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Effective field theory for fractional quantum Hall systems near ν = 5/2
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We propose an effective field theory (EFT) of fractional quantum Hall systems near the filling fraction ν = 5/2
that flows to pertinent IR candidate phases, including non-Abelian Pfaffian, anti-Pfaffian, and particle-hole
Pfaffian states (Pf, APf, and PHPf). Our EFT has a (2 + 1)D O(2)2,L Chern-Simons gauge theory coupled to
four Majorana fermions by a discrete charge-conjugation gauge field, with Gross-Neveu-Yukawa-Higgs terms.
Including deformations via a Higgs condensate and fermion mass terms, we can map out a phase diagram with
tunable parameters, reproducing the prediction of the recently proposed percolation picture and its gapless
topological quantum phase transitions. Our EFT captures known features of both gapless and gapped sectors
of time-reversal-breaking domain walls between Pf and APf phases. Moreover, we find that Pf | APf domain
walls have higher tension than domain walls in the PHPf phase. Then the former, if formed, may transition to
the energetically favored PHPf domain walls; this could, in turn, help further induce a bulk transition to PHPf.
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I. INTRODUCTION

One of the first non-Abelian topologically ordered candi-
date states was observed experimentally in 1987 [1]. It is the
filling fraction ν = 5/2 fractional quantum Hall (fQH) state
of an interacting electron gas in 2 + 1 space-time dimensions
[denoted as (2 + 1)D]. It has a fractional quantized Hall con-
ductance σxy = 5/2 in units of e2/h where e is the electron
charge and h is the Planck constant. There have been many
proposed candidate states to describe the underlying topologi-
cal orders of this system: the major non-Abelian candidates
include Moore-Read’s Pfaffian state [2] (see also [3]), its
particle-hole conjugate known as the anti-Pfaffian state [4,5],
and a particle-hole symmetric state known as the particle-hole
Pfaffian state [6]. The particle-hole Pfaffian state [6] was
originally proposed to be a particle-hole symmetric version
of a composite fermion theory for the half-filled Landau level
system [7]. References [8,9] made earlier attempts to propose
candidate wave functions for the particle-hole Pfaffian state.

In 2017, a remarkable experimental measurement by
Banerjee et al. [10] suggested that the thermal Hall con-
ductance of the ν = 5/2 fQH state is κxy = 5/2 in units of
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π2k2
BT/3h, where kB is the Boltzmann constant and T is the

temperature.1

In this work, we propose a unified bulk effective field
theory (EFT) that gives rise to various topological quantum
field theories (TQFTs) and their edge modes pertinent to
the ν = 5/2 fQH system. We map the EFT parameters to
experimental quantities to produce a phase diagram in terms
of the filling fraction (or the magnetic field) vs the disorder
strength. The phase diagram produced from our EFT turns
out to be qualitatively similar to the previous theoretically
proposed phase diagrams via the percolating phase transitions
from the (2 + 1)D disordered systems with random puddles
and domain walls of Pfaffian and anti-Pfaffian states [13–15].
In the following, we first recall pertinent proposals from the
literature.

A. Overview of theoretical proposals and questions

While both the theoretical proposals of Pfaffian state
[2] and anti-Pfaffian state [4,5] have a consistent fractional
quantized Hall conductance σxy = 5/2, their thermal Hall

1The edge modes of the quantum Hall system can be understood
via the bulk-boundary correspondence of (2 + 1)D Chern-Simons

theory. In fact, the thermal Hall conductance κxy = (cL − cR )
π2k2

B
3h T

is proportional to the chiral central charge c− ≡ cL − cR, which is
the difference between the left and right central charges cL and cR.
It counts the degrees of freedom of chiral modes of the (1 + 1)D
edge conformal field theory (CFT) living on the boundary of a bulk-
gapped (2 + 1)D topological state [11]. For non-Abelian fQH states,
the half-integer κxy is attributable to an odd number of (1 + 1)D chiral
real Majorana-Weyl fermions on the boundary [12], in addition to
(1 + 1)D chiral bosons or chiral complex fermions.
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conductances κxy = 7/2 and 3/2, respectively, seem to con-
tradict with the result of [10]. By contrast, the particle-hole
Pfaffian state proposed by Son [6] predicts2 both σxy = 5/2
and κxy = 5/2, consistent with this recent experiment. On
the other hand, vast numerical studies [18–27] on the ν =
5/2 fQH system at low energy favor either the Pfaffian state
or the anti-Pfaffian state. The dilemma between the experi-
ment (favoring κxy = 5/2) and the numerical data (favoring
κxy = 7/2 or 3/2) raises an important issue: Can the seem-
ingly contradictory experimental and numerical results be
reconciled?

Reference [9] argued that the numerical simulations are
simplified systems lacking both disorder (say, induced by
impurities of experimental samples) and Landau-level mixing
(LLM), which occur in real laboratory experiments. Reference
[9] further suggested that the particle-hole Pfaffian may be
stabilized by disorder, i.e., LLM and impurities that break
particle-hole symmetry. However, Ref. [9] did not provide an-
alytic details on how disorder can help realize this possibility
in practice.

Building on this suggestion, Refs. [13–15] investigated the
possibility of particle-hole Pfaffian (PHPf) topological order
emerging from disordered puddle systems of Pfaffian (Pf) and
anti-Pfaffian (APf) states3 with percolating random domain
walls.

We recall the following:
(1) Neither the Pf nor the APf state has particle-hole (PH)

symmetry [28]. Both Pf and APf have their lower Landau
levels fully occupied with spin-polarized electrons (which
contribute σxy = 2). However, in the absence of LLM, if we
assume that spin-polarized electrons in the highest, half-filled
Landau level (so there is another contribution of σxy = 1/2
and ν = 5/2 in total) interact only through two-body inter-
actions, then exact PH symmetry is present in the idealized
Hamiltonian.4 With the PH symmetry at ν = 5/2, the two PH
symmetry-breaking states, Pf and APf, are related by a PH
transformation. Thus, they have the same energy and become
two degenerate states at ν = 5/2. PH symmetry is broken
away from ν = 5/2, so either Pf or APf is favored on each
side of ν > 5/2 and ν < 5/2. At ν = 5/2, if PH symmetry is
spontaneously broken, one of Pf and APf is realized.

2The particle-hole Pfaffian is analogous to the T -Pfaffian or
CT -Pfaffian that occur on the surface of (3 + 1)D topological su-
perconductors (see [16,17]).

3For the sake of brevity, below we abbreviate Pfaffian state as Pf,
anti-Pfaffian state as APf, and particle-hole Pfaffian as PHPf. See
Appendix A of Ref. [15] for the systematic list of data of the pertinent
ν = 5/2 quantum Hall liquids in terms of (2 + 1)D bulk topological
quantum field theories (TQFTs) and (1 + 1)D edge theories.

4In the literature, there are two conventions for naming the Landau
levels. One convention is to call the lowest level the zeroth Lan-
dau level (which here is fully occupied, with spin-up and -down
polarized electrons contributing σxy = 2), and call the next the first
Landau level (which here is half-filled with polarized spin, contribut-
ing σxy = 1/2) [13,15]. Another convention instead calls the lowest
Landau level the first Landau level, and the half-filled Landau level
the second Landau level [14]. We use the first convention for this
ν = 5/2 system.

(2) With LLM, PH symmetry is only approximate, so
the critical ν may be shifted to νc = 5/2 + δν. Second-order
perturbation theory from LLM modifies the Hamiltonian and
induces PH-symmetry-breaking three-body interaction terms,
so both Pf or APf can be candidate ground states near νc.
Whether Pf or APf is the candidate ground state for ν near
νc partly depends on the sign of the three-body terms. For
a small deviation away from νc, we gain quasiparticles for
ν > νc and quasiholes for ν < νc. If the quasiparticles of APf
have a lower energy than those of Pf for ν > νc, then in
turn quasiholes of Pf have a lower energy than those of APf
for ν < νc, due to their PH conjugate properties at νc (and
vice versa). As long as ν is within the νc � 5/2 fractional
quantized Hall plateau, we assume Pf is favored for ν < νc

(and hence APf is favored for ν > νc) for simplicity [4].5

(3) Under the presence of spatial disorder (e.g., quenched
disorder arising from the presence of impurities, or spatial
variations in the chemical potential) and spatial density fluc-
tuations on the sample, many puddles of Pf or APf of radii
�0 would form, with puddle sizes bounded by �B < �0 < L
where �B = √

h̄c/eB is the magnetic length under a magnetic
field B, and L is the sample size. The disorder-induced puddles
[29] separate Pf and APf into patterns analogous to that of
islands and seas in an archipelago (see the picture illustration
in Figs. 1 and 3 in [15]). The boundaries of puddles then
form (1 + 1)D domain walls (between Pf and APf regions)
hosting four gapless chiral real Majorana-Weyl fermions (with
chiral central charge c− = 4 × 1

2 = 2) and two copies of the
so-called gappable nonchiral double-semion theory of com-
pact complex bosons (with c− = 0, and cL = cR = 1). It is
proposed that the domain walls percolating in the bulk drive
the bulk phase into the so-called percolating phase.6 The
question about the nature of the percolating phase becomes the

5There are two cases: (1) The quasiparticles of APf have a lower
energy than those of Pf for ν > νc. Then quasiholes of Pf have a
lower energy than quasiholes of APf for ν < νc. In this case, Pf is
favored for ν < νc and APf is favored for ν > νc. (2) The quasiparti-
cles of Pf have a lower energy than quasiparticles of APf for ν > νc.
Then, quasiholes of APf have a lower energy than quashioles of Pf
for ν < νc. In this case, APf is favored for ν < νc and Pf is favored
for ν > νc. Numerical simulations have favored both possibilities
(see the discussions in [14] and the references therein), so we cannot
exclude (1) or (2). We will assume (1) without losing generality.

6Let us briefly define what we mean by disorder/order, percolation,
and delocalized/localized.

(i) Order vs disorder. We use order to mean Landau-Ginzburg
symmetry-breaking order, as well as Wen’s long-range entangled
topological order (beyond Landau). Disorder here is mainly used
to mean quenched disorder caused by impurities or a spatially
nonuniform chemical potential, inducing puddles of Pf or APf
near νc.

(ii) Percolation. When we say that a phase percolates, we
mean that the phase can extend through the whole bulk-boundary
system [e.g., see Figs. 3(a) and 3(c) of [15]]. When we instead
say the domain walls percolate, we mean that Pf | APf domain
walls can extend through the whole bulk-boundary system [e.g.,
see Fig. 3(b) of [15]].

(iii) Localized vs delocalized. When we say the neutral Ma-
jorana modes are delocalized, we mean that the Majorana modes
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filling fraction ν

3/2
(APf)

2

(113-state)

5/2
(PHPf)

3

(K = 8-state)

7/2
(Pf)

thermal Hall
conductance κxy

Regions with unquantized κxy
Λ > ΛTH

Λ2 < Λ < ΛTH
Λ1 < Λ < Λ2

Λ = 0

νc � 5/2

FIG. 1. Thermal Hall conductance κxy vs filling fraction ν for the
scenario proposed in Ref. [15]; see also Fig. 3 for a phase diagram.
At different disorder energy scales �, we plot several curves of (ν,
κxy). At � = 0, the κxy (drawn as a dotted line) jumps at νc under
a first-order phase transition. From 0 < � < �1, the jump can be-
come smoother due to disorder. In the regime �1 < � < �2, drawn
as a dashed line, an intermediate κxy = 5/2 plateau phase appears.
Finally, when �2 < � < �TH, there are multiple plateau phases at
κxy = 3, 5/2, and 2. Notice that when � > 0, all transitions between
different quantized κxy can have broadening, where the jumps at tran-
sitions become smoother slopes. On the top panel, we show different
line intervals which represent the extent of broadening over ranges
of ν demarcated on the horizontal axis, for the values stated of � on
the top right corner. When � > �TH, the slope is smooth enough to
become a thermal metal so there is no quantized κxy between 7/2 and
3/2. See the following remark (3).

question of understanding whether the domain wall degrees
of freedom are localized in the bulk or delocalized through
the whole bulk-boundary system (see the picture illustration
in Fig. 3 in [15]).

References [13,14] modeled the ν = 5/2 system in terms
of a checkerboard network (of alternating Pf and APf in each
checkered pattern) known as a Chalker-Coddington network
model [30] (previously used in modeling the integer quantum
Hall plateau transition). Reference [15] performed perturba-
tive and nonperturbative analyses of the (1 + 1)D edge theory
on the domain wall between Pf and APf states at different

can diffuse freely on the network of domain walls. The delocal-
ization happens at the percolation transition (approximately near
a percolation critical point). When the neutral Majorana modes
are delocalized, the thermal Hall κxy is unquantized, thus either
causing a percolation transition or a thermal metal phase. When
neutral Majorana modes are localized (on the domain walls), we
have a quantized κxy.

“Percolation” is used to indicate when a spatial subregion (e.g.,
Pf, APf, or domain walls) spreads in the spatial sample, whereas
“(de)localization” is used to indicate when zero-energy modes or
energetic modes in the energy spectrum are delocalized/localized in
the spatial sample.

disorder energy scales, with particular focus on the emergent
symmetries

B. Comparison of three related proposals on disordered
percolating systems

We compare the results of Refs. [13–15], which we also
summarize pictorially in Figs. 1 and 2.7

(1) Reference [13] proposed that a single first-order-like
transition between Pf and APf occurs at νc and at zero dis-
order, due to an O(4) symmetry rotating four gapless chiral
Majorana modes. The presence of these Majoranas induces
a jump 	κxy = 	c− = 2. In the presence of any nonzero
disorder, which weakly perturbs the first-order critical point,
Ref. [13] proposed four consecutive continuous phase transi-
tions (e.g., second-order transitions). Each transition causes
κxy to jump by 1/2, due to a single neutral chiral Majorana
mode: from Pf (κxy = 7/2) → κxy = 3 → κxy = 5/2 →
κxy = 2 → APf(κxy = 3/2). Reference [13] also expected
the same universality class for disorder anisotropic models
and uniform models. See the Fig. 1 phase diagram of [13].
We illustrate Ref. [13]’s thermal Hall prediction in scenario
(I) in Fig. 2.

(2) Reference [14] suggested that for a finite range of ν �
νc, the Pf | APf domain walls percolate.8 If the charge neutral
Majorana edge modes can diffuse freely in the network of do-
main walls in the bulk-boundary system, Ref. [14] proposed a
thermal metal phase with an unquantized thermal Hall κxy but
a divergent κxx (and, as usual, a quantized Hall conductance
σxy = 5/2, and σxx = 0 at zero temperature). If the neutral
Majorana modes are localized, Ref. [14] proposed a quantized
σxy = 5/2 phase with a quantized thermal Hall conductance
κxy = 5/2. Reference [14] suggested that between the Pf and
APf phases, there is a possible wide range of thermal metal
behavior, even at low disorder. By tuning ν, in the absence
of disorder, there is a first-order-like transition between Pf
→ APf. At low disorder, there is a sequence of transitions
from Pf → thermal metal → APf. At larger disorder, there
is a sequence of transitions from Pf (κxy = 7/2) → thermal
metal → κxy = 5/2 → thermal metal → APf (κxy = 3/2).
The intermediate thermal metal phase is a distinct key feature
of the proposal in [14]. See the phase diagrams in Figs. 1 and
8 of [14]. We illustrate the thermal Hall prediction of Ref. [14]
in scenario (II) in Fig. 2.

(3) Reference [15] performed perturbative and nonpertur-
bative analyses on the (1 + 1)D edge theory, and studied

7There is an alternative interpretation from [31–35] favoring the
anti-Pfaffian state (see also the criticism [36] of Ref. [31]’s inter-
pretation). Some of these works propose that partial or nonthermal
equilibrium of anti-Pfaffian edge modes can explain the κxy = 5/2
measurement [10], even though the anti-Pfaffian bulk state has κxy =
3/2 at equilibrium. We shall not discuss this scenario [31,33–35]
since we wish to obtain an effective bulk field theory motivated by
the scenario of [15].

8In the language of Ref. [14], neither Pf nor APf percolates, but
the Pf | APf domain walls percolate. However, in the language of
Ref. [15], not only the Pf | APf domain walls percolate, but also
both Pf and APf percolate, because some regions of Pf or APf extend
through the whole bulk boundary.
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(a) ν
3/2

2

5/2

3

7/2

κxy

νc � 5/2 (b) ν
3/2

2

5/2

3

7/2

κxy

νc � 5/2

FIG. 2. Thermal Hall conductances: (a) scenario (I) from Ref. [13] (left) and (b) scenario (II) from Ref. [14] (right). We use the same
legend for drawing curves at different scales � as in Fig. 1. At � = 0, κxy (drawn as a dotted line) jumps at νc under a first-order phase
transition. For � > 0, scenarios (I) and (II) differ. Scenario (I)’s κxy has four jumps at the plateau for any 0 < � < �TH, and κxy becomes
smooth with nonquantized values for � > �TH.

emergent symmetries on the domain wall between Pf and APf
states at different disorder energy scales � = v/�0 (which
is related to the inverse of the puddle size �0 but propor-
tional to the mean value of the edge-state velocity v). Then,
Ref. [15] proposed a more specific phase diagram of the
ν = 5/2 disordered system, schematically shown in Fig. 3. An
example of thermal Hall prediction of Ref. [15] is illustrated
in Fig. 1. By the perturbative renormalization group (RG)
analysis on disorder and scattering, Ref. [15] finds different
emergent symmetries at different disorder energy scales. By
a Berezinskii-Kosterlitz-Thouless (BKT) type RG analysis,
Ref. [15] finds for weak disorder

� < �1 � v(v2/W ∗
v )−1/dv ,

there is an emergent O(4) symmetry among the four gapless
chiral Majorana modes.9 This describes a transition

Pf (κxy = 7/2) → APf (κxy = 3/2). (1)

(For � = 0, this is a first-order transition. For 0 < � < �1,
this can be a second-order transition or a first-order transition
with weak disorder broadening the transition.) For

�1 < � < �2 � e2/ε�B,

where �2 is set by the electron’s Coulomb interaction and ε

is a dielectric constant, we have two transitions

Pf (κxy = 7/2) → κxy = 5/2 → APf (κxy = 3/2). (2)

9Here, v is the average edge-state velocity along the puddle, and
W ∗

v has the dimension of [length]−dv where the length scale is the
correlation length of the BKT-type transition. The energy scale �1

is around �−1
ϕ set by the correlation length �ϕ of superconducting

pairing fluctuation in the composite fermion picture of Pf and APf.
We thank B. Haleprin pointing out that this �1 is also related to the
energy scale w−1 of the domain wall width w, which can be solved
from a setup with Haldane pseudopotential.

(Again, the two intermediate steps can be first-order transi-
tions but with disorder broadening, or second-order transi-
tions.) For the disorder scale

�2 < � < �TH,

we have four transitions

Pf(κxy = 7/2) → κxy = 3 → κxy = 5/2 → κxy

= 2 → APf(κxy = 3/2), (3)

all of which can be (broadened) first-order transitions, or
second order.

Finally, for � > �TH, when the disorder is very strong, the
κxy becomes unquantized and we enter into the thermal metal
(TH) regions (the light red area on the top of Fig. 3). The
percolation transition to the thermal metal phase guarantees
the divergence of the correlation length, which therefore guar-
antees that the transitions from all topological orders to the
thermal metal (drawn as the red solid curves in Fig. 3) are
second-order phase transitions.

Note that the aforementioned disorder-broadening regions
have unquantized κxy and hence can behave similarly to a
thermal metal as an intermediate phase. However, to be a
precise thermal metal, one needs to check that κxx diverges
at zero temperature.

We expect the first-order disorder-broadening spreads to a
region of size that is exponentially suppressed by e− f (�1,�2 )/�2

with some functional form f of �1 and �2 [14], which grows
wider as the disorder increases (i.e., the light red area becomes
wider in Fig. 3 along the phase boundaries) [29]. What might
be the outcomes of this phase boundary broadening?

(a) One possibility is that the broadening region be-
comes a new intermediate phase, such as a thermal metal,
with unquantized κxy, while the split phase boundaries (the
dotted red lines in Fig. 3 along the phase boundaries)
become two new second-order phase transitions.

(b) Another possibility is that the percolation transition
of the domain walls can be induced within the broadening
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FIG. 3. A schematic phase diagram similar to the proposal in Ref. [15]. To see all these phases with varying κxy requires that the νc � 5/2
plateau spans a sufficient range around νc. Previous work [13–15] can obtain various quantized values of κxy but cannot directly derive the bulk
topological orders via the percolation transition argument. In this work, we propose a bulk effective field theory (EFT) not only consistent with
[13–15] but can reproduce all the implicated bulk topological orders. At zero disorder, � = 0, the transition at νc is first order. For � > 0,
there are different possibilities for transitions, depending on the microscopic details of samples. One scenario in [15] suggests that there are
second-order phase transitions (drawn in solid black lines) between topological orders for � > 0. Another scenario in [15] suggests that there
can be first-order phase transitions between topological orders for � > 0, but that disorder broadens these first-order transitions to regions
(light red shaded regions) with unquantized κxy. These broadened regions cannot merely be crossovers because the topological orders and
global symmetries are distinct on the two sides. The boundaries of these broadened regions (drawn as dashed-dotted red curves) could also be
second-order phase transitions. At larger � � �2, a percolation transition from topological order to a thermal metal, also with unquantized
κxy, is known to be a second-order phase transition (drawn as solid red curves). We propose a unified EFT in Eq. (4) in Sec. II and an upgraded
version in Sec. II E to describe all phases in the phase diagram.

region. Since at the percolation transition critical point, the
domain wall size and correlation length diverge (at least for
an infinite-sized system), this induces a new single second-
order transition within the broadening.10

Broadening regions cannot become crossovers between
neighboring phases because the bulk phases have different
topological orders and/or global symmetries.

In fact, remark (3), following the scenario from Ref. [15],
can be regarded as a general scenario that recovers both of the
two scenarios from remarks (1) and (2) in certain limits.

The key point for us is that Refs. [13–15] suggested that
a κxy = 5/2 plateau may be induced when Pf | APf domain

10In fact, our EFT can provide a second-order phase transition
at the disorder scale 0 < � < �1. In this case, the second-order
phase transition within the range 0 < � < �1 can be understood as
broadening of the first-order phase transition at � = 0 due to finite
disorder. Within the broadening region, a new single second-order
transition is induced; a similar statement holds for other second-order
transitions of our EFT when � > 0; see Sec. II.

walls percolate. However, Refs. [13–15] have not directly
demonstrated that the resulting bulk order is indeed PHPf.
Although PHPf has κxy = 5/2, it remains an open question to
show the bulk PHPf induces this κxy = 5/2. In this work, we
propose a unified effective field theory that can be viewed as a
parent or mother quantum field theory at some higher-energy
scale,11 which at low energies can give rise to all the relevant

11The energy scale of our EFT is at an intermediate energy scale
(∼ξ−1), somewhere above the IR low-energy topological field theory
(∼L−1) but below the inverse magnetic length scale �B

−1 of electrons
or the high-energy lattice cutoff scale a−1

lattice in the far UV. The length
scales run from small to large as follows: lattice cutoff alattice <

magnetic length �B < phase-coherence length �ϕ � ξ < sample
size L. The corresponding energy scales, the inverse of the length
scales, run from large to small accordingly. The fluctuation length
ξ is the length scale of the chemical potential fluctuation due to the
impurity and doping in the system and it is roughly the length scale
of disorder �−1. The �0 is the puddle linear size which is the link size
for the Chalker-Coddington network model [30]. The disorder energy
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IR TQFT phases listed in Fig. 3, including K = 8, PHPf, and
113 state, etc.

C. Outline

In the previous subsections, we have summarized several
proposed phase diagrams in the literature for the ν = 5/2
fractional quantum Hall state. We will focus on reproducing
the phase diagram of [15], illustrated in Fig. 3. Our (2 + 1)D
EFT will also be able, in special limits, to reproduce phase
diagrams arising from the other proposals [13,14], as will
become clear in the subsequent sections. The EFT descrip-
tion also reproduces the (1 + 1)D domain wall world-volume
theory predicted by [15], and it additionally fixes the type of
phase transitions at the various phase boundaries (i.e., first
order vs second order). We also begin a preliminary study
of the energetics of our EFT by performing computation of
the domain wall tension, valid in a semiclassical limit, in
the relevant phases. The tension of the walls differs in the
Pf | APf and PHPf phases of the theory due to the presence
of the chiral Majorana fermions in the former regime.

We conclude this introduction by summarizing the plan for
the rest of this paper. In Sec. II, we introduce our effective field
theory, discuss its various IR phases, and describe in detail
how it maps to the phase diagram in Fig. 3. In Sec. III, we
describe the anyon spectra in the various IR phases of our
EFT in terms of TQFTs and their quantum numbers, which
will be matched to the many-body wave functions later (in
Appendix F). In Sec. IV, we analyze the domain wall theory
and excitations in some detail. In particular, we study the
gapless sectors and evaluate the tension of the walls. In Sec. V,
we conclude, make final remarks, and point out several future
directions. Several appendices contain additional background
and some technical details used in the body of the paper.
In Appendix A, we review the relation between the gravita-
tional Chern-Simons term and the thermal Hall response. In
Appendix B, we describe Abelian and non-Abelian versions
of Z2 gauge theory in (2 + 1)D. In Appendix C, we clarify
some details about the fermion path integral and countert-
erms. In Appendix D, we discuss the procedure for gauging a
one-form symmetry in a (2 + 1)D TQFT. In Appendix E, we
systematically introduce O(2)2,L Chern-Simons theories, their
Hall conductance, and other relevant physical properties. In
Appendix F, we review the wave-function descriptions of the
IR TQFTs relevant for our study. In Appendix G, we provide
some additional details regarding our one-loop computation
of the domain wall tension.

II. EFFECTIVE FIELD THEORY NEAR THE CRITICAL
FILLING FRACTION IN (2 + 1)D

We now present our effective field theory (EFT).

� = v/�0 is tunable and set by the inverse of the tunable puddle
size �0 [15]. When the length �0 is large compared to the domain
wall thickness w, the domain walls tend to expand and the energetics
of the system warrant a more careful analysis [14] to determine if
the system prefers Pf or APf percolation, instead of domain wall
percolation. See more on energy and length scales in Sec. II B 2. We
discuss the tension of the domain walls in Sec. IV.

A. Gauge sector, global symmetry, and ’t Hooft anomaly

The (2 + 1)D EFT consists of three sectors:
(i) [O(2)] gauge field with Chern-Simons (CS) term

O(2)2,1 (in the notation of [37]).12

(ii) Two Dirac fermions  j with flavor index j ∈ {1, 2} in
the determinant sign representation of the [O(2)] gauge group.
Namely, fermions are odd (−1) under the det([O(2)]) = ±1.

(iii) A real noncompact scalar φ ∈ R field coupled to the
Dirac fermions by a Yukawa term. The φ also has a Higgs
potential.

To make the connection with fQH, the Chern-Simons
gauge field is coupled to a background U(1)EM gauge field.
We begin by considering a particular mass term for the Dirac
fermions and an even exponent scalar potential so that the
EFT preserves particle-hole symmetry and captures the phase
transition at the critical filling fraction νc. More general extra
deformations, including particle-hole symmetry-breaking po-
tential (an odd exponent scalar potential) for φ and Majorana
mass terms for four Majorana fermions, where each complex
Dirac  j = η j1 + iη j2 is written as two real Majorana η j1 and
η j2, with j ∈ {1, 2}, will be considered in subsequent sections
to produce the entire phase diagram of Fig. 3.

Explicitly, the theory is a (2 + 1)D gauged Gross-Neveu-
Yukawa-Higgs theory coupled to a non-Abelian Chern-
Simons theory

O(2)2,1 CS +
∑
j=1,2


j
(i /DC − gφ) j − m(

1
1 − 

2
2)

+ 1

2
(∂φ)2 + μ2

2
φ2 − λ

4
φ4 − 3CSgrav, (4)

where C indicates that the fermions are odd under the
charge conjugation C :  j → − j where [ZC

2 ] ⊂ [O(2)] =
[SO(2) � ZC

2 ] becomes part of the gauge group.13 Since the
entire [O(2)] is gauged, the fermions couple to the O(2)2,1

Chern-Simons gauge theory by this ZC
2 gauging (see Ap-

pendix E). Each of the complex Dirac fermions (1 or 2),
regarded as two real Majorana fermions, respectively ( j =
η j1 + iη j2), enjoys an O(2) global symmetry. There is a faith-
ful O(2)×O(2)

Z2
global symmetry rotating the two Dirac fermions

independently that we will explain later below.
The theory can be obtained by starting from the decoupled

semion theory U(1)2 = SO(2)2 CS and the Gross-Neveu-

12Since the discussions here involving several orthogonal groups
O(N ) for global or gauge groups, to avoid confusion, we may some-
times use the bracket [O(2)] to specify the gauge group or gauge
sectors arising from O(2)2,L CS gauge theory, in contrast with the
global symmetries groups [e.g., O(2) and O(4)] that have no brackets.
In general, for a group Gg which is dynamically gauged, we may
denote it as [Gg].

13Originally, there was a fermion parity symmetry ZF
2 where

(−1)F :  j → − j in the Dirac fermion theory. But, this ZF
2 is iden-

tified with the charge conjugation [ZC
2 ] in the gauge group [O(2)] =

[SO(2) � ZC
2 ], and thus [ZF

2 ] is gauged since [ZC
2 ] is gauged in

[O(2)]. Beware that here the gauged [ZC
2 ] and [ZF

2 ] are different
from the familiar charge-conjugation C symmetry ZC

2 of the Dirac
fermion, where C :  j → †

j , which remains ungauged. Readers
should be careful to distinguish the C and C transformations.
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Yukawa theory and then gauging the diagonal Z2 symmetry
that acts on SO(2)2 as the charge-conjugation symmetry [ZC

2 ]
and acts on the Gross-Neveu-Yukawa sector as the fermion
parity [ZF

2 ]. This changes the gauge group from [SO(2)] to
[O(2)]. We add a fermionic counterterm for the Z2 gauge
field, which gives the Z2 level in O(2)2,1, and makes the
resulting theory still depend on the spin structure. The spin
structure dependence only comes from this discrete gauged
Z2 Chern-Simons level.

Despite the appearance of the Chern-Simons term, the
theory in fact has a particle-hole PH symmetry, also called
the time-reversal CT symmetry14 (possibly with a ’t Hooft
anomaly discussed later):  i → εi jγ 0 j and φ → −φ, so
that φ transforms as a real-valued pseudoscalar. To see this,
we express the theory in (4) as

O(2)2,1 CS+[(Z2)0 coupled to Gross-Neveu-Yukawa]

Z2
, (5)

where the quotient denotes gauging the Z2 one-form sym-
metry generated by the composite line given by the product
of the O(2) Wilson line in the nontrivial one-dimensional
representation and the Z2 electric line.15 We briefly review
the notion of gauging one-form symmetries in Appendix D.
The O(2)2,1 Chern-Simons theory is time-reversal invariant
by level and rank duality [37,38]. Each of the two theories
in the numerator has time-reversal zero-form symmetry and
Z2 one-form symmetry, where the zero-form and one-form
symmetries do not have a mixed anomaly [since gauging the
one-form symmetry reduces the two theories to SO(2)2 and
the Gross-Neveu-Yukawa theory, respectively, both of which
are time-reversal invariant]. Therefore, the quotient theory is
also time-reversal invariant.

As discussed in Appendix E 1, the theory can couple
to a background U(1)EM electromagnetic gauge field A to
have a fractional quantum Hall conductivity σxy = 5/2 under
the U(1)EM electromagnetic charge’s transverse conductivity
measurement. The U(1)EM electromagnetic gauge field only
couples to the Chern-Simons gauge field, and hence all the
phases we discuss have the same Hall conductivity σxy.16

14The time-reversal symmetry in our field theory language is an
antiunitary symmetry sometimes known as the CT symmetry with
its square (CT )2 = (−1) f giving the fermion parity Z f

2 of the whole
theory. The time-reversal CT indeed corresponds to the antiuni-
tary particle-hole (PH) conjugation transformation in the condensed
matter literature of ν = 5/2 quantum Hall systems. We will see in
Appendix E that among the O(2)2,L gauge theories with L ∈ Z8

classes, only L = 1 and 5 produce time-reversal-invariant theories.
The O(2)2,1 gauge theory will be later used for the particle-hole
Pfaffian (PH-Pfaffian).

15Gauging this one-form symmetry identifies the Z2 gauge field
in (Z2)0 with the first Stiefel-Whitney class w1 of the O(2) gauge
field. Namely, the Z2 gauge field in (Z2)0 is w1(E ), with E the O(2)
gauge bundle. The one-form symmetry involved is different from the
center one-form symmetry of O(2). Note the Z2 electric line in the
Z2 gauge theory with matter is topological, while the magnetic line
is not topological.

16As discussed in Appendix E 1, the Hall conductivity only depends
on the first Chern-Simons level in O(2)2,L , while integrating out

We will consider phases with μ2 > 0, which implies that
the real (pseudo)scalar field φ condenses with a vacuum ex-
pectation value (vev):

〈φ〉 = ±v, v ∼ μ/
√

λ > 0. (6)

This spontaneously breaks the time-reversal CT symmetry,
and there can be two symmetry-breaking vacua exchanged
by the (broken) symmetry transformation in the (2 + 1)D
bulk. The spontaneously broken time-reversal symmetry CT
leads to a (1 + 1)D domain wall that interpolates between
the two vacua. We will investigate the domain walls in
Sec. IV.

Let us elaborate more on the global symmetries and gauge
group in Eq. (4):

(A) Continuous global symmetries. If we turn off the
mass deformation m = 0, then the theory has an enlarged
O(4)/Z2 ≡ PO(4) symmetry, where the four Majorana com-
ponents from the two Dirac fermions transform in a vector
representation of O(4). Let us explain why we mod out by
a Z2 subgroup of the näive rotational O(4) global symmetry.
The Z2 center of O(4) [in fact the same as ZF

2 ⊂ SO(4) ⊂
O(4), where ZF

2 sends  j → − j] is identified with the
charge-conjugation element [ZC

2 ] of the [O(2)] gauge group.
If we turn on m = 0, there is a faithful [O(2)×O(2)]

Z2
global

symmetry in Eq. (4). We mod out by a Z2 subgroup of
the näive O(2) × O(2) symmetry because the diagonal Z2

center of O(2) × O(2) [in fact the same as ZF
2 ⊂ SO(2) ×

SO(2) ⊂ O(2) × O(2), where ZF
2 sends  j → − j] is iden-

tified with the charge-conjugation element of [ZC
2 ] of [O(2)]

gauge group. By contrast, if we allow the four Majorana
fermions to all have different masses, then there is no con-
tinuous global symmetry (because the fermion parity ZF

2
that flips the sign of the fermions is identified with a
gauge rotation [ZC

2 ]). The different mass deformations con-
sidered in the subsequent sections can be organized by the
breaking pattern of PO(4). The continuous global symme-
try PO(4) that transforms the fermions has the standard
mixed anomaly with the time-reversal CT symmetry given
by the (3 + 1)D θ term for a PO(4) background gauge field
with θ = (π, π ).17

(B) Discrete global symmetries:
(1) Z f

2 fermion parity symmetry. This Z f
2 should not

be confused with the already gauged [ZF
2 ] (acting by

 j → − j only in the Dirac fermion sectors). The [ZF
2 ]

and [ZC
2 ] charge conjugations are identified and both dy-

namically gauged due to /DC . (Neither 1 nor 2 are
gauge-invariant local fermionic operators.) In fact, the Z f

2
acts not on Gross-Neveu-Yukawa sector, but only on the
O(2)2,1 CS and −3CSgrav. Note that Eq. (4) is an intrinsi-
cally fermionic theory (defined on spin manifolds) because
both O(2)2,1 CS and −3CSgrav are spin Chern-Simons ac-
tions whose UV completion, say on a lattice, requires some
gauge-invariant local fermionic operators.

massive fermions in the sign representation only changes the second
level L [37].

17The gauge Lie algebra of PO(4) is su(2) × su(2), hence the two
θ angles.
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(2) ZCT
4 symmetry. This is the particle-hole (PH)

symmetry, also known as the CT symmetry. This is an an-
tiunitary symmetry. Its normal subgroup is the Z f

2 fermion
parity since (CT )2 = (−1) f . As mentioned,  i(t, x) →
εi jγ 0 j (−t, x) and φ(t, x) → −φ(−t, x).18 We will fur-
ther explain how the CT acts on the CS theories in
TQFT sectors in Sec. III. The ’t Hooft anomaly of the
CT symmetry can be derived by adding a large time-
reversal preserving mass m to the fermions and studying
the anomaly in the infrared PH-Pfaffian theory O(2)2,1;
our theory can have the ν ∈ Z16 anomaly of CT symmetry
with ν = 0 for PH-Pfaffian+ and ν = 8 for PH-Pfaffian−
[39–44].19

(3) Z4 one-form global symmetry [45] from the O(2)
Chern-Simons theory. The Z2 subgroup is generated by
the O(2) Wilson line in the determinant sign representa-
tion. The Z4 one-form symmetry has a ’t Hooft anomaly,
characterized by the spin- 1

4 statistics of the generating line
[46]. The ’t Hooft anomaly of the one-form symmetry is
related to the fractional part of the Hall conductivity (see
Appendix E 1). We will not focus on this global symmetry
in this work.

(4) Z2 magnetic 0-form symmetry of the O(2) gauge
field [37]. We will not discuss this symmetry in this work.
(C) Gauge sector:20

O(2)2,1 CS

∼= U(1)8 × TL=1

Z2
CS

∼= U(1)8 × [Ising × (spin-Ising)]

Z2
CS

∼=
U(1)8 × ( SU(2)−2×U(1)4

Z2
× [SO(3)1×U(1)−1]

)
Z2

CS. (7)

The second line rewrites Ising and spin-Ising TQFTs as CS
theories.21 For background information on this sector, see
Appendix E around Eq. (E2).

18There are also other discrete charge C and parity P symmetries
for our EFT as a Lorentz-invariant QFT, which should be familiar to
the readers. There are also other time-reversal symmetries given by
composing this antiunitary symmetry with additional Z2 subgroup
unitary symmetries.

19There are two versions of PH-Pfaffian± depending on how (CT )2

assigns to the odd q = 1, 3, 5, 7 anyons of U(1)8 (see [39,41,42] and
Sec. III). The two choices are related by shifting the background
gauge field for the Z2 subgroup one-form symmetry (generated by
a fermion line) by w2

1 (see also [44]). Readers should beware that we
use ν as topological classification index while ν as filling fraction.

20Readers may be curious about how the semidirect product gauge
structure of [O(2)] = [SO(2) � ZC

2 ] in O(2)2,L can be related to the
direct product gauge structure of [U(1)] and [Z2] in U(1)8×TL

Z2
CS with

TL as some L ∈ Z8 class of [Z2] gauge theory. The answer is that
there is a duality between the two gauge theories at the level 2 of
O(2)2,L (see [37] and Appendix E).

21The Ising TQFT can be expressed as a non-Abelian CS theory
with a gauge group U(2)2,−4

∼= [SU(2)2 × U(1)−4]/Z2 from [47].
By SO(3)1, we denoted the spin-CS theory with the level normalized
such that the states on a 2-torus T 2 are subset of SU(2)2 states

In the following subsections, we discuss several defor-
mations of our theory (4). (1) In Sec. II C, we consider a
CT -preserving mass deformation, but the CT symmetry turns
out to be spontaneously broken. The deformation explicitly
breaks PO(4) = O(4)/Z2 down to [O(2) × O(2)]/Z2. (2) In
Sec. II D, we add an odd polynomial potential in φ to our
action, which explicitly breaks CT symmetry, but preserves
the [O(2) × O(2)]/Z2 symmetry [or PO(4) if m = 0]. (3) In
Sec. II E, we add additional Majorana mass terms that break
the entire PO(4) symmetry, but preserve the CT symmetry.

B. Physical arguments supporting the EFT

Here we provide some arguments and intuition to support
our EFT from simple physical considerations, following the
setup in Ref. [15] (see Fig. 4).

1. From gapless or gapped Fermi surfaces to four gapless
Majorana nodes

The first question to ask about our EFT equation (4) is as
follows: Why do we introduce two Dirac fermions (or four
Majorana fermions)? This can be understood from solving the
Bogoliubov–de Gennes (BdG) equation [15], which allows us
to analyze the gap function 	(�k, �r) around the domain wall
between the Pf and APf regions. We remind ourselves that
the Pf and APf (and other related topological orders) can be
obtained by the superconductivity (SC) pairing of composite
fermions (CF) in the Halperin-Lee-Read (HLR) theory [7]
or the superconductivity pairing of composite Dirac fermions
(CDF) in Son’s theory:

CF (HLR) CDF (Son)
Pf : p wave, d wave.

K = 8 state : s wave, p wave.
PHPf : p∗ wave, s wave.

113 state : d∗ wave, p∗ wave.
APf : f ∗ wave, d∗ wave.

(8)

The HLR and Son theories describe gapless theories with
infinitely many gapless modes along a continuous Fermi sur-
face [more precisely, a 1D Fermi circle for a (2 + 1)D theory].
However, we can gap the Fermi surface and go to a gapped
theory by introducing the superconductivity pairing to CF or
CDF as Eq. (8) above. Here we present the pairing gap func-
tion 	(�k) ∝ (kx + i ky)Lz to obtain the five topological orders
in the phase diagram Fig. 3, where s, p, d, f wave pairing has
the z-directional angular momentum Lz = 0, 1, 2, 3, respec-
tively, while the complex conjugate p∗, d∗, f ∗ wave pairing
has the opposite sign of the angular momentum.

We can find that in the CF (HLR’s) picture, the
pairing function is 	(�k, �r) = 	Pf(r)e i θk − 	APf(r)e− i 3θk ∝
|	|e− i θk sin(2θk ); while in the CDF (Son’s) picture, the
pairing function is 	(�k, �r) = 	Pf(r)e i 2θk − 	APf(r)e− i 2θk ∝

corresponding to odd SU(2) representations (1 and 3). The spin-Ising
TQFT is given by the [SO(3)1 × U(1)−1] CS.
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(a) (b)

FIG. 4. Follow the setup in Ref. [15]. (a) By solving the BdG equation in the mean-field, single-particle, semiclassical quantum mechanical
manner [15], we can analyze the gap function 	(�k, �r) around the domain wall between the Pf and APf regions. There are also ±π vortices
shown in dashed circles. (b) Four Dirac nodes solved from the BdG equation on Pf | APf domain wall in a momentum �k space. Due to BdG
Nambu space double counting, we only have physical degrees of freedom of two Dirac nodes or four Majorana nodes. The four Majorana
nodes are precisely the fermion nodes that we need in our EFT that we study in the real space.

|	| sin(2θk ).22 In either case, the sin(2θk ) gives four gapless
nodes around the otherwise fully gapped Fermi surface at θk =
0, π/2, π, 3π/2, when we are spatially near the Pf | APf do-
main wall. Thus, Ref. [15] finds four Dirac nodes solved from
the BdG equation on Pf | APf domain wall in a momentum
�k space. Due to BdG Nambu space double counting degrees
of freedom at �k and −�k, we only have physical degrees of
freedom of two Dirac nodes or equivalently four Majorana
nodes. The four Majorana nodes explain precisely the origin
of the fermions that we need in our EFT equation (4) that we
study in the real space. Furthermore, it will become clear in
the later subsections how the additional gauge theory sectors
and deformations can help to span the full phase diagram
Fig. 4. This physical picture helps to motivate our EFT.

Our EFT, including the deformations, can describe both
the gapped TQFT phases and gapless topological quantum
phase transitions predicted in the phase diagram Fig. 3, sim-
ilarly to the percolating phases and transitions in Ref. [15].
For condensed-matter purposes, we remark that the (2 + 1)D
gapless phases in our Lorentz-invariant EFT have four in-
teracting Majorana fermions [(2 + 1)D Majorana cones in a
momentum �k space, in the noninteracting band theory limit
in Fig. 4(b)] but without a Fermi surface; the Fermi surface
is gapped and left with only isolated gapless nodes. In other
words, we emphasize that the (2 + 1)D gapless phase transi-
tions in our EFT are similar to that of a semimetallic phase
transition with isolated gapless nodes, instead of a metallic
phase transition with a gapless continuous Fermi surface.

2. More on energy and length scales, and emergent symmetries

Before we dive into the detailed phase diagrams of our
EFT in the next subsections, we first summarize what we
expect from the story in Ref. [15], about the energy and length
scales (see also footnote 11), and emergent symmetries of the
system.

We take the limit of no Landau-level mixing (LLM), so
the energy gap between Landau levels from the cyclotron
frequency ωc = B/m � �2 = e2/ε�B ∼ √

B is assumed to be
much larger than the Coulomb energy scale, which we set to

22In general, �k = −i ∂

∂�r is a differential operator in a disordered

system since [�k = −i ∂

∂�r , H (�k, �r)] = 0 and �k is not a good quantum
number globally. See the detailed analysis in [15].

be �2, the disorder energy scale in Fig. 3. The �B = √
h̄c/eB

is the magnetic length scale. There is yet another length scale
set by the domain wall width w, which is microscopically
related to the phase-coherence length �ϕ of superconduct-
ing pairing fluctuations in the composite fermion picture of
Eq. (8).

Reference [15] analyzes the relation between energy and
length scales and emergent symmetries of the (1 + 1)D do-
main wall, showing the following:

(i) The disorder energy � ∼ 1/� (the vertical axis of
Fig. 3) is related to the domain length scale � which controls
the Pf and APf puddle sizes.

(ii) The energy scale �2 is defined by the inverse of mag-
netic length scale �B = √

h̄c/eB. The �2 is around the Fermi
energy of the composite fermion.

(iii) The energy scale �1 is defined by the inverse of the
correlation length �ϕ of superconducting phase pairing fluctu-
ations in the composite fermion picture of Pf and APf, which
is also related to the inverse of the domain wall width w.

(iv) When the disorder energy scale � < �1, we have
weaker disorder and hence larger Pf and APf puddle sizes,
so the domain length scale � is large. For large �, the (1 + 1)D
four Majorana edge modes running on the domain wall can
be mixed together via scattering along the domain wall, which
induces an emergent O(4) symmetry and a uniform velocity.23

(iv) When the disorder energy � scale sits at �2 > � >

�1, then � is below the Coulomb energy e2/ε�B and the
Fermi energy vkF set by �2. The � is also below some factor
of the magnitude of SC gap size |	|. This implies that, from
Fig. 4(b), the two physical Dirac nodes solved from BdG have
internal symmetries O(2) × O(2), where each O(2) rotates the
two Majorana nodes of a given Dirac node.

(v) When the disorder energy scale � > �2, we have
stronger disorder � ∼ 1/�, hence smaller Pf and APf puddle

23Reference [15] also uses a BKT-type perturbative analysis to
show that, regardless of spatial fluctuations (from impurity) or
temporal fluctuations (from the SC pairing phase), the velocity fluc-
tuation correlation function 〈δvI (x)δvI (x′)〉 = Wvδ(x − x′) has an
irrelevant perturbation driven by the phase fluctuation. This means
the the 〈δvI (x)δvI (x′)〉 flows to zero. Therefore, with weak disorder
� < �1, either at zero temperature or some small finite temperature
(the experiment is performed around 10 ∼ 30 mK [10]), we have an
emergent O(4) symmetry.
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(a) (b)

FIG. 5. The theories comprising the vacua of the system (4) depend on the deformation m. (a) No disorder m ∼ 0. (b) Strong disorder
|m| > gv.

sizes, so the domain length scale � is smaller. For smaller �,
it is difficult to mix the (1 + 1)D four Majorana edge modes
running on the domain wall, so we expect only the fermion
parity symmetry when � > �2. The O(2) × O(2) symmetry
will be broken when � > �2 because the disorder is strong
enough to exceed the gap size |	| or even the Fermi energy
vkF , so the Dirac nodes in Fig. 4(b) fluctuate and their disper-
sion and energy spectra can overlap with each other. Because
of this, we can no longer make sense of the two internal
rotational symmetries.

To summarize all the length scales, we have

lattice cutoff alattice < magnetic length �B

< domain wall width w

� phase-coherence length �ϕ

� our EFT typical length scale ξ

< sample size L. (9)

The energy scales are given by the inverse of length scales:

a−1
lattice > �2 = �−1

B > �1 = �−1
ϕ � w−1 � ξ−1 > L−1. (10)

C. Particle-hole (time-reversal CT ) preserving deformation

Let us turn on the deformation m in Eq. (4).
0 � m < gv. When m increases from zero to gv, the theory

has the following phases in the two vacua:
(1) At the vacuum 〈φ〉 = −v, 1 has mass m − gv, while

2 has mass −m − gv. For m below gv, at low energies we
can integrate out both negative mass Dirac fermions, and the
theory becomes the gapped TQFT:

Pfaffian : O(2)2,−1 CS − 5CSgrav. (11)

The O(2)2,L Chern-Simons gauge theory (see Appendix E)
contains a U(1)8 Chern-Simons theory that contributes a net
chiral central charge c− = cL − cR = 1, while the matter sec-
tors do not contribute any net chiral central charge. The theory
has Hall conductivity σxy and thermal Hall conductivity κxy

matching those of the Pfaffian state:24

σxy = 5/2, κxy = 1 + 5/2 = 7/2.

24The spin gravitational Chern-Simons term has chiral edge modes
contributing to the thermal Hall conductivity κxy by a chiral central
charge c− = −1/2; see Appendix A.

(2) At the vacuum 〈φ〉 = +v, 1 has mass m + gv, while
2 has mass −m + gv. For m below gv, then at low energies
we can integrate out the two positive mass Dirac fermions,
and the theory becomes the gapped TQFT

anti-Pfaffian: O(2)2,3 CS − CSgrav. (12)

The theory has Hall conductivity σxy and thermal Hall con-
ductivity κxy:

σxy = 5/2, κxy = 1 + 1/2 = 3/2.

The TQFT becomes, under level and rank duality [37,38],
O(2)2,3 ↔ O(2)−2,1 up to 4CSgrav, and thus it is the time-
reversal image of the Pfaffian theory.

The two different regimes capturing our time-reversal-
symmetric deformations are depicted in Fig. 5.

m = gv. When m = gv = g|〈φ〉|, one of the Dirac fermions
becomes massless, and the theories are25

〈φ〉 = − v : O(2)2,0 CS + 1 in 1odd − 4CSgrav,

〈φ〉 = + v : O(2)2,2 CS + 2 in 1odd − 2CSgrav. (13)

m > gv. When m > gv, the two Dirac fermions acquire
masses of opposite signs, and the two vacua become the same
gapped TQFT:

PH-Pfaffian: O(2)2,1 CS − 3CSgrav. (14)

The theory has the Hall conductivity σxy and thermal Hall
conductivity κxy:

σxy = 5/2, κxy = 1 + 3/2 = 5/2.

With m treated as a proxy for disorder strength (the precise
relation is discussed in Sec. II F), the gapped phases in the
above discussion are precisely those that appear in the sce-
nario of [14,15]: for small disorder strength, the microscopic
theory is at a first-order-like phase transition with coexist-
ing Pfaffian and anti-Pfaffian phases, while increasing the
disorder strength produces the PH-Pfaffian phase. From the
above discussion, it is thus natural to identify the parameter
m (or its magnitude |m|) in the effective phenomenolog-
ical theory with the disorder strength in the microscopic
material.

25For m = gv, when 〈φ〉 = −v, the fermion 1 becomes massless;
when 〈φ〉 = +v, 2 becomes massless.
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We remark that the first-order phase transition with dis-
tinct gapped vacua persists for a range of the parameter m ∈
[0, gv), which is consistent with the phase diagram proposed
in [14,15]. We may identify �1 in [14,15] with gv, with v

controlled by the scalar mass μ in the effective theory. When
gv is small, the phase diagram approaches that described in
[13,14].

D. Particle-hole (time-reversal CT ) breaking deformation

In this section, we investigate the effect of adding a time-
reversal breaking deformation that preserves the O(2)×O(2)

Z2

symmetry ( O(4)
Z2

when m = 0). In the experiment, this cor-
responds to applying an additional time-reversal breaking
magnetic field that changes the filling fraction ν slightly. In
this discussion, we set the Yukawa coupling to g = 1 for
simplicity.

Since φ is a time-reversal-odd pseudoscalar field, we con-
sider the simple time-reversal breaking deformation given by
an odd polynomial of φ. The most relevant deformation will
be δV (φ) ∝ −modd φ. This modifies the scalar potential and
lifts the degenerate vacua.

In the lowest-order approximation, we can take the effect
to be such that the original vacua shift to the locations 〈φ〉 =
v + modd + O(m2

odd ) and −v + modd + O(m2
odd ). Depending

on the sign of modd, one of the above is the true vacuum: for
modd > 0 it is the former and for modd < 0 it is the latter. In
other words, the true vacuum has a vev

〈φ〉 = v sgn(modd ) + modd + O
(
m2

odd

)
= (v + |modd|) sgn(modd ) + O

(
m2

odd

)
.

The two Dirac fermions then have masses given by (with
g = 1)

m1 = m + 〈φ〉 = m + modd + v sgn(modd ) + O
(
m2

odd

)
,

m2 = − m + 〈φ〉 = −m + modd + v sgn(modd ) + O
(
m2

odd

)
.

(15)

There are critical lines when any of the fermions become
massless.26

The phase diagram whose coordinates are our two pa-
rameters (m, modd ) for a fixed v is given in Fig. 6. Given
by the mass deformation formula (15), the left critical line
in Fig. 6 has m2 � 0, while the right critical line in Fig. 6
has m1 � 0. It is in qualitative agreement with the schematic
phase diagram discussed in [14,15], and suggests that the
corresponding Pf|PHPF and APf|PHPf phase boundaries are
given by second-order phase transitions.

E. K = 8 and 113 states from O(2)×O(2)
Z2

breaking masses

In our earlier discussion, we mainly focused on mass
deformations preserving the O(2)×O(2)

Z2
symmetry that trans-

26The situation is similar to Eq. (13). One might worry that the
critical line can receive a quantum correction; however, since the
scalar field has a mass of the order mφ ∝ μ around the vacuum, in
the vicinity of the critical line with distance less than mφ there is a
light fermion.

 
 

 

Spon. broken 
PH symmetry 

 

 
 Pfaffian An�-Pfaffian 

PH-Pfaffian 
1 > 0, 2 < 0 

1, 2 < 0 1, 2 > 0 

cri�cal line 
 1 = 0 

cri�cal line 
 2 = 0 

⟨ ⟩ < 0 ⟨ ⟩ > 0 

FIG. 6. Phase diagram of the theory (4) deformed by the
PH-symmetry breaking scalar potential δV (φ) = −modd φ. Phase
boundaries are plotted analytically by Mathematica. Here, the pa-
rameter m is from the Dirac mass term in (4). The m1 and m2 are the
induced masses in the IR for the ground states: m1 = m + g〈φ〉, m2 =
−m + g〈φ〉. The blue lines are critical lines where one of the Dirac
fermions becomes massless, joined by blue dots where both fermions
are massless at a critical m = gv = g|〈φ〉|. The green line in the
middle represents a first-order phase transition with spontaneously
broken time-reversal symmetry (i.e., antiunitary particle-hole sym-
metry) that gives rise to domain wall excitations that interpolate
between the Pfaffian and anti-Pfaffian phases. The phase diagram
is in qualitative agreement with the schematic phase diagram dis-
cussed in [14,15] with the time-reversal breaking deformation modd

identified with the external magnetic field in the experiment and the
time-reversal preserving deformation |m| identified with the micro-
scopic disorder strength. In experiment, it is so far undetermined
whether Pfaffian or anti-Pfaffian is favored at ν < νc � 5/2 (or ν >

νc � 5/2); we can easily flip our phase diagram by defining the sign
of modd to match the tuning parameter for the filling fraction ν.

forms the two Dirac fermions. If we allow Majorana masses
that break the O(2)×O(2)

Z2
symmetry, the effective theory

can also describe the K = 8 state and the 113 state (the
two states are related to one another by the particle-hole
CT symmetry). Denote the four Majorana fermions by ηia

where i = 1, 2 labels the Dirac fermions and a = 1, 2 la-
bels the Majorana components. Consider the Majorana mass
deformation27

− M(m)
(
η2

11 − η2
12 − η2

21 + η2
22

)
,

(16)
M(m) = ε(m − m∗)�(m − m∗),

where ε is a small number, � is the step function:
�(x) = 0 for x � 0 and �(x) = 1 for x > 0. Then,
the deformation is only nonzero when m > m∗, where
we take m∗ > gv. The deformation preserves the time-
reversal CT symmetry. The four Majorana fermions have

27We take (γ 0 )αβ = (iσ y )αβ = εαβ with the spinor indices α, β.

Note that the Dirac mass term 
j
 j =  j†γ 0 j . In the Majo-

rana basis, we write  j = η j1 + iη j2, and 
j
 j = εαβ (η j1,αη j1,β +

η j2,αη j2,β ) ≡ (η2
j1 + η2

j2). We define the Majorana mass term as
εαβηαηβ ≡ η2.
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FIG. 7. Phase diagram of the theory (4) deformed by the PH-symmetry breaking term δV (φ) = −moddφ and the Majorana mass M(m).
Here, the parameter m is from the Dirac mass term in (4). We abbreviate m11, m12 < 0 as m1 < 0, etc. Phase boundaries can be plotted
analytically by Mathematica.

masses

m11 = m + g〈φ〉 + M(m),

m12 = m + g〈φ〉 − M(m),
(17)

m21 = −m + g〈φ〉 − M(m),

m22 = −m + g〈φ〉 + M(m),

where the vev 〈φ〉 = v sgn(modd ) + modd + O(m2
odd ) depends

on the CT symmetry-breaking deformation modd.
What becomes of the phase diagram under the deforma-

tion? For m � m∗ it is the same as before, while for m > m∗
there are new gapped phases:

(i) m21, m22 < 0 and m12 < 0, m11 > 0. The theory flows
to

K = 8 state: O(2)2,0 CS − 4CSgrav, (18)

as a U(1)8 CS theory or, equivalently, the Abelian K = 8K
matrix CS theory. If we write the U(1)8 CS one-form gauge
field as b, and the U(1)EM gauge field as A, then the action is∫

8
4π

b db + 2b
2π

dA − 4CSgrav, up to a trivial spin-TQFT to rep-
resent a fermionic gapped sector (see Appendix A of [15]). It
has quantum Hall conductivity and thermal Hall conductivity

σxy = 5/2, κxy = 1 + 2 = 3.

(ii) m11, m12 > 0 and m21 < 0, m22 > 0. The theory flows
to

113 state : O(2)2,2 CS−2CSgrav ↔ U(1)−8 CS − 6CSgrav,

(19)

where we used the duality O(2)2,2 ↔ O(2)−2,0 − 4CSgrav [37]
and O(2)2,0 ↔ U(1)8. This phase is called the 113 state since
it can be described by the 3D Abelian Chern-Simons theory

action, with one-form gauge field b, as

KIJ

4π

∫
bI dbJ − 4CSgrav, with a K matrix

(
1 3
3 1

)
.

It has quantum Hall conductivity and thermal Hall conductiv-
ity

σxy = 5/2, κxy = −1 + 1 + 2 = 2.

It is related to the previous phase by the antiunitary particle-
hole symmetry (up to an anomaly).

In addition, there are critical lines separating the gapped
phases where some of the fermions become massless. The
phase diagram is in Fig. 7. In the rest of the discussion we
will focus on the case without the deformation M(m).

F. Random coupling and the thermal metal phase

In the theory (4), we can further choose the parameter m to
be a random coupling with Gaussian distribution

m = m0, m2 = δ2. (20)

The theory depends on the average m0 and the fluctuation δ.
In [48], it is found that for strong fluctuations δ → ∞, the
system of free Dirac fermions becomes a thermal metal. We
will set the magnitude of fluctuation to be

δ = h(m0) (21)

for some non-negative, monotonically increasing function h
that grows faster than a linear function [for instance, h(m0) =
m2

0]. Then, m0 controls the disorder strength of the system. At
large enough m0, i.e., strong disorder, the fluctuation becomes
sufficiently strong and the model (4) with random coupling
m enters a thermal metal phase. Since in our model the elec-
tromagnetic background field only couples to the O(2) gauge
field and does not couple to the fermions, the Hall conductiv-
ity does not depend on the mass of the fermions and remains
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TABLE I. Pfaffian data from U(1)8×Ising
Z2

CS. We provide ( exp(i2πs), Q/e) for 12 anyons. The σ−1 anyon has ei π
8 statistics.

Pfaffian U(1)8 CS

TL=−1 0 1 2 3 4 5 6 7

1 (+1, 0) ( + i, 1
2 ) (+1, 1) (+i, 3

2 )
σ−1 (ei π

4 , 1
4 ) (−ei π

4 , 3
4 ) (−ei π

4 , 5
4 ) (ei π

4 , 7
4 )

f (−1, 0) (−i, 1
2 ) (−1, 1) (−i, 3

2 )

the same value σxy = 5
2 . This is consistent with the proposal

in [14,15].
Near the critical lines of the phase diagram, the physical

mass of one of the fermions becomes close to zero. If the dis-
order strength is nonzero for zero mass, h(0) > 0, the disorder
will cause the region sufficiently near the critical lines to have
thermal metal behavior, which accommodates the behavior
described in [14] and illustrated in Fig. 3.

III. ANYONIC EXCITATIONS AND QUANTUM
OBSERVABLES FROM THE EFT

Let us spell out the key properties of the TFT phases and
their anyonic excitations.28 We assume standard knowledge
from the Chern-Simons (CS) description of fQHE. We will
delineate the following: (a) fractionalized anyon statistics, i.e.,
the spin or exchange statistics exp(i2πs) of anyons with spin
s; (b) fractionalized U(1)EM electromagnetic charge Q/e (e
is the electron charge); (c) their PH-symmetry (time-reversal
CT ) transformation properties.

They are summarized in Tables I, II, III, IV, and V, for
the Pfaffian, anti-Pfaffian, PH-Pfaffian, K = 8, and 113 states,
respectively, in the notation

( exp(i2πs), Q/e). (22)

For the PH-Pfaffian, since it enjoys PH symmetry (time-
reversal CT ), we also specify the (CT )2 quantum number for
the appropriate anyons, and write

( exp(i2πs), Q/e)(CT )2 . (23)

We will first examine the non-Abelian states, i.e., the Pfaf-
fian in Eq. (11), anti-Pfaffian in Eq. (12), and PH-Pfaffian in

28The world line of an anyon in quantum Hall liquids corresponds
to a line operator in the low-energy effective TQFT.

Eq. (14). They can be written as the following Chern-Simons
theories (see Appendix A of Ref. [15], and Appendix E):

Pfaffian:
U(1)8 × Ising

Z2
− 4CSgrav,

c− = 1 + 1/2 + 4/2 = 7/2, (24)

PH-Pfaffian:
U(1)8 × Ising

Z2
− 4CSgrav,

c− = 1 − 1/2 + 4/2 = 5/2, (25)

Anti-Pfaffian:
U(1)8 × SU(2)−2

Z2
− 4CSgrav,

c− = 1 − 3/2 + 4/2 = 3/2, (26)

with their chiral central charges c− = κxy. These TQFTs are
obtained from gauging a diagonal one-form Z2 symmetry in
the [U(1)8 CS theories] and the (ν ∈ Z8-class spin-TQFTs)29

in (2 + 1)D. More generally, these TQFTs are U(1)8×TL

Z2
for

L = −1,+1,+3, and one gauges a diagonal Z2 one-form
symmetry generated by the composite line given by the tensor
product of the charge-4 Wilson line of U(1)8 and a nontrans-
parent fermion line in TL. See Appendix E for details on the
TL theories. When gauging a diagonal Z2,[1] symmetry, we
identify their charged objects [the line with odd U(1) charge
in U(1)8 and the σ line in TL] and their symmetry genera-
tors or charge operators [the operator with U(1) charge 4 in
U(1)8 and the f line in TL]. This reduces the 24 anyons in
the quasiexcitation spectrum of U(1)8 × TL theory to the 12
anyons in the U(1)8×TL

Z2
theory.

(1) Spin statistics. The spin of an anyon is given by

exp(i2πs) = exp

[
i2π

(
snab + q2

2K

)]
, (27)

29Here, the (2 + 1)D ν ∈ Z8 class spin TQFTs are obtained from
gauging the Z2 internal “Ising” symmetry of the (2 + 1)D fermionic
Z2 × Z f

2 SPTs, with fermion parity symmetry Z f
2 [47,49]. From this

class of TQFTs, we will use the Ising, Ising, and SU(2)−2 cases.

TABLE II. Anti-Pfaffian data from the U(1)8×SU(2)−2
Z2

CS. We provide ( exp(i2πs), Q/e) for 12 anyons. The σ3 anyon has e−i 3π
8 statistics.

Anti-Pfaffian U(1)8 CS

TL=3 0 1 2 3 4 5 6 7

1 (+1, 0) (+i, 1
2 ) (+1, 1) (+i, 3

2 )
σ3 (e−i π

4 , 1
4 ) (−e−i π

4 , 3
4 ) (−e−i π

4 , 5
4 ) (e−i π

4 , 7
4 )

f (−1, 0) (−i, 1
2 ) (−1, 1) (−i, 3

2 )
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TABLE III. PH-Pfaffian data from U(1)8×Ising
Z2

CS. We provide ( exp(i2πs), Q/e) or ( exp(i2πs), Q/e)(CT )2 for 12 anyons. The σ1 anyon has

e−i π
8 statistics. In comparison, Ref. [17] represents related TQFT data in terms of U(1)−8×Ising

Z2
CS. Moreover, there are two versions PH-Pfaffian±

depending on how (CT )2 assigns to the odd q = 1, 3, 5, 7 of U(1)8.

PH-Pfaffian± U(1)8 CS

TL=1 0 1 2 3 4 5 6 7

1 (+1, 0)1 (+i, 1
2 ) (+1, 1)−1 (+i, 3

2 )
σ1 (1, 1

4 )±1 (−1, 3
4 )∓1 (−1, 5

4 )∓1 (1, 7
4 )±1

f (−1, 0)1 (−i, 1
2 ) (−1, 1)−1 (−i, 3

2 )

where K is the level of Abelian CS theory, and q is the integer
labeling the Abelian anyon associated with the line operator
eiq

∮
b of one-form gauge field b.30 Here, snab means the spin

from the non-Abelian sector of the TQFT. For the Ising, Ising,
and SU(2)−2 TQFTs in Eqs. (24), (25), and (26), their snab for
the (1, σ, f ) anyons are given by the diagonal of the modu-
lar T matrix: (1, ei π

8 ,−1), (1, e−i π
8 ,−1), and (1, e−i 3π

8 ,−1),
respectively. See, e.g., [15] for the data.

(2) Electromagnetic charge. For the anyon’s U(1)EM

charge Q/e, we can look at the coupling q of the electric cur-
rent to the U(1)EM gauge field A. The charge can be changed
by an integer by tensoring the line with a classical Wilson line∮

A.31 The U(1)EM charge Q and the Hall conductance σxy can
be computed via (see Appendix E for details)

Q/e = K−1q, σxy = qK−1q = q(Q/e). (28)

Based on the experimental constraint of σxy = ν = 1/2, we
have to introduce the appropriate U(1)EM coupling

∫
2b
2π

dA =∫
1

2π
(2b)dA to the action for the U(1)8×TL

Z2
theory, where the

U(1)8 CS theory action is
∫

8
4π

b db. This is a coupling
with charge q = 2. Indeed, this gives half-filled ν = σxy =
qK−1q = 22/8 = 1/2. The anyon with U(1) charge 2 is iden-
tified with the non-Abelian σ anyon in the gauged U(1)8×TL

Z2
CS theory. This non-Abelian anyon has U(1)EM charge Q/e =
K−1q = 2/8 = 1/4. We can obtain all 12 anyons’ U(1)EM

charges by the same argument, with the results shown in
Tables I, II, and III.

(3) PH symmetry. In the PH-Pfaffian theory, PH symmetry
(or time reversal CT ) is preserved, so to those anyons not

30In the K-matrix CS theory, we replace q2

2K �→ qTK−1q
2 where q is a

charge vector in the second expression.
31If we demand the spin/charge relation with spinc connection A,

then the isolated
∮

A is not well defined and the transparent fermion
line in all theories is charged under U(1)EM. Then, the charge is
instead taken modulo 2 from tensoring with 2

∮
A.

permuted by the time-reversal symmetry, whose spin statis-
tics exp(i2πs) are real valued,32 we can assign (CT )2 = ±1
quantum numbers. For those anyons αa whose spin statistics
exp(i2πs) are complex valued, the spin statistics are mapped
to their complex conjugates exp(−i2πs) under the CT trans-
formation. In fact, there are two versions of PH-Pfaffian
denoted as PH-Pfaffian± depending on how the (CT )2 quan-
tum number is assigned to the odd-q charge of U(1)8 anyons,
which we elaborate in Table III.

On the other hand, the Pfaffian and anti-Pfaffian states do
not have CT symmetry. Instead, they map into each other
under the CT transformation as follows.

(i) When the U(1)8 charge q is even, the Abelian sector
is paired with the Abelian trivial anyon 1 or the fermionic
anyon f , so under the CT transformation

Pf: (qeven, f n)
CT⇐⇒ APf: (qeven, f n+ qeven

2 ),

where f 2 = ( f )even = 1 and n = 0, 1. Namely,

Pf: (qeven, f n)
CT⇐⇒ APf: (qeven, f n), if

qeven

2
∈ even,

Pf: (qeven, f n)
CT⇐⇒ APf: (qeven, f n+1), if

qeven

2
∈ odd.

(ii) When the U(1)8 charge q is odd, the Abelian sector
is paired with the non-Abelian σ anyon, so under CT ,

Pf: (qodd, σ )
CT⇐⇒ APf: (qodd, σ ).

The 12 anyons, and their spin statistics exp(i2πs), U(1)EM

charges, and CT properties are organized in Tables I, II, and
III.33 The list of anyons in the tables contains not only quasi-
particles but also quasiholes of quantum Hall liquids, to be

32In other words, exp(i2πs) = ±1 for such anyons, so they are self-
bosonic or self-fermionic.

33Note that the sigma anyon σn notation in this work is actually the
σ−n in Ref. [15].

TABLE IV. Data for the K = 8 state. We provide ( exp(i2πs), Q/e) for 16 anyons.

K = 8 state U(1)8 CS

TL=0 0 1 2 3 4 5 6 7

1 (+1, 0) (ei π
8 , 1

4 ) (ei π
2 , 1

2 ) (−ei π
8 , 3

4 ) (+1, 1) (−ei π
8 , 5

4 ) (ei π
2 , 3

2 ) (ei π
8 , 7

4 )

f (−1, 0) (−ei π
8 , 1

4 ) (−ei π
2 , 1

2 ) (ei π
8 , 3

4 ) (−1, 1) (ei π
8 , 5

4 ) (−ei π
2 , 3

2 ) (−ei π
8 , 7

4 )
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TABLE V. Data for the 113 state. We provide ( exp(i2πs), Q/e) for 16 anyons.

113 state U(1)−8 CS

TL=2 0 1 2 3 4 5 6 7

1 (+1, 0) (e−i π
8 , 7

4 ) (e−i π
2 , 3

2 ) (−e−i π
8 , 5

4 ) (+1, 1) (−e−i π
8 , 3

4 ) (e−i π
2 , 1

2 ) (e−i π
8 , 1

4 )

f (−1, 1) (−e−i π
8 , 3

4 ) (−e−i π
2 , 1

2 ) (e−i π
8 , 1

4 ) (−1, 0) (e−i π
8 , 7

4 ) (−e−i π
2 , 3

2 ) (−e−i π
8 , 5

4 )

explained in Appendix F.34 Although there are 12 anyons, the
number of ground states on a spatial 2-torus T 2 known as the
ground-state degeneracy (GSD) is only 6 for the Pf, APf, and
PHPf states. The corresponding six ground states depend on
the spin structure of the spin manifold T 2.

Now, we examine the Abelian states. The K = 8 state in
Eq. (18) has the action

∫
8

4π
b db + 2b

2π
dA − 4CSgrav plus a

trivial spin-TQFT with {1, f } (generated by a trivial line and
a fermionic line). Note that the fermion f does not couple to
U(1)EM.

The 113 state in Eq. (19) has the action KIJ
4π

∫
bI dbJ +

(qT
I bI )
2π

dA − 4CSgrav, where qT denotes the transpose of the q
charge vector. There are two convenient expressions for this
theory, related by a GL(2,Z) transformation [15]:

(We omit an electron charge normalization factor e.)
The quantum numbers for the Abelian states are shown in

Tables IV and V. The spin statistics can be obtained from
Eq. (27) by dropping the snab part. The U(1)EM charge can
be determined from Eq. (28) as before.

The K = 8 and 113 states do not have CT symmetry. In-
stead, they map into each other under the CT transformation.
Quantum numbers of their anyons are mapped as

K = 8: ( exp(i2πs), Q/e mod 1)
CT⇐⇒ 113 : ( exp(−i2πs), Q/e mod 1).

The mod 1 comes from the freedom to tensor the anyons with
the classical Wilson line

∮
A.

Although there are 16 anyons in each Abelian state, the
GSD is only 8. The corresponding eight ground states depend
on the spin structure of the spin manifold 2-torus T 2.35

34As mentioned in footnote 28, the line operator is a world line of
an anyon. Moreover, the two open ends of a line operator correspond
to two anyons that can be fused to nothing (i.e., the open line can
become a closed line after fusing two ends). Thus, the two open ends
of a line operator correspond to a quasiparticle and its quasihole in
the quantum Hall liquids of Appendix F. The entries in Tables I, II,
and III therefore contain data for anyons and their “antiparticles.”
The fusion of a quasiparticle and its quasihole must include a trivial
anyon 1 that carries zero global symmetry charges and trivial spin
statistics exp(i2πs) = ±1. [More accurately, the spin statistics of the
fusion outcome of two anyons contain not only the spin statistics
of each individual anyon (from their modular T matrix), but also
their mutual statistics from their relative angular momentum (from
their modular S matrix). Here, spin 1/2 is allowed for intrinsically
fermionic systems.]

35Since all five theories are fermionic spin TQFTs, we can specify
various spin structures on the T 2 to characterize the GSD. There
are four choices corresponding to the periodic (P) or antiperiodic

IV. DOMAIN WALL THEORY AND TENSION

As reviewed in the Introduction, the proposal of [15] sug-
gests a percolation transition involving puddles of Pf and APf
phases separated by domain walls. To this end, we consider
the model (4) on the slice of parameter space with time-
reversal symmetry preserved, i.e., modd = 0. We would like
to study some basic properties of the domain walls, from the
EFT point of view, that result when time-reversal symmetry is
spontaneously broken.

Let us ignore the discrete gauge field which couples to the
fermions, for now, and write the Lagrangian as (in the mostly
positive Lorentzian signature)

L =
∑
i=1,2


i
(i/D − gφ) i + m(

1
1 − 

2
2)

+ 1

2
(∂μφ)(∂μφ) − 1

4
λ(φ2 − v2)2. (29)

(A) boundary conditions along each of two 1-cycles of T 2: (P,P),
(A,P), (P,A), and (A,A). The Hilbert space up to an isomorphism
only depends on the fermionic parity Z f

2 (the Z2 value of the Arf
invariant). The fermionic parity Z f

2 is odd for (P,P), and the Z f
2 is

even for (A,P), (P,A), (A,A). We denote the corresponding spin 2-tori
T 2 as T 2

o for odd and T 2
e for even. The ground states on T 2

o or on
T 2

e can come from different states. The six ground states on T 2 in
Tables I, II, and III, depending on T 2

o or T 2
e , are chosen differently

among 12 line operators. The eight ground states on T 2 in Tables IV
and V, depending on T 2

o or T 2
e , are chosen differently among 16 line

operators. In fact, rigorously speaking, only the (P,P) sector stays the
same sector under the modular SL(2,Z)’s S and T transformations,
while (A,P), (P,A), and (A,A) permute to each other under the mod-
ular S and T . The boundary conditions P and AP are also known as
Ramond and Neveu-Schwarz sectors, respectively, in string theory.
See more discussions about the spin structure dependence in [49–51].
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The vacua are doubly degenerate, with the vevs given by
±v where v ≡ μ/

√
λ. Throughout this section, we assume

without loss of generality that m, g � 0.
The classical solution for a static domain wall is, as usual,

φ0(z) = μ√
λ

tanh
μ(z − z0)√

2
(30)

with z0 the center-of-mass coordinate.36 We assume that the
effective perturbative expansion parameter in the scalar sector
λ/μ is small to validate the semiclassical analysis that we per-
form presently. The classical action evaluated on the domain
wall saddle is

Sφ[φ0] = 2
√

2

3

μ3

λ

∫
d2x , (31)

where d2x is over the parallel directions to the domain wall,
and the transverse z direction has already been integrated over.
Divided by the area world-volume area

∫
d2x, this famously

gives the classical domain wall tension [52,53]

σcl = 2
√

2

3

μ3

λ
. (32)

For nonzero fermion mass, the two vacua are gapped.
At energies smaller than the (2 + 1)D bulk gap, we have
well-defined (1 + 1)D domain wall theories. To derive the
domain wall theories, we first analyze the fermionic zero
modes (which survive the low-energy limit) in Sec. IV A, and
then proceed to quantize the zero modes to obtain the domain
wall theories in Sec. IV B. We then study another aspect of the
domain walls (their tension), and we do so at one-loop order.

A. Fermionic zero modes in the domain wall background

In the semiclassical approximation, the transverse profile
of fermion modes solves the Dirac equation in the domain wall
background:(

εrγ
0 + iγ 1 ∂

∂z
± m − gφ0(z)

)


j
0 (z) = 0. (33)

We have, for the moment, suppressed dependence on the
spatial direction parallel to the domain wall. We use the Ma-
jorana basis for � matrices γ 0 = −iσ y, γ 1 = σ z, γ 2 = σ x,
and write the two-component spinors explicitly as  j (z) =
(u j

r (z), v j
r (z))T, j = 1, 2 (so the top component is of definite

chirality and the bottom component has the opposite chiral-
ity). With these conventions, the above equation becomes(

− ∂

∂z
± m − gφ0(z)

)
v j

r = εru j
r (z),(

∂

∂z
± m − gφ0(z)

)
u j

r = −εrv
j
r (z).

We are interested in the zero modes, which survive the low-
energy limit. For ε0 = 0, we can solve these equations in the

36One also has an antidomain wall of the opposite overall sign; we
will focus on the properties of the domain wall.

classical domain wall background:

u1
0(z) = ψ1

0,+e−m(z−z0 ) cosh

(
(z − z0)

μ√
2

)√
2g√
λ

, (34)

v1
0 (z) = ψ1

0,−em(z−z0 ) cosh

(
(z − z0)

μ√
2

) −√
2g√
λ

, (35)

and

u2
0(z) = ψ2

0,+em(z−z0 ) cosh

(
(z − z0)

μ√
2

)√
2g√
λ

, (36)

v2
0 (z) = ψ2

0,−e−m(z−z0 ) cosh

(
(z − z0)

μ√
2

) −√
2g√
λ

. (37)

Let us discuss the properties of the zero modes in the Pfaf-
fian and anti-Pfaffian regime m < gv and the PH-Pfaffian
regime m > gv. These properties will be the key in our subse-
quent determination of the respective domain wall theories in
Sec. IV B.

When m < gv, since the solution for u j
0(z), j = 1, 2, is not

normalizable, we set both ψ
j

0,+ = 0 and are therefore left with

two complex parameters ψ
j

0,−, which constitute our expected
four real fermionic zero modes of a single chirality (thus, they
correspond to four chiral Majorana fermions). In the extreme
limit of m � gv, the zero modes satisfy  ∼ †σ2 = 0,
and hence do not back react on the scalar via the equations of
motion.

When m > gv, the fermions delocalize and are essentially
described by plane-wave solutions. For each Dirac fermion,
the normalizable edge modes of opposite chiralities survive
on different sides of a half-space:

Fermion z � z0 z � z0

1 (mass m > 0) ψ1
− ψ1

+
2 (mass −m < 0) ψ2

+ ψ2
−

The semiclassical limit μ/λ � 1 is also a “hard-wall”
limit, in which the soliton solution tends toward a steep
step function at z = z0 with an insurmountable height barrier.
Then, we can indeed consider the normalizable edge modes on
two half-spaces that can only interact via possible couplings
on the interface. Among the relevant interactions, a (1 + 1)D
Majorana mass term for each fermion species, induced from
the bulk mass term, can survive precisely on the wall, and gaps
out the fermionic degrees of freedom at low energies. This is
rather analogous to wall-localized supersymmetric couplings
that appear in [54].

B. Domain wall world-volume theory in (1 + 1)D

There is a natural proposal for the domain wall world-
volume theory following from simple anomaly considera-
tions. It is the O(2) Wess-Zumino-Witten (WZW) model cou-
pled to two massless complex Dirac fermions by a common
Z2 orbifold that acts as the charge conjugation in O(2). The
chiral anomaly accounts for the relative shift of the Chern-
Simons level in the two bulk vacua. Since the U(1) part of the
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gauge field is confined in (1 + 1)D, the theory naturally flows
to Z2 coupled to two complex fermions. The domain wall
theory has O(4)/Z2 symmetry which rotates the four massless
real fermions. This is consistent with the proposal in [15].

Let us now derive the domain wall world-volume theory
from first principles to verify this intuition. For the moment,
we will ignore the presence of the discrete gauge field, and
reinstate its effect at the end. The vacua, which spontaneously
break the time-reversal invariance, occur at 〈φ〉 = ±v. The
fermions in each of these vacua have tree-level masses ±m +
g〈φ〉 = ±m ± gv.

To get the (1 + 1)D domain wall theories, we wish to quan-
tize the zero modes in the two regimes of interest m < gv and
m > gv. We first describe a sector of the world-volume theory
without fermions, and then describe the interesting fermionic
sector alluded to above. In the following, all quantities are
the renormalized versions, as we imagine having already inte-
grated out the bulk massive modes.

Goldstone mode. Since the domain wall breaks transla-
tional invariance, there is an effective action for the bosonic
Goldstone center-of-mass mode. It arises from promoting the
modulus37 z0 ∈ R adiabatically to functions of the world-
volume directions m ∈ (t, x). Integrating over z and dropping
a standard additive constant (hence our use of ∼ below)
gives

LG[z0] = 1

2

∫
dz((∂zφ0)2 + (∂mz0(x, t )∂zφ0)2)

∼ σcl

2
(∂mz0(x, t ))2, (38)

where the bosonic tension is

σcl = 2
√

2

3

μ3

λ
, (39)

in agreement with the tension (32) derived from evaluating
the classical (effective) action on the domain wall solution.
We neglect irrelevant higher-derivative terms in the fluctuation
z0(x, t ).

Wess-Zumino-Witten (WZW) models. Since the Chern-
Simons sector of the bulk theory does not interact with the
degrees of freedom on the wall except via the Z2 gauging of
the fermions, the domain wall is transparent to the continuous
gauge degrees of freedom. As is well known, the (1 + 1)D
theory that furnishes a trivial interface for a Chern-Simons
gauge field is the corresponding WZW theory.

This bulk Chern-Simons term on the two sides of the wall
contributes a diagonal CFT on the wall due to the opposite
orientations with respect to the bulk. The theory on the wall
can be constructed as follows. First, we start with the bulk
theory SO(2)2 = U(1)2 on both sides of the wall, so that the
theory on the wall is naturally a compact boson at the self-dual
radius. Then, we deposit additional L units of Z2 symmetry-
protected topological (SPT) phases in the bulk, which induce

37Here, the term modulus refers to a massless scalar field with
trivial potential (at least, at the order to which we are working in
the derivative expansion; we discuss this more below). It has the
geometric interpretation of being the center-of-mass coordinate of
the domain wall.

additional fermions on the wall. The amount L of Z2 SPT
phases appropriate for each phase was discussed in Sec. II C,
which we summarize here for the convenience of the reader:

Phase L

PH-Pfaffian 1
Pfaffian −1
Anti-Pfaffian 3 ≡ −5 mod 8

Finally, we gauge the diagonal Z2 symmetry of the entire
configuration that acts as charge conjugation on the SO(2)
gauge field. This introduces a single Z2 gauge field throughout
the bulk and on the wall. In other words, at the interface we
identify the Z2 gauge field on the left side of the wall with the
gauge field on the right. We may employ the relation among
Chern-Simons theories

SO(2)2
gauging Z2−−−−−→ O(2)2,L = U(1)8 × TL

Z2
, (40)

where the theories TL, L mod 8 are described in Appendix E.
In the PH-Pfaffian regime, we have L = 1, and the con-

tribution from the bulk on one side is given by gauging
a diagonal Z2 symmetry in the product of a left-moving
compact boson ϕ at the self-dual radius and a right-moving
Majorana fermion ζ R. The contribution from the other side of
the wall is the same with left exchanged with right. Of course,
the chiral anomaly of this sector from both sides of the wall is
trivial.

In the Pfaffian and anti-Pfaffian regimes, an interface inter-
polating between the Pfaffian and anti-Pfaffian WZW theories
differs from this basic one (L = 1) by precisely four additional
Majorana fermions of the same chirality. On the Pfaffian side
of the wall we have a left-moving compact boson and a left-
moving Majorana fermion, while on the anti-Pfaffian side we
have a right-moving compact boson and five right-moving
fermions as appropriate for the theories with L = −1 (3 ≡
−5), respectively. Both sides are again gauged by a single Z2

gauge field. We denote the discrete Z2 gauge field below as a,
which implements a projection on the spectrum, on the  j as
well as ϕ, ζ .

Therefore, the domain wall theory before the contribution
of the SPT-induced fermions is

SG[z0] + SWZW[a, ζ , ϕ] (41)

in the obvious notation, where the superscript WZW denotes
the appropriate WZW model for a given phase. The theory for
the fermions that the SPT phases deposit on the wall will now
be derived using our previous analysis of bulk fermionic zero
modes in Sec. IV A.

Fermionic sector. Let us study the Pfaffian and anti-
Pfaffian regime m < gv in the extreme limit of m = 0. We take
the normalizable zero modes ψ0,− and promote them to world-
volume fields. We substitute the corresponding solutions in
terms of two complex Weyl fermions (34) and (36) into the
Lagrangian (29) to obtain

LPf/APf[a, ] ∼ σ̃
∑
i=1,2

ψ
i
0,−(x, t )( i/Da)ψ i

0,−(x, t ), (42)
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where all derivatives only run over the world-volume coordi-
nates k = x, t , and we have used the superscript to indicate
that this is the domain wall theory that interpolates between
the Pfaffian and anti-Pfaffian vacua. The coefficient of the
kinetic term σ̃ is38 given by the integral

σ̃ =
∫ ∞

−∞
dz cosh[μ(z − z0)/

√
2]−

2
√

2g√
λ

=
√

2π

μ

�
(√

2g√
λ

)
�
(

1
2 +

√
2g√
λ

) , (43)

which in the limit of small Yukawa coupling becomes

σ̃ ∼
√

λ

μg
. (44)

The gauge field couples to the fermions on the wall ex-
actly as it did in the bulk. Note that the WZW sector
is almost decoupled from the fermions except for the Z2

gauging.
In the PH-Pfaffian regime m > gv, let us set g = 0 for

simplicity, and use the plane-wave solutions on opposite sides
of the walls. Doing the respective integrals for the surviving
zero modes over the two half-spaces (z � z0, z � z0) then
gives

LPHPf[a, ] = m

μ

[
ψ1

0,+(x, t )ψ1
0,−(x, t ) − ψ2

0,+(x, t )ψ2
0,−(x, t )

]
+ 1

2m

∑
i=1,2

ψ
i
0(x, t )( i/Da)ψ i

0(x, t ) , (45)

where now the superscript indicates that the domain wall
theory is for the PH-Pfaffian phase.39 The mass term gaps out
the fermions at low energies, hence, only the Goldstone and
WZW sectors of the domain wall theory survive on the wall.

The analysis of the zero modes in the two extreme regimes
also suggests a natural candidate domain wall theory (in
the universality class of the theory) that describes the wall’s
phase transition: a (1 + 1)D Z2-gauged Gross-Neveu-Yukawa
theory [suppressing the dependence of the fields on the world-
volume coordinates (x, t )]40

Lwall = − 1

2
(∂ϕ)2 + g2

2ϕ
2 − g4

4
ϕ4 − g3φ(ψ

1
ψ1 − ψ2ψ2)

+
∑

j

ψ
j
( i/Da)ψ j . (46)

38Although we call this coefficient σ̃ , due to its formal similarity
with σ as computed in Eq. (38), we stress that it is not to be confused
with the tension. The fermionic contribution to the tension will be
computed in later subsections.

39The appearance of 1/μ is not only expected by dimensional
analysis. Recall from Sec. IV A that the plane-wave solutions on
opposite sides of the wall overlap in the vicinity of the wall, where
a mass coupling is possible. On the domain wall, the mass term is
therefore proportional to the width of the wall, which is 1/μ.

40Analogous studies and proposals of domain wall world-volume
theories were made in the context of domain walls in four-
dimensional QCD at θ = π [55] or four-dimensional SU(2) Yang-
Mills gauge theory at θ = π [56].

Here, the condensation of the scalar σ as we tune the scalar
mass term implements the phase transition between the two
regimes. If we canonically normalize the fermions in LPHPf,
then the coefficient of the mass term becomes m2

μ
, so that we

set m2

μ
∼ g3g2√

g4
, which naively suggests g4 ∼ μ2, g3 ∼ g2 ∼ m.

We defer a more detailed analysis for future work.

C. One-loop effective action and tension

Let us return to our (2 + 1)D bulk theory and study the
(Euclidean) effective action and the domain wall tension from
integrating out fermions at one loop.41 We ignore the Z2

gauging and revisit its effect toward the end.
Consider expanding the theory in transverse fluctuations

around a saddle φ = φ0 + χ , where φ0 could be either the
vacuum saddle φ0 = ±v or the domain wall saddle (30). The
matter part of the action then takes the form

Sbulk = 2
√

2

3

μ3

λ
+ Sfluct + Sct, (47)

where [suppressing the (2 + 1)D space-time dependence of
the fields]

Sfluct =
∫

d3x
1

2

{
χ

(
− ∂2

∂z2
− μ2 + 3λφ2

0

)
χ

+ λ

(
φ0χ

3 + 1

4
χ4

)}
+
∑
i=1,2


i
i/DC i

+ + m(
1
1 − 

2
2)

+
∫

dz

{
−g

∑
i=1,2

(φ0 + χ )
i
 i

}
(48)

is the action for the fluctuations. We will study the countert-
erms Sct below.

1. Effective action at φ0 = v

At one-loop order around the vacuum saddle φ0 = v, there
are terms in the fluctuation action that contribute to 〈χ〉 via
tadpole diagrams:

−gχ
i
 i + λvχ3. (49)

We need to include counterterms to cancel the tadpole so that
the location of the vacuum remains fixed 〈φ〉 = v. Explicitly,

Sct = − 1

2
δbμ

2
∫

d3x φ2 − 1

2
δ f μ

2
∫

d3x φ2 ,

δbμ
2 = λv

∫ � d3k

(2π )3

1

k2 + μ2
,

δ f μ
2 = 2g

∫ � d3k

(2π )3

[
g + m/v

k2 + (gv + m)2
+ g − m/v

k2 + (gv − m)2

]
,

(50)

41Y. Lin thanks C.-M. Chang and D. Simmons-Duffin for useful
discussions.

043242-18



EFFECTIVE FIELD THEORY FOR FRACTIONAL QUANTUM … PHYSICAL REVIEW RESEARCH 2, 043242 (2020)

χχ
Ψ

FIG. 8. Fermionic one-loop renormalization of the fluctuating
scalar mass.

where δb and δ f denote counterterms that arise from consider-
ation of bosonic χ and fermionic  i loops, respectively, and
� is a UV cutoff.

The mass of the fluctuating χ field is given by
√

2μ at
tree level, but gets corrected at one loop, with the Feynman
diagram given in Fig. 8. Since we want to focus on the effect
of the fermions, let us ignore the bosonic loop corrections for

now. The one-loop effective action from integrating out two
Dirac fermions with masses ±m and coupled to the scalar with
Yukawa coupling g is

δ f Leff = ln
det Dφ=v+χ

m,g

det Dφ=v
m,g

det Dφ=v+χ
−m,g

det Dφ=v
−m,g

− 1

2
δ f μ

2[(v + χ )2 − v2], (51)

where Dφ
m,g is the effective Dirac operator

Dφ
m,g ≡

(−∂1 + m + gv + gχ − i∂0 − ∂2

i∂0 − ∂2 ∂1 + m + gv + gχ

)
.

(52)

When m = gv, the leading terms in the derivative expansion amount to treating χ as a constant:

δ f Leff =
∫

d3k

(2π )3

{
ln

k2 + (m + gv + gχ )2

k2 + (m + gv)2

k2 + (m − gv − gχ )2

k2 + (m − gv)2
− g[(v + χ )2 − v2]

[
g + m/v

k2+(m + gv)2
+ g − m/v

k2 + (m − gv)2

]}

=

⎧⎪⎨⎪⎩
− g2v2−m2

2π |gv| (gχ )2 − 1
3π

(gχ )3, m < gv

− 1
6π

(gχ )3, m = gv

0, m > gv.

(53)

We see that the mass of χ is renormalized as

2μ2 = 2μ2
cl + g2v2 − m2

π |gv| g2θ (g2v2 − m2), v = μ√
λ

.

(54)

In what regime can we trust this result? Let us estimate this
by computing some higher-derivative terms in the one-loop
effective action. For a single Dirac fermion with mass m, the
first few higher-derivative corrections quadratic in χ are

δ f S(2)
eff = −g2

2
χ

(
1

12π |m − gv|∂
2 + 1

240π |m − gv|3 ∂4

+O(∂6)

)
χ + O(χ3), (55)

with some computational details given in Appendix G 1.42

Estimating the ∂2 for bosonic fluctuations by the mass
√

2μ,
we find that the higher-derivative corrections are suppressed
by factors of |m − gv|/μ. Thus, our result is a reasonable
approximation in the regime

|m − gv|
μ

� O(1). (56)

We will come back to this at the end of Sec. IV C 2.

42To apply the results of Appendix G 1, make the replacement
m → m − gv.

2. Domain wall tension

To evaluate the one-loop corrections to the tension, we will
closely follow the method of [57] (see also [58]). First, we
formulate the theory in a Euclidean box with half-length L in
the z direction and area V|| in the world-volume directions, so
that the energy density is given in terms of the effective action
� as

σ = limL,V‖→∞
�(φ0)

V‖
, (57)

under a scheme such that the expectation values of the vacua
±v are unrenormalized, and the effective action is normalized
to vanish when evaluated on the vacua ±v.

Formally, the full one-loop correction to this quantity re-
ceives contributions from the classical term σcl [taking the
form of (32) with μ renormalized], the quantum correction
σqu, and the counterterms σct:

σ = σcl + σqu + σct (58)

=
∫

dz[L(φ0) − L(v)] + limL,V‖→∞

(
1

2V‖
ln det

	

	(0)

)
.

(59)

The operators 	,	(0) are the inverse propagators of a fluc-
tuating field in the soliton background and in the vacuum
(trivial background), respectively. The central idea of [57]
is that the fluctuations are independent of the world-volume
coordinates and may therefore be partially diagonalized by
a Fourier transform in those directions. Then, the ratio of
functional determinants can be related to a ratio of solutions
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of ordinary differential equations, which is then (numerically)
integrated over the transverse coordinates.43

First, we express the one-loop tension in terms of the renor-
malized parameters of the theory. As is standard [57,59,65],
the renormalized scalar mass μ can be related to the bare mass
μbare by a one-loop computation in the perturbative sector of
the fluctuation theory, i.e., in one of the two degenerate ground
states. We follow [57] and use the MS scheme to fix the
counterterms, and require that, as discussed above, the tadpole
diagrams are canceled by the counterterms. This coincides
with the condition to fix the renormalized mass by requiring
〈φ〉 = ±√6μ2/λ.44

The full one-loop tension can be broken up into a sum of
the classical tension and the bosonic and fermionic one-loop
contributions of the form45

σ = 2
√

2

3

μ3

λ
+
[
δbσqu

μ2

]
μ2 +

[
δ f σqu

μ2

]
μ2, (60)

where μ is the renormalized scalar mass, [δbσqu/μ
2] is a

dimensionless constant, and [δ f σqu/μ
2] is a dimensionless

quantity with the following functional dependence on a di-
mensionless fermion mass w and a dimensionless Yukawa
coupling γ :[

δ f σqu

μ2

]
(w, γ ), w ≡ m

μ

√
λ

g
, γ ≡ g√

2λ
. (61)

The normalization of w is chosen such that at w = 1, the
effective mass m − gv of one of the Dirac fermions vanishes.
The normalization of γ is chosen so that γ = 1, ν = 0 cor-
responds to the N = 1 supersymmetric point in the case of a
theory with a single Majorana fermion.

The classical piece of the domain wall tension in (60) with
one-loop renormalized scalar mass is

σcl = 2
√

2

3λ

[
μ2

0 + g2v2 − m2

2π |gv| g2θ (g2v2 − m2)

]3/2

, (62)

where the domain wall tension is renormalized at one loop
by the bosonic χ fluctuations alone. In relative terms, this
correction is

δ f σcl

σcl
∼ g3v

μ2
∼ g3

μ
√

λ
∼ λ

μ
γ 3, (63)

which is small in the semiclassical approximation with γ ∼
O(1). There is a first-order transition in the domain wall

43This bypasses numerous technical complications appearing in
more traditional methods, and in particular provides a convenient
way to deal with the regularization of sums of zero-point energies
in different topological sectors. See, however, [52,59–61] for results
in (1 + 1)D using analytic solutions of the fluctuation spectra and
[62–64] for other approaches based on making successive Born ap-
proximations for scattering phase shifts.

44The quartic coupling is only renormalized by a finite amount.
45The coefficient [δbσqu/μ

2] is also, in general, a function of
the dimensionless scalar coupling λ/μ. We take λ/μ to be small
throughout our analysis for the semiclassical approximation, and just
consider the leading-order λ-independent contribution.

tension at the critical point m = gv, but we expect it to be
smoothed out by higher-order corrections.

We can now determine [δbσqu/μ
2], [δ f σqu/μ

2] using the
technology of [57]. Since χ only self-interacts at one loop, and
since the relevant computation was performed in [57], we can
simply borrow their result, which was computed in dim-reg
in terms of the analytically continued dimension n, and take
n → 3. The result is[

δbσqu

μ2

]
= 3μ2

16π
[ln(3) − 4] ∼ −0.17. (64)

It remains to determine the integral encapsulating the quantum
fermionic contributions to the tension, following [57]. As
always, we would like to keep λ/μ small. In addition, we
also want the Yukawa coupling to be small to suppress large
backreaction by the fermions, but we can keep the ratio g2/λ

finite. Of course, when g = 0, δ f σqu = 0.46

Including the counterterm (50), the formula for the quan-
tum one-loop tension from integrating out the fermions is

δ f σqu = − ln
det Dφ=φ0

m,g

det Dφ=v
m,g

det Dφ=φ0
−m,g

det Dφ=v
−m,g

+ F
∫ � d3k

(2π )3

[
g(g+m/v)

k2+(gv + m)2
+ g(g − m/v)

k2 + (gv − m)2

]
,

(65)

where

Dφ=φ0
m,g ≡

(−∂z + m + gφ0(z) − i∂0 − ∂2

i∂0 − ∂2 ∂z + m + gφ0(z)

)
(66)

and

F =
∫

dz

[
φ0(z)2 − μ2

λ

]
= −2

√
2

μ

λ
. (67)

This formal expression (65) can be evaluated explicitly as
outlined in Appendix G 2. The results are shown in Fig. 9,
expressed in terms of the dimensionless variables ν and γ

defined in (61). Some notable features are as follows:
(i) The quantum one-loop correction to the tension δ f σqu

is of the same order as the correction from one-loop mass
renormalization, namely, δ f σqu ∼ δ f σcl ∼ O(μ2γ 3).

(ii) Both are monotonically decreasing with respect to the
fermion mass m.

(iii) The effect diminishes rapidly once the mass m in-
creases past the critical point m = gv. Note that there is no
mass renormalization at all for m > gv.
The qualitative dependence of the domain wall tension on the
fermion mass m is shown in Fig. 10.

The validity of the lowest-order approximation in the
derivative expansion was analyzed earlier, and the estimate
(56) translated to dimensionless quantities becomes

|w − 1| � O(1)

γ
. (68)

46An analogous computation performed in a supersymmetric the-
ory with a single Majorana fermion and g = √

2λ in [58] gives
δbσ

SUSY
qu + δ f σ

SUSY
qu = −μ2/4π . We reproduce this result.
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FIG. 9. (a) The fermionic quantum one-loop correction δ f σqu to
the domain wall tension. (b) The mass renormalization and quantum
one-loop correction combined. The dimensionless fermion mass w

and Yukawa coupling γ are defined in (61), and notice that we have
divided out by μ2γ 3. The region near w = 1 (m = gv) is blocked out
because the fermions become light and higher-derivative corrections
become important.

Pf |APf PHPf |PHPf

m

Tension

gv

σcl

FIG. 10. Qualitative dependence of the domain wall tension on
the fermion mass m, which is a proxy for the disorder strength �.
The critical line m = gv separates the Pf/APf and PHPf regimes, and
σcl denotes the semiclassical tension in the absence of fermions.

As long as γ is O(1), the one-loop tension to leading order
in the derivative expansion is a valid approximation when m
is sufficiently large. Furthermore, if the Yukawa coupling g is
large enough relative to λ, then we can also trust our results in
some neighborhood of small m.47 Finally, we have assumed
that the couplings λ and g are small relative to the masses w

and m, therefore, the higher-loop corrections and corrections
involving more powers of χ are suppressed.

3. Effect of gauging

Let us discuss the effect of the Z2 gauge field on the
one-loop tension. Recall that the Z2 gauge field acts as  j →
− j and leaves the scalar untouched. In the path integral,
having a discrete gauge field amounts to summing over its
holonomies. For a domain wall interpolating between two
vacua, the Euclidean space-time is R3 with no boundary or
nontrivial cycle, so it is unclear whether the gauging has any
effect on the tension at all, even nonperturbatively. On a space-
time with nontrivial cycles, it is logically possible that the
sum over holonomies introduces new saddles that dominate
over the original saddle (trivial holonomy), but such effects
go beyond perturbation theory.

In fact, for the sake of argument, let us imagine that the Z2

is a subgroup of a continuous U(1) gauge symmetry acting on
the fermions as  j → e i α j , with associated gauge connec-
tion A. In the one-loop effective action from integrating out
the fermions, to lowest order in the derivative expansion there
in principle is a coupling of the form (∂μχ ) Aμ. However,
we find that the coefficient of this term is zero by an explicit
computation in Appendix G 1. Thus, the U(1) gauging has no
effect at the order of our approximation.

V. CONCLUSION AND FUTURE DIRECTIONS

In this work, we have presented an effective field theory
that captures the qualitative features of the phase diagram
proposed in [15] to describe the ν = 5/2 fractional quantum
Hall system. We also studied some simple properties of do-
main walls present at the time-reversal-symmetric locus (or,
in condensed-matter terminology, the particle-hole-symmetric
locus), including their effective world-volume theory and their
tension, computed to one-loop order in a semiclassical ap-
proximation. The tension computed with the EFT is lower in
the PH-Pfaffian phase than in the Pfaffian/anti-Pfaffian phase,
suggesting that the former phase may in fact be energetically
favored over the latter in the presence of domain walls. This
may explain the percolation transition, and serve as a resolu-
tion of the dilemma between the experiment [10] (favoring
PH-Pfaffian) and bulk energetics studies [18–27] (favoring
Pfaffian/anti-Pfaffian). We leave a more exhaustive and com-
plete study of bulk and domain wall energetics to future work.

We make some additional remarks related to the bulk and
domain wall systems.

47This may seem paradoxical at first since the fermions clearly
have no effect when g = 0. However, we are interested in the de-
pendence of the tension on the fermion mass m. When g is small, this
dependence is small, but the higher-order corrections relative to the
approximate dependence is large.
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(1) Pf | APf domain wall vs PHPf |PHPf domain wall.
The Pf | APf domain wall is well defined when particle-hole
(PH) symmetry is broken, with two different vacua on two
sides of bulk. But, what do we mean by PHPf | PHPf domain
wall since PHPf presumably has a PH-symmetry preserving
bulk?48 An answer is that in our EFT, the two vacua of the
Higgs potential shown in Fig. 5 indeed both break the PH
symmetry:

(a) The left side of Fig. 5 gives vacua of the PH-
symmetry breaking phases Pf and APf.

(b) The right side of Fig. 5 gives two vacua both in
the PHPf phase, but the two PHPf vacua are exchanged
by PH symmetry. We could have alternatively considered
the Higgs potential with the sign of the φ2 term flipped
when we are in the PHPf phase: if so, we would have
a single PH-symmetry preserving vacuum. But to impose
that the φ2 term flips sign49 around the energy scale m = gv
would require a less natural fine tuning on our EFT. How-
ever, the fine tuning could potentially be avoided in the
following way. Consider the region near m = gv, where
the φ2 term sign does not flip “by hand,” but rather the
sign flip is induced by the following mechanism. The PH-
symmetry breaking Pf | APf domain wall can transition
to the PH-symmetry breaking PHPf | PHPf domain wall,
but the (1 + 1)D PHPf | PHPf domain wall percolation
may then induce a (2 + 1)D bulk transition to the PHPf
phase, which would restore the PH symmetry dynamically.
We propose that this mechanism indeed occurs, while our
proposal requires future study.
(2) We contrast the order of quantum phase transitions

from two perspectives: (i) the domain wall percolating picture
[15] versus (ii) our EFT.

(a) At zero disorder � = 0, both (i) and (ii) have a
first-order discontinuous phase transition due to PH (or
CT ) breaking and the discontinuity jump at domain wall.

(b) At nonzero but small disorder at � < �1 along the
vertical axis ν = νc, the case (ii) gives a first-order transi-
tion, while the case (i) can have a second-order transition,
or a first-order transition effected by disorder broadening
the phase boundary (which can result in a new second-
order transition within the broadening region).

(c) Away from the axis ν � νc but within topological
orders in the phase diagram Fig. 3, we have second-order or
continuous transitions derived in our EFT for the case (ii)
due to the continuous deformation of mass sign flipping. In
the case (i), the percolation phase transition can be indeed
a second-order transition, at least in the free-fermion limit,
chiral fermions running on the percolation domain walls
where the length scale of puddle diverges at the transition.

(d) The upper phase boundary � > �2 from the topo-
logical orders to the thermal metal is also a second-order
or continuous transition, for both cases (i) and (ii).
Physically, this transition is similar to an insulator-metal
transition driven by strong disorder known as Anderson

48We thank D. T. Son for raising this question.
49For fine tuning, one can let μ2

2 φ2 such that μ2 > 0 when m < gv,
while μ2 < 0 when m > gv.

localization-delocalization transition, which is a second-
order continuous transition.
(3) Our EFT should encode the universality class of gap-

less topological quantum phase transitions. In our case, we
have a second-order continuous phase transition controlled by
a free CFT given by (2 + 1)D Dirac or Majorana fermions
whose masses flip sign. Naively, the O(2) gauge sector does
not directly affect the dynamics and universality class. It will
be important to explore further the nature of the phase transi-
tions.

(4) We may contrast the emergent global symmetries on
the (1 + 1)D domain wall [from lower to higher disorder:
O(4) → O(2) × O(2) → ZF

2 [15]] with the (2 + 1)D bulk
global symmetries of our (2 + 1)D EFT (from lower to higher
disorder: O(4)

Z2
→ O(2)×O(2)

Z2
→ ZF

2 ). The two global symme-
try patterns are almost equivalent, but differ by finite group
sectors. It turns out that we can also formulate an alter-
native EFT (by modifying the deformation parameters of
the original QFT) to exactly match the bulk and domain
wall global symmetry patterns. This will be left for further
exploration.

(5) Our EFT can choose either two versions PH-Pfaffian±,
depending on how (CT )2 assigns to the anyons (they are
the same topological order, but different symmetry-enriched
topological orders). PH-Pfaffian+/− have different anomaly,
with an anomaly index ν = 0 or 8 ∈ Z16, of CT symmetry.
If the ν = 5/2 system in the laboratory has PH-Pfaffian+/−
order, then we have less/more IR constraints from the
ν = 0 or 8 anomaly. Moreover, other than this pure CT
anomaly, there is also a CT -PO(4) mixed anomaly. The
’t Hooft anomaly implies that the associated global sym-
metry (such as CT ) is not strictly local and onsite, but it
is an emergent global symmetry at low energy and long
distances.

We conclude with an incomplete list of additional ques-
tions and future directions raised by this study. Of course,
most interesting is whether the proposal of [15] indeed pro-
vides the correct microscopic description of the ν = 5/2 state.
If so, we hope our EFT provides a useful conceptual frame-
work for studying aspects of this system.

(6) Our effective field theory is a standard relativistic QFT,
though various nonrelativistic EFTs have been proposed to
study quantum Hall systems (see, e.g., [6,7]). Is there a useful
nonrelativistic bulk EFT description of this system?

It is worthwhile to note that our EFT is a (su-
per)renormalizable QFT in (2 + 1)D, and it is UV complete
by itself. Although our EFT does not require a further UV
completion at higher energy, it may still be helpful to un-
derstand how this relativistic EFT can be obtained from RG
flow from a nonrelativistic EFT, the electron wave func-
tions, or a lattice model at the condensed-matter UV cutoff
scale.

(7) We computed the tension of the domain walls in an
approximation where λ/μ � 1. Roughly speaking, λ and
μ, respectively, govern the height and width of the domain
walls, so that the limit corresponds to studying rigid and
thick walls. It would be interesting to determine if the do-
main walls, assuming they are indeed realized in the ν =
5/2 system, actually satisfy this limit so that our tension
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result can be used reliably to understand energetics of the
system.

(8) It may be that the particle-hole symmetry is explicitly,
weakly broken in the experimental setup. If so, the domain
walls would be metastable. It would be instructive to compute
the decay rate for these walls in our EFT when one turns on
our small but nonvanishing modd deformation.

(9) It would be very instructive to compute the spin-
structure-dependent ground-state degeneracy by performing
an explicit path integral in our EFT. Such a quantity could
potentially be measured in a real experimental setting if one
fixes the boundary conditions of the laboratory sample, i.e.,
periodic or antiperiodic boundary conditions, similar to those
on a spatial 2-torus.
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APPENDIX A: GRAVITATIONAL CHERN-SIMONS TERM
AND THERMAL HALL RESPONSE

Any 3-manifold has a spin connection ω. Explicitly, in
terms of the frame metric ηab = gμνeμ

a eν
b and the coframe

ea
μeμ

b = δa
b

ωi
jμ = ei

ν�
ν
λμeλ

j + ei
ν∂μeν

j , (A1)

where � is the Christoffel symbol. The fermion spinor field
of spin 1/2 couples to the spin connection as ∇ = ∂ − 1

2ω.
Integrating out one massive Majorana fermion ψ gives the
gravitational spin Chern-Simons term for positive mass m
compared to negative mass:

Zψ,m�0

Zψ,m�0
= exp

(
i
∫

M3

CSgrav d3x

)
. (A2)

More explicitly,

CSgrav d3x = 1

192π
Tr

(
ω dω + 2

3
ω3

)
. (A3)

The spin gravitational Chern-Simons term contributes to the
thermal Hall conductivity by a chiral central charge c− =
−1/2.50

APPENDIX B: Z2 GAUGE THEORY IN (2 + 1)D

Fermionic SPT phases with an internal unitary Z2 sym-
metry are known to be classified by �

spin
3 = Z8. Denote the

background Z2 gauge field by B ∈ H1(M,Z2) for the space-
time M. Then, the partition function for the Z2 SPT phases
can be described using the invertible fermionic TQFT SO(L)1

with a special orthogonal SO(L) gauge group as follows:

e i fL (B) = (ZSO(L)1 [B])∗ZSO(L)1 , (B1)

where ZSO(L)1 [B] denotes the partition function of SO(L)1

coupled to B by the magnetic symmetry π
∫

w2(SO(L)) ∪ B,
while (ZSO(L)1 [B])∗ is its complex conjugate. Since SO(L)1 is
an invertible spin TQFT, the right-hand side is a phase that de-
pends on B, which gives the SPT phase fL(B) on the left-hand
side. By the property SO(L)1 × SO(L′)1 ↔ SO(L + L′)1, the
phase can be written as

fL(B) = L f (B) (B2)

for some f (B).
For an even L, we can use the property SO(2)1 = U(1)1

to express L f (B) = (L/2)2 f (B) as the U(1) × U(1) Chern-
Simons term − L/2

4π
B dB + 2

2π
B du with u constrains B to be

a Z2 gauge field. By the field redefinition u → u + B, we
find that for L = 8 the SPT phase is the same as L = 0. This
reproduces the Z8 classification of the SPT phases

L ∼ L + 8. (B3)

Gauging the Z2 symmetry with a dynamical gauge field
by summing over B gives rise to eight different Z2 gauge
theories. For L = 0 it is the untwisted Z2 gauge theory (the Z2

toric code), while for L = 4 it is the Dijkgraaf-Witten twisted
Z2 gauge theory (the so-called double-semion theory). See the
list of eight different Z2 gauge theories (where L ∈ even yields
an Abelian TQFT and L ∈ odd yields a non-Abelian TQFT)
in Table 2 of [49].

APPENDIX C: FERMION PATH INTEGRAL
AND COUNTERTERMS

Consider a (2 + 1)D Majorana fermion coupled to a Z2

gauge field B ∈ H1(M,Z2), and give it a large mass. The
fermion path integral depends on the sign of the mass, given
by

Z[B]m>0 = |Z| exp

(
π i

2
η(B)

)
, Z[B]m<0 = 1. (C1)

The Atiyah-Patodi-Singer (APS) index theorem relates the
exponential of the η invariant to the topological actions

exp
(π i

2
η(B)

)
= exp

(
i f (B) + i

∫
CSgrav d3x

)
, (C2)

50This can be understood from the fact that the invertible TQFT
U(1)−1 has partition function e2 i

∫
CSgrav [47], and thus 2CSgrav has

c = −1, so CSgrav has c = −1/2.
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where f (B) is the basic fermionic Z2 SPT phase with a Z2

background B, and
∫
∂Y CSgrav d3x = 1

192π

∫
Y Tr(R ∧ R) is the

gravitational Chern-Simons term. There are eight fermionic
SPT phases with Z2 symmetry 8 f [B] ∼ 0 mod 2π , and they
correspond to the eight pure Z2 gauge theories in (2 + 1)D
(some of them need a spin structure). We will call them the
eight levels of (2 + 1)D Z2 gauge theories; see Appendix B.
In our convention, the U(1)4 × U(1)−1 theory corresponds to
the sixth class.

The O(2) Chern-Simons gauge theory has two levels:
O(2)K,L with the level K ∈ Z associated with the instanton
number in 4d , while L represents eight Z2 gauge theories
L f (wO(2)

1 ), where w
O(2)
1 is the Z2-valued first Stiefel-Whitney

class of the O(2) bundle.
For massless Majorana fermions in the one-dimensional

representation odd under Z2 charge conjugation, we will write
the theory using the effective Chern-Simons levels

O(2)K,L CS + Nf ψ in 1odd + M CSgrav, (C3)

where M, L are integers if Nf is even, and half-integers if Nf

is odd. Integrating out a massive (2 + 1)D Majorana fermion
shifts the effective Chern-Simons level to be

m > 0 : O(2)
K,L+ 1

2
CS + (

M + 1
2

)
CSgrav,

m < 0 : O(2)
K,L− 1

2
CS + (

M − 1
2

)
CSgrav. (C4)

The difference between the shifts for different signs is given
by (C1) and (C2).

APPENDIX D: GAUGING ONE-FORM
SYMMETRY IN (2 + 1)D TQFT

Here we review some rules for gauging a one-form symme-
try in (2 + 1)D TQFT. For gauging a Z2 one-form symmetry
generated by the symmetry generator charge line a of integer
spin, the rules are as follows (see, e.g., [46,67–69]):

(i) Discard the lines that transform nontrivially under the
one-form symmetry. These are the lines (of objects charged
under the one-form symmetry) that braid nontrivially with a.

(ii) Identify every remaining line W with its fusion with a:
W ∼ Wa.

(iii) For the remaining lines that are fixed points under
fusion with a, there are two copies of the line.

In the corresponding chiral algebra, the procedure is equiv-
alent to extending the chiral algebra by a simple current that
obeys, together with the identity, the Z2 fusion algebra.

For instance, U(1)8k Chern-Simons theory has a Z2 sub-
group one-form symmetry generated by the Wilson line of
charge 4k with integer spin. The above procedure produces
U(1)2k Chern-Simons theory after gauging one-form Z2 sym-
metry. Another way to obtain the result is that gauging the
one-form symmetry makes the original U(1) gauge field b no
longer well defined, but b′ = 2b is a well-defined U(1) gauge
field. Expressing the original Chern-Simons term 8k

4π
b db in

terms of the U(1) gauge field b′ gives U(1)2k .

APPENDIX E: O(2)2,L CHERN-SIMONS THEORIES

In this Appendix, we summarize the (2 + 1)D O(2)2,L

gauge theories, which are fermionic spin Chern-Simons theo-

ries definable on spin manifolds. For the zero level of (2 +
1)D Z2 gauge theories [written in terms of O(2)K,L gauge
theories with L ∈ Z8 levels in the previous Appendix], the
O(2)2,0 gauge theory has the same chiral algebra as the U(1)8

gauge theory, and thus we have

O(2)2,0 CS ↔ U(1)8 CS. (E1)

In general, we denote the Lth Z2 gauge theory by TL (with
an action L f [B] for the Z2 gauge field B), and have the
equivalence

O(2)2,L CS ↔ U(1)8 × TL

Z2
CS, (E2)

where the quotient denotes gauging a diagonal Z2 one-form
symmetry generated by the composite line of the tensor
product of the charge-4 Wilson line in U(1)8 and the nontrans-
parent fermion line in TL [if we express TL ↔ Spin(L)−1 ×
SO(L)1, it is the Wilson line in the vector representation
of Spin(L)]. Here TL can be written as another Z8 class of
fermionic spin TQFTs [47,49] as the Spin(L)−1 × SO(L)1

Chern-Simons gauge theory in (2 + 1)D [37]. Explicitly, we
can express the relations with the following CS theories:

T1 ↔ Ising × (spin-Ising), (E3)

T2 ↔ U(1)−4 × U(1)1 � K matrix

(
0 2
2 1

)
CS, (E4)

T3 ↔ SU(2)−2 × SO(3)1, (E5)

T4 ↔ SU(2)−1 × SU(2)−1 × SO(4)1

� K matrix

(
0 2
2 2

)
CS ×{1, f }, (E6)

T5 ↔ SU(2)2 × SO(3)−1, (E7)

T6 ↔ U(1)4 × U(1)−1 � K matrix

(
0 2
2 −1

)
CS, (E8)

T7 ↔ Ising × (spin-Ising), (E9)

T8 = T0 ↔ untwisted Z2 gauge theory ×{1, f }

� K matrix

(
0 2
2 0

)
CS ×{1, f }. (E10)

and T−L = TL where the overbar denotes its time reversal
CT (i.e., particle-hole conjugate) image. The Spin(L)−1 ×
SO(L)1 theories have a net zero chiral central charge c− =
cL − cR = 0, and they are equivalent to (2 + 1)D Kitaev spin
liquids [70] tensored with suitable invertible spin TQFTs
(with only {1, f }, a trivial operator and a transparent spin-1/2
fermionic line operator) to cancel the chiral central charge.
Here, the K-matrix CS theories have a gauge group given
by products of U(1) × U(1) × · · · groups, with a symmetric-
bilinear integer matrix K . In our case, only for an even integer
L, we have the K matrix = (0 2

2 L/2 mod 4) which corresponds
to an Abelian CS theory. The Z8 class of fermionic spin
TQFTs can be obtained by gauging the Z2 internal symmetry
of fermionic symmetry-protected topological states generated
by the spin bordism group �

Spin
3 (BZ2) = Z8. Their Z8 class

bordism invariant as an invertible TQFT can be also written
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schematically as

e i S[a,s] = e
2π i ν

8 ABK[PD(a), s|PD(a)]

with ν ∈ Z8, a spin structure s ∈ Spin(M3), and the back-
ground Z2 gauge connection a ∈ H1(M3,Z2). Here ABK[. . .]
denotes the Z8-valued Arf-Brown-Kervaire invariant of Pin−

2-manifold from the Poincaré dual (PD) of a [49]. The s|PD(a)

is the Pin− structure on PD(a). For more details, see Table
2 of [49]. Moreover, if we disregard the thermal Hall con-
ductance (the chiral central charge c−) difference, the TL can
also be related to the Spin(L)−1 Chern-Simons gauge theory
in (2 + 1)D, which is a bosonic nonspin TQFT with a Spin(L)
gauge group at the level −1 [37] with a chiral central charge
c− = −L/2 mod 4. The relation of the Z8 class here and the
Kitaev’s Z16 class [70] is also examined in other recent work
on non-Abelian fractional quantum Hall states (see [71,72]).
We also thank G. Moore for pointing out another discussion
on the Z8 classes of 3D spin CS theory from the symmetric
bilinear K-matrix Abelian CS theory perspective [73].

To compare this work to Ref. [15], we note that Ref. [15]
writes the TQFTs for Pfaffian, PH-Pfaffian, and anti-Pfaffian
states as

Pfaffian :
U(1)8 × Ising

Z2
− 4CSgrav,

c− = 1 + 1/2 + 4/2 = 7/2, (E11)

PH-Pfaffian :
U(1)8 × Ising

Z2
− 4CSgrav,

c− = 1 − 1/2 + 4/2 = 5/2, (E12)

Anti-Pfaffian :
U(1)8 × SU(2)−2

Z2
− 4CSgrav,

c− = 1 − 3/2 + 4/2 = 3/2, (E13)

whereas here we write

Pfaffian : O(2)2,−1 CS − 5CSgrav, c− = 1 + 5/2 = 7/2,

(E14)

PH-Pfaffian : O(2)2,1 CS − 3CSgrav, c− = 1 + 3/2 = 5/2,

(E15)

Anti-Pfaffian : O(2)2,3 CS − CSgrav, c− = 1 + 1/2 = 3/2.

(E16)

In TL, the Z2,[1] symmetry acts on the magnetically charged
line, which is the line operator associated to the so-called σ

anyon. In the condensed-matter terminology, this is called the
magnetic vortex line or vison loop. Z2,[1] takes this line to mi-
nus itself (−σ ). In the U(1)8 Chern-Simons theory, the Z2,[1]

symmetry also transforms the lines with odd U(1) charges to
minus themselves. In other words, the line operators of the
σ anyon in TL and of odd U(1) charge in U(1)8 are both
charged objects under the diagonal Z2,[1] one-form symmetry.
As already mentioned in the main text, the Z2,[1] symmetry
generators are line operators in the U(1)8 theory with U(1)
charge 4 and the fermionic line f in TL.

Another way to think of the Z2,[1] symmetry transforma-
tion is that it arises when the charged lines are linked with the
symmetry generator lines. Then, the path integral picks up an

extra (−1) sign. The link configurations resulting in this sign
are as follows.

(i) In the U(1)8 Chern-Simons theory, when the odd U(1)
charge line links with the U(1) charge-4 line, we get a statis-
tical Berry phase exp( 2π i

8 Zodd × 4) = (−1).
(ii) In the TL theory, when the σ line links with the the

fermionic f line, we get a statistical Berry phase (−1).
We reviewed in Appendix D what it means to gauge a Z2,[1]

symmetry. By gauging the diagonal Z2,[1] symmetry described
above, we reduce the 24 line operators in the U(1)8 × TL

theory to the 12 line operators in the U(1)8×TL

Z2
theory. See

Tables I, II, and III.

1. Hall conductivity

The theory also has a Z4 one-form global symmetry gener-
ated by the line with U(1) charge 2 in the U(1)8 Chern-Simons
theory. One can use this one-form symmetry to couple to a
background electromagnetic U(1) gauge field A at level 1 as

1
2π

(2b)dA = 2b
2π

dA. The U(1)8 action, including the coupling
to the probe electromagnetic background, is

8

4π
bdb + 2b

2π
dA, (E17)

where b is the gauge field of U(1)8 Chern-Simons theory, and
A couples to the properly quantized U(1) gauge field 2b. This
system gives the Hall conductance

σxy = 22/8 = 1/2.

In addition, we can add a Chern-Simons action for the back-
ground gauge field A:∫

3d

(
8

4π
b db + 2b

2π
dA

)
+ r

4π
A dA, (E18)

where the coefficient r ∈ Z is quantized to be an integer
in fermionic systems. Then the system has a quantum Hall
conductance

σxy = 1
2 + r (E19)

measured in units of e2/h. In the application to the experiment
with quantum Hall conductivity σxy = 5

2 (see [15] and the
references therein), we take

r = 2.

Here the r = 2 corresponds to the lowest (zeroth)
Landau levels with both spin-up and -down complex fermions,
which contribute σxy = 2 quantum Hall conductance. The first
Landau level contributes another σxy = 1

2 from the half-filled
first Landau level with spin-polarized fermions.

The discussion does not change when there are fermions
in the nontrivial one-dimensional representation of Z2 [i.e.,
they are coupled to TL but not U(1)8] that do not couple to
the background A. There is another way to see the quantum
Hall conductance using the Z4 one-form symmetry. The line
generating that symmetry has spin 1/4, and thus the one-form
symmetry has the anomaly

8

4π

∫
4d

B2B2, (E20)
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where B2 is the two-form background field of the Z4 one-form
symmetry. The anomaly then implies that the coupling to A
by fixing the value B2 = 1

4 dA has a half-integer Hall conduc-
tance (see Appendix E of [74]). The one-form symmetry is
present in massive or massless theories with the same ’t Hooft
anomaly since the one-form symmetry is preserved by mass
deformations, and thus the quantum Hall conductance is the
same across the phase diagram.

2. Quantum numbers of quasiexcitations

Using (E2) and (E18), we see that a line with odd charge in
the U(1)8 theory is identified with the σ line in TL theory. It is
therefore the line operator of a non-Abelian anyon (when L is
odd) with quantum dimension 2. Let us label this line operator
as

(odd, σ ).

Moreover, we can determine the U(1) electromagnetic charge
of this anyonic quasiexcitation from the level K = 8 and the
charge vector q = 2 in (E18) via

Q(odd,σ ) = 1

K
q = 1

8
2 = 1

4
.

This means our theory has fractional U(1) electromagnetic
charges ± 1

4 from quasiparticle (odd, σ ) and quasihole exci-
tations.

Two such non-Abelian anyons (odd, σ ) fuse to Abelian
anyons, also called semions, with quantum dimension 1:

(even, s).

The semions have fractional spin statistics with spin 1
4 , and

also have fractional electromagnetic charges:

Q(even,s) = 1

K
q = 1

8
2 × 2 = 1

2
.

Therefore, there are fractional U(1) electromagnetic charges
in the theory ± 1

2 from the quasiparticle semion (even, s) and
the corresponding quasihole.

APPENDIX F: MANY-BODY WAVE FUNCTIONS

In this Appendix, we recall and examine the electron wave
functions for the non-Abelian Pf/PHPf/APf states and also
Abelian states. In contrast to the EFT language used in the
bulk of our work (which uses the second-quantization lan-
guage), this Appendix is formulated in a many-body quantum
mechanics picture (the first-quantization language). This Ap-
pendix can be a companion to Sec. III.

1. Pfaffian state for κxy = 7/2

The Pfaffian state wave function Pf was introduced by
Moore-Read [2,75] for a ν = 1/2 fractional quantum Hall
state in the zeroth Landau level. It is a rotationally invariant
state. The wave function is

Pf({zi}) = Pf

(
1

zi − z j

)( N∏
1=i< j

(zi − z j )
k

)
e−∑N

i=1 |zi|2/4�2
B .

(F1)
In particular, we look at k = 2, for N electrons, and for a
magnetic length �B = √

h̄c/(|e|B) for magnetic field B. Here

z∗
i ≡ zi is the complex conjugate of the coordinate zi = xi +

i yi ∈ C. The Pf is the Pfaffian of the rank-N antisymmetric
matrix Mi j = 1/(zi − z j ), so (Pf(Mi j ))2 = det(Mi j ). Namely,
for an even positive N , we have a degree-N/2 polynomial

Pf(Mi j ) = 1

2N/2(N/2)!

∑
σ∈SN

sgnσ

N/2∏
l=1

Mσ (2l−1)σ (2l ),

with the symmetry group SN and sgnσ = ±1 the signature of
the element σ ∈ SN , so

Pf

(
1

zi − z j

)
= 1

2N/2(N/2)!

∑
σ∈SN

sgnσ

N/2∏
l=1

1

zσ (2l−1) − zσ (2l )
.

The Pf( 1
zi−z j

) factor is crucial to obtain an antisymmet-
ric wave function, as appropriate for a fermionic electron
system. The Laughlin-type factor (

∏N
1=i< j (zi − z j )2) with

second-order zeros dictates that there are repulsive interac-
tions between electrons. The Pf( 1

zi−z j
) factor cancels some

of the zeros present in the Laughlin-type factor (
∏N

1=i< j (zi −
z j )2)e−∑N

i=1 |zi|2/4�2
B , making the electrons less repulsive on net.

This implies that electrons in Pf are closer together than
those in a purely Laughlin-type state. All the electrons are spin
polarized in the Pf state.

Filling fraction. To determine the filling fraction ν of Pf,
we compute the angular momentum operator Lzi = h̄(zi∂zi −
z∗

i ∂z∗
i
) acting on the ith electron. The highest power of zi in Pf

is zk(N−1)−1
i where k(N − 1) − 1 is from the Laughlin factor

and −1 is from the Pf factor. This gives rise to the angular
momentum kh̄ for the ith electron, which encircles the larger
area of the droplet with a radius rk = √

2[k(N − 1) − 1]�B

(at the location where the wave-function density is maximal).
Recall �0 = 2π (�B)2B = hc/|e|, so we verify that Pf has the

ν = number of particles

number of flux quanta
= N

�B/�0

= N

(π (rk )2)/(2π (�B)2)
� 1/k, as N → ∞

(i.e., ν = 1/2 and σxy = 1/2 for k = 2 for the Moore-Read
Pfaffian). To employ this wave function to the study of ν =
5/2, we employ the Pf state for the first half-filled, spin-
polarized Landau level, while we also include spin-up and
-down electrons fully occupying the zeroth Landau levels.
This gives a total filling fraction of ν = 5/2; also, σxy = 5/2.
The interaction produces an energy gap the order of the
Coulomb interaction energy e2/�B, so this state is incompress-
ible.

Quasiexcitations. We can obtain a quasihole by adding a
hole excitation in a complex coordinate ζ :

hole
Pf (ζ ; {zi}) ∝

(
N∏

i′=1

(ζ − zi′ )

)
Pf({zi})

= Pf

(
(ζ − zi )(ζ − z j ) + (ζ − z j )(ζ − zi)

zi − z j

)

×
(

N∏
1=i< j

(zi − z j )
k

)
e−∑N

i=1 |zi|2/4�2
B . (F2)
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We could view the zi as dynamical variables (that should be
integrated over to obtain the density), while viewing ζ as
a background, or probe, parameter. Because the additional
factor (

∏N
i′=1(ζ − zi′ )) introduces more zeros into the wave

function, the system becomes less repulsive, so also less
dense: this is a hallmark of a hole excitation. If ζ is instead
a dynamical variable, then the (ζ − zi′ )k factor introduces an
electron at position ζ . For ζ a background parameter, this has
the interpretation of removing an electron at ζ . Putting this
together, a k-fold factor (ζ − zi′ )k removes an electron at ζ

and so, given the electron charge −|e|, we have produced a
quasihole of charge |e|/k. The second line in Eq. (F2) is a
rewriting of the first line, by absorbing the quasihole into the

Pf factor: Pf( (ζ1−zi )(ζ2−z j )+(ζ2−z j )(ζ1−zi )
zi−z j

)|ζ1=ζ2=ζ which can be
regarded as the quasihole splitting into two further fractional
quasiholes at ζ1 and ζ2, each with charge |e|/(2k). For the
Moore-Read Pfaffian at k = 2, we have a quasihole of charge
|e|/2 which further fractionates to a quasihole of charge |e|/4.

For each quasihole, there is a corresponding quasiparticle
excitation with opposite global symmetry quantum numbers,
but with the same spin statistics. The quasiparticles (quasi-
holes) may be regarded as vortices (antivortices) because the
phase of the wave function winds when a particle winds
around the quasiexcitation at ζ . For example, the fraction-
alized charge |e|/4 or −|e|/4 excitations are in fact the ±π

vortices, which we shall identify as the non-Abelian σ anyons
in our EFT and TQFTs.

Chiral central charge c− = cL − cR [the degrees of free-
dom of (1 + 1)D left-moving minus right-moving edge
modes) can be determined from two parts of the wave func-
tions. First, the Laughlin sector (zi − z j )k corresponds to
U(1)k CS theory. It has an edge theory which can be de-
scribed as a complex chiral boson or fermion, which yields
c− = 1. [The readers can find a systematic description of the
(1 + 1)D edge theory in Ref. [15].] Second, the Pf factor
corresponds to the angular momentum Lz = 1 between the
composite fermion with a chiral p-wave (px + i py) pairing
[75]. This gives rise to c− = 1/2 corresponding to an edge
theory given by a real-valued chiral Majorana mode. The total
c− for the Pfaffian state equation (F1) is c− = 3/2.

Composite fermion pairing. The above discussion is con-
sistent with the fact that the Ising TQFT contributes c− = 1/2
in Eq. (24), which can be induced from the (px + i py)-wave
pairing of composite fermions (CF), with angular momentum
∝(kx + i ky) for Lz = 1. In the Dirac composite Fermi liquid

(CFL) picture, the Dirac CF gains a π -Berry phase around
the Fermi surface. For Dirac CF, the pairing becomes the
(dx + idy)-wave pairing ∝(kx + i ky)2 with Lz = 2.

2. Anti-Pfaffian state for κxy = 3/2

Anti-Pfaffian (APf) state wave function. The bulk sys-
tem for the Pfaffian state does not have a time-reversal
(CT )/particle-hole symmetry [28], but Ref. [5] considered the
particle-hole conjugate wave function in Eq. (F1), dictated
by the particle-hole transformation [76], and named it the
anti-Pfaffian state:

APf({zi}) =
∫ (

N∏
i′=1

dξi′ dξ ∗
i′

)
N∏

i, j′=1

(zi − ξ j′ )

×
N∏

1=i′< j′
(ξi′ − ξ j′ )e−∑N

j′=1 |ξ j′ |2/4�2
BPf({ξ ∗

i′ })

×
N∏

1=i< j

(zi − z j )e−∑N
i=1 |zi|2/4�2

B . (F3)

We can break down the APf state we are interested in [4,5] as
a combination of two component pieces. The first piece is the
ν = 1/2 APf with respect to the ν = 1 IQH state. The second
piece can be viewed as a ν = 1 integer quantum Hall state (the
IQH state with respect to the ν = 0 vacuum). The first part
is nothing but the particle-hole conjugate of the ν = 1/2 Pf

with respect to the ν = 0 vacuum. Indeed, the first line in
Eq. (F3) corresponds to the first line, while the second line in
Eq. (F3) corresponds to the second part. From this description,
we see that the filling fraction is ν = 1/2 by construction and
the contribution to the chiral central charge of APf from the
first part is c− = −3/2 and from the second part is c− = 1 for
a total of c− = −3/2 + 1 = −1/2.

The SU(2)−2 TQFT contributes c− = −3/2 in Eq. (26),
which can be induced from the ( fx − i fy)-wave pairing of CF,
with its angular momentum ∝(kx − i ky)3 for Lz = −3. For
Dirac CF, the pairing becomes the (dx − idy)-wave pairing
with Lz = −2.

3. Particle-hole Pfaffian state for κxy = 5/2

The particle-hole Pfaffian (PH-Pfaffian, or PHPf) wave
function [9] (see also [77,78] and other attempts [79,80]) can
be written as

PHPf ({zi}) = PLLL

[
Pf

(
1

z∗
i − z∗

j

)( N∏
1=i< j

(zi − z j )
2

)
e−∑N

i=1 |zi|2/4�2
B

]

�
∫ (

N∏
i′=1

dξi′ dξ ∗
i′

)
〈{zi}|{ξi′ }〉

[
Pf

(
1

ξ ∗
i′ − ξ ∗

j′

)(
N∏

1=i< j

(ξi′ − ξ j′ )
2

)
e−∑N

i′=1 |ξi′ |2/4�2
B

]

=
∫ (

N∏
i′=1

dξi′ dξ ∗
i′

)
exp

(−(|ξi′ |2 − 2ξ ∗
i′ zi + |zi|2)/

(
4l2

B

))[
Pf

(
1

ξ ∗
i′ − ξ ∗

j′

)(
N∏

1=i< j

(ξi′ − ξ j′ )
2

)
e−∑N

i′=1 |ξi′ |2/4�2
B

]
. (F4)
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The PLLL is the projection onto the lowest Landau level
(LLL). From the first line in Eq. (F4), we can see that the
filling fraction is still ν = 1/2, as one can read off from the
Laughlin factor using the same reasoning from the Pfaffian
case. Moreover, the Pf( 1

z∗
i −z∗

j
) tells us the pairing of composite

fermions possesses angular momentum Lz = −1 between the
composite fermion with an antichiral p-wave (px − i py) pair-
ing [75], which gives rise to c− = 1/2. The total chiral central
charge of the PH-Pfaffian (F3) therefore has c− = 1 − 1/2 =
1/2. The second line in (F4) rewrites the projection in terms of
the coherent state projection so the wave function is projected
into the LLL.

The above discussion is consistent with the fact that
the Ising TQFT contributes c− = −1/2 in (25), which can
be induced from the (px − i py)-wave pairing of CF, with
angular momentum ∝(kx − i ky) at Lz = −1. For a Dirac
CF picture, the pairing becomes the s-wave pairing with
Lz = 0.

4. K = 8 state for κxy = 3

The K = 8 state wave function is a bosonic wave function
but can be written as a fermionic wave function by dressing it
with a fermionic tensor product state:

K=8({zi}}) =
(

N∏
1=i< j

(zi − z j )
8

)
e−∑N

i=1 |zi|2/4�2
B

× (fermionic tensor product state). (F5)

The filling fraction is ν = 1/2 with an appropriate charge cou-
pling, when the charge-2e quasiexcitations are coupled to the
U(1) electromagnetic gauge field at level 1. The chiral central
charge is c− = 1, as always for a Laughlin wave function. The
is consistent with U(1)8 TQFT with c− = 1.

5. 113 state for κxy = 2

The 113-state wave function is a special case of the lmn
wave function, known as the Halperin wave function (the
multicomponent generalization of Laughlin wave function)
with l = 1, m = 1, n = 3 for some N + N ′ electron system:

113({zi}, {wi′ })

=
(

N∏
1=i< j

(zi − z j )
l

)(
N ′∏

1=i′< j′
(wi′ − w j′ )

m

)

×
(

N∏
i

N ′∏
j′

(zi − w j′ )
n

)

×e−∑N
i=1 |zi|2/4�2

B e−∑N
i′=1 |wi′ |2/4�2

B
∣∣
l=1, m=1, n=3. (F6)

The filling fraction is ν = 1/2 with an appropriate charge
coupling. The chiral central charge is c− = 1 − 1 = 0 coming
from two modes with opposite chiralities.

In general, we expect that quasiparticles and quasiholes
of the above many-body wave functions in this Appendix
agree with the anyons (and their quantum numbers) of TQFTs
shown in Tables I, II, III, IV, and V in Sec. III.

APPENDIX G: ONE-LOOP COMPUTATIONS

1. Fermionic functional determinant

We explicitly carry out the computation of some terms in
the fermionic functional determinant given by integrating out
a Dirac fermion  in the following Lagrangian in d space-
time dimensions:

L = ( i/D + m − /A − χ ) . (G1)

The quadratic term in the functional determinant effective
action is formally written as

1

2
Tr

/p − m

p2 + m2
(χ + /A)

/p − m

p2 + m2
(χ + /A) . (G2)

For the χ2 piece, we simplify by

1

2
Tr

/p − m

p2 + m2
χ

/p − m

p2 + m2
χ

= 1

2
Tr

/p − m

p2 + m2

/p − i/∂ − m

(p − i∂ )2 + m2
χ χ

= 1

2
Tr

−p2 + m2 − 2m/p + i (p∂ + m/∂ )

(p2 + m2)2

×
∞∑

n=0

(
2 i p∂ + ∂2

p2 + m2

)n

χ χ, (G3)

where the derivatives only act on the first χ and not the
second. The formal expression can be explicitly evaluated by
the momentum-space integral∫

dd p

(2π )d
. (G4)

The trace simply kills all slashed objects. We will compute up
to ∂4 order, so we keep up to n = 4 in the sum. By Lorentz
invariance, we can perform the following replacements in the
integrand:

(p∂ )2 → 1

d
p2∂2, (p∂ )4 → 3

d (d + 2)
p4∂4. (G5)

The result is51

1

2
χ

( |m|
π

− 1

12π |m|∂
2 − 1

240π |m|3 ∂4 + O(∂6)

)
χ . (G6)

Next, let us consider the χA piece:

1

2
Tr

/p − m

p2 + m2
χ

/p − m

p2 + m2
/A

= 1

2
Tr

/p − m

p2 + m2

/p − i/∂ − m

(p − i∂ )2 + m2
χ/A

= 1

2
Tr

−p2 + m2 − 2m/p + i (p∂ + m/∂ )

(p2 + m2)2

×
∞∑

n=0

(
2 i p∂ + ∂2

p2 + m2

)n

χ/A, (G7)

51The first term is divergent and regularized by analytic continua-
tion in space-time dimension.
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where the derivatives only act on χ but not A. Evaluating the
trace gives

2�d/2�

2

2mpμ − im∂μ

(p2 + m2)2

∞∑
n=0

(
2 i p∂ + ∂2

p2 + m2

)n

χAμ. (G8)

The pieces with only one derivative combine to

2�d/2�

2
im

∫
dd p

(2π )d

−(p2 + m2)δμν + 4pμ pν

(p2 + m2)3
(∂νχ ) Aμ

= 2�d/2�

2
im

∫
dd p

(2π )d

(4/d − 1)p2 − m2

(p2 + m2)3
(∂μχ ) Aμ, (G9)

whose coefficient in d = 3 evaluates to
im

2π2

∫ ∞

0
d p p2 (p2/3 − m2)

(p2 + m2)3
= 0 . (G10)

As for the Aχ piece,

1

2
Tr

/p − m

p2 + m2
/A

/p − m

p2 + m2
χ

= 1

2
Tr

/p − m

p2 + m2
γ μ /p − i/∂ − m

(p − i∂ )2 + m2
Aμχ

= 1

2
Tr

(/p − m)γ μ(/p − i/∂ − m)

(p2 + m2)2

∞∑
n=0

(
2 i p∂ + ∂2

p2 + m2

)n

Aμχ

= 1

2
Tr

− i/pγ μ/∂ − mγ μ(/p − i/∂ ) − m/pγ μ

(p2 + m2)2

×
∞∑

n=0

(
2 i p∂ + ∂2

p2 + m2

)n

Aμχ

= 2�d/2�

2

iενμσ pν∂σ + m(2pμ − i∂μ)

(p2 + m2)2

×
∞∑

n=0

(
2 i p∂ + ∂2

p2 + m2

)n

Aμχ, (G11)

where the derivatives act on A but not χ , and the parity-odd
piece with a Levi-Civita symbol is present only if d = 3.
At one derivative order, the parity-odd piece vanishes upon
integrating over p, and we are left with the same expression
as the χA term (G8) except now the derivative acts on A
instead of χ . Thus, upon integration by parts, the Aχ term
is an identical contribution to the effective action as the χA
term. When d = 3, the coefficient of (∂μχ ) Aμ in the effective
Lagrangian vanishes, as we found in (G10).

2. Domain wall tension

Let us discuss how to practically perform the computation
of the fermionic one-loop contribution to the domain wall
tension, given by the formula (65). The log determinant of the
first-order differential operator Dφ=φ0

m,g can be related to those
of second-order differential operators. Let ε be the Levi-Civita
symbol. Formally,

log det Dφ=φ0
m,g = 1

2 log det
(
εDφ=φ0

m,g

)2
. (G12)

Next, we write everything explicitly in transverse momentum
space,

log det Dφ=φ0
m,g =

∫
d2k‖

(2π )2
log det Dφ=φ0

m,g;k‖

= 1

2

∫
d2k‖

(2π )2
log det

(
εDφ=φ0

m,g;k‖

)2
, (G13)

where

Dφ=φ0
m,g;k‖ ≡

(−∂z + m + gφ0(z) k0 − i k2

−k0 − i k2 ∂z + m + gφ0(z)

)
(G14)

and

(
εDφ=φ0

m,g;k‖

)2 =
(−∂2

z + [gφ0(z) − m]2 − gφ′
0(z) + k2

‖ 0

0 −∂2
z + [gφ0(z) − m]2 + gφ′

0(z) + k2
‖

)
(G15)

is a diagonal matrix of second-order differential operators. If we define

Mφ=φ0
m,g;k‖ ≡ −∂2

z + [gφ0(z) − m]2 − gφ′
0(z) + k2

‖ , (G16)

then

log det Dφ=φ0
m,g;k‖ = 1

2

(
log det Mφ=φ0

m,g;k‖ + log det Mφ=φ0
−m,−g;k‖

)
. (G17)

Hence, the integral (65) can written as

δ f σ = −1

2

∫
d2k‖

(2π )2

[
log

det Mφ=φ0
m,g;k‖

det Mφ=v

m,g;k‖

det Mφ=φ0
−m,g;k‖

det Mφ=v

−m,g;k‖

det Mφ=φ0
m,−g;k‖

det Mφ=v

m,−g;k‖

det Mφ=φ0
−m,−g;k‖

det Mφ=v

−m,−g;k‖

− Fg(g + m/v)

[k2
‖ + (gv + m)2]1/2

− Fg(g − m/v)

[k2
‖ + (gv − m)2]1/2

]
.

(G18)

To compute the log determinants in the integrand, we apply the Gel’fand-Yaglom theorem to relate log det Mφ

m,g;k‖ to a boundary-

value problem for the second-order differential operator Mφ

m,g;k‖ , and solve it numerically, as in Ref. [57].
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