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Abstract: The axionic weak gravity conjecture predicts the existence of instantons whose

actions are less than their charges in appropriate units. We show that the conjecture

is satisfied for the axion-dilaton-gravity system if we assume duality constraints on the

higher derivative corrections in addition to positivity bounds which follow from unitarity,

analyticity, and locality of UV scattering amplitudes. On the other hand, the conjecture

does not follow if we assume the positivity bounds only. This presents an example where

derivation of the weak gravity conjecture requires more detailed UV information than the

consistency of scattering amplitudes.
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1 Introduction

The Swampland program is based on the premise that there are conditions on a low energy

gravity theory that are necessary in order for it to be an effective theory of a consistent

quantum gravity with ultra-violet (UV) completion such as string theory but cannot be

derived solely from consistency requirements evident in low energy [1]. The absence of

global symmetry is an example of such conditions. It has been long conjectured [2–4]

and recently proven in the context of the AdS/CFT correspondence [5, 6] that any global

symmetry in a low energy effective theory of consistent quantum gravity should be either

broken or be a gauge symmetry in disguise1. Since the launch of the Swampland program

in 2005, a variety of Swampland conditions have been proposed with various degrees of

rigors and motivations, and some of them have significant implications on cosmology and

particle physics (see Refs. [8, 9] for review articles).

In this paper, we ask whether the Weak Gravity Conjecture (WGC) can be derived

from consistency conditions visible in low energy alone. Since the WGC is supposed to be

stronger than the absence of global symmetry and since the proof of the latter requires [5, 6]

knowledge on the microscopic mechanism of the AdS/CFT correspondence such as the

entanglement wedge reconstruction and its relation to quantum error correction2, it is

1See also [7] for a worldsheet argument for the absence of continuous global symmetries. The recent

work [5, 6] provides a holographic proof of this conjecture and it covers additionally discrete symmetries as

well as the completeness conjecture.
2Readers who wish to learn about the relation can consult, for example, [10].
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r = r0

Figure 1. A wormhole connecting two asymptotically flat regions consists of two semiwormholes

with opposite axion charges and the same action, which are glued at a three-sphere represented as

r = r0. Each semiwormhole can be regarded as an instanton.

reasonable to expect that some information about UV physics is needed to prove the

WGC. The purpose of this paper is to identify such UV information for a specific version

of the WGC.

The axionic WGC predicts the existence of instantons whose action-to-charge ratios

are smaller than one in an appropriate unit [11]. It connects the WGC to the distance

conjecture [12] and imposes constraints on axion inflation scenarios3 (see e.g. [18–29] and

references therein) and ultralight axion dark matter models [30]. In this paper, we focus on

the axion-gravity system and the axion-dilaton-gravity system. We find that the WGC for

the axion-gravity system follows from unitarity, analyticity, and locality of UV scattering

amplitudes. On the other hand, these conditions are not sufficient for the axion-dilaton-

gravity system; we find that the WGC for this system is satisfied if we in addition impose

duality constraints.

In the 4D axion-gravity system, the upper bound is set by the action-to-charge ratio

of the macroscopic semiwormhole (see Fig. 1) as4

Sn
|n|
≤
√

6π

4
· MPl

f
, (1.1)

where n and Sn are the charge and action of the instanton required by the WGC, MPl

is the reduced Planck mass, and f is the axion decay constant. The WGC in this case

guarantees that the tunneling process through a collection of small instantons dominates

over the one through a single large instanton with the same charge. This is the axionic

WGC counterpart of the statement “every black hole has to decay” in the WGC for 0-form

3The axionic WGC constrains inflation scenarios with periodic axions, i.e., axions with a compact field

space. Axion monodromy inflation (using branes [13, 14] and fluxes [15–17] to break the axion periodic-

ity) provides an interesting exception, though other Swampland conditions can potentially constrain such

models, see e.g. [9] for a review.
4Since the notion of extremality for gravitational instantons is not clear (in contrast to the case for

black branes), it is not fully understood yet how to formulate a precise version of the WGC for (-1)-form

symmetries, see [26, 30, 31] and references therein. In this paper we follow [26, 30] and use macroscopic

wormholes, which are well controlled solutions in the EFT, as the reference to set the WGC bound.
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M

Q

MPl ΔMext(Q) < 0

0
Figure 2. The dashed line represents the mass-charge relation of extremal black holes in the

Einstein gravity, which defines the WGC bound. If the higher derivative correction, ∆Mext(Q), to

the mass of the extremal black hole with a fixed charge Q is negative (the solid curve), macroscopic

black holes play the role of the charged state required by the WGC. This condition can be rephrased

by a certain inequality of higher derivative couplings [32, 68]. Similarly, the axionic WGC is satisfied

if the higher derivative correction to the semiwormhole action is negative for a fixed charge.

symmetry. Similarly, the WGC bound in the 4D axion-dilaton-gravity system is set by the

action-to-charge ratio of the macroscopic semiwormhole as

Sn
|n|
≤ 2

β
sin
[√

6
4 β ·

π
2

]
· MPl

f
, (1.2)

where β is the dilaton coupling defined shortly in Eq. (2.1). Throughout the paper we focus

on the regime |β| < 4√
6
, where wormhole solutions exist and the bound (1.2) is applicable.

In the limit of β → 0, when the dilaton decouples, (1.2) reduces to (1.1).

The purpose of this paper is to clarify which properties of consistent UV completion

are necessary for the WGC. To elaborate on this motivation, let us briefly review recent

progress toward a proof of the WGC for 0-form symmetry [32–65]. It has been known

that higher derivative corrections to the Einstein-Maxwell theory modify the extremal

condition of charged black holes and the macroscopic black holes play the role of the charged

state required by the WGC, if the effective couplings satisfy a certain inequality [32] (see

Fig. 2). The question has been which consistency conditions of the UV theory imply

these inequality. In [46], it was shown that the positivity bounds [66] and the causality

constraints [67] on higher derivative corrections imply the inequality and thus the WGC

in a wide class of theories. However, more recently, [59] studied the same problem in the

photon-dilaton-gravity system to find that these consistency conditions are not enough to

demonstrate the conjecture.

In this paper, we ask the same question for (−1) form symmetry, namely instanton

charges. We show that the positivity bound for the axion-gravity system imply the action-

to-charge ratios (1.1) required by the WGC. On the other hand, for the axion-dilaton-

gravity system, the WGC does not follow from the positivity bounds alone. Interestingly,
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the SL(2,Z) symmetry5 of the axion and dilaton, together with positivity bounds, does

imply the axionic WGC. This presents an example where detailed UV information such

as duality is needed to demonstrate the conjecture, on top of the positivity bounds which

follow from unitarity, analyticity, and locality of UV scattering amplitudes.

The rest of the paper is organized as follows: First, we evaluate the higher derivative

correction to the semiwormhole solution and to its action (Sec. 2). Based on the results

there, we discuss implications of positivity bounds and duality constraints to the axionic

WGC (Sec. 3). We conclude in Sec. 4 with discussion of our results. Some technical details

in our derivations can be found in the Appendices.

2 Higher derivative corrections to semiwormhole action

In this section we evaluate higher derivative corrections to the Euclidean action of the

Giddings-Strominger (semi)wormhole.

2.1 Giddings-Strominger wormhole

We begin by a brief review of the Giddings-Strominger wormhole [69–72] in the Einstein-

axion-dilaton theory (see also [26, 30] for a review). Let us consider the Lorentzian action,

S =

∫
d4x
√
−g
[
R

2
− 1

2
(∂µφ)2 − f2

2
eβφ(∂µθ)

2

]
, (2.1)

where φ and θ are the dilaton and the axion, respectively, and we work in the unit MPl = 1.

Without loss of generality, we assume that the dilaton coupling, β, is nonnegative: β ≥ 0.

In this paper we focus on the regime, 0 ≤ β < 4√
6
, so that the Giddings-Strominger

wormhole exists. Also the dilaton may consistently be truncated (at the tree-level) when

β = 0 to reproduce the Einstein-axion theory.

After Wick rotation, the Euclidean action corresponding to Eq. (2.1) reads

SE =

∫
d4x
√
g

[
− R

2
+

1

2
(∂µφ)2 +

f2

2
eβφ(∂µθ)

2

]
. (2.2)

To work with wormhole solutions, it is convenient to dualize the axion into a two-form

gauge field Bµν as

SE =

∫
d4x
√
g

[
− R

2
+

1

2
(∂µφ)2 +

1

12f2
e−βφH2

µνρ

]
, (2.3)

where H = dB is the field-strength. The equations of motion are

0 = ∂µ

(√
ge−βφHµνρ

)
, (2.4)

0 =
β
√
g

12f2
e−βφHµνρH

µνρ + ∂µ (
√
ggµν∂νφ) , (2.5)

0 = Rµν − ∂µφ∂νφ+ e−βφ
(

1

6f2
gµνHρσλH

ρσλ − 1

2f2
HµρσHν

ρσ

)
. (2.6)

5In [38, 39, 54] , another SL(2,Z) symmetry, i.e., the modular symmetry of the 2D CFT of the worldsheet

(or the holographic dual) was used to upgrade the WGC to stronger forms. See Section 4.
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The Giddings-Strominger solution is a spherically symmetric solution of the form,

ds2 =
dr2

1− r40
r4

+ r2dΩ2
3 , H =

nε

2π2
, eβφ =

cos2
[√

6
4 β · arccos

r20
r2

]
cos2

[√
6
4 β ·

π
2

] , (2.7)

where dΩ2
3 and ε are the line element and the volume form of a unit three-sphere, respec-

tively, and the thickness, r0, of the wormhole throat is given by

r40 =
n2f2

24π4
cos2

[√
6
4 β ·

π
2

]
. (2.8)

An explicit form of dΩ2
3 and ε is

dΩ2
3 = dθ21 + sin2 θ1dθ

2
2 + sin2 θ1 sin2 θ2dϕ

2 , ε = sin2 θ1 sin θ2dθ1dθ2dϕ . (2.9)

The Giddings-Strominger solution (2.7) has a coordinate singularity at r = r0. The

region, r ≥ r0, describes a half of the wormhole called the semiwormhole. We may identify

n with the axion charge of the semiwormhole:∫
S3

H = n . (2.10)

The full wormhole connecting two asymptotically flat regions is obtained by gluing two

such semiwormholes with opposite axion charges at a three-sphere defined by r = r0 (see

Fig. 1). The on-shell action, Sn, of the semiwormhole (2.7) with the charge n is given by

Sn =

∫ ∞
r0

dr

∫
S3

d3x
√
g

[
1

6f2
e−βφH2

µνρ

]
=

2|n|
βf

sin
[√

6
4 β ·

π
2

]
, (2.11)

where the integral region is r0 ≤ r < ∞ because we are considering the semiwormhole

action. The action of the full wormhole is obtained by multiplying a factor of 2. Note that

we have omitted boundary terms such as the Gibbons-Hawking-York term. However, it is

easy to show that such boundary terms have vanishing contributions to the wormhole action

in our analysis. See also Appendix A. Now the action-to-charge ratio of the macroscopic

semiwormhole is

Sn
|n|

=
2

β
sin
[√

6
4 β ·

π
2

]
· MPl

f
, (2.12)

which sets the WGC bound (1.2) on the action-to-charge ratio of the required instanton.

2.2 Higher derivative corrections

Next let us consider higher derivative corrections to the Einstein-axion-dilaton theory:

S = S(0) + ∆S , (2.13)
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where S(0) is the Einstein-axion-dilaton action (2.1) and ∆S is for higher derivative terms.

At the leading order, the general parity-even operators which respect the axion shift sym-

metry are given by

∆S =

∫
d4x
√
−g
[
a1e

b1βφ(∂µφ∂
µφ)2 + a2f

4e(b2+2)βφ(∂µθ∂
µθ)2

+ a3f
2e(b3+1)βφ(∂µφ∂

µφ)(∂µθ∂
µθ) + a4f

2e(b4+1)βφ(∂µφ∂
µθ)2

+ a5e
b0βφW 2

µνρσ + a6θWµνρσW̃
µνρσ

]
, (2.14)

where Wµνρσ is the Weyl tensor and W̃µνρσ = 1
2εµν

αβWαβρσ. Note that we performed

field redefinition to eliminate unphysical degeneracy of the effective operators. Also, we

introduced parameters bi allowing general dilaton couplings. In the two-form language, the

corresponding Euclidean action reads (see Appendix A for details of dualization)

SE = S
(0)
E + ∆SE , (2.15)

where S
(0)
E is the Einstein-axion-dilaton theory one (2.3) and

∆SE =

∫
d4
√
g

[
−a1eb1βφ(∂µφ∂

µφ)2 − a2
36f4

e(b2−2)βφ(HµνρH
µνρ)2

+
a3

6f2
e(b3−1)βφ(∂µφ∂

µφ)(HµνρH
µνρ) +

a4
36f2

e(b4−1)βφ(εµνρσ∂µφHνρσ)2

−a5eb0βφW 2
µνρσ −

a6
6
HµνρJ

µνρ
]
. (2.16)

Here we introduced a three-form J satisfying WµνρσW̃
µνρσ = − ? dJ which is dual to the

Chern-Simons current. Its explicit form is given by

Jµνρ = −12

(
Γαβµ∂νΓβαρ +

2

3
ΓαβµΓβγνΓγαρ

)
+ 5 similar terms . (2.17)

Note that the three-form J is not covariant under coordinate transformations, but its

exterior derivative dJ is covariant. Also J vanishes in conformally flat coordinates.

We now evaluate the higher derivative corrections to the semiwormhole action. Since

the equations of motion are modified by the higher derivative terms, the wormhole solutions

are also modified. We write the modified solution schematically as

Φ = Φ(0) + ∆Φ , (2.18)

where Φ stands for all the fields gµν , Bµν , φ. Φ(0) is the wormhole solution (2.7) in the

Einstein-axion-dilaton theory and ∆Φ is the higher derivative correction. Note that the

two-form field solution, H =
nε

2π2
, in Eq. (2.7) is not corrected by higher derivative terms

because of charge quantization (recall that the wormhole solution has a two-form magnetic

charge). The leading order correction to the semiwormhole action is then given by

∆Sn = SE [Φ]− S(0)
E [Φ(0)]

=
(
S
(0)
E [Φ(0) + ∆Φ]− S(0)

E [Φ(0)]
)

+ ∆SE [Φ(0) + ∆Φ]

= ∆SE [Φ(0)] +O(∆2) , (2.19)
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where O(∆2) stands for higher order corrections. Note that at the leading order, the first

term in the second line is proportional to the equations of motion up to a boundary term.

One may explicitly show that the boundary term vanishes in our wormhole analysis, so

that the first term has no leading order contribution. Our task is now to evaluate

∆Sn =

∫ ∞
r0

dr

∫
S3

d3x
√
g

[
−a1eb1βφ(∂µφ∂

µφ)2 − a2
36f4

e(b2−2)βφ(HµνρH
µνρ)2

+
a3e

b3βφ + a4e
b4βφ

6f2
e−βφ(∂µφ∂

µφ)(HµνρH
µνρ)

]
, (2.20)

where we used the fact that the wormhole solution (2.7) is conformally flat (see discussion

around Eq. (2.17)) and it satisfies the relation, (εµνρσ∂µφHνρσ)2 = 6(∂µφ∂
µφ)(HµνρH

µνρ).

More explicitly, we find

∆Sn = 36π2
∫ π

2

0
dt cos3 t

[
− a1

(
A2 cos2 t̃

)b1 tan4 t̃− a2
(
A2 cos2 t̃

)b2 sec4 t̃

+
(
a3
(
A2 cos2 t̃

)b3 + a4
(
A2 cos2 t̃

)b4 ) tan2 t̃ sec2 t̃

]
, (2.21)

where we introduced a rescaled integral variable t̃ =
√
6
4 β · t and a β-dependent numerical

factor A2 = cos−2
[√

6
4 β ·

π
2

]
. It is difficult to evaluate the integral analytically for general

ai, bi, and β, but one can explicitly check that it is finite in the regime, 0 ≤ β < 4√
6
, of our

interests. The prefactor of a1,2 is always negative, whereas that of a3,4 is positive. Also

note that the correction (2.21) to the action is n-independent at this order and thus the

correction to the action-to-charge ratio is suppressed by 1/n, which guarantees validity of

the derivative expansion for macroscopic wormholes with a sufficiently large charge.

3 Axionic WGC v.s. positivity bounds

In the previous section we evaluated the higher derivative correction, ∆Sn, to the action

of the semiwormhole with a fixed charge n. The axionic WGC in the original form is then

satisfied by macroscopic semiwormholes if the correction (2.21) is negative and therefore

the action-to-charge ratio decreases for a fixed charge. In this section we demonstrate that

the axionic WGC follows from the duality constraints together with the positivity bounds

on higher derivative couplings. On the other hand, it does not follow from the positivity

bounds alone when the dilaton coupling β is nonzero.

3.1 Positivity bounds are not enough to imply axionic WGC

Axion-gravity system Let us first discuss implications of positivity bounds in the axion-

gravity system without the dilaton:

S =

∫
d4x
√
−g
[
R

2
− f2

2
(∂µθ)

2 + a2f
4(∂µθ∂

µθ)2
]
. (3.1)
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It is known that unitarity, analyticity, and locality of UV scattering amplitudes imply the

positivity bound: a2 ≥ 0 [66]6. On the other hand, the higher derivative correction to the

semiwormhole action is given by Eq. (2.21) with β = 0, for which we may evaluate the

integral analytically to obtain

∆Sn = −24π2a2 . (3.2)

We find that the positivity bound a2 ≥ 0 directly implies the negativity of the correction

to the semiwormhole action and thus the axionic WGC.

Axion-dilaton-gravity system We then incorporate the dilaton. As we discussed,

there are four higher derivative operators a1,2,3,4 relevant to the leading order correction

to the semiwormhole action. Positivity bounds for φφ → φφ, θθ → θθ, and φθ → φθ

scattering imply that three of them are positive:

a1 ≥ 0 , a2 ≥ 0 , a4 ≥ 0 . (3.3)

More generally, by considering scattering of the superposition of the axion and the dilaton,

we may derive a family of positivity bounds [43]

u21v
2
1a1 + u22v

2
2a2 + u1u2v1v2a3 +

1

4
(u1v2 + u2v1)

2a4 ≥ 0 , (3.4)

where ui and vi are arbitrary real numbers characterizing the mixing of the dilaton and

the axion in the external states. The allowed region of the higher derivative operators

consistent with the positivity bounds is thus:

a1 ≥ 0 , a2 ≥ 0 , a4 ≥ 0 , −a4 − 2
√
a1a2 ≤ a3 ≤ 2

√
a1a2 . (3.5)

See also Appendix B for a derivation of the bounds.

Now let us get back to the correction (2.21). First, positivity of a1 and a2 implies

that these operators decrease the semiwormhole action as expected by the WGC. On the

other hand, the a4 operator always increases the action as a consequence of positivity! It is

counterintuitive from the WGC perspective. Indeed, there exists a certain parameter space

which is consistent with the bounds (3.5), but the correction to the semiwormhole action

is positive (an extreme example is a4 � a1, a2, |a3| with a1, a2 > 0 and a3 < 0). Therefore,

in order for macroscopic semiwormholes to play the role of the instanton required by the

axionic WGC, a1,2 have to be large enough to compensate the positive contribution from

the a4 operator (and the a3 operator if a3 > 0). This illustrates a situation where the

positivity bounds are not powerful enough to imply the axionic WGC.

6 To be precise, the positivity bounds on the four-derivative operator can be proven only when gravity

is negligible [66]. More quantitatively, if we assume that gravity is UV completed by an infinite higher-spin

Regge tower, the bound is applicable when |ai| � (M2
PlM

2
Regge)

−1. Here MRegge is the mass scale of the

gravitational Regge states, i.e., the string scale Ms in string theory. See Appendix I of Ref. [46] for details.

In this paper we assume that there exists such a hierarchy and discuss implications of positivity bounds.
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3.2 Implications of duality constraints

While the positivity bounds are universal UV constraints on the low-energy effective theory,

they are a subset of the necessary conditions for the low-energy theory to have a consistent

UV completion. Indeed, we know that stronger constraints can be obtained once we specify

more details of the UV completion. Therefore, it is important to clarify which ingredients

of UV information, together with the positivity bound, lead to the axionic WGC. Below,

we show that the SL(2,Z) symmetry of the axion and dilaton may play the role7.

In our convention, the SL(2,Z) transformation is defined by

τ → aτ + b

cτ + d
(a, b, c, d ∈ Z, ad− bc = 1) with τ =

β

2
fθ + ie−

β
2
φ . (3.6)

For example, the kinetic terms of the dilaton and axion can be recast as

−1

2
(∂µφ)2 − f2

2
eβφ(∂µθ)

2 = −1

2

∂µτ∂
µτ̄(

β
2

)2
(Imτ)2

, (3.7)

which manifests the SL(2,Z) invariance. Similarly, SL(2,Z) invariant four-derivative op-

erators are of the form,

λ1
(∂µτ∂

µτ̄)2(
β
2

)4
(Imτ)4

+ λ2
(∂µτ∂

µτ)(∂µτ̄ ∂
µτ̄)(

β
2

)4
(Imτ)4

, (3.8)

which corresponds to the parameter set,

(a1, a2, a3, a4) = (λ1 + λ2, λ1 + λ2, 2λ1 − 2λ2, 4λ2) , bi = 0 (i = 1, 2, 3, 4) . (3.9)

In other words, we have a1 = a2 and a3 = 2a2 − a4 with two free parameters, a2 and a4.

Also the positivity bounds (3.5) are reduced to a2 ≥ 0 and a4 ≥ 0.

Then, in the SL(2,Z) invariant theory, the integral in Eq. (2.21) drastically simplifies

to obtain the higher derivative correction to the semiwormhole action,

∆Sn = −36π2a2

∫ π
2

0
dt cos3 t

(
tan2 t̃− sec2 t̃

)2
= −36π2a2

∫ π
2

0
dt cos3 t = −24π2a2 . (3.10)

Therefore, the negativity of the correction (2.21) and thus the axionic WGC follows from

the positivity bound a2 ≥ 0. To summarize, the SL(2,Z) invariance together with the

positivity bounds implies the axionic WGC, even though the conjecture does not follow

if we assume the positivity bounds only. This presents an example where detailed UV

information such as duality is needed to demonstrate the conjecture.

7 Note that the SL(2,Z) invariance is not a necessary condition for consistent UV completion of quantum

gravity. For example, heterotic string is not self-dual under the S-duality transformation, so that the α′

corrections for the string dilaton and the universal axion (dual to the NS-NS two-form) do not satisfy the

SL(2,Z) invariance, even though the dilaton and axion with other origins may respect the invariance. Our

purpose here is to provide an example for the UV condition which guarantees the WGC, rather than to

complete the full list of the UV scenarios which lead to the conjecture.
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4 Discussion

In this paper we showed that the WGC for (−1) form symmetry in the axion-gravity system

follows from the positivity bounds on higher derivative corrections and that in the axion-

dilaton-gravity system it also follows if we in addition assume certain duality constraints.

Our work provides strong evidences for the axionic WGC, which has significant implications

in axion inflation scenarios and ultralight axion dark matter models. At the same time, it

also illustrates examples of UV ingredients that are necessary for Swampland conditions

to hold. In particular, we find necessary UV ingredients depend on the field contents in

the IR. It is our hope that research in this direction will help progress toward proofs of

the Swampland criteria. In view of this, it is important to clarify how crucial duality is in

demonstrating the WGC or if there are other UV ingredients that also imply it. It would

also be interesting to generalize our results to the WGC for p(≥ 0)-form symmetry (See

Ref. [59]).

It is also worth mentioning a connection to stronger versions of WGC such as the

sublattice/tower WGC [35, 38, 39, 43]. For example, Refs. [38, 39, 54] argued that in the

presence of a heavy state satisfying the WGC bound, the notion of spectral flow (which

follows from the modular invariance in the 2D CFT of the worldsheet or the holographic

dual) implies a tower of states below the Planck scale satisfying the WGC bound. In other

words, we may upgrade the original WGC to stronger versions by adding one more UV

information that the UV theory has a worldsheet structure of the perturbative string theory

or a holographically dual 2D CFT. It appears that a stronger version of the conjecture

follows from a weaker version by assuming more details of the UV completion. Further

research in this direction may provide a global view on the web of Swampland conditions

and how different conditions reflect different UV ingredients.
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A Dualization

In this appendix we provide details of the dualization procedure translating the axion

description into the two-form description. To elaborate on the boundary conditions in our

problem and the corresponding boundary terms, we begin by the Einstein-axion-dilaton

theory without higher derivative terms.

Einstein-axion-dilaton theory To describe the dualization procedure in our wormhole

analysis, let us consider the following parent action in the Euclidean signature:

SE =

∫
d4x
√
g

[
−R

2
+

1

2
(∂µφ)2

]
− SGHY +

∫ [
1

2f2
e−βφH ∧ ?H + iθdH

]
, (A.1)

where SGHY is the Gibbons-Hawking-York term and the three-form field, H, is uncon-

strained at this moment. Integrating out θ, we have H = dB with B being a two-form

field to reproduce Eq. (2.3). Since semiwormholes have a magnetic charge for the two-form

gauge field, we impose boundary conditions at asymptotic infinity on the three-form H

such that they are consistent with the charge quantization. More explicitly, we impose

H =
nε

2π2
(n ∈ Z), where ε is the volume form of a unit three-sphere. For these boundary

conditions, the action (A.1) gives a consistent variation problem without requiring any

additional boundary term.

On the other hand, the action for the axion θ is obtained by integrating out H. To do

so, we rewrite the last term in Eq. (A.1) as∫ [
1

2f2
e−βφ

(
H − if2eβφ ? dθ

)
∧ ?
(
H − if2eβφ ? dθ

)
+
f2

2
eβφdθ ∧ ?dθ + id(θH)

]
. (A.2)

Integrating out H reproduces the action (2.2) up to a total derivative term, i.e., the last

term shown in the above. The corresponding boundary term,
∫
∂M iθH, is nothing but the

one required to make the variation problem consistent and describe transitions between

eigenstates of axion charge (see also Refs. [26, 73, 74] for details): it has to be appropriately

taken into account when evaluating the on-shell action in the axion language. Note that

the boundary term does not participate in integrating out H because its boundary value

is fixed by the boundary conditions. Also note that the axion θ has a pure imaginary

configuration for wormhole solutions, which means that wormhole solutions are complex

saddle points in the axion path integral. The two descriptions are equivalent, but we

employed the two-form language in the main text for computational simplicity.

Higher derivative corrections Next we incorporate higher derivative corrections. Re-

call that higher derivative corrections to the wormhole solution and the boundary action

decay quickly far away from the wormhole neck8. Then, the above argument on bound-

ary conditions and boundary terms is unchanged even in the presence of higher derivative

operators. We therefore focus on the duality transformation of the bulk action.

8Note that boundary terms are located only at asymptotic infinity. In particular, there are no boundary

terms at the boundary r = r0 of the two semiwormholes, essentially because it is a coordinate singularity

which can be eliminated by coordinate transformations, just as the black hole horizon.
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Similarly to the previous case, let us consider the following parent action:

SE =

∫
d4x
√
g

[
−R

2
+

1

2
(∂µφ)2

]
+

∫ [
1

2f2
e−βφH ∧ ?H + iθdH + α(H,φ, gµν)

]
, (A.3)

where α(H,φ, gµν) denotes collectively all the four-derivative operators in Eqs. (2.15)-(2.16)

with a replacement of H = dB by an unconstrained three-form H. Also we neglect total

derivatives as mentioned. First, we reproduce the action (2.15)-(2.16) by integrating out θ.

On the other hand, the equation of motion for H reads H = if2e2β ? dθ + O(α), where

O(α) denotes higher derivative corrections. Substituting this into Eq. (A.3), we obtain

SE =

∫
d4x
√
g

[
−R

2
+

1

2
(∂µφ)2

]
+

∫ [
f2

2
eβφdφ ∧ ?dφ+ α(if2e2β ? dθ, φ, gµν)

]
(A.4)

up to six-derivative operators and higher orders. This gives the axion action (2.13)-(2.14)

after Wick rotation.

B Positivity bounds

In this appendix we provide a derivation of the bounds (3.5) applying the argument in [43].

Let us consider four-point amplitudes of the dilaton and the axion in the forward limit.

Up to the four-derivative order in the low-energy expansion, nonzero forward amplitudes

in our setup (2.13) are given by9

Mφφ→φφ = 4a1s
2 , (B.1)

Mθθ→θθ = 4a2s
2 , (B.2)

Mφθ→φθ =Mθφ→θφ = a4s
2 , (B.3)

Mφφ→θθ =Mθθ→φφ = −β
2

8
s+

(
a3 +

a4
2

)
s2 , (B.4)

Mφθ→θφ =Mθφ→φθ =
β2

8
s+

(
a3 +

a4
2

)
s2 , (B.5)

where, e.g.,Mφφ→φφ denotes φφ→ φφ scattering in the forward limit. Also in our analysis

we neglect graviton exchange diagrams, which can be justified at least when gravity is UV

completed by an infinite higher-spin Regge tower and the gravitational Regge states are

subdominant contributions to the s2 coefficient [46] (see also footnote 6).

Next we apply the positivity bound on the s2 coefficient. Recall that the positivity

argument in [66] is applicable only to s-u symmetric amplitudes. To parameterize such s-u

symmetric amplitudes, let us write

M(ui, vi) =
∑
i,j,k,l

uivjukvlMij→k` (i, j, k, ` = φ, θ) , (B.6)

9We consider scattering around the background, gµν = ηµν and φ = θ = 0, which is realized, e.g., at the

asymptotic infinity far away from the wormhole neck.
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Figure 3. Positivity bounds in the a1 = a2 = 1 plane as envelope of (B.7): Without loss of

generality, let us take u2 = v2 = 1. Then, the bounds (B.7) for a fixed v1 give a one-parameter

family of linear relations of ai parameterized by u1. Varying u1 and taking the envelop, we obtain

a nonlinear relation for each v1. For example, the left figure is for v1 = 1, where the straight

lines represent the linear relation for each u1 and the red region is excluded. The blue curve is

the envelop defining the nonlinear relation. Varying the resulting envelop in v1, we reproduce the

bound (3.5), represented by the white region surrounded by the blue lines in the right figure (each

red curve represents the envelop for a fixed v1 ∈ [0, 10]). It is also straightforward to derive the

bound (3.5) analytically by this prescription.

where ui and vi are arbitrary real numbers characterizing the mixing of the dilaton and

the axion in the external states. Then, the positivity of the s2 coefficient of the amplitude

M(ui, vi) implies a family of positivity bounds [43]:

u21v
2
1a1 + u22v

2
2a2 + u1v1u2v2a3 +

1

4
(u1v2 + u2v1)

2a4 ≥ 0 . (B.7)

For example, specific parameter sets, (u1, v1, u2, v2) = (1, 1, 0, 0), (0, 0, 1, 1), (1, 0, 0, 1), re-

produce the positivity bounds for φφ→ φφ, θθ → θθ, and φθ → φθ scattering:

a1 ≥ 0 , a2 ≥ 0 , a4 ≥ 0 . (B.8)

Finally, we show that the family of positivity bounds (B.7) is equivalent to Eq. (3.5).

Since the inequality (B.7) is invariant under sign flip of any pair of the four parameters,

u1,2 and v1,2, e.g., u1,2 → −u1,2, we assume u1, u2, v1 ≥ 0 without loss of generality. Also

we require Eq. (B.8) as necessary conditions. Then, we may rewrite the bound (B.7) as

(u1v1
√
a1 − u2|v2|

√
a2)

2 +
1

4
(u1|v2| − u2v1)2a4

+ u1v1u2|v2|
[
2
√
a1a2 +

a4
2

+ sgn (v2)
(
a3 +

a4
2

)]
≥ 0 , (B.9)

where sgn denotes the sign function. The inequality is satisfied for arbitrary parameter

sets if and only if∣∣∣a3 +
a4
2

∣∣∣ ≤ 2
√
a1a2 +

a4
2
↔ −a4 − 2

√
a1a2 ≤ a3 ≤ 2

√
a1a2 . (B.10)
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Together with Eq. (B.8), this provides the bounds (3.5). A map of the allowed region is

depicted in the right panel of Fig. 3, where we also illustrate that the bound (3.5) can be

obtained by taking envelope of the original bound (B.7).
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