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In general relativity, predictions for observable quantities can be expressed in a coordinate independent
way. Nonetheless it may be inconvenient to do so. Using a particular frame may be the easiest way
to connect theoretical predictions to measurable quantities. For the cosmological curvature bispectrum
such frame is described by the conformal Fermi coordinates. In single field inflation it was shown that
going to this frame cancels the squeezed limit of the density perturbation bispectrum calculated in global
coordinates. We explore this issue in quasisingle field inflation when the curvaton mass and the curvaton-
inflaton mixing are small. In this case, the contribution to the bispectrum from the coordinate
transformation to conformal Fermi coordinates is of the same order as that from the inflaton-curvaton
interaction term but does not cancel it.

DOI: 10.1103/PhysRevD.102.023533

I. INTRODUCTION

In standard single field inflationary cosmology [1–5] the
cosmological density perturbations are almost Gaussian
[6]. Non-Gaussianities express themselves as connected
parts of curvature perturbation correlation functions. The
Fourier transform of the three point function of the
curvature fluctuations is called1 the bispectrum and is
denoted by Bζðk1;k2;k3Þ. The bispectrum in standard
single field inflation was first calculated by Maldacena [6]
in global coordinates (GC) and it is suppressed by slow roll
parameters.
A phenomenologically relevant limit of the bispectrum

is the squeezed limit in which one of the wave vectors
q≡ k1 is very small in magnitude compared to the other
two, jqj ≪ jk2;3j. Since k1 þ k2 þ k3 ¼ 0 we have that
k≡ k2 ≃ −k3. The squeezed limit of the bispectrum
influences the galaxy power spectrum at small wave
vectors [7].
It has been shown [8–12] that in standard single field

inflation transforming to conformal Fermi coordinates
(CFC) [9,13] with respect to the very long wavelength
(small wave vector) curvature perturbations cancels the
squeezed limit of the bispectrum calculated in GC. This
cancellation is manifest in the de Sitter era before reheating
takes place. Many inflationary models have been studied
that can give rise to significant non-Gaussianities, see for
example [14–29]. One of the most studied and simplest of
these is called quasisingle field inflation (QSFI). It has an
additional scalar field called the curvaton that mixes with

the inflaton creating a rich dynamics that can lead to
measurable curvature non-Gaussianities. We work in the
limit where the mass of the curvaton and the coupling
between the curvaton and the inflaton are small compared
to the Hubble constant during inflation. We calculate the
bispectrum in this limit in GC and then transform it to CFC.
The contribution from transforming to CFC and from the
interaction vertex in GC are typically of the same order but
do not cancel against each other.2 Although QSFI can have
large measurable non-Gaussianities, in the limit we work
(where the potential interactions of the curvaton are
negligible) fNL is only about 10−2. This paper is organized
as follows. In Sec. II we use scale invariance to constrain
the functional dependence of the power spectrum on
momentum and conformal time. In Sec. III we review
QSFI. In Sec. IV we compute the bispectrum in GC when
the curvaton has no self-interactions. In Sec. V we compute
the bispectrum in CFC. In the Appendix we rederive the
coordinate transformation from GC to CFC and its impact
on the bispectrum. Throughout this work, we useG¼c¼1
units and ημν ¼ diagð−1;þ1;þ1;þ1Þ.

II. SCALE INVARIANCE

In this paper we consider a de Sitter background metric

ds2 ¼ −dt2 þ e2Htdxidxi ð2:1Þ

and we work in the limit where the Hubble constant during
inflation (H) and the derivative with respect to the time t of

1Up to a factor of ð2πÞ3δðk1 þ k2 þ k3Þ. 2We expect the pure gravity contribution to be smaller.
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the inflaton field ( _ϕ0) do not depend on time. Expressing
the metric in terms of the conformal time τ ¼ −e−Ht=H,
we have

ds2 ¼ 1

H2τ2
ð−dτ2 þ dxidxiÞ ð2:2Þ

where the beginning and the end of inflation correspond to,
respectively, τ → −∞ and τ ¼ τ̄ ≃ 0. The background
metric exhibits scale invariance under the transformation
τ → λτ and xi → λxi that is preserved when _ϕ0 and H are
constant. This symmetry implies that the power spectrum is
a homogeneous function of order minus three in 1=τ
and jpj. That is,

�
3þ ∂

∂ log jpj
�
Pζðτ; jpjÞ ¼

∂
∂ log τPζðτ; jpjÞ: ð2:3Þ

In this paper we will neglect the time evolution ofH and _ϕ0

that is important towards the end of inflation and depends
on the shape of the inflaton potential. Hence all of our
results will be scale invariant. Scale invariance has impli-
cations for the higher point correlations of the curvature
fluctuations as well. For example, it implies that the
bispectrum Bζðτ;k1;k2;k3Þ is a homogeneous function
of k1, k2, k3 and 1=τ of degree minus six.

III. QUASISINGLE FIELD INFLATION

In QSFI the inflaton field ϕ is accompanied by another
scalar field the curvaton s. Although s does not participate
in the slow roll process, it does interact and mix with the
inflaton through the term [30,31]

Ldim 5 ¼ −
1

Λ
gμν∂μϕ∂νϕs: ð3:1Þ

We work in the gauge where the inflaton field is only a
function of time ϕ0ðtÞ with no fluctuations. The Goldstone
field πðxÞ, associated with time translational invariance
breaking (by the time dependence of ϕ0) [32]

3 gives rise
to the curvature fluctuations ζ which are linearly related
to π via

ζ ¼ −
H
_ϕ0

π: ð3:2Þ

In a de Sitter background, the Lagrangian describing πðxÞ
and sðxÞ is then

L ¼ L0 þ Lint ð3:3Þ

where

L0 ¼
1

2ðHτÞ2
�
ð∂τπÞ2 −∇π · ∇π þ ð∂τsÞ2 −

m2

ðHτÞ2 s
2

−∇s ·∇s −
2μ

Hτ
s∂τπ

�
ð3:4Þ

and

Lint ¼
1

ΛðHτÞ2 ½ð∂τπÞ2 −∇π ·∇π�s: ð3:5Þ

Note that we have neglected any potential interaction terms
for the curvaton s considered in [31]. In Eq. (3.4) we
introduced

μ ¼ 2 _ϕ0=Λ ð3:6Þ

and we rescaled π by _ϕ0 (we take _ϕ0 > 0) to obtain a more
standard normalization for the π kinetic term. We have also
included the measure factor

ffiffiffiffiffiffi−gp
in the Lagrangian so that

the action is equal to
R
d3xdτL. The kinetic mixing term

between π and s in Eq. (3.4) is the result of the background
inflaton field breaking Lorentz invariance. We now intro-
duce the quantities

α� ¼ 3

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

4
−
m2 þ μ2

H2

r
ð3:7Þ

and

η̄ ¼ jkjτ̄ ð3:8Þ

where k is the wave vector associated with the shortest
wave length mode that we consider in the bispectrum.
We will work in the limit ðm2 þ μ2Þ=H2 ≪ 1, which
implies that

α− ≃
m2 þ μ2

3H2
≪ 1: ð3:9Þ

We also assume that μ2=ðμ2 þm2Þ ¼ Oð1Þ and

1 − ð−η̄Þα−
α−

≫ 1: ð3:10Þ

This last condition is required for the terms we keep in
the power spectrum and bispectrum to be enhanced over
those that we neglect. Notice that this does not exclude the
limit −η̄ → 0 considered in [33]. Using the methods
developed in [31] we compute analytically the equal time
correlation functions of the curvature perturbation at the
end of inflation.3In [32] it is denoted by πc.
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To compute correlation functions involving π and s,
we expand the quantum fields in terms of creation and
annihilation operators. Due to the kinetic mixing term in the
Lagrangian, the fields π and s share a pair of creation and
annihilation operators with commutation relations,

½aðiÞðpÞ; aðjÞ†ðp0Þ� ¼ ð2πÞ3δijδð3Þðp − p0Þ: ð3:11Þ

Introducing η ¼ jpjτ we write

πðx; τÞ ¼
Z

d3p
ð2πÞ3

�
að1ÞðpÞπð1Þjpj ðηÞeip·x

þ að2ÞðpÞπð2Þjpj ðηÞeip·x þ H:c:
�

ð3:12Þ

and

sðx; τÞ ¼
Z

d3p
ð2πÞ3

�
að1ÞðpÞsð1Þjpj ðηÞeip·x

þ að2ÞðpÞsð2Þjpj ðηÞeip·x þ H:c:
�
: ð3:13Þ

The mode functions πðiÞjpjðηÞ and sðiÞjpjðηÞ are determined by

the equations of motion for the fields π and s and by the
canonical commutation relations. For the calculation of the
bispectrum when α− is small it is the behavior of these
mode functions for −η close to zero4 that is important [31].
After rescaling the mode functions

πðiÞjpjðηÞ ¼
H

jpj3=2 π
ðiÞðηÞ; ð3:14Þ

sðiÞjpjðηÞ ¼
H

jpj3=2 s
ðiÞðηÞ; ð3:15Þ

we can expand πðiÞðηÞ and sðiÞðηÞ in this region as

πðiÞðηÞ ¼ aðiÞ0 þ aðiÞ− ð−ηÞα− þ aðiÞ0;2ð−ηÞ2 þ aðiÞ−;2ð−ηÞα−þ2

þ aðiÞþ ð−ηÞαþ þ aðiÞ3 ð−ηÞ3 þ…;

sðiÞðηÞ ¼ bðiÞ− ð−ηÞα− þ bðiÞ0;2ð−ηÞ2 þ bðiÞ−;2ð−ηÞα−þ2

þ bðiÞþ ð−ηÞαþ þ bðiÞ3 ð−ηÞ3 þ… ð3:16Þ

where the ellipses represent terms with higher powers of −η
that we will not need. Using the equations of motion we get

bðiÞ0 ¼ 0; bðiÞ− ¼ HaðiÞ− α−
μ

;

bðiÞþ ¼ HaðiÞþ αþ
μ

; bðiÞ3 ¼ −3Hμ

m2
aðiÞ3 : ð3:17Þ

By matching this theory to an effective field theory in the
small −η limit [31] it is possible to prove that

X
i¼1;2

jaðiÞ0 j2¼
X
i¼1;2

jaðiÞ− j2¼−
X
i¼1;2

Re½aðiÞ0 aðiÞ�− �¼ 9μ2H2

2ðμ2þm2Þ2

ð3:18Þ

and by using the canonical commutation relations for the
fields π and s we find

Im
h
aðiÞ0 bðiÞ�3

i
¼ μH
2ðμ2þm2Þ; Im

h
aðiÞ�− bðiÞ�þ

i
¼−

μH
2ðμ2þm2Þ:

ð3:19Þ

All other similar quantities are subleading in our calcu-
lations. Using the above results the leading contribution to
the power spectrum of the curvature perturbations in the
limit of small −η is

Pζðτ; jpjÞ ¼
9H6μ2½1 − ð−ηÞα− �2
2jpj3 _ϕ2

0ðμ2 þm2Þ2 : ð3:20Þ

This is needed to compute the impact of the change of
coordinates from GC to CFC on the bispectrum (see the
Appendix).

IV. BISPECTRUM IN GLOBAL COORDINATES

In this section we work in GC and we compute the
bispectrum for ζ in the squeezed limit at the end of
inflation. Working to first order in the interactions and
using the in-in formalism [34] we have

hζðτ̄;x1Þζðτ̄;x2Þζðτ̄;x3Þi

¼ i
Z

τ̄

−∞
dτ0h½Hintðτ0Þ; ζðτ̄;x1Þζðτ̄;x2Þζðτ̄;x3Þ�i ð4:1Þ

where Hint denotes the interaction Hamiltonian in the
interaction picture. In the squeezed limit we can drop
the terms proportional to the spatial derivatives of π from
Lint and the interaction Hamiltonian simplifies to

HintðτÞ ¼
Z

d3x
1

ðHτÞ2Λ ð∂τπÞ2s: ð4:2Þ

Notice that Hint ¼ Lint since we have a derivative inter-
action. Fourier transforming we find that the leading order
contribution in α− in the region of phase space that we are
considering to the bispectrum in the squeezed limit is

BðGCÞ
ζ ðq;k;−kÞ≃−4

�
H7μ
_ϕ4
0

�
1

jkj3jqj3 ðIaþIbþIcÞ ð4:3Þ
4Recall that η is negative.
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where

Ia ¼
Z

η̄

−1

dη0

ð−η0Þ2 Re½π
ðiÞðrη̄Þ _πðiÞðrη0Þ��Re½πðjÞðη̄Þ _πðjÞðη0Þ��

× Im½πðnÞðη̄ÞsðnÞðη0Þ��; ð4:4Þ

Ib ¼
Z

η̄

−1

dη0

ð−η0Þ2 Re½π
ðiÞðrη̄Þ _πðiÞðrη0Þ��Im½πðjÞðη̄Þ _πðjÞðη0Þ��

× Re½πðnÞðη̄ÞsðnÞðη0Þ��; ð4:5Þ

and

Ic ¼
Z

η̄

−1

dη0

ð−η0Þ2 Re½π
ðiÞðη̄Þ _πðiÞðη0Þ��Im½πðjÞðη̄Þ _πðjÞðη0Þ��

× Re½πðnÞðrη̄ÞsðnÞðrη0Þ��: ð4:6Þ

In the above equations a dot indicates a derivative with
respect to η0, the repeated mode function indices i, j, n are
summed over 1 and 2, and we introduced the parameter
r≡ jqj=jkj. Most of the contribution to the integrals
comes from the region −η0 ≪ 1 and to leading order in
ðμ2 þm2Þ=H2 we set the lower bound of the integrals to
be −1. Using the results of Sec. III we find that

Re½πðiÞðrη̄Þ _πðiÞðrη0Þ��

≃
1

2

�
3μ2

μ2 þm2

�
ð−η0Þα−−1rα− ½1 − ð−rη̄Þα− �; ð4:7Þ

Re½πðiÞðη̄Þ _πðiÞðη0Þ�� ≃ 1

2

�
3μ2

μ2 þm2

�
ð−η0Þα−−1½1 − ð−η̄Þα− �;

ð4:8Þ

Im½πðiÞðη̄ÞsðiÞðη0Þ��

≃
1

2

�
Hμ

μ2 þm2

�
½ð−η0Þ3 − ð−η0Þ3−α−ð−η̄Þα− �; ð4:9Þ

Re½πðiÞðrη̄ÞsðiÞðrη0Þ�� ≃ 3Hμ½ð−rη̄Þα− − 1�ð−rη0Þα−
2ðμ2 þm2Þ ;

ð4:10Þ

Re½πðiÞðη̄ÞsðiÞðη0Þ�� ≃ 3Hμ½ð−η̄Þα− − 1�ð−η0Þα−
2ðμ2 þm2Þ ;

ð4:11Þ

Im½πðiÞðη̄Þ _πðiÞðη0Þ�� ≃
η02

h
μ2ðη0η̄Þ−α− þm2

i
2ðμ2 þm2Þ ; ð4:12Þ

and that Im½πðiÞðrη̄ÞsðiÞðrη0Þ�� and Im½πðiÞðrη̄Þ _πðiÞðrη0Þ��
are suppressed in the squeezed limit. Performing the η0
integration we have that to leading order in small quantities

Ia ¼
27H3μ5½ð−η̄Þα− − 1�3rα− ½ð−rη̄Þα− − 1�

16ðμ2 þm2Þ4 ð4:13Þ

and

Ib ¼ Ic ¼
27H3μ3½ð−η̄Þα− − 1�2rα− ½ð−rη̄Þα− − 1�½ð−η̄Þα−ð2μ2 þm2Þ þm2�

16ðμ2 þm2Þ4 : ð4:14Þ

This completes the calculation of the bispectrum in GC and
we now turn to transform it to CFC.

V. THE BISPECTRUM IN CFC

We are now ready to compute the bispectrum in CFC by
using Eq. (A21) to transform the result that we found in
Sec. IV for the bispectrum in GC. We have

Bζðq;k;−kÞ ¼ BðGCÞ
ζ ðq;k;−kÞ þ ΔBζðq;k;−kÞ ð5:1Þ

where

ΔBζðq;k;−kÞ ¼ Pζðτ̄; jqjÞ
∂

∂ log τ̄Pζðτ̄; jkjÞ ð5:2Þ

and to simplify the notation we dropped the superscript
CFC. Using Eq (3.20) we get

ΔBζðq;k;−kÞ≃
27H10μ4½ð−η̄Þα− −1�ð−η̄Þα− ½ð−rη̄Þα− −1�2

2jkj3jqj3 _ϕ4
0ðμ2þm2Þ3 :

ð5:3Þ

Even though for modes of cosmological interest −η̄ ¼ −jkjτ̄
could be between e−60 and e−50 [35], ð−η̄Þα− can still be of
order unity, for example if α− ∼ 1=50. In this case, the
contribution to the bispectrum from the change of coordi-
nates from GC to CFC is comparable to the one that comes
from the three point vertex in GC. Notice that ΔBζ vanishes
for −η̄ → 0 in agreement with [33].
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In the limit m ≪ μ, we finally obtain

BðGCÞ
ζ ðq;k;−kÞ ¼ −

1

jkj3jqj3
27H10½ð−η̄Þα− − 1�2½5ð−η̄Þα− − 1�rα− ½ð−rη̄Þα− − 1�

4μ2 _ϕ4
0

ð5:4Þ

and

ΔBζðq;k;−kÞ ≃
27H10½ð−η̄Þα− − 1�ð−η̄Þα− ½ð−rη̄Þα− − 1�2

2jkj3jqj3 _ϕ4
0μ

2

ð5:5Þ
that are plotted in the top panels of Fig. 1. Notice that the
leading contribution to the bispectrum in GC vanishes for
ð−η̄Þα− ¼ 0.2. At this point the part from the change of
coordinates dominates the bispectrum. In the bottom panels
of Fig. 1 we plot the local bispectrum fNL in GC and CFC
as a function of α− where

fðGCÞNL ¼ 5

12

BðGCÞ
ζ ðq;k;−kÞ

Pζðτ̄; jkjÞPζðτ̄; jqjÞ
; ð5:6Þ

ΔfNL ¼ 5

12

ΔBζðq;k;−kÞ
Pζðτ̄; jkjÞPζðτ̄; jqjÞ

; ð5:7Þ

and in the limit m ≪ μ we have

fðGCÞNL ¼ −
5α−rα− ½5ð−η̄Þα− − 1�
12½ð−rη̄Þα− − 1� ; ð5:8Þ

ΔfNL ¼ 5α−ð−η̄Þα−
6½ð−ηÞα− − 1� : ð5:9Þ

Both Bjkj3jqj3 and fNL depend very weekly on the value
of r. This is because r only enters in these quantities raised
to the power α−.
We notice that since the correction to the bispectrum

from changing to CFC does not depend on V 000 it is the same
in [31] as in this work. However, the relative importance of
this term in [31] is small since there V 000 is set to give an fNL
near the present observational upper limit.
For small α both the part of the primordial curvature

bispectrum calculated in global coordinates and the part
from the transformation to CFC behave as 1=q3 in the
squeezed limit. Hence, after the primordial density pertur-
bations reenter the horizon in the matter dominated era,
they give rise to a scale dependent bias implying a
contribution at low q to the galaxy number density power
spectrum that scales as 1=q [7].

VI. CONCLUDING REMARKS

In this paper we considered QSFI where a dimension five
operator couples the inflaton and the curvaton field.
Working in the limit of small coupling and small curvaton
mass we computed analytically the bispectrum in the
squeezed limit in GC and in CFC. We found that trans-
forming to CFC introduces a non-negligible correction to
the result in GC. We also showed that fNL can be either
enhanced or suppressed by this effect, and in the region of
parameter space that we considered fNL ≃ 10−2. In this
model fNL is small and hence these non-Gaussianities
could not be observed in the near future. However, this is an
interesting example where the change of coordinates from
GC to CFC can have an order one effect on the bispectrum.
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APPENDIX: TRANSFORMATION OF THE
BISPECTRUM TO CONFORMAL FERMI

COORDINATES

In this Appendix we rederive the coordinate transforma-
tion from GC to CFC and compute the bispectrum in CFC.
Rather than taking the constructive approach of the

FIG. 1. Contributions to the bispectrum and fNL form ≪ μ and
r ¼ 10−3. Left and right panels are for η̄ ¼ −e−50 and η̄ ¼ −e−60,
respectively. We consider values of α− that go from 0.0037
[corresponding to ðe−60Þα− ¼ 0.8] to α− ¼ 0.1. The y axis of the
top panels is in units of H8=ðjkj3jqj3 _ϕ4

0Þ.
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previous literature we derive necessary and sufficient
conditions that the coordinate transformation must satisfy.
The metric in GC is given by

gμνðxÞ ¼ a2ðτÞ½ημν þ hμνðxÞ� ðA1Þ

and the metric scalar perturbations in hμν are expressed in
terms of the curvature perturbation ζ as follows:

h00 ¼ −2
∂τζ

H
; ðA2Þ

h0i ¼ −
∂iζ

H
; ðA3Þ

hij ¼ 2ζδij; ðA4Þ
where H≡ 1

a
da
dτ. We split the metric perturbation as

hμνðxÞ ¼ hLμνðxÞ þ hSμνðxÞ ðA5Þ

where hLμνðkÞ ≈ 0 for k≳ Λ and hSμνðkÞ ≈ 0 for k≲ Λ. Here
Λ is a cutoff that divides the modes into short and long.
In CFC with respect to the longest wavelength modes the
metric has the form

gFμνðxFÞ ¼ a2ðτFÞ½ημν þ hSμνðxFÞ þOðxiFxjFÞ� ðA6Þ

where the terms OðxiFxjFÞ are made negligible by an
appropriate choice of CFC. However this choice does
not explicitly enter our analysis.
The coordinate transformation that takes us between

these two frames can be expanded in xiF as [9,11–13]

xμðxFÞ ¼ xμF þ ξμðτFÞ þ Aμ
i ðτFÞxiF þ Bμ

ijðτFÞxiFxjF
þOðxiFxjFxkFÞ ðA7Þ

where ξμ; Aμ
i ; B

μ
ij ¼ OðhLμνÞ and we neglect quantities

O½ðhLμνÞ2�. Without loss of generality, we assume Bμ
ijðτFÞ ¼

Bμ
jiðτFÞ. The transformation law for the metric tensor

gFμνðxFÞ ¼
∂xα
∂xμF

∂xβ
∂xνF gαβðxÞ ðA8Þ

gives ten differential equations for ξμ; Aμ
i , and B

μ
ij that need

to be satisfied in terms of hLμν in order for gFμνðxFÞ to have

the form of Eq. (A6). Requiring each differential equation
to hold order by order in xiF gives

ð∂τF þHÞξ0ðτFÞ ¼ −
∂τFζLðxF ¼ 0; τFÞ

HðτFÞ
; ðA9Þ

ð∂τF þHÞA0
i ðτFÞ ¼ −

∂τF∂iζLðxF ¼ 0; τFÞ
HðτFÞ

; ðA10Þ

A0
i ðτFÞ − ∂τFξiðτFÞ ¼ −

∂iζLðxF ¼ 0; τFÞ
HðτFÞ

; ðA11Þ

2B0
ikðτFÞ − ∂τFAikðτFÞ ¼ −

∂i∂kζLðxF ¼ 0; τFÞ
HðτFÞ

; ðA12Þ

AijðτFÞ þ AjiðτFÞ þ 2Hξ0ðτFÞδij ¼ −2ζLðxF ¼ 0; τFÞδij;
ðA13Þ

BijkðτFÞ þ BjikðτFÞ þ
1

2
HA0

kðτFÞδij
¼ −∂kζLðxF ¼ 0; τFÞδij; ðA14Þ

where the spatial indices were lowered using δij and the
quantities on the right-hand side are the expressions in
comoving coordinates. These are necessary and sufficient
conditions for Eq. (A6) to hold. With the coordinate
transformation at hand we find how the connected three
point function of ζ transforms in going from GC to CFC in
the squeezed limit. Following [12], we have

hζ̃FðτF;k1Þζ̃FðτF;k2Þζ̃FðτF;k3Þi

¼
Z

d3xF1 d
3xF2 d

3xF3 e
−iðk1xF1þk2xF2þk3xF3 Þ

× hζFðxF1 ÞζFðxF2 ÞζFðxF3 Þi

where xFi ≡ ðτF;xF
i Þ, jk1j ≪ jk2j; jk3j.

Using spatial translational invariance we get

hζ̃FðτF;k1Þζ̃FðτF;k2Þζ̃FðτF;k3Þi
¼ ð2πÞ3δðk1 þ k2 þ k3ÞBðCFCÞ

ζ ðk1;k2;k3Þ ðA15Þ

with

BðCFCÞ
ζ ðk1;k2;k3Þ ¼

Z
d3yFd3zFe−i½k1yFþðk3þk1

2
ÞzF�

	
ζFðτF; yFÞζF

�
τF;−

zF

2

�
ζF
�
τF;

zF

2

�


¼
Z

d3yFd3zFe−i½k1yFþðk3þk1
2
ÞzF�h0LjζLðτF; yFÞh0SjζSðxaÞζSðxbÞj0Sij0Li ðA16Þ
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where xa;b ¼ xa;bðxFa;bÞ and xFa ¼ ðτF;−zF=2Þ, xFb ¼ ðτF; zF=2Þ and we assumed that ζ transforms as a scalar.5 Moving
forward we drop the designation j0Si and write h0SjζSðxaÞζSðxbÞj0Si≡ hζSðxaÞζSðxbÞi in terms of xFa and xFb up to linear
order in ζL. Equation (A16) implies that the dominant contribution to the bispectrum comes from the points jzFj ≪ 1=jk3j.
Thus, using Eq. (A7) and working to linear order in the long mode, we find

h0SjζFS ðxFa ÞζFS ðxFb Þj0Si ¼ h0SjζSðxFa ÞζSðxFb Þj0Si þ
�
ξ0ðτFÞ∂τF þ Ak

i ðτFÞðxFa i − xFb
iÞ∂ðaÞ

k þ ξiðτFÞð∂ðaÞ
i þ ∂ðbÞ

i Þ

þ 1

2
A0
i ðτFÞðxFa i þ xFb

iÞ∂τF

�
h0SjζSðτF;xF

a ÞζSðτF;xF
b Þj0Si ðA17Þ

where the terms on the second line vanish because of translational invariance and because xF
a ¼ −xF

b . Using Eq. (A13) we
obtain

h0SjζFS ðxFa ÞζFS ðxFb Þj0Si ¼ h0SjζSðxFa ÞζSðxFb Þj0Si þ
�
ξ0ðτFÞ∂τF − ½Hξ0ðτFÞ þ ζLð0; τFÞ�zF

∂
∂zF

�
h0SjζSðτF;zFÞζSðτF;0Þj0Si:

ðA18Þ

Inserting this expression back in Eq. (A16) and using rotational invariance we get

BðCFCÞ
ζ ðk1;k2;k3Þ ¼ BðGCÞ

ζ ðk1;k2;k3Þ − PζðτF; jk1jÞ
�
−3 −

∂
∂ log jk3j

�
PζðτF; jk3jÞ

þ hζ̃FLðτF;k1Þξ0ðτFÞi
�
∂τF −H

�
−3 −

∂
∂ log jk3j

��
PζðτF; jk3jÞ ðA19Þ

where

hζ̃ðτF;k1Þζ̃ðτF;k2Þζ̃ðτF;k3Þi ¼ ð2πÞ3δðk1 þ k2 þ k3ÞBðGCÞ
ζ ðk1;k2;k3Þ ðA20Þ

and we used that jk1j ≪ jk3j. In the limit in which scale invariance is preserved Eq. (2.3) and the fact thatHτF ¼ −1 imply
that the final result does not depend on the integration constants of Eqs. (A9)–(A14). We finally obtain

BðCFCÞ
ζ ðk1;k2;k3Þ ¼ BðGCÞ

ζ ðk1;k2;k3Þ þ PζðτF; jk1jÞ
∂

∂ log τF PζðτF; jk3jÞ: ðA21Þ

This expression coincides with the one in [12] for scale invariant models of inflation.
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