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EXPONENTIAL DECAY TO EQUILIBRIUM FOR A FIBER
LAY-DOWN PROCESS ON A MOVING CONVEYOR BELT*

EMERIC BOUINT, FRANCA HOFFMANN#{, AND CLEMENT MOUHOT?

Abstract. We show the existence and uniqueness of a stationary state for a kinetic Fokker—
Planck equation modeling the fiber lay-down process in the production of nonwoven textiles. Follow-
ing a micro-macro decomposition, we use hypocoercivity techniques to show exponential convergence
to equilibrium with an explicit rate assuming the conveyor belt moves slowly enough. This work is an
extension of [Dolbeault et al., Appl. Math. Res. Express. AMRX, 2013 (2013), pp. 165-175], where
the authors consider the case of a stationary conveyor belt. Adding the movement of the belt, the
global Gibbs state is not known explicitly. We thus derive a more general hypocoercivity estimate
from which existence, uniqueness, and exponential convergence can be derived. To treat the same
class of potentials as in [Dolbeault et al., Appl. Math. Res. Express. AMRX, (2013), pp. 165-175] we
make use of an additional weight function following the Lyapunov functional approach in [M. Kolb,
M. Savov, and A. Wiibker, STAM J. Math. Anal., 45 (2013), pp. 1-13].

Key words. hypocoercivity, rate of convergence, fiber lay-down, existence and uniqueness of a
stationary state, perturbation, moving belt

AMS subject classifications. 35B20, 35B40, 35B45, 35Q84

DOI. 10.1137/16M1077490

1. Introduction. The mathematical analysis of the fiber lay-down process in
the production of nonwoven textiles has seen a lot of interest in recent years [14,
15, 6, 10, 11, 4, 12]. Nonwoven materials are produced in melt-spinning operations:
hundreds of individual endless fibers are obtained by continuous extrusion through
nozzles of a melted polymer. The nozzles are densely and equidistantly placed in
a row at a spinning beam. The visco-elastic, slender, and in-extensible fibers lay
down on a moving conveyor belt to form a web, where they solidify due to cooling
air streams. Before touching the conveyor belt, the fibers become entangled and form
loops due to highly turbulent air flow. In [14] a general mathematical model for the
fiber dynamics is presented which enables the full simulation of the process. Due
to the huge amount of physical details, these simulations of the fiber spinning and
lay-down usually require an extremely large computational effort and high memory
storage; see [15]. Thus, a simplified two-dimensional stochastic model for the fiber
lay-down process, together with its kinetic limit, is introduced in [6]. Generalizations
of the two-dimensional stochastic model [6] to three dimensions have been developed
by Klar, Maringer, and Wegener in [10] and to any dimension d > 2 by Grothaus et
al. in [7].
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We now describe the model we are interested in, which comes from [6]. We track
the position z(¢) € R? and the angle a(t) € S! of the fiber at the lay-down point where
it touches the conveyor belt. Interactions of neighboring fibers are neglected. If z((t)
is the lay-down point in the coordinate system following the conveyor belt, then the
tangent vector of the fiber is denoted by 7(a(t)) with 7(a) = (cos o, sin «). Since the
extrusion of fibers happens at a constant speed, and the fibers are in-extensible, the
lay-down process can be assumed to happen at constant normalized speed ||z (t)|| = 1.
If the conveyor belt moves with constant speed & in direction e; = (1,0), then

dr
i T(a) + key.

Note that the speed of the conveyor belt cannot exceed the lay-down speed: 0 < k < 1.
The fiber dynamics in the deposition region close to the conveyor belt are dominated
by the turbulent air flow. Applying this concept, the dynamics of the angle ()
can be described by a deterministic force moving the lay-down point toward the
equilibrium = = 0 and by a Brownian motion modeling the effect of the turbulent air
flow. We obtain the following stochastic differential equation for the random variable
X = (24, 04) on R? x St

dz; = (7(ay) + ke ) dt,
(1)
dOLt = [*TL(OLt) . va(It)] dt + Ath 5

where W; denotes a one-dimensional Wiener process, A > 0 measures its strength
relative to the deterministic forcing, 7+ = (—sina,cosa), and V : R?> — R is an
external potential carrying information on the coiling properties of the fiber. More
precisely, since a curved fiber tends back to its starting point, the change of the angle
« is assumed to be proportional to 71 () - V,V(x). It has been shown in [12] that
under suitable assumptions on the external potential V', the fiber lay down process (1)
has a unique invariant distribution and is even geometrically ergodic (see Remark 1.2).
The stochastic approach yields exponential convergence in total variation norm, but
without explicit rate. We will show here that a stronger result can be obtained with
a functional analysis approach. Our argument uses crucially the construction of an
additional weight functional for the fiber lay-down process in the case of unbounded
potential gradients inspired by [12, Proposition 3.7].

The probability density function f(¢,z, ) corresponding to the stochastic process
(1) is governed by the Fokker—Planck equation

(2) Ohf+ (T+rke1) Vof =00 (1 ViV f) = Doaaf

with diffusivity D = A%/2. We state below assumptions on the external potential V'
that will be used regularly throughout the paper:
(H1) Regularity and symmetry: V € C?(R?) and V is spherically symmetric
outside some ball B(0, Ry ).
(H2) Normalization: [g, e™V® dz = 1.
(H3) Spectral gap condition (Poincaré inequality): there exists a positive con-
stant A such that for any u € H'(e™Vdxz) with [, ue™Vdz =0,

/ |Voul?e™V dz > A/ u?e™" da.
R2

R2
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(H4) Pointwise reqularity condition on the potential: there exists ¢; > 0 such
that for any z € R?, the Hessian V2V of V(z) satisfies

VRV (@) < er(1+ VoV (2))).
(H5) Behavior at infinity:

: ViV (2)]
lim ————~

2
—0,  tm MVl

REMARK 1.1. Assumptions (H2)-(H4) are as stated in [4]. Assumption (H1)
assumes regularity of the potential that is stronger and included in that discussed
in [4] since (H1) implies V' € VVIiCOO (R?). Assumption (H5) is only necessary if the
potential gradient |V,V| is unbounded. Both bounded and unbounded potential
gradients may appear depending on the physical context, and we will treat these
two cases separately where necessary. A typical example for an external potential
satisfying assumptions (H1)—(H5) is given by

(3) Viz) = K (1+ 22"

for some constants K > 0 and s > 1 [5, 12]. The potential (3) satisfies (H3) since

l‘irlninf (IV.V]* —2A,V) > 0;

T|—0o0

see, for instance, [17, Appendix A.19, p. 135]. The other assumptions are trivially
satisfied as can be checked by direct inspection. In this family of potentials, the
gradient V.V is bounded for s = 1 and unbounded for s > 1.

REMARK 1.2. The proof of ergodicity in [12] assumes that the potential satisfies

Ve V()] | VEV(2)| :
4 lim ———— =0, lim =%—+—%+ =0, lim |V,.V(z)| = 0.
Under these assumptions, there exists an invariant distribution v to the fiber lay-down
process (1), and some constants C'(zg) > 0, A > 0 such that

||on,a0 (Xt € ) - V”Tv < C(x())e_/\t?

where || - |7y denotes the total variation norm. The stochastic Lyapunov technique
applied in [12] however does not give any information on how the constant C(z)
depends on the initial position xy or how the rate of convergence A\ depends on the
conveyor belt speed k, the potential V', and the noise strength A. This can be achieved
using hypocoercivity techniques, proving convergence in a weighted L?-norm, which is
slightly stronger than the convergence in total variation norm shown in [12]. Concep-
tually, the conditions (4) ensure that the potential V' is driving the process back inside
a compact set where the noise can be controlled. Our framework (H1)—(H5) is more
general than conditions (4) in some aspects (including bounded potential gradient)
and more restrictive in others (assuming a Poincaré inequality). The proof in [12] re-
lies on the strong Feller property which can be translated in some cases into a spectral
gap; it also uses hypoellipticity to deduce the existence of a transition density and
concludes via an explicit Lyapunov function argument. With our framework (H1)-
(H5), and adapting the Lyapunov function argument presented in [12] to control the
effect of k0,,, we derive an explicit rate of convergence in terms of x, D, and V.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/30/20 to 131.215.251.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

3236 EMERIC BOUIN, FRANCA HOFFMANN, AND CLEMENT MOUHOT

To set up a functional framework, rewrite (2) as
(5) Hf=Lef=Q-T)f+Psf,

where the collision operator Q := D0, acts as a multiplicator in the space variable
x, P, is the perturbation introduced by the moving belt with respect to [4],

Pof == —re1-Vaf,
and the transport operator T is given by
Tfe=7 Vof —0a (7 -V,Vf).
We consider solutions to (5) in the space L?(du,) := L?*(R? x S*, du,) with measure

dx da
2

dpe(z, ) = (ev(w) + Cﬁg(waa))

We denote by (-, ), the corresponding scalar product and by || - ||, the associated
norm. Here, ( > 0 is a free parameter to be chosen later. The construction of the
weight g depends on the boundedness of V,V. When it is bounded, no additional
weight is needed to control the perturbation, and so we simply set ¢ = 0 in that case.
When the gradient is unbounded, the weight is constructed thanks to the following
proposition.

PROPOSITION 1.3. Assume that V satisfies (H1) and (H5) and that

lim |V,V]|= +oc.

|z|—o00

If k < 1/3 holds true, then there exists a function g(x,a), a constant ¢ = ¢(k, D) > 0,
and a finite radius R = R(k, D, V) > 0 such that

(6) Via| > R, Ya €S, Lug)(@,a) < —c|V.V(@)lg(z, ),
where L, is defined by

(7) L,(h) == DOnoh + (T + ke1) - Voh — (75 V. V) b — (1 V,V) h.
The weight g is of the form

V.V (x)

o) = exp (Vo) + [V @I () TE) )

where the parameter 3 > 1 and the function T € C'([-1,1]), T > 0 are determined
along the proof and only depend on k.

We show in section 3 the existence of such a weight function g under appropriate
conditions following ideas from [12].

We denote C := C°(R? x S') and define the orthogonal projection I on the set
of local equilibria Ker Q

da
nfe=| fo-
s1 ™

and the mass My of a given distribution f € L?(dpu)

dzda
Mf ::/ f 271_ .
R2xS1
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Integrating (2) over R? x S! shows that the mass of solutions of (2) is conserved over
time, and standard maximum principle arguments show that it remains nonnegative
for nonnegative initial data. The collision operator Q is symmetric and satisfies

Vel (Qf flo=-D|d.fli <0,

i.e., Q is dissipative in L?(dug). Further, we have TNf = e V7 - V,uy for f € C
with uy := eV f, which implies MTMN = 0 on C. Since the transport operator T is
skew-symmetric with respect to (-, ),

<Lnf7f>0: <Qfaf>0+<Pnfaf>0

for any f in C. In the case k = 0, if the entropy dissipation —(Qf, f)o was coercive
with respect to the norm || - ||p, exponential decay to zero would follow as ¢t — oo.
However, such a coercivity property cannot hold since Q vanishes on the set of local
equilibria. Instead, Dolbeault, Mouhot, and Schmeiser [5] applied a strategy called
hypocoercivity (as theorized in [17]) and developed by several groups in the 2000s; see,
for instance, [9, 8, 13, 2, 3]. The full hypocoercivity analysis of the long time behavior
of solutions to this kinetic model in the case of a stationary conveyor belt, xk = 0, is
completed in [4]. For technical applications in the production process of nonwovens,
one is interested in a model including the movement of the conveyor belt, and our
aim is to extend the results in [4] to small x > 0.

We follow the approach of hypocoercivity for linear kinetic equations conserving
mass developed in [5], with several new difficulties. Considering the case k = 0, Q
and T are closed operators on L?(djug) such that Q — T generates the Cy-semigroup
e(Q=Dt on L?(dpg). When & > 0, we use the additional weight function g > 0 to
control the perturbative term P, in the case of unbounded potential gradients and
show the existence of a Cp-semigroup for L, = Q — T + P, (see section 4.1). Unless
otherwise specified, all computations are performed on the operator core C and can
be extended to L?(du,) by density arguments.

When « = 0, the hypocoercivity result in [5, 4] is based on microscopic coerciv-
ity, which assumes that the restriction of Q to (Ker Q)= is coercive, and macroscopic
coercivity, which is a spectral gap-like inequality for the operator obtained when tak-
ing a parabolic drift-diffusion limit—in other words, the restriction of T to Ker Q is
coercive. The two properties are satisfied in the case of a stationary conveyor belt:

e The operator Q is symmetric and the Poincaré inequality on S',

i/|a f|2da>i/ f_i/fda 2da
271' st « 7277 s1 27T s1 ’

implies that —(Qf, f)o > D (1 — M) f[5.
e The operator T is skew-symmetric and for any h € L?(dug) such that u; =
eVNh € H'(e7Vdz) and [o, o hdpo = 0, (H3) implies

xSt

TR, = y= /szgl e V|Vup)? de da > yp e Vuldrda = 5 INA|G -

T JR2xS1

In the case x = 0, the unique global normalized equilibrium distribution Fy = e="

lies in the intersection of the null spaces of T and Q. When k > 0, F is not in the
kernel of P, and we are not able to find the global Gibbs state of (5) explicitly.
However, the hypocoercivity theory is based on a priori estimates [5] that are, as
we shall prove, to some extent stable under perturbation. Our main result reads as
follows.
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THEOREM 1.4. Let fi, € L*(du,) and let (H1-2-3-4-5) hold. For 0 < x < 1 small
enough (with a quantitative estimate) and ¢ > 0 large enough (with a quantitative
estimate), there exists a unique nonnegative stationary state F, € L?(du,) with unit
mass Mg, = 1. In addition, for any solution f of (2) in L*(du,) with mass My and
subject to the initial condition f(t =0) = fi,, we have

®) 1£(6) = MyFyll, < Cllfin — MyFel, e,

where the rate of convergence A\, > 0 depends only on k, D, and V', and the constant
C > 0 depends only on D and V.

In the case of a stationary conveyor belt x = 0 considered in [4], the stationary
state is characterized by the eigenpair (Ag, Fy) with Ag = 0, Fy = e~V and so
Ker Ly = (Fp). This means that there is an isolated eigenvalue Ay = 0 and a spectral
gap of size at least [—\g, 0] with the rest of the spectrum X (Lg) to the left of —)\g in
the complex plane. Adding the movement of the conveyor belt, Theorem 1.4 shows
that Ker L, = (F,) and the exponential decay to equilibrium with rate A, corresponds
to a spectral gap of size at least [\, 0]. Further, it allows one to recover an explicit
expression for the rate of convergence )y for kK = 0 (see Step 5 in section 2.1). In
general, we are not able to compute the stationary state F,, for k > 0 explicitly, but
F,, converges to Fy = e~V weakly as k — 0. (See the discussion in section 5.) Let us
finally emphasize that a specific contribution of our paper is to introduce two (and not
one as in [5, 4]) modifications of the entropy: (1) we first modify the space itself with
the coercivity weight g, and then (2) we change the norm with an auxiliary operator
following the hypocoercivity approach.

The rest of the paper deals with the case x > 0 and is organized as follows. In
section 2, we prove the main hypocoercivity estimate. This allows us to establish the
existence of solutions to (2) using semigroup theory and to deduce the existence and
uniqueness of a steady state in section 4 by a contraction argument. In section 3, we
give a detailed definition of the weight function g that is needed for the hypocoercivity
estimate in section 2.

2. Hypocoercivity estimate. Following [5] we introduce the auxiliary operator
A= (1+ (TM)*(TN))~H(TN)*

and a modified entropy, i.e., a hypocoercivity functional G on L?(dpu,):

Glf):= S IFIZ + 21 (AF, o, f € L2(dp)

for some suitably chosen 1 € (0,1) to be determined later. It follows from [5] that
A, Fol < |IfII3- Also, ||£l12 < |IfI|2 by construction of u,, and hence G[-] is norm-
equivalent to | - ||2:

1—¢ 1+¢
© viern. (F57) sl (S5 sz
In this section, we prove the following hypocoercivity estimate.

PROPOSITION 2.1. Assume that hypothesis (H1)—(H5) hold and that 0 < k < 1 is
small enough (with a quantitative estimate). Let fi, € L*(du,) and f = f(t,z,a) be
a solution of (2) in L?(du,) subject to the initial condition f(t = 0) = fi,. Then f
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satisfies the following Gronwall type estimate:

(10) 61 ] < U )] + 1M,

where v1 > 0,72 > 0 are explicit constants only depending on k, D, and V.

Note that the estimate (10) is stronger than what is required for the uniqueness
of a global Gibbs state and represents an extension of the estimate given in [4]. When
applied to the difference of two solutions with the same mass, (10) gives an estimate
on the exponential decay rate towards equilibrium.

2.1. Proof of Proposition 2.1. Differentiate in time G[f] to get

d

where the entropy dissipation functionals Dy, D1, Do, and D3 are given by

Do[f] :=(Qf, f)o — e1 (ATNf, N f)y — 1 (AT(L =) £, 1 f),
+er <TAf7 (]— - rl)f>0 +é1 <Ava rlf>0 ;

Dl[f] =€ <AP.‘-€f7 I_If>0 +é&1 <P:Afa rlf>0 ’
Da[f] == (Pxf, g -
D . L dz da

S[f] T KC —— n(f)fg o1 .

Note that the term (LAf, f)o vanishes since it has been shown in [5] that A = A and
hence Af € Ker Q. Further, (Tf, f) = 0 since T is skew-symmetric. We estimate the
entropy dissipation of the case k = 0 as in [4]:

Step 1: Estimation of Do[f].

We will show the boundedness of Dy, which is in fact the dissipation functional
for a stationary conveyor belt. We thus recall without proof in the following lemma
some results from [4].

LEMMA 2.2 (Dolbeault et al. [4]). The following estimates hold:

Qf. fo<—lA=MflE, JAT(L =) fll, < Cv (1= £l
D
1AQf lo < 5 1L = M)l - ITAf ]y < (1 =) f]l, -

In order to control the contribution (ATIf,Mf)q in Dy, we note that
AT = (14 (TR)*TM ™~ (TM*TN
shares its spectral decomposition with (TM)*TI, and by macroscopic coercivity
% 2 _vyg2 LA —vy (2
(TS, flo = TNFllg = [T (f = Mye¥) ||y = 5 ([N (f = Mye V)], -
Hence,

(ATI, fho > —/2

ZTrAR2 n(s- Mfefv)Hz :
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Now, recalling Lemma 2.2 and using |[[1(f — Mge™")||§ = [Nf[|§ — M7, we estimate
Dol] <(e1 = D) (1= MIE + ke (L= M f o 17l = exna (113 = 223)

with Ay := Cy + D/2 > 0 and 75 1= 13475 > 0.

Step 2: Estimation of Dy[f].

We now turn to the entropy dissipation functional Dq, which we will estimate using
elliptic regularity. Instead of bounding AP, we apply an elliptic regularity strategy to
its adjoint, as for AT(1—) in [4]. Let f € L?(duo) and define h := (1+(TM)*TN)~! f
so that uj, = eYTh satisfies

1
nf= eV, +0T*T (e_vuh) =e Vuy, — ivz . (e_vviuh) .
We have used here the fact that in the space L?(dpuo),
{T =7-Vy— 0, [(7’l . VwV)] ,
T =—7-Vo+ (71 -V,V) 00 — (7-V,V).

Then
A*f=TNh=e¢"V7 Vyu,

and since the adjoint for (-, )¢ of the perturbation operator P is given by
Py =—-P,—P.V,
it follows that

(AP I = 7 Valer - Taunle™V 2
2

- e_V\T -V (e1 - Vaup) |2 dpo

2 R2xS?

2

K _
=5 e V|Vx (e1 - Vgup) |? dz

RZ

< K2 oo g2
— ? vauhHLZ(e*Vdm)

KQ 2 2
S ?CV ||I_|f||[) )

where in the last inequality we have used an elliptic regularity estimate. This estimate
turns out to be a particular case of [4, Proposition 5 and sections 2-3|, where the
positive constant Cy is the same as in Lemma 2.2 reproduced from [4]. This concludes
the boundedness of AP,

C C
(11) AP fllg < F»T‘; Mflo < F»T‘; 1A llo -

Using a similar approach for the operator P} A, we rewrite its adjoint as
A*P,.f = TNh,
where we define h := (14 (TM)*TMN)~'P,.f for a given f € L?(dug), or equivalently

1
e Vuy — ivw (e7VVyu;) =P, f =P.Nf.
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Multiplying by u; and integrating over R?, we have
; L ; Nf) uj, d
||uﬁ||L2(e—V dz) T 9 ||vz“BHL2(e—V aw)y = R [ €1 Ve (Nf) uj, dx
RQ

= n/ (Nf)er - Vyuj, da
R2

K
R2

K vauﬂHB(efv da) |||_|f||0

IN

Vzuhe*wQ’ ’I'Ifev/2’ dx

IN

IN

1 2 2 2
Z vabu}}HL2(e—v dx) + K ”rlf”O :
This inequality is a H' (e~ dx) — H~1(e~" dx) elliptic regularity result. Hence,
* 2 2 1 2 2
|A*P fllo = ITNA[[; = 5 vauﬁHLz(e—v dz) < 2k° Nl
and so we conclude

(12) IPEAfllo < V2611 =D f ]l < V25| £]], -

Combining (11) and (12), the entropy dissipation functional D; is bounded by

Dﬁhwmcz+ﬁ>V%=%MW%

where we defined A\ := %(C—\/‘% +2).
Step 3: Estimation of Da[f].

Using integration by parts, we have

v dzdo

N ICR ACEaE =

2

The estimation of this term goes differently depending on the boundedness of V, V.
If V.V is bounded, we write

Dslf] < (P, ol < SIV:V el £IZ = SIVaV I FI2,

where we have used || f||.x = || fllo, since g = 0.
Assume now that |V,V| — oo as |x| — co. Thanks to the choice of g, we have
the estimate

K dz da K dz da
1 Do[f] < |(P. <= eV —— <2 / 2
(13) D) <Pt Aol <y [ IVVIPY G <t [ g

with

C3 := sup (\VxV|6ngl),
r€ER2

which is finite by (H5).
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Step 4: Estimation of Ds[f].
We start by recalling that this estimate is only relevant when V.V is unbounded.
Indeed, in the opposite case, D3[f] = 0 since g = 0 by definition. By the identity

1
/ L,.i(f)fgdxdoz:f/ L.(9)f>dzda— D 10 f| gdz da
R2 xSt 2 R2 xSt R2xS!?
with £,; as defined in (7), we have
1 dz do
3[f] < - 2 .
(19 i<y [ eor )

Proposition 1.3 allows us to control the g-weighted L?-norm outside some fixed ball.
More precisely, take R > 0 in (6) large enough s.t. |V, V| > 1 for all |x| > R, and
then

dz da
Em(g>f2 5
R2 xS1 ™

dz do dz do
<[] edorSE e [ mavireS
st J|z|<R ™ st J|z|>R m

dx da dx da
< L.(9)+cg) eV f26V7*C/ g
/Sl /z|<R (( ( ) ) ) 2r R2xS1 2w

dz da
19 zamiff-cf et
R2 xS1 ™

where C4(R) := sup|, < p(|Lx(9) + cgle™).

REMARK 2.3. Observe here that one could take advantage of the growth of V,V
by playing with the cutoff parameter R and keeping track of minj, >z [V,V] in the
negative term. It could lead to more optimal constants, but we chose instead to vary
the parameter ¢ in front of the coercivity weight g in the measure p,, for simplicity.

Step 5: Putting the four previous steps together.
Combine the previous steps into

Do[f] + Di[f] < (1 — D) [I(1 = M) £[I3 + ex X2 |1 — M) £l M1 £lo
—evy (INFIG = M3 + 2600 1£1
= —(D —e1 —26A1) (1 = M) F5 +ed2 [|(1 = M) £l Mo

— (€172 — 26A1) HI'IfHS +51’Y2MJ%

€120
< - (D-ai-2on - 22 ja - g

A
_ <5172 — 2&)\1 - 812b2

< =26(R)FIIE + e12 M7,

by Young’s inequality with the choice b = A2/7v2, and where we used the fact that
(L =) FI3+ INfII2 = ||f]I3- Here, (k) is explicit, and given by

1 A3
§(k) = 2min{D—51 (1+2) ; 81;2} — KA\

D3 \
= — K s
2(73 + 272 + A3) !

) INFIE + 1y M2
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since the minimum in the first term is realized when the two arguments are equal,
fixing e; = 2D72/(v5 + 272 + A2). Note that this choice of ¢; satisfies e; < D and
g1 < 1. Choosing k small enough ensures £(x) > 0. From this analysis we conclude

(16) Dolf] + D1[f] < —=26(r)|IfII5 + €172 M7 .
Let us now add the control of Dy + D3. If V.V is bounded, g = 0 and D3 = 0:

6111 = Dolf] + Dil] + Dl
(46(5) ~ KTV 1) 7% + 1o}

< —mG[f] + 6172M;

<

by the norm equivalence (9). Here, we defined

46(0) = K1 Va Ve _

= 0.
n 1+ €1
When V.,V is unbounded, (13)—(16) imply
d
&G[f] = Do[f] + D1[f] + D2[f] + Ds[f]
K dx da
< -2(0SIF + oM+ 5Ca [ 295
R2xS1 T

dzd
L5 (cmig-c [ rat)

1 C: dxd
— 5 () RN IR - 5 (= L) [ P98 s cinan

C’[
- g} VA2 + errahd?

IA

—% min {4{(/9) — k(Cy(R), c
< =71 G[f] + e172 M7}

again by norm equivalence (9), and where we defined

1 C
M= g P min{4£(/~£) — KkCC4(R),c — ;} >0.
This requires ¢ > 0 to be large enough, and the upper bound for « should be chosen
accordingly:

¢ > %, 4¢(k) — KCCy(R) > 0.

In order to maximize the rate of convergence to equilibrium given x, D, and V', one
can optimize ~; over ¢ while respecting the above constraints.

REMARK 2.4. The condition v; > 0 translates into an explicit upper bound on x.
More precisely, we require £(k) > ku/4, where u := ||V, V|| in the case of a bounded
potential gradient, and u := (Cy(R) otherwise. This condition is satisfied for small
enough k:

€172 2D~3
0< < = )
=S U tu) T (G )2+ 292 + AD)
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which also implies £(x) > 0. Recall that Proposition 1.3 requires £ < 1/3 in the case
of unbounded potential gradients. These conditions provide a range of x for which
Proposition 2.1 holds.

3. The coercivity weight g. In this section, we define the function ¢ in such
a way that it allows us to control the loss of weight in the perturbation operator P,.
When V,V is bounded, we do not need any extra weight since then we may control
the perturbation thanks to the stationary weight e¥', and so we set ¢ = 0 in that case.
When it is not, Proposition 1.3 provides a suitable weight function g by constructive
methods.

3.1. Proof of Proposition 1.3. The proof is strongly inspired by [12], but
our weight is different since we work in an L2-framework rather than in an L' one.
Assuming V.V is unbounded, we seek a weight g of the form

ote.a) = exp (V) + 9.V @I (@) P )

where the parameter 3 > 1 and the function I' € C'([-1,1]), I' > 0 are to be
determined. We define

. V.V (x)
VoV ()]’

V.V (x)

Y(z,a) :=7(a) VLV ()]

YE(z,a) :=7(a)

and split the proof into four steps: (1) we rewrite statement (6) using the explicit
expression of the weight g, (2) we simplify the obtained expression using assumption
(H5), (3) we prove the equivalent statement obtained in Step 2 by defining a suitable
choice of T'(-) and §, and (4) we demonstrate that it is indeed possible to choose
suitable parameters for the calculations in Step 3 to hold, fixing explicit expressions
where possible.

Step 1: Rewriting the weight estimate (6).

Applying the operator L, defined in (7) to g, we can compute explicitly

L.(9)
g

=D (|VaV]0aal (V) + [V V?|0.T(Y)[?)

+ (7(@) + rer) - (BVLV + Vi (VL VIT(Y)))
— |V VY Lo, I(Y) — V. VY.

Since
QD =YII'(Y) and Oual' =0, (YTI'(Y)) = —YT'(Y) + [YHPTV(Y),

we get

L(9)
g

=D (IV VI (-YT/(Y) + [Y£PT(Y)) + [V VY2 (0(1)°)

+ (1(a) + key) - (BVLV + V, (V. VID(Y)))
— [V VPYHPI(Y) = [V VY

= (8—1—=DI'(Y)|V.VIY 4+ ke - VoV + (T(@) + ker) - Vo (VL VID(Y))
FYLP <D|VIV|F“(Y) VLV [D T'(Y)? - F’(Y)D .
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In order to see which I' to choose, let us divide by |V, V| and denote the diffusion
and transport part by

' V., (V. VIT(Y e1 V.V
diff(z, @) := (7() + Keq) - (||VV||()) ’ 1|V7V| '

Now, we can rewrite the statement of Proposition 1.3: we seek a positive constant
¢ > 0 and a radius R > 0 such that for any o € S! and |z| > R,

(B—1— DI (Y)Y + xftran(z) + diff(z, a)
YA (D) + VLV D) - T (Y)]) < e

tran(z) :=

To achieve this bound, note that |Y| < 1 and [tran| < 1 for all (z,a) € R? x S.
Step 2: Simplifying the weight estimate.
Further, the diffusion term diff(-) can be made arbitrarily small outside a suffi-
ciently large ball. Indeed,

diff(x, o) = (7 + key) - [1"’ (Y)V,Y +T(Y) W“”V)} :

IVaV|

and both |V,Y| and |V, (|V.V|)|/|VV| converge to zero as |z| — oo by assumption
(H5), and T is bounded. In other words, using the fact that the potential gradient is
unbounded, it remains to show that we can find constants v > k3 > 0 and a radius
r1 > 0 such that

(U7) Vlg| > 71, (8- 1= DI)Y + Y2 (D +]9,V| [D(I) = T']) < =
Then we can choose ro > 0 such that
N = KB
2 )
and we conclude for the statement of Proposition 1.3 with R := max{ri,r2} and
c:=(y—kB)/2>0.
Step 3: Proof of the weight estimate.

Proving (17) can be done by an explicit construction. We define I'' € C°([—1, 1])
piecewise,

lz| >ry = VaeS! diff(z,a)<

5t ifY > ¢,

(V)= &8 (Y 4 eg)+0- if|Y|<ep,

260

0~ if Y < —eq,

where 0 < 6~ < 0% < 1/D and gy € (0,1) are to be determined (see Figure 1). With
this choice of T, we can ensure that I is strictly positive in the interval [—1,1]. Now,
let us show that there exist suitable choices of v and  for the bound (17) to hold.
More precisely, we choose a suitable 3 such that (3—1)/D € (§7,67) and 0 < v < 7,
defining « := go(1 + D&+ — B) and 7 := &9(8 — 1 — D5~). We split our analysis into
cases:

e Assume Y > gg. Then the left-hand side (LHS) of (17) can be bounded as

follows:

(B=1=D§T)Y +6T (D5t —1) [V, V|[Y? < (8—1—D5")eg = —.
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(y)
1
D
4ot

_ s

-1

—&0 €0 +‘1 Y

Fic. 1. Derivative of T'.

e Assume Y < —g(. Then the LHS of (17) can be bounded as follows:
(B=1-D6)Y +6 (D5~ —1) |V, VY < —(B—1—D6 )eg = —7.

e Assume |Y| < gg. Since 1 = V|2 + |Y 1|2, we have |[Y |2 > 1 — £3. Further,
setting
5t -6~ b._5++57

= Y - + = ——
h=aY +be(67,07), a 5y 5 ,

we have I = h and Dh?> —h < D§~ (67 —1/D). Now, using the fact that the
potential gradient is unbounded, we can find a radius r; > 0 large enough
such that for all |x| > 71,

D(5+ —67) (1, 25
S D (D—5 >|va|<—(1_&_02).

Putting these estimates together, we obtain for |x| > 71,
D(6t —67)
2&‘0

D(6t -6~ 1
< (B—-1—D6 )eg+ [YH]? <() + V.V {D& <5+ — )])
280 D

<A+ (1—¢d) <D(5;€05) +|V.V| {D& (5+ - ;)D < —7.

(5—1—Dh)Y+Y“< + V. V| [th—h]>

Step 4: Choice of parameters.
We now come back to the choice of 67,67, &g, 8 such that k3 <y and 0 < v < ¥
hold true. More precisely, these two constraints translate into the following bound on

3
(18) 1+D(5+J2”5_><ﬁ<<ni0 )(1+D5+).

€o

It is easy to see that this bound also implies 1 + Dé~ < 3 < 1 + D§* as required.
However, for this to be possible we need to choose ¢y such that LHS < RHS, in
other words,

2+ D (6T +6-
(19) K(D(éi_é)))<€o.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/30/20 to 131.215.251.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

HYPOCOERCIVITY FOR A MOVING LAY-DOWN PROCESS 3247

Since g has to be less than 1 and D(6T —67)/(2+ D(6% +67)) < 1/3, this bound is
only possible if k € (0,1/3); then it remains to choose 0 < §~ < 6" < 1/D such that

Dt —467) 1
20 —_— 0,-) -
(20) H<2+D(5++5)€(’3>
To satisfy all these constraints, we make the choice of parameters (for k < 1/3)

31+ k)

(1 —3k)
4D '

+ .
0T = 4D

, 0 =

Then (20) holds true, and we can fix g € (0,1) to satisfy (19):
NS Y P 24D +07)\) _ 1 /1+9
072 D0+ —6) T 2\1+3k)

Finally, we choose ( satisfying (18) as follows:

ﬂ::% {1+D (5+;5_> + (/@—Ekoa()) (1+D5+)}

3 (1+96)(74+ 3k)
== 1,2).
4+8(6m2+11m+1) €12

4. Existence and uniqueness of a steady state.

4.1. Existence of a Cg-semigroup. The proof of the next theorem relies on
the a priori estimates from section 2.

THEOREM 4.1. The linear operator L, : D(L.) — L?(du,) defined in (5) is the
infinitesimal generator of a Co-semigroup (St)i>0 on L (dpus).

Proof. Let us denote by L the adjoint of L, in L?*(du,). Both domains D(L,)
and D(L%) contain the core C and are dense. The operator L, is closable in L?(du,).
To see this, take a sequence (f,)nen € D(L,) converging to zero in L?(du,) such
that the sequence (L, fn)nen converges to some limit & € L?(dpu,). Then for any test
function ¢ € C,

<<P7Lnfn>N:<L:<p,fn>H%O as n — oo.

Since the LHS converges to <<p, h>ﬁ for all ¢ € C, we conclude h = 0 a.e., and so L,

is closable. Similarly, LY is closable. We denote by L L. and I:* some closed extensions
of L, and L}, respectlvely The Lumer—Phillips theorem in the form [16, Corollary
4.4] states that an operator L generates a Co-semigroup if L is closed and both L and
L* are dissipative. Since the core C is dense in both D(Q,) and D(Q?), which in turn
are both dense in L?(dsu,), then for any constant C' > 0, L, — Cld is dissipative if
and only if L — Cld is dissipative. Therefore, it remains to show that L, — Cld is
dissipative for some C' > 0. Since the restriction of L, to C is L, it is enough to prove
that L, — Cld is dissipative on C for some constant C' > 0. The estimates in section 2
show that there exists C' > 0 s.t.

viec,  (Lef, f) <CIfI2

for some explicit constant C' > 0, which concludes the proof. O
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4.2. Proof of Theorem 1.4. Proposition 2.1 is the key ingredient to deduce
the existence of a unique steady state. The set

B:_{feLz(du,.i) : G[f]gf,fzo,Mf_l}
1

is convex and bounded in L?(du,) by the norm equivalence (9). By Theorem 4.1, the
operator L, generates a Cp-semigroup (S;);>0. Then let us show that B is invariant
under the action of (S;);>0. Integrating in time the hypocoercivity estimate (10) in
Proposition 2.1 for any fi, € L?(du,) with mass 1, we obtain the bound

GLf(£)] < Glfmle ™ + % (1—emt),

and thus

Vt>0,  G[f(t)] < max {G[fin], 32} .

1

Since in addition, (S;);>0 conserves mass and positivity, we conclude S,(B) C B for
all times.

Integrate again the hypocoercivity estimate (10) in Proposition 2.1, now for the
difference of two solutions with same mass, to get

G[Stf — Sth] S eiwltG[f — h]

for any ¢t > 0 and f,h € B. It follows by Banach’s fixed-point theorem that there
exists a unique u’ € B such that S;(u') = u' for each ¢t > 0. Let ¢, := 27", n € N, and
Uy, := ul. Then Sy-n(uy,) = u,, and by repeatedly applying the semigroup property,
(21) VEkeN,Vm<neN, Sp-m(un)=uy,.

Let us prove that B is weakly compact in L?(du, ). Consider a sequence (f,,)nen €
B. It has a cluster point f for the weak convergence since B is bounded in L?(dpu,),
and the corresponding subsequence is still denoted f, for simplicity. By lower semi-
continuity of the equivalent norm G,

GLf] < liminf G[f,] < /71 -

Further, since f,, > 0 for all n € N, it follows that f > 0. (The set of nonnegative
functions is a strongly closed convex set, hence weakly closed.) It remains to show that
the limit f has mass 1 by preventing loss of mass at infinity. Use the Cauchy—Schwarz
inequality and the norm equivalence (9) to get for r > 0

(1+ KC) </x|>rl'|fn d:c>2 < </|> /S £ evdgia> </|> /S oV d:;?ia)
e Lot ([ Lo )

< Ifall? ( /| [ e va d;ﬁa)

<(22) ([ L)
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This shows that

([ o)
(i) ) ([ L deda>/ 20 oo,

since fszsl e’Vd”éda = 1. Together with My = 1 for all n € N, it follows that
My = 1. Hence f € B. The weak compactness of B implies the existence of a
subsequence p, of u, and a function v € B such that Up,; converges weakly to u in
L*(duy). Letting nj — oo in (21) implies that (since S; is a continuous operator)

VmeN, VkeN, Sp-n(u)=u.

Finally the density of the dyadic rationals {k27™ : k € N;m € N} in (0,+00) and
continuity of S;(u) in ¢ for all u € B imply that

V>0, Si(u)=u.

This shows the existence and uniqueness of a global stationary state Fy, :=u € B.

To complete the proof of Theorem 1.4, we apply the hypocoercivity estimate
Proposition 2.1 to the difference between a solution f € L?(du,) and the unique sta-
tionary state of the same mass, My F};, to show exponential convergence to equilibrium
in || - ||,: first, we deduce from the contraction estimate (10) that

G[f(t) — MsF,] < G[fin — MyF,]e ™",

which allows us then to estimate the difference to equilibrium in the L?(du,)-norm.
Indeed, by norm equivalence, we obtain

1+61
”_1

1F(t) = My Ey); o Min = MyF||z e

Hence, we obtain (8) with rate of convergence A, := 71/2.

5. Concluding remarks. From our previous estimates, we have that G(Fy)
is uniformly bounded in & for k sufficiently small. As a consequence, (F}).>0 is a
relatively weakly compact family in L?(du,), and by uniqueness of the stationary
state in the case k = 0, we deduce that F, — Fy as k — 0. It could also be proved
with further work that the optimal (spectral gap) relaxation rate is continuous as
K — 0.

Working in L?(du,) C L?*(dug) we are treating the operator L, as a small per-
turbation of the case k = 0 with stationary conveyor belt. The natural space to
investigate the convergence to Fy in the case k > 0 however is L?(F !dzda). In
this L2-space the transport operator T — P,; is not skew-symmetric and the collision
operator Q is not self-adjoint, so the hypocoercivity method [5] cannot be applied.
To get around this, one can split the operator L, differently into a transport and a
collision part following the approach in [1]. More precisely, we can write L, = Q — T,
where

Tf=(r+rer) Vof —0a [(7F- V.V + %) f]
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Then in L?*(F; ' dzda) the operator Q is symmetric and negative semidefinite, and
the operator T is skew-symmetric. Furthermore, the stationary state F); lies in the
intersection of the kernels of the collision and transport operators, i.e., F, € KerQn
Ker T. The hypocoercivity approach requires microscopic and macroscopic coercivity
of Q and T, which then requires as in [1] to control the behavior of the stationary
state at infinity, i.e., for large enough |z|,

Va e St e~ V(@) < Fi(z,a) < e~ o2V(@)

for some constants o1, 09 > 0. If true, this would be an important physical information
on the stationary state, but we do not know how to prove it now. Even with this
information at hand, this approach requires that the existence of the stationary state
is known a priori. The rate of convergence one obtains in this case may be different
from the rate obtained here, and it is not clear which method yields the better rate
as both are most likely not optimal.
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