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Abstract: In this paper we disprove part of a conjecture of Lieb and Thirring concerning
the best constant in their eponymous inequality. We prove that the best Lieb—Thirring
constant when the eigenvalues of a Schrodinger operator —A + V (x) are raised to the
power k is never given by the one-bound state case when « > max(0, 2 —d/2) in space
dimension d > 1. When in addition x > 1 we prove that this best constant is never
attained for a potential having finitely many eigenvalues. The method to obtain the first
resultis to carefully compute the exponentially small interaction between two Gagliardo—
Nirenberg optimisers placed far away. For the second result, we study the dual version
of the Lieb—Thirring inequality, in the same spirit as in Part I of this work Gontier et al.
(The nonlinear Schrodinger equation for orthonormal functions I. Existence of ground
states. Arch. Rat. Mech. Anal, 2021. https://doi.org/10.1007/s00205-021-01634-7). In
a different but related direction, we also show that the cubic nonlinear Schrodinger
equation admits no orthonormal ground state in 1D, for more than one function.

1. Introduction and Main Results

This paper is a continuation of a previous work [GLN21] where the last two au-
thors together with F.Q. Nazar studied the existence of ground states for the nonlinear
Schrodinger equation (NLS) for systems of orthonormal functions. In the present paper,
we exhibit a connection between the corresponding minimisation problem and the fam-
ily of Lieb—Thirring inequalities [LT75,LT76,L.S10], which enables us to prove results
both for the Lieb—Thirring inequalities and the NLS equation studied in [GLN21].

1.1. Lieb-Thirring inequalities. The Lieb—Thirring inequality [LT75,LT76] is one of
the most important inequalities in mathematical physics. It has been used by Lieb and
Thirring [LT75] to give a short proof of the stability of matter [DL67,L.D68,Lie90,L.S10]
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and it is a fundamental tool for studying large fermionic systems. It is also a source of
many interesting mathematical questions.

1.1.1. The finite rank Lieb—Thirring constant Letd > 1,k > 0 and N > 1, and let
L(N) be the best constant in the finite rank Lieb—Thirring inequality

N

d
S A+ V) < LSV;/ Vo)t dx n
7,

n=1

for all V e L"+%(Rd), where a_ = max(0, —a) and A,(—A + V) < 0 denotes the
nth min-max level of —A + V in L?(R¢), which equals the nth negative eigenvalue

(counted with multiplicity) when it exists and O otherwise. The constant L( ) is finite
by the Gagliardo—Nirenberg inequality, under the assumption that

k>3 ind=1,
k>0 ind =2, (2)

k>0 ind > 3.

These restrictions on « are optimal in the sense that Lf{l) =oofor0 <k < 1/21in
d = 1 and for « = 0in d = 2. Note that L,((/\Q is finite under the same restrictions as for

L,({ ;, since L,((AQ <N L(lil Moreover, from the definition we have L,((AQ < L,((Nd“). The
Lieb—Thirring theorem states that the limit is finite:

Lig = L(Oj) = hm L( 4 <oo forkasin(2). 3)

This was proved by Lieb and Thirring [LT75,LT76] forx > 1/2ind = 1 and forx > 0
ind > 2. The critical cases k = 0ind > 3 and k = 1/2 ind = 1 are respectively due
to Cwikel-Lieb—Rozenblum [Cwi77,Lie76,R0z72] and Weidl [Wei96].

An important question is to determine the value of the optimal Lieb—Thirring constant
L, 4. This plays for instance a central role in Density Functional Theory [LLS20]. One
possibility is that it is attained for an optimal potential V having N < oo bound states,

thatis, Ly g = L(N) An opposite scenario is that a sequence Vy of optimal potentials

for L( ) tends to be very spread out and flat as N — 00 so as to have more and more
bound states In this case L, 4 is equal to the semi-classical constant
F'k+1)
[ p— . @)
2972 (k +d/2+ 1)
Indeed, recall that if we scale a fixed nice potential V with V_ # 0 in the manner V (fix),
we obtain in the limit 4 — 0
iy 1 (= A+ VB[ i Ry oy [ (2 A+ V)¢
=0 f V(h )K+d/2 h—0 f V( )K+d/2
_ JJra (PP + V() dxdp

Q) fra V(0) < dx

=<2n>—df (IpP = D<dp =
Rd
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Lieb and Thirring conjectured in [LT76] that the best constant should be given either by
the one bound state case, or by semi-classical analysis:

Ly.a 2 max {Lfclzi, LY } . 5

This conjecture has generated a huge interest in mathematical physics. Although the
conjecture is still believed to hold in dimension d = 1, it is now understood that the
situation is more complicated in dimensions d > 2. In Sect. 1.1.3 below we will give
a precise account of what is known and what is not as of today. Most of the previous
works have focused on determining when L, 4 equals the semi-classical constant L,SCC a

Much fewer works have studied the plausibility that L, 4 equals L,((lgi or even L,((AQ for
some N > 1. In the next section we state our results in this direction.

1.1.2. Results on the non-optimality of the finite rank Lieb—Thirring constant Our first
theorem states that for an appropriate range of «, the optimal constant in the Lieb—
Thirring inequality can never be attained by a potential having finitely many bound
states.

Theorem 1 (Non optimality of the finite-rank case). Let d > 1 and

K > % ford =1,
k>1 ford =2, (6)
k>1 ford=>3.

Then there exists an infinite sequence of integers N1 =1 < Ny =2 < N3 < --- such

that
LD < L™ forallk > 1.

In particular, we have

L(d <Lgq forall N >1.

In addition, for any N > 2 there exist optimisers Vy for L( ). When N = N we have
AN(=A+ Vy) <0, that is, —A + Vy has at least N negatlve etgenvalues

As we will discuss below, this result, in particular, disproves the Lieb—Thirring con-
jecture (5) in dimension d = 2 in the range 1 < « < 1.165 and suggests a new scenario
for the optimal Lieb—Thirring constant.

It is unclear whether the passage to a subsequence is really necessary or whether the
conclusion holds also for Ny = k.

The proof of Theorem 1 proceeds by studying the dual formulation of the Lieb—
Thirring inequality (1) in a similar manner as what was done in [GLN21] for the nonlinear
Schrodinger equation. This is explained in detail in the next section, where we also collect
more properties of V. This duality argument requires the assumption « > 1. It is an
interesting open question whether Theorem 1 is valid for all k > max{0, 2—d/2} instead
of (6). The value of the critical exponent max{0, 2 — d/2} will be motivated later. In
Sect. 4 we provide a direct proof for N = 2 which covers this range of «, as stated in
the following result.
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Theorem 2 (Non optimality of the N = 1 case). Letd > 1 and

K>max{0,2—§}. @)

Then we have

(¢Y) (©3)
Ll(,d < Ll(,d <Lia

As we will discuss below, this result, in particular, disproves the Lieb—Thirring con-
jecture (5) in dimension d = 3 in the range 1/2 < « < 0.8627. Thus, together with
a result of Helffer-Robert [HR90] recalled below, the Lieb—Thirring conjecture (5) in
dimension d = 3 is now disproved in the range 1/2 < k < 1.

The conclusion L' ; < L, 4 for the appropriate range of « is new for all dimensions
2 <d <7.Letus brleﬂy sketch an alternative way of arriving at this strict inequality for
d > 8. Itis shown in [GGM78] that the best Cwikel-Lieb—Rozenblum constant satisfies
Loa > L“C L(ld in dimensions d > 8; see also [Fra21]. Here, the constant L(()lgi is
defined in terms of the Sobolev optimiser. A variation of the monotonicity argument from

[AL78] shows that L(l;, /L5 «.q 1s strictly decreasing (see Theorem 3 and Lemma 9 below).

This implies that L, g > L}, > LY ;for allk > Oandalld > 8, as claimed. In contrast
to this argument, our Theorem 2 is not only valid in all dimensions, in the mentioned

range of k, but it gives the additional information that the two-bound states constant L( )

is above L( ) . The mechanism used in our proof is completely different from [GGM78]
There, the authors increased the coupling constant in front of the potential to reach
the semi-classical limit. On the other hand, the proof of Theorem 2 consists of placing
two copies of the one-bound state optimiser far away in the appropriate manner, and
computing the resulting exponentially small attraction.

Our proof of Theorem 2 does not work for k = 0 in dimensions d = 5, 6, 7 (where
one still has 2 — d /2 < 0). Understanding this case is an open problem.

1.1.3. Discussion We now discuss in detail the consequences of Theorems 1 and 2 with
regard to the Lieb—Thirring conjecture (5).

There are many results on the Lieb—Thirring constants L, 4. The best estimates
currently known are in [FHIN21]. We mention here a selection of results pertinent to
our theorem and refer to [Fra21] for a detailed discussion of known results and open
problems. We recall the following known properties:

e (Lower bound [LT76]) Foralld > 1, k > 0, we have
(€] .
Lea = max L) 1, ] ®)

e (Monotonicity [AL78]) Foralld > landalll < N < oo, the mapx +— L(N)/L

is non-increasing;'
e (k =3/2ind = 1[LT76]) Indimensiond = 1 withx = 2,we: have, forall N € N,

N
L3y = Lg/z),l = :83'2/2,12 )

1 Only the case N = oo is considered in [AL78] but the argument applies the same to any finite N > 1.
For N = 1, we will see in Theorem 3 that « LU Z/L“cd is in fact strictly decreasing.
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o (k =3/2ind > 1 [LWOO]) Forall d > 1 withk = 3, we have L3 /24 = LY, 4;

e (k < 3/2 is not semi-classical in 1D [LT76]) For d = 1 and ¥ < 3/2, we have
Ley1 > LK I

e (k < lisnotsemi-classical [HR90]) Foralld > 1andx < 1,wehave L, 4 > L,S(Cd;

e (k =0ind > 7 [GGM78], see also [Fra21]) We have Lo 4 > Lf)cd > L(()d in

dimensions d > 8 and Lo 4 > Lf)l) > L{, in dimensiond = 7.

These properties imply that there is a critical number 1 < kg (d) < % such that

= L;‘fd for k > Ky (d),

L
wd S Lf{‘fd for k < Kk (d).

The exact value of ks (d) is unknown and of course it also remains to determine what is
happening below this value.

Next we discuss the one-bound state constant L,((lzl. In Sect. 2 we will prove the

. . . . . 1
following result, which provides some new properties of the function « — L' ; /LY 4
Theorem 3 (Comparing L(l) with LiE ).

(i) For everyd > 1, the function k L(l) /L‘Cd is strictly decreasing on its interval of
definition (2).
(ii) In dimensions 1 < d <7 there is a unique 0 < k1ngc(d) < 0o such that

1 S .
L,((igj > L;C,d ific <rKinse(d),
Lii; =LY, ifk =Kine(d).
Lf{}i < Lffd ifk > Kkinse(d) .

(iii) In dimensions d > 8, one has L,(({zi < L,S(fd forall k > 0.
(iv) Finally, we have ford > 2,

m M
L L d

od _ Zed=l o rallc > max 10,2 — =} (10)
Le Liéao 2

In particular, k1nsc(d) is decreasing with the dimension.

That the two curves « +— (L(lzi L% x.q) Cross at a unique point was part of the Lieb—
Thirring conjecture [LT76]. In Fig. 1 we display a numerical computation of the curves

K L(l) a2/ LY ford € {2, ..., 7} and of the crossing points k'1nsc (d), which confirm the
results of Theorem 3. In fact, the monotonicity with respect to the dimension (10) seems
to hold in the whole domain of definition ford € {2, 3}. These computations complement
those of Barnes in [LT76, App. A] who only considered dimensions d € {1, 2, 3}.

The Lieb-Thirring conjecture (5) meant that k5. (d) = k1nsc(d) and that L, g = L,((]’zi
for k < kg (d). This is still believed to hold in dimension d = 1, but not in dimensions
d > 2. In particular, Theorem 2 implies already that

Kinse(d) < ke (d) in dimensions 2 < d < 7.

The inequality is strict because otherwise we would have L,g = L}, = L(I()i at

k = K1nsc(d) which cannot hold by Theorems 1 and 2 . We now dlscuss some further
consequences of our results, mostly in the physical dimensions d < 3.
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3.0 1
2.54
2.01
ol N\
0.5 1
OjO 0j2 0j4 0j6 0j8 le 1j2
d 1 2 3 4 5 6 7 d>8

K1nse(d) :% 1.1654 0.8627 0.5973 0.3740 0.1970 0.0683 no crossing

Fig. 1. Numerical computation of the curves « > L;((lz)i / Lf(c d ford € {2,..., 7}. The curves are ordered

according to the dimension, with the d = 2 curve above the others. The points kg (d) at which they take
the value 1 are provided in the table

o In dimension d = 1, we have ks (1) = k1nsc(1) = 3/2. In addition, at « = 1/2,
the constant is L1,21 = L(ll/)2,1 = 1/2 as proved in [HLT98], with the optimal V
being a delta function. The remaining part of the Lieb—Thirring conjecture, namely,

the equality L, 1 = L(l) for all 1/2 < k < 3/2, has been confirmed by numerical
experiments in [Lev14] but it is still open.

e In dimension d = 2, we have 1.165 =~ k1nsc(2) < ksc(2) < 3/2 and this is the
best we can say at present. Numerical simulations in [Lev14] did not provide any
hint of what is happening in the region 1 < « < 1.165. However, our Theorem 1 in
dimension d = 2 shows that L, » > L,(({\;) forallx > 1 and N > 1. In particular, for
1 < k < 1.165, we disprove the Lieb-Thirring conjecture that the constant is
given by the N = | optimiser in 2D. It can indeed not be given by any finite rank
optimiser.

e Indimension d = 3, a system with 5 bound states was numerically found in [Lev14]
to be better than the one bound state for k 2 0.855, showing that the one bound state
case ceases to be optimal before the critical value 0.8627 in Fig. 1. Our Theorem 2

implies that the one-bound state constant LY ()1 can indeed not be optimal for all
k > 1/2. This disproves the Lieb-Thirring conjecture that the constant is given
by the N = 1 optimiser for 1/2 < « < 0.8627 in 3D.

e Indimensiond > 3,acommon belief is that ks.(d) = 1 foralld > 3. The validity of
this conjecture would have some interesting physical consequences, for instance an
exact lower bound involving the Thomas-Fermi kinetic energy in Density Functional
Theory [LLS20]. Our Theorem 1 does not contradict this belief, since we prove that
the optimal Lieb—Thirring potential cannot have a finite number of bound states. But
many other situations are still possible, as we now discuss.



The nonlinear Schrodinger equation 1789

Theorem 1 suggests to interpret the Lieb—Thirring inequality within the framework

of statistical mechanics. For an optimal potential Vy for LI(({\Q, we can think of the
corresponding N first orthonormal eigenfunctions of —A + Vi as describing N fermions
in R? [GLN21, Rmk. 8]. Theorem 1 says that in the limit N — oo, the N particles
always attract each other, at least along a subsequence N;. We conjecture that for
k > max{2 — d/2,0} they will form a large cluster of size proportional to N'/¢ (if

fRd (VN)'ier/ 2 is, for instance, normalised to N) and that Vy will converge in the limit to a
bounded, but non-decaying potential V. There would then be no optimiser for the Lieb—
Thirring constant L, 4. The semi-classical constant Li°; corresponds to the case where

the limiting potential Vi, is constant over RY, that is, the system is translation-invariant.
In statistical mechanics, this is called a fluid phase. In principle, the limiting potential
Vs could also be a non-trivial periodic function, which is then interpreted as a solid
phase. We see no obvious physical reasons for discarding this possibility, in particular
in low dimensions where periodic systems are ubiquitous [BL15]. This mechanism does
not seem to have been considered before in the context of Lieb—Thirring inequalities.
In particular, it seems natural to conjecture that the system is in a solid phase for all
2 —d/2 < k < kg(d) in dimensions d = 2, 3. In [FGL21] we shall discuss this new
point of view in detail.

Remark 4. In dimension d = 2, some preliminary numerical tests suggest that the dif-

ference L, — Lf{lé might be very small in the region 1 < « < 1.165. This makes the

problem difficult to simulate as we need high precision.

1.2. Dual Lieb-Thirring inequalities. Our strategy to prove Theorem 1 is to study the
dual version of the Lieb—Thirring inequality (1). This dual version is well known for
k = 1 anditis often used in practical applications. The dual inequality for k > 1 appears,
for instance, in [LP93], but is less known and we briefly recall it in this subsection.
There is no known dual problem for x < 1, except for a certain substitute for x = 0 in
dimensions d > 3 [Fral4].

Let 0 < y = y* be a self-adjoint non-negative operator of Rank(y) < N, of the
form y = Z]/V:l njluj)(u;| with uy, ..., uy an orthonormal family in LZ(]Rd). For
1 < ¢ < oo, we denote by

N 1/q
lyllge = (Trly|H"4 = [ Y nf
j=1
its g-th Schatten norm [SimOS5], and use the convention that ||y ||se = | y| is the

operator norm. The density of y is the function p, € L'(R?) defined by

N
Py () =Y njluj ),

j=1

and the kinetic energy of y is

N
Tr(—Ay) = | 1Vu P (xd
r(=Ay) ;n,Ad| ujl? (odx
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with the convention that Tr(—Ay) = +ooifu; ¢ H(RY) for some j.Letl < p < 1+§
with d > 1, and let

+00 forp:l+§.

We denote by K ;{\Q the best (that is, largest possible) constant in the inequality

pQ2—d)+d

2p
N -
K oyl fre, < 17lgs’™" Tr(=Ay) (11)

valid for all 0 < y = y* with Rank(y) < N. The fact that K |\) is well-defined with

K [(71\2 > 0 is a consequence of the next result, together with the Lieb—Thirring theorem.

Lemma 5 (Duality). Let 1 < N <oo,d>land1 <p <1+ %, and set

d K
K= —— — —, 5o that =gq.
p—1 2 Kk —1

Then,

2 X
(N) (7 (N K d
KM (L = ) 12
p,d ( K7d> <K+%> <2K+d> ( )

The lemma says that the inequality (11) is dual to the finite-rank Lieb—Thirring
inequality (1). This is because the density p, is the variable dual to the potential V
whereas the density matrix y can be interpreted as the dual of the Schrodinger operator
—A + V. Hence p is the dual exponent of ¥ + d/2 and g the one of k. The proof
of Lemma 5, provided in Appendix A, also shows how to relate the corresponding
optimisers, assuming they exist. A similar argument, but without the constraint on the
rank, can be found for instance in [LP93].

We denote

Kpq:= lim K(A;) = inf K({Vd)

N—o0 ’ N>1

This constant is related to the constant L, 4 in (3) by

2 k \"( d
Kpa(Lea)? = </<+"—’> (2K+d> -

and is the best constant in the inequality

pQ—d)+d

_2p
Ky |oy] [y < Ivlgd™" Tr(=Ay) (14)

valid forall 0 < y = y*.
In Sect. 3, we study the dual problem (11) and prove the following result which,
together with Lemma 5, immediately implies Theorem 1.
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Theorem 6 (Existence of optimisers and properties). Letd > land 1 < p < 1+2/d.

(i) Existence. For every finite N > 1, the problem K[(){\Q in (11) admits an optimiser y.

(ii) Equation. After an appropriate normalisation, any optimiser y for K;Ail) has rank
1 < R < N < oo and can be written in the form

R
y = njluj)u,l|
j=1

with
1 1
2p \ 7T 2p+d—dp 97T 2
(d(pm) D L Jorp<1+g
nj= ) Zkzl [kl 9 (15)
2(dyp-1 1L orp =1+ 2
7 (#) SE il for p 7>
where the corresponding orthonormal system (ui,...,uR) solves the nonlinear
Schrodinger equation
R
Vi=lo R (=A=p, 0P up =g, with p, =Y njlusl (16)
j=1
Here j are the R first negative eigenvalues of H, := —A — ,0{,7_1. In particular,
this operator has at least R negative eigenvalues. If R < N, then it has exactly
R negative eigenvalues. Finally, the potential V = —p{,’ s an optimiser for the

finite-rank Lieb—Thirring problem L;((l,\:l) in (1).

(iii) Rank. If, in addition, p < 2, then there exists an infinite sequence of integers N| =
1 <Ny=2< N3 <--- sothat

(Ni) (N—1)
K pd < K pd
and any optimiser for K ;{\Z‘) must have rank R = Ny. In particular,

Kpa <K\, forallN > 1.

The assertions in (i) and (ii) follow by applying well-known methods from the
calculus of variation adapted to the setting of operators; see, for instance, [Sol91,Bac93,
FLSS07,Lew11]. For (iii), we use ideas from [GLN21], which consist in evaluating the
exponentially small interaction between two copies of an optimiser placed far from each
other, in order to show that

(2N) (N)
Kp’d < Kp’d

whenever K 1(71\;) admits an optimiser of rank N. The proof is provided in Sect. 3 below.
This argument inspired our proof of Theorem 2 for k < 1 and N = 2, provided in
Sect. 4. There we use the N = 1 Gagliardo—Nirenberg optimiser to construct a trial state
for N = 2 but we do not prove the existence of an optimal potential.
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1.3. Fermionic nonlinear Schrodinger equation. The system of coupled nonlinear equa-
tions (16) has some similarities with that studied in [GLN21], where one has n; = 1
instead of (15). Here we exhibit a link between the two problems and use this to solve a
question left open in [GLN21].

In [GLN21] the authors studied the minimisation problem

J(N) = inf {Tr(—Ay) — l/ py(@)Pdx: 0<y=y" <1, Tr(y) = N}.
P JRrd

(17)
Under the assumption 1 < p < 1+2/d, itis proved in [GLN21] that —oo < J(N) < 0
for all N > 0. Under the additional assumption that p < 2, it was also shown that there
is an infinite sequence of integers N = 1 < Np =2 < N3 < --- such that J(Ni) has a
minimiser y of rank Ni. This minimiser is a projector of the form y = Z;Vi 1 lug) (ugl,
where uy, ..., uy, form an orthonormal system and solve the fermionic NLS equation

Ni
Vi=1,... N, (—A—py(x)"—l)ujzuju,-, with p, =3 luil2 (18)
i=1

Hereagain ) < po < -+ < upy, < Oarethe Ny firsteigenvalues of H,, := —A—pf,’_l.
The existence of minimisers for J(Ny) therefore proves the existence of solutions of
the fermionic NLS equation (18), forall 1 < p < min{2,1+2/d} and N = Ni. In
dimension d = 1, this does not cover the case p € [2, 3). In the present paper, we prove
the following result for the case p = 2, which was announced in [GLN21] and actually
also follows from the analysis in [Ld78].

Theorem 7 (Non-existence of minimisers ford = 1, p = 2). Letd = 1 and p = 2.
For all N > 1, we have J(N) = N J(1). In addition, for all N > 2, J(N) admits no
minimiser.

The theorem is reminiscent of a similar result for the true Schrodinger (Lieb—Liniger
[LL63]) model in 1D describing N particles interacting with the delta potential. In the
attractive case, only two-particle (singlet) bound states exist [McG64, Yan68,1.d78]. The
same result in the Hartree-Fock case was proved in [Ld78]. The spatial component of
the singlet state coincides with our N = 1 solution.

Inthecase N =1and 1 < p < 1+2/d, itis proved in [GLN21, Lem. 11] that J (1)
has the Gagliardo—Nirenberg—Sobolev optimiser y = |U)(U|, where

) S ) S 2
Ux)=m 202d=p "2 Q (m~ a@27d-p x | , / Ux) dx =1, (19)
R4
and Q is the unique positive radial solution to the NLS equation
—AQ — 0?71+ 0 =0, withmass m:= / 02 (20)
R

When d = 1 and p = 2, we have the explicit formula

1

Ux)=———"—.
22 cosh(x/4)
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Our strategy to prove Theorem 7 for d = 1 is to relate J(N) to the dual Lieb-Thirring

constant K ) for k = = 3/2, and use Ké/z)l = K3/2 1~ The proof is given in Sect. 5.1
below.

The same argument gives that if the Lieb—Thirring conjecture K. (N) =K (1? is true for
somel <k <3/2,thenJ(N)=NJ()forp =(k+1/2)/(x — 1/2) see Remark 14.

Even if J(N) has no minimiser for N > 2 if d = 1 and p = 2, one may still
wonder whether the fermionic NLS equation (18) possesses orthonormal solutions. We
believe there are no other solutions than the N = 1 case and are able to prove this for
N = 2, using the fundamental fact that the system is completely integrable [Man74].
The following is stronger than Theorem 7 for N = 2.

Theorem 8 (Non-existence of solutions for p =2, d = land N = 2). Let t1 < up <
0, and let uy, uy be two square integrable real-valued functions solving

—u| — (u +ud)uy = puy, 21
—uly — (u% + u%)ug = o).
Ifllurll 2wy = lu2ll g2y = 1, then we have juy = po and
1 1
up(x) = uz(x) = (22)

+ , +
2 cosh ((x — x0)/2) 2 cosh ((x — x0)/2)

for some xo € R and two uncorrelated signs +.

The proof can probably be generalised to show that there are no solutions for all
N > 3 at p = 2 but we only address the simpler case N = 2 here. The proof is given in
Sect. 5.2. More comments about the NLS problem (17) can be read in Appendix B.

Structure of the paper. In the next section we recall useful facts about the Lieb—Thirring

constant L' Zl and provide the proof of Theorem 3. In Sect. 3, we prove Theorem 6, which

implies Theorem 1. Section 4 is devoted to the proof of Theorem 2. We prove Theorem 7
and Theorem 8 in Sects. 5.1 and 5.2 , respectively. The proof of duality (Lemma 5) is
given in Appendix A whereas Appendix B contains more comments on the NLS model
from [GLN21]. Finally, in Appendix C we compare our results with those in [HKY 19].

2. The One-Bound State Constant L:(cl)d: Proof of Theorem 3

In this section we discuss some properties of the one-bound state constant L/(clz)i and
provide the proof of Theorem 3. The Gagliardo—Nirenberg inequality states that

Q@-d)p+d

z +
KIS;5 (f |“(x)|2p dx) o = </ |Vu(x)|2dx) (/ |u(x)|2 dx) dlp-T) @3
Rd o y

for all

1 <p<+o0 ford=1,2,
l<p=<% ford=>3,
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with the best constant KS’I;I > 0. In dimension d = 1 one can take p — +00. The
constants KSI]I and the optimisers are known explicitly in d = 1 [Nag41]. In par-
ticular, the optimiser is unique up to translations, dilations and multiplication by a
phase factor. As explained, for instance, in [Tao06,Fral3,CFL14], by combining the
results on existence [Str77,BL83, Wei83], symmetry [GNN81,ALT86] and uniqueness
[Cof72,Kwo089,McL93] one infers that in any d > 2 as well, there is a unique optimiser
0, up to translations, dilations and multiplication by a phase factor. This function can be
chosen positive and to satisfy (20). The integral fRd 0? dx will be adimension-dependent
constant.

For an operator y of rank one the inequality (11) is equivalent to (23), hence we
obtain

1
K =K. (24)

The duality argument from Lemma 5 shows that

(1) 2K K+% d % G _%
_ N
Fea = (2K +d> <2x> (K§3) < )

By the implicit function theorem and the non-degeneracy of Q [McL93,Tao06,Fral3],

the Gagliardo—Nirenberg constant K ,(7121 is known to be real-analytic in p, so that LQZI is

areal-analytic function of «. In this paper we will only use the continuity of k¥ — L,({lzl,

which is more elementary and which we explain now for completeness. We claim that
p > K\ is continuous in the interval (1, 00) if d = 1,2 and (1,d/(d — 2)]if d > 3,

which 1mp11es the continuity of L,((lgl on the corresponding intervals. To prove this fact,
we can notice that

d(p—1)

A1) ) d(1—p™")
0
1 K 4p = f 71 v
og (( P,d) ) ue[flrll(Rd) { 2 ol u"LZ(Rd)
d(1—p™h
¥ (1 - = ) loglul 2 @a) —log lul 20 o) - (26)

By Halder’s inequality, p~! — log [lu]| L2r(Rd) 1 convex. Hence after minimising over

d(p—1
u we find that p +— (K[(,l) ) (pl’ : is upper semi-continuous on [1, o) ifd = 1, 2 and on
[1,d/(d —2)]if d > 3, and log-concave in 1/p. Log-concavity implies continuity on
the interior of the interval of definition and then upper semicontinuity implies continuity
up to the endpoints.

(1)

Our goal in the rest of this section is to compare L, ; with the semi- classical constant

- First, the argument from [AL78] can be used to prove that  — L / L% wd is non-
1ncreasmg We show here that it is even strictly decreasing, which is (z) in Theorem 3.

Lemma 9. For any d > 1, the function k +— L( a/ LY v.q 18 strictly decreasing.

Proof. Following [AL78], we use the fact that for any 0 < k" < k and A € R, we have

o0
A = / A+ gy (27)
0
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for some constant ¢, ,» > 0. Let V € L**4/2(R?). By the variational principle we have
M(=A+V)+1)- < |A(—A — (V +1)_)]| for any t > 0 and we can bound, using the
definition of LI((I/) &

((=A+V)+1) < (= A=V +n )~

rpd
< L,((l,)d/ (V@) +0) 77 dx
a

_7M s« ! 2 &' d& dx
- LK’,d <LK’,d) /‘/Rded (|$| +V(x) +t>7 —(Zﬂ)d . (28)

Thus, integrating over ¢ using (27) on both sides, we obtain

K (D sc \7! 2 < ddx
)\.](_A + V), < LK/,d (L/(/,d) /‘/H;dXRd <|$| + V(x))_ (271.)(1'

-1 d
=L, (Lfﬁ’d) < /d V()< dx. (29)
R
This shows that
L(l) < L(l) 1.5¢ -1 15 (30)
k,d — “k'.d «’,d K,d>

that is, k +— L,(({ZJ/Lifd is nonincreasing.

As was recalled at the beginning of this section, it is known that for the optimisation
problem corresponding to L}(Cl,) 4 there is an optimiser. This optimiser is a power of the
solution of the positive solution of (20) and therefore does not vanish. Since for any
V e Lr+d/ 2(R”’) and for any ¢+ > 0, the function —(V + ¢)_ is supported on a set
of finite measure, this function cannot be an optimiser for Lf{l/) a Therefore the second
inequality in (28) is strict for all # > 0 and, consequently, inequality (29) is strict for any
V e L“*?/2(R%). Taking, in particular, V to be an optimiser corresponding to LI((IBJ, we
obtain that inequality (30) is strict, which is the assertion of the lemma. O ’

Next, we prove an inequality relating the constant L,(:; with the ones in lower di-
mensions, in the spirit of the Laptev-Weidl method of lifting dimensions [LWO0O].

Lemma 10. For any d > 2 and k > 0, we have

L < LV, vee(l,....d-1) G1)

Kd=n ey R
The same inequality holds for k = 0ifd —n > 3.

Proof. Let V be the optimizer for LI((IZ, with corresponding ground state «, which can both

be expressed in terms of the NLS solution Q in (20). We write x = (x1, x2) € R x R"
and denote by A(x1) the first eigenvalue of —A, + V(x1, -) in R". Writing

—“A+V ==Ag+ (= Ay +V(x1,x2)) = —Ay +A(x))

and taking the scalar product with u, we find A1 (=A + V) > A1 (=Ay, +A(x1)). The
strict inequality is because u does not solve an eigenvalue equation in x; at fixed x».
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This gives
M (=A+ V) < [A1(=Ay + 1)

1 d—n
<10 / PG dxy

< L(l) (l) // V(x1, XQ) 2 dxq dxs
Rd—n xR

and we obtain inequality (31) for « > 0.

The proof for « = 0if d —n > 3 is similar. Let again V' be the optimizer for L/(«%Zl and
u the corresponding ground state. More precisely, u is an eigenfunction corresponding
to the elgenvalue zero if d > 5 and it is a zero energy resonance function (that is, an
element of H!'(RY) \ L2(R9)) if d = 3, 4. We have

0:[ (qu|2+V|u|2>de/ <|Vxlu|2+k(x1)|u|2>dx
R4 R4
zf {f IV ul? dxy
n Rd—n
2 d—n—2
d—n d—n 2(d—n) d—n
— (/ [A(x1)]| 2 dx1> (/ |u|d=n=2 dxl) }dxz
Rdfn Rdfn
2
2 -1 don o
> [Vyul~dx{1-S,_, [A(x1)] 2 dxy ,
Rd Rdfn

where Sz, is the optimal Sobolev constant in dimension d — n. We conclude that

don o m 7!
[ [T dn 28,2, = (L)

On the other hand, we have

d—n 1 d
()] 2 <L§+>Hn/ IV (1, x2)|7 dxr
7 s Rn

where the strict inequality follows from the fact that for no x1, V(x1, -) is an optimal

potential for L(l) . (Indeed, V(x1,-) is algebraically decaying, whereas we know
2

that the optimal potential for L)(Cl: 4-n _ 1s exponentially decaying.) Combining the last

n
PRl

two inequalities we obtain
(€Y) g ( (1 )_
Lo, /H;d V@)l dx > (L{)_,

Since fRd [V ()] g dx = (L(l)) ! this is the claimed inequality forx = 0. O

1

Note that the semi-classical constants satisfy the relation

La =Ll Lo, Ynelld=1) (32)
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so that we obtain the same inequality as (31) for L(lzi / LSC According to the Laptev-
Weidl method of lifting dimensions the bound (31) w1th < instead of < holds for the
matrix-valued Lieb—Thirring constants L(mat) Using the results from [LW00, HLW00],
one sees that forn =d — 1 and x € {1/2} U [3/2, 0o) the bound (31) with < instead of
< holds for the usual Lieb-Thirring constants L, 4. One might wonder whether this is
true more generally.

In [Mar90], Martin used a similar idea but instead of removing he added one dimen-
sion by considering the potential W(x, t) := V(x) + 2. This led to the inequality

(N) (N)
L, L 1
/;Cd< K,d+1 VK/ZK+—
LK’,d LK,d+1 2

forall 1 < N < oo. This can in fact be improved for N = 1, see [Mar90, Sec. 3].
The proof of Theorem 3 follows from Lemmas 9 and 10.

Proof of Theorem 3. Ind = 1, the constant L( )1 is explicit and the unique intersection at
k1nsc(1) = 3/2 follows by explicit comparison. The bound (10), for general d > 2, then
follows immediately from (31) with n = 1, by using (32) and the fact that L,((]: > L,S(fl
fork > 3/2.

Indimensiond > 3 using the explicit formula for the sharp Sobolev constant [Rod66,
Aub76,Tal76] (see also [LLO1, Thm. 8.3]) we obtain the exact formula at x = O:

L(l)
=24"1475(d —2)"%d! (33)
LQC
0,d
This is larger than 1 in dimensions d € {3, ..., 7} but smaller than 1 in dimensiond > 8

>
as noted in [LT76,GGM78]. In fact, this is decreasing with the dimension for d 2 éi
by (10) and the value in dimension d = 8 equals L(1 /Lo g =~ 0.9722. Thus, if d > 8
the part (iii) of the theorem follows from Lemma 9.

In dimension d = 2, simple numerical computations provide L(llé /LY, ~1.074 > 1
at k = 1, see [LT76,Wei83]. Alternatively, to see this analytically, one can use the
trial function u(x) = e~ in the Gagliardo—Nirenberg inequality (23) to obtain an
upper bound on the constant Kgg = Kélz) Via (25) this gives the lower bound L% >
@8m)~! = L?fz. Since the Gaussian does not satisfy the Euler-Lagrange equation for

KZGIZ\I, the inequality is, in fact, strict, as claimed.

On the other hand, it also follows from (10) that L(l) < LSC for all d > 2 and

k > 3/2. We deduce that in dimensions 2 < d < 7 the two continuous curves LY w.q and
L% v.q must cross. The crossing point is unique by Lemma 9 and this concludes our proof

of Theorem 3. O
3. Finite Rank Lieb-Thirring Inequalities: Proof of Theorem 6

This section contains the proof of Theorem 6 which, for convenience, we split into
several intermediate steps. Our goal is to study the optimisation problem corresponding
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to inequality (11), namely

pPQR—d)+d
d(p—1) Tr(—A
Ky = inf Il 2p( 2} -
Rank () <N I ”m
YVILr(RY)
where we recall that
2p+d—dp 2
g = | Zd=dp forl <p <21 +7, 3)
+00 for p =1+ 7.

Throughout the paper, the constants p, ¢ and « are linked by the relations (we set
p'=p/(p—Dandk" =x/(k —1))

K+§=p/, and g = «’.

Taking (34) to the power %( p—1),andletting p — 1, sothatg — 1 as well, we recover
the equality

/Rd py () dx = llpyllp1 ey = ¥ let = Tr(y),

for all 0 < y = y*. On the other hand, taking p = 1 +2/d, so that ¢ = oo, we recover
the better known dual Lieb—Thirring inequality

KW " dx < |y|iTr(=Ay), Y0 <y = y*, Rank(y) < N
1+2/d,d dey =y V), =Y=v, y) < N.

(36)
We can think of (11) as a specific interpolation between these two cases. Note that a direct
proof of (36) with N = +o00 can be found in [Rum11], see also [LS13,Sab16,Nam18].
The original Lieb-Thirring proof proceeds by proving (1) and then deducing (36) by
duality.

3.1. Proof of (i) on the existence of optimisers. Consider a minimising sequence (y;,)
with Rank(y,,) < N for (34), normalised such that

Tr(=Ay) =1,  lvulles =1
and
. 1
lim on(x)P dx = oD (37)
n—00 Jpd N) 5
(%5)

with o, := p,,. We have ||y, || < [lyxllge = 1 and hence

/ Pn(x)dx = Tr(y,) < N.
R4
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This proves that p, is bounded in LY(RY). On the other hand, the Hoffmann-Ostenhof
[HH77] inequality states that

Tr-ap) = [ VB wE ds (38)

for all y = y* > 0. This shows that ./p, is bounded in H!(R?), hence in L" (R?) for
all2 < r < 2* where 2* = 2d/(d — 2) in dimension d > 3 and 2* = +oc0 in dimensions
d =1, 2, by the Sobolev inequality. In particular, we can choose r = p. From [Lie83a]
or from [Lio84b, Lem. 1.1], we know that
e either p, — O strongly in L”(R?),
e orthereisa p # 0 with \/p € H L(R?), a sequence 7; € R? and a subsequence so
that \/py, (- — ) — /p # 0 weakly in H!'(R9).
Due to (37) we know that the first possibility cannot happen and we may assume that
VP, = /p # 0, after extraction of a subsequence and translation of the whole system
by 7,. We may also extract a weak-* limit for y, in the trace class topology and infer
Yn — ¥ where p, = p # 0, hence y # 0. By passing to the limit, we have y = y* > 0
and Rank(y) < N.
Next we apply Lions’ method [Lio84a] based on the Levy concentration function
0,(R) = fl x|<R Pn (x) dx and the strong local compactness in L%(R%) to deduce that
there exists a sequence R,, — oo so that

lim pn(x)dx = / p(x)dx, lim pn(x)dx = 0.
R4

n—00 [x[<Rn n—00 Ry <|x|<2R,

Let x € C®° (R4, [0, 1]) be a smooth localisation function such that x = 1 on the unit
ball By and x = 0 outside of By. Let x,(x) := x(x/R,) and n, = /1 — x2. Then
X,?p,, — p strongly in L'(RY) N LP(R?) whereas |V x,|>pn — 0 and [Vn,|2p, — 0
strongly in L' (R?). By the IMS formula (see, e.g., [CFKS87, Thm. 3.2]) and Fatou’s
lemma for operators (see, e.g., [Sim0S, Thm. 2.7]), we obtain

Tr(=Ayn) = Tr(=AxnVuxn) + Tr(=ANnYunu) — /d(lvxnl2 + V1,13 0n
R

=Tr(=Axuynxn) + Tr(=An,yunn) +o(1)
> Tr(=Ay) + Tr(=Anpyuna) +o(1).

From the strong convergence of X,% on We have

2
/ on =/ x,f(pn)”+/ (nﬁpn)”+f 2 — "ok
R4 R4 R4 R4

=/ p”+/ (n2pn)? +o(1).
R4 R4

First, we assume that ¢ < oo, thatis, p < 1 +2/d. The Schatten norm satisfies

Tr(yn)?! = Tr(Xn(yn)an) + Tr(nn(yn)qnn)
> Tr(Xn ¥V Xn)? + Tr(nyunn)?
> Tr(y)? + Tr(nyuna)? +o(1).
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In the second line we have used the inequality Tr(ABA)™ < Tr(A™B™A™) for all
m > 1 [LT76, App. B] to infer

Tr(y)? (Xn)2 > Tr(yn)? (Xn)zq = Tr(x)? () (xn)? = Tr(Xn ¥ xn)? -

In the third line we used Fatou’s lemma in the Schatten space G9. Next, we argue using

the method of the missing mass as in [Lie83b], see also [Fral3], noticing that K ( d) can

be rewritten as

1-0 0
d(p=1) (Tr(yq)) <Tr(—Ay))
N\ 2 :
(Kpﬁ) = _ln*f>0 [ Py (X)P dx
RZnT()(/y)_fN R4 Py
with
d(p—1
6= % € 0, 1).

Using Holder’s inequality in the form

9 16 o 0,1-6  6,1-9
(a1 +az)" (b + b2) aib,™" +asb,

1= (Tr(y l9<Tr( Ayn>

)
Tr(y’f))l (ra9) + (Ten?) (e Anyin) + o)
)1 9< d(pz—l)

Tr(— Ay)) + (K5 /Rd(nﬁpn)"m(l)

1-6 0 ) 4l
= (Tr(yq)) (Tr(—Ay)) +1— (Kp’d) /Rd Pl +o(1).

In the third line we used Rank(n,y,17,) < N. Passing to the limit we obtain

) dp-l) 1-6 0
(k%) /R o= (o) (Tr-an)
and therefore y # 0 is an optimiser.
The case p = 1+2/d is similar. This time, we use ||y || < liminf,—  [|¥x|l = 1 and

172 Vnnnll < llynll = 1 to bound

1 =Tr(—=Ayy)
> Tr(=Ay) + Tr(=Anpyunn) +o(1)

2 2

> [y 14 Tr(=Ay) + 102 Ya a4 Tr(=Any yun,) + o(1)
2 2

> Iy 13 Te—ap) + Ky / o™ o)

1+d

2
= llyll4Tr(=Ay) +1 - K1(+2/dd/R py ¢ +o(l)

and arrive at the same conclusion that y is an optimiser.
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3.2. Proof of (ii) on the equation. Let y be an optimiser such that
Tr(—Ay) = / p(x)Pdx = 1.
R4

This normalisation is always possible by scaling and by multiplying y by a positive
constant. Then we have

d(p—1)

T = (K09) 5

We start with the case g < oo, thatis, p < 1 +2/d. Assume that we have a smooth
curve of operators y (f) = y + 18 + o(t) for some § = §*, with y(t) = y(t)* > 0 and
Rank(y (#)) < N. By expanding we find

(K(N)>w < (Tr(y(r)q))1—9 (Tr(—Ay(t)))0
" B Jra Py

—1 1-6 0
iy <1+qurT(fg;fq))+a(r)) <l+tTr(—A8)+o(t))

—1
1+ pt fRd /O,;,O)I/7 +o(t)

d(p 5] _
( ;"Q) (1 +16Tr [5 (—A - gp{,"] + q@(Tlr(yj))yqﬂ)] +0(t)) .
(39)

I
aumS

kM)

Now take y (1) = e/'Hye " = y +it[H, y] + o(t) for some (smooth and finite-
rank) self-adjoint operator H and all ¢ € R. Since Rank(y (¢)) = Rank(y), we deduce
from (39) after varying over all H that

P o,
[—A—gpﬁ’ I,J/]=0.

Hence y commutes with the mean-field operator H, := —A — p,oy / 6. We can there-
fore write y = Z j=11j |uk; ) (uk;| for some eigenvectors uy; of H, (with eigenvalue
Mk;) and some nj > 0. In particular, H,, admits at least R eigenvalues.

Using now y (¢) = y +18 for a § supported on the range of y and for ¢ small enough
in (39), we find that

£ [7_1 (1 9)‘] qg—1

A —
0" T oTe(y)

0  onthe range of y.

Evaluating this identity on uy; we infer that

1—06
[ —ca ( )61 q 1 _ _
I 0Tr(y9) "

This shows that jx; < 0 and

1
n— 9Tr(y‘1) g1 | |T£1
J = (1 0) u'kj
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Since y is assumed to be of rank R, we in particular deduce that H, has at least R
negative eigenvalues.

Next, we show that the py, are necessarily the R first eigenvalues. Assume that one
eigenvector of H,, with eigenvalue < g does not belong to the range of y, so there is
1 < j = Rwithuy; #ujwithk; > jand u; not in the range of y. Consider the new
operator

yii=y =gl (ug |+ nglug)(ul o=y +38,

which has the same rank and the same G9 norm as y. We have by convexity

p _ p—1 2 2
/dey,zupnjédpy (hs 2 = s, 2)

Tr(—Ay') =1 +nj(uj, —Auj>— k.( Uk —Aukj)
g /de{? M1 = Juy 1) + (e — ;) my

P”J 1 2
efde (I — lug, 1)

and

since puj < pi;. This gives

L\ N\ 2 2\
(Troye)  (Tr-ayh) (Kw))d(”z (14 2% Jua o™ (10 = lug, 1))
[z = p=l
fRd ’O}/’ 1+ pn; fRd ,Oy (|Mj|2 - |uk_,' |2)

) d(pzfl)
= (k) 7.
a contradiction. Hence pug; = ;.
Finally, when R < N and pg+1 < 0, we can consider the operator

y(t) =y +tlurs1)(upr+1l
with ¢ > 0, which has rank R + 1 < N. From (39) we obtain

d(p=1) d(p=1)

(k) 7 = (k) T (1+ew

P -1, (1=0)q 1
+10 A=A —=pP7F + ———=y1™
<MR+1 ( pr 9Tr(y‘i) UR+1

d(p=1)

S(K,(fi}) P (L +1pReif +0(1)

another contradiction. Hence H,, cannot have more than R negative eigenvalues when
R < N.
As a conclusion, we have shown that

OTr(y9) \ T o e
<(1_9)) Z el
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with
P —1 .
(—A—g,oy(x)” )“jzﬂj“j’ j=1....R.
Taking the trace of ¥ we find that

OTr(y?) _ qg(l1 —0) 1
- 49
q(1—10) 0 Zle | j|aT

and thus

L qu-0 .
_ Z T luj)ujl.
02] 1|lu]|11 ! Jj=1

1
Replacing y by (p/6)»-Ty we find the equation mentioned in the statement.
The arguments for ¢ = +o0o0 (p = 1 + 2/d) are similar. We start with a minimiser
normalised so that

1+2 2 N
fRd o =Te—ay) =1 Iyl =k,

The first perturbation y (1) := ¢/ ye " =y + it[H, y] + o(t) leaves the operator

norm invariant and provides the equation [—-A — p,o)%/ d, y] = 0, hence again y =

. 2/d
Zj-e:lnjlukj)(uk” with Hyuy; = wgug; and H, = —A — ppy/

that Mk; < 0, we consider the operator

. In order to prove

Y =y —njlug;)(uk,l

which has one less eigenvalue and satisfies ||y [%/4 < Iy 1?4 = Kfivz)/d 4+ We find

_ dTr A
KNV o gW=D ||7/|| (—=Ayp)

1+2/d.d 142/d,d = 1+2

R4 10~
Tr(-Ay)

2
(N) l—nijd |Vukj|

i (py = njlug, )1+

2
. L d+2 d 2
— kW™ V= njpk; =0 S Jga Py lus; |
= Ris2/d,a 122
Jra (0y = njlug 134

Simplifying by K l(ivz) Jdd > 0, this gives the estimate

1 2. 142 H% d+2 % 2
Mk; <—Z </Rd(,0y—nj|ukj|) ¢ — dey tnj— o Rdl"l/'”kjl <0
(40)
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where the last negative sign is by strict convexity of ¢ — #1+?/¢_ Hence y has its range
into the negative spectral subspace of H,, an operator which thus possesses at least
R negative eigenvalues. Next we show that n; = ||y|l forall j = 1,..., R. Assume
on the contrary that 0 < n; < |y (this can only happen when R > 2). Taking
y (t) =y +t|uk;) (ug; | which has the same operator norm for 7 small enough, we obtain

2 2
kM lyOIdTe(=Ay () ) L+1 fa [Vug;|
142/d,d = 112 = B1w/a,a 12
Jra P, Jra (oy + thu )
-1
o Lt pt fpa oy gl
= B1w2sa,a 2
Jpa (py + tug; )
N
= K\ q.q (1+ 1 +0(0)) (41)
which is a contradiction since py; < 0, as we have seen. We conclude thatn; = ||y || for
all j =1, ..., R.The argument for showing that i, , ..., px, are the R first eigenvalues

is exactly the same as before.

3.3. Proof of (iii) on the rank of optimisers. In this subsection, we prove the following
result.

Proposition 11 (Binding). Let 1 < p < 1 +2/d with p < 2 and assume that K;Aii)
admits an optimiser y of rank N. Then K;fé,v) <K ;(>1,Vd)'

The proof of (iii) in Theorem 6 follows immediately from Proposition 11, arguing

as follows. Since K ;121 has an optimiser, the proposition shows that K ;221 <K ;131, hence

we can take Ny = 2. By Step (i) there is an optimiser for K[(le and by Step (ii) the

strict inequality K;zzl < K;lzl implies that the optimisers for K1()221 all have rank two.
Hence Proposition 11 implies that Kl(le < Kl(f; It Kz(le < Kﬁi we take N3 = 3 and
otherwise we take N3 = 4. We then go on by induction to obtain the assertion of (iii).
Hence we now concentrate on proving Proposition 11.

Proof of Proposition 11. We follow ideas from [GLN21, Section 2.4]. Let
y = Z?’:] njluj)(u;| be a minimiser of rank N for K;{v), normalised in the man-
ner Tr(—Ay) = fRd p? = 1. The functions u; satisfy

—1
p [ ’
Ny 1? iy
—A—g Zn1|u1| Uj = [jU
Jj=1

withn; = c|u | 1/(a=D Note that the first eigenfunction 1 is positive, hence the non-
linear potential never vanishes. By usual regularity arguments, this shows that the u;
are C* and decay exponentially at infinity. For R > 0, we set u; g(x) := uj(x — Rey)
where e; = (1,0, ..., 0), and we introduce the Gram matrix

Iy ER . R
Sk = <(ER)* HN) ,  with E[/ = (M,',Mj,R) = R ui(x)uj(‘x — Rep)dx.
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Since the functions u; are exponentially decaying, Eg goes to 0, and the overlap matrix
Sr is invertible for R large enough. We then let

Uy
V1R
. _ —L1 un
: = (Sg)" 2 R
YaN, R
UN,R
and
N
Z (|1/fJR 1/ij|+|1/fN+]R)(1/fN+JR|)
We have

Tr(yr)? =2Te(y?),  llyrll = Iyl

Expanding as in [GLN21] using

12 (In O 17 0 ER\ 3 (ERER)?* 0 3
(Sr)- (o ]IN) ((ER)* 0>+§ 0 (ERypk)TOER:

for
e = ma_xf lui ()] Juj(x — Rep)|dx,
i,] R4

we obtain after a long calculation

(K(zN)>d(11271) (K(N)>d(p2 D 21=0(Tr(— AVR))
p.d
fRd pVR

d(p—1)
1
= (k) (1 - 5/ (o +pR)” — 0" — o) + 0(ei)>
R4

with p(x) = py,(x) and pr(x) = p(x — Rey). From the arguments in [GLN21, Sec-
tion 2.4] we know that

/Rd ((p+pR)" = pP = pf) = cRPI=Dem PN 42)
and by [GLN21, Lemma 21] we have
er < C(1+ R VINIR,

Since p < 2 by assumption we conclude, as we wanted, that K (ZN) <K (N). O
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4. Binding for ¥k < 1 and N = 2: Proof of Theorem 2

In this section we provide the proof of Theorem 2. Define p by p’ = k +d/2 let Q be
the radial Gagliardo—Nirenberg minimiser, solution to (20), and set m := f]Rd Q2 dx.

4.1. Some properties of Q. First we relate our constants for N = 1 to Q. We have the
Pohozaev identity

/ IVledx—/ 0% dx = —m.
R4 R4

d d d
| / |VQ|2dx——/ 0 dx=—-m.
2 RY 2p Jrd 2

These follow by multiplying the equation (20) by Q and by x - VQ, respectively. This
gives the identity

(43)

dp—1 -1
[ =y Ay (44)
Jra QP 2 p p
On the other hand, setting Vg := — 0%(P=D we see that Q is an eigenvector of —A + Vo

(with corresponding eigenvalue —1), and, by optimality of V¢ for L,((!BI, we have

1 1
LM

4= = . (45)
K fRd |VQ|K+% fRd sz
Finally, it is well known that there is C > 0 so that
1 ef‘xl eflx‘
——F <0(x)=C — (46)
Clrepx|T 1+ x| T

4.2. Test potential for L,((zzl. We now construct a test potential to find a lower bound for
LI({ZZJ. For R > 0, we let

0+(x) = 0(x + %))

with e = (1,0, ...,0). Inspired by the dual problem studied in the previous section,
we consider the potential

v=—(at+0?)"

It is important here that we add the two densities and not the corresponding potentials.
We do not see how to make our proof work if we would take V = — Qi(p D Qz_(p -
instead.

We introduce the quantity

A=AR) = %fR ((Q+ 0% = 03 — @) dx > 0. @7

Due to the inequality (46), A goes (exponentially fast) to 0 as R goes to infinity. Our
main result is the following.
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Lemma 12. We have, as R — oo,

AMEEA+ VY + M (—A+ V)€
L,%El 1( ) |d2( ) =L,((]L)1<1+LA+0(A)).
| Jia IVI¥% dx A pm
The proof of Theorem 2 follows as the leading correction is positive.

Proof. First, we bound A from below similarly to (42). Indeed, noting that the integrand
of A is nonnegative and bounding it from below using (46) in a neighbourhood of the
origin, we find
1 2. A2\p 2p 2p e Pk
Az (@rer—or o) zeray @y

Next, we turn to the denominator appearing in the lemma. We have

/Rdlvl“%dx =/Rd (Q$+Q%)p =2/Rd 0% dx +2A.

Together with (45), this gives

: L <1 4 +0(A2)>
Jea VI3 dx 2 fpa Q%P Jra QP
M
LY A
= 41— +0 Az).
52 (1- g v o0

Finally, we evaluate the numerator. We set £ := E(R) = fRd 0.0Q_dx. We have
E — 0as R — oo, so for R large enough, we have |E| < m, and the two functions

Y@ defined by
Y mE\""? (0,
()=Gn) (&)

are orthonormal in L2(R?). Let

2o (WO A VYD) (PO (A + V)Y
AW A VYD) (O (A Vi) )

By the variational principle, the two lowest eigenvalues of —A + V are not larger than
the corresponding eigenvalues of H, and therefore

A=A+ V) + (A + V)| > Tr H< .

06
H:hH2+(80>’

We have

where

hi= (0 A+ V)P®) = @D (A + V)
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and
8= (. A+ VI ) = (WO A+ VIU™).
We have h — —1 and § — 0 as R — o0, and therefore

046

K K _ k—1
Tr HE = 2|h* — k|h] Tr(ao

) +0(8%) =2/h| + 0(8%).

It remains to expand 4 and to bound §. We begin with 4. We find

_ m 2F
VYO 419y O = — s (VO +1VQ-?) = 55—V 04 - VO

Integrating and using (20) gives

2m
VYO 4 v <*>2)d =2+
L (99219 R) ax e |

__E A (@07 00 arx.

0% dx

m2 _ EZ
Similarly,
_ m 2F
WO+ () = T (014 02) - 25040~
and therefore
e ) ) “)
=3 (W a4V + O A+ vy )
E
—1-—" A4 B

m2 — E2 m2 — E27°

where A was defined in (47), and where

B=B(R) = / 0.+0- ((Qi Loy 1 (0 2+ Q2p_2)> dx |
R4 2

From (46) and [GLN21, Lem. 21] we see that E(R) < C'R%e~R and B(R) <
C'Rée R In particular, by (48) and the assumption p < 2, we have E% = 0(A) and
EB = o(A). This gives

= (=) =0+m'"A+0(A) =1+xm 'A+0(A).

We see in a similar fashion that § < C’R%e~® hence 8% = 0(A) as well. Gathering all
the estimates gives

(@) (¢)) m A (O] K
Loy>L.( 1+« +o(A) | =L, 1+ A+o(A) ),
© - < ( fRd QZ”) m ( )> o ( pm ( ))

where the last equality comes from (44). O
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5. Non Existence of Minimisers for the Fermionic NLS: Proof of Theorems 7 and 8

In this section, we prove our results concerning the minimisation problem J (/N) which,
we recall, is defined by

1
J(N) = inf{Tr(—Ay) - —/ py()Pdx: 0<y=p*<1, Tr(y) = N}. (49)
P JRd
We assume in the whole section
1 1+ 2
<p< —.
P d

After an appropriate scaling, and using the fact that Tr(y) = |y |lg1, the optimal in-
equality £(y) > J(N) becomes

d+2—dp

N p—
KS )||py||p” D <yl &Y Tr(—Ay).

valid for all 0 < y = y* < 1 with Tr(y) = N, and with best constant

TN\ d+2—pd ) 4 2 5 _ds2dp
~(N) . (p—D d(p—=1) (p—1)

ey glasiel (£ 1+2 - 150
pd ( N ) p—1\2p a7’ G0

One can remove the constraint ||y || < 1 at the expense of a factor ||y |4/2, and we obtain
the optimal inequality

d+2—dp

N 2
K )||py||,,“’ DTV v Te(—Ay), (51)

valid for all 0 < y = y* with Tr(y) =

5.1. Link between NLS and Lieb—Thirring, proof of Theorem 7. The link between the
constant K [(71\;) and the dual Lieb—Thirring constant K [(,1\9 defined in (11) is given in the

following pfoposition.

Proposition 13 (Relation between K ;{\2 and K ;{\2 ).Letd > land1 < p <1+ %. For
all N € N we have W =) =) o
KM EKp,dSKp,d:Kp.d' (52)

Proof. Ttis shown in [GLN21, Lemma 11] that the minimisation problem J(N) can be
restricted to operators y which are orthogonal projectors of rank N. For such operators,
we have ||y|| = 1 and

Iy l&e =Tr(y?) = N = |lyllg1 = Rank(y).
This gives

pQR—d)+d d+2—dp

M < Iyl ™" Tr( Ay) _I7ls T ||y||m( Ay).
p.d —

|y HZE”(R?Z) vl Zi!’(ué?z)



1810 R. L. Frank, D. Gontier, M. Lewin

Optimising over projectors y gives K ;jg <K ;{\Q. In the case N = 1, every operator of
rank 1 is proportional to a rank 1 projector, so the two problems coincide, and K [()131 =
K ("), Finally, in [GLN21], it is also proved that J(N) < NJ(1). This implies K ;)
a0

K, o

IA

There is a similarity between the proof of the above proposition and the arguments
in [Ld78,FLST11]. In those works also the sharp Lieb—Thirring inequality for « = 3/2
is used to obtain an inequality about orthonormal functions.

The relation (52) allows us to prove Theorem 7, which states that J(N) = NJ(1)
for all N € N, and that J(N) admits no minimiser for N > 2.

Proof of Theorem 7. It was proved in [LT76] that for x = 3/2, we have L3;n1 =
Lgl/vz)’l = Lgl/)z’l for all N € N. This implies Ké{\p = Kélf for all N € N. Hence,
by (52), also K3 = K!| for all N € N and, finally, J(N) = NJ(1) thanks to the
explicit formula (50).

To prove that J(N) has no minimiser for N > 2, we assume by contradiction that
y is one. By [GLN21, Proposition 16], y is a rank N projector. In addition, since we

have equality in (52), y is also an optimiser for Kg). But then, by Theorem 6, it is of

the form y = ¢ Z?’zl |Mj|1/2 luj){u;| for some c. We conclude that p; = —1/c? for

all j = 1,..., N which is impossible since the first eigenvalue w; of a Schrodinger
operator is always simple. O

Remark 14. In dimension d = 1, a special case of the Lieb—Thirring conjecture [LT76]
states that

Kk, —

LN =L} forallk € (1,3/2]andall N > 1.
If true, this conjecture would imply by the same argument as in the previous proof that
J(N)=NJ() forall2<p<3andall N > 1, indimensiond =1, (53)

and that the corresponding problems do not have minimisers for N > 2. The weaker
conjecture (53) appeared in [GLN21].

5.2. Proof of Theorem 8: triviality of solutions ford = 1, p = 2 and N = 2. In this
subsection we prove Theorem 8: we show that the fermionic NLS equation (18) does
not have a solution in the one dimensional case with p = 2 and N = 2. We will make
use of the integrability of the equations. In the sequel, we study the ODE system
" 2 2 —
v +2(vy +vy)vr + pivg =0, (54)
vy + 2(1)% + v%)vz + vy = 0.

We added an extra factor 2 to obtain the same explicit formulas as in the literature. If
(u1, up) is a real-valued ground state solution to (21), then (v, v3) = %(ul, ur) is a

real-valued solution to (54), which satisfies in addition ||v| = |Jv2]|| = %
The key step in the proof of Theorem 8§ is the following classification result for (54)
under an additional vanishing condition for vs.
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Lemma 15. Let u; < pa < 0, and let (v1, va) be a square integrable real-valued
solutions of the ODE (54) with v2(0) = 0. Then there are a1, ay € R such that

2
aem* ay ny—m
vi(x) = 1+ —2 = T2e2mx ,

fx) 4n3 m+m 55)
2
vy (x) = ae’?* 1_ ay n — 7’]262mx ’
fx) 4nt m+m

where

2 2 22 2
F) =1+ a Q2mx 4 a; Q2 aja; (n1 —n2) e(ma+2m)x
4 2 4 2 16 2.2 ( + )2
Uh 15 nin; Un +mn2

and n1 == /11l m2 = /|12l

In fact, if ap # 0, the condition v2(0) = O fixes the value

Ul +n2>1/2

a; = %2n (
n —n2

(56)
Proof. We proceed in two steps. First, we show that the functions (55) are solutions and
then we prove that they cover all possible initial data for v;(0), v}(0) and v5(0). By
uniqueness of the solution of an initial value problem the result follows.

For the first point, checking the equation is simply a computation. For the convenience
of the reader we quickly recall how to find the formulas (55). Following [RL95] which
uses Hirota’s bilinearisation method [Hir80], we write

h
g, and v, = —.
f f

With this change of variable, we see that (54) can we written as

V] =

T2(f8"+ 18 =2f's' + 1 fe) +2f8 (1f' = ff"+ 8> +h*) =0,
SRR+ f"h=2f' 0 + pa fh) +2fh (|12 = ff" + g% +h*) = 0.

We seek solutions that satisfy

f&"+f"g—=2f¢g +nuifg=0,
FR" + f"h =20 + pafh =0,
[f'1P = ff"+g*+h*=0.

With Hirota’s notation, this is of the form

1
D(f, &) +u1fg =0, D(f,h)+u2fh=0, D(f, f)=§(g2+h2),

with the bilinear form D (u, v) := uv”+u”v—2u’v'. We now make the formal expansion
g=xg81+xg3, h=yxhi +x3hzand f = 1+ x2 f>+ x*, and we solve the cascade of
equations in powers of x. We first obtain (setting 11 := /|| and 2 1= /|u2l)

g1 =aie™, hy=ae™",
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where a; and a; are two arbitrary constants. After some computation, we get (see also
[RL95)),

2 2
a o2 a 2
f2 = —4 2e mx + 476 772)(,
m 3
then
aia3 g — atay ni —m
g3 = 2 e(mtn)x hy = — 172700 72 ) o@mm)x
3 2 ’ 2
dny N+ dny m+m
and finally

2.2 2
fi= ayay (1 —mn2) e(@m+2n)x

—16nin3 (n+m)?

This is the solution in Lemma 15. The condition v2(0) = 0 gives the value of a; in (56).

Let us now prove that all square integrable solutions with v, (0) = 0 are of this form.
In fact, instead of square integrability we will assume that v; and v;. tend to zero at
infinity for j = 1, 2. It is not hard to deduce this property from the assumption that the
solution is square integrable.

For the proof we will assume that v5(0) 7 0, for otherwise v2 = 0 everywhere and
the result is well-known (and easy to prove by a variation of the arguments that follow,
using only (57a) below).

Any solution (vg, v2) that decays at infinity has two constants of motion

W} + )%+ 0] 12+ V)12 + pwvd + o3 =0, (57a)
(OF + V) (103 + pav] + 1 p2) + (Vivh — vjv2)® + o[V} 2 + i[> = 0. (57b)

To obtain identity (57a) we multiply the first and second equation in (54) by v} and
v}, respectively, add the resulting identities and then integrate using the fact that the
solutions and their derivatives vanish at infinity. The fact that there is a second identity
(57b) reflects the integrability of the system [Man74].

Evaluating (57) at x = 0 and using vé (0) # 0, we deduce that

v1(0)® =y — p1 and vj(0)% +5(0)* = —pus (2 — p1) -

Thus, the value of v;(0) is determined, up to a sign, by @1 and wo and we have
V(0% < —pa(pa — 1) = m3 (n% - n%) :

The assumption vé(O) # 0 also shows that —po (2 — 1) > 0, hence wy # p1 and
therefore also v1(0) # 0.

Let (v, v2) be a solution of the form (55). The absolute value of a; is fixed by (56).
We will now show that the sign of a; as well as the number a; can be determined in such
a way that 7;(0) = v;(0) and ﬁ; 0) = v} (0) for j = 1, 2. Once we have shown this,
ODE uniqueness implies that v; = v; for j = 1, 2, which is what we wanted to prove.

Since v1(0) # 0, we can choose the sign of a; in (56) such that sgn a; = sgn v1(0).
Note that, independently of the choice of a;, we have sgn v1(0) = sgn a;. This, together
with 91(0)% = s — 1 = v1(0)2, implies that 71 (0) = vy (0).
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It remains to choose ay. A tedious but straightforward computation yields

2 2
. ap dns(m +n2) —ay(n1 — n2)
(0) = ——|a1|nz\/n% —n} —3 2

3 )
dnd(m +m2) +a3(n — )

The last quotient on the right side is a decreasing function of a% from [0, co] to [—1, 1].
Thus, there is an a% € (0, 00) such that 97(0) = v|(0). This determines the abso-
lute value of ay. To determine its sign, we note that the identities ﬂ; 02 + f)é 0)? =
—p2 (2 — 1) = v}(0)% + v5(0)? and 3}(0) = v/ (0) imply that 7,(0)* = v}(0)>.
Thus, we can choose the sign of @, in such a way that 53(0) = vé 0).

This shows that we can indeed find a; and a such that v;(0) = v;(0) and 17;. 0 =

v;. (0) for j =1, 2. As explained before, this implies the result. O
We will also need the following lemma in the proof of Theorem 8.

Lemma 16. If (vy, v2) is a solution of the form (55) of Lemma 15, then |v1||> = 21
and ||v2||* = 2na. In particular, we can have ||vi|| = |v2|| only if 1 = po.

Proof. With the notation of Lemma 15, a computation reveals that

Y= — |2 hil 2 |2 T
1) = while vy (x)” =
) f)
Integrating gives
5 [}
e 40y,
2 2n; T 2
V== =2n; and similarly /v = 2n2,
/]R ! [ R
—00

as wanted. O

Proof of Theorem 8. As explained before Lemma 15, it is enough to consider solutions
(v1, v2) of (54) with [[v1]| = [|v2]| = 3.

The equations (54) mean that the numbers 11 and p, are negative eigenvalues of the
operator —fo — 2(v% + v%). It is easy to see that the latter operator is bounded from
below and its negative spectrum is discrete. Therefore it has a lowest eigenvalue 1. Let
vo be a corresponding eigenfunction, normalised by |jvg| = % It is well-known that
the eigenvalue (¢ is non-degenerate and that vy can be chosen positive. In particular, if
v is a square integrable real valued solution to —v” — 2(v% + v%)v = pv which never
vanishes, then necessarily u = .

We claim that ;11 = puy = po. To prove this, we may assume that u; < uy < 0.
In the case where v, never vanishes, the above remark gives > = pg. Since g is the
lowest eigenvalue and since @1 < w2, this also yields u; = wo. In the opposite case
where vy does vanish at some point we can, after a translation, apply Lemma 15. We
deduce that v; does not vanish, hence @i = po. Moreover, applying Lemma 16, we
conclude that ;11 = ;. This proves the claim.

It follows from the equality 1 = o = po, the simplicity of 1o and the normalisation
that v? = v3. In particular, v; and v, both satisfy v+ 4vj3. + tov; = 0. By uniqueness
of the solution to the equation up to translations, this gives (22) for some xp € R and
a sign +. Since v% = v% the x¢’s for the two functions coincide, while the signs are
independent. This completes the proof of the theorem. O
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Appendix A. Proof of Lemma 5

The proof of Lemma 5 splits naturally into two parts. We first deduce (11) from (1). We
write our operator y in the form

N N
y =Y njluj)ujl, sothat py,(x) =Y njlu;l(x),
j=1 j=1
where (u1, ..., uy) forms an orthonormal system. The inequality (11) which we wish
to prove therefore reads
N il G
' 2 (N) P - q
anuw,u > Ky (/deydx> an . (58)
j=l j=l1
For a constant 8 > 0 to be determined, let
V@) =—pp)".

For « > 1 we use Holder’s inequality in Schatten spaces [Sim05] in the form

==

N 1
TrAB = — (Y a(A)~ (TrBK’)“

n=1
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for all B > 0 of rank < N. Applying this with A = —A + V and B = y we obtain, in
view of (1),

N N P N
an/ |Vuj|2dx—,3/ >l dx:an/ <|Vuj|2+V|uj|2)dx
j:l R4 R4 j:1 j:1 R4

K

1
N «’
/
K
nj
1

v

N
Z})\,-(—A+V)|“

J=l1

1
d K
(N) K+%5
~tige (289 [ veotar)
1

1 d K
_ (N plei (p=1)(x+9)
=~ lIylew (L(Y)" 875 (fR Py dr) .

We optimise in 8 by choosing

v

2K

g = 2k fRd ,o,fdx
| 2« +d i —)(k+d )2 i
hge (L0))" (faa ™" )
and obtain
N 2 P 1+
Zn/ |Vuj|* dx > €\ _d (Je py dx)
ot ! JRa / “\2k+d 2k +d

X\ d (p—D+%) i
I E (28)" (foa 23 dx

We now choose k = p’ —d /2, whichis > 1 since p < 1+2/d and which ensures that
(p — D(k +d/2) = p. Thus,

al 2p' —d iy (fdp”dx)dwzfl)
an/ |Vuj|2dx > <—) — RE Y
R4

2p0 i
Il (£920)

Therefore, the best constant KC(,{\Q in (58) satisfies

2[/
e

2p' —d d 1
k= (20 S
’ 2p 2p (L(N) )a

p—d/2.d

Conversely, assume that inequality (58) holds and let V e L**?/2(R?). We assume that
—A +V has at least N negative eigenvalues, the other case being handled similarly. Let

ui, ..., uy be orthogonal eigenfunctions corresponding to the N lowest eigenvalues of
—A+V and let

N
y= Y njlupujl. ng=1hg(=A+ V)T
j=1
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so that

N N
Tr(—A+V)y =Y njhj(—A+V) ==Y [Aj(—A+V)[.
j=1 j=1

_ d
We have, for p such that p’ =k + 3,

N N
J=A+ ==y [ (1Vag P Vi) d
A+ V)| ;"’/ﬂw Vsl + Vi) da

j=1
e (& G
(N) P P K’
<Ky (/dey dx) > onk V=l oy, -
Jj=1
2p . ..
Setting x := ||pl| , this is of the form —ax ¥»-D + Bx, with % > 1. Soitis bounded

from above by

N - _d
S h—A+ VI = (K(N))id(pz Dasp—dp) (d \7a (2p' —d
= J = d,p 2p/ 2p'

2—d(p—1)
# N 2p—d(p-1)

Recall that
n§ = (A + V)

and therefore the above inequality becomes

2p' —d

N d d /
-7 d 2 2 —d 2 7
Y i (—A+ V) < (K(EN)> L) (<L f VP dx.
P 2]7/ 2]7/ Rd

J=1

Therefore the best constant L,((AQ in (1) satisfies

2p'—d

d 4 /
4 A\ (2p —d\ 2
= () (55) (%)

This proves the lemma. O
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Appendix B. Comments on the NLS Model and its Dual

This appendix contains some additional comments on the minimisation problem J ()
in (49) studied in [GLN21]. The latter was considered for . € R, instead of just A =
N e N. It is equivalent to the inequality

d+2—dp

2
~ d(p—1) — 2
K ( / dw(x)”dx) = (1) 7 Iy Tr-ay),
R

2
foralll§p§l+g (59)

with Tr(y) < A, which is a particular interpolation between the trace formula ||y || g1 =
Tr(y) = llpy |1, and the Lieb-Thirring inequality (36) at p = 1 +2/d. As discussed in

d+2—dp | 2

d+2—dp 2

Sect. 1.2, another interpolation involving the Schatten space norm ||y ||qd *=D "4 instead
d+2—dp )

of |y| ld(” - Iy |4 is the dual Lieb—Thirring inequality (14).

B.1. An inequality with no optimiser. Optimising (59) over all possible A’s, we arrive at
the inequality without constraints

d+2—dp

2
~ ap=1 = 2
Kp.a ( fR ) py(x)”dx> = () T Iyl Tr=ay). | (60)

for all y = y* > 0, with the best constant

d+2—dp
d(p=T)

K < |J(x)|>‘— 1 (d >d<,3-1> (1 2 )—W-n o)
d 7= | sup — | = +=—p _
! >0 A p—1\2p d

We recall from [GLN21, Section 1.3] that
ol Q)]
sup—— = 1i

m — <
A A—00

From the results in [GLN21] we can deduce that the inequality (60) has no optimiser.

Lemma 17. Letd > 1 and | < p < min(2, 1+2/d). Then K, 4 < K\ for all 5. > 0.
In particular, the inequality (60) admits no optimiser.

Proof. It was shown in [GLN21, Corollary 22] that J(1)/X is always above its limit.
Therefore K, g < K 1(,)‘[)1 and there cannot be an optimiser with finite trace. O
We believe that the optimisers of 1?;1\2 converge in the limit N — oo to periodic or

translation-invariant operators, as discussed at the end of Sect. 1.1 and in [GLN21].

Remark 18. (Monotonicity in p) By Holder’s inequality, for any y = y* > 0 the

function
_2 __2
d(p—1) d(p—1)
p (/ Py (x)de> </ oy (x) dx)
R4 R4
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is non-decreasing. This implies that p +— K p.d 1s non-increasing on the interval (1, 1 +
2/d). In particular, since K ;C =K% /d,q 18 iIndependent of p (see Sec. B.4), we deduce
that if K pd = I?;C 4 for some p = po, then the same equality holds forall 1 < p < po.
This generalises the observation in [GLN21] thatif the standard Lieb—Thirring conjecture
holds for k = 1 (thatis, K, 4 = K;fd for p = 1+2/d), then K, 4 = K;fd for all
l<p<1+2/d.

B.2. Dual inequality. A natural question is to determine the inequality dual to (60). This
is the object of the following lemma.

Lemma 19 (Dual formulation of (60)). Letd > 1 and letk > 1 and p < 1 +2/d be
related by p’ = k +d /2. Then (60) is equivalent to the inequality

~ d
Tr(—A+V+1)_ <Lcgt'™™ fd V2 dx, (62)
R

valid for all Tt > 0 and all V € L’”%(Rd), in the sense that the best constants are
related by

d+2—dp 2+d 2
d(p— D\ d(p—1)7d d@u—1)a«"D
_d(p )) rhd(p—1d dk—1) 63)

~ ~2
K ,de = (1 = .
e 2 2 pd(i’in 2 (e + dyae!
Proof. Assume that (62) holds andlet0 < y < 1 of finite kinetic energy. Set A := Tr(y)

and p := p,. Then, forallz > Oandall0 > V € L"+% (Rd), from (62) with the
abbreviation L := L _4/2 4 we have

Tr(—Ay) =Tr(—A+V +1)y — / Vodx — A
R4

d
> —Lr"‘“/ V2 dx +/ V_pdx —TA.
Rd R4
We first optimise in V by taking

1 (p—1r! Loe=D(p=1)

_ p—1
V_ Lp_l pp_l 10 )

and obtain

—1r-1 1
Tr(—Ay) = u—r“*”“’*”/ pPdx — Th.
pp Lpl RY

We then optimise in 7 by taking (note that («x — 1)(p — 1) =1 — %(p —1) € (0,1),s0
the function is indeed bounded from above)

1 dip—1) d(pz—l) (p— 1)% 1 ﬁ
T = 5 1—-— e re— / Pp dx ’
- 2 2ty L7 \Ure
Adp—1D p =D Ld R
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and we obtain finally

2+d

d+2—dp 2

1 1 dip— D\ =D d (p— 1) ap-D

Tr(—=Ay) > —d—dr 2 (1 - M) ’ —% </ o? dx) ’ .

redp g2 2 2 P d
Adp-1) Ld p a1 R

Comparing with (60) shows the first bound

d+2—dp 2+d
d(p—1\ @1 d(p-17d
2 2

fp,dLE > <1

2p
pd(pfl)

Conversely, assume that (60) holds and let V € L* +5 (R%) and 7 > 0. We set y =
1(-=A+V+71 <0), p = py and A = Tr(y). We obtain, from (60) with the abbreviation

K =Kpa,

Tr(—A+V+1). = -Tr(-A+V+1)y = -Tr(—Ay) — / Vpdx — A
R4

1 d(pz—l)
f—Km f ,opdx +f V_,de—l')\..
A A=) \JR4 R4

Seen as a function of A, the right-hand side is smaller than its maximum, attained for

d(p—1) d(p—=1)

2 2 K\ 2 »
) () L

Tr(—A+V +1)_ S/IV_pdx
R{

SO

2 2 TR oen e
- ( - 1) K 1= / oP dx.
dip—1D \d(p-1) RA

Now, seen as a function of p, it is again smaller than its maximum. We deduce that

(recall that k = %—%: 1+ﬁ+%)

Tr(—A+V+1)_

d\ =T 2 g Y d
< (—)p (— — 1) v <_p - 1>p %rlf”/ VT dx
2 d(p—1) p K5 Rd

Comparing with (62) shows that

d 1 2 d+2—dp 1 Pl

~ -1 2(p—1) — p—

LeaK? < (_)” (— - 1) i At
2) \ap—n e

(d)°21<1 d(p—l))W(,;-l)“‘é
2 2 P ’

This proves the lemma. O
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B.3. Weak Lieb—Thirring inequalities. The dual inequality (62) provides an estimate on
the quantity

sup ‘[K_ITI"(—A+V+T)_} = sup ‘CK_IZ<)»”(—A+V)+T)7 . (64)

>0 >0 n>1

A natural question is to ask how this supremum compares with

Tr(—A+ V)< =Y ha(—A+ V)

n>1

appearing in the usual Lieb—Thirring inequality. In this subsection we show that (64) is
equivalent to the weak £ norm of the negative eigenvalues of —A + V. In this sense (62)
is weaker than the ordinary Lieb—Thirring inequality for «, which bounds the (strong)
£ norm of the eigenvalues. The results of this subsection concern the ‘analytic content’
of the inequalities and ignore, at least to some extent, the question of sharp constants.
Let X be a measure space and p > r > 0. For a measurable function f we set

1
[f1). = sup Irl‘? (f (1f] - r)idx)” }
>0 X

When r = 0, we get

[f1,0=supl{|f] > }"/?

>0

which is the standard quasinorm in weak L. Actually, it turns out that forall 0 < r < p,
Lf ]/p,r is an equivalent quasinorm in this space.

Lemma 20. If p > r > 0, then for any measurable f on X,

1 1
—YPTNT T(p—rT@r+1)\7
(w) [f]’p,os[f]’p,rs< (p-nltr+ )) T

p? L'(p)
Proof. We set A(c) := |{|f| > o} for brevity. First, for any 0 > 7, we have the
inequality
ViEEAY IfI -1
Ly f150) = L f150) < o) Sluren —

Integrating gives the inequality

N d 1 ; \?
@ = = [0 D = o (11,,)

We optimise in t by choosing T = (%) o, and obtain that

oPro) < p—p_ ([f];,r)p

(p =P
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which is the first bound. Conversely, we use the identity

o0
(fl-0h = r/ 1 f|>0)(c — )" do.
T

Integrating over X gives
o0
2 / (If] =) dx = rrP—’/ o) —1) Mo (65)
X T

P
Estimating A(0) <o~ P <[f]/p,()> we obtain

ber L , p/°° (s—n=t o \PrT(p—r)T(r)
o [af=ntas <o (irm,)" [T = (110) A
which is the second bound. O

Note that if A, (—A + V) denote the negative eigenvalues of —A + V, repeated according
to multiplicities, then

x -

sup T Tr(=A + V + 1) = ([L(=A+ V)], )

>0
Thus, combining Lemmas 19 and 20 , we obtain

Corollary 21 (Weak Lieb—Thirring inequality). Inequalities (62) and (60) are equivalent
to the inequality

H (A,,(—A + V))

: +4
§/ V(x)_ ?dx
£ R4

n>1

forall V e L¥*% (RY).

The equivalence claimed in this corollary is weaker than that in Lemma 19 since the
(not displayed) constant depends on the choice of the norm in £5,.

B.4. Semiclassical constants. It was proved in [GLN21, Lemma 10] that K p.d 1s not
larger than its semiclassical counterpart, which is independent of p and given by the
p = 1 +2/d semi-classical constant

~ 4m2d d \4
SC __ prSC .
Ki =Kivaa= 775 <W) :

Together with Proposition 13, we obtain

1% %
Kpa=<Kpa=<K;.

In the dual picture, we have a similar result:
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Lemma 22. For all k > 1, we have

(K _ I)K_l

P LK,d = LK,d = LZ?w (66)

where the semi-classical constant Z;‘ 4 is defined by

d
N DEDa+H+r 7
i,d "+ g)“g 1.d
2

with the semiclassical constant L?C 4 atk =1 given by (4).
Proof. Both inequalities in (66) follow from the explicit formulas (13) and (63). O

Remark 23 (The semi-classical constant). We show here that the constant LSC has an
interpretation in terms of a semiclassical limit, thereby justifying its name. Because of
the second inequality in (66), this argument shows that the considered scenario is in

a certain sense dual to that considered in [GLN21]. For any V € L<*2 (R9) and any
7 > 0, we have

d
T (—RPA+V +17)_ ~ t”’lh’dLicd/ V+0)" dx
h—0 ™ JRd
On the other hand, by inequality (62),
T (—PA+V + 1) = (W 20) I Tr(—A + h‘ZV +h %)

~ d
< hszK,d/ (ﬁ 2v) T dLKd/ VT dx
R4 R4

This shows that

d
<" 1/ V)T ax < B / v dx.
le R4

Taking the supremum in T shows that

1
T +d
1 K,d
[Vo]ipd 1pa < : V- :
Kk+5,1+5 — sc K+f
2:1%2 Ll,d

According to the optimality statement in the following lemma, we have

1

1
Lea\ 7 _ (Ge—1 1 a+ e\ d
> .
L?C,d (k + %)’H%

This proves, once again, the second inequality in (66) and shows how this inequality is
related to a semiclassical limit.
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Lemma 24. Let X be a measure space, p > r > 0and f € LP(X). Then
]
(p—n)P—"r"
Ty < (—p 1/ lp-
p
The constant on the right side is best possible.

Proof. We first recall that

f |17 dx =p/ Ao)oP ! do.
X 0

Together with (65) (note that we may assume r > 0 by continuity) we need to prove
that

o _ p—r ,.r o0
rrpfr/ rMo)o —17) ldo < Mp/ A(o)oP M do .
T 0

p[’

We write A = fooo 1{x>p) db and, since A is non-increasing, for any » > 0 the function
1i3>py is the characteristic function of an interval with left endpoint at zero. Thus, it
suffices to prove the above inequality for such characteristic functions. A computation
shows that

(0.¢]
rrp—r/ L. (@) (0 — ) 1 do =P (a — 1)}
T
and
(0.¢]
p/ ]l[o,a)(o)op_l do =aP.
0

Thus, the inequality follows from the elementary equality

—7r p—r rr
supt? (@ — 1), = ua”.
a>0 pp

There is equality when f is a characteristic function and 7 is chosen appropriately. This
proves Lemma 24. O

Remark 25. We wonder whether for all d > 1 and all x > ;, we have the equality

L L‘C This would be the analogue of the equality L, 4 = L rd [LWO00]. We
have the followmg rather tight bounds. Thanks to the explicit formulas (67) and (4), one

( _1)/(1

can numerically plot the two curves x +— L q and K —KL;“(C 4 As stated in

Lemma 22, the two curves coincide at « = 1, but for all ¥ > 1, it appears that

(k — 1)"_1 0.004 for d =1,
0< 1%, ~L¥ < 100009 for d=2,
o 0.0002 for d = 3.

In the region ¥ > 3/2 where L, 4 = Lf{‘fd [LWO00], we deduce that |ZK,d — Z,S(fd| is
smaller than the constants above.
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Lieb-Thirring
\(d > 1) 3ty

[HKY19], 3y .
rank(y) =? this study

Py

Sobolev
(d=>3)

=

_ 2
max (0,1 — 2) 1= 1
Gagliardo-Nirenberg IVl = oyl ey
Ty, rank(y) =1 Yy =7*>0

Fig. 2. Graphical representation of the validity and exmence ot optlmieerﬂ for Lieb—Thirring-type inequalities

in the form ||py || p gay < Clly[1* Iyl |\Myﬁ|| . We deal in [GLN21] and this paper with
the right edge where o, B > 0. There is no optimiser without an additional trace constraint. Existence of
optimisers was proved on the left edge where § = 0 in [HKY19]. The horizontal edge coincides with the
Gagliardo—Nirenberg inequality, with « = 0. Minimisers exist and are all rank-one. In dimension d > 3, the
Sobolev inequality has a formal rank-one optimiser. For d = 3, 4, however, it is not bounded on Lz(Rd) since
the associated function is not in L2(R?). It is expected that a minimiser exists for the Lieb—Thirring inequality
only in dimension d = 1, where it should be rank-one. In dimension d = 1, our study is limited to p < 2

Appendix C. An inequality on the Other Side of the Lieb—Thirring Exponent

In this section we would like to compare our inequality (60) with the following related
inequality,

-2)p
pd “pVHZ(f(RI()z) <yl 0" Tr(—Ay),

2 2
1+-< 1+ ——, d=3. 68
d="~"Ta=2 = (65)
This inequality remains valid in dimensions d = 1, 2, with 1/(d — 2) replaced by +oc0.
Note that the exponent p in (68) lies on the other side of the Lieb—Thirring exponent,
compared to the situation considered in this paper. Inequality (68) appears in [LL86,
Eq. (3.7)]for p =2 and d = 3.

The proof of (68) in dimension d > 3 is simple. Indeed, the Hoffmann-Ostenhof [HH77]
inequality (38) together with the Sobolev inequality give

<Tr(—Ay) foralld >3andally =y* >0. (69)

+s.d ”/OVHLd %2 (way

Using Holder’s inequality and the Lieb—Thirring inequality (36) (with constant K'142/4,.4 =
infy K\) /0. > 0) we obtain (68).

Our inequality (60) interpolates with respect to p between the Lieb—Thirring inequality
and the trace equality ||y [|g1 = Tr(y) = || py ||l1. In contrast, inequality (68) interpolates
between the Lieb—Thirring inequality (36) and the Sobolev inequality (69). The situation
is summarized in Fig. 2.

An interesting difference between (60) and (68) arises when one considers the question
of existence of minimizers. Recall from Lemma 17 that (60) never has optimisers. On the
other hand, in [HKY 19] the existence of optimisers for (68) was proved when 1+2/d <
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p < 1+2/(d —2). When normalised in the manner ||y || = 1 and Tr(—Ay) =0 fRd ,05,
these optimisers were shown in [HKY 19, Thm. 2] to solve the equation

¥ =1 o0y (—A - pg—l) +6,  with 0<§=6" <1 (—A - p;’—l) . (70)

In other words, y is the orthogonal projection onto all the negative eigenfunctions, except
possibly on the kernel of —A — ,05 ~1If these optimisers y have a finite rank N (they
do for d > 3 and p large enough), then they must be NLS ground states in the sense of
[GLN21].

We now slightly refine the result in [HKY 19] by showing that the operator —A — ,of,7 B
has no zero eigenvalues and, in particular, one has § = 0 in (70).

1

Proposition 26. Let1+£27 <p<ooifd=1,2and 1 +§ <p< 1+d%2andletybe
an optimiser for (68), normalised so that ||y | = 1 and Tr(—Ay) =6 fRd ,0)1,]. Then

ker (—A _ p;’*‘) = {0}

Proof. We begin by proving that § = 0 in (70). We denote by u; and . ; the eigenfunc-

tions and eigenvalues of —A — ,o]’,’ ~!and by n; the corresponding eigenvalues of y.
From (70) we know that n; = 1if u; < 0. By arguing as in (40), we have the estimate

. 0 [ga 0y n; Jra(oy —njluj?P

ei

p

mj < 1- —pf Pﬁ_llujlz— P (71)
nj 0 [ga Py Jra Jra Py

with & = d/(2p’) € (1/p, 1). We claim that the right side is negative, which yields
wj < 0, thatis, § = 0in (70). To see this, we remark that for any f > 0 and any
probability measure P, we have by Holder’s inequality twice

/fd[Pf(/f”dP)ll’50(/‘de1£”>91[7+(1—9).

The second inequality is strict when | f7 dPP # 1. This may be rewritten in the form

1
1+91/(f—1)dIP’5</deIF’>HP. (72)

Choosing f = 1 —njluj|*/py and P = p/ [pa p, we obtain u; < 0 in (71) since
f <Tland f # 1, hence [, 7 dP < 1. We have thus proved that § = 0 in (70).

We now show that ker(—A — ,o)',’ _1) = {0}. Indeed, assume on the contrary that ;1 ; =0
(then n; = 0 by the previous argument). Consider this time the perturbation y (¢) =
y +t|lu;)(uj|, which cannot be an optimiser for # > 0. Taking u; = O and n; = —t
in (71) gives the (strict) inequality

1
o —1
(/‘Rd (pr +r|uj|2)”>9P Y7 s 7

fRd /0;]/7 OIR‘] 'OJ]/)



1826

R. L. Frank, D. Gontier, M. Lewin

forall 0 <t < ||y|. By (72) with f = 1+t|uj|2/,oy, which satisfies fRd fPdpP > 1,

we have

1
Jua oy + el )P\t e o) P
Jra Py 0 Jpa 0}

and we obtain a contradiction. Therefore ker(—A — ,of,) _1) = {0}, as claimed. 0O
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