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Despite recent progress in nonlinear optics in wavelength-scale resonators, there are still open questions on the pos-
sibility of parametric oscillation in such resonators. We present a general approach to predict the behavior and estimate
the oscillation threshold of multi-mode subwavelength and wavelength-scale optical parametric oscillators (OPOs). As
an example, we propose an OPO based on Mie-type multipolar resonances, and we demonstrate that due to the low- Q
nature of multipolar modes in wavelength-scale resonators, there is a nonlinear interaction between these modes. As a
result, the OPO threshold, compared to the single-mode case, can be reduced by a factor that is significantly larger than
the number of interacting modes. The multi-mode interaction can also lead to a phase transition manifested through
a sudden change in the parametric gain as well as the oscillation threshold, which can be utilized for enhanced sensing.
We establish an explicit connection between the second-harmonic generation efficiency and the OPO threshold. This
allows us to estimate the OPO threshold based on measured or simulated second-harmonic generation in different
classes of resonators, such as bound states in the continuum and inversely designed resonators. Our approach for ana-
lyzing and modeling miniaturized OPOs can open unprecedented opportunities for classical and quantum nonlinear
photonics. © 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement
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1. INTRODUCTION

Optical parametric oscillators (OPOs) have been used widely for
may applications ranging from metrology and spectroscopy to
quantum information science [1–9]. OPOs consist of a medium
with quadratic or Kerr nonlinearity within a resonator, which is
typically much larger than the operation wavelength, converting
pump photons to signal and idler photons [2–7]. At degeneracy,
the indistinguishable signal and idler of an OPO can form a
squeezed vacuum state below the oscillation threshold [10,11] and
have been used for several applications in quantum information
processing [9,12–14]. Above threshold, the conversion efficiency
boosts rapidly and the output signal illustrates a binary phase state
that can be utilized as a spin in an artificial Ising network [15,16].
Above-threshold degenerate OPOs have also been effectively used
for generation of mid-IR frequency combs [4,8,17].

Recent progress in nanoscale light confinement as well as precise
nanofabrication of challenging nonlinear materials [18,19] have
inspired the idea of rethinking the possibilities of miniaturiza-
tion of nonlinear systems to their extreme. Miniaturized OPOs
have recently been demonstrated in on-chip OPOs based on Kerr
[5,6,20] and quadratic [21] nonlinearities as well as whispering-
gallery resonators [22]. The sizes of these resonators are still orders
of magnitude larger than their operating wavelengths. Strong field
confinement inside nanostructures has shed light on the possibility
of nonlinear optics at nano-scale [23–28]. However, the main
focus so far has been devoted to up-conversion in nanostructures,
while optical parametric oscillation in wavelength-scale struc-
tures is still unexplored. Conventional theories that have been

developed mostly for traveling-wave nonlinear optical systems
[29] or high-Q resonators [30,31] cannot be applied directly to
accurately model OPOs in nano-structures. The reason is that the
spatial variation of the field happens in the subwavelength regime
where slowly varying envelope approximation (SVEA) is not valid
anymore [29]. Moreover, unlike conventional large-scale OPOs,
in nano-structured resonators, the input pump can excite several
modes of the cavity at the pump wavelength, and due to the low-Q
nature of modes, the pump can also directly interact with several
modes at the signal wavelength. A few theoretical models have been
proposed recently to explain the spontaneous down-conversion in
Mie resonators [32,33] and the threshold in 2D materials-based
OPOs [34]. However, these theories are either limited to specific
structures or cannot explain the behavior of the system above the
threshold.

Here, we derive general conditions of parametric oscillation
in subwavelength and wavelength-scale resonators. In the low-Q
regime of these resonators, multiple modes around the signal
wavelength can spectrally and spatially overlap (Fig. 1). This allows
them to nonlinearly interact with each other through the pump.
As an example, we estimate the OPO threshold in an AlGaAs
nanoparticle that supports Mie-type multipolar resonances. We
show that the multi-mode interactions at the signal wavelength
can lead to a significant reduction in the threshold by a factor
remarkably higher than the number of modes. The multi-mode
interactions also result in a phase transition from degenerate to
non-degenerate in these resonators with an abrupt change in the
parametric gain and/or oscillation threshold, which can be uti-
lized for ultra-sensitive measurements. Moreover, we establish a
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Fig. 1. Wavelength-scale optical parametric oscillators (OPOs).
(a) OPO with arbitrary geometry that resonates around the pump fre-
quency (2ω) and the half-harmonic (ω±1ω). (b) Nonlinear behavior of
the OPO can be determined by knowing the spatial overlap between the
pump excitation at 2ω and eigenmodes of the cavity around ω as well as
the linear properties of the cavity around the pump and signal frequencies.

connection between up-conversion processes in nanostructures
and parametric down-conversion. This allows us to explore the
possibility of OPO in existing structures that have been offered
for sum-frequency/second-harmonic generation (SHG). Our
approach is general and can predict optical parametric oscilla-
tion in a wide range of nanostructured resonators, such as bound
states in the continuum, photonic crystal, and inversely designed
cavities.

2. THEORY

To estimate the OPO threshold in multi-mode wavelength-
scale resonators, we expand the field inside the cavity in terms
of orthogonal eigenmodes [Fig. 1(a)], and we approximate the
nonlinear dynamics of the electric field with a slowly varying
envelope evolving in time domain (see Supplement 1 for more
details). The electric field for the signal, idler, and pump can be
expanded as the superposition of the quasi-normal modes as
EE (Er , t)= Ea

∑
k ak(t)e−i(ω−i

αk
2 )t | Eψk(Er )〉 + c.c., where ak is the

slowly varying envelope [35–37], Ea is the normalization con-
stant such that |ak |

2 is the energy stored in the kth mode of the
cavity, and for a homogeneous resonator, it is Ea =

√
2/ε0n(ω)2,

| Eψk(Er )〉 are the cavity quasi-normal modes normalized such that
〈 Eψm(Er ) Eψk(Er )〉 = δmk (δmk is the Kronecker delta), ω is the angular
frequency of the signal (ωs ), idler (ωi ), or pump (ωp ),αk =ωk/Qk

is the decay rate of the cavity mode, ωk is the eigenfrequency of
the kth mode with a quality factor of Qk , and δωk =ω−ωk is the
detuning of the center of resonance of kth from the frequency of
the electromagnetic field.

The wave equation for each of the signal modes is simplified to
(see Supplement 1)

d
dt

a (s )l =

(
iδω(a)l −

α
(a)
l

2

)
a (s )l + ib

∑
k

ηlka (i)∗k , (1)

where a (s ), a (i), and b represent signal, idler, and pump envelope,
respectively. iδω(a)l and α(a)l are the detuning and the decay rate
for the signal/idler modes, respectively, and ηlk is the nonlinear
coupling between the l th mode and kth mode as

ηlk =ω〈
Ebχ

(2)

n(ω)2
Eψ
(a)∗

l (Er ) E9(b)(Er ) Eψ (a)∗

k (Er )〉. (2)

Note that the pump mode, b(t)| E9(b)(Er )〉, is a superposition of
modes at the pump wavelength, which is dictated by the input exci-
tation. However, the signal has to be expanded to the quasi-normal
modes (see Supplement 1). Equation (1) combined with a similar
equation governing the idler dynamics can be written in a matrix
form as

i
d
dt

A(t)=H(b)A(t), (3)

where A(t)=
[
a (s )1 , a (i)∗1 , . . . , a (s )k , a (i)∗k , . . .

]T
. The electric field

can be expressed as a superposition of the eigenmodes as

EEω(Er , t)= e−iωt
∑

m

(e−iλm t
∑

k

a (s )k,m |
Eψ
(a)
k (Er )〉

+ e+iλ∗m t
∑

k

a (i)∗k,m |
Eψ
(a)
k (Er )〉)+ c.c., (4)

where [λm] are the eigenvalues, and EVm = [a
(s ,i)
k,m ] are the corre-

sponding eigenvectors of the Hamiltonian (H), which define the
signal/idler supermodes. A supermode starts to oscillate when
the imaginary part of the corresponding eigenvalue (Im(λm))
surpasses zero. The minimum pump power to reach this condition
defines the oscillation threshold. The real part of the eigenvalues
corresponds to the signal and idler frequency separation from
the half-harmonic (Re(λm)=1ω; ωs ,i =ω±1ω). Hence, the
eigenvalues for degenerate OPOs (ωs =ωi =ωp/2) are purely
imaginary, and they are complex for non-degenerate cases.

3. RESULTS

Our model is general and can be applied to a wide range of res-
onators. First, we apply our model to estimate the threshold in an
AlGaAs sphere [Fig. 2(a)]. The reason that we have chosen this
simple structure is that the eigenmodes for this structure can be
derived analytically and be expressed as multipolar resonances
[38,39]. Since the modes for a wide range of nanostructures, such
as cylinders and cubes, can be expressed as multipolar resonances
as well, our results can shed some light on the possibility of OPO
in similar structures that are more amenable to fabrication on a
chip [40–48]. Also, AlGaAs is a low-loss high-index (ε≈ 10) mate-
rial at optical frequencies with strong second-order nonlinearity
(χ (2)ijk = 200 pm/V, i 6= j 6= k) [49], and with appropriate orienta-
tion [50], it has been recently explored for strong SHG at nanoscale
[23,45–47,49]. Hence, it is an excellent candidate for demonstra-
tion of OPO at wavelength-scale with a relatively low threshold.
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(b)

(c)

Fig. 2. OPO in a nanoscale dielectric sphere. (a) The resonator is
composed of an AlGaAs spherical particle with a radius of 500 nm. A
pump with a wavelength around the particle size can excite the multipolar
modes of the particle. (b) Normalized scattering amplitude of the electric
and magnetic modes. It is seen that for a broad portion of the spectrum,
the particle supports multiple modes that spatially and spectrally overlap.
(c) Normalized x component of the electric field for the first two electric
and first two magnetic eigenmodes. If the pump is in the sub-wavelength
regime (pump wavelength >1500 nm), the OPO signal can be a super-
position of the lower-order modes. ED, electric dipole; EQ, electric
quadrupole; MD, magnetic dipole; MQ, magnetic quadrupole. For
excitations at shorter wavelengths, higher-order modes come into play as
well. The resonant wavelength and the Q factor of the higher-order modes
are reported in Supplement 1.

For a general case of dispersive or non-spherical three-dimensional
resonators [Fig. 1(a)], we can use Lorentz reciprocity theory to find
the quasi-normal modes of the resonator [51–54]. The details are
reported in Supplement 1.

Figure 2(b) illustrates the normalized scattering coefficients for
the first six electric and magnetic modes of a particle with a radius
of 500 nm. If the particle is excited with a plane wave (or a Gaussian
beam), several multipolar modes are excited. We first set the pump
in the sub-wavelength regime (pump wavelength >1500 nm)
where lower-order low-Q modes can be excited at signal and idler
frequencies. Then we discuss the behavior of the OPO in the

wavelength-scale (pump wavelength ≈1000 nm) regime where
higher-order modes can also contribute.

If we operate in the sub-wavelength regime (i.e., the pump
wavelength is larger than the particle size), only the first two electric
and first two magnetic modes can oscillate in the down-conversion
process. Higher-order modes can be neglected because of their
large detuning (δωk� 1). The electric field profiles of these four
modes are illustrated in Fig. 2(c). The contribution of each mode
in the OPO signal/idler supermode is dictated by the field overlap
between the pump and the mode as well as the intermode nonlinear
coupling as expressed in Eq. (2), the Q factor, and the detuning
from the half-harmonic frequency. Figure 3 displays the oscillation
threshold as well as the spectral separation of signal and idler as a
function of the pump wavelength. The dip in the threshold spec-
trum around 1830 nm is due to the enhancement of the pump field
as a result of the excitation of the third magnetic mode. Away from
the center of the resonance, the input pump can still excite multiple
lower-order modes of the resonator.

If we ignored the intermode coupling and assumed that only
one of the eigenmodes can oscillate, the OPO threshold would be
considerably higher. For instance, if the pump is at the center of the
third magnetic resonance, the minimum threshold for the single-
mode OPO is around 0.27 MW, which is 36 times higher than the
threshold shown in Fig. 3(a) in which multi-mode interactions
are taken into account (see Supplement 1 for the threshold of all
modes and coupling coefficients). In traveling-wave multi-mode
OPOs, it is understood that, in the best case scenario, the threshold
is on the order of the single-mode threshold divided by the number
of modes [31]. The reason is that the modes in traveling-wave
resonators have the same nature. Thus, the maximum overlap
is achieved if all the modes have the same mode profile [31,55].
However, in wavelength-scale OPOs, each of the multipolar modes
has a different spatial distribution, and their overlap through the

(a)

(b)

Fig. 3. Sub-wavelength OPO in a dielectric sphere. The structure is
the same as that shown in Fig. 2. (a) Oscillation threshold as a function
of the pump wavelength. The input is a plane wave that excites multiple
modes of the resonator at the pump wavelength. (b) Signal and idler
frequency separation (±1ω) from the half-harmonic frequency (ω) at
the threshold as a function of the pump wavelength. The nonlinear inter-
actions between the modes can reduce the threshold significantly. It can
also cause a phase transition from degenerate (1ω= 0) to non-degenerate
(1ω 6= 0), which results in a sudden change in the oscillation threshold.
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(a) (c)(b)

(d)

Fig. 4. Modes and eigenvalues in a sub-wavelength OPO in a dielectric sphere. (a) Electric field profile at pump wavelength (1900 nm) normalized to
the amplitude of the plane-wave excitation. (b) Imaginary and (c) real parts of the eigenvalues as a function of the pump power. The eigenvalues are sorted
based on their real part values. The imaginary and real parts correspond to the parametric gain and detuning from the half-harmonic (1ω), respectively.
When the real part of the eigenvalues becomes positive, the parametric gain overcomes the loss. Hence, the down-converted signal can surpass the oscillation
threshold. (d) Electric field profile of the signal supermodes. It is seen that even though the detuning for MQ mode at half-harmonic is significantly larger
compared to ED and MD modes, the contribution of MQ mode on the first signal supermode is more evident. This is due to the stronger overlap between
the pump mode and MQ mode. The strong nonlinear coupling between the signal eigenmodes helps to reduce the threshold 50 times compared to the case
where we consider only one of the modes for the signal.

pump field can potentially lead to a strong coupling, even higher
than the self-coupling (the diagonal terms ofηlk).

As seen in Fig. 3, when the OPO goes through a transition from
non-degenerate to degenerate oscillation, there is a sudden drop
in the threshold. This corresponds to a phase transition from dis-
ordered to ordered phases, which we have recently demonstrated
in traveling-wave OPOs [56]. To understand the phase transition
in wavelength-scale OPOs, we need to look at the eigenvalues
and eigenvectors of these resonators. For instance, we focus on a
degenerate case with a pump excitation at 1900 nm [Fig. 4(a)].
Figures 4(b) and4(c) display the real and imaginary parts of the
eigenvalues as a function of the input power, respectively. Since
four modes are involved at the signal and idler frequencies, there
are eight eigenvalues and eight corresponding supermodes. The
OPO threshold for each supermode is defined when the imaginary
part of the eigenvalue passes zero [Fig. 4(b)].

At low input power levels, there is a weak coupling between
the eigenmodes, as seen in Eq. (1). Hence, each supermode is
dominated by a single eigenmode (see Supplement 1 for the eigen-
vectors). However, when the input power increases, the modes start
to interact due to the nonlinear coupling through the pump. As a
result, the supermodes near and above the threshold are a superpo-
sition of all eigenmodes. The electric field distributions of the four
oscillating supermodes at the thresholds are shown in Fig. 4(d).

Moreover, due to the detuning of the center of resonance of
the eigenmodes from the half-harmonic, the signal/idler super-
modes for all eigenvalues are non-degenerate at low input power
levels (Re(λm) 6= 0) [Fig. 4(c)]. An increase in the input power
enhances intermode coupling, which can change the signal and
idler spectral separation. This can lead to a phase transition from
non-degenerate to degenerate and vice versa. Especially at very
high powers, the nonlinear coupling dominates the detuning

[Eq. (1)], and as a result, all the modes are synchronized at the
half-harmonic frequency [Fig. 4(c)].

The phase transition in the largest eigenvalue is illustrated in
Fig. 5. This phase transition is accompanied by an abrupt change
in the slope of the parametric gain [56,57], which can be utilized
for enhanced sensing and computing [58,59]. A phase transition
can happen due to either the competition between eigenvalues to
achieve the highest gain or the coalescence of two eigenvalues. If a
critical point is a coalescence of two eigenvalues, the eigenvectors
coalesce as well at the critical point (see Supplement 1), which

Fig. 5. Phase transition in wavelength-scale OPOs. The imaginary part
of the largest eigenvalue (blue) and its derivative for the structure shown
in Fig. 4. The inset shows both real and imaginary parts of the two eigen-
values with the smallest real parts, which correspond to λ1 and λ2 for most
of the input powers. When there is a transition from degenerate (green) to
non-degenerate (red), there is an abrupt change in the parametric gain at
the critical points. The discontinuities in the derivative of the parametric
gain corresponds to phase transitions in OPO. When two eigenvalues coa-
lesce at a critical point, the derivative of the parametric gain diverges.
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is a signature of exceptional points in non-Hermitian systems
[60–63]. We have recently shown first-order phase transition in
coupled OPOs [56]. However, the phase transition proposed here
is observed in a single wavelength-scale OPO due to the strong
nonlinear coupling between the multiple modes of the resonator.

To improve the performance of OPOs, it is desired to reduce
the oscillation threshold further. The OPO threshold is inversely
proportional to the Q factor of the pump mode if only one mode
exists at the pump frequency (see Supplement 1). Hence, it is
expected to reduce the threshold further by exciting the higher-
order modes, as the higher-order multipolar modes have even
higher Q factors. Figure 6(a) shows the OPO threshold for the
first oscillating supermode as a function of the pump wavelength
around the sixth magnetic mode at 1110 nm with a Q factor of 104

and the fifth electric mode at 1125 nm with a Q factor of 2500. The
seperation of the signal/idler frequencies from the half-harmonic
is shown in Fig. 6(b). For the signal and idler, we have considered
all the modes with a resonant wavelength longer than the pump
wavelength (the first four electric and first five magnetic modes).
The electric field distributions for the pump as well as the first
signal/idler supermodes for magnetic and electric mode excitations
are shown in Figs. 6(c) and 6(d), respectively. The threshold at the
center of the resonance of the sixth magnetic mode and the fifth
electric mode can reach down to 2 W and 460 W, respectively. Due
to the large signal and idler separation, the parametric gain is low.
However, at input power of 43 W around the sixth magnetic mode
and input power of 1900 W around the fifth electric mode, the
OPO experiences a phase transition into the degenerate regime,
and the parametric gain is dramatically enhanced (see Supplement
1). Note that for the fifth electric mode, even though the Q is large
and high-Q modes can also be excited at the signal wavelength, the
threshold is not significantly different from the sub-wavelength
regime shown in Fig. 3. This is because of a weaker field overlap
between the pump and the signal modes in the absence of phase
matching in larger resonators. It is seen in Fig. 6(b) that because of
the competition between different eigenvalues, a phase transition
can happen in the non-degenerate regime with a sudden change

in the signal/idler spectral separation resulting in a discontinu-
ous change in the derivative of the OPO threshold, as shown in
Fig. 6(a).

The approach that we have used to estimate the threshold can
also be applied to estimate the SHG in multi-mode wavelength-
scale resonators (see Supplement 1 for more details). Specifically,
in the simple case that the pump and signal are single mode, we
arrive at a simple relationship between the OPO threshold and the
SHG efficiency (εSHG = Pout/P 2

in, where Pin and Pout are the input
power at the fundamental harmonic and the output power at the
second harmonic, respectively), which can be expressed as

Pth =
4α(a)

2

α(b)
2
εSHG

 α(b)
2

4 + δω
(b)2

α(a)
2

4 + δω
(a)2

≈ 4

εSHG
. (5)

As there is no threshold for the SHG process and conventional
detectors are more sensitive at shorter wavelengths [64], it is usually
easier to simulate or measure the SHG signal. This allows us to
estimate the OPO threshold in some structures that have already
been proposed for SHG. Figure 7 displays a few examples and the
estimated threshold in these structures. The low threshold in the
inversely designed structure [65] (compared to the photonic crystal
structure with a higher Q factor [66]) shows the importance of the
field overlap to achieve a strong nonlinear response. Note that the
thresholds reported in Fig. 7 are for a continuous-wave sources.

Since the round-trip time in wavelength-scale OPOs is only a
few femtoseconds and the Q factor compared to micro-resonators
is relatively low, the input pump can be compressed in time into
a short pulse. This can lead to average-power thresholds of a few
tens of milliwatts (with a pulse repetition rate of 100 MHz) even
for subwavelength OPOs, which is on the order of the threshold
for free-space pulsed OPOs [4,8]. Hence, the oscillation can hap-
pen before the onset of the material damage threshold. The field
overlap can be further enhanced by Mie resonance engineering
[67], inverse design [68], using hybrid plasmonic structures [26],
or controlling evanescent waves [69]. This can potentially help to

(d)(a)

(b)

Fig. 6. Wavelength-scale OPO. (a) OPO threshold as a function of the pump wavelength. The dips in the threshold around 1110 nm and 1125 nm cor-
respond to the sixth magnetic mode and the fifth electric mode, respectively. The Q factors for these modes are 104 and 2500, respectively. The first four
electric modes and the first five magnetic modes are considered as the eigenmodes for signal and idler modes. (b) Normalized detuning of the signal and idler
from the half-harmonic at the threshold. Spectral phase transition can be observed leading to a sudden change in1ω and a discontinuity in the derivative of
the threshold. (c) Electric field distribution for the pump and the first signal/idler supermodes when the pump is at 1110 nm. (d) Electric field distribution
for the pump and the first signal/idler supermodes when the pump is at 1125 nm.

https://doi.org/10.6084/m9.figshare.13611461
https://doi.org/10.6084/m9.figshare.13611461
https://doi.org/10.6084/m9.figshare.13611461
https://doi.org/10.6084/m9.figshare.13611461


Research Article Vol. 8, No. 2 / February 2021 / Optica 267

Fig. 7. Estimation of the OPO threshold in various platforms.
Estimation of the threshold in a single-mode photonic crystal [66] and
inversely designed cavities [65] is based on the reported value for the SHG
efficiency. The sizes of resonators are normalized to the pump wavelength.
As a reference, we have included OPOs demonstrated experimentally
based on microring [21] and whispering-gallery mode (WGM) [22]
resonators.

achieve a sub-milliwatt oscillation threshold in subwavelength and
wavelength-scale resonators.

4. CONCLUSION

In conclusion, we proposed a general theory to estimate the oscilla-
tion threshold in wavelength-scale OPOs and the nonlinear mixing
behavior of modes above the threshold. We showed that the non-
linear interactions in multi-mode wavelength-scale resonators can
be different from their large-scale counterparts, and the threshold
can be reduced considerably as a result of multi-mode interactions
in these resonators. We demonstrated a phase transition in these
resonators due to the nonlinear interactions between multiple
modes. We have shown that although the phase matching is not
required in this regime, the field overlap between modes can play
a crucial role in reducing the threshold. Our formalism is general
and can predict the behavior of OPOs above the threshold if the
pump depletion is also taken into account. It can also be applied to
χ (3) cavities. Our approach can enable the design of a new class of
nonlinear integrated photonic systems.
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length conversion in nanophotonic periodically poled lithium niobate
waveguides,” Optica 5, 1438–1441 (2018).

19. D. M. Lukin, C. Dory, M. A. Guidry, K. Y. Yang, S. D. Mishra, R. Trivedi,
M. Radulaski, S. Sun, D. Vercruysse, G. H. Ahn, and J. Vučković, “4H-
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65. Z. Lin, X. Liang, M. Lončar, S. G. Johnson, and A. W. Rodriguez, “Cavity-
enhanced second-harmonic generation via nonlinear-overlap optimiza-
tion,” Optica 3, 233–238 (2016).

66. M. Minkov, D. Gerace, and S. Fan, “Doubly resonant χ (2) nonlinear pho-
tonic crystal cavity based on a bound state in the continuum,” Optica 6,
1039–1045 (2019).

67. J. H. Bahng, S. Jahani, D. Montjoy, T. Yao, N. Kotov, and A. Marandi,
“Mie resonance engineering in meta-shell supraparticles for nanoscale
nonlinear optics,” ACS Nano 14, 17203–17212 (2020).

68. S. Molesky, Z. Lin, A. Y. Piggott, W. Jin, J. Vucković, and A. W.
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