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We treat space and time as bona fide quantum degrees of freedom on an equal footing
in Hilbert space. Motivated by considerations in quantum gravity, we focus on a paradigm
dealing with linear, first-order Hamiltonian and momentum constraints that lead to emergent features of temporal and spatial translations. Unlike the conventional treatment, we
show that Klein-Gordon and Dirac equations in relativistic quantum mechanics can be unified in our paradigm by applying relativistic dispersion relations to eigenvalues rather than
treating them as operator-valued equations. With time and space being treated on an equal
footing in Hilbert space, we show symmetry transformations to be implemented by unitary
basis changes in Hilbert space, giving them a stronger quantum mechanical footing. Global
symmetries, such as Lorentz transformations, modify the decomposition of Hilbert space;
and local symmetries, such as U (1) gauge symmetry are diagonal in coordinate basis and do
not alter the decomposition of Hilbert space. We briefly discuss extensions of this paradigm
to quantum field theory and quantum gravity.
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I.

INTRODUCTION

Quantum mechanics, in the conventional paradigm, treats time and space on a vastly different
footing. Time enters the Schrödinger equation as an external, classical parameter that flows independent of the quantum mechanical system. Space, on the other hand, is often elevated to have
a genuine quantum mechanical status with corresponding position/momentum operators, unitary
transformations, eigenstates, etc. While such an approach works well, both conceptually and mathematically in non-relativistic physics, one would like to treat time and space on an equal footing in
relativistic quantum mechanics. Attempts to promote time to an operator have been conventionally
argued against, citing the Stone-von Neumann theorem [1] due to which the Hamiltonian (with a
spectrum bounded from below) and time cannot be bona fide conjugate observables. One then goes
on to work with quantum field theory, where time and space are treated as mere labels on a background manifold, and matter is treated quantum mechanically living on this background spacetime.
In relativistic quantum mechanics of particles1 , while one tries to use relativistic dispersion relations to treat time and space symmetrically from an algebraic perspective, their quantum nature
is still treated vastly differently as is evident in the Schrödinger equation. Efforts to use first order
expressions in both the Hamiltonian and momentum lead to rather disparate approaches dealing
with Klein-Gordon (spin-0 particles) and Dirac (spin-1/2 particles) equations. In p
the case of
Klein-Gordon equation, one typically promotes the q
relativistic dispersion relation E = |~
p|2 + m2
for a particle to an operator-valued equation, Ĥ = |p~ˆ|2 + m2 to use in the Schrödinger equation

Ĥ |ψ(t)i = i∂t |ψ(t)i. Expanding the “square root” Hamiltonian operator gives a series in all
positive even powers of momentum which makes it far from being first-order and leads to issues
with non-locality, probabilistic interpretation of the wavefunction etc., as can be found in detail in
many advanced undergraduate level texts [2–4] dealing with relativistic quantum mechanics. The
Dirac equation, on the other hand, is able to circumvent this issue by explicitly involving the spin
of the particle that makes the Hamiltonian first-order in momentum by using the spinor gamma
matrices of the Clifford algebra. In addition to this, the status of Lorentz transformations from a
Hilbert space perspective is often left somewhat ambiguous since time and space are treated rather
differently, and hence symmetry transformations are implemented at a classical level. Can these
disparities be traced back to, and remedied, by better understanding the quantum mechanical
status of space and time? In this paper, we answer this question in the affirmative by treating
time and space on an equal footing in Hilbert space.
While quantum theory, in particular its formulation as quantum field theory has been spectacularly successful in predicting outcomes for scattering experiments etc., our primary motivation
here is to better understanding aspects of quantum gravity where it is important to examine the
status of space and time in the context of quantum mechanics. Approaches to quantum gravity
are often plagued by the “problem of time” [5–8]: reconciling how time enters as an independent,
absolute, classical parameter in quantum mechanics; whereas in relativity, time has a relative connotation depending on the observer and distribution of mass-energy. More generally, theories with
reparametrization invariance [9–11] such as classical general relativity, which has general (local)
coordinate invariance have a formulation in terms of constraints [12, 13]. Physical states in the
theory are the ones that are annihilated by these constraints, and therefore represent the kernel of
the constraint operators. In general relativity, Hamiltonian and momentum constraints demand
1

Often referred to as first quantization, though we will refrain from using this terminology in this paper.
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the total energy and momentum to be zero and this is used to identify the physical states. In
particular, this is reflected in the Wheeler-DeWitt [14] equation, which represents a Hamiltonian
constraint of the form Ĥ |Ψi = 0. In this setup, physical states of the theory do not evolve with
respect to an external time. Time evolution, in such a setup would therefore be an emergent feature.
The author and collaborators have argued for a “quantum-first” approach [15] to quantum gravity
where we begin with minimal elements in quantum mechanics in Hilbert space and from it, derive
higher-level structures such as space, locality, matter, and eventually, gravity. Similar quantumfirst approaches have been advocated by other authors too [16, 17]. With this motivation in mind,
we take a small step in this paper toward understanding the quantum mechanical status of space
and time in the context of relativistic quantum mechanics, in a way to lay out groundwork to treat
quantum field theory and eventually, gravity in a similar paradigm, appropriately extended. We
will treat space and time on an equal footing in Hilbert space, and to this end, we will work with
a Hilbert space decomposition of the form,
H ≃ Ht ⊗ H~x ⊗ Hspin ,

(1)

where we have a factor of Hilbert space, Ht for a temporal degree of freedom, a factor, H~x for a
spatial degree of freedom and Hspin corresponding to the spinorial degree of freedom of the particle.
Global states in this Hilbert space will neither evolve relative to an external time nor will they have
a notion of spatial translations relative to any external coordinate system. With both a Hamiltonian constraint ĴH , and momentum constraints ĴP~ as central structures in this construction,
spatial and temporal translations will be emergent features for physical states. The constraints
will be explicitly linear and first order in conjugate momenta, and their joint kernel will define
the set of physical states i.e. the ones annihilated by the constraints. For such physical states,
spatial and temporal translation features emerge as a consequence of entanglement and correlations
between different factors hof thei global Hilbert space H. Since we are working with a relativistic
setup, the compatibility Ĥ, P̂ = 0 of the Hamiltonian and momentum, two of the generators
of the Poincaré group will restrict the kinds of theories we can write down and we will discuss
this point in some detail. Using these first-order constraints, we will show that Klein-Gordon and
Dirac equations in relativistic quantum mechanics can be treated with a uniform approach. This
will be done by applying dispersion relations to eigenvalues which appear in constraints, and not
treat them as operator-valued equations. With such an approach, the “square root” Hamiltonian
in Klein-Gordon theory is handled naturally at par with the Dirac equation. Along the way, we
will also discuss differences of our setup compared to the usual constructions and how one can
attempt to bridge the gap. Treating time and space on an equal footing in Hilbert space, we show
symmetry transformations to be implemented by unitary basis changes in Hilbert space. Global
symmetries, such as Lorentz transformations, modify the decomposition of Hilbert space; and local
symmetries, such as U (1) gauge symmetry are diagonal in coordinate basis and do not alter the
decomposition of Hilbert space.
Our focus in this paper is to simplistically evaluate the quantum mechanical status of space
and time with an eye toward relativistic quantum mechanics: recasting the basics of quantum mechanics in a way that can be made amenable to the study of quantum gravity from first principles.
The paper is organized as follows. In section II, we first introduce the concept of internal time
treated as a quantum degree of freedom (à la Page-Wootters) and then use it as our motivation to
lay out the Hilbert space structure treating space and time on an equal footing. Once we have our
vector spaces in place, we will then go on to talk about Hamiltonian and momentum constraints
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in section III and apply it to Klein-Gordon and the Dirac equations. In section IV, we will use
the power of our Hilbert space construction to identify the status of symmetry transformations in
relativistic quantum mechanics as implementing basis changes in Hilbert space. Lorentz transformations will be seen as global changes of factorization of Hilbert space and U (1) gauge symmetry
will be enacted as a local basis change while treating time and space symmetrically. We will
conclude in section V, discussing implications and extensions of our construction to quantum field
theory and quantum gravity.
II.
A.

TIME, SPACE AND SPIN IN HILBERT SPACE

Inspiration: Time as an Internal Quantum Degree of Freedom

We begin by reviewing (an extension of) the Page-Wootters construction [18–20] which is one of
the most famous and elegant approaches to emergent time in quantum mechanics. We will closely
follow the work in Ref. [21] for this quick review. This will serve as motivation for us to generalize
its features to treat space and time on an equal footing in Hilbert space in the context of the quantum mechanics of a relativistic particle. The Page-Wootters formulation is one of internal time,
where time is treated as an internal quantum degree of freedom and not as an external classical
parameter. The global quantum state is static and the apparent “flow” of time is due to the entanglement and correlations between the temporal degree of freedom with the rest of Hilbert space.
The global Hilbert space H is factorized into a temporal degree of freedom Ht , often called
as the “clock”, and the system HS (what we typically describe in conventional quantum mechanics)
(we have used ≃ to denote Hilbert space isomorphisms throughout the paper),
H ≃ Ht ⊗ HS .

(2)

As we will see, correlations between Ht and HS will lead to effective time evolution for states in HS
governed by a Hamiltonian. The temporal Hilbert space Ht is taken isomorphic to L2 (R) (akin to
the Hilbert space of a single particle on a 1D line in conventional non-relativistic quantum mechanics) and on the space of linear operators on this space L(Ht ), we associate conjugate variables: the
“time” t̂ and its conjugate momentum p̂t that satisfy Heisenberg canonical commutation relation
(CCR), in units with ~ = 1,


(3)
t̂, p̂t = i .

A-priori, the conjugate momentum p̂t to the time operator t̂ should not be tied in any way to
the Hamiltonian. At this stage, we have just specified a standard pair of conjugate operators on
the Hilbert space Ht . Eigenstates of the time operator t̂ are defined by t̂ |ti = t |ti ∀ t ∈ R and
these eigenstates follow Dirac orthonormality ht′ |ti = δ(t − t′ ). The Page-Wootters internal time
construction then can be written in terms of a constraint operator Ĵ in the linear space of operators
L(H),
Ĵ = p̂t ⊗ ÎS + Ît ⊗ ĤS ,

(4)

where Ît and ÎS are identity operators on Ht and HS , respectively, and ĤS is the conventional
Hamiltonian for the system. Physical states |Ψi in the global Hilbert space H are identified to be
the ones annihilated by the constraint operator Ĵ,
Ĵ ≈ 0 =⇒ Ĵ |Ψi = 0 .

(5)
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We use the double-ket notation |Ψi to stress the fact that the state is defined on the global Hilbert
space Ht ⊗ HS . Such a technique of quantization based on constraints can be attributed to Dirac
[12, 13] and also represents the constraint feature of the Wheeler-DeWitt equation. These physical
states, which are eigenstates of the constraint operator Ĵ with eigenvalue zero are globally static
but encode an apparent flow of time from the perspective of HS . Such physical states annihilated
by a global constraint are therefore consistent with the Wheeler-DeWitt equation. Conventional
time-dependent states of the system are obtained by conditioning the global, physical state |Ψi
with the eigenvector |ti of the time operator t̂,
|ψ(t)i = t |Ψi ∈ HS ,

(6)

which obeys the conventional Schrödinger equation governed by the Hamiltonian ĤS ,
ht| Ĵ |Ψi = ht| p̂t ⊗ ÎS |Ψi + ĤS |ψ(t)i = 0 .

(7)

R
Inserting a complete set of states on Ht given by dt |ti ht| = Ît , and remembering that the matrix
∂
elements of the conjugate momenta are ht|p̂t |t′ i = −i ∂t
δ(t − t′ ), we get the time evolution equation
for states |ψ(t)i of the system,
ĤS |ψ(t)i = i

∂
|ψ(t)i ,
∂t

(8)

which is indeed the Schrödinger equation for |ψ(t)i ∈ HS . Thus we see that effective time evolution
for states in the subfactor HS of the global Hilbert space, governed by a Hamiltonian ĤS can be
recovered from a constraint operator.
Such a construction is succinct and elegant since it gives a strong quantum mechanical notion
of a temporal degree of freedom in Hilbert space. It also overcomes Dirac’s criticism on treating
time as an operator: following the Schrödinger equation, one might wish to establish a conjugate
relationship between the Hamiltonian and the time operator as canonically conjugate variables
but this is not allowed due to the Stone-von Neumann theorem. The theorem demands a set of
conjugate operators satisfying the Heisenberg CCR to have their eigenvalue spectra unbounded
from below; but for physical theories, the Hamiltonian has a ground state with an energy bounded
from below. In the Page-Wootters construction, the time operator t̂ and the system Hamiltonian
ĤS are not conjugates since they act on different Hilbert spaces. There is a bona fide pair of
conjugate operators on Ht , the time operator t̂ and its conjugate p̂t which satisfy the Heisenberg
CCR. It’s only for the physical states which are annihilated by the constraint Ĵ that leads to a
Schrödinger evolution for these states.
While elegant and succinct, the Page-Wootters formulation of internal time treats time as a
special, distinguished variable on a vastly different footing than space as is evident from the construction. The nature of the system Hilbert space HS is left open-ended on purpose and has the
potential of representing a variety of degrees of freedom, or combinations thereof, including but not
limited to space and spin. While one might choose a position or momentum basis for HS in certain
examples, it does not have any explicit and universal connection to a spatial degree of freedom as
is evident by the lack of a corresponding momentum constraint (just like we have a Hamiltonian
constraint associated with the temporal degree of freedom). It therefore, in its current form, is
not very amenable to understanding relativistic quantum mechanics and the status of symmetry
transformations such as Lorentz transformations etc. in Hilbert space. In an effort to formulate a
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quantum-first approach to quantum gravity, we would like to be able to treat space and time coordinates on an equal footing in a reparametrization invariant way. Motivated by the Page-Wootters
construction, we now move on to developing the basic framework to treat time and space on an
equal footing in Hilbert space with a corresponding Hamiltonian and momentum constraints. The
interested reader who would like to delve more into the problem of time in quantum gravity more
broadly, the Page-Wootters mechanism, conditional probability approach to time, and allied topics
is referred to [22–26] (and references therein).
B.

Hilbert Space Structure

Our focus in this paper is the quantum mechanics of a relativistic particle in a 3+1 d spacetime,
i.e. three spatial dimensions and one temporal dimension. Let us begin by introducing the formal
Hilbert space structure of the theory, as a modification to the Hilbert space decomposition of Eq.
(2) in the Page-Wootters construction above. For a similar Hilbert space construction applied to
relativistic ideas of time dilation, please see Ref. [27]. Instead of having a system Hilbert space
HS , we will treat space on an equal footing with time by assigning it as a factor in the Hilbert
space decomposition in addition to accounting for the spin of the particle,
H ≃ Ht ⊗ H~x ⊗ Hspin ,

(9)

where Ht is the Hilbert space associated with a temporal degree of freedom, H~x with a spatial degree
of freedom and Hspin corresponds to the spinorial degree of freedom. The temporal Hilbert space
Ht is again taken isomorphic to L2 (R) (akin to the Hilbert space of a single particle on a 1D line
in conventional non-relativistic quantum mechanics) similar to the Page-Wootters case and on the
space of linear operators L(Ht ), we associate conjugate variables: the “time” coordinate operator t̂
and its conjugate momentum p̂t , which satisfy Heisenberg canonical commutation relation (CCR),
in units with ~ = 1,


(10)
t̂, p̂t = i .

Similar to the Page-Wootters construction, the conjugate momentum p̂t to the time operator t̂
a-priori should not be tied to the Hamiltonian in any way. The eigenstates of the time operators are
defined in the usual way t̂ |ti = t |ti ∀ t ∈ R satisfying Dirac orthonormality ht|t′ i = δ(t − t′ ) and the
conjugate momentum p̂t generates translations of the |ti eigenstates, exp (−ip̂t ∆t) |ti = |t + ∆ti.
For the spatial factors of Hilbert space, since we are working in 3 spatial dimensions, we associate a factor isomorphic to L2 (R) for each orthogonal direction which we choose to label by
Cartesian directions x, y and z,
H~x ≃ Hx ⊗ Hy ⊗ Hz ,
and for each of these factors, we associate conjugate variables satisfying Heisenberg CCR,
h
i
ĵ, p̂j = i, for j = x, y, z .

(11)

(12)

Throughout the paper, we use Latin index j to run over the spatial coordinates j = x, y, x and
Greek indices µ, ν = 0, 1, 2, 3 to run over spacetime coordinates. We also define 4-operators Xˆµ
and P̂µ for µ = 0, 1, 2, 3 living in L(H), the set of linear operators on the full Hilbert space, akin
to 4-vectors in special relativity in anticipation of making the formulation covariant,


X̂ µ ≡ X̂ 0 , X̂ 1 , X̂ 2 , X̂ 3 ∈ L(Ht ⊗ H~x ) ,
(13)

7
where X̂ 0 is to be interpreted at X̂ 0 = t̂ ⊗ Î~x , X̂ 1 = Ît ⊗ x̂ ⊗ Îy ⊗ Îz , etc., and similarly its conjugate
momentum,


P̂µ = P̂0 , P̂1 , P̂2 , P̂3 ∈ L(Ht ⊗ H~x ) ,
(14)
where hP̂0 = p̂t i⊗ Î~x , P̂1 = Ît ⊗ p̂x ⊗ Îy ⊗ Îz , etc. and these conjugate operators satisfy Heisenberg
CCR, X̂ µ , P̂ν = iδνµ , where δνµ is the Kronecker delta function.

The spinorial factor of Hilbert space Hspin will encode information about spin of the particle,
and will typically be spanned by the corresponding spinorial matrices. In particular, a spin-0 particle will have dim Hspin = 1 and a spin-1/2 particle will correspond to dim Hspin = 4 (as with the
spinor gamma matrices in the Dirac equation that describes both the particle and its antiparticle).
We would like to emphasize that in this setup, there is no notion of an external, classical time
parameter and consequently, no Schrödinger evolution for states (or evolution of operators in the
Heisenberg picture). Time is treated on a equal footing with the spatial degree of freedom of a
particle and any notion of spatial or temporal translations should be emergent features as we will
see in the next section.
III.

HAMILTONIAN AND MOMENTUM CONSTRAINTS

With our motivation from quantum gravity to deal with theories with reparametrization invariance such as those with coordinate invariance, a characteristic signature of which is a constraintbased formulation. We too would like to formulate our construction in terms of linear, first-order
constraints while treating time and space on an equal quantum-mechanical footing. We thus have
a formulation in terms of Hamiltonian and momentum constraints, which assert that the total
energy and momentum are zero and these constraints identify physical states to be the the ones
that are annihilated by them.
At variance with the Page-Wootters construction outlined in section II A that treats time as
a distinguished quantum degree of freedom and hence deals only with a Hamiltonian constraint,
we are attempting to treat both space and time on an equal footing and this will have us using
both Hamiltonian and momentum constraints to identify physical states. Since we are dealing with
relativistic quantum mechanics, we require the constraints to commute with each other (since the
Hamiltonian and momentum of a relativistic system commute). As a consequence of this setup
being applied to relativistic particles (or as some would say, first quantization), we use a collection
of constraints parametrized by ~k ∈ R3 and the corresponding dispersion relation of the particle.
We discuss extensions of this construction to field theory in section V where we can deal with
single Hamiltonian and momentum constraints that commute with each other.
A.

Klein-Gordon Equation (Spin-0)

We first analyse the case of relativistic quantum mechanics of a spin-0 particle with rest mass
m, which obeys the Klein-Gordon equation. The energy-momentum dispersion relation for the
Klein-Gordon free particle is,
q
~
E(k) = |~k|2 + m2 ,
(15)
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for a momentum ~k ∈ R3 carried by the particle. In the usual construction dealing with the
Klein-Gordon equation, one typically promotes
the relativistic dispersion relation of the particle
q
ˆ
2
|p~| + m2 that is then used in the Schrödinger equato an operator-valued equation, Ĥ =

tion Ĥ |Ψi = i∂t |Ψi. Expanding the “square-root” Hamiltonian operator gives a series in all
even powers of momentum that is far from being first-order, and leads to a slew of issues, from
non-locality (due to the higher powers of momentum) in the theory, to not having a consistent
probabilistic interpretation of the wavefunction. These issues are brought to light in a standard
undergraduate-level quantum mechanical text [2–4] and we do not reproduce these arguments in
detail there. Instead, we will recast the physics of the Klein-Gordon equation in the language of
linear, first-order Hamiltonian and momentum constraints, and see how it can help us deal with
some of these issues.

The spinorial Hilbert space in this case will have dim Hspin = 1 since the particle does not
have any spin. Hence, each energy/momentum configuration can be labelled by the spatial momentum ~k of the particle. The Hamiltonian constraint of the system, for a given ~k, can be written
as,


(16)
ĴH (~k) = p̂t ⊗ Î~x ⊗ Îspin + Ît ⊗ Î~x ⊗ E(~k) Îspin ,

where we have formally written down the energy E(~k) in the one-dimensional spinorial Hilbert space
Hspin with the identity element Îspin = 1. The momentum constraints, one for each orthogonal
direction, parametrized by ~k ≡ (kx , ky , kz ),


(17)
ĴPj (~k) = Ît ⊗ p̂j ⊗ Îspin − Ît ⊗ Î~x ⊗ kj Îspin for j = x, y, z .
Physical states ψ~k
constraints,

in Hilbert space H are identified to be the ones that are annihilated by the

ĴH (~k) ≈ 0 =⇒
ĴPj (~k) ≈ 0 =⇒




ψ~k
p̂t ⊗ Î~x ⊗ Îspin + Ît ⊗ Î~x ⊗ E(~k) Îspin




ψ~k
Ît ⊗ p̂j ⊗ Îspin − Ît ⊗ Î~x ⊗ kj Îspin

=0,

= 0 for j = x, y, z .

(18)

(19)

Again, we have used the double-ket notation to explicitly reflect that these states are defined on
the
h full iHilbert space H. Since the Hamiltonian and momentum constraint operators commute
ˆ
ĴH , ĴP = 0 as one would expect for a relativistic theory (where the generators Ĥ and P~ of the
j

Poincaré group commute). We can write down the physical states ψ~k as simultaneous eigenstates
of ĴH and ĴPj with zero eigenvalue (from the constraints Eqs. (18) and (19)),

= |pt = −E(~k)i ⊗ |px = kx i ⊗ |py = ky i ⊗ |pz = kz i ,
(20)


where |pt = −E(~k)i is the eigenstate of p̂t with eigenvalue −E(~k) and similarly |pj = kj i is an
ψ~k

eigenstate of p̂j with eigenvalue kj . The physical eigenstate ψ~k of the constraints have a tensor
product form in the momentum basis since each term in a given constraint operator commutes
with each other. Written in the coordinate basis, these physical eigenstates can be expressed as,
Z
Z
1
1
~
−iE(~k)t
ψ~k = √
d3 x eik·~x |~xi ,
(21)
dt e
|ti ⊗
3/2
(2π)
2π
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where |~xi ≡ |xi ⊗ |yi ⊗ |zi. We can now obtain the wavefunction of the particle by conditioning a
global physical state |Ψi ∈ H on a tensor product basis element |ti ⊗ |~xi. The conditioned state
lives in Hspin , the spinorial Hilbert space and since in this case, the particle is spinless, Hspin is
one-dimensional, we get the wavefunction of the particle,


Ψ(t, ~x) ≡ ht| ⊗ h~x| |Ψi .
(22)
We can similarly condition the constraint equations, Eqs. (18) and (19) and get governing evolution
equations in space and time for the wavefunction. Let us first do this for the Hamiltonian constraint,


q

2
2
~
|k| + m
ht| p̂t ⊗ hx| ψ~k +
ψ~k (t, ~x) = 0 ,
(23)
R
Inserting a complete set of states on Ht given by dt |ti ht| = Ît and remembering that the
∂
δ(t − t′ ), we get the time evolution
matrix elements of the conjugate momenta go as ht|p̂t |t′ i = −i ∂t
equation for the wavefunction ψ~k (t, ~x) corresponding to the physical state ψ~k ,

q
∂
2
2
~
i ψ~k (t, ~x) =
|k| + m
(24)
ψ~k (t, ~x) .
∂t

which represents the analogue of Schrödinger equation governing the time evolution of the wavefunction dictated by the “Hamiltonian”, in this case the energy of the particular ~k mode.
One can similarly get an equation that governs the spatial translations of the wavefunction from
the momentum constraint of Eq. (19),
~ ~ (t, ~x) = ~k ψ~ (t, ~x) .
− i∇ψ
k
k

The wavefunction solution corresponding to the physical eigenstate ψ~k
(19) can be found from Eq. (21),


ψ~k (t, ~x) ∼ exp −iE(~k)t + i~k · ~x ,

(25)
satisfying Eqs. (18) and
(26)

which, as expected, yields plane wave solutions (we use a ∼, and not an exact equality here since
individual plane wave solutions are non-normalizable). For completeness, we mention that one
can also have a negative sign with E(~k), interpreted
as a negative
frequency, in the Hamiltonian


~
~
constraint, ĴH (k) = p̂t ⊗ Î~x ⊗ Îspin + Ît ⊗ Î~x ⊗ −E(k) Îspin ≈ 0, and by including this, one can
recover both positive and negative frequency solutions of the Klein-Gordon equation. Formally,
however, we always keep a positive sign between the p̂t term and the frequency term in the Hamiltonian constraint (similar to Eq. 4 in the Page-Wootters construction).
We can construct a generic, normalizable state by taking a superposition of these plane wave
solutions obtained from the physical eigenstates, each of which obeys their corresponding Hamiltonian and momentum constraints,
Z
(27)
|Ψi =
d3 k c(~k) ψ~k ,

which written in the coordinate basis will be a correlated or entangled state between the temporal
and spatial degrees of freedom2 ,
Z
Z


3
|Ψi =
d k
dt d3 x c(~k) exp −iE(~k)t + i~k · ~x |ti ⊗ |~xi .
(28)
2

A similar entangled state |Ψi can be written in the Page-Wootters formulation too with entanglement between
states in Ht and HS [21].
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Thus, time evolution and spatial translations can be interpreted in terms of entanglement between
the spatial and temporal degrees of freedom in the global physical states |Ψi ∈ H. The corresponding wavefunction Ψ(t, ~x) of the generic state |Ψi can then be found by conditioning with a
coordinate basis element |ti ⊗ |~xi,


Z


Ψ(t, ~x) ≡ ht| ⊗ h~x| |Ψi = d3 k c(~k) exp −iE(~k)t + i~k · ~x ,
(29)
which we recognize as the generic solution of the Klein-Gordon equation in the relativistic quantum
mechanics of a particle. Issues regarding normalizability, particularly with respect to the temporal
degree of freedom, and the use of continuous functional spaces and rigged Hilbert spaces in such
a paradigm have been discussed elsewhere and the interested reader is encouraged to look at
Refs. [21, 28] (and references therein). We would however, like to point out that normalization in
the temporal coordinate is a subtle issue and is treated rather distinctly than normalization over
space. We feel this is an interesting point that warrants further investigation in future work to
help understand it better.
Thus, the physical Hilbert space Hphys can be defined to be the span of physical eigenstates
ψ~k that satisfy the Hamiltonian and momentum constraint equations,
o
n
(30)
: ĴH (~k) ψ~k = ĴPj (~k) ψ~k = 0 ∀ ~k ∈ R3 , j = x, y, z .
Hphys ≃ span ψ~k

We can also recover the Klein-Gordon equation explicitly by combining the Hamiltonian and momentum constraints of Eqs. (18) and (19),


2

2
X 
 p̂t ⊗ Î~x ⊗ Îspin
−
Ît ⊗ p̂j ⊗ Îspin  ψ~k
= m2 ψ~k .
(31)
j=x,y,z

Once we have the Klein-Gordon equation for a single physical eigenstate ψ~k in the form of Eq.
(31), we can superpose appropriately and write a similar equation for an arbitrary physical state
|Ψi of Eq. (28),


2

2
X 
 p̂t ⊗ Î~x ⊗ Îspin
−
Ît ⊗ p̂j ⊗ Îspin  |Ψi = m2 |Ψi ,
(32)
j=x,y,z

We can now use the relativistically covariant notation of Eq. (14) and use the Minkowski flat
metric η µν = diag (+1, −1, −1, −1) to give the Klein-Gordon equation a much more familiar form,




µ
2
µ
2
P̂ P̂µ ⊗ Îspin − m ÎH ≈ 0 =⇒ P̂ P̂µ ⊗ Îspin − m ÎH |Ψi = 0 ,
(33)

where the repeated index µ is summed over. Thus, we see that we can recover the quantum mechanics of a spinless relativistic particle obeying the Klein-Gordon equation without having to deal
with the “square-root” Hamiltonian operator explicitly, but rather by working with a collection
of linear, first-order Hamiltonian and momentum constraints in a setup that deals with time and
space on an equal footing in Hilbert space. It is important to note that relativistic dispersion relations were applied to eigenvalues featuring in the constraints and not be used as operator-values
equations. While we obtain a collection of physical eigenstates ψ~k for each spatial momentum
~k from the constraints, we are able to recover the full Klein-Gordon equation for generic physical
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states |Ψi ∈ H.
While relativistically consistent interactions between multiple particles can be added in this
scheme, interaction of a single particle with a background field are typically not relativistically
compatible since they break either time or space translational symmetry that leads to the energy
and/or momentum of the particle not being conserved. Hence, we do not add interaction with a
background field in the constraint
h
i equations above since they would not be consistent with the
commuting compatibility ĴH , ĴPj = 0 of the constraints. It is therefore instructive to investigate
the non-relativistic limit of the Klein-Gordon setup and see how one can restore interactions to
recover the non-relativistic Schrödinger equation in the conventional form. For Eq. (18), we can
take the non-relativistic limit (|~k| << m) by expanding E(~k) in powers of |~k|2 and retaining the
leading order ~k-dependent piece along with dropping the constant rest mass energy m contribution,
!
|~k|2
p̂t ⊗ Î~x ⊗ 1 + Ît ⊗ Î~x ⊗
ψ~k NR = 0 ,
(34)
2m
where ψ~k NR is the non-relativistic physical eigenstate. Combining with the momentum constraint of Eq. (19), this yields the Schrödinger equation for a given non-relativistic physical eigenstate in the full Hilbert space H,


2 


 X Ît ⊗ p̂j 
p̂t ⊗ Î~x ⊗ 1 ψ~k NR = − 
(35)
 ψ~k NR .
2m
j=x,y,z

We can now construct a general state by superposition of different physical eigenstates as in Eq.
(27) that gives us the Schrödinger equation for a non-relativistic free particle. At this stage, since
we are no longer working to keep our constraints relativistically compatible, we can also add byhand an “interaction term” V (t, ~x) to model interactions of the non-relativistic particle with a
background field,



2




Î
⊗
p̂
X
t
j

ˆ 
p̂t ⊗ Î~x ⊗ 1 |Ψi NR = − 
+ V t̂ ⊗ Î~x , Ît ⊗ ~x
(36)
 |Ψi NR ,
2m
j=x,y,z

which when written in terms of the wavefunction, gives us,


∂
1 ~2
i ΨNR (t, ~x) = −
∇ + V (t, ~x) ΨNR (t, ~x) .
∂t
2m

(37)

We would again like to emphasize here that interactions could only be added in the non-relativistic
limit where the Hamiltonian and momentum need not commute. We briefly remark on this aspect
about interactions and its connection with quantum field theory in section V.
B.

Dirac Equation (Spin-1/2)

Now that we have showed a constraint-based approach to Klein-Gordon equation of a single
relativistic particle of spin-0, let us focus on the Dirac equation which describes fermionic particles
with spin-1/2. Since one can find an instructive treatment of the Dirac equation in most advanced
undergraduate quantum mechanics texts, we will not reproduce that discussion here. Instead, we
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will jump right in to describe using Hamiltonian and momentum constraints to work out the Dirac
equation. One key thing to remember is that even in the usual textbook construction, the Dirac
equation – at variance with the standard treatment of the Klein-Gordon equation – is a linear,
first-order equation in both energy and momentum (or one may say, first-order in its treatment of
time and space).
For relativistic quantum mechanics of a spin-1/2 particle, we know that the dimension of the
spinorial Hilbert space Hspin is dim Hspin = 4 since it is used to describe both the particle and its
antiparticle (which could be the same as the particle itself, as in the case of Majorana fermions).
Following the usual construction, we use gamma matrices γ µ of spinors which satisfy the anticommutation relations of Clifford algebra, {γ µ , γ ν } = 2η µν Îspin , where {A, B} = AB + BA is the
anti-commutator of A and B, and we have used the metric signature η µν = diag (+1, −1, −1, −1).
Depending on the representation of the gamma matrices, we can describe both Dirac fermions
(particles having distinct antiparticles) and Majorana fermions (particles which are their own
antiparticles) [29]. Let us define,
β ≡ γ 0 , αj ≡ γ 0 γ j , j = x, y, z ,

(38)

which satisfy α2j = Îspin ∀j, β 2 = Îspin , {αj , αj ′ } = 0 ∀j 6= j ′ and {αj , β} = 0 ∀ j. As before, the
Hamiltonian and momentum constraints will be parametrized by a vector ~k ∈ R3 . The Hamiltonian
constraint is given by,


X
ĴH (~k) = p̂t ⊗ Î~x ⊗ Îspin + Ît ⊗ Î~x ⊗ 
kj αj + mβ  ,
(39)
j=x,y,z

and the momentum constraint by,



ĴPj (~k) = Ît ⊗ p̂j ⊗ Îspin − Ît ⊗ Î~x ⊗ kj Îspin for j = x, y, z .

(40)

Notice, in the constraint equations above, the values of energy and momentum eigenvalues are
associated explicitly with operators that act on Hspin , just how we did in the Klein-Gordon case
(though is was a trivial association there). The spinorial term in the Hamiltonian constraint can
be identified as the matrix square root of the Klein-Gordon energy-momentum dispersion relation,

2


X

kj αj + mβ  = |~k|2 + m2 Îspin .
(41)
j=x,y,z

This is expected, since the Dirac equation, even in the standard construction, is understood as
a “square-root” of the Klein-Gordon equation and doing so necessarily relies on the spin of the
particle. Physical eigenstates ψ~k
are identified to be the ones that are annihilated by the
constraints,
ĴH (~k) ≈ 0 =⇒ ĴH (~k) ψ~k
ĴPj (~k) ≈ 0 =⇒ ĴPj (~k) ψ~k

=0,

(42)

= 0 for j = x, y, z .

(43)

One can now combine the Hamiltonian and momentum constraints of Eqs. (42) and (43) to
eliminate the explicit ~k dependence,



X 
p̂t ⊗ Î~x ⊗ Îspin +
Ît ⊗ p̂j ⊗ αj + Ît ⊗ Î~x ⊗ m β ≈ 0 ,
(44)
j=x,y,z
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which is precisely the Schrödinger equation for a spin-1/2 particle, which in the conventional form
is written as,


∂
i ψ = α
~ · p~ˆ + mβ ψ .
(45)
∂t


We can also recover the Dirac equation by pre-multiplying Eq. (44) with Ît ⊗ Î~x ⊗ β ,


p̂t ⊗ Î~x ⊗ β +

X 

j=x,y,z

Ît ⊗ p̂j ⊗ β αj





+ m Ît ⊗ Î~x ⊗ Îspin



≈ 0.

(46)

Switching back to the gamma matrix notation,
γ 0 ≡ β , γ j ≡ βαj , j = x, y, z ,
and this gives us the Dirac equation,


p̂t ⊗ Î~x ⊗ γ 0 +

X 

j=x,y,z

Ît ⊗ p̂j ⊗ γ

j



+ m ÎH ≈ 0 .

(47)

(48)

We can now write this equation in the relativistically covariant notation of Eq. (14),
P̂µ ⊗ γ µ + m ÎH ≈ 0 .

(49)

where the repeated index µ is summed over. One can introduce interactions with a background
electromagnetic field Aµ (t, ~x) by adding it as an effective term at the level of the Dirac equation of
Eq. (49). Adding such an interaction with a background field directly in the constraint equations
of Eqs. (39) and (40) will be inconsistent since it will break spatial/temporal translation symmetry for the relativistic particle whose physics we are focusing on. One can envision assigning
Hilbert spaces to the background field as quantum degrees of freedom and then adding relativistic
compatible interactions with other fields. We will briefly discuss this point from a field-theoretic
point of view in section V.
Thus, we see that we are able to treat both Klein-Gordon and Dirac equations with a common
approach based on linear, first-order constraints by treating space and time on an equal footing
in Hilbert space and applying dispersion relations to eigenvalues instead of an operator-valued
equation in H~x .
IV.

SYMMETRY TRANSFORMATIONS AS BASIS CHANGES

Treating space and time on an equal footing as quantum degrees of freedom in Hilbert space can
help us analyse symmetry transformations using unitary basis changes in Hilbert space. This gives
a stronger quantum mechanical ground for symmetry transformations, especially in relativistic
quantum mechanics where transformations of temporal degrees of freedom are often handled in an
ad-hoc, often classical way compared to the spatial degrees of freedom. It also lets us tie together
global and local symmetry transformations into one framework and in this section, we will focus
on two important symmetry transformations: Lorentz transformations and U (1) gauge symmetry.
Global symmetries, such as Lorentz transformations, will affect decomposition changes in Hilbert
space, whereas local symmetries, such as U (1), will correspond to basis changes in Hilbert space
while leaving the decomposition invariant.
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A.

Lorentz Transformations

Lorentz transformations are global transformations that mix space and time components of
4-vectors while preserving the speed of light, the causal structure and the form of laws of physics
in each inertial reference frame. In Hilbert space, we will implement a Lorentz transformation as a
decomposition change of Ht ⊗ H~x . Thus, it is an overall basis change that alters the factorization
between the temporal and spatial degrees of freedom in Hilbert space. We will implement a Lorentz
transformation Λ by a unitary transformation Û (Λ) that changes the decomposition,
Û (Λ) : Ht ⊗ H~x → Ht ′ ⊗ H~x ′ .

(50)

Such a decomposition change manifests itself by mixing conjugate operators in Ht and H~x under
the following transformation,
′

X̂ µ = Û † (Λ) X̂ µ Û (Λ) = Λµν X̂ ν ,

(51)

′

P̂ µ = Û † (Λ) P̂µ Û (Λ) = Λνµ P̂ν .

(52)

′

It is important to note that X̂ µ and P̂µ′ are “separable” operators i.e. they have a tensor product
′

structure in the transformed space Ht ′ ⊗ H~x ′ . For example, the components of X̂ µ ∈ L(Ht ′ ⊗ H~x ′ )
written explicitly are,
′

X̂

2′

X̂ 0 ≡ t̂′ ⊗ Î~′x ,
′

′

≡ Î′t ⊗ Îx ⊗ ŷ ′ ⊗ Îz ,

′

′

′

X̂ 1 ≡ Ît ⊗ x̂′ ⊗ Îy ⊗ Îz ,

(53)

X̂

(54)

3′

′

′

≡ Î′t ⊗ Îx ⊗ Îy ⊗ ẑ ′ ,

and therefore, each of these transformed operators is a linear combination of separable operators
′
′
in Ht ⊗ H~x as governed by Eq. (51) (and hence, X̂ µ and P̂ µ are themselves are not separable in
Ht ⊗ H~x ).
Let us look at this in more detail with an example of the Klein-Gordon equation as treated
in section III A to study how the Hamiltonian and momentum constraints transform under a
Lorentz transformation and its implications. For concreteness and simplicity, let us focus on a
Lorentz boost with a boost parameter v (the relative speed of the two inertial frames in units with
−1/2
, and with this, the Lorentz transformation
c = 1) along the x-direction. We define Γ = 1 − v 2
matrix Λ takes the form,


Γ −Γv 0 0
−Γv Γ 0 0
.
Λµν = 
(55)
 0
0 0 0
0
0 0 0

In this case, the unitary transform Û (Λ) changes the decomposition of Ht ⊗ Hx to Ht ′ ⊗ Hx ′ and
leaves Hy ⊗ Hz untransformed, such that,
′

′

′

′

Ît ⊗ Îx ⊗ p̂y ⊗ Îz 7−→ Ît ⊗ Îx ⊗ p̂y ′ ⊗ Îz

′

= Ît ⊗ Îx ⊗ p̂y ⊗ Îz ,

(56)

Ît ⊗ Îx ⊗ Îy ⊗ p̂z 7−→ Ît ⊗ Îx ⊗ Îy ⊗ p̂z ′ = Ît ⊗ Îx ⊗ Îy ⊗ p̂z ,

(57)
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p̂t ⊗ Î~x 7−→ p̂t ′ ⊗ Î~x

′


 ′


′
= Γ p̂t ′ ⊗ Î~x − Γv Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz

(58)




 ′
′
′
Ît ⊗ p̂x ⊗ Îy ⊗ Îz 7−→ Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz = Γ Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz − Γv p̂t ′ ⊗ Îx ⊗ Îy ⊗ Îz . (59)

We can now see from the above equations that a Lorentz transformation changes the decomposition
of Hilbert space. Under this transformation, the Hamiltonian constraint of Eq. (16) transforms as,


 ′

 ′

′
′
′
ĴH (~k) = Γ p̂t ′ ⊗ Î~x ⊗ 1 − Γv Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz ⊗ 1 + Ît ⊗ Î~x ⊗ E(~k) ≈ 0 ,
(60)

and the x-momentum constraint takes the form,
 ′


  ′

′
′
′
ĴPx (~k) = Γ Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz ⊗ 1 − Γv p̂t ′ ⊗ Îx ⊗ Îy ⊗ Îz ⊗ 1 − Ît ⊗ Î~x ⊗ kx ≈ 0 . (61)

The y and z-momentum constraints remain unchanged since the Lorentz transformation only mixes
Ht ⊗ Hx . As expected, the Hamiltonian and momentum constraints of Eqs. (60) and (61) have
mixed terms but we can decouple them by substitution of one equation into the other. The
transformed Hamiltonian constraint then becomes,


 ′


′
′
′
ĴH (~k) = p̂t ′ ⊗ Î~x ⊗ 1 + Ît ⊗ Î~x ⊗ ΓE(~k) − Γv kx
≈ 0,
(62)
which,as expected, represents
a Hamiltonian constraint with the Lorentz transformed energy

′
~
E = ΓE(k) − Γv kx . The momentum constraint similarly transforms to reflect the Lorentz
transformed momentum kx′ = (Γkx − Γv E(k)),
 ′

 ′

′
′
ĴPx (~k) = Ît ⊗ p̂x ′ ⊗ Îy ⊗ Îz ⊗ 1 − Ît ⊗ Î~x ⊗ (Γkx − Γv E(k)) ≈ 0

(63)

Thus, we see that Lorentz transformations that are global symmetry transformations are implemented as global basis changes in Hilbert space altering the factorization between the temporal
and spatial factors of Hilbert space. One can perform a similar Lorentz transformation for the
Dirac equation as discussed in section III B though we avoid repeating a similar analysis here.
B.

U(1) Symmetry

Let us now look at U (1) gauge symmetry though the lens of unitary basis changes in Hilbert
space. The U (1) gauge symmetry is a local transformation that lets the wavefunction pick up a
local phase,
Ψ(t, ~x) 7−→ Ψ′ (t, ~x) = eiλ(t,~x) ψ(t, ~x) ,

(64)

for a gauge function3 λ(t, ~x). The usual story of the U (1) transformation is told in the presence of
a gauge field Aµ (X) to which the particle couples. Under the gauge transformation of Eq. (64),
we require the gauge field Aµ to transform accordingly,
~ ~x) −→ A(t,
~ ~x) − ∇λ(t,
~
A(t,
~x) ,
3

(65)

The function λ(t, ~
x) is typically taken to be continuous and sufficiently differentiable in its variables and dies off
rapidly enough as ~x → ±∞.
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A0 (t, ~x) −→ A0 (t, ~x) +

∂
λ(t, ~x) ,
∂t

(66)

to keep the Schrödinger equation invariant. One of the outcomes of this transformation Aµ is to
effectively shift the conjugate momentum operator,
~
~ −→ −i∇
~ − ∇λ(t,
~
p~ˆ −→ p~ˆ − ∇λ(t,
~x) =⇒ −i∇
~x) .

(67)

On the other hand, due to lack of a conjugate temporal momentum in the textbook construction,
the time derivative operator i∂t (which equates itself to the Hamiltonian in the Schrödinger equation
for physical states) therefore transforms as,
i

∂
∂
∂
−→ i
+
λ(t, ~x) .
∂t
∂t
∂t

(68)

We now show, that in our construction which treats space and time on an equal footing in Hilbert
space using linear, first-order constraints, U (1) gauge transform is a local unitary transformation
in the spatio-temporal Hilbert space Ht ⊗ H~x . Transformations, both in the temporal and spatial
components, emerge naturally as a consequence of this unitary transformation. While one can
couple the particle to an external/background field Aµ , reference to this gauge field (which defines
the field strength that is invariant under U (1)) is not explicitly required to affect the symmetry
transformation. Spatial and temporal quantum degrees of freedom transform under a common
mechanism, unlike as done in Eqs. (67) and (68).
The unitary transformation Û1 ∈ L(Ht ⊗ H~x ) that affects this U (1) symmetry is not a global
decomposition change in Ht ⊗ H~x , but rather a local basis change as one would expect from a
gauge transformation and hence does not alter the decomposition of Hilbert space. The local
nature of the unitary basis change operator is reflected it being diagonal in the coordinate basis
{|ti ⊗ |~xi ≡ |t, ~xi } (we are considering a spinless particle for this analysis here),
Z



ˆ) ⊗ Îspin .
Û1 =
dt d3 x e−iλ(t,~x) |t, ~xi
t, ~x ⊗ Îspin = exp −iλ(t̂ ⊗ Î~x , Ît ⊗ ~x
(69)
Under this unitary transformation, the a state |Ψi ∈ Ht ⊗ H~x transforms as follows,
Ψ′

= Û1† |Ψi ,

(70)

which transforms the wavefunction as required for a U (1) transformation by picking up a local
phase,




′
′
(71)
= ht| ⊗ h~x| Û1† |Ψi = eiλ(t,~x) Ψ(t, ~x) .
Ψ (t, ~x) ≡ ht| ⊗ h~x| Ψ
The Û1 transformation also transforms operators in a way consistent with a local gauge transformation. In this case, when time and space are treated on an equal footing in Hilbert space, we
don’t need to explicitly rely on the existence of a gauge field Aµ since the unitary transformation
directly leads to transformation of the conjugate momenta in both Ht and H~x . Whereas in the
textbook story, time is treated as an external parameter and not as a quantum degree of freedom,
and hence there is no momenta conjugate to a time coordinate. Because of this, we have to impose
transformations on the gauge field Aµ of Eqs. (65) and (66) to keep evolution equations invariant.
Here, we treat space and time on an equal footing and it is reflected in the unitary transformation
of the conjugate momenta as follows,




′
P̂µ = Û1† P̂µ Û1 = exp iλ(X̂) P̂µ exp −iλ(X̂) ,
(72)
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where λ(X̂) is to denote that the function λ depends on the coordinate operators X̂ µ of Eq. (13).
We can use Baker-Campbell-Hausdorff lemma to further write,
i
h
ii
h
1h
′
P̂µ = P̂µ + i λ(X̂), P̂µ −
(73)
λ(X̂), λ(X̂), P̂µ + . . . .
2
i
h
Recalling that λ(X̂), P̂µ = i ∂µ λ(X̂), we can further simplify the above equation to yield,
′

P̂µ = P̂µ − ∂µ λ(X̂) ,

(74)

since two-point and higher nested commutators in Eq. (73) all vanish because λ(X̂) and its
derivatives ∂µ λ(X̂) are only functions of X̂µ . Thus, both spatial and temporal conjugate momenta
get modified, in particular,
p̂t ′ ⊗ Î~x = p̂t ⊗ Î~x −


∂ 
ˆ ,
λ t̂ ⊗ Î~x , Ît ⊗ ~x
∂t

(75)

and,


ˆ .
~
Ît ⊗ p~ˆ ′ = Ît ⊗ p~ˆ − ∇λ
t̂ ⊗ Î~x , Ît ⊗ ~x

(76)

The coordinate operators X̂ µ themselves do not transform since they commute with the local
function λ(X̂) and it should also be pointed out that by virtue of Û1 being unitary, the CCR
between the conjugate operators is left unmodified under the transformation.
We can see how the Hamiltonian and momentum constraints transform under the U (1) gauge
transformation. Using Eqs. (16) and (75), the transformed Hamiltonian constraint operator looks
like,
′

ĴH (~k) = p̂t ⊗ Î~x ⊗ Îspin +







∂
ˆ
Ît ⊗ Î~x ⊗ E(~k) Îspin −
λ t̂ ⊗ Î~x , Ît ⊗ ~x
,
∂t

(77)

which is the equivalent of the transformation of Eq. (68) but now arrived at by directly transforming
the temporal conjugate momentum. The transformed momentum constraint operator, using Eqs.
(17) and (75) becomes,
′
ĴPj (~k) = Ît ⊗ p̂j ⊗ Îspin −






ˆ
~
Ît ⊗ Î~x ⊗ kj Îspin + ∇λ
t̂ ⊗ Î~x , Ît ⊗ ~x
≈ 0 for j = x, y, z , (78)

which is the equivalent of the transformation of Eq. (67) but now arrived at by directly transforming the spatial conjugate momentum by a unitary transformation on an equal footing with its
temporal component. Thus, the evolution equations (both spatial and temporal) are transformed
in accordance with a U (1) unitary transformation on an equal footing. The sign difference between
the space and time components of Eqs. (65) and (66) are therefore traced back to the difference in
the corresponding sign between the Hamiltonian and momentum constraints and not in the unitary
transformation of the conjugate momenta. The transformed constraint operators still commute and
the constraint equations are satisfied for the transformed state |Ψ′ i by the transformed operators,
′
′
i.e. ĴH (~k) |Ψ′ i = 0 = ĴP (~k) |Ψ′ i , which is the statement that the evolution equations are left
j

invariant under the U (1) gauge transformation as expected.
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V.

DISCUSSION

The quantum nature of space and time forms a core question in our understanding of quantum gravity. Motivated by considerations in a quantum-first approach to quantum gravity, we
attempted to treat space and time on an equal footing in Hilbert space and focus on a paradigm
dealing with linear, first-order constraints. Using both Hamiltonian and momentum constraints
that annihilate physical states in Hilbert space, we can get emergent features like spatial and
temporal translations. Using these constraints, we analysed Klein-Gordon and Dirac equations
and showed our analysis treats both equations with a uniform approach, arguing that dispersion
relations should apply to eigenvalues and not be used as operator-valued equations. With such
an approach, the “square root” Hamiltonian in the Klein-Gordon theory is handled naturally on
a common footing with the Dirac equation. Treating both time and space as quantum degrees
of freedom in Hilbert space, the quantum mechanical status of Lorentz transformations and U (1)
symmetry is seen as change of basis or decomposition of Hilbert space. Our construction in this
paper keeps space, time, and spin on an equal footing in Hilbert space as given by Eq. (9) and this
gives a homogeneous use of the same underlying algebra operating in each of the Hilbert space
factors. The Generalized Clifford Algebra [30–32] can be seen to provide this common algebraic
structure for conjugate operators in Ht , H~x and Hspin . In both Ht and H~x , it provides the conjugate algebra through Weyl’s form of the CCR [33] that approaches the Heisenberg CCR in the
infinite-dimensional limit, and for Hspin , it furnishes the spinor matrices obeying Clifford algebra
(for instance, the Pauli matrices are the algebra obtained by a Generalized Clifford Algebra with
two generators in two-dimensions). In addition, due to the Bekenstein bound [34] and holographic
principle [35, 36], the Hilbert space of quantum gravity may be locally finite-dimensional [37–39]. In
such a finite-dimensional scenario, the Generalized Clifford Algebra also offers a finite-dimensional
version of conjugate operators obeying Weyl’s exponential form of the CCR.
Such a program can be extended into various future directions, some of which we’d like to point
out here and discuss their implications. One of the most natural and interesting generalizations
of this approach is to formulate quantum field theory in this language. To this extent, we can
imagine a Hilbert space decomposition, as an extension of Eq. (9),
H ≃ Ht ⊗ H~x ⊗ Hmatter ,

(79)

which could describe quantum-mechanical matter Hmatter living on a background spacetime described by quantum degrees of freedom Ht ⊗ H~x . The structure of the spacetime Hilbert space in
the context of field theory would warrant further investigation and its interplay with the matter
Hilbert space. In the conventional field theory paradigm, one colloquially associates a Hilbert space
at each point in space, and states in this space evolve unitarily through time. While the analysis
in this paper focussed on Hamiltonian and momentum constraints parametrized by ~k ∈ R3 , as in
Eqs. (18) and (19), an extension to a field theory-like setup would allow writing single Hamiltonian
and momentum constraints using the generators of the Poincaré group,
ĴH = p̂t ⊗ Î~x ⊗ Îmatter + Ît ⊗ Î~x ⊗ Ĥ ≈ 0 ,

(80)

ĴP~ = Ît ⊗ p~ˆ ⊗ Îmatter − Ît ⊗ Î~x ⊗ P̂ ≈ 0 ,

(81)

ˆ
where Ĥ and P~ are the Hamiltonian and momentum of the matter field, respectively. In a relativistically covariant theory, these generators commute and physical states would therefore be
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simultaneous eigenstates of the constraints. While interactions with a background field were not
possible in the analysis of section III since they break time and/or space translation symmetry, we
can treat interacting theories naturally in the context of the field theoretic generalization of Eq.
(79).
An interesting feature to note in the constraints we have discussed so far is the exclusive use
of operators that do not couple different subfactors of H. They have a decoupled form i.e. they
are a collection of terms, each of which acts non-trivially only on a particular Hilbert space factor.
Adding interaction terms that couple the spacetime Hilbert space Ht ⊗ H~x to matter Hmatter could
be useful in understanding effects like gravitational coupling and back-reaction. For example, interactions between the temporal degree of freedom and the system in the context of the Page-Wootters
internal time (as described in section II) has been explored in Ref. [28]. We saw in section IV
how different decompositions of the spacetime Hilbert space implemented by global basis changes
can describe Lorentz transformations. More generally, we can expect a broad class of unitary basis
choices implementing different decompositions of Hilbert space to correspond to different choice of
coordinate systems. The apparent freedom in the choice of decomposition of Hilbert space H of
Eq. (2) to choose a different clock/temporal degree of freedom Ht and therefore different emergent
dynamics for the system HS (in the context of the Page-Wootters formulation of section II A) is
often referred to as the “Clock Ambiguity” [40–42]. While the decoupled form of the constraints
are rather special in their own right (such as Ref. [43] where it is argued a decoupled form of the
constraint can help ease the Clock Ambiguity) and some unitary transformations will preserve it
(for instance, the global basis changes in section IV to implement Lorentz transformations are such
examples), not all unitary transformations will preserve this decoupled form. Investigating generic
unitary basis changes for constraints containing interacting terms could shed light upon the nature
of coordinates in the context of a quantum field theoretic setup for spacetime and matter and will
be taken up in future work. Not all decompositions may be allowed and some may be preferred
over others in determining which degrees of freedom in H make up the background spacetime and
which make up the matter degrees of freedom. While definitely an interesting question that could
have implications for the Hilbert space structure of quantum gravity, it is beyond the scope of
this work and is left for future investigation. The interested reader is encouraged to look into a
rich literature [44–48] (and references therein) available on quantum frames of reference and its
connections with Hamiltonian constraints.
We would also like to emphasize that while we have attempted to treat space and time on an
equal footing in Hilbert space in the context of relativistic quantum mechanics, there are important and crucial differences between the nature of time and space. For instance, relativistic light
cone structures demand causal influence in timelike directions and not spacelike, and the nature of
time, more conventionally interpreted, seems to be inseparably intertwined with thermodynamics
and the arrow of time [49, 50]. The interplay between space, time, and quantum mechanics can be
better understood by re-examining crucial first principle ideas, which we believe to be an important
direction of inquiry toward our understanding of quantum gravity.
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