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HIERARCHICAL INFERENCE

Our goal is to estimate the posterior probability density
representing the measurement of some parameters of in-
terest, conditional on some data or observation. In order
to do this, it is necessary to write down a prior probability
density function that encodes knowledge about the pos-
sible values of the parameters before obtaining the data.
We use Bayes’ theorem to obtain the posterior from the
likelihood, which is the probability of the data conditional
on the values of the parameters. For a parameter x and
set of data ~d, Bayes’ theorem is just

p(x | ~d) ∝ p(~d | x) p(x) , (1)

relating the posterior (left) to the likelihood times the
prior (right), with a proportionality constant that ensures
unitarity.

The specific functional form of the prior is determined
according to different expectations for the parameters.
For example, in situations of high ignorance about the
expected values, common choices for the prior are a uni-
form distribution across some broad range or a least-
informative (aka, “Jeffrey’s”) prior. Alternatively, the
prior may take the form of a multivariate normal distribu-
tion with some mean vector and covariance matrix. The
mean informs the analysis of the likely location of the
parameter values in the P -dimensional parameter space,
and the covariance sets the scale of the corresponding
uncertainty. Just as with the boundaries of the flat prior,
the mean and covariance matrix can be set arbitrarily.

An extension to the above fixed priors is the case where
we allow this distribution to vary in some controlled way.
One such example is the case where we wish to marginalize
over assumptions about the provenance of a parameter.
Alternatively, as in the main text, besides the values of
the parameters for any given observation, we might also
be interested in the distribution of said parameter in a
population of observed data. Both types of analyses make
use of hierarchical models, with multiple nested levels of
inference with corresponding priors. Priors on parameters
that control distributions of other parameters (e.g. the
mean and the covariance of the example priors above) are
often called hyperpriors.

In this paper, we perform two inference levels: the first
corresponds to the measurement of ppE-like parameters

from individual events, and the second is the measurement
of the properties of the population of ppE-like parameters.
Concretely, we begin from the posteriors on P parameters

δp̂
(j)
i from the data ~d(j) for the N events. The posterior

obtained from event j for parameter i takes the form:

p(δp̂
(j)
i | ~d

(j)) ∝ p(~d(j) | δp̂(j)i ) p(δp̂
(j)
i )

∝ p(~d(j) | δp̂(j)i ) , (2)

where the last line is only valid under the assumption of

a uniform prior on δp̂
(j)
i , as was applied in the original

measurements by LIGO and Virgo [1, 2].
We then assume that the values for each event are drawn

from a normal distribution with mean µi and standard
deviation σi, characteristic of each parameter. Since the
goal is to measure those quantities from the data from all
events, for each i we want the posterior

p(µi, σi | {~d(j)}Nj=1) ∝ p({~d(j)}Nj=1 | µi, σi) p(µi, σi)

∝ p(µi, σi)

N∏
j=1

p(~d(j) | µi, σi) , (3)

where we took advantage of the fact that events are sta-
tistically independent to factorize the likelihood in the
last line. Each of those factors may be written explicitly

in terms of the parameters δp̂
(j)
i ,

p(~d(j) | µi, σi) =

∫
p(~d(j) | δp̂(j)i )×

p(δp̂
(j)
i | µi, σi) d[δp̂

(j)
i ] , (4)

obtaining an expression in terms of the individual like-

lihoods, Eq. (2). These likelihoods, p(~d(j) | δp̂(j)i )—or,
rather, the corresponding posteriors with a suitable choice
of prior—are what is computed in a regular (nonhierar-

chical) analysis with the goal of measuring δp̂
(j)
i , as is the

case in [1].
The last two equations allow us, then, to measure the

population mean and standard deviation for the ppE-like
parameters starting from the posterior samples released
by the LIGO and Virgo collaborations [2], without re-
analyzing the raw data (Fig. 3). Specifically, we obtain
posteriors on the population parameters, Eq. (3), by sam-
pling over µi and σi with a Hamiltonian Monte Carlo
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algorithm implemented in the stan package [3]. To sim-
plify the integration over the δp̂i’s in Eq. (4), we internally
represent the LIGO-Virgo posteriors via a Gaussian-kernel
density fit produced from the samples in [2].

From a posterior on the hyperparameters, p(µi, σi |
{~d(j)}Nj=1), we may also infer the shape of the population
distributions themselves. This can be done by marginal-
izing over µi and σi,

p(δp̂i | {~d(j)}Nj=1) =

∫
p(δp̂i | µi, σi)×

p(µi, σi | {~d(j)}Nj=1) dµidσi , (5)

where p(δϕ̂i | µi, σi) = N (µi, σi) by construction. In the
main text we label the inferred distribution of Eq. (5) as
“dN/d(δp̂i),” since it can be interpreted as the expected
fractional number of events dN with a value of the ppE-

like coefficient δp̂
(j)
i within [δp̂i, δp̂i + d(δp̂i)] .

PARAMETRIZED TESTS OF GR

In this study, we consider parametric deformations to
the GW signal described by some non-GR quantities δp̂i
indexed by i, with δp̂i = 0 corresponding to GR. These
new parameters are introduced on top of the 15 usual
parameters that describe a GW within GR, with the goal
of providing a model-independent framework with which
to test the theory. The parameters are generally chosen
such that they modify a specific aspect of the waveform,
and hence a non zero value would signal a specific type
of violation of GR. The parametric tests we will consider
here are introduced to test the waveform in the different
regimes of a binary coalescence: the inspiral, the merger,
and the ringdown.

The inspiral phase is deformed through the post-
Einsteinian (ppE) inspiral parameters δp̂i = δϕ̂i [4]. We
define these δϕ̂i’s as in [1], a choice that differs slightly
from that of [4] but which is analytically equivalent [5].
The usual inspiral phase within GR is usually expressed
as an expansion in small velocities, referred to as the
post-Newtonian (PN) expansion. Each coefficient in the
expansion depends on the system parameters and measure-

ment of the GW phase evolution amounts to measuring
said parameters. The ppE parameters are introduced as
relative (or absolute, in some cases where the GR term
vanishes) deformations of the normal PN coefficients such
that δϕ̂i’s encodes a correction at the i/2 PN order. For
example, δϕ̂−2 corresponds to a -1PN correction, associ-
ated with dipole radiation.

The merger-ringdown and the intermediate regimes
are deformed through a different set of post-inspiral pa-
rameters, denoted δα̂i and δβ̂i respectively [6]. These
parameters encode modifications to the analytic descrip-
tion of those post-inspiral stages as implemented in the
IMRPhenomPv2 waveform model [7, 8]. In particu-
lar, the δα̂i’s control the merger-ringdown coefficients
αi, which are obtained both from phenomenological fits
and black-hole perturbation theory [8]. The δβ̂i’s con-
trol deviations from the NR-calibrated phenomenological
coefficients βi of the intermediate stage.
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