attractive interaction; �0=−1.0.

FIG. 3. Attractive potential: nondimensional film thickness h is determined

by static meniscus solution and is Ca independent.

Downloaded 14 Dec 2005 to 131.215.225.9. Redistribution subject to 
is visually similar to a finite contact angle, but the physics
and implication for film entrainment are different. The partial
wetting case �a� is due to the force at the solid-liquid inter-
face, as accounted for by the Young equation �3�, whereas in
our case �b� the finite contact angle is due to the bulk force.
Thus when the film is entrained in case �a�, the film effec-
tively makes the wetting perfect, and thus the Landau-Levich
procedure is valid. In our case �b� the meniscus retains its
shape and does not correspond to the “perfect wetting” case.
In this regime the film thickness is determined through
matching of the curvature in a fashion similar to the classical
case, which we refer to as “modified Landau-Levich match-
ing,” and which leads to a speed-dependent coating thick-
ness. A map of regions in the ��0− lD� plane where the film
thickness is determined by either mechanism is given in Fig.
5. As can be seen, strong potentials acting over a short dis-
tance have the same effect as weaker ones with longer
ranges.

Figure 6 gives the dependence of the curvature of the
static meniscus at the point of intersection with the wall �see
Fig. 4� as a function of lD. In this case the film thickness is
Ca dependent and defined by the formula analogous to �17�,
i.e., the numerical coefficient in �17� is defined as h*

FIG. 4. Meniscus shape: repulsive interaction; �0=1.0.

FIG. 5. Map of regimes for repulsive potentials. In the shaded region the
film thickness is defined by the static meniscus solution, whereas in the
modified Landau-Levich matching region the solution is constructed by

matching the curvatures of the dynamic and static menisci.
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=1.34/
, where 
 is a curvature at the point where the outer
static meniscus appears to intersect the substrate. Figure 7
gives the dependence of the coefficient h* vs lD for fixed �0

and indicates film thickening relative to the classical case for
lD increasing up to the critical value around 0.3 and subse-
quent thinning after it.

V. SUMMARY

We considered the qualitative consequences of the model
for dip coating in the presence of an extra body force; speci-
fying a particular interaction potential ��y ,h�, while allow-
ing a quantitative study of a particular physical situation, will
not change the general conclusions drawn here. As shown,
the solution structure is very different from the approach of
Teletzke et al.,13 who considered the interaction term only in
the dynamic meniscus region to obtain an augmented
Landau-Levich equation. Rather, in the low capillary number
and strong potential regime the contribution of the interac-
tion is in the leading order in the static meniscus, whereas
the dynamic meniscus stays unaffected due to this extra body
force.

The primary effect of a body force normal to the sub-
strate surface is through modification of the static meniscus

FIG. 6. Behavior of curvature at the point where meniscus approaches the
substrate in the case of repulsive interaction, �0=1.0.

FIG. 7. Repulsive potential, �0=1: the nondimensional film thickness is
determined by modified Landau-Levich matching, and is given by h

* 2/3
=h Ca .
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shape and prohibition of invariance of the solution with re-
spect to the transformation h→h+const, a property which is
important for implementing the classical matching proce-
dure. This results in the film thickness being dictated not by
matching curvature but by determining the distance from the
static meniscus to the solid wall at the point of vanishing
slope. This phenomenon is inherent in both attractive and
repulsive interactions and leads to a coating thickness which
is independent of speed to leading order. Depending on the
strength of the interaction in the case of repulsive interaction,
there is also a transition to the regime when the static menis-
cus meets the substrate at finite angle and the matching pro-
cedure involves the dynamic meniscus through a matching
procedure similar to the Landau-Levich one. In this case the
film thickness becomes a function of capillary number with a
modified leading order coefficient. Repulsive interaction
leads to nonmonotonic behavior in film thickness: for limited
range of interaction lD one observes a film thickening rela-
tive to the classical case and film thinning for longer ranges
lD.

The intent of this work is to analyze generic nontrivial
deviations from the Landau-Levich law in the presence of an
extra body force. The verification of this theory along with
more quantitative analysis should be motivated by actual ex-
periments and careful definition of an interaction potential.
Analytical studies of existence and uniqueness of solutions
for �14� would also provide more insights. There are also
some interesting features that are beyond the scope of the
current work. In particular, the sudden change in the type of
matching when potentials are included, �0�0, suggests that
as �0→0 one encounters a distinguished limit when both
static and dynamic menisci effects become equally impor-
tant. In the case �0=O�1� the static meniscus effects, as dem-
onstrated here, dominate the dynamic meniscus ones for at-
tractive and a certain range of repulsive potentials. In the
case of repulsive potentials there is a region in the neighbor-
hood of the dividing curve in Fig. 5 which requires special
treatment to provide a smooth transition from a film whose
thickness is a function of capillary number to one indepen-
dent of withdrawal speed. Finally, we have not accounted for
the mechanisms by which the static shapes can be reconciled
with the prediction of a finite thickness film that extends
upward to infinity. The manner is which the moving substrate
sustains this film may also be subtle. All of these issues are
worth further studying.
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