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The M Theory Five-Brane and the Heterotic String1
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Abstract

Brane actions with chiral bosons present special challenges. Recent progress in

the description of the two main examples – the M theory five-brane and the

heterotic string – is described. Also, double dimensional reduction of the M

theory five-brane on K3 is shown to give the heterotic string.

1 The Bosonic Part of the Five-Brane Action

The M theory five-brane action contains a tensor gauge field, which (in linearized approx-

imation) has a self-dual field strength. Ref. [1] analyzed the problem of coupling a 6d

self-dual tensor gauge field to a metric field so as to achieve general coordinate invariance.

It presented a formulation in which one direction is treated differently from the other five.

At the time that work was done, the author knew of no straightforward way to make the

general covariance manifest. However, shortly thereafter a paper appeared [2] that presents

equivalent results using a manifestly covariant formulation [3], which we refer to as the PST

formulation. In the following both approaches and their relationship are described. These

results have been generalized to supersymmetric actions with local kappa symmetry [4, 5, 6],

but here we will only consider the bosonic theories.

The Noncovariant Formulation

Let us denote the 6d (world volume) coordinates by σµ̂ = (σµ, σ5), where µ = 0, 1, 2, 3, 4.

The σ5 direction is singled out as the one that will be treated differently from the other
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five.2 The 6d metric Gµ̂ν̂ contains 5d pieces Gµν , Gµ5, and G55. All formulas will be written

with manifest 5d general coordinate invariance. As in refs. [7, 1], we represent the self-dual

tensor gauge field by a 5× 5 antisymmetric tensor Bµν , and its 5d curl by Hµνρ = 3∂[µBνρ].

A useful quantity is the dual

H̃µν =
1

6
ǫµνρλσHρλσ. (1)

It was shown in ref. [1] that a class of generally covariant bosonic theories can be repre-

sented in the form L = L1 + L2 + L3, where

L1 = −1

2

√
−Gf(z1, z2),

L2 = −1

4
H̃µν∂5Bµν , (2)

L3 =
1

8
ǫµνρλσ

G5ρ

G55
H̃µνH̃λσ.

The notation is as follows: G is the 6d determinant (G = detGµ̂ν̂) and G5 is the 5d determi-

nant (G5 = detGµν), while G55 and G5ρ are components of the inverse 6d metric Gµ̂ν̂ . The

ǫ symbols are purely numerical with ǫ01234 = 1 and ǫµνρλσ = −ǫµνρλσ. A useful relation is

G5 = GG55. The z variables are defined to be

z1 =
tr(GH̃GH̃)

2(−G5)

z2 =
tr(GH̃GH̃GH̃GH̃)

4(−G5)2
. (3)

The trace only involves 5d indices:

tr(GH̃GH̃) = GµνH̃
νρGρλH̃

λµ. (4)

The quantities z1 and z2 are scalars under 5d general coordinate transformations.

Infinitesimal parameters of general coordinate transformations are denoted ξµ̂ = (ξµ, ξ).

Since 5d general coordinate invariance is manifest, we focus on the ξ transformations only.

The metric transforms in the standard way

δξGµ̂ν̂ = ξ∂5Gµ̂ν̂ + ∂µ̂ξG5ν̂ + ∂ν̂ξGµ̂5. (5)

The variation of Bµν is given by a more complicated rule, whose origin is explained in ref. [1]:

δξBµν = ξKµν , (6)
2This is a space-like direction, but one could also choose a time-like one.
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where

Kµν = 2
∂(L1 + L3)

∂H̃µν
= K(1)

µν f1 +K(2)
µν f2 +K(ǫ)

µν (7)

with

K(1)
µν =

√
−G

(−G5)
(GH̃G)µν

K(2)
µν =

√
−G

(−G5)2
(GH̃GH̃GH̃G)µν (8)

K(ǫ)
µν = ǫµνρλσ

G5ρ

2G55
H̃λσ,

and we have defined

fi =
∂f

∂zi
, i = 1, 2. (9)

Assembling the results given above, ref. [1] showed that the required general coordinate

transformation symmetry is achieved if, and only if, the function f satisfies the nonlinear

partial differential equation [8]

f 2
1 + z1f1f2 +

(1

2
z21 − z2

)

f 2
2 = 1. (10)

As discussed in [7], this equation has many solutions, but the one of relevance to the M

theory five-brane is

f = 2

√

1 + z1 +
1

2
z21 − z2. (11)

For this choice L1 can reexpressed in the Born–Infeld form

L1 = −
√

−det
(

Gµ̂ν̂ + iGµ̂ρGν̂λH̃ρλ/
√

−G5

)

. (12)

This expression is real, despite the factor of i, because it is an even function of H̃ .

The PST Formulation

In ref. [2] (using techniques developed in ref. [3]) equivalent results are described in a

manifestly covariant way. To do this, the field Bµν is extended to Bµ̂ν̂ with field strength

Hµ̂ν̂ρ̂. In addition, an auxiliary scalar field a is introduced. The PST formulation has new

gauge symmetries (described below) that allow one to choose the gauge Bµ5 = 0, a = σ5

(and hence ∂µ̂a = δ5µ̂). In this gauge, the covariant PST formulas reduce to the ones given

above.
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Equation (12) expresses L1 in terms of the determinant of the 6× 6 matrix

Mµ̂ν̂ = Gµ̂ν̂ + i
Gµ̂ρGν̂λ√
−GG55

H̃ρλ. (13)

In the PST approach this is extended to the manifestly covariant form

M cov.
µ̂ν̂ = Gµ̂ν̂ + i

Gµ̂ρ̂Gν̂λ̂
√

−G(∂a)2
H̃ ρ̂λ̂

cov.. (14)

The quantity

(∂a)2 = Gµ̂ν̂∂µ̂a∂ν̂a (15)

reduces to G55 upon setting ∂µ̂a = δ5µ̂, and

H̃ ρ̂λ̂
cov. ≡

1

6
ǫρ̂λ̂µ̂ν̂σ̂τ̂Hµ̂ν̂σ̂∂τ̂a (16)

reduces to H̃ρλ. Thus M cov.
µ̂ν̂ replaces Mµ̂ν̂ in L1. Furthermore, the expression

L′ = − 1

4(∂a)2
H̃ µ̂ν̂

cov.Hµ̂ν̂ρ̂G
ρ̂λ̂∂λ̂a, (17)

which transforms under general coordinate transformations as a scalar density, reduces to

L2 + L3 upon gauge fixing. It is interesting that L2 and L3 are unified in this formulation.

Let us now describe the new gauge symmetries of ref. [2]. Since degrees of freedom a and

Bµ5 have been added, corresponding gauge symmetries are required. One of them is

δBµ̂ν̂ = 2φ[µ̂∂ν̂]a, (18)

where φµ̂ are infinitesimal parameters, and the other fields do not vary. In terms of differential

forms, this implies δH = dφ ∧ da. H̃ ρ̂λ̂
cov. is invariant under this transformation, since it

corresponds to the dual of H ∧ da, but da ∧ da = 0. Thus the covariant version of L1

is invariant under this transformation. The variation of L′, on the other hand, is a total

derivative.

The second local symmetry involves an infinitesimal scalar parameter ϕ. The transfor-

mation rules are δGµ̂ν̂ = 0, δa = ϕ, and

δBµ̂ν̂ =
1

(∂a)2
ϕHµ̂ν̂ρ̂G

ρ̂λ̂∂λ̂a+ ϕVµ̂ν̂ , (19)

where the quantity Vµ̂ν̂ is to be determined. Rather than derive it from scratch, let’s see

what is required to agree with the previous formulas after gauge fixing. In other words, we
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fix the gauge ∂µ̂a = δ5µ̂ and Bµ5 = 0, and figure out what the resulting ξ transformations are.

We need

δa = ϕ+ ξ∂5a = ϕ+ ξ = 0, (20)

which tells us that ϕ = −ξ. Then

δξBµν =
1

(∂a)2
ϕHµνρ̂G

ρ̂λ̂∂λ̂a + ϕVµν + ξH5µν

= −ξ

(

Gρ5

G55
Hµνρ + Vµν

)

= ξ(K(ǫ)
µν − Vµν). (21)

Thus, comparing with eqs. (6) and (7), we need the covariant definition

Vµ̂ν̂ = −2
∂L1

∂H̃ µ̂ν̂
cov.

(22)

to achieve agreement with our previous results.

2 A New Heterotic String Action

There are two main approaches to constructing the world-sheet action of the heterotic string

that have been used in the past [9]. In one of them, the internal torus is described in terms

of bosonic coordinates. The fact that these bosons are chiral (i.e., the left-movers and right-

movers behave differently) is imposed through external constraints. In the second approach

these bosonic coordinates are replaced by world-sheet fermions, which are Majorana–Weyl

in the 2d sense. What will be most convenient for our purposes is a variant of the first

approach. In this variant the coordinates of the Narain torus are still represented by bosonic

fields, but the chirality of these fields is achieved through new gauge invariances rather than

external constraints [10].

Consider the Narain compactified heterotic string in a Minkowski space-time with d =

10− n dimensions [11]. Let these coordinates be denoted by Xm with m = 0, 1, . . . , d− 1 =

9 − n. To properly account for all the degrees of freedom, the Narain torus should be

described by 16 + 2n bosonic coordinates Y I , I = 1, 2, . . . , 16 + 2n. These will be arranged

to describe 26−d = 16+n left-movers and 10−d = n right-movers. The Y I are taken to be

angular coordinates, with period 2π, so that Y I ∼ Y I +2π, and the conjugate momenta are

integers. The actual size and shape of the torus is encoded in a matrix of moduli, denoted

MIJ , which will be described below.

5



The (16 + 2n)-dimensional lattice of allowed momenta should form an even self-dual

lattice of signature (n, 16 + n). Let us therefore introduce a matrix

η =

(

In 0
0 −I16+n

)

, (23)

where In is the n× n unit matrix. An even self-dual lattice with this signature has a set of

16 + 2n basis vectors VI , and the symmetric matrix

LIJ = V a
I ηabV

b
J (24)

characterizes the lattice. A convenient specific choice is

L = Λ8 ⊕ Λ8 ⊕ σ ⊕ . . .⊕ σ, (25)

where Λ8 is the negative of the E8 Cartan matrix and σ =

(

0 1
1 0

)

appears n times.

The Narain moduli space is characterized, up to T duality equivalences that will be

discussed below, by a symmetric matrix M ′

ab ∈ O(n, 16 + n), which satisfies M ′ηM ′ = η.

The fact that it is symmetric means that it actually parametrizes the coset space O(n, 16 +

n)/O(n) × O(16 + n), which has n(16 + n) real dimensions. To describe the T duality

equivalences, it is convenient to change to the basis defined by the basis vectors of the

self-dual lattice. Accordingly, we define

MIJ = V a
I M

′

abV
b
J = (V TM ′V )IJ . (26)

This matrix is also symmetric and satisfies

ML−1M = L, (27)

from which it follows that (L−1M)2 = 1. This allows us to define projection operators

P± =
1

2
(1± L−1M). (28)

P+ projects onto an n-dimensional subspace, which will correspond to right-movers. Sim-

ilarly, P− projects onto the (16 + n)-dimensional space of left-movers. The theory we are

seeking should be invariant under an infinite discrete group of T duality transformations,

denoted Γn,16+n,
3 so that the actual moduli space is the standard Narain space

Mn,16+n = Γn,16+n\O(n, 16 + n)/O(n)× O(16 + n). (29)

3It is often called O(n, 16 + n;Z).
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The desired equations of motion for the Y coordinates are [12, 13, 14, 15]

P−∂+Y = 0 and P+∂−Y = 0, (30)

where ξ± = ξ1 ± ξ0, so that ∂± = 1
2
(∂1 ± ∂0). ξ

0 and ξ1 are the world-sheet time and space,

respectively. The pair of equations in (30) can be combined in the form

M∂0Y − L∂1Y = 0. (31)

It is easy to write down a lagrangian that gives this equation [16]:

LN =
1

2
(∂0YM∂0Y − ∂0Y L∂1Y ). (32)

Two things are peculiar about this lagrangian. First, it does not have manifest Lorentz

invariance. However, in ref. [17] it was shown that LN has a global symmetry that can be

interpreted as describing a non-manifest Lorentz invariance. Second, it gives the equation

of motion

∂0[M∂0Y − L∂1Y ] = 0, (33)

which has a second, unwanted, solution Y I = f I(ξ1). The resolution of the second problem

is quite simple. The transformation δY I = f I(ξ1) is a gauge symmetry of LN , and therefore

f I(ξ1) represents unphysical gauge degrees of freedom.

The first problem, the noncovariance of LN , is more interesting. We will follow the PST

approach [3], and extend LN to a manifestly Lorentz invariant action by introducing an

auxiliary scalar field a(ξ). The desired generalization of LN is then

LPST =
1

2(∂a)2
(Ỹ MỸ − Ỹ L ∂Y · ∂a), (34)

where

Ỹ I = ǫαβ∂αY
I∂βa. (35)

Also, (∂a)2 and ∂Y · ∂a are formed using the 2d Lorentz metric, which is diagonal with

η00 = −1 and η11 = 1.

The theory given by LPST has two gauge invariances. The first is

δY = ϕ

(

1

∂+a
P−∂+Y +

1

∂−a
P+∂−Y

)

,

δa = ϕ, (36)

7



where ϕ(ξ0, ξ1) is an arbitrary infinitesimal scalar function. If this gauge freedom is used to

set a = ξ1, then LPST reduces to LN . The second gauge invariance is

δY I = f I(a), δa = 0, (37)

where f I are arbitrary infinitesimal functions of one variable. This is the covariant version

of the gauge symmetry of LN that was used to argue that the undesired solution of the

equations of motion is pure gauge.

Reparametrization Invariant Action

The formulas described above are not the whole story of the bosonic degrees of freedom

of the toroidally compactified heterotic string, because they lack the Virasoro constraint

conditions. The standard way to remedy this situation is to include an auxiliary world-sheet

metric field gαβ(ξ), so that the world-sheet Lorentz invariance is replaced by world-sheet

general coordinate invariance. Since we now want to include the coordinates Xm describing

the uncompactified dimensions, as well, let us also introduce an induced world-sheet metric

Gαβ = gmn(X)∂αX
m∂βX

n, (38)

where gmn(X) is the string frame target-space metric in d dimensions. It is related to the

canonically normalized metric by a factor of the form exp(αφ), where φ is the dilaton and α is

a numerical constant, which can be computed by requiring that the target-space lagrangian

is proportional exp(−2φ). We will mostly be interested in taking φ to be a constant and gmn

to be proportional to the flat Minkowski metric. Then the heterotic string coupling constant

is λH = exp φ, and the desired world sheet lagrangian is

Lg = −1

2

√−ggαβGαβ +
Ỹ MỸ

2
√−g(∂a)2

− Ỹ L ∂Y · ∂a
2(∂a)2

. (39)

Now, of course, (∂a)2 = gαβ∂αa∂βa and ∂Y · ∂a = gαβ∂αY ∂βa. The placement of the
√−g

factors reflects the fact that Ỹ /
√−g transforms as a scalar.

There are a few points to be made about Lg. First of all, the PST gauge symmetries

continue to hold, so it describes the correct degrees of freedom. Second, just as for more

conventional string actions, it has Weyl invariance: gαβ → λgαβ is a local symmetry. This

ensures that the stress tensor

Tαβ = − 2√−g

δSg

δgαβ
, (40)
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is traceless (gαβTαβ = 0). Using the general coordinate invariance to choose gαβ conformally

flat, and using the PST gauge invariance to set a = ξ1, the Y equations of motion reduce to

those described in the previous subsection. In addition, one obtains the classical Virasoro

constraints T++ = T−− = 0.

The lagrangian Lg is written with an auxiliary world-volume metric, which is called the

Howe–Tucker or Polyakov formulation. This is the most convenient description for many

purposes. However, for the purpose of comparing to expressions derived from the M5-brane

later in this paper, it will be useful to also know the version of the lagrangian in which the

auxiliary metric is eliminated — the Nambu–Goto formulation. Note that Lg only involves

the metric components in the combination
√−ggαβ, which has two independent components.

It is a straightforward matter to solve their equations of motion and eliminate them from

the action. This leaves the final form for the bosonic part of the heterotic string in 10 − n

dimensions

L = −
√
−G

√

√

√

√1 +
Ỹ MỸ

G(∂a)2
+

(

Ỹ LỸ

2G(∂a)2

)2

− Ỹ L∂Y · ∂a
2(∂a)2

, (41)

where G = detGαβ, and now

(∂a)2 = Gαβ∂αa∂βa, ∂Y · ∂a = Gαβ∂αY ∂βa. (42)

3 Wrapping the M-Theory Five-Brane on K3

Let us now consider double dimensional reduction of the M5-brane on K3.4 This is supposed

to give the heterotic string in seven dimensions [19, 20, 21]. Our starting point is the bosonic

part of the M5-brane action [7] in the general coordinate invariant PST formulation. Since

the other 11d fields are still assumed to vanish, gMN(X) must be Ricci flat. We will take it

to be a product of a Ricci-flat K3 and a flat 7d Minkowski space-time.

Since the M5-brane is taken to wrap the spatial K3, the diffeomorphism invariances

of the M5-brane action in these dimensions can be used to equate the four world-volume

coordinates that describe the K3 with the four target-space coordinates that describe the

K3. In other words, we set σµ = (ξα, xi) and XM = (Xm, xi). Note that Latin indices i, j, k

are used for the K3 dimensions (xi) and early Greek letters for the directions (ξα), which are

4See ref. [18] for a review of the mathematics of K3 and some of its appearances in string theory dualities.
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the world-sheet coordinates of the resulting string action. This wrapping by identification of

coordinates, together with the extraction of the K3 zero modes, is what is meant by double

dimensional reduction. With these choices, the 6d metric can be decomposed into blocks

(Gµν) =

(

G̃αβ 0
0 hij

)

, (43)

with hij and G̃αβ being the K3 metric and the induced metric on the string world-sheet,

respectively. The purpose of the tilde is to emphasize that G̃αβ = g̃mn∂αX
m∂βX

n, where

g̃mn is the 7d part of the canonical 11d metric. It differs from the metric introduced earlier

by a scale factor, which will be determined below. It is convenient to take the PST scalar

field a to depend on the ξα coordinates only. This amounts to partially fixing a gauge choice

for the PST gauge invariance.

The two-form field B has the following contributions from K3 zero modes:

Bij =
22
∑

I=1

Y I(ξ)bIij(x), Bαi = 0, Bαβ = cαβ(ξ), (44)

where bIij are the 22 harmonic representatives of H2(K3, Z), the integral second cohomology

classes of K3. Any other terms are either massive or can be removed by gauge transforma-

tions. The nonzero components of Hµνρ and H̃µν are

Hαij =
22
∑

I=1

∂αY
IbIij (45)

H̃ ij =
22
∑

I=1

Ỹ I 1

2
ǫijklbIkl =

22
∑

I=1

√
hỸ I(∗bI)ij, (46)

where Ỹ I = ǫαβ∂αY
I∂βa as in eq. (35). Note that cαβ does not contribute.

Now we can compute the string action that arises from double dimensional reduction by

substituting the decompositions (45) and (46) into the five-brane Lagrangian. To make the

connection with the heterotic string action of the previous section, we make the identifications

LIJ =
∫

K3
bI ∧ bJ , (47)

MIJ =
∫

K3
bI ∧ ∗bJ . (48)
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Note that ∗bI = bJ(L
−1M)J I , and therefore (L−1M)2 = 1, as in sect. 2. Note also that

bI ∧ bJ and bI ∧∗bJ are closed four-forms, and therefore they are cohomologous to the unique

harmonic four-form of the K3, which is the volume form ω. It follows that

bI ∧ bJ = ∗bI ∧ ∗bJ =
LIJ

V ω + dTIJ , bI ∧ ∗bJ =
MIJ

V ω + dUIJ , (49)

where V =
∫

K3 ω is the volume of the K3 and UIJ = TIK(L
−1M)KJ . The exact terms are

absent when either two-form is self-dual, but there is no apparent reason why they should

vanish when both of them are anti-self-dual. If we nevertheless ignore the exact pieces in

these formulas, substitute into the Lagrangian, and integrate over the K3, we obtain

L1 = −V
√

−G̃

√

√

√

√1 +
Ỹ IMIJ Ỹ J

G̃(∂a)2V
+

1

4

(

Ỹ ILIJ Ỹ J

G̃(∂a)2V

)2

− Ỹ ILIJ∂αY
JG̃αβ∂βa

2(∂a)2
. (50)

This is precisely the heterotic string lagrangian (for n = 3) presented in eq. (41) of the

previous section provided that the 7d metric gmn in the string frame is related to the metric

g̃mn derived from 11d by

gmn = V g̃mn (51)

so that Gαβ = VG̃αβ . This is the same scaling rule found by a different argument in

ref. [19]. Then, following ref. [19], the Einstein term in the 7d lagrangian is proportional to

V√−g̃R(g̃) = V−3/2√−gR(g), from which one infers that V ∼ λ
4/3
H .

To complete the argument we must still explain why terms that have been dropped

make negligible contributions. It is not at all obvious that the exact pieces in eq. (49)

can be neglected, but it is what is required to obtain the desired answer. The other class

of terms that have been dropped are the Kaluza–Klein excitations of the five-brane on

the K3. By simple dimensional analysis, one can show that in the heterotic string metric

these contributions to the mass-squared of excitations are of order λ−2
H . Therefore they

represent non-perturbative corrections from the heterotic viewpoint. Since our purpose is

only to reproduce the perturbative heterotic theory, they can be dropped. Another class

of contributions, which should not be dropped, correspond to simultaneously wrapping the

M2-brane around a 2-cycle of the K3. These wrappings introduce charges for the 22 U(1)’s,

according to how many times each cycle is wrapped. The contribution to the mass-squared

of excitations depends on the shape of the K3, of course, but in the heterotic metric it is

independent of its volume and hence of the heterotic string coupling constant.
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