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The axionic weak gravity conjecture predicts the existence of instantons whose actions are less than their
charges in appropriate units. We show that the conjecture is satisfied for the axion-dilaton-gravity system
if we assume duality constraints on the higher derivative corrections in addition to positivity bounds
which follow from unitarity, analyticity, and locality of UV scattering amplitudes. On the other hand, the
conjecture does not follow if we assume the positivity bounds only. This presents an example where
derivation of the weak gravity conjecture requires more detailed UV information than the consistency of
scattering amplitudes.
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I. INTRODUCTION

The Swampland program is based on the premise that
there are conditions on a low-energy gravity theory that are
necessary in order for it to be an effective theory of a
consistent quantum gravity with ultraviolet (UV) comple-
tion such as string theory but cannot be derived solely from
consistency requirements evident in low energy [1]. The
absence of global symmetry is an example of such con-
ditions. It has been long conjectured [2–4] and recently
proven in the context of the AdS/CFT correspondence [5,6]
that any global symmetry in a low-energy effective theory
of consistent quantum gravity should be either broken or be
a gauge symmetry in disguise.1 Since the launch of the
Swampland program in 2005, a variety of Swampland

conditions have been proposed with various degrees of
rigors and motivations, and some of them have significant
implications on cosmology and particle physics (see
Refs. [8,9] for review articles).
In this paper, we ask whether the weak gravity conjecture

(WGC) can be derived from consistency conditions visible
in low energy alone. Since the WGC is supposed to be
stronger than the absence of global symmetry and since the
proof of the latter requires [5,6] knowledge on the micro-
scopic mechanism of the AdS/CFT correspondence such as
the entanglement wedge reconstruction and its relation to
quantum error correction,2 it is reasonable to expect that
some information about UV physics is needed to prove the
WGC. The purpose of this paper is to identify such UV
information for a specific version of the WGC.
The axionic WGC predicts the existence of instantons

whose action-to-charge ratios are smaller than one in an
appropriate unit [11]. It connects the WGC to the distance
conjecture [12] and imposes constraints on axion inflation
scenarios3 (see e.g., [18–29], and references therein) and
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1See also [7] for a worldsheet argument for the absence of
continuous global symmetries. The recent work [5,6] provides a
holographic proof of this conjecture and it covers additionally
discrete symmetries as well as the completeness conjecture.

2Readers who wish to learn about the relation can consult, for
example, [10].

3The axionic WGC constrains inflation scenarios with periodic
axions, i.e., axions with a compact field space. Axion mono-
dromy inflation (using branes [13,14] and fluxes [15–17] to break
the axion periodicity) provides an interesting exception, though
other Swampland conditions can potentially constrain such
models; see e.g., [9] for a review.
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ultralight axion dark matter models [30]. In this paper, we
focus on the axion-gravity system and the axion-dilaton-
gravity system. We find that the WGC for the axion-gravity
system follows from unitarity, analyticity, and locality of
UV scattering amplitudes. On the other hand, these con-
ditions are not sufficient for the axion-dilaton-gravity
system; we find that the WGC for this system is satisfied
if we in addition impose duality constraints.
In the 4D axion-gravity system, the upper bound is set by

the action-to-charge ratio of the macroscopic semiworm-
hole (see Fig. 1) as4

Sn
jnj ≤

ffiffiffi
6

p
π

4
·
MPl

f
; ð1:1Þ

where n and Sn are the charge and action of the instanton,
respectively, required by the WGC, MPl is the reduced
Planck mass, and f is the axion decay constant. The WGC
in this case guarantees that the tunneling process through a
collection of small instantons dominates over the one
through a single large instanton with the same charge.
This is the axionic WGC counterpart of the statement
“every black hole has to decay” in the WGC for 0-form
symmetry. Similarly, the WGC bound in the 4D axion-
dilaton-gravity system is set by the action-to-charge ratio of
the macroscopic semiwormhole as

Sn
jnj ≤

2

β
sin

� ffiffiffi
6

p

4
β ·

π

2

�
·
MPl

f
; ð1:2Þ

where β is the dilaton coupling defined shortly in Eq. (2.1).
Throughout the paper we focus on the regime jβj < 4ffiffi

6
p ,

where wormhole solutions exist and the bound (1.2) is
applicable. In the limit of β → 0, when the dilaton
decouples, (1.2) reduces to (1.1).
The purpose of this paper is to clarify which properties of

consistent UV completion are necessary for the WGC. To
elaborate on this motivation, let us briefly review recent
progress toward a proof of the WGC for 0-form symmetry
[32–65]. It has been known that higher derivative correc-
tions to the Einstein-Maxwell theory modify the extremal
condition of charged black holes and the macroscopic black
holes play the role of the charged state required by the
WGC, if the effective couplings satisfy a certain inequality
[32] (see Fig. 2). The question has been which consistency
conditions of the UV theory imply this inequality. In [46], it
was shown that the positivity bounds [66] and the causality
constraints [67] on higher derivative corrections imply the
inequality and thus the WGC in a wide class of theories.
However, more recently, [59] studied the same problem in
the photon-dilaton-gravity system to find that these con-
sistency conditions are not enough to demonstrate the
conjecture.
In this paper, we ask the same question for ð−1Þ-form

symmetry, namely instanton charges. We show that the
positivity bounds for the axion-gravity system imply the
action-to-charge ratios (1.1) required by the WGC. On
the other hand, for the axion-dilaton-gravity system, the
WGC does not follow from the positivity bounds alone.
Interestingly, the SLð2;ZÞ symmetry5 of the axion and

FIG. 1. Awormhole connecting two asymptotically flat regions
consists of two semiwormholes with opposite axion charges and
the same action, which are glued at a three-sphere represented as
r ¼ r0. Each semiwormhole can be regarded as an instanton.

FIG. 2. The dashed line represents the mass-charge relation of
extremal black holes in the Einstein gravity, which defines the
WGC bound. If the higher derivative correction ΔMextðQÞ to the
mass of the extremal black hole with a fixed charge Q is negative
(the solid curve), macroscopic black holes play the role of the
charged state required by the WGC. This condition can be
rephrased by a certain inequality of higher derivative couplings
[32,68]. Similarly, the axionic WGC is satisfied if the higher
derivative correction to the semiwormhole action is negative for a
fixed charge.

4Since the notion of extremality for gravitational instantons is
not clear (in contrast to the case for black branes), it is not fully
understood yet how to formulate a precise version of theWGC for
(−1)-form symmetries; see [26,30,31], and references therein. In
this paper we follow [26,30] and use macroscopic wormholes,
which are well-controlled solutions in the effective field theory
(EFT), as the reference to set the WGC bound.

5In [38,39,54], another SLð2;ZÞ symmetry, i.e., the modular
symmetry of the 2D CFT of the worldsheet (or the holographic
dual) was used to upgrade theWGC to stronger forms. See Sec. IV.
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dilaton, together with positivity bounds, does imply the
axionic WGC. This presents an example where detailed UV
information such as duality is needed to demonstrate the
conjecture, on top of the positivity bounds which follow
from unitarity, analyticity, and locality of UV scattering
amplitudes.
The rest of the paper is organized as follows: First, we

evaluate the higher derivative correction to the semiwormhole
solution and to its action (Sec. II). Based on the results there,
we discuss implications of positivity bounds and duality
constraints to the axionic WGC (Sec. III). We conclude in
Sec. IV with discussion of our results. Some technical details
in our derivations can be found in the Appendixes.

II. HIGHER DERIVATIVE CORRECTIONS TO
SEMIWORMHOLE ACTION

In this section we evaluate higher derivative corrections
to the Euclidean action of the Giddings-Strominger (semi)
wormhole.

A. Giddings-Strominger wormhole

We begin by a brief review of the Giddings-Strominger
wormhole [69–72] in the Einstein-axion-dilaton theory (see
also [26,30] for a review). Let us consider the Lorentzian
action

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
2
−
1

2
ð∂μϕÞ2 −

f2

2
eβϕð∂μθÞ2

�
; ð2:1Þ

where ϕ and θ are the dilaton and the axion, respectively,
and we work in the unit MPl ¼ 1. Without loss of general-
ity, we assume that the dilaton coupling β is non-negative:
β ≥ 0. In this paper we focus on the regime 0 ≤ β < 4ffiffi

6
p , so

that the Giddings-Strominger wormhole exists. Also the
dilaton may consistently be truncated (at the tree level)
when β ¼ 0 to reproduce the Einstein-axion theory.
After Wick rotation, the Euclidean action corresponding

to Eq. (2.1) reads

SE ¼
Z

d4x
ffiffiffi
g

p �
−
R
2
þ 1

2
ð∂μϕÞ2 þ

f2

2
eβϕð∂μθÞ2

�
: ð2:2Þ

To work with wormhole solutions, it is convenient to
dualize the axion into a two-form gauge field Bμν as

SE¼
Z

d4x
ffiffiffi
g

p �
−
R
2
þ1

2
ð∂μϕÞ2þ

1

12f2
e−βϕH2

μνρ

�
; ð2:3Þ

where H ¼ dB is the field strength. The equations of
motion are

0 ¼ ∂μð
ffiffiffi
g

p
e−βϕHμνρÞ; ð2:4Þ

0 ¼ β
ffiffiffi
g

p
12f2

e−βϕHμνρHμνρ þ ∂μð
ffiffiffi
g

p
gμν∂νϕÞ; ð2:5Þ

0 ¼ Rμν − ∂μϕ∂νϕ

þ e−βϕ
�

1

6f2
gμνHρσλHρσλ −

1

2f2
HμρσHν

ρσ

�
: ð2:6Þ

The Giddings-Strominger solution is a spherically sym-
metric solution of the form

ds2 ¼ dr2

1 − r4
0

r4

þ r2dΩ2
3; H ¼ nε

2π2
;

eβϕ ¼
cos2

h ffiffi
6

p
4
β · arccos r

2
0

r2

i

cos2
h ffiffi

6
p
4
β · π

2

i ; ð2:7Þ

where dΩ2
3 and ε are the line element and the volume form

of a unit three-sphere, respectively, and the thickness r0 of
the wormhole throat is given by

r40 ¼
n2f2

24π4
cos2

� ffiffiffi
6

p

4
β ·

π

2

�
: ð2:8Þ

An explicit form of dΩ2
3 and ε is

dΩ2
3 ¼ dθ21 þ sin2θ1dθ22 þ sin2θ1sin2θ2dφ2;

ε ¼ sin2θ1 sin θ2dθ1dθ2dφ: ð2:9Þ

The Giddings-Strominger solution (2.7) has a coordinate
singularity at r ¼ r0. The region r ≥ r0 describes a half of
the wormhole called the semiwormhole. We may identify n
with the axion charge of the semiwormhole:

Z
S3
H ¼ n: ð2:10Þ

The full wormhole connecting two asymptotically flat
regions is obtained by gluing two such semiwormholes
with opposite axion charges at a three-sphere defined by
r ¼ r0 (see Fig. 1). The on-shell action Sn of the semi-
wormhole (2.7) with the charge n is given by

Sn¼
Z

∞

r0

dr
Z
S3
d3x

ffiffiffi
g

p �
1

6f2
e−βϕH2

μνρ

�
¼2jnj

βf
sin

� ffiffiffi
6

p

4
β ·
π

2

�
;

ð2:11Þ

where the integral region is r0 ≤ r < ∞ because we are
considering the semiwormhole action. The action of the full
wormhole is obtained by multiplying by a factor of 2. Note
that we have omitted boundary terms such as the Gibbons-
Hawking-York term. However, it is easy to show that such
boundary terms have vanishing contributions to the
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wormhole action in our analysis. See also Appendix A.
Now the action-to-charge ratio of the macroscopic semi-
wormhole is

Sn
jnj ¼

2

β
sin

� ffiffiffi
6

p

4
β ·

π

2

�
·
MPl

f
; ð2:12Þ

which sets the WGC bound (1.2) on the action-to-charge
ratio of the required instanton.

B. Higher derivative corrections

Next let us consider higher derivative corrections to the
Einstein-axion-dilaton theory:

S ¼ Sð0Þ þ ΔS; ð2:13Þ

where Sð0Þ is the Einstein-axion-dilaton action (2.1) andΔS
is for higher derivative terms. At the leading order, the
general parity-even operators which respect the axion shift
symmetry are given by6

ΔS ¼
Z

d4x
ffiffiffiffiffiffi
−g

p ½a1ðϕÞð∂μϕ∂μϕÞ2 þ a2ðϕÞf4ð∂μθ∂μθÞ2

þ a3ðϕÞf2ð∂μϕ∂μϕÞð∂μθ∂μθÞ þ a4ðϕÞf2ð∂μϕ∂μθÞ2
þ a5ðϕÞW2

μνρσ þ a6θWμνρσW̃μνρσ�; ð2:14Þ

where Wμνρσ is the Weyl tensor and W̃μνρσ ¼ 1
2
ϵμν

αβWαβρσ.
For generality, we assumed that the EFT coefficients
ai ði ¼ 1; :::; 5Þ are general functions of ϕ (ϕ-dependence
of a6 is prohibited by the axion shift symmetry). Also note
that we performed field redefinition to eliminate unphysical
degeneracy of the effective operators. In the two-form
language, the corresponding Euclidean action reads (see
Appendix A for details of dualization)

SE ¼ Sð0ÞE þ ΔSE; ð2:15Þ

where Sð0ÞE is the Einstein-axion-dilaton theory
one (2.3) and

ΔSE ¼
Z

d4
ffiffiffi
g

p �
−a1ðϕÞð∂μϕ∂μϕÞ2

−
a2ðϕÞ
36f4

e−4βϕðHμνρHμνρÞ2

þ a3ðϕÞ
6f2

e−2βϕð∂μϕ∂μϕÞðHμνρHμνρÞ

þ a4ðϕÞ
36f2

e−2βϕðεμνρσ∂μϕHνρσÞ2

− a5ðϕÞW2
μνρσ −

a6
6
HμνρJμνρ

�
: ð2:16Þ

Here we introduced a three-form J satisfyingWμνρσW̃μνρσ ¼
−⋆dJ which is dual to the Chern-Simons current. Its explicit
form is given by

Jμνρ ¼ −12
�
Γα
βμ∂νΓ

β
αρ þ 2

3
Γα
βμΓ

β
γνΓγ

αρ

�

þ five similar terms: ð2:17Þ

Note that the three-form J is not covariant under coordinate
transformations, but its exterior derivative dJ is covariant.
Also J vanishes in conformally flat coordinates.
We now evaluate the higher derivative corrections to the

semiwormhole action. Since the equations of motion are
modified by the higher derivative terms, the wormhole
solutions are also modified. We write the modified solution
schematically as

Φ ¼ Φð0Þ þ ΔΦ; ð2:18Þ

where Φ stands for all the fields gμν; Bμν;ϕ. Φð0Þ is the
wormhole solution (2.7) in the Einstein-axion-dilaton
theory and ΔΦ is the higher derivative correction. Note
that the two-form field solution H ¼ nε

2π2
in Eq. (2.7) is not

corrected by higher derivative terms because of charge
quantization (recall that the wormhole solution has a two-
form magnetic charge). The leading-order correction to the
semiwormhole action is then given by

ΔSn ¼ SE½Φ� − Sð0ÞE ½Φð0Þ�
¼ ðSð0ÞE ½Φð0Þ þ ΔΦ� − Sð0ÞE ½Φð0Þ�Þ þ ΔSE½Φð0Þ þ ΔΦ�
¼ ΔSE½Φð0Þ� þOðΔ2Þ; ð2:19Þ

whereOðΔ2Þ stands for higher-order corrections. Note that
at the leading order, the first term in the second line is
proportional to the equations of motion up to a boundary
term. One may explicitly show that the boundary term
vanishes in our wormhole analysis, so that the first term has
no leading-order contribution. Our task is now to evaluate

7Note that the SLð2;ZÞ invariance is not a necessary condition
for consistent UV completion of quantum gravity. For example,
heterotic string is not self-dual under the S-duality transforma-
tion, so that the α0 corrections for the string dilaton and the
universal axion (dual to the NS-NS two-form) do not satisfy the
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ΔSn ¼
Z

∞

r0

dr
Z
S3
d3x

ffiffiffi
g

p �
−a1ðϕÞð∂μϕ∂μϕÞ2

−
a2ðϕÞ
36f4

e−4βϕðHμνρHμνρÞ2

þ a3ðϕÞ þ a4ðϕÞ
6f2

e−2βϕð∂μϕ∂μϕÞðHμνρHμνρÞ
�
;

ð2:20Þ

where we used the fact that the wormhole solution
(2.7) is conformally flat [see discussion around
Eq. (2.17)] and it satisfies the relation ðϵμνρσ∂μϕHνρσÞ2 ¼
6ð∂μϕ∂μϕÞðHμνρHμνρÞ. More explicitly, we find

ΔSn ¼ 36π2
Z π

2

0

dtcos3t

�
−a1ðϕðtÞÞtan4

� ffiffiffi
6

p

4
β · t

�

− a2ðϕðtÞÞe−2βϕðtÞsec4
� ffiffiffi

6
p

4
β · t

�
þ ða3ðϕðtÞÞ

þ a4ðϕðtÞÞÞe−βϕðtÞtan2
� ffiffiffi

6
p

4
β · t

�
sec2

� ffiffiffi
6

p

4
β · t

��
;

ð2:21Þ

where ϕðtÞ is defined such that

eβϕðtÞ ¼ cos2½
ffiffi
6

p
4
β · t�

cos2½
ffiffi
6

p
4
β · π

2
�
: ð2:22Þ

It is difficult to evaluate the integral analytically for general
ai and β, but one can explicitly check that it is finite in the
regime 0 ≤ β < 4ffiffi

6
p of our interests, as long as the EFT

coefficients aiðϕÞ are regular throughout the wormhole
geometry. The prefactor of a1;2 is always negative, whereas
that of a3;4 is positive. Also note that the correction (2.21)
to the action is n independent at this order and thus the
correction to the action-to-charge ratio is suppressed by
1=n, which guarantees validity of the derivative expansion
for macroscopic wormholes with a sufficiently large
charge.

III. AXIONIC WGC VS POSITIVITY BOUNDS

In the previous section we evaluated the higher derivative
correction ΔSn to the action of the semiwormhole with a
fixed charge n. The axionic WGC in the original form is
then satisfied by macroscopic semiwormholes if the cor-
rection (2.21) is negative and therefore the action-to-charge
ratio decreases for a fixed charge. In this section we
demonstrate that the axionic WGC follows from the duality
constraints together with the positivity bounds on higher
derivative couplings. On the other hand, it does not follow
from the positivity bounds alone when the dilaton coupling
β is nonzero.

A. Positivity bounds are not enough
to imply axionic WGC

1. Axion-gravity system

Let us first discuss implications of positivity bounds
in the axion-gravity system without the dilaton (a2 has no
ϕ-dependence in particular):

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R
2
−
f2

2
ð∂μθÞ2 þ a2f4ð∂μθ∂μθÞ2

�
: ð3:1Þ

It is known that unitarity, analyticity, and locality of UV
scattering amplitudes imply the positivity bound: a2 ≥ 0
[66]. To be precise, the positivity bounds on the four-
derivative operator can be proven only when gravity is
negligible [66]. More quantitatively, if we assume that
gravity is UV completed by an infinite higher-spin Regge
tower, the bound is applicable when jaij ≫ ðM2

PlM
2
ReggeÞ−1.

Here MRegge is the mass scale of the gravitational Regge
states, i.e., the string scale Ms in string theory. See
Appendix I of Ref. [46] for details. In this paper we
assume that there exists such a hierarchy and discuss
implications of positivity bounds. On the other hand, the
higher derivative correction to the semiwormhole action is
given by Eq. (2.21) with β ¼ 0, for which we may evaluate
the integral analytically to obtain

ΔSn ¼ −24π2a2: ð3:2Þ
We find that the positivity bound a2 ≥ 0 directly implies
the negativity of the correction to the semiwormhole action
and thus the axionic WGC.

2. Axion-dilaton-gravity system

We then incorporate the dilaton. As we discussed, there
are four higher derivative operators a1;2;3;4 relevant to the
leading-order correction to the semiwormhole action.
Positivity bounds for ϕϕ → ϕϕ, θθ → θθ, and ϕθ → ϕθ
scattering imply that three of them are positive:

a1ðϕÞ ≥ 0; a2ðϕÞ ≥ 0; a4ðϕÞ ≥ 0; ð3:3Þ

which should hold for all ϕ since we may consider
scattering around arbitrary constant dilaton backgrounds
(see also Appendix B). More generally, by considering
scattering of the superposition of the axion and the dilaton,
we may derive a family of positivity bounds [43]

u21v
2
1a1ðϕÞ þ u22v

2
2a2ðϕÞ þ u1u2v1v2a3ðϕÞ

þ 1

4
ðu1v2 þ u2v1Þ2a4ðϕÞ ≥ 0; ð3:4Þ

where ui and vi are arbitrary real numbers characterizing
the mixing of the dilaton and the axion in the external
states. The allowed region of the higher derivative operators
consistent with the positivity bounds is thus
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a1 ≥ 0; a2 ≥ 0; a4 ≥ 0;

− a4 − 2
ffiffiffiffiffiffiffiffiffiffi
a1a2

p
≤ a3 ≤ 2

ffiffiffiffiffiffiffiffiffiffi
a1a2

p
: ð3:5Þ

where ϕ-dependence is implicit for notational simplicity.
See also Appendix B for a derivation of the bounds.
Now let us get back to the correction (2.21). First,

positivity of a1 and a2 implies that these operators decrease
the semiwormhole action as expected by the WGC. On the
other hand, the a4 operator always increases the action as a
consequence of positivity. It is counterintuitive from the
WGC perspective. Indeed, there exists a certain parameter
space which is consistent with the bounds (3.5), but the
correction to the semiwormhole action is positive (an
extreme example is a4 ≫ a1; a2; ja3j with a1; a2 > 0 and
a3 < 0). Therefore, in order for macroscopic semiworm-
holes to play the role of the instanton required by the
axionic WGC, a1;2 have to be large enough to compensate
the positive contribution from the a4 operator (and the a3
operator if a3 > 0). This illustrates a situation where the
positivity bounds are not powerful enough to imply the
axionic WGC.

B. Implications of duality constraints

While the positivity bounds are universal UV constraints
on the low-energy effective theory, they are a subset of the
necessary conditions for the low-energy theory to have a
consistent UV completion. Indeed, we know that stronger
constraints can be obtained once we specify more details
of the UV completion. Therefore, it is important to clarify
which ingredients of UV information, together with the
positivity bound, lead to the axionic WGC. Below, we
show that the SLð2;ZÞ symmetry of the axion and dilaton
may play the role.7

In our convention, the SLð2;ZÞ transformation is
defined by

τ →
aτ þ b
cτ þ d

ða; b; c; d ∈ Z; ad − bc ¼ 1Þ with

τ ¼ β

2
fθ þ ie−ðβ=2Þϕ: ð3:6Þ

For example, the kinetic terms of the dilaton and axion can
be recast as

−
1

2
ð∂μϕÞ2 −

f2

2
eβϕð∂μθÞ2 ¼ −

1

2

∂μτ∂μτ̄

ðβ
2
Þ2ðImτÞ2 ; ð3:7Þ

which manifests the SLð2;ZÞ invariance. Similarly,
SLð2;ZÞ invariant four-derivative operators are of the form

λ1
ð∂μτ∂μτ̄Þ2
ðβ
2
Þ4ðImτÞ4 þ λ2

ð∂μτ∂μτÞð∂μτ̄∂μτ̄Þ
ðβ
2
Þ4ðImτÞ4 ; ð3:8Þ

where λ1;2 are (ϕ-independent) constants. This corresponds
to the parameter set

a1 ¼ λ1 þ λ2;

a2 ¼ ðλ1 þ λ2Þe2βϕ;
a3 ¼ 2ðλ1 − λ2Þeβϕ;
a4 ¼ 4λ2eβϕ: ð3:9Þ

Also the positivity bounds (3.5) are reduced to λ1 þ λ2 ≥ 0
and λ2 ≥ 0.
Then, in the SLð2;ZÞ invariant theory, the integral

in Eq. (2.21) drastically simplifies to obtain the higher
derivative correction to the semiwormhole action:

ΔSn ¼ −36π2ðλ1 þ λ2Þ
Z π

2

0

dtcos3tðtan2t − sec2tÞ2

¼ −36π2ðλ1 þ λ2Þ
Z π

2

0

dtcos3t ¼ −24π2ðλ1 þ λ2Þ:

ð3:10Þ

Therefore, the negativity of the correction (2.21) and thus the
axionicWGC follows from the positivity bound λ1 þ λ2 ≥ 0.
To summarize, the SLð2;ZÞ invariance together with the
positivity bounds implies the axionic WGC, even though the
conjecture does not follow if we assume the positivity bounds
only. This presents an example where detailed UV informa-
tion such as duality is needed to demonstrate the conjecture.

IV. DISCUSSION

In this paper we showed that the WGC for ð−1Þ-form
symmetry in the axion-gravity system follows from the
positivity bounds on higher derivative corrections and that
in the axion-dilaton-gravity system it also follows if we
in addition assume certain duality constraints. Our work
provides strong evidences for the axionic WGC, which has
significant implications in axion inflation scenarios and
ultralight axion dark matter models. At the same time, it
also illustrates examples of UV ingredients that are neces-
sary for Swampland conditions to hold. In particular, we
find necessary UV ingredients depend on the field contents
in the IR. It is our hope that research in this direction will
help progress toward proofs of the Swampland criteria. In
view of this, it is important to clarify how crucial duality is

7Note that the SLð2;ZÞ invariance is not a necessary condition
for consistent UV completion of quantum gravity. For example,
heterotic string is not self-dual under the S-duality transforma-
tion, so that the α0 corrections for the string dilaton and the
universal axion (dual to the NS-NS two-form) do not satisfy the
SLð2;ZÞ invariance, even though the dilaton and axion with other
origins may respect the invariance. Our purpose here is to provide
an example for the UV condition which guarantees the WGC
rather than to complete the full list of the UV scenarios which
lead to the conjecture.
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in demonstrating the WGC or if there are other UV
ingredients that also imply it. It would also be interesting
to generalize our results to the WGC for pð≥ 0Þ-form
symmetry (see Ref. [59]).
It is also worth mentioning a connection to stronger

versions of WGC such as the sublattice and tower WGC
[35,38,39,43]. For example, Refs. [38,39,54] argued that in
the presence of a heavy state satisfying the WGC bound,
the notion of spectral flow (which follows from the modular
invariance in the 2D CFT of the worldsheet or the holo-
graphic dual) implies a tower of states below the Planck
scale satisfying the WGC bound. In other words, we may
upgrade the original WGC to stronger versions by adding
one more UV information that the UV theory has a
worldsheet structure of the perturbative string theory or
a holographically dual 2D CFT. It appears that a stronger
version of the conjecture follows from a weaker version by
assuming more details of the UV completion. Further
research in this direction may provide a global view on
the web of Swampland conditions and how different
conditions reflect different UV ingredients.
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APPENDIX A: DUALIZATION

In this appendix we provide details of the dualization
procedure translating the axion description into the two-
form description. To elaborate on the boundary conditions
in our problem and the corresponding boundary terms, we
begin by the Einstein-axion-dilaton theory without higher
derivative terms.

1. Einstein-axion-dilaton theory

To describe the dualization procedure in our wormhole
analysis, let us consider the following parent action in the
Euclidean signature:

SE ¼
Z

d4x
ffiffiffi
g

p �
−
R
2
þ 1

2
ð∂μϕÞ2

�
− SGHY

þ
Z �

1

2f2
e−βϕH ∧ ⋆H þ iθdH

�
; ðA1Þ

where SGHY is the Gibbons-Hawking-York term and the
three-form field H is unconstrained at this moment.
Integrating out θ, we have H ¼ dB with B being a
two-form field to reproduce Eq. (2.3). Since semiworm-
holes have a magnetic charge for the two-form gauge field,
we impose boundary conditions at asymptotic infinity on
the three-form H such that they are consistent with the
charge quantization. More explicitly, we impose H ¼ nε

2π2

(n ∈ Z), where ϵ is the volume form of a unit three-sphere.
For these boundary conditions, the action (A1) gives a
consistent variation problem without requiring any addi-
tional boundary term.
On the other hand, the action for the axion θ is

obtained by integrating out H. To do so, we rewrite the
last term in Eq. (A1) as

Z �
1

2f2
e−βϕðH − if2eβϕ⋆dθÞ ∧ ⋆ðH − if2eβϕ⋆dθÞ

þ f2

2
eβϕdθ ∧ ⋆dθ þ idðθHÞ

�
: ðA2Þ

Integrating out H reproduces the action (2.2) up to a total
derivative term, i.e., the last term shown in the above.
The corresponding boundary term

R
∂M iθH is nothing

but the one required to make the variation problem
consistent and describe transitions between eigenstates
of axion charge (see also Refs. [26,73,74] for details): It
has to be appropriately taken into account when evalu-
ating the on-shell action in the axion language. Note that
the boundary term does not participate in integrating out
H because its boundary value is fixed by the boundary
conditions. Also note that the axion θ has a pure
imaginary configuration for wormhole solutions, which
means that wormhole solutions are complex saddle points
in the axion path integral. The two descriptions are
equivalent, but we employed the two-form language in
the main text for computational simplicity.

2. Higher derivative corrections

Next we incorporate higher derivative corrections. Recall
that higher derivative corrections to the wormhole solution
and the boundary action decay quickly far away from the
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wormhole neck.8 Then, the above argument on boundary
conditions and boundary terms is unchanged even in the
presence of higher derivative operators. We therefore focus
on the duality transformation of the bulk action.
Similarly to the previous case, let us consider the

following parent action:

SE ¼
Z

d4x
ffiffiffi
g

p �
−
R
2
þ 1

2
ð∂μϕÞ2

�

þ
Z �

1

2f2
e−βϕH ∧ ⋆H þ iθdH þ αðH;ϕ; gμνÞ

�
;

ðA3Þ
where αðH;ϕ; gμνÞ denotes collectively all the four-
derivative operators in Eqs. (2.15) and (2.16) with a replace-
ment ofH ¼ dB by an unconstrained three-formH. Alsowe
neglect total derivatives as mentioned. First, we reproduce
the action (2.15) and (2.16) by integrating out θ. On the
other hand, the equation of motion for H reads H ¼
if2e2βϕ⋆dθ þOðαÞ, where OðαÞ denotes higher derivative
corrections. Substituting this into Eq. (A3), we obtain

SE ¼
Z

d4x
ffiffiffi
g

p �
−
R
2
þ 1

2
ð∂μϕÞ2

�

þ
Z �

f2

2
eβϕdθ ∧ ⋆dθ þ αðif2e2βϕ⋆dθ;ϕ; gμνÞ

�

ðA4Þ
up to six-derivative operators and higher orders. This gives
the axion action (2.13) and (2.14) after Wick rotation.

APPENDIX B: POSITIVITY BOUNDS

In this appendix we provide a derivation of the bounds
(3.5) applying the argument in [43]. Let us consider four-
point forward scattering of the dilaton and the axion around
the background, gμν ¼ ημν, θ ¼ 0 and ϕ ¼ ϕ� (constant),
which is realized, e.g., at the asymptotic infinity far away
from the wormhole neck. Note that ϕ� can be chosen as an
arbitrary number, as long as the axioin-dilaton coupling is
in the perturbative regime. Up to the four-derivative order
in the low-energy expansion, nonzero forward amplitudes
in our setup (2.13) are given by

Mϕϕ→ϕϕ ¼ 4a1s2; ðB1Þ

Mθθ→θθ ¼ 4a2s2; ðB2Þ

Mϕθ→ϕθ ¼ Mθϕ→θϕ ¼ a4s2; ðB3Þ

Mϕϕ→θθ ¼ Mθθ→ϕϕ ¼ −
β2

8
sþ

�
a3 þ

a4
2

�
s2; ðB4Þ

Mϕθ→θϕ ¼ Mθϕ→ϕθ ¼
β2

8
sþ

�
a3 þ

a4
2

�
s2; ðB5Þ

where, e.g., Mϕϕ→ϕϕ denotes ϕϕ → ϕϕ scattering in the
forward limit and ai are evaluated at ϕ ¼ ϕ�. Also in our
analysis we neglect graviton exchange diagrams, which can
be justified at least when gravity is UV completed by an
infinite higher-spin Regge tower and the gravitational
Regge states are subdominant contributions to the s2

coefficient [46].
Next we apply the positivity bound on the s2 coefficient.

Recall that the positivity argument in [66] is applicable only
to s-u symmetric amplitudes. To parameterize such s-u
symmetric amplitudes, let us write

Mðui;viÞ¼
X
i;j;k;l

uivjukvlMij→kl ði;j;k;l¼ϕ;θÞ; ðB6Þ

where ui and vi are arbitrary real numbers characterizing
the mixing of the dilaton and the axion in the external
states. Then, the positivity of the s2 coefficient of the ampli-
tude Mðui; viÞ implies a family of positivity bounds [43]:

u21v
2
1a1 þ u22v

2
2a2 þ u1v1u2v2a3 þ

1

4
ðu1v2 þ u2v1Þ2a4 ≥ 0:

ðB7Þ
For example, specific parameter sets ðu1; v1; u2; v2Þ ¼
ð1; 1; 0; 0Þ; ð0; 0; 1; 1Þ; ð1; 0; 0; 1Þ reproduce the positivity
bounds for ϕϕ → ϕϕ, θθ → θθ, and ϕθ → ϕθ scattering:

a1 ≥ 0; a2 ≥ 0; a4 ≥ 0: ðB8Þ
Finally, we show that the family of positivity bounds

(B7) is equivalent to Eq. (3.5). Since the inequality (B7) is
invariant under sign flip of any pair of the four parameters,
u1;2 and v1;2, e.g., u1;2 → −u1;2, we assume u1; u2; v1 ≥ 0

without loss of generality. Also we require Eq. (B8) as
necessary conditions. Then, we may rewrite the bound
(B7) as

ðu1v1
ffiffiffiffiffi
a1

p
− u2jv2j

ffiffiffiffiffi
a2

p Þ2 þ 1

4
ðu1jv2j − u2v1Þ2a4

þ u1v1u2jv2j
�
2

ffiffiffiffiffiffiffiffiffiffi
a1a2

p þ a4
2
þ sgnðv2Þ

�
a3 þ

a4
2

��
≥ 0;

ðB9Þ
where sgn denotes the sign function. The inequality is
satisfied for arbitrary parameter sets if and only if����a3þa4

2

����≤2
ffiffiffiffiffiffiffiffiffiffi
a1a2

p þa4
2
↔−a4−2

ffiffiffiffiffiffiffiffiffiffi
a1a2

p
≤a3≤2

ffiffiffiffiffiffiffiffiffiffi
a1a2

p
:

ðB10Þ

8Note that boundary terms are located only at asymptotic
infinity. In particular, there are no boundary terms at the boundary
r ¼ r0 of the two semiwormholes, essentially because it is a
coordinate singularity which can be eliminated by coordinate
transformations, just as the black hole horizon.
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Together with Eq. (B8), this provides the bounds (3.5). A map of the allowed region is depicted in the right panel of
Fig. 3, where we also illustrate that the bound (3.5) can be obtained by taking envelope of the original bound (B7).
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