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Computational Methodology 
PAW potentials. 
 
 
Table S1. Valence electron configurations and radial cut-offs of PAW potentials used in 
this study. 

 
Element Valence electrons Radial cut-off (Å) 

Ba 5s2 5p6 6s2 2.80 
Zr 4s2 4p6 5s2 4d2 2.50 
O 2s2 2p4 1.52 
Sc 3s2 3p6 4s2 3d1 2.50 
Y 4s2 4p6 5s2 4d1 2.80 
In 4d10 5s2 5p1 2.50 
Eu 4f7 5s2 5p6 6s2 2.80 
Gd 4f7 5s2 5p6 5d1 6s2  2.80 
Er 4f12 5s2 5p6 6s2 2.60 
Lu 4f14 5s2 5p6 5d1 6s2 2.80 
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Dynamical stability of BaZrO3. We performed first-principles lattice dynamics 
calculations using the Phonopy code1 to investigate the dynamical stability of cubic 
BaZrO3. Interatomic force constants were calculated in real space using 4 ´ 4 ´ 4 
supercells of the BaZrO3 unit cell, with the k-point at (1/4 1/4 1/4) used for Brillouin 
zone sampling. Non-equivalent atomic displacements of 0.01 Å were employed for 
calculations of the force constants based on symmetry analyses. A non-analytical term 
correction was added to the dynamical matrices to include the longitudinal optical–
transverse optical (LO-TO) splitting near the G point,2,3 which requires knowledge of the 
Born effective charges of ions in BaZrO3 and its dielectric constant. These were obtained 
using the linear response approach,4 with the electronic and ionic parts of the dielectric 
constant calculated to be 4.87 and 59.67, respectively, giving a total of 64.54. Born 
effective charge tensors (Z*) of Ba, Zr, and O ions were calculated to be  

𝑍∗(Ba) = '
2.73 0 0
0 2.73 0
0 0 2.73

-, 

𝑍∗(Zr) = '
6.12 0 0
0 6.12 0
0 0 6.12

-, 

and 𝑍∗(O) = '
−4.86 0 0
0 −1.99 0
0 0 −1.99

-. 

The Born effective charge tensor of O here corresponds to that of the atom located at (0 
0.5 0.5) in the unit cell of cubic BaZrO3.  

The calculated phonon dispersion curve of cubic BaZrO3 is shown in Fig. S1. All 
phonon branches have real frequencies (no soft modes). Our results are consistent with 
those of Bjørheim et al.5 and A. Perrichon et al.6, who also found that cubic BaZrO3 is 
dynamically stable using PBE-type exchange-correlation potentials but with 2 ´ 2 ´ 2 
supercells. These results confirm that the PBE potential successfully predicts the cubic 
form of BaZrO3 to be the ground state under standard conditions. 
 

 
Figure S1. Phonon dispersion curves in the first Brillouin zone of cubic BaZrO3 obtained 
from first-principles lattice dynamics calculations using a 4 ´ 4 ´ 4 supercell. 
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Correction for defect formation energies. The ideal total energy of the charged system, 
𝐸"#$∗ (𝐷%), was obtained from the sum of 𝐸"#$(𝐷%) and a correction term, ∆𝐸"#$(𝐷%), 
according to 
 
 𝐸"#$∗ (𝐷%) = 𝐸"#$(𝐷%) + ∆𝐸"#$(𝐷%).          (S1) 
 
Here,  ∆𝐸"#$(𝐷%) can be expressed as12-14 
 
∆𝐸"#$(𝐷%) =

&%!

'()
− '*%+

,()"
+ 𝑂(𝐿-.).          (S1’) 

 
The first term is the electrostatic Madelung energy of a point charge periodically 
embedded in a matrix of dielectric constant e, and a and L are the Madelung constant of 
the supercell geometry and the average distance between defects under 3D periodic 
boundary conditions, respectively. For cubic systems like BaZrO3, L is equal to the length 
of the supercell. We calculated the electronic and ionic parts of the dielectric constant of 
BaZrO3 using density functional perturbation theory as described in the previous section. 
The value of e, given by the sum of ionic and electronic contributions, was 64.54. 

The second term in eq. S1’ corresponds to a monopole-quadrupole interaction 
between a point charge and compensating background charges. Q is the second radial 
moment. However, it is difficult to directly determine Q in continuous crystalline systems 
after structural relaxation because regions between the embedded point charge and 
screening background charge cannot be separated completely. In the case of a trapped-
proton system, in which an acceptor dopant (with effective negative charge) and a 
positively charged proton are together in the same system, although the net charge of the 
model is zero, the defect complex introduces a dipole moment, and dipole-dipole 
interactions occur between periodic images. Such dipole-dipole interactions show an L-3 
dependence. The L-3 dependence term can be quantified by fitting to a series of defect 
formation energy calculations with different supercell sizes. The higher-order term, O(L-

5), was ignored in this study. In addition to the 625-atom (5 ´ 5 ´ 5) supercell models, 80-
atom (2 ´ 2 ´ 2), 135-atom (3 ´ 3 ´ 3) and 320-atom (4 ´ 4 ´ 4) supercells were used to 
estimate the L-3 dependence terms. It should be noted that 80-atom supercells were not 
used for the trapped-proton systems, because 2 ´ 2 ´ 2 supercells are too small to be able 
to construct complexes with large distances between the dopant and proton. Sampling 
meshes of 3 ´ 3 ´ 3 and 2 ´ 2 ´ 2 k-points using the Monkhorst-Pack scheme and one k-
point of (1/4 1/4 1/4) in the Brillouin zone were used for the 80-, 135- and 320-atom 
supercells, respectively. 

EVBT was obtained using EVBT = Esup(perf) – Esup(h•), where Esup(h•) is the total 
energy of the perfect supercell with one hole in the topmost valence band. When the k-
points sampled in the supercell calculations differed from the k-point of the VBT, a 
correction to EVBT, DEVBT, was added. The corrected VBT energy, 𝐸/01∗ , was obtained 
from 

 
𝐸/01∗ = 𝐸/01 + ∆𝐸/01 = 𝐸/01 + (ε𝒌(/01) − ε𝒌(567689)).    (S2) 
 
where ek(VBT) is the highest occupied eigenenergy determined from the one-particle band 
structure in the Brillouin zone of the perfect supercell, and ek(defect) is the highest occupied 
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eigenenergy at the k-points sampled in the defective supercell. For the positively-charged 
80-atom perfect supercell, the hole was spread over several of the topmost valence bands. 
In this case, ek(defect) was calculated according to 
 
ε𝒌(567689) = ∑ 𝑔: ∙ ε𝒌(;<=5),:: ,         (S3) 
 
where 𝑔:  is the hole occupancy of the ith band and ∑ 𝑔:: = 1 , and ek(band),i is the 
eigenenergy of the ith band of the defective supercell. Using this method, values of 
DEVBT for the 80-, 135-, 320-, and 625-atom supercells were calculated to be 28, 69, 40, 
and 98 meV, respectively. 
 The chemical potential terms, µi, in eq. S1 were determined with reference to 
known phase equilibria. Based on the quasi-binary phase diagram of the BaO-ZrO2 
system by Gong et al.7, we assumed two thermal equilibrium conditions. One was 
coexisting phases of BaZrO3 and Ba3Zr2O7 under BaO-rich (ZrO2-poor) conditions, and 
the other was BaZrO3 and ZrO2 co-existing under ZrO2-rich (BaO-poor) conditions. In 
addition to the solid phases, activities of the gaseous phases of H2O and O2 were also 
taken into account. 

Under thermal equilibrium, chemical potentials of the constituent atoms in the 
coexisting phases are equal, so under BaO-rich conditions total energies (E) of BaZrO3, 
Ba3Zr2O7, H2O and O2 can be expressed as 
 

⎩
⎪
⎨

⎪
⎧3𝜇0< + 2𝜇?@ + 7𝜇A = 𝐸(Ba,Zr'OB)

𝜇0< + 𝜇?@ + 3𝜇A = 𝐸(BaZrO,)	
2𝜇C + 𝜇A = 	𝐸GH'O(g)J													
2𝜇A = 𝐸GO'(g)J																					

.       (S4) 

 
Under ZrO2-rich conditions, the first sub-equation in Eq. (S4) can be replaced by 

µZr + 2µO = E(ZrO2). Under Zr-rich (Ba-poor) conditions, Ba deficiency is likely to 
occur. Ba deficiency is known to be detrimental to proton conductivity in BaZrO3 
systems.15,16 We therefore only considered BaO-rich conditions in this work. 

In order to fix the chemical potential of the dopant, an additional solid phase 
which contains the dopant element was calculated in addition to the compounds in eq. S4. 
The compounds calculated to determine the chemical potentials are summarized in Table 
S2. Calculating all total DFT energies of the phases on the RHS of eq. S4 allowed the 
necessary chemical potentials to be set. The present calculations correspond to systems at 
0 K and 0 atm, so that the effects of finite temperature and pressure were not taken into 
account.  Similar to the case of BaZrO3, lattice constants of the coexisting solid phases 
were fully optimized using an initial cutoff energy of 500 eV. Total energies of each 
compound were then obtained by holding the lattice vectors fixed at their relaxed values 
performing calculations with a cutoff energy of 400 eV in which only the internal atomic 
positions were allowed to relax. 

To model gaseous species O2 and H2O, a single molecule was placed in a 
vacuum-filled cell with fixed dimensions of 10 ´ 10.5 ´ 11 Å3, and the bond lengths of 
the molecules optimized using a cutoff energy of 400 eV and sampling only the G point 
of the first Brillouin zone. 
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Table S2. Calculated lattice constants of compounds other than BaZrO3 used in this study 
compared with experiment. 

 

Compound k-mesh Lattice constants (Å) 
Calc. Exp. Ref. 

Ba3Zr2O7 6 ´ 6 ´ 2 
a = 4.236 
b = 4.236 
c = 22.048 

- * 

Ba3Sc4O9 5 ´ 5 ´ 5 a = 5.847 
c = 24.048 

a = 5.7834 
c = 23.6782 8 

Ba3Y4O9 3 ´ 3 ´ 3 a = 6.140 
c = 25.598 

a = 6.11 
c = 25.187 9 

Ba2In2O5 4 ´ 4 ´ 4 
a = 6.232 
b = 16.883 
c = 6.057 

a = 6.0956 
b = 16.7112 
c = 5.9601 

10 

BaEu2O4 2 ´ 2 ´ 6 
a = 10.601 
b = 3.572 
c = 12.454 

a = 10.4968 
b = 3.5362 
c = 12.2902 

11 

BaGd2O4 2 ´ 2 ´ 6 
a = 10.599 
b = 3.532 
c = 12.334 

a = 10.4644 
b = 3.5052 
c = 12.2402 

11 

Ba3Er4O9 3 ´ 3 ´ 3 a = 6.108 
c = 25.385 

a = 6.086 
c = 25.077 12 

Ba3Lu4O9 3 ´ 3 ´ 3 a = 5.970 
c = 24.687 

a = 6.03 
c = 24.753 13 

 
* To the best of our knowledge, experimental lattice constants of Ba3Zr2O7 have not been 
reported. A hypothetical model for Ba3Zr2O7 was constructed by replacing Sr with Ba in 
the unit cell of Sr3Zr2O7 reported in ref. 14 and fully relaxing the structure. 

 
Figure S2 shows plots of the calculated defect formation energies of individual 

point defects and protons on the 1st NP site against inverse supercell volume, L-3, under 
BaO-rich conditions when EVBT = 0. Madelung energy corrections are included in the 
values plotted for single-defect models. 𝐸∗(𝐷%) as obtained by linear extrapolation to 
zero on the horizontal axis.	 In	 these	 plots,	 the deviation from linear dependence on L-3 of 
the formation energies appears greater for the single defects than the associated defects. 
One possible reason for this may be differences in the accuracy of the calculated energies 
as a result of using different k-mesh densities for supercells of different sizes. 
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Figure S2. Defect formation energies of (a) single defects, and (b) protons trapped on 1st 
nearest proton sites in BaZrO3 vs inverse supercell volume, L-3.   
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Hydration and proton-dopant association energies. Acceptor doping of BaZrO3 at 
elevated temperatures produces a solid solution with oxide-ion vacancies forming to 
maintain charge balance. In humid atmospheres at low temperature, protons can be 
incorporated into the BaZrO3 lattice via hydration reactions involving these vacancies. 
Protons tend to become associated with acceptor dopants because their opposite effective 
charge states leads to coulombic attraction. In the case of Y-doped BaZrO3, these defect 
reactions can be expressed using Kröger-Vink notation as 
 
Y?@′ + {Y?@𝑉A}• + H'O(𝑔) → 2{Y?@OHA}×.      (S5) 
 
Y?@′ + OHA• → {Y?@OHA}×.        (S6) 
 
Here we focus on the hydration occurring in the vicinity of acceptor dopants. The 
hydration energy, Ehyd, and the proton-dopant association energy, Eas, were calculated 
respectively according to the equations  
 
𝐸FG5 = 2𝐸7({Y?@OHA}×) − P𝐸7GY?@′J + 𝐸7({Y?@𝑉A}•)Q    (S7) 
 
and 
 
𝐸<" = 𝐸7({Y?@OHA}×) − {𝐸7GY?@′J + 𝐸7(OHA• )}.     (S8) 
 
 
Using eq. 1 in the main text, each of the defect formation energies on the RHS of eq. S7 
and S8 can be expanded as 
 
𝐸7({Y?@OHA}×) = 𝐸"#$∗ ({Y?@OHA}×) − 𝐸"#$(perf) − 𝜇H + 𝜇?@ − 𝜇C,  (S9) 
 
𝐸7GY?@′J = 𝐸"#$∗ GY?@′J − 𝐸"#$(perf) − 𝜇H + 𝜇?@ − (𝐸76@IJ + 𝐸/01∗ ),   (S10) 
 
											𝐸7({Y?@𝑉A}•) = 𝐸"#$∗ ({Y?@𝑉A}•) − 𝐸"#$(perf) 

																																			−𝜇H + 𝜇?@ + 𝜇A + (𝐸76@IJ + 𝐸/01∗ ),   (S11) 
 
and 
 
𝐸7(OHA• ) = 𝐸"#$∗ (OHA• ) − 𝐸"#$(perf) − 𝜇C + (𝐸76@IJ + 𝐸/01∗ ).   (S12) 
 
Inserting these into eqns. S7 and S8 gives 
 
𝐸FG5 = 2𝐸"#$∗ ({Y?@OHA}×) − G𝐸"#$∗ GY?@′J + 𝐸"#$∗ ({Y?@𝑉A}•) + 𝜇C!AJ  (S13) 
 
and 
 
𝐸<" = 𝐸"#$∗ GY?@′J + 𝐸"#$∗ (OHA• ) − U𝐸"#$∗ ({Y?@OHA}×) + 𝐸"#$(perf)V.    (S14) 
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This shows that terms related to the Fermi energy are cancelled out in the calculation of 
Ehyd and Eas. (A correction is only needed for systems with a net charge.) 

We measured the association energy of Y-doped BaZrO3 experimentally to be -0.30 
eV,17 which means that the present calculation underestimates the association energy 
slightly. There are several possible reasons for this difference. For example, in the 
experimental measurements, the acceptor dopant concentration was 20 at%, whereas in 
our DFT calculations the dopants are at the dilute limit, so the calculated association 
energies correspond to a simple 2-body interaction between dopant and proton. More 
complex defect clusters that occur at higher dopant concentrations likely affect the 
strength of proton trapping to some degree and thus association energies in the BaZrO3 
system. Another important difference is that our calculations correspond to materials at 0 
K, so that thermal effects such as ion vibration and thermal lattice expansion are not 
included. More accurate calculations will require use of more computationally expensive 
methods to be used such as ab initio molecular dynamics, which is beyond the scope of 
this work. 

We also calculated the Coulomb potential energy between a trivalent dopant 
(effective charge -1) and proton (effective charge +1) on the 11th nearest proton site using 
the calculated relative dielectric constant for BaZrO3, 64.54. The potential energy, EC.11th, 
in this case was -0.027 eV, which represents the Coulombic contribution to the 
association energy of all the dopants examined. This value is smaller than the association 
energies for protons on this site for all dopant species, with a greater decrease in energy 
with larger dopant size; e.g., Eas.11th for Sc and Eu were calculated to be -0.062 eV and -
0.133 eV, respectively. These results show that lattice distortion (strain) caused by the 
dopant extends at least to a distance of around 9 Å from the dopant, and can be four or 
five times greater than the Coulomb potential for larger dopants. 
 
Dopant-oxygen affinities, hydrogen affinities, and hypothetical hydration energies in 
BaZrO3 
As mentioned in the main text, we break down the hydration reaction in the vicinity of an 
acceptor dopant into three elementary reactions, viz., occupation of oxygen vacancy sites, 
direct proton incorporation, and association between proton and dopant (eqns. S15, S16, 
and S17, respectively):  
 
{Y?@𝑉A}• + 1/2O'(𝑔) → Y?@′ + OA× + 2h•       (S15) 
 
OA× +

K
'
H'(𝑔) + h• → OHA•         (S16) 

 
Y?@L + OHA• → {Y?@OHA}×        (S17) 
 
Energies of eqns. S15 and S16, respectively, can be described as dopant-oxygen and 
hydrogen-oxygen affinities, or oxygen and hydrogen affinities for short, and the energy 
of eq. S17 is the dopant-proton association energy. The oxygen affinity, EO.dopant, and 
EH.host, are written in terms of DFT energies in eqns. S18 and S19, respectively: 
 
𝐸A.5N$<=9 = 𝐸7GY?@′J − 𝐸7({Y?@𝑉A}•)       (S18) 
  
𝐸C.FN"9 = 𝐸7(OHA• )         (S19) 



	 10 

 
Using eq. 1 of the main text, the defect formation energies on the RHS of eqns. S18 and 
19 can be expanded as 
 
𝐸A.5N$<=9 = 𝐸"#$∗ GY?@′J + 2𝐸"#$(h•) 
																									−{𝐸"#$∗ ((Y?@𝑉A)•) + 2𝐸"#$(per) + 2(∆𝐸/01 + 𝐸76@IJ) + 𝜇A} (S20) 
 
𝐸C.FN"9 = 𝐸"#$∗ (OHA• ) + (∆𝐸/01 + 𝐸76@IJ) − Y𝐸"#$(h•) + 𝜇CZ   (S21) 
 
𝐸FG5.7@66 = 𝐸"#$∗ GY?@′J + 2𝐸"#$∗ (OHA• ) 
																									−{𝐸"#$∗ ((Y?@𝑉A)•) + 2𝐸"#$(perf) + 𝜇C!A)}    (S22) 
 
As seen from eqns. S15 and S16, oxygen and hydrogen affinities depend on the energy of 
formation of holes, and thus their energies depend on the Fermi energy level within the 
band gap. In this study, we assumed that the Fermi level was located at the valence band 
top, which corresponds to the p-type limit at 0 K. 
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Nearest-proton sites to a dopant atom 
The 16 different proton sites relative to a dopant atom in a 5´5´5 supercell of BaZrO3 
identified from first-principles calculations are illustrated in Fig. S3. 
 
 
 

 
 
 
 
Figure S3. The 16 different proton sites in a 5´5´5 supercell of cubic BaZrO3, relative to 
an M3+ acceptor dopant atom, used for ab initio calculations of proton-dopant association 
energies.  
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Results 
Proton conductivities versus dopant ion radius 
 

 
 
Figure S4.  Proton conductivities, sH, at (a) 150 ºC and (b) 110 ºC in 20 at% doped 
barium zirconates compared with results from refs. 18 and 19 determined in 15 and 20 
at% dopant concentration, respectively. 
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Figure S5.  Proton conductivities, sH, at 350 ºC against calculated hydration energy, Ehyd. 
The conductivities were determined in the 20 at% doped barium zirconates. 
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