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A Scalable Approach to the Partition of QoS
Requirements in Unicast and Multicast
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Abstract—Supporting quality of service (QoS) in large-scale
broadband networks poses major challenges, due to the intrinsic
complexity of the corresponding resource allocation problems.
An important problem in this context is how to partition QoS re-
quirements along a selected topology (path for unicast and tree for
multicast). As networks grow in size, the scalability of the solution
becomes increasingly important. This calls for efficient algorithms,
whose computational complexity is less dependent on the network
size. In addition, recently proposed precomputation-based methods
can be employed to facilitate scalability by significantly reducing
the time needed for handling incoming requests.

We present a novel solution technique to the QoS partition
problem(s), based on a ‘“‘divide-and-conquer” scheme. As opposed
to previous solutions, our technique considerably reduces the com-
putational complexity in terms of dependence on network size;
moreover, it enables the development of precomputation schemes.
Hence, our technique provides a scalable approach to the QoS
partition problem, for both unicast and multicast. In addition, our
algorithms readily generalize to support QoS routing in typical
settings of large-scale networks.

Index Terms—Multicast, performance-dependent costs, quality
of service (QoS) partition, resource allocation, routing.

1. INTRODUCTION

UTURE communication networks are expected to support
applications with quality of service (QoS) requirements.
Supporting QoS poses major challenges due to the large size
and complex structure of networks. A key issue in the design of
broadband architectures is how to allocate network resources in
order to meet end-to-end QoS requirements in a way that maxi-
mizes the overall network performance. Several network mech-
anisms need to be introduced to support QoS. One is a QoS
routing mechanism, whose purpose is to find a suitable topology
(path for unicast, tree for multicast) that can support the con-
nection(s) QoS requirements. Then, a second mechanism is re-
quired, in order to optimally allocate resources (e.g., bandwidth
and buffer space) along the selected topology such that the re-
quired QoS can be guaranteed at minimal cost.
A network link (or element) can offer several levels of QoS
guarantees, each associated with a certain cost. The link’s
cost represents the consumption of local resources that must
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Fig. 1. (a) Original network. (b) Aggregated network; the subnetworks are
represented by link cost functions.

be reserved on the link in order to support the QoS guar-
antee. For example, in the DiffServ architecture [1], a service
provider can offer several types of service at different prices.
Moreover, links may aggregate subnetworks (e.g., according
to the ATM PNNI recommendations [2]), in which case each
link represents several paths that support different QoS re-
quirements at different cost values. Accordingly, we consider
a network model, in which each link is associated with a
performance-dependent cost function. For example, Fig. 1(b)
shows an aggregated network that corresponds to the original
network depicted on Fig. 1(a). Each link in the aggregated
network is associated with a cost-delay function that represents
the corresponding subnetwork.

The problem of optimal partition of QoS requirements was
formulated in [3] and has been the subject of several studies
[4]-[8]. Efficient optimal solutions for the special case of
convex cost functions for both unicast and multicast were es-
tablished in [3]. However, the convexity assumption is not valid
in many cases of practical interest. Since in the general case
the problem of optimal partition is intractable (i.e., N'P-hard
[3]), suitable approximation schemes were presented in [4],
[7], and [8]. While the computational complexity of those
approximations is polynomial, it depends heavily on the size
of the topology, which renders these solutions unscalable. The
high complexity, in turn, results in a high response time to
each connection request, which adversely affects the service to
network users.

Accordingly, the purpose of this study is to provide scalable
solution schemes to the problem. This is achieved in two ways.
First, we establish algorithmic solutions that are considerably
less dependent on the size of the routing topology than pre-
vious proposals. Second (and independently), we employ a pre-
computation approach, in order to further enhance scalability.
We proceed to discuss each of these two contributions.

The major contribution of this study is a novel solution
technique that better exploits the specific structure of routing
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topologies (paths and trees). More specifically, we employ a
“divide-and-conquer” scheme, which first computes the costs
of supporting various QoS requirements through smaller com-
ponents (subpaths and subtrees) and then combines the results
in order to obtain solutions for larger components. With our
methods, the computational load can be efficiently distributed
along network nodes. Furthermore, it can be generalized to
handle the combined problem of routing and partition of QoS
in typical settings of large-scale networks.

Precomputation-based methods have recently been proposed
[9], [10] (in the context of QoS routing) as an instrument to facil-
itate scalability, improve response time, and reduce the compu-
tational load on network elements. The key idea is to reduce the
time needed to handle a request by performing a certain amount
of computations in advance, i.e., prior to the request’s arrival.
Such advance computations are performed as background pro-
cesses, i.e., when a network element is idle or underutilized, thus
resulting in better utilization of the computational capabilities
of network elements. In addition, when the rate of incoming re-
quests is high, a considerable reduction in overall computational
load is achieved. Accordingly, we employ the precomputation
approach in order to improve the scalability of our solutions.

Precomputation is performed by means of a two-phase pro-
cedure, referred to as a precomputation scheme. The first phase
is executed in advance and its purpose is to precompute the op-
timal partition a priori, for each delay constraint supported by
the path or tree. The computations performed at this phase are
then summarized into a database for later usage. The purpose of
the second phase is to provide an adequate solution on demand,
i.e., upon an incoming request. The second phase either selects
one of the solutions precomputed at the first phase or, if neces-
sary, performs additional computations.

The rest of this paper is organized as follows. In Section II, we
formulate the network model and formally state the considered
problems. Section III deals with unicast topologies and presents
solutions both for performing on-demand computation as well
as precomputation. Section IV presents similar solutions for the
much more complex setting of multicast. Finally, conclusions
are presented in Section V.

II. MODEL AND PROBLEM FORMULATION

This section formulates the general model and main problems
addressed in this paper. For clarity of presentation, we focus
here on unicast; the definitions and terminology for multicast
are presented in Section I'V.

A network is represented by a directed graph G(V, E), where
V is the set of nodes and E is the set of links. Let N = |V/|
and M = |E|. A path is a finite sequence of nodes P =
{v0,v1,..-,vn}, such that, for 0 < i < n — 1,(v;,vi41) €
E;n = |P| is then said to be the number of hops (or hop count)
of P. The subpath of P that extends from v; to v; is denoted by
Pv; v,;)- We assume that the connection’s topology, i.e., a path
P, is given.

Each link [ € F offers different (integer) QoS guarantees
{d;}, whose significance depends on the type of considered
QoS requirement. For example, when the QoS requirement is an
upper bound on the end-to-end delay, the values {d;} are delay

1147

% % %
8 8 A 8 8
6 6 6 6
5 5 5 5
4 4 4 4
3 3 3 3
2 2 2 2
1 1 1 1
012345678 012345678 012345678 012345678
delay delay delay delay
Vo U1 U2 U3 (2
Fig. 2. Instance of Problem OPQ.

guarantees supported by link /. A QoS partition on a unicast path
P isaset {d; };ep of local QoS requirements, which satisfies the
end-to-end QoS requirement D.

QoS requirements may be additive, such as delay and jitter, or
bottleneck, such as bandwidth. As is easy to verify, the QoS par-
tition problem is straightforward for bottleneck metrics, hence
we focus on additive QoS requirements. In other words, a parti-
tion of a QoS requirement D on a path P is a set {d; };ep such
that ), d; < D. For clarity of presentation and without loss
of generality, we describe our model and problems in terms of
end-to-end delay requirements.

For each link [ € E, there is a link cost function ¢;(d) which
assigns a cost to each delay guarantee d that the link offers. We
assume the ¢;(d) is higher for tighter delay constraints, i.e., the
function ¢;(d) is monotonically decreasing. For clarity of pre-
sentation, we assume that, if a delay guarantee d is not supported
by a link /, then ¢;(d) = oo. The link cost function estimates
the quality of the link in terms of resource utilization; it may
depend on various factors, e.g., the link’s available bandwidth
and its location. The link cost function can be specified by ei-
ther an algebraic expression or by a table that specifies costs for
supporting various delay guarantees. In the latter case, we say
it is a discrete cost function. We shall assume that all param-
eters (both delay guarantees and costs) are (positive) integers.
The overall cost of a partition {d; };cp is the sum of the local
costs, i.e., ) ;cp ci(dr).

The optimal QoS partition problem is then defined as follows.

Problem OPQ (Optimal Partition of QoS): Given a path
P = {vo,...,v,} and a delay constraint D, find a QoS par-
tition {d; };ep such that Y7, d; < D and ), pci(dp) is
minimized.

The solution {d;};cp of Problem OPQ is referred to as an
optimal partition of a QoS requirement D along P.

Fig. 2 demonstrates an instance of Problem OPQ. Suppose
we need to establish a connection with a delay require-
ment 8 between vy and wy4. For this purpose, we use path
P = {wo,...,vs}, with link cost functions, as depicted in
Fig. 2. The optimal partition for this instance is {2, 2, 1, 3}, i.e.,
the delay requirement for the first link is 2, for the second link
is 2, etc. The cost of the optimal partition is 17.

As mentioned in the Introduction, we devise efficient schemes
for precomputation of optimal partitions for a wide range of
delay constraints. The related problem is defined as follows.

Problem POPQ (Precomputation of OPQ): Given a path
P = {vo,...,vn}, find, for each delay requirement D, a QoS
partition {d; };ep such that 3, dy < D and ), p ci(dy) is
minimized.

For clarity of presentation, we make the following simpli-
fying assumptions.
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1) The number of links n in path P is a power of 2, i.e.,
n = 2K for some integer K.

2) Given delay constraint d, the cost ¢;(d) of supporting d by

link / can be computed in O(1) time.

3) Given a cost ¢, the minimum delay constraint d supported

by link [ at cost ¢, can be computed in O(1) time.

Dropping Assumption 1 requires a mild and straightforward
modification of our results, with no penalty in terms of compu-
tational complexity. Assumptions 2 and 3 require that the func-
tions ¢;(d) and the corresponding inverse functions can be easily
computed. Since a value of the inverse function can be computed
through binary search, dropping Assumption 3 results in a small
penalty in terms of computational complexity.

The computational complexity of our solutions depends on
the maximum cost C™?* of supporting a delay constraint by
a link in P. More specifically, let d™" be the minimum delay
constraint supported by a link /, i.e., d*" = min{d|c;(d) #
oo}. Then C™** = max;ep{c;(di™™)}. For example, in the
instance of Problem POPQ depicted in Fig. 2 we have d}“i“ =1
and C™** = 6.

In general, Problem OPQ and Problem POPQ are intractable,
i.e., N'P-hard [3]. Accordingly, in this work we resort to scal-
able e-approximate solutions for fixed 0 < € < 1, i.e., solutions
of (low) polynomial complexity, whose cost is at most (1 + ¢)
times higher than the cost of the optimal solution. Specifically,
we present algorithms for Problems OPQ and POPQ whose
computational complexity is O(Z%nlog(2) + nloglog C™)
and O( L nlog(nC™™)), respectively.

III. QoS PARTITION FOR UNICAST

In this section, we deal with the partition of QoS requirements
along unicast paths. We begin by presenting our novel approxi-
mation approach. Then, we present approximation schemes for
Problems OPQ and POPQ.

A. Our Approach

We observe that the optimal solution to the problem of
QoS partition on a path contains within it optimal solutions
for its subpaths. For example, in Fig. 2, the optimal partition
{2,2,1,3} of delay constraint 8 for path P = {wg,...,v4}
contains within it the optimal partition {2,2} of delay con-
straint 4 for the subpath P, ,.,). Accordingly, we compute
the solutions to Problems OPQ and POPQ in the following
“divide-and-conquer” fashion. We recursively split the given
unicast path P into two disjoint subpaths. We compute the set of
delay guarantees supported by each subpath at different costs.
These delay guarantees and the corresponding partitions are
summarized by means of delay functions, defined below. We
then obtain a solution to the original problem, i.e., a partition
of delay constraint D on path P, by recursively combining the
delay functions obtained for the subpaths.

1) Delay Functions: We begin by defining a new structure,
namely, optimal delay functions, whose purpose is to summarize
the delay guarantees that can be offered by subpaths at different
costs.
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Definition 1: The optimal delay function D‘()ft_,uv)(c) of a

subpath P, , ) of P is defined as the minimum delay require-
ment D supported by P,, ) at cost ¢, i.e.,

Dopt

(v7 7’”]')

(¢) =min{ D |3 {dl}lep(v such that

i,Uj)

Z d; < D and
LEP(v; vj)

Z Cl(dl)SC . (D)

LEP(v; v;)

Note that, if the subpath consists of a single link (v;, v;41),
then D?ﬁviH (c) is the inverse of the cost function of that link,
ie., D?it,v1+1)(c) = min{d| ¢y, v,,,)(d) < c}.

While optimal delay functions accurately capture the delays
supported by subpaths of P at different costs, they are im-
practical, since their computation is intractable and, moreover,
their storage requirements are prohibitively large. Accordingly,
we use approximate delay functions that allow the cost of
supporting a delay constraint to be slightly higher than the
optimum.

Definition 2: A delay function D(,, ,)(c) of a subpath
73(1,1. ;) is said to be e-approximate, for some constant ¢, if for
each ¢ > 0 it holds that

D(’Uz'-,vj)(c ’ (1 + g)) S D?’upjt,wJ)(c)' (2)

Given a e-approximate delay function D(“”Uj)(c), we refer
to € as the approximation error of D(,, ., )(c).

Let D be an arbitrary delay constraint. We denote ¢ =
min{c| Dy, »,)(c) < D} and ¢°P* = min{c| D?ﬁ’;’“j)(c) <
D}, i.e., ¢ and ¢°P* are the costs of supporting the delay con-
straint D according to the functions D, ,,.)(c) and Dait’,”j) (c),
respectively. Equation (2) implies that ¢ < (1 + €)c°Pt, i.e.,
the cost ¢ of supporting the delay constraint according to the
function Dy, ,,)(c) is at most (1 + ¢) times higher than the
optimum.

In the next section, we construct approximate delay functions
whose computation and storage requirements are feasible. For
the sake of clarity, and when no ambiguity exists, e-approximate
delay functions shall be referred to as just delay functions.

2) Logarithmic Sampling: Approximate delay functions can
be constructed from optimal delay functions by employing log-
arithmic sampling. The idea is to sample the optimal delay func-
tion at cost values {1, 1+6, (1+6)2,...}, where § is a constant,
referred to as an approximation parameter. In general, 6 must
be sufficiently small in order to compute an approximate delay
function with small approximation error €.

Foreach costc, (1+6)" < ¢ < (1+6)"*!, and foreachi > 0,
the value of the approximate delay function at cost ¢ is equal to
the optimal delay function at cost (1 + 6)", i.e., Dy, ,,)(c) =

D(Oiivj)(c’), where ¢/ = max{(1 + §)*|(1 + 8§t < e, t =
2.0

For example, consider the optimal delay function Dal,’fmj)(c)
depicted in Fig. 3(a). The function is sampled at five cost values
{1,146,... (14 6)*}. The resulting approximate delay func-
tion Dy, +,)(c), depicted in Fig. 3(b), is a piecewise-constant
function whose segments correspond to the values {d1, ..., ds}

of the optimal function at sampled costs. In our approximation
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Fig. 3. (a) Optimum delay function. (b) Approximate delay function.

schemes, we store a delay function D(,, ,,)(c) by keeping the
values of cost and delay for each segment of Dy, , y(c).

3) Layers: We proceed to describe our approach in more de-
tail. Consider a unicast path P = {vo,...,v,}, which is re-
ferred to as a layer-0 path. Recall that our assumption is that n =
2% We split P into two layer-1 subpaths Py, ) and Py, o,
where b = n/2. Then, for each value k,k = 1,2,..., K — 1,
each layer-k subpath P, .., is split into two layer-(k + 1) sub-
paths Py, v,) and Py, o,), Where b = (i + j)/2. Note that
a layer-K subpath consists of just a single link. Clearly, the
number of subpaths of a layer k is O(2%).

The goal of our scheme is to compute, for each layer k,0 <
k < K, the delay functions of layer-k subpaths. We begin by
computing the delay functions of subpaths of layer K. Since
these subpaths consist of just a single link, their delay functions
can be obtained by applying logarithmic sampling on the in-
verted cost functions for corresponding links. Then, for each
k,1 < k < K — 1, we compute the delay functions of layer-k
subpaths by merging previously computed delay functions for
subpaths of layer-(k + 1). The merging procedure is discussed
in detail in Section III.A 4.

The computation of a delay function introduces some error
at each layer, which accumulates as we proceed to lower layers.
The error depends on the approximation parameter ¢ used in the
logarithmic sampling process. The key idea of our scheme is to
use different approximation parameters ¢y, for different layers.
The values d; are chosen in a way that minimizes the computa-
tional complexity of the algorithm, while ensuring that the total
accumulated error is at most e. The assignment of ¢y, is dis-
cussed in detail in Section III-AS5.

4) Procedure MERGE: The merging procedure receives, as
input, the delay functions D, ,,)(c) and D, ,(c) of two
layer-(k + 1) subpaths, Py, .,) and P(y, .;), and an upper
bound U. The procedure computes the values of delay function
Dy, v,)(c) of layer-k subpath P,, , y foreach 1 < ¢ < U.
To that end, it computes for each ¢,1 < ¢ < U, the partition
(c1,c2) of a budget ¢ between the subpaths, which minimizes
the delay of the subpath P, .,y under budget constraint c.

A straightforward solution would be to examine all possible
partitions (cy, c2) of the budget c. Since the choice of ¢; de-
termines cs, it is sufficient to consider each ¢; < c¢. Moreover,
since the delay function Dy, ,,)(c) is obtained by logarithmic
sampling at costs {1,1 + 6xy1, (1 + 6r41)%, ...}, only these
costs should be considered.

1149

Procedure MERGE (D(vi,vb) (C)7 Dm,vj)(c), Ok, 5k+17 U)

parameters
D (4, ,v)(€)- the delay function for subpath P(’”iv“b)
D(uy,,v,)(c)- the delay function for subpath P(/vz,,vj)
&)~ the approximation parameter for layer-k
Ok+1 - the approximation parameter for layer-(k + 1)
U- the upper bound on the cost of a partition.
Il ¢c=1
2 while ¢c < U do
3 D(vi,vj)(c) - D(vi,vb) (c/2) + D(vb,vj)(c/z)
4 e min{(U+Gp)' | (14 5)’ > c/2)
5 co — ch
6 while c2 < ¢ do
7 D(vi,vj)(c) «— min {D('U,‘ vj ) (C), D('Uz p) (C — C2)+

D(vb,vj)(CQ)}

8 c2 —c2- (14 0pq1)

9 cp = min{(1+8k41)" | (1+0k41)" > ¢/2}

10 c1 ¢

11 while ¢; < ¢ do

12 D(y;,v;)(c) < min {D(ui,Uj)(C)’D(ui,ub)(clH
D(vb,uj)(cfcl)}

13 C1 ‘—Cl'(1+5k+1)

14 c—(1+d) c
15 return Dy, 4 (c)

Fig. 4. Procedure MERGE.

The merging can be performed more efficiently by the fol-
lowing procedure. We divide the set S = {(c1, c2) | c1+c2 < ¢}
of feasible partitions into three subsets Sy, .S> and Ss:

1) the subset Sy includes the partitions for which ¢; < ¢/2

and ¢ < ¢/2;

2) the subset S includes the partitions for which ¢; < ¢/2

and ¢y > ¢/2;

3) the subset S3 includes the partitions for which ¢; > ¢/2

and ¢y < ¢/2.

Then we identify, for each subset, the partition that minimizes
the delay of the subpath P(,, .. For the subset 1, we note
that it is sufficient to examine the partition (c/2,¢/2). For the
subset S5, it is sufficient to examine partitions for which values
of ¢y correspond to costs {(1 + dx41)% | ¢/2 < (1 + 1)t <
c¢}. Thus, and since ¢/2 < ¢ < ¢, we need to consider only
O(log(146,,,)2) = O(1/k+1) partitions. Similarly, for the
third subset, it is sufficient to consider only O(1/8y.1) values
ofc; € {(1+ 6k+1)"]¢/2 < (1 + 6x+1)" < c}. We conclude
that the optimal partition of the budget ¢ requires O(1/65+1)
time.

The merging procedure employs logarithmic sampling for an
approximation parameter g, i.e., it samples the delay function
Dy, v,)(c) atcostvalues ¢ € {1,146y, (146x)%, ... U}. Since
the number of sampled values is O(log U /éy.), the total com-
plexity incurred is O(log U/(6x06x+1)). This procedure is re-
ferred to as Procedure MERGE and its formal specification is pre-
sented in Fig. 4. For clarity of presentation, Procedure MERGE
identifies only the delay function Dy, ,)(c) of Py, v;). The
corresponding partitions can be identified by a mild and straight-
forward modification of the procedure, with no penalty in terms
of computational complexity.
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Lemma 1: Given are layer-(k + 1) subpaths P(,, ,,) and
P(v,,v;) With corresponding e-approximate delay functions
Dy, v,)(c) and Dy, . y(c). Then, the execution of Procedure
MERGE yields an é-approximate delay function Dy, ,;)(c) for
the subpath P, ,,.), where € = (1 + 05)(1 +¢) — 1.

Proof: See Appendix A. ]

Lemma 2: The computational complexity of Procedure
MERGE is O(5%7%).

Proof: See Appendlx B. ]

5) Computing the Delay Function for P: We proceed to
present Procedure UNICAST, which computes the delay function
of a unicast path P. Procedure UNICAST receives, as input,
a layer-k subpath P(,, .y of P and an upper bound U. The
procedure computes the values of delay function D(vi,,vj)(c)
of Py, ;) for each 1 < ¢ < U in the following recursive
manner. If P, ., is a layer-K path, i.e., P, ,,) consists
of a single link [, then the corresponding delay function is
obtained by logarithmic sampling (see Section III.A.2) of the
inverse of the link cost function ¢;(d). Otherwise, for layer-k
paths, 1 < k < K — 1, we first recursively compute the delay
functions for subpaths P(,, ) and Py, ;) of Py, .,y Where
b = (i + j)/2; the delay function of the path P, , ) is then
computed by merging the the delay functions for P, .,) and
Ployv;)-

As mentioned, the computation of a delay function introduces
some error at each layer &k, which accumulates as we proceed to
lower layers. The error at layer k depends on the approxima-
tion parameter 0y, used for this layer. The accumulated error at
layer-k (i.e., accumulated along the layers &k, k + 1,..., K) is
denoted by ().

The major consideration in choosing the approximation pa-
rameters 8y for each layer 1 < k& < K is to minimize the com-
putational complexity of the scheme. In addition, the values
must be chosen such that the total accumulated error for the path
P is at most . From Lemma 2 it follows that the accumulated
error at layer 0 is

K

K
= H(1+5k)—1§225k

k=0 k=0

0

where the last inequality follows from Claim 1 below. Note that
layer k adds 6y, to the accumulated error.

Claim 1: Let dg,...,0; be positive numbers such that
S iy 8% < 1. Then it holds that

K
H (14 6z) <1+2Z§k
k=0 k=0

Proof: See Appendix C. ]

By Lemma 2, the computational complexity of invoking Pro-
cedure MERGE for a layer-k subpath is O(5 logL -). As there
are 2% subpaths at that layer the time needed for processing
all layer-k paths is 0(5 Bs 2’“ log U'). We also note that the
time required for logarlthmlc sampling of a link cost function
(lines 3 and 4 of Procedure UNICAST) is (’)(L log U) per link
or O+ 2K logU) in total. We conclude that the total com-
putatlonal complexity of the procedure is O(log U( L 2K +
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Procedure UNICAST (P(u, v;), ks {cl}lep(ij),e, U):
parameters
”P(viyvj)- a subpath of P of layer k;
{Cl}lep('ui,'uj-)- the links’ cost functions;
€ - approximation error;
U- the upper bound on the cost of an optimal partition.

1 0 «— SRR ;K_k
2 if k = K then
3 for each ¢ € {(146)"| (140)! <U,t=1,2,...} do
4 Doy (€) = min {d | (v, 0,(d) < c}
5 return Dy, ])(c)
6 5k+1 — 0 - V2
7 b=
8 D(Uzﬂ’b)(c) <—UNICAST('P(qub),kZ +1, {cl}lep(vi,vb) ,e,U)
9 Dy, ,v;)(€) —UNICAST(P(y, v;) K + 1, {Cl}le”P(ubyvj) ,&,U)
10 D('ui,vj)(c) ‘_MERGE(D(vi,vb)(CLD(vb,vj)(c)75k,6k+ly
(1+e)U)

11 return D(Ui’vj)(c)

Fig. 5. Procedure UNICAST.

Z e 0 ==—2")). Thus, in order to find a suitable assignment
kOk+1

of approximation parameters {6y}, we need to solve the fol-

lowing optimization problem:

K 2"
min 52 + Yo TR T
Zk:o 5k S 2

The following assignment of {6} minimizes the objective
function in (3):

subject to :

3)

6’“283/%&%:0"”’[(' )
As we prove in Theorem 1 below, this assignment satisfies the
constraint in (3) and yields a total running time of O( %z log U).
The detailed description of Procedure UNICAST appears in
Fig. 5. As was the case with Procedure MERGE, the partitions
that correspond to the delay function D, .,,)(c) of Py, 4
can be identified by a mild and straightforward modification of
Procedure UNICAST, with no penalty in terms of computational
complexity.
Theorem 1: Procedure UNICAST identifies, in O( % nlog U)
time, an e-approximate delay function Dy, ., )(c) for apath P.
Proof: See Appendix D. ]

B. On-Demand Computation: Problem OPQ

In this section, we present an algorithm for computing a suit-
able QoS partition upon an incoming request. The algorithm
comprises the following steps. First, we obtain sufficiently tight
lower and upper bounds, L and U, on c°Pt, where c°P! is the
cost of an optimal partition. Then, we use these bounds in order
to perform linear scaling on link cost functions. The purpose of
linear scaling is to “scale down” all the costs, i.e., reduce all the
costs by dividing them by some fixed parameter. The resulting
graph has smaller costs, which reduces the overall running time.
Next, we find a suitable partition by using Procedure UNICAST.
The obtained solution is then rounded back to the original costs,
i.e., prior to the linear scaling, incurring a small error.
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1) Upper and Lower Bounds: Following the algorithmic
technique presented in [7], we start with trivial bounds and pro-
ceed to iteratively improve them, until they become sufficiently
tight.

Let {d; },cp be a partition that satisfies the delay constraint D.
We observe that, for each link [ in P, it holds that 1 < ¢;(d;) <
C™a* where C™* is the maximum cost of supporting a delay
constraint by a link in P. Thus, L = nand U = n - O™
are obvious lower and upper bounds on the cost of an optimal
partition. Note that initially the ratio of the upper bound to the
lower bound is C™**, which can be a relatively high value.

In order to reduce the ratio U/ L, we perform a binary search
on the interval [L, U]. In general, a binary search is performed
by selecting a trial value ¢ € [L, U] and comparing it to ¢°P*.
However, since Problem OPQ is NP-hard, the exact compar-
ison between ¢ and ¢°P! is intractable, i.e., there is no efficient
procedure that determines that either ¢ < ¢°P* or ¢ > ¢°Pt. Ac-
cordingly, we use a test procedure that performs the following
“loose” comparison between ¢ and ¢°P*:

1) if the procedure returns a negative answer, then c°P* > ¢;
2) if the procedure returns a positive answer, then ¢°P* <
c-n.

The test procedure is implemented as follows. First, for each
link [ € P we compute the minimum value of the QoS require-
ment d; that can be supported by allocating a budget c to /. Next,
we check whether the resulting partition {d; };cp satisfies the
delay constraint, i.e., Y ;.p di < D. Clearly, if {d;};cp satis-
fies the delay constraint, then the cost of the optimal solution is
at most ¢ - n, and hence the procedure returns a positive answer.
Otherwise, the cost of the optimal solution is at least ¢, hence
the procedure returns a negative answer. Accordingly, at each
iteration, we either update the lower bound L = ¢ (in case of a
negative answer) or update the upper bound U = ¢ - n (in case
of a positive answer).

At each iteration, we choose the trial value c that results in
the largest possible reduction of the ratio U/ L. Specifically, by
choosing ¢ = %, we achieve the largest reduction, regard-
less of the outcome of the test procedure. Indeed, let 3; be the
ratio of the upper bound to the lower bound, namely L and U,
at the end of iteration . If the test procedure returns a negative
answer, then

U nU
Bi = ? = T =V nBi_1.
Otherwise, the value of (; is

ne nU
Bi=— =4/ = VnPi-1.
L L
In both cases, we have 3; = \/nfB;_1.

If at the beginning of the execution of the algorithm, the ratio
of the upper and to the lower bound is §, and then after the
first iteratio? we have 1 = nz ﬂ%. The second iteration yields
B = n%ﬁf = n%ﬂ . It can be easily verified that, for each
iteration ¢, the value of (3; is bounded by

1
Bi < np27.

Note that, at iteration s = [loglog (], we have 3; < 2-n. We
conclude that just O(loglog ) = O(loglog C™2¥) iterations
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Algorithm OPQ (P, {ci}iep, €, D):
parameters
P = {vo, ...,vn }- a QoS path;
{ci1}1ep- the links® cost functions;
€ - approximation error;
D- delay constraint.

L—3epalD)
U — X cpc(din), where di™® = min {d | ¢;(d) # oo}
while £ > 2.7 do
o /BT
for each [ € P do
d; =min{d | ¢;(d) < c}
if Y 2;cpdi < D then
U«—c-n
else
L«—c
dp)- 2
D(v,0n)(€) <—UNICAST(7?, 0, { [%J } ,€/2, 4%)
¢ «— min {c | D(vo,v,) () < D}
return partition that corresponds to ¢

S VO NN A W =

—
W N =

Fig. 6. Algorithm OPQ.

are necessary in order to achieve U/L < 2 - n. Since each
iteration requires O(n) time, the computational complexity of
finding lower and upper bounds L and U, for which U/L < 2-n,
is O(nloglog C™ax),

2) Algorithm: Having computed suitable bounds U and L,
i.e., bounds for which U/L < 2 - n, we apply a scaling and
rounding procedure on the link cost functions. To that end, a
new cost function is defined for each link [, as follows:

ity = | 2

With modified link costs, the new cost c* of a partition with
original cost ¢ is bounded by

25% —-n<ct < 25% (6)
Thus, and since U < 2n - L, the upper bound on the solution
with respect to the new link cost functions is U* = % Finally,
the problem is solved by applying Procedure UNICAST to a path
with the scaled cost functions ¢} (d;). The procedure is invoked
with the upper bound U* and the approximation error /2. The
procedure returns an §-approximate solution with respect to the
new link costs. Theorem 2 below implies that the cost of this
solution, under the original cost functions, is at most (1 + )
times larger than that of the optimal solution. Algorithm OPQ,
described in Fig. 6, summarizes the above discussion.
Theorem 2: Algorithm OPQ provides, in O(%nlog2 +
n - loglog C™2*) time, an e-approximate solution to Problem
OPQ, i.e., given a connection request with delay constraint D,
Algorithm OPQ identifies a suitable QoS partition {d;};cp,
whose cost is at most (1 + ¢) times higher than that of the
optimal partition.
Proof: See Appendix E. [ |

(&)

C. Precomputation Scheme: Problem POPQ

Precomputation is performed by means of a two-phase pro-
cedure, referred to as a precomputation scheme. The purpose
of the first phase is to compute a delay function for the path
‘P, which summarizes a set of suitable partitions, for each delay
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Algorithm POPQ (P, {ci}icp, e):
parameters
P = {vo, ...,un }- a QoS path;
{e1}1ep- the links’ cost functions;
€ - approximation error;

D’(UU » )(c) —UNICAST(P,0, {c1 }1ep,e/3,n - C™2X)

for cach c € {(1+¢/3)t <n-C™* | t=1,2,...} do
D(“O"”n)(c) - Dzvo,vn)(c)

return D, .,.)(c)

B W -

Fig. 7. Algorithm POPQ.

constraint. The second phase merely selects one of the solutions
precomputed in the first phase.

1) First Phase: The first phase is implemented as follows.
We begin by invoking Procedure UNICAST with approximation
error £/3, which computes an €/3-approximate delay function
D;UO’UW)(C) and the corresponding partitions. Then, we use

(vo,0,)(€) in order to compute a delay function Dy,,q,)(c)
whose storage requirements are significantly smaller.

More specifically, the delay function D2U07v71)(c), ob-
tained through Procedure UNICAST, is a piecewise-con-
stant function whose segments correspond to costs ¢ €
{1,(1 + bé9),...,nC™>*} where 6y = ﬁ (according to

(4)). Thus, we need 0(? log(nC™2a*)) space in order to store
DEUO’UR)(C). The storage requirement can be significantly re-
duced by logarithmic sampling. Specifically, we compute new
delay function D, ,, y(c) out of DZUO,,””)(C) by logarithmic
sampling at costs {1,(1 + ¢/3),(1 + ¢/3)2,...,nC™ax},
By Lemma 3 below, D(,, ,,)(c) is an e-approximate delay
function for P. The detailed description of the first part of the
precomputation scheme, implemented by Algorithm POPQ,
appears in Fig. 7.

Lemma 3: Algorithm POPQ computes, in
O(Lnlog(nC™>))  time, an c-approximate delay
function D, ,,)(c) for P.

Proof: See Appendix F. ]

2) Second Phase: Upon a request with some QoS require-
ment D, the optimal partition is promptly identified by exam-
ining the output of Algorithm POPQ. Specifically, we iden-
tify, through binary search, the cost ¢ of a suitable partition,
¢ =min{¢ = (14 ¢/3)"| D(y,,,)(¢') < D}, and return the
corresponding partition. Since the total number of precomputed
partitions is O(1 log(nC™¥)), the computational complexity
of this procedure is O(log log(C™*) +1log(1/e)+n). The term
n in the complexity expression is due to the need to describe the
partition.

D. Discussion

We proceed to compare the performance of our algorithms
with that of their alternatives.

We begin with the on-demand setting. In [7] and [4], the
problem of partitioning of QoS constraints was considered, in a
broader context of QoS routing with cost-dependent functions.
The proposed algorithms, when applied to Problem OQPQ, yield
computational complexities of O(n loglog C™* + %&VE))
and O(min(D, w, 2 D)1n?loglog C™X), respectively.
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The dominant terms of these expression are O(%) and
O(% ), respectively, while the dominant term in our so-
lution is (’)("1%(2"/5) ). We thus conclude that the computational
complexity of our algorithm is significantly (2(n)) less depen-
dent on the topology size than that of [7] and [4], which renders
it more scalable for large topologies. This improvement has been
achieved by exploiting the topological structure of unicast paths.

Next, we note that our algorithm can be applied also in the
practically important case of discrete cost functions, i.e., step
functions whose range is a discrete set of values. Such functions
have been the focus of [8], and an O(rn®log L) algorithm was
presented there, where r = > 1eprrandry is the number of dif-
ferent delay values supported by link /. We conclude that, even
if r = O(n) (i.e., each link supports a fixed number of delays),
we achieve a major (©(n?)) reduction in terms of dependency
on the topology size. It should be noted that the complexity of
our algorithm is more dependent (by a factor of E%) on the value
of the approximation error ¢, so for very small values of ¢, the
algorithm presented in [8] might exhibit better performance.

We described a precomputation scheme for Problem OPQ
that provides e-optimal solutions within a computational
complexity of O(%n - log(n - C™)) for the first phase and
O(loglog(C™*) +log L + n) for the second phase. Compared
with an on-demand scheme, the precomputation scheme sig-
nificantly reduces the time required to find a suitable partition.
Indeed, with precomputation, the computational complexity of
finding a suitable partition is dominated by the time necessary
to describe a partition (O(n)), i.e., it is very close to the lower
bound.

We note that a precomputation scheme can be trivially
constructed out of any existing approximation algorithm for
Problem OPQ (e.g., [4], [7]) by just sequentially executing
them for a certain range of delay values. Nonetheless, as it is
easy to verify, the computational complexity of such simplistic
solutions is significantly higher than that of our solution.

IV. QoS PARTITION FOR MULTICAST

In this section, we deal with the problem of QoS partition on
multicast trees. Since we employ ideas that are quite similar to
those of the unicast setting, we shall restrict ourselves to a brief
discussion.

We begin by introducing the required definitions and termi-
nology. A directed tree is a subgraph 7 of G(V, E) having a
unique node s such that every node is reached from s by a unique
path; node s is referred to as the source. A multicast connection
uses a tree 7 to interconnect the source s and the members of
a multicast group M = {t1,t2,...}. A path between source s
and a terminal ¢; on links that belong to the tree 7 is denoted by
‘P;. Given a multicast tree 7, our goal is to (efficiently) allocate
the delay on each link [ € 7 such that the end-to-end delay is
satisfied for each member ¢; of the multicast group. A QoS par-
tition on a multicast tree 7 is a set of link delay requirements
{di}1e1, which satisfies, for each t; € M, the end-to-end delay
requirement D, i.e., ZlePi d; < D for each t; € M. Each link
is associated with a cost function ¢;(d), which specifies the cost
of supporting a delay requirement d. The cost of a QoS partition
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Fig. 8.

Example of a multicast tree, » = 11 and H = 4.

{di}1e7 is the sum of the local costs, i.e., ) ;.7 ci(dr). We as-
sume that all parameters (cost and delays) are (positive) integers.

The optimal QoS partition for a multicast tree is then defined
as follows.

Problem MOPQ: (Muticast Optimal Partition of QoS):
Given a tree 7 and a delay requirement D, find a QoS parti-
tion {d; };e7 such that EleP, d; < D foreach t; € M and
> ie7 ci(dp) is minimized.

We define also the related precomputation problem.

Problem PMOPQ: (Precomputation of MOPQ): Given a
tree 7, find, for each delay requirement D, a QoS partition
{di}1eT such that ZleP, d; < D for each t; € M and
> e ci(dp) is minimized.

For clarity of exposition, we use the following notation. The
number of nodes and the depth of the multicast tree are de-
noted by n and H, respectively. The number of children of a
node v; is denoted by m;. The subtree originating from the node
v; € T is denoted by 7y, ). A branch T, ) of the subtree
7(v,,v;) 18 a subtree originating from v;, which includes the link
(vs;,v;) outgoing from ¢ and all descendants of v;. For example,
Fig. 8 shows a multicast tree 7', a subtree 7(,, ., and a branch

We employ the following “divide-and-conquer scheme”. A
multicast tree is recursively split into a number of disjoint sub-
trees. We compute the set of delay guarantees supported by each
subtree at different costs. These delay guarantees and the cor-
responding partitions are summarized by means of delay func-
tions, defined below. We then obtain a solution to the original
problem, i.e., a partition of delay constraint D on tree 7, by
recursively combining the delay functions obtained for the sub-
trees of 7.

More specifically, consider a multicast tree 7, which is re-
ferred to as a layer-0 tree. We split 7 into a number of layer-1
subtrees {’]’<,Ui7,uq.)}, for each child node v; of s. Then, for each
value k, k = 1,2,..., H, each layer-k subtree 7, ) is split
into a number of layer-(k+1) subtrees, for each child node of v;.
Each layer-H subtree includes just a single node. For example,
in the tree 7 depicted in Fig. 8, subtrees 7(,,, .,y and 7(,,, .., are
layer-1 subtrees, while ’T<,U3 ,vy) and T(,U4 ,v,) are layer-2 subtrees.
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We denote by nj, the number of subtrees of layer-k. Clearly,
ZkHzl e = M.

We introduce the following subtree delay functions, which
summarize the delay guarantees offered by a subtree at different
costs.

Definition 3: The optimal delay function D‘()Zt’vz)(c) of the
subtree 7(,, .,) of 7 is defined as the minimum delay require-
ment supported by 7(,,, ,,) at cost ¢, i.e.,

DODt )(C) = min {D | E{dl}leﬁ%m such that

(vi,vg
>

1€ (v, vp)

max
tr GIT(W v

Z d; < D and Cl(dl) < C} 7
i) IEP(i 1)
where P(; 1) is a path between node v; and terminal ¢ on links
the belong to tree 7 .

Optimal delay functions for branches 7(,, ;) of 7y, o) are
defined similarly.

In addition we define, for each link (fui,vj) € T, the
optimal delay function la?it’vj)(c) in a way that resembles
the optimal delay function of a subpath (see Definition 1,
Section III-Al). Specifically, the optimal delay function
lNDE’Up:_’Uj)(c) of link (v;,v;) is defined as the minimum delay
requirement d supported by link (v;,v;) at cost ¢, ie.,
D?}Y’f?,uj)(c) = min{d | c(y, ., (d) < c}.

Definition 4: A e-approximate delay function Dy, ,)(c) of
a subtree 7(,, ,,) of 7 is a function that satisfies, for each ¢ >
0, Doy ({1 +€)) < D ().

We define e-approximate delay functions for branches and
links in a similar manner. When no ambiguity exists, e-approx-
imate delay functions will be referred to as just delay functions.
Delay functions are constructed by using the logarithmic sam-
pling approach.

A. Computation of Delay Functions

In this section, we present an overview of Procedure
MULTICAST which identifies the delay functions Dy, .,)(c)
and the corresponding partitions for each subtree of each layer.
The delay functions are computed in a bottom-up manner, first
for layer-H subtrees, then for layer-(H — 1) subtrees, etc., up
to layer 0. Note that each layer-H subtree 7(,, ,,) includes a
single terminal node v;. For each terminal node v; the delay
function Dy, ,,)(c) of subtree 7(,, .,y is set to O for all c.

More specifically, we compute the delay function D(,, ,.)(c)
of subtree 7, .,y by performing the following steps.

Step 1) If v; is a terminal, then Dy, ,,,)(c) is set to O for all

c. Otherwise, for each child node v; of v;:

a) Recursively compute the delay function
Dy, ,)(c) of layer-(k + 1) subtree 7(,,, ., )

b) Compute the delay function D(,, ,,.)(c) of the
link (v;, v;) by performing logarithmic sampling
on the link cost function c(y, .,)(d) of (vi,v;);

¢) Compute the delay function D, ., )(c) of the
bNranch 7(v,,0,) by merging the delay functions
Dvi,0;)(¢) and Dy, 0,();
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Step 2) Compute the delay function D, ,,,)(c) of the sub-
tree 7(,,,,) by merging the delay functions of all
branches {7(,, v,y } of T(s, v,)-

As is the case for unicast, the critical part is to choose, for each
layer k, the approximation parameter §; used for computing
delay functions. The assignment of 6, is discussed in detail in
Section IV.A.2.

1) Merging Procedures: As discussed above, in order to
compute the delay function D, ,)(c) we need to define two
merging procedures, which we proceed to describe in some
more detail.

_ The first procedure receives, as an input, the delay functions
Dy, v,)(c) and D(,, ,, y(c) of link (v;, v;) and subtree 7, , ),
respectively, and an upper bound U. The function computes the
values of the delay function Dy, ,,,)(c) of the branch 7, , ) for
each 1 < ¢ < U. The goal of this procedure is to compute for
each ¢,1 < ¢ < U, the partition (c1, c2) of a budget ¢ between
the link (v;, v;) and subtree 7, ., ), which minimizes the delay
supported by the branch 7,, ,, ) under budget constraint c. The
procedure is similar to the merger of the delay functions of two
subpaths, as discussed in Section III-A4. Accordingly, we use
Procedure MERGE that appears on Fig. 4.

The purpose of the second procedure, referred to as
MIN-MAX-MERGE, is to calculate the delay function
Dy, ;)(c) of the subtree 7(,, .,) out of the delay functions
{D (v, v;)(c)} of its branches. In order to compute Dy, .,)(c),
we find, for each cost value ¢, 1 < ¢ < U, the minimum delay
that can be supported by the subtree 7,, ,,,) subject to budget
c. For this purpose, we need to find the local budget ¢; for each
branch 7(,, ,,;) in such a way that the maximum delay between
v; and a terminal ¢; € T(vq-,vi) is minimized, i.e.,

D(vi,vi)(c) = min {D | H{Cj}(/l)iﬂ)j)eT such that

> < c}. (8)

(vi,v;)€ET

Note that the delay function Dy, ., )(c) of each branch
T(v, v,) is piecewise-constant. Hence, the function D, ,,)(c)
of the subtree 7(,, ,,) is also piecewise-constant and can be
computed by identifying its segments. We begin with segments
that correspond to lower costs and then proceed with segments
that correspond to higher costs. Since the cost of supporting a
delay requirement by each branch 7(,,, ., is at least 1, then the
minimum cost for supporting a delay requirement by subtree
T(v; ;) 1s m;, hence we set

Dv- v; i) — Dv v
(v (i) = max {D (. 0)(1)} -

Dy » < D and
o Dl (&) <

Thus, the first segment corresponds to cost m; and delay
D (v, v,)(;). Suppose that we have identified the segment of
Dy, v,)(c) tbat corresponds to delay constraint d, cost ¢ of
supporting d and the corresponding partition {¢;} (v, v,)e7>
ie,d = Dy, »,)(¢) and Z(U“”j)eﬁf ¢; = ¢. We show how
to identify the next segment of Dy,, ,, )( ¢) that corresponds
to delay d’ and cost ¢ = 37, uy)er .. Note that ¢’ is the
minimum cost that must be paid in order to support a delay
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Procedure MIN-MAX-MERGE (7(,,,v,), U):
parameters
T(v;,v;) the subtree of T
U- the upper bound on the cost of a partition.

1 for each (v;,v;) € T do
2 Cj — 1

3 dj « Dy, u))(c5)
4 c— E(U.L-‘vj)e']'cj

5 de maX(viij)eT dj
6 while c < U do

7 D(u;,v;)(€) = d

8 S<_{] | D(’ui,Uj)(cj):d}
9 for cach j € S do

10 cj — min{c | Do, ,v;)(€) < dj}
11 deD(vi,vj)(c]')

12 C— Z(ui,uj)é’ch

13 d— maX(vhvj)eT dj

Fig. 9. Procedure MIN-MAX—MERGE.

constraint lower than d, i.e., ¢ = min{c| Dy, v)(c) < d} and
d' = Dy, 0)(@).

We observe, by (8), that there exists a link (v;, vj) € 7 for
which it holds that Dy, ,,,)(¢) = Dy, vj)(cj) We denote by
S = {1 D, v,)(€j) = Dy, 0,)(¢)}. Since d' < d, for each
J €S, the delay supported by branch 7, , at cost c must be
lower than d. Thus, we set c to be the minimum cost of sup-
porting a delay lower than d by branch 7(,, ., ). Foreach j ¢ S
we set c] = ¢;. As we prove in Lemma 4 below the next seg-
ment of D, ,)(c) corresponds to cost ¢’ = 37, ) ¢; and
delay d = max(,, v )e7 { D(v;v,)(¢;)}. The formal descrip-
tion of Procedure MIN-MAX-MERGE appears in Fig. 9.

Lemma 4: Let T(m,,,,i) be a layer-k subtree. Suppose that
each branch 7(,, .,y of 7(,,.,) has a corresponding e-ap-
proximate delay function D(,; , (c) that includes O(logU)
segments. Then, Procedure MIN-MAX-MERGE computes, in
O(éikmi logm;logU) time, a e-approximate delay function
Dy, v,)(c) for the subtree 7, ).

Proof: See Appendix G. |

2) Procedure MULTICAST: We proceed to discuss Procedure
MULTICAST in more detail. The formal description of the pro-
cedure appears on Fig. 10. The procedure receives as input a
layer-k subtree 7, ,.,), a set of link cost functions {Cl}leTm e
an approximation error &, and an upper bound U.

In line 1, we set the value of the approximation parameter
oy, for layer k. We explain our choice of ¢y, later in this section.
Lines 2—4 handle the case in which node viAis a terminal node.
In line 6, we compute the delay function Dy, ,,,)(c) for each
layer-(k+1) subtree 7, .,y by recursively invoking Procedure
MULTICAST for 7(, ),k + 1,{cc},¢, and U. In lines 7 and
8, we perform an additional procedure in order to reduce the
number of segments in D, ,,)(c). Specifically, we perform
logarithmic sampling at costs 1,1 + &, (1 + 6x)2, .. ., and de-
note the resulting function by D, ,,,)(c). In lines 9 and 10, we
compute the delay function D, , )( ¢) of link (v;,v;) by per-
forming logarithmic sampling at costs 1,1 + &, (1 + &), . . ..
Lines 7-10 ensure that the number of segments in the functions
Dy, v,)(c) and Dy, ,)(c) is bounded by (9(6% logU). In
line 11, we compute the delay function of the branch 7, )
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Procedure MULTICAST (T(y, vy, k, {ci}ieT,, ., € U):

parameters
T(v;,v;)- Subtree of layer k
{ater - the links’ cost functions;
(vi,v4)
€ - approximation error;
U- the upper bound on the cost of an optimal partition.

5%3§"k+1

1 (Sk «— 6Ek:1 3 =

2 if v; is a terminal then

3 Dy, v;)(c) < 0 for all ¢

4 return D(,, ,.)(c)

5 for each (v;,v;) € T do

6 ﬁ(vj,vj)(c) —MULTICAST(T(y, ), k + 1, {ce},,U)

7 for each c € {(1+6k)t | (14+6k)! <U,t=1,2,...} do
8 D(vj,vj)(c) - D(Uj,vj)(c)

9 foreach c€ {(1+6k)" | (146! <U,t=1,2,...} do
10 D(Ul.,vj)(c) «— min {d | Cv,0;)(d) < c}

11 D(vi,vj) (o) ‘—MERGE(D(vi,Uj)(C)’ D(Uj,vj) (¢), O,

6k, (1+8)U)
12 Dy, v,y (€) «—MIN-MAX-MERGE(T(,, +,), (1 +€)U)
13 return D, ,,.y(c)

Fig. 10. Procedure MULTICAST.

by invoking Procedure MERGE. Having computed the delay
function for each branch 7, . ) of 7(,, ), we identify the
delay function D(,, ,,)(c) of T, .,y by invoking Procedure
MIN-MAX-MERGE (line 12).

We denote by ¢(®) the accumulated error at layer-k, that is,
for layer-k nodes, Procedure MULTICAST computes &(¥)-ap-
proximate delay functions. Note that, for each terminal wv;,
the procedure computes the optimal delay function, hence
e(") = 0. Suppose that the accumulated error at layer-(k + 1)
is e**1) je. for each layer-(k + 1) node v; Procedure
MULTICAST  returns e(F+1) _approximate delay functions
Dy, ;)(c). In lines 7 and 8, we perform logarithmic sampling
with the parameter ¢y, hence the resulting function D, ,,(c)
is ¢’-approximate, where ¢/ = (1 4 8;)(1 + ¢**+Y) — 1. In
lines 9 and 10, we compute an d;-approximate delay func-
tion f)(vi,v].)(c) for link (v;,v;). Then, we apply Procedure
MERGE for the functions D, . (c) and f)(%,,,j)(c). By
Lemma 1, Procedure MERGE computes an é-approximate
delay function D, ,,)(c) for the branch 7, ., where
€ = (14 6,)%(1 + e**+Y) — 1. Thus, by Lemma 4, Procedure
MULTICAST returns a e*)-approximate delay function for the
subtree 7(,, ), where e(®) = (1 + §;)%(1 4+ e*+D)) — 1.

We conclude that the accumulated error at layer-0 is

H-1

e =T[a+6)*-1

k=0
H-1
= (1426, +67) — 1
k=0
H-1
< JJ+360) -1
k=0
H-1
<6 ) Ok
k=0

where the last inequality follows from Claim 1.
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The time needed for processing all subtrees is dominated
by the time required for the execution of Procedure MERGE
for all subtrees of all layers. Since Procedure MERGE is ap-
plied for functions with O(% logU) segments, its computa-

tional complexity is O(IO(S%U) (by Lemma 2). As the number
of branches of layer-k sub&ees iS Mg4+1, the total running time
required for invoking Procedure MERGE for layer k subtrees is
O( et log U ). The total computational complexity of the algo-

52

k
. . H—1 NE41 log U
rithm is O(3 " e

assignment of approximation parameters {6y }, we need to solve
the following optimization problem:
. H—1 ny
min ) -, "231.
ok <
k=0 Ok > E.
The following assignment minimizes the objective function
in (9):

). Thus, in order to find a suitable

subject to :

EY/MNk+1

= — (10)
60, /e

Ok

fork=0,...,H — 1.

As we prove in Theorem 3 below, with this assignment of
{0k}, the total running time required for all invocations of Pro-
cedure MERGE is (9(”H2 logU).

Note 1: If T is a balanced tree, then we assign 03, = ﬁ i/%
fork=1,...,H — 1.

Theorem  3: Procedure = MULTICAST identifies, in
O(%nH?logU) time, an e-approximate delay function
Dy, (c) for a tree 7.

Proof: See Appendix H. ]

Note 2: 1If the tree 7 is balanced, using the assignment of
0y, as specified in Note 1 yields a computational complexity of
O(&Lnlogl).

B. Solving Problem MOPQ

The algorithm for Problem MOPQ follows the same lines as
Algorithm OPQ for Problem OPQ, described in Section III-B,
with the following modifications.

1) The procedure returns a partition {d;};c7. A partition
{di}1e1 satisfies the delay constraint D if for each ter-
minal ¢; it holds that >, ep, i < D.

2) The initial lower and upper bounds L and U are computed
as follows: L = 37 (D) and U = 37, cy(dmin),
where dj™ = min{d | ¢;(d) # oo}.

3) We use Procedure MULTICAST instead of Procedure
UNICAST.

We summarize our results in the following theorem.
Theorem4: Given a connection request with delay constraint
D, a suitable QoS partition {d;};c7, whose cost is at most
(1 + ¢) times larger than that of the optimal partition, can be
identified in O(&n - H?log 2 + +nloglog C™*) steps.
Proof: The proof is similar to that of Theorem 2. ]
Note 3: If the tree 7 is balanced, an e-approximate solution
can be identified in O(%nlog 2 + nloglog C™*) time.
The precomputation scheme for Problem MOPQ is also sim-
ilar to that of Problem OPQ (Section III-C). The only difference

between the two schemes is that we use Procedure MULTICAST
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instead of Procedure UNICAST. As a result, the computational
complexity is O(Z%n - H? log(n - C™*¥)) for the first phase and
O(loglog(C™*) + log X + n) for the second phase. For the
special case of balanced trees, the computational complexity is
O(%n - log(n - Cmax)),

C. Discussion

We proceed to compare the performance of our algorithms
with that of its alternatives.

The on-demand setting was considered in [7], where
an e-approximate solution to Problem MOPQ was pre-
sented. That algorithm yields a computational complexity of
O(nlog Dloglog (3 4+ n?(log D + n)loglog H + “~(log D +
2)). The dominant term of this expression is O(Z—;), while
the dominant term of our solution is O((1/e?)n - H*log ).
It follows that, for most practical settings i.e., when H is
significantly lower than n, the computational complexity of our
algorithm is significantly (Q(W?(n/s))) less dependent on
the topology size than that of [7]. Moreover, we note that the
depth H of a typical multicast tree is O(logn), in which case
our algorithm is Q(m) times faster. Furthermore,
in the special case of balanced trees, the computational com-
plexity of our solution is just O(%nlog 2 + nloglog C™),
which is Q(%) times faster than that of [7].

We described a precomputation scheme for Problem MOPQ
that provides e-optimal solutions within a computational com-
plexity of O(%n - H?log(nC™)) for the first phase and
O(loglog(C™*) + log 2 + n) for the second phase. This
precomputation scheme promptly provides a suitable partition
upon an incoming request. The computational complexity
of our scheme is significantly lower than that of simplistic
adaptations of existing approximation algorithms.

V. CONCLUSION

A fundamental problem in the support of QoS in networks is
how to allocate resources along the connection’s topology such
that the required QoS can be guaranteed at minimum cost. This
immediately translates into the optimization problem that has
been the focus of this study, namely, how to optimally partition
the end-to-end QoS requirement into local requirements. This
problem poses major challenges in terms of algorithmic design
and has been the subject of several recent studies. These studies
provided significant insight into the essence of the problem and
its potential solutions. However, the solutions that have been
proposed either relied on restrictive assumptions (such as con-
vexity), or else proposed approximation schemes whose com-
plexity considerably depended on the network size. Therefore, a
scalable approach, which would be adequate for large scale net-
works, was called for. Such an approach should be less depen-
dent on the size of the connection’s topology, and, ultimately,
provide a fast answer to the partition problem upon each in-
coming connection request.

Accordingly, in this study we considered the scalability per-
spective, taking two independent approaches. First, we proposed
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anovel algorithmic technique, which exploits the specific struc-
ture of the actual topologies on which connections are estab-
lished, i.e., paths or trees. This technique resulted in a signif-
icant improvement in terms of computational complexity, in
particular dependence on the size of the topology. Indeed, for
the “on-demand” setting, our approach typically offers almost-
linear solutions, both for unicast and for multicast, in terms of
dependence on topology size. These results per se constitute a
significant improvement upon previous solutions. Second, we
devised a precomputation scheme. This scheme is based on the
observation that, typically, network elements have the resources
to perform much of the computation in advance. Hence, it en-
ables to obtain fast solutions immediately upon each incoming
connection request; in particular, at that time (i.e., at the “second
phase”), the computational complexity depends only linearly on
the size of the topology, be it a unicast path or a multicast tree.

Several enhancements and extensions of this study can
be considered. For example, our layering approach makes it
possible to distribute the computational effort among network
nodes. Indeed, at each layer, each component (subpath or
subtree) is processed independently, hence the processing can
be performed concurrently, at different nodes.

More generally, the schemes presented in this study can serve
to tackle the scalability issue in other important networking
problems. In particular, another fundamental problem in the
context of QoS provision is that of QoS routing, i.e., the proper
selection of the connection’s topology. The key observation
there is that large-scale networks typically have a hierarchical
layering structure, which provides the grounds for an efficient
application of our “divide-and-conquer” approach.

APPENDIX

A. Proof of Lemma 1

Lemma 1: Given are layer-(k + 1) subpaths P, ,,) and
P(vy,0;) With corresponding e-approximate delay functions
Dy, v,)(c) and Dy, ,y(c). Then, the execution of Procedure
MERGE yields an é-approximate delay function D, ,,)(c) for
the subpath Py, .,.), where é = (1 + 0x)(1 +¢) — 1.

Proof: Let ¢ be an arbitrary cost. We denote by
d°P* the minimum delay supported by 7P, ., at cost
¢, ie., doPt ?flt,m(é) and by {d;’f"'},ep(vi_vj) the

optimal partition of delay (jOPt. In addition, we denote
by di = ZIGP( d;)pt7d2 = ZlG'P(vb,uj) d;)pt7él =
min{c| Dy, v,)(c) < di}, and & = min{c| Dy, »,)(c) <
dy}. The condition of the lemma implies that ¢; < (1 +
E) ZlG'P(,,“,b) Cl(d?pt) and 62 S (1 + 6) ElGP(zyb,u].) Cl(d;)pt).
This, in turn, implies that é; 4+ é2 < (1 4 €)é.

We prove that D, , (1 + €)¢) < Con-
sider the invocation of the loop that begins at line 2
for ¢= mtin{(l +6.)" [ (1 +6)" > é1+ ). Clearly,
¢+ ¢ < e < (14 6p)(é1 + é2).

We consider three possible cases.

Visvp)

dopt

1) ¢1 < 5 and é; < 5. Then, after execution of line 3, it
hAO]dS Ehat D(Ui_’v].)(c) < D(ui,vb)(él) + D(Ub’vj)(ég) <
dy + dy = d°P*.



ORDA AND SPRINTSON: SCALABLE APPROACH TO THE PARTITION OF QoS REQUIREMENTS IN UNICAST AND MULTICAST

2) ¢4 < 5 and ¢ > 5. Then, after the iteration of the
loop that begins on line 6 for co = ¢, it EloldsAthat
Do;,0)(€) < Deoyon)(€1) + Do) (E2) < da +dy =
dert,

3) ¢ < 5 and ¢; > 5. Then, after the iteration of the
loop that begins on line 11 for ¢; = ¢, it holds that
Dy, 0,)(¢) < Do, 0,)(¢1) + Dy 0,)(62) < di +da =
dept,

In both cases, we showed that there exists ¢ < (1 +6k)(é1 +
¢o) for which Dy, ,)(c) < d°P*. Since é1 4 ¢é2 < (1+¢€)é, we
have ¢ < (14 6)(1 + €)¢ = (1 + €)¢, which in turn implies
that D(,,, ,y((1 + €)¢) < d°P*. Since ¢ is arbitrary, the lemma
follows. |

B. Proof of Lemma 2

Lemma 2: The computational complexity of Procedure
MERGE is O(5%1-).

Proof: First, let us count the number of iterations ¢ of
the procedure’s main loop (i.e., the loop beginning on line 2).
Clearly, (1 + 6)" < U hence t < %. Since for all
0 <z < litholdsthat x < 21In(1+ z), we have log(1+6;) =
O(6k) and t = O(*EY).

The loop that begins on line 6 is executed for values of ¢ that
belong to the set {ch(1+0k+1), ch(1 +5k+1) ..... ,c}. Thus, the
number of iterations of this loop is % We note that the
value assigned to c; at line 4 is at least §, hence 5 < 2. Thus,
and since log(1 + 6g1+1) = O(bg+1) for Ok+1 < 1, it holds
that the number of iterations in the loop is (’)( ) A single
1terat10n requires O(1) time, hence the running t1me of the loop
is (’)( ) By using the same argument, we can show that the
runmng tlme of the loop that begins on line 11 is also (’)( o ).

We conclude that the computational complexity of the proce-

dure is indeed O( 51?&51 ). .

C. Proof of Claim 1

Claim 1: Let 6gp,...,0, be positive numbers such that
SF 6k < 1. Then it holds that
K

K
[Ta+6)<1+42) 6

k=0 k=0

Proof We prove that ln(Hk o1+ 6x)) < In(1 +
25, 6x), the claim then follows from the monotonicity of

In(x).

Since for 0 < z < 1, it holds that In(1 + z) < z, we have

K K
1n<H 1+5k> Zlnl—l—(Sk gZak.
k=0 k=0

Next, we use that fact that for 0 < z < 1, it holds that
xz < In(1 + 2z). Since Zf 00r < 1 we have

1n(f[0 +5k><25k<1n<1+225k).

D. Proof of Theorem 1

Theorem 1: Procedure UNICAST identifies, in O(Znlog U)
time, an e-approximate delay function D, .,.)(c) for apath P.
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Proof: We begin by proving that Procedure UNICAST iden-
tifies, for each subpath of layer k,1 < k < K, an e(*)-approxi-
mate delay function D, ,,,)(c), where ek) = Hthk (146¢)—

The proof is by induction on the layer number k. Consider a
layer-K subpath Py, ,.. ). It is immediate that lines 2-4 com-
pute an ¢ -approximate delay function D(,, ., ,)(c). Assume
inductively that the assertion holds for subpaths of layer-(k +
1), and consider a layer-k subpath P, , . Since the assertion
holds for the subpaths P, ,,) and Py, ., ),b = (j +7)/2, the
condition of Lemma 1 is satisfied for e *+1) = Hf{:kﬂ(l +
6;) — 1. Lemma 1 implies, in turn, that the algorithm identi-
fies an (*)-approximate delay function Dy, ,)(c), for elk) =
IS, (1+6) 1.

By Claim 1, [T/, (14 6;) — 1 < 231, 6; < . Thus, the
assertion implies that Procedure UNICAST computes e-approxi-
mate delay function Dy, ,.(c) for path P.

We proceed to analyze the computational complexity of Pro-
cedure UNICAST. The procedure is applied recursively for each
subpath of P of each layer k. The total time required for pro-
cessing layer- K paths is O(in -logU).For0 <k < K -1,
the time needed for processing a layer-k subpath is determined
by the running time of Procedure MERGE. By Lemma 2, and

since 0r4+1 > O, invocation of Procedure MERGE for a layer-k
log U ) — O(logU) — O( V/22(K—%) logU)

KOk 41 52

subpath requires O(
time.
Since there are 2 subpaths of layer-k, processing layer-k

3/ N
requires O(W) time. The total time needed for pro-
cessing each subpath of each layer is

2K 221< K-1 . 1
o 223 logU :(9<6—2n~10gU>.

We conclude the computatlonal complexity of the algorithm
is O(&n -log U) and the theorem follows. ]

E. Proof of Theorem 2

Theorem 2: Algorithm OPQ provides, in O(%nlog2 +
n - loglog C™2*) time, an e-approximate solutlon to Problem
OPQ, i.e., given a connection request with delay constraint D,
Algorithm OPQ identifies a suitable QoS partition {d;};cp,
whose cost is at most (1 + ¢) times higher than that of the
optimal partition.

Proof: In lines 1 and 2, we compute obvious lower and
upper, L and U bounds on the cost of the optimal solution. As
discussed in Section III-B2, the bounds remain valid during ex-
ecution of the loop that begins at line 3 and after the execution
of this loop it holds that U/L < 2n.

We denote by copt and ¢, the cost of the optimal solution
under the original and scaled cost functions, respectively. Equa-
tion (6) implies that ¢}, < % By Theorem 1, Procedure
UNICAST yields an ¢ /2-approximate delay function Dy, ., )(c).
Thus, after execution of line 12 it holds that ¢ < (14 ¢/2)cf .
Since ¢}, < %, we have ¢ < (1 + ¢/2) éf/l;)nL Let
{di}1ep be the partition that corresponds to cost ¢. From the
left part of (6) it follows that the cost ¢ of {d;};cp is at most
<Lyl < (1+4¢/2) coprt+(e/2) L < (14€)-copt. We
conclude that the algorithm returns a feasible partition whose
cost is at most (1 4 €) times higher than the optimum.
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We proceed to analyze the computational complexity of Al-
gorithm OPQ. Lines 1 and 2 of the algorithm require O(n)
time. Each iteration of the loop of line 3 requires also O(n)
time. Since the total number of iterations is O(loglog C™*),
we conclude that the loop requires O(n - loglog C™2*) time.
Theorem 1 implies that the application of Procedure UNICAST
for U = %2 (line 11) requires O(Ln - log ™) time. Thus, we
conclude that the computational complexity of the algorithm is
O(Ln -log 2 + n - loglog C™a). [

F. Proof of Lemma 3

Lemma 3: Algorithm POPQ
O(Lnlog(nC™™))  time, an c-approximate
function D, ,,.)(c) for P.

Proof: By Theorem 1, Procedure UNICAST yields an
¢ /3-approximate delay function Dy, ., (c).

Let ¢ be an arbitrary cost. Since Dy, , (c) is an ¢/3-ap-
proximate delay function, there exists ¢ < (1 + &/3)é
such that Dy, . (c) < D?fot,vn)(é). Furthermore,
let ¢/ = min{(1 + ¢/3)" |(1 + ¢/3)! > ('}. Since
" < (1+¢/3)c’ < (1+¢/3)%¢, itholds that ¢ < (1+¢)é for
e < 1. After execution of the loop that begins at line 2 it holds
that Dy, ,)(c”) < Dy, (¢'). Hence for ¢ < (1 + ¢)é
it holds that Dy, ,,,)(¢”) < D‘Zfot?vn)(é). Since ¢ is arbitrary,
D (4v,)(c) is an e-approximate delay function for P.

By Theorem 1, the application of Procedure UNICAST for
U = n-C™ (line 1) requires O((1/e?)n - log(nC™ax))
time, which is also the computational complexity of Algorithm
POPQ. n

computes, in
delay

G. Proof of Lemma 4

Lemma 4: Let T, ,,) be a layer-k subtree. Suppose that
each branch 7y, ,,) of 7(y, .,) has a corresponding e-ap-
proximate delay function D, ,)(c) that includes O(%)
segments. Then, Procedure MIN-MAX-MERGE computes, in
O(éikmi logm; logU) time, an e-approximate delay function
Dy, v,)(c) for the subtree 7y, ,,,).

Proof: First, we prove the following claim: at each itera-
tion of the loop that begins on line 6 for each (v;,v;) € 7T it
holds that ¢; is the minimum cost of supporting delay require-
ment d, i.e., ¢; = min{c| D, ,,)(c) < d}. Clearly, the claim
holds at the beginning of iteration 1. Suppose inductively that,
the claim holds at the beginning of iteration k, we prove that the
claim holds at the end of the iteration. We denote the value of
d at the beginning of the iteration by d’ and in the end of the
iteration by d”. Note that d” < d’ and in the end of the iteration
it holds that Dy, ,,)(c;) < d” for each (v;,v;) € T. Thus, for
each j ¢ S, since the value of ¢; does not change during the
iteration, it holds that c; is a minimum cost of supporting d”'.
For each j € S, ¢; is set to minimum cost of supporting a delay
lower than d’. Thus, since d”’ < d’ and D(vi’vj)(Cj) < d’, it
holds that ¢; is a minimum cost of supporting d”.

Next, we prove that, for arbitrary cost ¢,1 < ¢ < U,
it holds that Dy, v)((1 + €)&) < Dg 1(é). We de-
note by d°Pt the minimum delay supported by 7,

Ui)
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at cost ¢, ie., d°Pt D‘()ftv )(é) In addition, we de-

note, for each (v;,v;) € 7T, é?pt = min{c]| D?;t,vj)(c) <
d°P*}, ¢; = min{c| Dy, o(c) < dP%},d; = Dy, 0,(E5).
Letd = max(y, v;)eT Cij.

The condition of the lemma implies that, for each (v;, v;) €
7, it holds that ¢; < (1 + s)é?pt. Consider the iteration of
the loop that begins on line 6 in which d = d. The claim
above implies that, for each (v;, vj) € 7, it holds that cj =
min{c| Dy, v,)(c) < d} = ¢;. Thus, for each (v;,v;) € T, it
holds that ¢; < (1+¢)é"" and, after execution of line 7 we have
D(vi,vi)(c) < dAOPt’ where ¢ = Z(vi,v])e'f ¢; < (1+ €)éol)t.
We thus proved that D, ,,,)(c) is a e-approximate delay func-
tion of 7y, v,)-

We proceed to analyze the computational complexity of
Procedure MIN-MAX-MERGE. The loop that begins at line 1
requires O(m;) time. At each iteration of the loop that begins
at line 6, we examine a segment of D, ,,.(c) for some branch
T (v;,0;) Of T(y, ;). Since the delay function of the branch has
O(IO(;C’;A'U) segments, the number of iterations of the loop is
O(éikmi logU). All lines in the loop, except for lines 10-12
and 13, can be executed in O(1) time. The total computational
complexity of line 10 is O( (%kmi log U). If we use a binary tree
to keep values of d;, then the total computational complexity
of lines 11 and 13 is O(ﬁ%mi logm;logU). Line 12 returns
the sum c of budgets c; allocated to each branch 7, . If we
maintain ¢ by updating it each time c; changes, then the total
time required for line 12 is equal to that required for line 10,
i.e., O(5m;logU). We conclude that the total computational

k

complexity of the procedure is O(élkmi logm;logU). [ |

H. Proof of Theorem 3

Theorem  3: Procedure = MULTICAST identifies, in
O(E%nH 2logU) time, an e-approximate delay function
D(s,5)(c) for a tree 7.

Proof: We showed above (see Section IV.A.2) that Proce-
dure MULTICAST identifies an &(*)-approximate delay function
Dy, (c) fortree T, where £(0) = ,15;01(1+6k)2 —1. Note that

o (100)° = T[S (1426+87) < T[Sy (1+364) and

f:_ol (1436,)—1 < ZkH:_Ol 66y, where the last inequality fol-
lows from Claim 1. After substituting for ¢, according to (10)
we have Zf;ol 665, < e. We conclude that the procedure com-
putes an e-approximate delay function D, ,(c) for the tree 7.

We proceed to analyze the computational complexity of
Procedure MULTICAST. The complexity is dominated by time
required to execute Procedure MERGE, which is executed for
each subtree of each layer. Since Procedure MERGE is applied
for functions with 0(6% logU) segments, its computational
complexity for a branch of layer-k subtree is O(%LQU) (by
Lemma 2). As the number of branches of layer-k subtrees
is ngy1, the time required for invoking Procedure MERGE
for layer k subtrees is O(%) Thus, the total time 7T}
required for execution of Procedure MERGE for all layers is
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O(log UEH ! T ) After substituting for 6y, according to
(10) we have

log U H 21
T, =0 = Z o/ng Z ¥ Mk+1
k=1 =0
3
_ 0 logU

H
Eall DO
k=1
Since the latter expression is maximized when ny, = n/(H —1)
fork=1,...,H, wehave Ty = O(LnH?logU).

Next, we analyze the total time 75 required for execu-
tion of Procedure MIN-MAX-MERGE. The procedure is
also executed for each subtree of each layer. By Lemma 4,
the computational complexity of executing the procedure
for a subtree T(U v, of layer k is o(# —m; logm; log U),
where m; < n is the number of branches of T(v;,0;)- Thus,
Ty = O(lognlogU i) “5H). After substituting for 6,
according to (10) we have

lognlogU ul =
T, = O 3 3/0n2

Again, the expression is maximized when
n, = nf(H 1) for ¥ = 1,...,H, we have
T, = O(inHlognlogU).

Finally, in procedure Procedure MULTICAST, we perform
logarithmic sampling for each link /[ € 7 and each subtree
T(v;,0:) of T (lines 7-10). Performing logarithmic sampling
for each function requlres O(5- L log U) time. Thus, this oper-
ation requires O(% nk+1 logU ) time for layer-(k + 1) and

latter

T3 = O(logU Zk 0 o L ni1) overall. After substituting for
0r according to (10), we conclude that the time required to
process all links in 7 is 75 = O(inHlogU). We conclude
that the computational complexity of Procedure MULTICAST is

Ty +Ts + T = O(4nH?log U) and the theorem follows. m
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